Contents

1 Topological Constructs ...............coviiiiiiiiiiiiiiiiiiiii e, 1
1.1  Topological SPacCes........coviuuuiiiiiiiiiii i 1
LLIT 0 Definition ...oooviiiiiiiiiiiiiiiiiiiiiiiiiii i eeeees 1

1.1.2 Nearness and Continuity ...........ooovvuiiieiiiiiieeeann. 1

1.1.3  Some Terminology ........oouvvveiiiiiiiiiiiiiiiiiiieean. 2

1.2 Topological Manifolds .............cooviiiiiiiiiiiiiiiiii e 3
12,1 Definition ...ooovviiiiiiiiiiiiiiiiiiiiiiii i eeees 3

1.2.2  Maps and Their Representations............cccevvvvvveeeeenns 4

1.2.3  Topological Manifolds with Boundary ....................... 6

1.3 Topological GIOUPS ......ccevnnuiiiee et 7
1.3.1  Definition .....o.ooiiiiiiii i 7

1.3.2 Group ACHONS ......veeitii et 8

1.4 Topological Fibre Bundles............coooiiiiiiiiiiiiiiiiiiiiiiinn, 12
1.4.1  ProductBundles .........ccoviiiiiiiiiiiiiiiiiiiiiiiiiiinnns 12

1.42 FibreBundles..........c.c.ooooiiiiiiiiiiiiiiiiiii 13

1.4.3  Principal Bundles...............ccooiiiiiiiiiiiiii 15

1.4.4  Cross SECHONS ...cuuuiiinitii it iiie i 17

1.5 Topological Groupoids.............coiiiiiiiiiiiiiiiiiiiie i, 19
151 Definition ...oooviiiiiiiiiiiiiiiiiiiiiiiiiii et 19

1.5.2  From Groupoids to Principal Bundles........................ 22
References ......oouuiii i 23
2 Physical Hustrations ..ot 25
2.1 Manifolds.....ooooiiiii 25
2.1.1  The Configuration Space of a Mechanical System .......... 25
2.1.2  The Configuration Space of a Deformable Body ............ 26

2.2 GIOUPS - -t ettee e e e e et e et 27
2.2.1  Local Symmetries of Constitutive Laws ..................... 27

2.3 FibreBundles ... 28
231 Space-Time ......ccovviiiiiiiiiii i 28

2.3.2  MICIOSIIUCLULE . ..ottt e et e et e e e e e e 30

ix



Contents

2.4 Groupoids ...oooonnnuiieet et 31
2.4.1  Material Uniformity ............ccoviiiiiiiiiiiiiiiiiienn. 31
REfErenCes . ...ttt e 35
Differential Constructs ... 37
3.1 Differentiable Manifolds................ocoiiiiiiiiiiiiiiiiii . 37
311 Definition .....ovviniiiii i 37
3.1.2  Orientable Manifolds..................cooiiiiiiiin.. 38
3.1.3 Differentiable Maps ...........ccooiiiiiiiiiiiiiii 38
3.1.4  Smooth CONSIUCES ..oovvvieiiiiiiii e 39
3.2 The Tangent Bundle of a Manifold....................ooooiiit. 39
3.2.1 Curves ThroughaPoint.............oooooiiiiiiiiiiiiii, 39
322 Tan@ent VECTOIS. . ..couunuutttet e e eeeaaae 41
3.2.3  The Tangent Space ataPoint .......................ooiii. 42
324 TheTangentBundle..................oooooiiiiiiiiiiii, 43
3.2.5 The Differentialof aMap ... 45
3.3 Vector Fieldsand Flows ..., 47
331  VectorFields.........coooiiiiiiiiiiiii i 47
332 TheLieBracket ..........oooiiiiiiiiiiii 47
3.3.3 TheFlowofaVectorField................................. L. 50
3.34  One-Parameter Groups of Transformations
Generated by Flows ... 51
3.4 The Principal Frame Bundle and Its Associated Bundles.............. 52
341 Definition ......oovuiiiiii i 52
342 Associated Bundles..................ooi L 54
343 The CotangentBundle ..................oooiiiiiii 56
344  Exterior Algebra...........oceiiiiiiiiiiiiiiiiiiiiii 58
3.4.5 Interior Multiplication..............ooooiiiiiiiiiiiiiiiinn. 66
3.4.6 Non-canonical Isomorphisms...............oooviiiiiiiiii. 67
347 Differential r-Forms.................ooooiiii 69
3.5 Calculus of Differential Forms ..., 71
3.5.1  The Exterior Derivative of Forms ............................ 71
352 INteGIation ......veeeieiinii ettt e 74
353 Currentsofde Rham ... 80
3.6 Lie Derivatives and Lie Groups ..............cccoviiiiiiiiiiiiiine... 81
3.6.1 Intuitive ConsiderationS................ccoovvvvvviveinnenn.... 81
3.6.2  Relation to the Lie Bracket ........................oeeeat L. 82
3.6.3  The Lie Derivative of Tensors .............cooovveiiniennn... 84
3.6.4  One-Parameter Subgroups of a Lie Group ................... 85
3.6.5 TheLie AlgebraofaLie Group ............ccooeiiiiiiiinie. 86
3.7 Distributions and CONNECHIONS ...oevveiiiiiiiiiiiiinnenneneneeeenennn.. 88
371 Distributions .....oooviiiiiiiii 88
3.7.2  Integral Manifolds of a Distribution.......................... 89
3.7.3  Involutivity and the Theorem of Frobenius .................. 90

374 Theldeaof aConnection ............coovvviviiiiiniinnnnnnnn. 91



Contents Xi
3.7.5 Ehresmann Connections .............ccoooeviiiiiiiniennn... 94

3.7.6  Parallel Transport...........veeeeiiiiiiieiiiiiiiee e, 96

3.7.7  The Curvature of an Ehresmann Connection................. 98

3.7.8  Principal-Bundle Connections ...................coooeviiiin 100

379  Linear CONNECtiONS ...oovetttitiiiiiiiieeianneieeaeeaeeeeennn. 102
3.7.10 Riemannian Connections..............covuiiiiuiieiinneennn... 107
References ......oouuiii i 111
4 Physical Hustrations ...............ccooiiiiiiiiiiiiiiiiii i 113
4.1 Mechanics in the Configuration Space....................coeiiiiinn 113
4.1.1  Virtual Displacements and Velocity Vectors ................. 113
4.12  Force Fields........coooiiiiiiiiiiiiiiiii 113

4.1.3  The Lagrangian Function ................ooooceiiiiiiiie... 115
4.1.4  Lagrange’s Postulate and the Equations of Motion .......... 116

4.2 Hamiltonian Mechanics.............uuuiiiiiiiiiiiiiiiiiiiiiiieenes 117
4.2.1  Symplectic Vector Spaces...........cccoevviiiiiiiiniiinnnn... 118
4.2.2  Symplectic Manifolds ..............ccoiiiiiiiiiiiiiii. 118

4.2.3  Hamiltonian SyStems.........ovuuiieieiiiiiiieeiiiiiee... 119

4.3 Fluxes in Continuum Physics...............oooiiii 121
43.1 Extensive-Property Densities ................cooeeviiiio... 121
4.3.2  Balance Laws, Flux Densities and Sources .................. 122
4.3.3  Flux Forms and Cauchy’s Formula........................... 123
4.3.4 Differential Expression of the Balance Law ................. 124

4.4 MICIOSIIUCIUIE .. ...ttt ettt et e et e et e et e e e eeee e 125
4.4.1 Kinematics of a Cosserat Body .....................ooot. 125

4.5 DISIOCAIONS ..ttt 128
4.5.1 AnlIntuitive Picture..............oooooiiii 128
4.5.2  Distant Parallelism ... 132

4.5.3  Bravais Planes and Differential Forms ....................... 133
4.5.4  Singular Dislocations and de Rham Currents ................ 134
REfErenCes . ...ttt e 135



2 Springer
http://www.springer.com/978-3-319-06919-7

Differential Geometry

Basic Motions and Physical Examples
Epstein, M.

2014, ¥, 139 p. 26 illus., Hardcover
ISBN: 978-3-319-06919-7



	Contents

