
Chapter 4
The Laguerre Collocation Method

Abstract The chapter introduces first the functional framework corresponding to
the spectral collocation method based on Laguerre functions. The main advantage
of these functions is the fact that they decrease smoothly to zero at infinity along
with their derivatives. We speculate this behavior in imposing boundary conditions
at large distances. On the half-line we solve high order eigenvalue problems, linear
as well as some genuinely nonlinear third and fourth order boundary value problems.
The applications come fromfluidmechanics, i.e., Blasius, Falkner-Skan, density pro-
file equation, Ekman boundary layer etc. and foundation engineering. Consequently,
we avoid the empiric domain truncation coupled with various numerical technique
(mainly shooting) as a strategy to solve such problems. Some second order eigen-
value problems along with singularly perturbed boundary value problems are also
considered. A special attention is payed to the influence of the scaling parameter
(which maps the half-line into itself) on the repartition of the Laguerre nodes. We
manually tune this geometrical parameter in order resolve narrow regions with high
variations of solutions, i.e., the so called boundary or interior layers. Consequently,
no domain decomposition, domain truncation and shooting have been used in our
numerical experiments. Based on the pseudospectra of two GEPs we comment on
limitations of the linear hydrodynamic stability analysis. We also observe that the
non-normality of a spectral method depends on the discretization (method itself) and
at the same time on the bases of functions (polynomials) used.
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86 4 The Laguerre Collocation Method

4.1 LC Solutions to a Third Order Linear Boundary Value
Problem on the Half-Line

We introduce the method with the representative problem

uxxx − a1uxx − a2ux + a3u = f, x ∈ (0,∞) , u (0) = u′ (0) = 0, lim
x→∞ u(x) = 0,

(4.1)
where the coefficients a1(x), a2(x) and a3(x), x ∈ (0,∞) are smooth enough in
order to guarantee a correct application of the strong collocation technique.

The choice of basis functions on which test and trial spaces are spannedstrongly
depends on special properties of the problem at hand, as for instance the asymp-
totic behavior of the solution when the independent variable tends to infinity. The
functional framework for collocation method is that introduced in Sect. 1.2.

Therefore we rely on interpolation operators which are built on the weighted
Laguerre polynomials, i.e., on functions of the form

e−x/2L N (x),

L N (x) being the classical Laguerre polynomial of order N .
It is important to observe that, the interval [0,∞) can be mapped to itself by

change of variables η = bη̃, where b is any positive real number. This will be called
the scaling factor. Laguerre method therefore contains a free-parameter. It means
that the Laguerre interpolating process is exact for functions of the form

e−bx/2 p(x) (4.2)

where p(x) is any polynomial of degree N − 1 or less.
The general Laguerre interpolation process in weighted Sobolev spaces was re-

cently systematically analyzed in the monograph [36]. However, the authors do not
exploit the freedom offered by the above free parameter in LC. Instead, in our com-
putations this parameter will play a key role.

However, the best interpolation result remains that from [3] which reads

‖IN u − u‖ω0 ≤ C N (1−m)/2 ‖u‖Hm
ωτ

, m ≥ 1, (4.3)

where IN is the usual interpolation operator, the weights ω are defined as ω0 := e−x ,
ωτ := e−(1−τ)x , 0 < τ < 1 and the norms have been introduced with (1.21).

As our numerical experiments showed that the high order Laguerre differentia-
tion matrices are to some extent polluted by round off errors for N > 100 (see also
Fig. 4.3) this result seems to be not very encouraging. Consequently, we try to exam-
ine numerically the convergence behavior of some typical functions. Thus, we con-
sider the following four examples of exact solutions to (4.1) with a1 = a2 = a3 = 1.

http://dx.doi.org/10.1007/978-3-319-06230-3_1
http://dx.doi.org/10.1007/978-3-319-06230-3_1
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Fig. 4.1 The quasi spectral
accuracy in approximating the
solution (4.4) which decays
at infinity without oscillations
for various scaling factors b.
For each and every b, one
curve corresponds to inf norm
and another to L2 norm
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Example 4.1 Exponential decay without oscillations at infinity

u(x) := x2e−x , x ∈ (0,∞); (4.4)

Example 4.2 Exponential decay with oscillations at infinity

u(x) := e−x sin2 kx, x ∈ (0,∞); (4.5)

Example 4.3 Algebraic decay without oscillations at infinity

u(x) := x2

(1 + x)h
, h > 1, x ∈ (0,∞); (4.6)

Example 4.4 Algebraic decay with oscillations at infinity

u(x) := sin2 kx

(1 + x)h
, h > 1, x ∈ (0,∞), (4.7)

for some natural k.
These functions have typical decay properties. The errors corresponding to the first

case (inf and L2 norms respectively) are reported in Fig. 4.1 when the scaling factor
b as well as the cut off parameter N are simultaneously varied. It is fairly clear that
the accuracy depends on both parameters. Whenever this factor is properly chosen,
even for moderate values of N , the method produces results with spectral accuracy.

The presence of an oscillation factor deteriorates considerable the approximation
and requires a larger interval of approximation. The situation corresponding to the
second example is summarized in Fig. 4.2.

Two important conclusions can be formulated. First, as we envisage boundary
layer type problemswe expect an exponential decaywithout oscillations of solutions.
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Fig. 4.2 The accuracy in
approximating the solution
(4.5) which decays at infinity
with oscillations for various
scaling factors b. For each and
every b, one curve corresponds
to inf norm and another to L2
norm
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Thus, the spectral accuracy could be altered only by possible nonlinearities of the
problem. Second, for oscillatory decaying solutions, mapping techniques or even
truncation domain methods can be a serious concurrent for Laguerre collocation.
In [34], and partially in [35], the authors study the accuracy of Laguerre based
Galerkin method applied to a self adjoint second order elliptic problem with similar
conclusions.

4.2 The Falkner-Skan Problem

The Prandtl’s boundary layer equations for flow past a flat plate in a non-uniform
external flow (see for instance the well known monographs [26, 32, 33]) are reduced
to the third order nonlinear differential equation

f ′′′ + f f ′′ + β
(

1 − f ′2) = 0, η ∈ (0,∞), (4.8)

where β is a real parameter, the so called Hartree parameter, and f ′ stands for the
velocity inside the boundary layer. This is known as the Falkner-Skan equation. In
fact β signifies the dimensionless pressure gradient parameter and β := 2m

m+1 where
m comes from the expression of the free stream velocity U∞ (x) := Cxm , C being
a real constant.

The viscous boundary conditions reduce themselves to the following three

f (0) = f ′(0) = 0, f ′ → 1, η → ∞. (4.9)
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Whenever there exists heat transfer between thewall and viscous incompressible fluid
moving along, the energy equation reduces to the nonlinear second order equation

ϑ ′′ + Pr f ϑ ′ = 0, η ∈ (0,∞), (4.10)

where ϑ stands for non-dimensional temperature and Pr for Prandtl number. Equa-
tion (4.10) is supplied with the following two boundary conditions

ϑ (0) = 1, ϑ → 0, η → ∞. (4.11)

As soon as the problem (4.8, 4.9) is solved, the problem (4.10, 4.11) becomes a linear
one and is immediately solvable. The left hand side part of (4.8) is also present in
the boundary layer equations of two-dimensional laminar and turbulent flows.

In order to homogenize the boundary condition at infinity in (4.9), we introduce
the new unknown F(η) by

F(η) := f (η) + 1 − η − e−η. (4.12)

In this new variable Eq. (4.8) and the boundary conditions (4.9) read

⎧

⎨

⎩

F ′′′ + [

F F ′′ + e−η
(

F + F ′′) + (η − 1)F ′′]

−β
[

F ′2 + 2
(

1 − e−η
)

F ′] = g(η), η ∈ (0,∞) ,

F (0) = F ′ (0) = 0, F ′ → 0, η → ∞,

(4.13)

where the r.h.s. term g(η), becomes

g(η) = e−η
[(

2 − η − e−η
) − β

(

2 − e−η
)]

. (4.14)

4.3 The Laguerre Differentiation Matrices

In order to solve the two-point boundary value problem (4.13) by LC method we
represent F(η) by the interpolate pN−1(η) defined by

pN−1(η) :=
N

∑

j=1

e−η/2

e−η j /2
Ψ j (η)Fj , (4.15)

where Ψ j (η) are the Lagrangian cardinal polynomials

Ψ j (η) :=
N

∏

m=1, m 	= j

(

η − ηm

η j − ηm

)

, j = 1, 2, ..., N . (4.16)
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Fig. 4.3 The conditioning of the first three Laguerre differentiation matrices when the scaling
factor b = 2; a the condition number versus N , and b the spectral radius versus N

The interpolating nodes η j , j = 2, ..., N are the roots of Laguerre polynomial of
degree N − 1, indexed in increasing order of magnitude. We add a node η1 = 0 in
order to facilitate the incorporation of boundary conditions. Therefore we introduce
the nodal unknown values Fj = F(η j ), j = 1, ..., N .

In order to write down the LC equations for (4.13) we use the Laguerre differ-
entiation matrices from the seminal paper [41] (see also [10]). Let us denote these
matrices by L D(n), where n = 1, 2, 3 is the differentiation order.

Unfortunately, these matrices are fully populated, non-symmetric and quite bad
conditioned. In Fig. 4.3 we report the dependence of their conditioning and of their
spectral radius on N .

The Henrici number for the first, second and third order Laguerre differentiation
matrices equals respectively the following numerical values: 1.1199, 1.1838 and
1.1882. These values point to a high non-normality. Our numerical experiments
have revealed that this scalar measure of non-normality is practically independent of
N and the scaling factor.

Thus, at least for spectral collocation method an important conclusion comes out.
The non-normality depends on themethod (discretization) and for a specifiedmethod
it depends on the choice of bases of functions (polynomials) involved. The fourth
column of Table 3.1 shows a non-normality of approximatively fourth time smaller
of ChC differentiation matrices than the values displayed above. The differentiation
matrices based on the functions (3.15) are into an intermediate situation.

However, a simple comparison with our results reported in Sects. 3.3 and 3.6 (see
Fig. 3.13 and respectively Fig. 3.27) shows better conditioned Laguerre differentia-
tion matrices than their Chebyshev counterpart. With respect to the spectral radius

http://dx.doi.org/10.1007/978-3-319-06230-3_3
http://dx.doi.org/10.1007/978-3-319-06230-3_3
http://dx.doi.org/10.1007/978-3-319-06230-3_3
http://dx.doi.org/10.1007/978-3-319-06230-3_3
http://dx.doi.org/10.1007/978-3-319-06230-3_3
http://dx.doi.org/10.1007/978-3-319-06230-3_3
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we observe that they are of order O(N 0.79), O(N 1.65) and O(N 2.56) for the first,
second and respectively third order differentiation matrices.

4.4 The LC algorithm

Boundary conditions So far, we have been mainly concerned with homogeneous
Dirichlet boundary conditions which have been introduced by deleting rows and
columns (see Remark 1.6). With respect to boundary value problems formulated on
infinite intervals these conditions can be behavioral, i.e., at infinity or numerical, i.e.,
in the origin (see the influential monograph [6] for this classification). The boundary
conditions at infinity are directly satisfied by Laguerre functions. In fact we have

dk pN−1(η)/dηk → 0, η → ±∞, (4.17)

for any natural number k.
Now, an arbitrary number of m homogeneous or nonhomogeneous boundary con-

ditions at zero (or at any other fixed real point) will be introduced by a removing
technique of independent boundary conditions initiated in [15]. With this technique,
we consider the boundary conditions on the origin as some linear independent con-
straints on the state of our system of N degrees of freedom and remove them since
they are slaved to the other N − m degrees which we keep. Thus, we decompose the
state of the system into degrees of freedom that we keep and degrees of freedom that
we remove using a constraint matrix. We express the removed state variables as a
function of the kept ones, thus preserving their action in the system. Moreover, we
are not interested in the evolution of the removed degrees of freedom since we can,
at any time, recover them from the kept ones using a give back matrix.

Remark 4.1 In most cases, we can apply the procedure described above by simple
matrix manipulations, the only two rules being:

1. For Dirichlet and Neumann boundary conditions, i.e., m = 1, remove the mesh
point where the boundary condition applies.

2. For clamped boundary conditions (Dirichlet and Neumann at the same location)
or hinged, mixed boundary conditions, when m = 2, remove the mesh points at
and next to where the boundary condition applies.

A fairly similar technique is used in [41] where the authors introduce some hinged
boundary conditions in a fourth order problem.

This simple and efficient algorithm in imposing the boundary conditions in the
collocation method is a serious advantage when the method is compared with the
Galerkin one.

The equations of the LC method The method casts the problem (4.13) into the
following nonlinear algebraic system
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˜

˜L D
(3)

˜

˜F +
[

˜

˜L D
(2) (

˜

˜F.
)2 + E1

(

I + ˜

˜L D
(2)

)

˜

˜F + E2
˜

˜L D
(2)

˜

˜F
]

−β

[(

˜

˜L D
(1)

˜

˜F
)

.2 + E3
˜

˜L D
(1)

˜

˜F
]

=˜g̃.

(4.18)

In (4.18) the vector ˜

˜F contains the nodal unknown values Fj , j = 3, ..., N , i.e.,
the kept degrees of freedom from F. The double tilde placed over differentiation

matrices ˜

˜L D
(i)

, i = 1, 2, 3 means that the first two rows and columns of the dif-
ferentiation matrices L D(n), n = 1, 2, 3 are deleted and the Dirichlet and Neumann
boundary conditions on zero were already incorporated using the constraint matrix.
The matrices Ei , i = 1, 2, 3 are (N − 2) × (N − 2) diagonal matrices with the
diagonal entries e−ηk , ηk −1 and 2

(

1 − e−ηk
)

, respectively, and˜g̃ is the vector with
the components

gk = e−ηk
[

2 − ηk − e−ηk − β
(

2 − e−ηk
)]

, k = 3, ..., N . (4.19)

The MATLAB operators are used throughout this work and thus the elementwise
power of a vector is denoted by (F.)2. The nonlinear algebraic system (4.18) was
successfully solved by MATLAB built in function fsolve.

Recovering derivatives Thus, we first get ˜

˜F as a solution of (4.18), and then,
using the give-back matrix we compute F and successively F′ = L D(1)F and F′′ =
L D(1)F′. Equation (4.12) produces the solution of the original problem. On the
precision of this recovering process we will elaborate more in the next Section.

4.5 Numerical Solutions to Falkner-Skan Problem

A non-trivial test of accuracy First, wewant to test the accuracy of our algorithm for
nonlinear problem (4.8, 4.9). This can be accomplished upon introducing a modified
source term g̃ (η) in the r.h.s. of (4.13) such that this problem admits the exact solution
η2e−η. The result of integration for f, f ′ and f ′′ was exact to a precision of order
10−3. As this error persists for vanishing and non vanishing β we can assess that
the nonlinearity f f ′′ is overwhelming responsible, comparing with ( f ′)2, for this
modest accuracy. An explanation can consist in the worse conditioning of the second
order differentiation matrix with respect to the first one. We have also to mention
that solving the nonlinear algebraic systems throughout this Section, the procedure
was convergent in each and every situation.

Falkner-Skan and some particular problemsThe problem (4.8, 4.9)withβ = 0
is the so called Blasius problem. Its solutions f, f ′, and f ′′ are depicted in Fig. 4.4.
The first derivative f ′ has the physical meaning of mean tangential velocity as a
function of normal distance.

The value of the second derivative f ′′(0), which physically means the drag on
the flat plate was found to be 0.4907. This value is larger than 0.33206 frequently
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Fig. 4.4 Solution to Blasius
problem when N = 80 and
scaling factor equals 5
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reported in literature and obtained by making use of shooting and domain truncation
or 0.469601 reported in [30] and obtained by Fourier series. The special caseβ = 1/2
is called Homann’s equation. In this case we have found f ′′ (0) = 0.8714... which
is inferior to the value 0.9276... provided in [9]. The special case β = 1 is called
Hiemenz’s equation and corresponds to stagnation flow, for instance, past a large disk.
In this case we have found f ′′ (0) = 1.1024... again inferior to 1.2325... furnished
in the above quoted work.

With respect to our numerical results, we have to observe that very close to the
flat plate the recovered values of the second derivative display a sort of numerical
instability. A reason for this inconvenience can be the lack of a boundary condition
for this derivative and again the round off errors which affects the second order
differentiation matrix. However, with a usual cubic smoothing spline process over
all recovered values of the secondderivative, the first twonoisy values can be removed
and replaced by physically reasonable ones. This smoothing process is numerically
stable with respect to N , i.e., 64 ≤ N ≤ 96 and scaling factor b in the range [2,12]
and is carried out with MATLAB built in function spline.

However, the mean velocity profile in Fig. 4.5, for positive (accelerating bound-
ary layer flow) and negative β (decelerating boundary layer flow), shows excellent
agreement with existing results in literature (see for instance [26, 32, 33]). If β < 0,
so that themain stream is decreasingwith respect to the longitudinal coordinate, there
are two solutions of Falkner-Skan problem, provided that β is not less than -0.19884.
One solution has a velocity profile of the normal ’kind’, i.e., 0 ≤ f ′(η) ≤ 1, and
the other has a region of reversed flow near the flat plate. A detailed discussion of
the non-existence for β under this threshold is available in the monograph [1]. In
our numerical experiments, for the same initial guess, i.e., equals ones(N − 2, 1),
we have obtained all normal ’kind’ solutions in Fig. 4.5.
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Fig. 4.5 Solutions to
Falkner-Skan problem for
β = −0.0408, 0, 0.2. The
cut off parameter N equals 80
and scale factor equals 5
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Remark 4.2 In the truncated boundary approach strategy, the boundary condition at
infinity is replaced by the same condition at a given finite value L . Thus one can
introduce fL(η) as the solution of the following problem

{

f ′′′
L + fL f ′′

L = 0, 0 < η < L ,

fL (0) = f ′
L (0) = 0, f ′

L (L) = 1.
(4.20)

The error e(η) related to fL(η) is defined by

e(η) := | f (η) − fL(η)| , 0 ≤ η ≤ L . (4.21)

In [31] the following upper bound for this error is provided

e(η) ≤ L f ′′
L (L) [ fL (L)]−1 . (4.22)

It means that LC method used to solve this problem in our paper [11] has produced
errors of order O

(

10−3
)

(see also Fig. 4.5). Roughly L [ fL (L)]−1 approaches
unity as η → L and thus the r. h. s. in (4.22) depends essentially on the drag at large
distances away from fixed boundary.

We have to remark that in the actual computed value of fL(η), and its first two
derivatives in L , the truncation and round off errors of the collocation are also in-
corporated. However, as we were not aware of the estimation (4.22) at the time the
paper [11] was edited, this discussion validate once more the LC results.
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4.6 Second Order Nonlinear Singular Boundary Value Problems
on the Half-Line

Unsteady flow of a gas through a semi-infinite porous medium In [4, 5] the
existence and uniqueness of positive solutions to some singular boundary value
problems on finite and infinite intervals is established. We will consider such an
example for a semi-infinite porous medium initially filled with gas at a uniform
pressure. After a similarity transformation, the equation for the pressure of the gas
in this medium reads

u′′ (z) = − 2zu′ (z)
(1 − αu (z))1/2

, u (0) = 1, u → 0, z → ∞; 0 < α ≤ 1.

For α < 1 the problem is not singular except insofar as a semi-infinite interval
is involved. However, on physical grounds a solution should exists when α = 1
(diffusion into a vacuum) even though the differential equation is singular at origin.
Using LC method we have successfully solve this problem for various values of the
physical parameter α. The results are displayed in Fig. 4.6. It is visible from this
picture that the solutions are monotone decreasing on [0,∞) and the slope increases
as α → 1. Thus we confirm numerically the behavior predicted theoretically in both
papers quoted above.

In our recent paper [12] we have considered the following two problems.
Cohen, Fokas, Lagerstrom model The first genuinely nonlinear problem was

introduced by one of the authors of [7], namely Lagerstrom (1961)
{

d2u
dx2

+ k
x

du
dx + αu du

dx + β
( du

dx

)2 = 0, x ∈ (ε,∞),
u = 0 at x = ε > 0, u → U, x → ∞.

(4.23)

The differential equation in (4.23) is the equation for the time independent tem-
perature distribution in an infinite medium. Generally, it is somewhat an unrealistic
physical model where x is a radial coordinate in (k + 1)-dimensional space and u
is the temperature. The first two terms come from Laplace operator and the last two
represent nonlinear autonomous heat sources unfortunately not validated in any ac-
tual physical model. The temperature equals zero on the sphere x = ε, 0 < ε 
 1,
and equals U at large distances. Using a formal series expansion technique Lager-
strom (1961) constructed asymptotic solutions for two (k = 1) and three (k = 2)
dimensions, for β = 0 and β = 1. The intuitive reasoning indicated that for one-
dimensional case (k = 0) the problem is not singular. This was verified by the con-
struction of an exact solution in this case (by quadrature and inversion of a function).
If α > 0 and β > 0 one can make their values unity (even simultaneously) by a
scale transformation in u and x . However, because β = 0 is an interesting case and
α = 0 occurs in an auxiliary equation, i.e., Stokes equation, we consider arbitrary
nonnegative values for α and β. For α > 0, the problem (4.23) has a unique solution.
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Fig. 4.6 The solution to gas
flow problem when b = 8 and
N = 64
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Fig. 4.7 The solution to the
Cohen, Fokas and Lagerstrom
problem when b = 6 and
N = 64
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Our LC approximation for such a solution when ε = 0.1 and U = 1 is depicted in
Fig. 4.7.

Singular asymptotic techniques may and have been used only if k ≥ 1. For α = 0
the problemmaybe solved explicitly. The boundary value problem then has a solution
which is unique only if k > 1. Thus k = 1 is an important limiting case.

In [16] a rigorous discussion of the existence of a solution to (4.23) forβ = 0, k =
1, and ε → 0+ is provided. Such a solution is depicted in Fig. 4.8 for the same value
of ε, U, N , and b as stated above. The case β = 0, k = 1 has the advantage
of being applicable to "real" problems, i.e., to some problems in fluid dynamics for
which (4.23) could be a model.
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Fig. 4.8 A "real" solution
to the Cohen, Fokas and
Lagerstrom problem
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Both curves depicted in Figs. 4.7 and 4.8 behave in perfect accordance with the
asymptotic for x → ∞ predicted in [24]. There is still a difference between them

for large x . It seems that the nonlinearity β
( du

dx

)2
affects to some extent the stability

of the LC numerical process but ill conditioning of the differentiation matrices does
not appear to be a serious problem as our experiments indicate.

Solutions to density profile equation We investigate the monotonously increas-
ing solutions of the problem

{

ρ′′ (r) + N−1
r ρ′ (r) = 4λ (ρ (r) + 1) ρ (r) (ρ(r) − ξ), 0 < r < ∞,

ρ′ (0) = 0, ρ → ξ, r → ∞,
(4.24)

where ρ(r) stands for the density of a fluid. For the sake of simplicity we can choose
the following values of the parameters:λ = 1without restriction of generality, N = 3
which corresponds to a physically meaningful case and ξ varying in the range (0,1)
such as to reflect different physical situations. The above equation is called the den-
sity profile equation and has the origins in the Cahn-Hillard theory which is used
in hydrodynamics to study the behavior of non-homogeneous fluids. In [18] the
authors find by polynomial collocation the so called "bubble-type solution". Analyt-
ical aspects concerning this equation, i.e., the existence and uniqueness of strictly
increasing solutions, their asymptotic behavior at infinity etc., as well as various
numerical solutions were thoroughly carried out in the series of papers pagination
[19, 20, 22]. When such a solution exists it has exactly one zero R in (0,∞),

and R is interpreted as the bubble radius. They also satisfy −1 < ρ (r) < ξ and
−1 < ρ (0) < 0. The derivative of the solution attains a maximum at some value
r̃ < R, and tends to 0 at infinity. Eventually, a bubble-type solution exhibits an inte-
rior layer which becomes sharper as ξ → 1.Wealso have to observe that the problem
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Fig. 4.9 The repartition of Laguerre nodes and step sizes for various N and b

(4.24) always admits the constant solution ρ (r) = ξ which physically corresponds
to the case of a homogeneous fluid, i.e., without bubbles.

In [18] the authors transform the problem to a finite interval and show that essential
singular problem obtained is well-posed. In contrast, we solve (4.24) by LC. In fact,
with respect to singularly perturbed problems, in [38], the authors observe that “for
good resolution of the numerical solution at least one of the collocation points ought
to lie in the boundary layer”. Thus, the repartition of the Laguerre collocation nodes
is of the utmost importance. We have used the repartition plotted in Fig. 4.9. For the
singular problem at hand it seems fairly well suited. More precisely, for the nodes
introduced with LC scheme we define by i the order of the step [xi−1, xi ], i =
3, 4, ..., N and by xi − xi−1 its step size (the length). Consequently in Fig. 4.9a
we have the dependence of the step size on the step order for various values of the
scaling factor. In Fig. 4.9b we represent the dependence of the ratio of the largest
step size to the smallest one upon the cut off parameter of interest. We notice a high
non-uniformity of used meshes which supports fine resolutions in narrow regions
with rapid variations of solutions.

As a maximal value, the above defined ratio for N = 96 and scaling factor b = 10
attains 1.2790e + 03.

The LC algorithm, after an elementary homogenization of boundary condition at
infinity, casts the problem (4.24) into a nonlinear algebraic system of type (4.18).

Corresponding to ξ = 0.17, 0.34, 0.51, 0.68 and 0.85 the solutions to this system
are displayed in Fig. 4.10. The values of unknown function ρ in 0, the radius R, the
elapsed CPU time, the number of iterations and the number of function evaluations
when the nonlinear algebraic systems are solved by MATLAB code fsolve are
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Fig. 4.10 Solutions to
problem (4.24) for ξ =
0.17, 0.34, 0.51, 0.68 and
0.85 when N = 64 and
b = 10 (from left to right)
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Table 4.1 Values of solutions in 0, the bubble radius, CPU elapsed time, number of iterations and
number of function evaluations when N = 64 and b = 10

ξ ρ (0) R CPU time/s Iter FuncEval.

0.17 −0.49436 2.7809 0.57812 8 576
0.34 −0.83219 2.5655 0.26562 9 514
0.51 −0.97509 3.0061 0.50000 15 898
0.68 −0.99952 4.5754 3.22815 998 63.621
0.85 −0.99999 9.5451 169.016 5240 334.983

reported in Table 4.1. All computations were carried out using 2010a variant of
MATLAB on an HPxw8400 workstation with clock speed of 3.2 Ghz.

We consider that the solutions displayed in Fig.4.10 reproduce correctly the sim-
ilar solutions reported in [18, 22] and satisfy all analytical properties theoretically
established. The computed values of ρ (0) and R from Table 4.1 are fairly closed
to the corresponding values displayed in the above quoted papers. It is also worth
nothing that the computational effort increases as parameter ξ approaches 1. It is
apparent from the last three columns of Table 4.1. The same difficulty is reported
in [18]. We have paid a particular attention to the assignment of the initial guesses.
Thus for the first ξ the initial guess was a straight line joining the points (0,−1) and
(xN , 1). Then we have used a sort of continuation, i.e., the solution just found for a
ξ becomes an initial guess for the next one.

As a final word we have to remark that our numerical experiments carried out
with respect to the problem (4.24) and based onmapping coupled with ChC provided
totally unsatisfactory results.

Remark 4.3 Up to our knowledge a general theory for the existence (and uniqueness)
of solutions to problems (4.43) is not available. Thus, in spite of the fact that we do
not want to elaborate in detail on this topic, we observe that for some nonlinearity f
and boundary conditions the problem could be embedded in the following one
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{

1
p(t)

(

p (t) u′ (t)
)′ = q (t) f

(

t, u (t) , u′ (t)
)

, 0 < t < ∞,

u(0) = 0, u(t) bounded on [0,∞),
(4.25)

where f : [0,∞) × R × R → R and p, 1
q : [0,∞) → [0,∞) are assumed to be

continuous. In [27] some existence results, establishing first the solution existence
on a finite interval have been proved. Then they were extended on the semi-infinite
interval by Arzela-Ascoli Theorem.

4.7 Second Order Eigenvalue Problems on Half-Line

In order to get more insight into the challenging problem (4.24) we will analyze its
linearization around the constant solution ρ (r) = ξ . It reads

{

ρ′′ (r) + N−1
r ρ′ (r) = 4λ

(

ξ + ξ2
)

ρ (r) , 0 < r < ∞,

ρ′ (0) = 0, ρ → ξ, r → ∞.
(4.26)

The LC casts this problem into the following GEP

AX = λBX, (4.27)

where the matrices A and B are defined as

A := ˜L D
(2) + diag

(

N − 1

ς

)

˜L D
(1)

, b := 4 diag
(

ξ + ξ2
)

,

the vector ς contains the nodes x2, x3, ..., xN and the matrices ˜L D
(i)

, i = 1, 2 are
defined in the manner exposed in Sect. 4.4. Therefore they incorporate the Neumann
boundary condition in origin.

The pseudospectrum of this problem when ξ = 0.4 is provided in Fig. 4.11.
Its outmost part slightly extends into the positive semi plane. On the other hand,
the Henrici number, defined by (2.7), and computed for the matrix A ∗ B−1 is of
order 1.070790. Both results suggest that the matrix pencil (A, B) is far from a
normal one and consequently the linear stability analysis must be taken with some
circumspection (see [39, 40]).

The eigenvalues are real and negative. The rightmost one was found to be
λ = −7.549523e − 004 which implies the linear stability of constant solution.

The first five eigenvectors are available in Fig. 4.12.
All of them satisfy the boundary condition in the origin, are monotonously in-

creasing for 0 < r < 20 and approach with some decreasing oscillations the solution
ρ (r) = ξ for large r .

http://dx.doi.org/10.1007/978-3-319-06230-3_2


4.7 Second Order Eigenvalue Problems on Half-Line 101

Fig. 4.11 The
pseudospectrum of
problem (4.26) when b = 5
and N = 96. The eigenvalues
are marked with dots

real(λ)

im
ag

(λ
)

−70 −60 −50 −40 −30 −20 −10 0
−8

−6

−4

−2

0

2

4

6

8

Fig. 4.12 The fist five
eigenvectors (in ascending
direction) of (4.26).
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Throughout this work we have closely observed the eight Rule-of-Thumb formu-
lated in the monograph [6]. Thus in order to test the reliability of our numerical
results we repeated our numerical experiments with different N and have compared
the results. Actually, in our LC scheme we have considered N in the range [64, 96].

A final remark is now opportune. Up to our knowledge there are somemathemati-
cal software packages devoted to singular S-L problems. SLEDGE is one of the most
important and is described and tested in a series of papers (see for instance [28]).
Beyond the computation of the eigenvalues and eigenfunctions this code attempts
to classify each problem as to whether it is regular or singular, limit point or limit
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circle, oscillatory or non oscillatory etc. The code is essentially based on shooting
and consequently on an empirical approximation of boundary condition at infinity.
On the same techniques is based the code in [29]. The LC strategy introduced above
is conceptually different and tested on some non-trivial examples from these papers
provided reasonable solutions.

4.8 Fourth Order Eigenvalue Problems on Half-Line

Ekman boundary layer equations In [2] the authors consider the following GEP

M2φ − iγ Ro
(

˜U − c
)

Mφ + iγ Ro ˜Uzzφ + 2ψz = 0,
Mψ − iγ Ro

(

˜U − c
)

ψ − iγ Ro ˜Vzφ − 2φz = 0,
(4.28)

where Mφ := φzz − γ 2Ekφ, supplied with the boundary conditions

φ (0) = ψ (0) = φz (0) = 0, φ, φzz, ψ → 0, z → ∞. (4.29)

If Ek is set equal to unity, the Rossby number Ro equals the Reynolds number Re

and these equations are reduced exactly to those of [23]. Here γ is the wave number,
˜U and ˜V are two known and smooth functions and c is the complex phase speed.
Equations (4.28, 4.29) define an eigenvalue problem which determines c in terms of
Ro, γ and Ek .

In [14] the authors carried out a detailed analysis of this particular case, from
operator theory point of view. They locate the essential spectrum and analyze the L2

solutions of the factorized system of first order differential equations. Eventually, by
domain truncation and shooting they solved numerically this system.

One important remark is now appropriate. The system (4.28, 4.29) can be trans-
formed into a first order differential systemof six equations as in [2, 14]. The converse
statement is also true, i.e. eliminating for instance φ variable, the system can be cast
into a sixth order differential equation. As the algebraic manipulations in the general
case are tedious, we consider only the case when γ = 0. In this case we get the
polynomial eigenvalue problem

−ψ(vi) − 4ψ ′′ = 2λψ(iv) + λ2ψ ′′, z ∈ (0,∞) ,

ψ (0) = ψ ′ (0) = 0, ψ(v) (0) + 4ψ ′ (0) + λψ ′′′ (0) = 0, ψ, ψ ′′ → 0, z → ∞,

(4.30)
with boundary conditions depending on the spectral parameter. Unfortunately, from
computational point of view this formulation does not open feasible perspectives.

LC solutions Rather than reproduce all the results from [2, 23] etc. we just
consider one example from these papers, namely the flow profiles

˜U (z) := cos ε − exp(−z) cos(z + ε), z ∈ [0,∞),
˜V (z) := − sin ε + exp(−z) sin(z + ε), z ∈ [0,∞), |ε| < 1.

(4.31)
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The dependence of the leftmost eigenvalue λ on the small parameter ε, the Reynolds
number Re, and γ , is actually studied for the following LC discretization of the
problem (4.28, 4.29),

AX = λBX, (4.32)

where

A :=
⎛

⎝

(

−˜L D
(2) + γ 2

)2 + iγ Re ˜V
(

−˜L D
(2) + γ 2

)

+ iγ Re ˜V ′′ 2˜L D
(1)

2˜L D
(1) + iγ Re ˜U ′ −˜L D

(2) + γ 2 + iγ Re ˜V

⎞

⎠ ,

(4.33)
and

B :=
(−˜L D

(2) + γ 2 0
0 I

)

. (4.34)

In this GEP, X := (

φ ψ
)T

, φ andψ being the unknown vectors of dimension N −2
and

λ := iγ Rec. (4.35)

The matrices ˜L D
(i)

, i = 1, 2 are the differentiation matrices with the boundary
conditions (4.29) introduced as in Sect. 4.4. Along with the pencil (A, B) above, we
will study the pencil (A0, B)which provides surprising information for the spectrum
of GEP (4.32). The matrix A0 reads

A0 :=
⎛

⎝

(

−˜L D
(2) + γ 2

)2
2˜L D

(1)

2˜L D
(1) −˜L D

(2)

⎞

⎠ , (4.36)

and is obtained from the matrix A making Re = 0.
In [25] the GEP (4.32) is solved as an optimization problem and the author finds

that for the values of parameters

γ = 0.316225, ε = −23.3261080, Re = 54.155038, (4.37)

the corresponding eigenvalue c has a vanishing imaginary part and the real part equals
0.616301. For the same values of the above parameters, the leftmost eigenvalue we
have obtained reads

c = 5.563982e − 01 − i2.821821e − 02, (4.38)

when the problem (4.32) was solved with N = 80 and b = 4. In fact, we have
obtained values of the leftmost c which are indistinguishable up to the sixth digit, for
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Fig. 4.13 The Ekman
spectrum, essential
spectrum and spectrum of
the unperturbed problem
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N in the range [56,96] and scaling factor in the range [2,12]. This means numerical
stability of our numerical process. These numerical results are also in reasonable
agreement with those published in [2, 17, 23].

In order to find the entire spectrum of the GEP we have used the eig MATLAB
code and the accuracy of a limited number of eigenvalues from the leftmost region
of this spectrum was validated using the J D algorithm (see our paper [13]).

With the aim to validate our LC results, and to compare them with the theoretical
ones from [14], we have displayed the left part of the spectrum of the unperturbed
symmetric pencil (A0, B) and of the spectrum of (A, B) for values of parameters
from (4.37), in Fig. 4.13.

The essential spectrum is indeed contained inside the predicted curve given para-
metrically by

λ (t) = t2 + γ 2 + 2i t
√

t2 + γ 2
, (4.39)

where t is a real parameter and i the imaginary unit. The curve is marked with circles
on Fig. 4.13.

However, the spectrum of the GEP (4.32) appears to be a slightly perturbation
of the symmetric spectrum of (A0, B), i.e., the leftmost part is slightly distorted
and three ’rebel’ eigenvalues emerge. More than that, with Theorem 5.1 in [14], the
authors show that the essential spectrum and the spectrum of the Ekman problem
locate in a semi-infinite strip. Denoting λ := ν + iμ, this theorem predicts, in the
case at hand, that ν ≥ −1.355866e + 02 and |μ| ≤ 4.599409e + 02. Our numerical
results infer that these bounds overestimate the real situation.



4.8 Fourth Order Eigenvalue Problems on Half-Line 105

Fig. 4.14 The first
eigenmodes of problem (4.32)

0 20 40 60 80
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

z

F
irs

t e
ig

en
m

od
es

φ
ψ

Moreover, the first two eigenmodes φ,ψ are depicted in Fig. 4.14. They behave
correctly at the ends of integration interval.

We have also computed numerically the pseudospectrum of (4.32) for the values
(4.37) of parameters γ, ε and Re. It is reported in Fig. 4.15 and suggests that the
pencil (A, B) in this marginal case is non-normal [see (2.9)].

Thus, according with the ideas exposed in [39, 40] this linear hydrodynamic
stability analysis has to be interpreted with some precaution. In other words, the
pseudospectrum of the involved algebraic GEP suggests the limitations of this analy-
sis because it slightly extends into the left hand side semi plane.

Remark 4.4 With respect to the computational cost of the LC algorithm we have
to notice the following. Once the Laguerre differentiation matrices are accurately
provided by a built in function the rest of operations is carried out at a fairly low
cost. The introduction of any type of linear boundary condition in zero is carried out
by some elementary manipulations of the constraint matrix. Then a boundary value
problem requires the solution of a nonlinear algebraic system and an eigenvalue
one implies at least a specified region of the spectrum of a GEP. Some elementary
operations with the give back matrix produce the removed degrees of freedom. The
optimal value of scaling parameter has to be adjusted manually. This could be a time-
consuming process which asks some computing experience and could be considered
as a drawback of algorithm.However, theMATLABbuilt in code fsolve as a solver
for nonlinear algebraic systems, and respectively eig or any of the J D solvers for
GEPs, have worked smoothly without major incidents (non-convergent outcomes).
The elapsed CPU times for all our numerical experiments have been fairly resonable.

Remark 4.5 The removing technique from Sect. 4.4 was successful in introducing
the largest imaginable variety of linear boundary conditions including slip boundary

http://dx.doi.org/10.1007/978-3-319-06230-3_2
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Fig. 4.15 The pseudospectrum of problem (4.32) (left picture) and of the unperturbed problem,
when N = 96 and b = 8

conditions. Thus, we have confirmed the results of [37]. In this chapter the authors
recently solved a Poiseuille flow stability problem in porous medium which involves
such boundary conditions.

4.9 The Movement of a Pile

Let u(x) be the deflection of a semi-infinite pile embedded in soft soil at a distance x
below the surface of the soil. The governing differential equation for the movement
of the pile, in dimensionless form, is given by

d4u

dx4
= −P1 (1 − exp(−P2u)), 0 < x < ∞, (4.40)

where P1 and P2 are positive material constants. At the origin, a zero moment and a
positive shear P3 are assumed, i.e.,

d2u

dx2
(0) = 0,

d3u

dx3
(0) = P3. (4.41)
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Moreover, from physical considerations it follows that u(x) and all its derivatives go
to zero at infinity, so that the following behavioral (asymptotic) boundary conditions

u,
du

dx
→ 0, x → ∞, (4.42)

can be imposed. The boundary value problem (4.40)–(4.42) is of interest in founda-
tion engineering; for instance, in the design of drilling rigs above the ocean floor.

In order to solve this problem numerically we introduce the new unknown w(x)

by
u(x) := w(x) + h(x),

where h(x) := x3e−x P3/6. Thus, we actually solve the homogeneous nonlinear
boundary value problem

{

d4w
dx4

= −P1 (1 − exp(−P2 (w + h))) − d4h
dx4

, 0 < x < ∞,

d2w
dx2

(0) = 0 = d3w
dx3

(0) , w, dw
dx → 0, x → ∞.

(4.43)

In [8] the author solves the problem (4.40)–(4.42) by amethod based on compound
matrix factorization and truncates the [0,∞)domain to afinite one.Thenhe compares
his results with those reported in [21] where the problem is considered as a test one
in working with the box difference scheme.

A theory for defining asymptotic boundary conditions to be imposed at the end
of the truncated domain has been developed by many scientists but it is still unsatis-
factory.

In order to avoid this serious difficulty we solve the above problem by LCmethod.
We mention again that the important advantage of this method resides in the fact that
the involved Laguerre functions automatically satisfy the boundary conditions at
infinity (4.42). Details on the implementation of this method are available in our
recent paper [12].
However, very sketchy, we solve numerically the non-homogeneous nonlinear alge-
braic system

˜

˜L D
(4)

˜w̃ = −P1
(

I − exp
(−P2

(

˜w̃ + h
))) − ˜

˜L D
(4)

h, (4.44)

where the matrix ˜

˜L D
(4)

stands for the fourth order differentiation matrix with the
boundary conditions (4.41) enforced and the vectors ˜w̃, h stand respectively for the
unknownvector and the vector of values of functionh on the nodes xi , i = 3, 4, ..., N .
We mention that due to the fact that we have two independent boundary conditions
in (4.41) we have to remove the first two nodes x1 = 0 and x2. Thus the system
(4.44) is of order N − 2.

We have solved this nonlinear system starting from the initial guess, the vector
ones of order N − 2. The MATLAB routine fsolve has used only 17 iterations
and 762 function evaluations in order to get a convergent solution. Variations of this
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Fig. 4.16 The Laguerre
collocation solution to
problem (4.40)–(4.42) along
with its first three derivatives
when N = 76 and b = 12
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initial guess, of the cut off parameter N and of the scaling factor b have led to the
same solution.

Thus, we first get ˜w̃ as a solution of (4.44), and then, using the give-back matrix
we compute the entire vector w. Further on, by successive multiplications with first
order differentiation matrix, w′ = L D(1)w etc., we have recovered its derivatives of
first, second and third orders (see Sect. 4.4).

The LC solution, along with its first three derivatives, to problem (4.40)–(4.42)
for the values of parameters

P1 = 1, P2 = 1

2
, P3 = 1

2
,

are depicted in Fig. 4.16. They seem to be in perfect qualitative accordance with
those presented in [8].
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