Chapter 2
Stochastic Thermodynamics

Stochastic thermodynamics is an advancing field with many applications to small
systems of current interest [ 1-5]. Its brief history is summarized in the Introduction.
In this chapter we review the basic theoretical concepts involved in this domain.
Specifically, in Sects.2.1 and 2.2, we review the dynamical equations for the meso-
scopic systems with discrete and with continuous state space, respectively. Further,
in these two sections, we present equations which describe fluctuations of work, heat
and internal energy of the system during isothermal processes. In Sect. 2.3 we give a
short review of the celebrated work fluctuation relations [1, 6-9], which represent a
generalization of the second law of thermodynamics. Finally, in Sect. 2.4, we review
the recent results in the field of stochastic heat engines and present the theory needed
to their analytical description.

2.1 Discrete Systems

Let us consider a general N-level system in contact with a thermal reservoir at
the temperature 7. We assume that the system is driven by an external agent. Let
Gi = U; —kpT log ; denote free energy landscape (FEL) of the system alone, where
U; (2;) stands for the energies (degeneracies) of the individual levels and kg is the
Boltzmann constant. Moreover, let V; [Y(#)] = Vi(t) denote an additional energy
due to the interaction with the external agent. The discrete index i = 1,2,..., N
labels the individual microstates (levels) available to the system and Y (¢) stands for a
vector of control parameters driven by the external agent. The FEL of the compound
system, F;(t), and the energies of its individual levels, & (), read

Fi) =G +VilYOl =G +Vi(t) i=12,...,N, .1)
EO=U+Vi YO =U +Vi(t) i=1,2,...,N. (2.2)
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18 2 Stochastic Thermodynamics

Note that the external driving can not force the system to follow a specific sequence
of microstates. It just influences, through the level free energies, the transition prob-
abilities between the individual microstates.

2.1.1 Dynamics

At an arbitrary fixed time ¢, the state of the system is specified by the column vector
p(t). The components of this vector [p(¢)]; = pi(¢),i = 1, ..., N, are the occupation
probabilities of the individual microstates (levels), i.e., the probabilities to find the
system at the time ¢ in the microstate i.

In many experimentally important situations, the time evolution of the system can
be described as a Markov process. Such process is governed by the master equation
[10]. The transition rates in the equation depend on the temperature of the bath
and on the external parameters which influence the FEL of the system. Since the
free energies depend on time, the rates must be time dependent as well. Hence the
underlying Markov process is time inhomogeneous one.

One possible probabilistic approach [11, 12] to the analysis of a continuous time
Markov process uses its decomposition into a discrete time Markov chain and a
system of random points on the time axis. The transitions between the states of the
Markov chain occur just at random instants. Usually, the time intervals between
individual transitions are taken as independent exponentially distributed random
variables. This decomposition can be used for simple and fast simulations of time
inhomogeneous Markov processes. The details are discussed in Appendix C.

Formally speaking, the time evolution of the system is described by the time-
inhomogeneous Markov process D(#), where D(¢) = k if the system resides in the
microstate k at the time ¢. The master equation can be written as

%]R(t [t = —vL@O R, R |t =1, (2.3)

where 1 is the (N x N) unity matrix, IL(¢) is the (N x N) matrix of transition rates,
and R(z | t') is the (N x N) matrix of transition probabilities. v~ 1 sets the elementary
time scale. In the limit v — oo (¥ — 0) the relaxation processes are infinitely fast
(slow).

If the transition rates would remain constant, the system should relax towards
thermal equilibrium specified by the instantaneous values of the level free energies
(2.1). In order to guarantee this behavior it is often assumed that the transition rates
fulfill the so called (time local) detail balance condition

exp[—BF;()]Lij (1) = Lji(t) exp[—LFi (1], (2.4)
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where 3 = 1/(kgT). The matrix of the transition probabilities, R(r | '), is a stochas-
tic matrix [13]. Its elements are given by

Rij(t|t) =Prob{D() =i |D(t) = j }. 2.5)

This means that the matrix R(z | ') evolves an arbitrary column vector of the initial
occupation probabilities, p(¢'), as

p(t) =R |t)p("). (2.6)

Because this formula is valid for any initial vector p(t'), it already suggests that the
matrix R(z | ¢) fulfills the Chapman-Kolmogorov condition [10, 14]

Rt |t) =R |ty RE | ). (2.7)

Here the matrix multiplication on the right hand side amounts for the summation
over the intermediate states at the time ¢”. This formula is valid for any intermediate
time ¢” and reflects the Markov property of the underlying stochastic process D(z).

2.1.2 Energetics

The random internal energy of the system at the time ¢,

U@) = &b (1), (2.8)
changes according to the first law of thermodynamics as

U@t)dt = W(r +dr, 1) + Q(r + dt, 1)
= [Ep(t + dt) — Epry)] + [Epr+an () — Epry ()], (2.9)

where we use the abbreviation f (t) = df(¢)/dt. The first (the second) term on the
right hand side represents the random work (heat) accepted by the system during
the infinitesimal time interval [¢, ¢ + d¢] [15]. Differently speaking, if the system
dwells in the level i during the time interval [z, ¢ 4+ d¢] then the work done on the
system by the external agent, W(t + dt, t), equals &; (¢ + dt) — &;(t) and no heat
is accepted. On the other hand if the system changes its microstate from j to i
during the infinitesimal time interval [z,  + dt] and the level energies & (¢), £; (1)
remain constant, then the heat accepted by the system from the thermal environment,
Q(r + dt, 1), is & (1) — £;(t) and no work is done. These definitions are further
discussed in detail in Sect.2.2.3, also see Fig.2.1.

The random work done on the system by the external agent when the control
parameter is altered from Y (') to Y (¢) reads
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t

N
W) = [ a3 &S, 2.10)
p i=1
and represents a functional of the stochastic process D(¢). Due to the first law of ther-
modynamics (2.9), the random heat accepted from the reservoir represents another
functional of the process D(r), specifically

Q@,t) =U@) —U@E) —W(, t). (2.11)

For an analytical treatment of work and heat fluctuations it is useful to introduce
the augmented process {W(t, t'), D(t)} [16-18] which describes both the work and
the microstate variable. This augmented process is again a time inhomogeneous
Markov process and its two-time properties are described by the (N x N) matrix
G(w, t|w', t') with the matrix elements

W(,0) € (w, w+¢)
D) =i

W', 0) =w’

1
Gij(w,t|w',t") = — Prob
U(w |w ) € o | D([/)ZJ

], (2.12)

where ¢ — 0. The time evolution of G(w, ¢ | w’, t’) is given by [16-18]

ﬁ@(w, tlw, ) =— [i () + VlL(t)] CGw, | w', 1) (2.13)
ot ow

with the initial condition G(w, ¢’ | w’, #’) = 6(w — w’) 1. Here E(¢) is the diagonal
matrix B(r) = diag{& (1), ..., En(1)}. Note that R(t |') = [0 dw G(w, 10,1
and that G(w, 7 |w’, ') = G(w — w’, 1|0, ¢'). Equation (2.13) represents a hyper-
bolic system of N2 coupled partial differential equations with time-dependent coef-
ficients. It can be derived in several ways. For example, as explained in reference
[19], one considers at the time ¢ the family of all realizations, which display at that
time the work in the infinitesimal interval (w, w + dw) and, simultaneously, which
occupy a given microstate. During the infinitesimal time interval (¢, ¢ +dt), the num-
ber of such paths can change due to two reasons. First, while residing in the given
microstate, some paths enter (leave) the set, because the energy levels move and an
additional work has been done. Secondly, some paths can enter (leave) the described
family, because they jump out of (into) the specified level. These two contributions
correspond to the two terms on the right hand side of Eq. (2.13). Another derivation
[18] is based on an explicit probabilistic construction of all possible paths and their
respective probabilities.

The Chapman-Kolmogorov condition for the augmented process assumes the
form

o0
Gw, t|w,t) = / dw’ Gw, t|w”, )G, t" |, t). (2.14)

—00
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Here the matrix multiplication on the right hand side amounts for the summation over
the intermediate states at the time ", and the integration runs over all possible inter-
mediate values of the work variable w”. The equation is valid for any intermediate
time ¢’ € [t/, t].

Equations (2.3) and (2.13) are exactly solvable only in several cases. Investigations
have been conducted for simple spin systems driven by a time-dependent external
field [11, 18-25]. As a result, analytical solutions are known for several two-level
systems [11, 18, 23, 24, 26] and for systems composed of Ny, two-level subsystems
in the limit of large Ng,p [19, 25]. A generalization of these results and also some
other exactly solvable models are presented in Chap. 3. Further, in Appendix A, we
discuss the limit of infinitely fast (slow) relaxation (v — 0, o0). In these limiting
cases Eqgs. (2.3) and (2.13) can be solved for any model.

The matrix G(w, 7 | w’, ') provides a complete description of the energetics of the
process D(7). The joint probability density for the internal energy U(¢) and the work
W(z, t") performed on the system during the time interval [¢', 7], given the internal
energy initially was u’, (regardless of the final state of the system at the time 7) is
given by

N
Eww )= D Slu—&MI8[u = EW)] Gijw.1]0.1) pj(t"). (2.15)
Lj=1

1

Here d(x) stands for the Dirac §-function and p; (t") denotes the initial occupation
probabilities. The function &(u, w, t; u’) already yields the probability density for
the work,

p(w, 1) = /du /du' Eu,w, t;u'). (2.16)

An analogous integration over the variables u” and w gives the probability density
for the internal energy U(z),

g(u,t):/du/ /dw Eu,w, t;u). 2.17)

Furthermore, using the definition (2.11), the function &(u, w, t; u’) gives also the
probability density for the heat Q(z, ¢’) transferred from the reservoir during the
time interval [¢’, #] [23]

X(q,t):/du /du/ /00 dw é[g— (u—u' —w)] @, w,t;u’). (2.18)
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The functions (2.16)—(2.18) yield all raw moments of internal energy (2.8), work
(2.10) and heat (2.11) by single integration

oo

(UOT) = / du " <(u, 1), (2.19)

(W, HT" = / dw w" p(w, t), (2.20)
Q@ 1" = / dg q" x(q,1). (2.21)

—00

Let us note that these moments can be also calculated directly from the definitions
(2.8),(2.10) and (2.11) only using the solution of the master Eq. (2.3). This approach s
convenient for the internal energy where one can use the identity | ix;o duu"q(u,t) =
ZlN= 1[& ()]" pi (). For the work and the heat the situation is more complicated and
this approach is useful only for the first few moments. For example, the mean values
of the internal energy, work and heat, are

U@t) = (V@) = ZE (1) pi (1), (2.22)
i=1
N 1
W, t') = (W, 1)) = Z/dz” E@pi(e"), (2.23)
N t
06.1) = @) =Y [ dr" & pu (224

i=1 g

In order to calculate the second moments of the work and the heat without the
probability densities (2.16) and (2.18), one needs the two-time correlation function

N
ZZ Rz/(f|f)l7](t) >t

]:

N N
Z Z ihj Rl](t |I)Pj(t) r<t

—_
—_

{(hp@) foen)c = (2.25)

The second raw moments of the work (2.10) and the heat (2.11) are then given by
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OEm (£ OEmm (£
W(l‘ t) /dt///dt///< D(t )(t ) D )(t ) (2.26)
C

at// 8[///

and

N
(Q@ NP = (W, P+ D [&@) — EW] Rijt 1) p('y

i, j=1

al / / " agD(t”) (") " "y /
-2 > [&m-& )]/dr 5 00w Rij@ [ R [ pete'),
i, J, k=1 ¢

(2.27)

where 0Ep ) (t)/0t = d&;(t)/dt|;=p(;). Obviously, in order to obtain the higher
moments of the work and the heat, the higher time correlation functions must be
defined and the resulting expressions become too complicated. Finally, let us define
the variances of internal energy, heat and work which corresponds to the widths of
the individual probability densities

[AU M = (U1 — [U 07T, (2.28)
[AW(t, )] = (IW(t, )]*) — [W(t, )], (2.29)
[AQ(t, )]* = ([Q(, ) — [0, )] (2.30)

The entropy of the system at the time ¢ is given by the standard formula [15]
N
Ss(t) = —kg D, pi() log [pi(1)]. (2.31)
i=1
Its increment during the time interval [¢, 7]
Ss(r,1") = Ss(1) — Ss(1'), (2.32)
together with the entropy transferred to the reservoirs during the time interval [¢/, £]

o(t, 1)

Se(t, 1) = — T

: (2.33)

determines the total entropy produced during the time interval [¢’, ¢]

Stot(t, 1) = Ss(t,1") + Sc(¢,1') = 0. (2.34)
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2.2 Continuous Systems

Consider an externally driven one dimensional microscopic system in contact with
a thermal reservoir at the temperature 7. Let G(x) = U(x) — kT log 2(x) denote
the FEL of the system alone, where U/ (x) denotes the energy of the xth microstate
and Q(x) stands for its multiplicity. Moreover, let V [x,Y(@)] = V(x,t) denote
an additional energy due to the interaction with the external agent. The continuous
index x € (—o00, 00) labels the individual microstates available to the system and
Y () stands for the vector of the parameters controlled by the external agent. As in
the discrete case, the external driving can not force the system to follow a specific
sequence of microstates. It just influences, through the FEL, the transition probabili-
ties between the individual microstates. The FEL, F(x, t), and the energy landscape,
E(x, 1), of the compound system read

Fx, 1) =Gx)+VIx,Y®)] = G(x) + V(x, 1), (2.35)
ECe, 1) =UX) + V[x, Y)] = Ux) + V(x, 1). (2.36)

Two examples of such setting are depicted in Figs.4.1 and 4.2 and further discussed
in Sect.4.1.

2.2.1 Dynamics

In the present work we assume that the thermal forces can be described as the sum of
the linear friction force and the Langevin white-noise force. We neglect the inertial
forces. Then the equation of motion for the particle position (microstate of the system)
is the stochastic differential equation [10, 14, 27]

FEX(I) = —i]:(x, 1) + N(1), (2.37)
dr ax x=X(1)

with initial condition X(z") = x’. In Eq.(2.37) " stands for the particle mass times
the viscous friction coefficient, and N(¢) represents the delta-correlated white noise,
(N(ON(@")) = 2DT26(r — t). Here D = kg T /T denotes the diffusion constant.
The Fokker-Planck equation corresponding to the stochastic differential Eq. (2.37)
is [10, 14, 27]

9 r o
—R(x,t|x',t) =

o 19
ot

0
D——+—— | =—Fx, )| R, t|x, 1), 2.38
5‘x2+F6x|:8x (x )iH . 112 1) ( )
with the initial condition R(x, ' |x’, ') = §(x — x’). The conditional probabilities
R(x,|x’,t")dx play the same role as the matrix elements (2.5) for the discrete
process D(r). More precisely, the function R(x, ¢ | x’, t’) evolves an arbitrary initial


http://dx.doi.org/10.1007/978-3-319-07091-9_4
http://dx.doi.org/10.1007/978-3-319-07091-9_4
http://dx.doi.org/10.1007/978-3-319-07091-9_4
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probability distribution p(x, ) as

o0

plx,t) = / dx' R(x,t|x', ") p(x', ). (2.39)

—00

The function p(x, t) specifies the state of the system at the time ¢. Concretely, the
probability to find the system at the time # in a microstate which lies in an infinitesimal
neighborhood of the microstate x reads p(x, t) dx, or, mathematically, Prob{X(r) €
(x,x +dx)} = p(x,t)dx.

This setting represents a continuous analogy of the discrete one described in
Sect.2.1. However, it should be noted that the master equation formulation is more
general than the continuous one, including the Langevin and Fokker-Planck cases as
its special limits [ 10, 14]. The matrix multiplication (summation over the microstates)
in the discrete model is now represented by x-integration. For example the Chapman-
Kolmogorov Eq. (2.7) presently assumes the form

o0
R(x,t|x',t) = / dx"R(x,t|x", tYRK", t" | x',1). (2.40)

—00

2.2.2 Energetics

The random internal energy of the system at the time ¢,
U@) = EX@), 1], (2.41)
changes according to the first law of thermodynamics (2.11) as

U@)dr = W( +dr, 1) + Q@ + dr, 1)
= {E[X(1), t +dt] — E[X@), t]} + {E[X(t + dp), 1] — E[X(@), t]}. (2.42)

The first (the second) term on the right hand side corresponds to the random work
(heat) accepted by the system during the infinitesimal time interval [z, t + dt] [15].
Differently speaking, if the system dwells at the position x during the time interval
[¢,¢ + dt] then the work done on the system by the eternal agent, W(z + dr, 1),
equals E(x, t +dt) — E(x, t) and no heat is accepted. On the other hand if the system
changes its position from x’ to x during the infinitesimal time interval [z, ¢ 4+ dt] and
the energies £(x, 1), £(x’, ) remain constant, then the heat accepted by the system
from the thermal environment, Q(¢z +dt, 1), 1is £(x, t) — E(x’, t) and no work is done.
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As a result the random work satisfies the stochastic differential equation [28]

d d d
” (1) até’[ ), 1] dté’(x, 1) o (2.43)

with the initial condition W(#’, ") = 0. Although this work definition, which we use
in the whole thesis, naturally stems from the stochastic thermodynamic definition
(2.10), itrecently raised a heated discussion in the literature [29-32] and an alternative
work definition was proposed [29]. This question is discussed in detail in Sect.2.2.3.

The random work done on the system by the external agent when the control
parameter is altered from Y (¢') to Y (¢) reads

t o0
W, t') = / dr” / dx E(x, 1")0[x — X&) (2.44)
t —00

It represents a functional of the process X(#). Due to the first law of thermodynamics
(2.42) the random heat accepted from the reservoir corresponds to another functional
of the process X(¢). This functional is given by (2.11).

The Fokker-Planck equation corresponding to the stochastic differential equations
(2.37) and (2.43) reads [10, 27]

9 o P 1070
EG(x,w,Hx,w,t)—[DW+F8—X|:8—X.7:(X,I):|

N ]G(x,w,tlx/, w', 1),
ow
(2.45)

with the initial condition G (x, w, ' | x", w’, ') = 6(x — x’)é(w — w’). The condi-

tional probabilities G (x, w, ¢ | x’, w’, t') dx dw play similar role for the continuous

process X(z) as the matrix elements (2.12) for the discrete process D(7).
Specifically, if we define the function &(u, w, t; u') as

§(u,w,t;u/)://dxdx/é[u—é'(x,t)]

x6[u —EQ )] Gx,w, t|x',0,1") p(x', 1) (2.46)

the definitions (2.16)—(2.21) remain valid. In analogy with the discrete model the
moments of the random variables in question can be also calculated from the def-
initions (2.41), (2.44) and (2.11) only using the solution of Eq.(2.38). One just
substitutes the continuous variables in the formulas in question for their discrete
equivalents and change the summations to the integrations. The raw moments of
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the internal energy are now given by ffooo duug(u,t) = ffooo dx [E(x, )" p(x, 1).
The mean values of the internal energy, the work and the heat (2.22)—(2.24) now read

oo

U@) = (U@)) = /de(x,t)p(x,t), (2.47)
B o0 t

W, t) = (W, 1)) = / dx / di" Ex, ") p(x, 1), (2.48)
_OO t

o, 1) = (Q, 1)) = / dx / dt” Ex, ") p(x, 1. (2.49)

Similarly, the second moment of the work (2.26) is given by

WG ) /dt”/ ,/,<88[X(t ), "1 OE[X@"), t ]> 7 (2.50)
C

at// at///

with the two-time correlation function defined as

(RIXO] FIXE])c

? dx jo dx" h(x) f(HR(x,t|x',tHpKx', ), t>1
=12 2 (2.51)
[ dx [ dx' f)h(XHRGx, 1| X, )p(x', 1), 1 <t.

The entropy of the system at the time ¢ is given by the standard formula [15]

o0

Se(t) = —kg / dx p(x, ) log [p(x, 1)]. (2.52)

—00

Its increase during the time interval [¢/, ], Ss(z, '), the entropy S; (¢, t') transferred
to the reservoirs during the time interval [, ¢] and the total entropy produced during
the time interval [¢/, 1], S (¢, 1), are given by Eq. (2.32)—(2.34).

As in the discrete case, Egs. (2.38) and (2.45) can be solved analytically only for
few simple settings. Examples can be found in the works [4, 33—40]. In Chap.4 we
present a generic exactly solvable model—the “sliding parabola model”. Another
exactly solvable model, an extension of the so called “breathing parabola model”, is
discussed in Sect.5.2.


http://dx.doi.org/10.1007/978-3-319-07091-9_4
http://dx.doi.org/10.1007/978-3-319-07091-9_5
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2.2.3 On the Work Definition

Recently, an extensive criticism of the work definition has been raised (2.44) [29, 32].
The objections against the definition presented in [29] are:

e The work (2.44) done during a quasi-static process does not equal the free energy
change of the system itself.

e After a gauge transformation F(x, 1) — F(x,1)+g(#),E(x, 1) —> E(x, 1)+ g(1)
one obtains a transformed system which possess the same dynamics as the original
one, however, the work (2.44) done on the transformed system and that done on
the original differ.

e The work should be defined in the traditional mechanical way as (force x dis-
placement). Using this definition, the random work done on the system by the
external agent when the control parameter is altered from Y (¢) to Y (¢) reads!

t
0
Wg(t, 1) = —/dz” av (x,1")

t/

dx(")

= (2.53)
X:X(l”) dt//

where —0V(x,t)/0x = F(x,t) denotes the force applied on the system by the
external agent. The work (2.53) done during a quasi-static process equals the free
energy change of the system itself and is gauge invariant.

The papers [30, 31, 41] explain that the controversies caused by the above objec-
tions can be easily resolved. To this end we compare the the two work definitions on
a specific, simple, example.

The thermodynamic work represents the work done by the external agent on
the compound system system-interaction [30, 42, 43]. As an example consider the
situation depicted in Fig.2.1. The microscopic system (the black ball) is driven by
an external agent (the car). The interaction between the car and the ball is realized by
the spring with zero unloaded length, which contains the interaction energy V(x, t)
and acts on the ball (car) by the force F(x,t) [—F (x, t)]. The ball is surrounded
by thermal environment and the impacts of its molecules (small arrows) can cause
that the ball moves against the force applied. In such case the energy of the impacts
[the heat (2.11)] is stored in the spring and the internal energy of the compound
system (ball-spring), £(x, 1), increases. If the spring moves the ball, its kinetic energy
immediately dissipates into the environment. Part of the energy £ (x, ¢) is transferred
asheat (2.11) into the bath. Another way how to increase (decrease) the energy £ (x, t)
is to drive the car [externally manipulate with the interaction potential V(x, t)].
Assume that the impacts of the molecules from the environment cause the ball to
stand still. If one drives the car to the left, the spring must be stretched and the work
(2.44) is done on the compound system [€ (x, t) increases and the petrol is consumed].

1 Note that the generalization of this definition for the discrete models is not very natural, because,
in such case, one has to substitute a finite difference for the position derivative in the force definition.
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Fig. 2.1 Sketch illustrating the meaning of thermodynamic work (2.44) and that of the mechanical
work (2.53)

However, if one drives to the right, the spring pulls the car and the compound system
does the work (2.44) on the car [€ (x, ) decreases and one can store the energy in an
accumulator].

Contrary to the thermodynamic work (2.44), the mechanical work (2.53) describes
the work done by the external agent on the system itself [30, 42, 43]. Consider again
the situation depicted in Fig. 2.1. If the ball moves towards the car, the energy £ (x, t)
decreases at the expense of the ball kinetic energy which is quickly (immediately)
transferred as heat into the bath. The work (2.53) is done on the ball by the spring, it
causes its movement against the friction. Similarly, if the distance between the ball
and the car decreases the heat is transferred into the spring and the ball (the thermal
environment via the ball) does the work on the spring.

From the last two paragraphs one can deduce that the work definition (2.53) is
similar to the definition of heat (2.11). Indeed the mechanical work can be rewritten as

We(r, 1) = =V [X@), t] + V[X(E). '] + Wz, 1) (2.54)

and thus, using Eqgs. (2.11) and (2.36), we have Wg(z, ') = U [X()] — U [X()] —
Q(z, t'). For freely diffusing particle [U/(x) = 0] the mechanical work thus equals
the (minus) heat transferred from the compound system to the thermal environment,
WE(r, 1) = —Q(z, t’). This is not surprising. If one neglects the inertia and sets
U(x) = 0, the only agent which protects the system from moving freely (without
consuming work) is the thermal environment.

In [44] the thermodynamic work (2.44) is referred to as the inclusive work. Simi-
larly, the mechanical work (2.53) was called the exclusive work. The reason for these
terms is the following. During a quasi-static isothermal process the inclusive work
is trajectory independent and it equals the change of the Helmholtz free energy F(¢)
of the system described by the full free energy landscape (2.35), i.e.,

N "n_ e L Z(1)
W(t, 1)]eq = AF(t, 1) =F@) - Ft') = 3 In _Z(t’)’ (2.55)
where F(t) = —In[Z(¢)]/( and the partition function Z(¢) reads
Z(t) = / dx exp [—0F (x, 1)]. (2.56)

—00
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The free energy obtained from the inclusive work thus includes the terms which stem
from the interaction with the external agent. A general proof is presented for example
in [30] a proof using Eq. (2.13) for discrete systems is presented in Appendix A. The
gauge transformation 7 (x, 1) 4 g (¢) changes the quasi-static work as [W(z, ') ]eq —
[W(z,1")]eq+g(t) — g (¢') and the free energy difference as AF (t,1') — AF(t, 1)+
g(t) — g(t"), indeed. However, the possibility to insert a function g(¢) into F(x, f) is
not unphysical—the work can be done on the system without changing its dynamics.
For instance the function g(#) may represent an energy input which is the same for
all microstates of the system. Consider that the one dimensional microscopic system
from Fig. 2.1 is putted into an elevator placed in a gravitational field. If one neglects
the inertial effects, the energy flow into the system caused by the elevator movement
up and down would be described exactly by the gauge therm g (7).

From Eq.(2.54) one can see that the exclusive work done during a quasi-static
isothermal process equals [WE(t, t’)]eq = -V [X(t), t] +V [X(t/), t/] + AF(1).
Note that, in contrary to the equilibrium inclusive work, [WE (t,t )]eq still depends
on the random initial and final states of the system, X(r) and X(¢). Nevertheless, its
average value equals to the increase of the free energy Fy(z, ¢’) of the system alone,

i.e.,

e¢]

/ exp[—BF (x, 1)]
< [WE(, ¢ )]eq> = AF(t) — / dx V(x, t)T
+ / dx V(x, t’)% = Fy(t) — Fo(t)) = AFy(t,t), (2.57)

where the free energy of the unperturbed system at the time ¢ reads
Fo(t) = G(([X(1)]eq))- (2.58)

Here ([X(#)]eq) stands for the mean equilibrium state of the system corresponding
to the instantaneous FEL F(x, t). It is given by

(IX()]eq) = / dxx%(f)(“”. (259)

—00

The free energy obtained from the exclusive work thus excludes the terms which
stem from the interaction with the external agent and therefore it is also invariant
with respect to the gauge transformation F(x, t) + g(t).

Let us stress that the both equilibrium works can be used for measuring the free
energy differences between the states of the system alone, A Fy(¢). The average
equilibrium exclusive work is exactly A Fy(z, t'). The average equilibrium inclusive
work yields the free energy difference of the compound system, AF (¢, t'), which
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translates to A Fy(z,t') as
AFy(t, 1) = =V (([X()]eq). 1) + V ((X()]eq), 1) + AF (2, 1). (2.60)

The formula (2.60) can be used once one knows the correct form of the interaction
energy V (x, t). However, in most experimentally relevant situations this function is
known indeed. In Sect.4.1 we illustrate the connection between the exclusive and
inclusive work in the form of a specific, physically relevant, model.

2.3 Work Fluctuation Relations

Investigation of dynamics and thermodynamics of mesoscopic systems under influ-
ence of (external) time dependent forces is of great interest over last two decades
[45, 46]. As we mentioned in the Introduction, one of the most interesting theoretical
result in this field was the discovery of the so called fluctuation theorems [1, 47, 48,
48-52]. General relations depicting time-irreversibility of various non-equilibrium
stochastic processes occurring in microscopic systems exposed to non-equilibrium
conditions, such as entropy production [8, 15, 53-59] and work done on the envi-
ronment [15, 44, 48, 60, 61].

In this section, we focus on the theorems involving the two work definitions
(2.44) and (2.53) presented in Sect. 2.2.> The two works represent different random
variables and hence they possess different probability densities [44]. Fluctuation
theorems for the thermodynamic work (2.44) are studied in detail for last two decades
[15, 48, 60, 61]. The most important results in the field are Jarzynski equality [1, 48]

(exp[-BW(,1)]) = exp[ — BAF(1,1)] (2.61)

and Crooks fluctuation theorem [7-9]
w /
——— =exp{-B[AF(t. 1) —w]}. (2.62)

The average on the right-hand side of Eq.(2.61) is taken over the work distribution
(2.16) given that the system is initially in equilibrium, i.e., p(x,’) = w(x,t) =
exp [—BF (x,t')] /Z(t'). In Eq.(2.62) this work distribution is denoted as pp(w).
By the subscript F (forward) we stress that the externally controlled parameters are
driven from Y (') to Y (¢), ¢’ < t. pr(w) in Eq. (2.62) stands for the work probability
distribution for the time-reversed process. Here the externally controlled parameters
are driven from Y (r) to Y (¢') and the system starts from the equilibrium state corre-
sponding to the FEL of the compound system at the time ¢, F(x, t). The free energy

2 In this section, we use the notation introduced in Sect. 2.2 for the continuous models, nevertheless
the results remains valid also for the discrete models described in Sect. 2.1, indeed.
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difference AF (¢, t') in Egs.(2.61) and (2.62) is given by (2.55). The only assump-
tion needed for validity of Eqs.(2.61) and (2.62) is the microscopic reversibility
of the underlying dynamics. The discrete models (Sect.2.1) are reversible if the
detailed balance condition (2.4) is fulfilled. The time-reversibility for the continu-
ous models is already incorporated in the Langevin Eq. (2.37). The theorems (2.61)
and (2.62) represent an elegant refinement of the second law of thermodynamics.
For example, using Jensen’s inequality, the well known form of the second law,
AF(t,t') < W(t,t), follows from Eq.(2.61). Note that Eq.(2.61) is a corollary of
Eq.(2.62), but not vice versa.

Equivalent fluctuation theorems for the mechanical work (2.53) were discovered
nearly three decades earlier [43, 44, 62, 63]

(exp [-BWE@, )]y =1, (2.63)
M = exp(Sw). (2.64)
PR(—w)

Here the average in Eq. (2.63) is taken over the probability density for the work (2.53)
given that the system starts at the time ¢’ from the state 7(x) = exp [—8G(x)]/Zo,
Zo= [ fooo dx exp [—0G(x)], the thermal equilibrium state corresponding to the FEL
of the unperturbed system, G(x). This probability density is in Eq. (2.64) denoted by
pr. The subscripts F and R have the same meaning as in Eq. (2.62) with the difference
that the system starts the reversed process again from the state 7(x).

The theorems for the thermodynamic work (2.44) relate, different from the theo-
rems for the mechanical work (2.53), the work done during a non-equilibrium process
(easy to measure experimentally) to the increase of the equilibrium free energy of
the compound system (sometimes hard to measure experimentally), and thus they
received much more attention in the literature. The obtained free energy difference
AF(t,t') can be interesting in itself or can be used for calculating the increment
of the free energy of the unperturbed system, A Fy(z, t'), via Eq.(2.60). Moreover,
another generalization of Eq.(2.61) allows the reconstruction of the whole FEL of
the unperturbed system, G(z), using the work measurements. This result is called
Hummer-Szabo relation and reads [64]

Z(t') exp {ﬁ Viz, Y(t)]} (0IX(1) — zlexp[-BW(z, 1)]) = exp[-BG(2)]. (2.65)

The knowledge of G(z) allows to calculate the equilibrium free energy differences
AF(t,t") and AFy(t,t') from their definitions (2.55) and (2.58). Here we have to
stress that there exist also different, and often more accurate, methods which allow
to obtain G(z) etc experimentally. One possibility is to measure the time which
the system needs to leave the individual microstates (survival probability), see, for
example, [65, 66].

Validity of the equalities (2.61), (2.62) and (2.65) was confirmed in various the-
oretical models [23, 33, 67], in many experiments [68—71] and also in numerous
numerical simulations [72, 73]. They can be derived for thermostated reversible
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Table 2.1 The values of the arbitrary functions pr(x) and pg(x) that yield the individual relations
(2.61), (2.63) and (2.65) from Eq. (2.66)

Equation pE(x) pB(x)
2.61) exp [—H]—'(x, t/)] exp [—6F (x,1)]
' [0, dx exp [-BF(x, 1] S50, dx exp[-BF(x, 1)]
exp [—[G(x)] exp [—4G(x)]
(2.63) = =
%, dx exp[~6G(x)] %, dx exp[—AG(x)]

exp [—BF(x, 1]
ffooo dx exp [—SF(x, )]

exp {—BF [X(), 1]}
exp[—[F(z, 1)]

(2.65) §[X(0) —z]

deterministic systems [74], and also for microscopically reversible stochastic dynam-
ics using both the Langevin equation [8], and the Master equation formulation [48].
In single-molecule experiments [75], all the relations (2.61), (2.62) and (2.65) are
used for reconstructing free energy profiles of biomolecules [68, 69]. Influence of the
experimental errors originating both from the instrument noise and from the uncer-
tainty of measurements on the free energy difference estimate was studied in [76, 77].
It was found that the obtained free-energy difference is correct if the stochastic errors
are statistically the same for the conjugate forward and reverse protocols [76], cf.
the example in Appendix C. The discussion about the correct work definition also
occurred in the field of fluctuation relations [44, 78]. The result is that the correct
work definition, which fulfills the experimentally useful fluctuation theorems (2.61),
(2.62) and (2.65), is the definition of the thermodynamic work (2.44).

In order to close this section let us note that the infegral fluctuation theorems
(2.61), (2.63) and (2.65) can be immediately derived from the single relation [15]

-S, (1, t/)] pB(x)>
=1, 2.66
<e"p[ ks ] pr(o) (2:60)

where aQ ,
Si(t,1) = —% (2.67)

is the (random) entropy transferred from the system into the thermal environment dur-
ing the time interval [/, 1] and the auxiliary function pg (x) fulfills the normalization
condition f_oooo dx pp(x) = 1. The average in Eq. (2.66) is taken over all trajectories
of the stochastic process X(r) that depart at the time ¢’ with an arbitrary probability
pr(x) dx from the position that lies in the infinitesimal interval (x, x 4+ dx). The
values of the arbitrary functions pg(x) and pg(x) that yield the individual relations
(2.61), (2.63) and (2.65) are given in Table2.1. Even more general formula, which
contains all the presented fluctuation relations, was derived by Harris [49].
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2.4 Heat Engines

One of the hot topics in the field of stochastic thermodynamics are stochastic heat
engines [23, 28, 79-87]. The variety of models can be roughly classified according
to the dynamical laws involved. In the case of the classical stochastic heat engines,
the state space can either be discrete [23, 86-89] or continuous [80-82, 85-87].
Examples of the quantum heat engines are studied, e.g., in [90-93].

In the present work we consider periodically operating classical stochastic heat
engines which communicate with two baths at the temperatures 7y and 7_. Let
tp denote the duration of one operational cycle, Wou = —W (%, 0) stands for the
(mean) work performed by the engine during one period and

Ip

o dQ(,0) _[dO(,0)
Oin = / dr — ®[ m ] (2.68)

0

where the function ®(e) equals to 1 for a positive argument and to 0 otherwise,
denotes the heat transferred into the engine from the reservoirs per cycle. The engine
efficiency is then defined by the standard formula

W,
n=—2 (2.69)
Oin
Similarly, the (mean) power output of the engine reads
W,
Pout = —2. (2.70)
Ip

The traditional consideration of efficiency of heat engines operating between the two
baths leads to the Carnot’s upper bound?

1 - 2.71

nc = T, (2.71)

This bound is only achieved under reversible conditions where the state changes

require infinite time and hence the power output is zero. Real heat engines generate a

finite power output (2.70), i.e., they perform finite work W, during a cycle of a finite

duration #,. The Carnot’s inequality n < nc was recently generalized by Sinitsyn

[94] (see also [95]) who derived a fluctuation theorem which relates the statistics of

the (random) heat extracted from the hot reservoir during the cycle and that of the
(random) work performed by the engine per cycle.

An alternative way to classify the performance of the heat engines is to compare

their efficiencies at maximum power. On the macroscopic level, the first works on

3 Without loose of generality we assume that Ty > T_.
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this subject were performed by Chambadal [96] and Novikov [97]. They studied, in
the framework of endoreversible thermodynamics, the efficiency of nuclear power
plants and derived the famous formula for the efficiency at maximum power

IT_
nea=1- /= (2.72)
+

This result have been referred to as the Curzon-Ahlborn efficiency since it was, nearly
twenty years later, independently rediscovered by Curzon and Ahlborn [98]. After
the derivation of 7ca, the discussion whether or not it represents the upper bound for
the efficiency at maximum power has been initiated. The result was negative. The
efficiency at maximum power is always model dependent and no universal upper
bound was discovered, yet (see, for example, the reviews [87, 99]).

Nevertheless Tu [100] recently realized that large variety of heat engines
[82, 89, 98, 100] (see also the reviews [86, 87]) exhibit similar efficiency at maxi-
mum power in the case of small difference between the two reservoir temperatures
(i.e., nc is small). Later it was proven [83] that the Taylor expansion of the efficiency
at maximum power

nc e 3

o~ 2 4o (nd) (2.73)

2 8
is general for “strong coupling” models (the term 7nc/2) that possess a “left-right
symmetry” (the term 77% /8). In the strong coupling models the energy (heat) flow is
proportional to the flow that performs the work (matter flow). The left-right symmetry
means that the heat flow through the system changes its sign when the two heat
reservoirs are interchanged. If the second assumption is relaxed, only the term 7c /2
of the expansion (2.73) remains generally valid.

The authors of the study [83] also derived a lower and an upper bound for the
efficiency at maximum power for a non-equilibrium analogue of the Carnot’s cycle
[84], the cycle which consists of two non-equilibrium isotherms (say branches I and
IIT) and two non-equilibrium adiabatic branches. More precisely, assume that the
durations of the two isothermal branches are ¢ and 7_ and that the total entropies
produced during those isotherms are S and S_, respectively. If these variables fulfill
the relations #p, ~ (14 +¢-), Sy ~ 1/ty > 0and S_ ~ 1/t > 0, then the efficiency
at maximum power is bounded by the inequalities

%C <np =< (2.74)

2—nc’

In Chap.5 we present two examples of stochastic heat engines [23, 85, 86]. An
engine based on the two-level system, which is introduced in Sect.3.1.2, is inves-
tigated in Sect.5.1 (see also [23]). An engine based on a particle diffusing in an
external log-harmonic potential is studied in Sect.5.2. The both models represent
examples of the above mentioned non-equilibrium Carnot’s cycle. The second one
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demonstrates the validity of the relations (2.73) and (2.74). In the next section we
describe the generic periodic driving used in the two models.

2.4.1 Limit Cycle

An important part of the driving of a heat engine is represented, except the externally
controlled parameters Y (¢), by the time dependence of the reservoir temperature
T = T(t). Under a periodic driving, Y(t) = Y(t +t,), T(t) = T(t + tp), the
state of the system eventually, after a transient regime, becomes also periodic. The
system attains an uniquely defined limit cycle, the operational cycle of the engine. An
example of such cycle is depicted in Fig. 5.8. As mentioned above, the generic driving
used in the models presented in this thesis is consists of two adiabatic branches and
two isotherms. Specifically, we assume the following driving:

e Branch I (isothermal): The temperature equals 7 and the control parameters
changes smoothly from ¥ (0) to ¥ (z,).

e Branch Il (adiabatic): The temperature and the control parameters changes rapidly
from T’y to T and from Y (£) to Y(tj_'), respectively. We assume that the process
is so fast that the state of the system remains unchanged (no heat is exchanged with
the reservoir). The work done on the system W(tjf, t;) equals U (ti) - U(y)
and no entropy is produced.

e Branch IlI (isothermal): The temperature equals 7_ and the control parameters
changes smoothly from Y(tI) to Y(tp_ ).

e BranchlV (adiabatic): The temperature and the control parameters changes rapidly
back from 7_ to 74 and from Y(tp’ ) to Y(#,) = Y(0), respectively. We assume
that the process is so fast that the state of the system remains unchanged (no heat
is exchanged with the reservoir). The work done on the system W (7, 1y ) equals
Ul —-U (tp_ ) and no entropy is produced.

Up to now, both the master Eq.(2.3) and the Fokker-Planck Eq.(2.38) have been
considered only for an isothermal process. However, neither in the case of Eq.(2.3)
nor in the case of Eq. (2.38) the time dependence of the temperature does not break
the Markov property of the underlying stochastic dynamics. Therefore one can use
the Chapman-Kolmogorov Egs. (2.7) and (2.40) to compose the solution of Egs. (2.3)
and (2.38) for the periodic driving above from their solutions for the isotherms I and
III (during the adiabatic branches II and IV the system state does not change). In the
next two paragraphs we execute the proposed procedure for the systems with discrete
and with continuous state space, respectively.

2.4.1.1 Discrete Systems

Let Ry(t|t) = R(t|t'), t',t € (0,t]) and R_(¢ |¢)) = R(t | 1)), t',t € (t],1p)
denote the solution of Eq. (2.3) during the isothermal branches I and III, respectively.
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Using the Chapman-Kolmogorov Eq. (2.7) the solution of the master Eq. (2.3) for the
above described periodic driving reads*

Ry ()1, 't e0,1f],
Rpt 1) =4 Ro (| Rf 1), e [0, ] At e[l ], (275
R_ (t|1), t't et 5]

The matrix Ry (7 |#') can be used for calculation of the time correlation function
(2.25) during the cycle. Further we focus on the matrix Rp(¢#) = Rp(7 | 0), which
evolves any initial state of the system as p(¢) = R;,(¢) p(0). The system states at the
ends of the individual periods form a Markov chain and, in order to obtain the periodic
state of the system during the limit cycle, p(¢) = p(¢ + 1), we are interested in its
fixed point behavior lim,,_, [Rp(tp)]n p(0). If we take the stationary state as the
initial condition, p(0) = p®@', the system revisits this special state after each period
of the driving. Therefore, to find the vector p>®, it suffices to solve the eigenvalue
problem [13]

pstat — Rp(tp)pstat . (2.76)

Similarly, let the matrix G (w, t |w’) = G(t, w|w’, 0), ¢ € (0, ti) and the matrix
G-(w,t|w) = G(t,w|w',t]), t € (t],t,) denote the solution of Eq.(2.13)
during the isothermal branches I and III, respectively. According to the Chapman-
Kolmogorov Eq. (2.14) the solution of Eq. (2.13) for the periodic driving reads

Gy(w,1]0), tel0,t51,
o0

Gp(w, 1) = 2.77)

/ dw G_(w, t|w) G (w', £ 10), t € [t], 1].

—00

These results completely describe dynamics and energetics of the engine during the
limit cycle. Specifically, the system state during the cycle reads

p(1) = Ry(1) p*™* (2.78)
and the energetics of the engine during the cycle is determined by the function

N
Ew,w, t;u) = Z Slu—EWIS[u —Ej(0)] [Gp(w,z)]ij it (279

i, j=1

which enters Egs. (2.16)—(2.18).

41tis important to note that the matrix R (t) = R, (¢ | 0) is, contrary to the driving ¥ (¢), always
continuous, i.e., Rp(t}) = lRp(ti) and lRp(trj) = Rp(tp).
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2.4.1.2 Continuous Systems

The description for the continuous systems is similar. Let Ry (x, ¢ | x’,¢") = R(x, t |
x',0), ¢t € (0,t) and R_(x,t|x', 1) = R(x,t|x",t]), ', t € (t],1,) denote
the solution of Eq. (2.38) during the isothermal branches I and III, respectively. Using
the Chapman-Kolmogorov Eq. (2.40) the solution of the Fokker-Planck Eq. (2.38) for
the periodic driving above reads

Ry(x,1|x/,1"), t',te[0,2]],
o0

/dx”R_(x,zW,zj) Ry(x" el |x/ ¢, ¢ €[0,65]1 A teltf,

—00

R_(x,t|x', 1), t't et ).
(2.80)
The eigenvalue problem (2.76) now translates into the integral Eq.
o0
/ dx’ Ry(x, tp | x', 0) p™(x") = p™™(x). (2.81)
—00

The dynamics of the engine is described by the (periodic) state of the system during

the limit cycle
o

p(x, 1) = / dx’ Rp(x, 1] x",0) p*™(x"). (2.82)

—00

The energetics of the engine is determined by the function p(x, f), which enters
Egs. (2.48)—(2.49) for the mean values of the work, the heat and the internal energy
and by the functions Rp(x, ¢ |x’, ") and p*(x), which yield the time correlation
function (2.51) and hence describe the fluctuations of the work and the heat.

2.4.2 Diagrams of the Limit Cycle

In this section we discuss the possibility to depict the limit cycle of an engine in a
diagram similar to the pressure volume (PV) diagram known from classical thermo-
dynamics. The mean work done per cycle by a discrete system can be rewritten as
[cf. Egs. (2.23) and (2.48)]
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tp N
Wou = =W (£, 0) = — /drz[ Sm}p,(r)
i=1

Y(tp)
- /dYZ[ V(Y)]pm
Y(0) i=1

k Vit Norog
-> [ Z[Wﬁm,...,m]ﬁm
j= lY,(O) i=1 J
« Yl
=> [ annm, (2:83)

=ly0

where K stands for the number of components of the external driving Y (¢) and
pilY(t)] = pi(t). The individual terms on the right-hand side of Eq.(2.83) cor-
respond to the work done by the individual components of the driving. For the
continuous models the functions f;(Y;) are given by (p(x, t) = p[x, Y (¢)])

fitYi) = [—V(x Y)] p(x,Y)

/ [—V(x Yi,..., Yk)i| p(x,Y). (2.84)

Since Y (tp) = Y(0), each of the K contributions on the right-hand side of Eq. (2.83)
equals the oriented area enclosed by the parametric plot of the system response,
represented by the average f;(Y;), versus the ith component of the driving, Y;(¢).
The parameter ¢ runs from O to #,. Similar decomposition of work is well known
from classical thermodynamics. As an example consider a magnetic gas and let the
driving possess two components, the volume Y7 = V and the magnetic field (spatially
homogeneous magnetic flux density) Y» = B. The thermodynamic work done by
the system per cycle then reads [101]

V(ip) B(tp)
Wout = / dVv p(v) — / dB I(B), (2.85)
V(0) B(0)

where f1 = p denotes the gas pressure and — f, = I stands for the component of
the total magnetic moment of the gas parallel to the external magnetic field. The
parametric plots corresponding to the individual terms on the right-hand side of
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Eq. (2.83) thus represent an analogy of the well known PV diagrams. In the field of
stochastic thermodynamics such diagrams were used for the first time in the works
[23, 102, 103]. Several examples of the diagrams are presented in Chap.5 (see
Figs.5.1,5.4,5.9 and 5.11).

Important eye-guides in the diagrams can be formed by the so called equilibrium
isotherms. The curves corresponding to the values of the functions f; if a given cycle
would be carried out quasi-statically. They are given by

N
o =S [ VN (@), ..., Y ()] } X explB(F; ()] 56)

i 200 N explB)F;(1)]

and

o [ [V O, Yk@)] eplBOFE, ]
o= [ dx[ oY) T, & explAOF (1)

(2.87)
for the discrete and for the continuous models, respectively. The equilibrium isotherm
corresponding to the first isothermal branch is obtained if one takes in Egs. (2.86) and
(2.87)t € (0,17) and 3(t) = 1/(kgTy). Similarly, the equilibrium isotherm corre-
sponding to the second isothermal branch is obtained if one assumes ¢ € (tjf, ty)
and B(t) = 1/(kgT-). In Figs.5.1, 5.4, 5.9 and 5.11 it can be clearly seen that the
non-equilibrium functions f; are “attracted” to the equilibrium isotherms, which rep-
resent the carrot (the banana) in the horse-carrot (banana-monkey) analogy depicted
in Fig.2.44. The more “reversible” the individual non-equilibrium isotherms are the
stronger this attraction is (cf. Fig.5.11).

—00
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