Chapter 2
Model-Based Control Systems: Stability

In this book we study networked control systems that make explicit use of existing
knowledge of the plant dynamics, encapsulated in the mathematical model of the
plant, to enhance the performance of the system. This class of networked systems is
called Model-Based Networked Control Systems (MB-NCS). The performance of a
networked control system depends on the performance of the communication
network in addition to traditional control systems performance measures. The
bandwidth of the communication network used by the control system is of major
concern, since other control and data acquisition systems will typically be sharing
the same digital communication network.

It turns out that stability margins, controller robustness, and other stability and
performance measures may be significantly improved when knowledge of the plant
dynamics is explicitly used to predict plant behavior. Note that the plant model is
always used to design controllers in standard control design. The difference here is
that the plant model is used explicitly in the controller implementation to great
advantage. This is possible today because existing inexpensive computation power
allows the simulation of the model of the plant in real time.

In this chapter we lay the foundations for the type of networked architecture that
we call MB-NCS. We also provide a thorough analysis of the behavior of the
system. The focus of the chapter is in obtaining conditions that result in a stable
networked system. Stabilization depends on the chosen control gain, the accuracy
of the model, and the update interval. We derive necessary and sufficient stabilizing
conditions for both continuous and discrete-time linear time-invariant systems. In
the following chapters we significantly extend these results to consider different
scenarios, for instance, we include the more general case when only a linear
combination of the states (system output) is available for measurement and we
also consider the effect of network induced delays when state feedback is possible.

The contents of this chapter are as follows: In Sect. 2.1 the Model-Based Control
architecture is introduced. In Sect. 2.2 the continuous-time case with state feedback
is considered and in Sect. 2.3 the discrete-time case is addressed. Alternative
stability conditions are offered in Sect. 2.4. Notes and references are in Sect. 2.5.
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2.1 Fundamentals: Model-Based Control Architecture

We consider here the control of a linear time-invariant dynamical system where the
state sensors are connected to controllers/actuators via a network; more complex
models are considered in later chapters. The main goal is to reduce the network
usage using knowledge of the plant dynamics. Specifically, the controller uses an
explicit model of the plant that approximates the plant dynamics and makes
possible the stabilization of the plant even under slow network conditions.
Although in principle, we can use the same framework to study the problem of
packet dropouts in NCS, the aim here is to purposely avoid frequent broadcasting of
unnecessary sensor measurements so to reduce traffic in the network as much as
possible, which in turn reduces the presence of the problems associated with high
network load such as packet collisions and network induced delays.

We will concentrate on characterizing the time interval between successive
transmissions of data from the sensor to the controller/actuator (update intervals
of the state of the model); Transmission of data from sensor to controller and from
controller to actuator is considered later in the book. Our goal in this chapter will be
to identify the maximum update intervals that can be used to transmit measurement
updates between the sensor and the actuator while keeping the system stable. This
will reduce the bandwidth required from the network and will free it for other tasks
such as other control loops using the network and/or non-control information
exchange. In order to increase the update time we will use the knowledge we
have of the plant dynamics. The plant model is used at the controller/actuator
side to approximate the plant behavior. The sensor is able to reduce the rate at
which it transmits data, since the model can provide information to generate
appropriate control inputs while the systems is running open loop. Note that in
standard digital control a zero-order-hold keeps the input constant in between
samples. Here the input between samples is calculated based on the plant model
and it is reasonable to assume that it will be better suited than the constant input.

The main idea is to update the state of the model using the actual state of the
plant provided by the sensor. The rest of the time the control action is based on a
plant model that is incorporated in the controller/actuator and is running open loop
for a period of & seconds. The control architecture is shown in Fig. 2.1.

In our control architecture having knowledge of the plant at the actuator side
enables us to run the plant in open loop, while the update of the model state provides
the closed-loop information needed to overcome model uncertainties and plant
disturbances. In the remaining of this chapter we assume that all states can be
measured and these measurements can be transmitted through the network to
update the model of the system in the controller node. The more general case
when only a linear combination of the states can be sensed is studied in the
following chapter together with the network induced delays case. In this chapter
we provide necessary and sufficient conditions for stability that result in a maxi-
mum update time, which depends mainly on the model inaccuracies but also on the
designed control gain.
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Fig. 2.1 The model-based networked control system (MB-NCS) architecture

2.2 Continuous-Time LTI Systems: State Feedback

In this section, we introduce the foundations of our Model-Based approach. We
consider multi-input, multi-output linear time-invariant continuous-time systems
and their state variable representations, and we assume a constant linear state
feedback control law. Necessary and sufficient conditions are derived for the
stability of the compensated system in Theorem 2.3, the main result of the section.
Ilustrative examples are also included. Discrete-time systems are considered in the
next section and output feedback in the next chapter.

If all the states are available for measurement, then the sensors can send this
information through the network to update the model’s vector state. We will assume
that the compensated model is stable, which is typical in control systems, and that the
transportation delay is negligible, which is completely justifiable in most of the popular
network standards like CAN bus or Ethernet. We will assume that the frequency at
which the network updates the state in the controller is constant. The goal is to find the
largest constant update period at which the network must update the model state in the
controller for stability, that is, we are seeking an upper bound for 4 the update time.
Usual assumptions in the literature include requiring a stable plant or in the case of a
discrete controller, a smaller update time than the sampling time. Here we do not make
any of these assumptions. The original plant may be open-loop unstable.

Consider the control system of Fig. 2.1 where the plant, the plant model and the
controller are described by:

Plant : X = Ax + Bu,
Plant model : % =A% + Bu, (2.1)
Controller : u=Kx.

Since the sensor has the full state vector available, its function will be to send the
state information through the network every / seconds. The state error is defined as:

State Error: e =x—x, (2.2)
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and represents the difference between the plant state and the model state. The

modeling error matrices: A=A—-A and B=B-B represent the difference
between the plant and the model. The periodic update time instants are denoted
by t;, where

th —ther=h for k=1,2, ... (23)

(here, A is a constant). The choice of 4, being a constant, is simple to implement and
also results in a simple analysis procedure as shown below. Update intervals that are
not constant will be considered as well; in Chap. 5, we address time-varying update
intervals and in Chap. 6 we study event (error)-based update intervals.

Since the model state is updated every #; s,

e(ty) =0 for k=12, ...,. (2.4)

This resetting of the state error at every update time instant is a key characteristic
of our control system. Now for t € [#, #;, 1), we have that: u = KX so the overall

system is described by
X A BK X
HEtWwHIH @9

with initial conditions X (#;) = x(#).
Introducing the error e(¢) = x(z) — % (¢), it is easy to see that the dynamics of the
overall system for ¢t € [#, ;. 1) can be described by
A+BK —BK 1[x()
- e(t)

[fc(t) _[A+B

é(r) A+BK A -BK
(

(

) o)]

Ve [l‘k, l‘k+1), with ftpy —tr = h.

=

Define the augmented state vector z(f) and the open-loop augmented state matrix A:
_ [ x(@)

z(t) = [e(t)] (2.7)

(2.8)

so that (2.6) can be rewritten as

t=Az for 1€ [t lii1). (2.9)
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We will now express z(f) in terms of the initial condition x(#y). Then we will
show under what conditions the system will be stable.

Proposition 2.1 The system described by (2.6) with initial conditions

z(ty) = [x(zo)} = zq has the following response:

0
()

1€ [t trsr),  with  frq — 1 = h

Proof On the interval ¢t € [, ;. 1), the system response is:

_ x(t) _ LA (t—t) x(tk) _ A(t—t)
1) = 20| = x| = ez, @11)
Now, note that at times #;, z(f;) = [g(tk) } , that is, the error is reset to 0, that is,

e(ty)=0for k=1,2,...,. We can represent this by
I 0 _
z(ty) = [0 O:|Z(tk). (2.12)
Using (2.11) to calculate z(,") we obtain

(1) = [ ; 8} Mz (t)). (2.13)

In view of (2.11) we have that if at time =1y, z(ty) = zp = {go} is the initial

condition, then:

= M=) {(I) 8} eMz(n_y)
I 0 1 0 (2.14)
— LA(t—1) Ah Ah
ek {0 O}e [0 O}e 2(tr—2)
k
_ e/\(t—rk) < |:é 8] eAh> Zo
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k
I 0| A M N I 0] A4
Now we know that [O O}e is of the form {O O] and so ([0 O}e

K
has the form ](;/[ g} Additionally we note the special form of the initial

condition z(ty) = zg = [)60} so that:

(G5 8l To]= Lo 1= 8l ls STl e

In view of (2.15) it is clear that we can represent the system response as in (2.10):

I 0 1 0]\*
0 0 0 0

te [lk,l‘k+1), with  f ) —t = h.

¢

A necessary and sufficient condition for stability of the networked system will
now be presented. For this, the following definition for global exponential stability
[5] is needed.

Definition 2.2 The equilibrium z=0 of a system described by z = f(¢,z) with
initial condition z(#y) = 2, is exponentially stable at large (or globally) if there exists
a >0 and for any f > 0, there exists k() > 0 such that the solution

(2,10, 20) || < k(B)llzolle ), Vit >t (2.16)

whenever ||zo|| <.

With this definition of stability we state the following theorem characterizing the
necessary and sufficient conditions for the system described by (2.6) to have global
exponential stability around the solution z=0. The norm used here is the 2-norm
but any other consistent norm can also be used.

Theorem 2.3 The system described by (2.6) is globally exponentially stable

I o]eAh

around the solution z = [i] = [8] if and only if the eigenvalues of [O 0

V) 8] are strictly inside the unit circle.

Proof Sufficiency. Taking the norm of the solution described in (2.10),
(in Proposition 2.1):
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k

A(t—t) I 0| am|l O
¢ ({o o}e [0 0l) 7
I 0 I o\*
<o) (3 S)[s 8))

Now let us analyze the first term on the right-hand side of (2.17):

1z =

zoll- (2.17)

2
r—t _ _
|| < 1+ (£ — 5)a(A) +( 2"‘) G(A)? ... = W) < QTN

=K (2.18)

where G(A) is the largest singular value of A. In general this term can always be
bounded since the time difference t — #; is always smaller than 4. In other words

even when A has eigenvalues with positive real part,

|eA(H">H can only grow a
certain amount. This growth is completely independent of k.

(o &[5 3])

be bounded if and only if the eigenvalues of [1 0] eM [1 0] lie inside the unit

We now study the term . It is clear that this term will

0 0 0 0

(Bl

with K,, a; > 0. Since £ is a function of time, we can bound the right term of (2.19)
in terms of ¢:

circle:

< Kye ™k (2.19)

—ank —a =L a4 —
Kse ark < Kje ar, = Kyete 7! = Kj3e at (220)

with K3, a> 0. So from (2.17) using (2.18) and (2.20) we can conclude:

k
M-y (|1 O an|l O
¢ <[0 o}e [0 ol) %

Necessity. We will now prove the necessity part of the theorem by contradiction.

20| = <Ky Kze ™ |z].  (2.21)

Assume the state feedback MB-NCS is stable and that {(I) 8} M [([) 8} has at

least one eigenvalue outside the unit circle. Since the system is stable, the sequence
of periodic samples of the response should converge to 0 with time. We will take the
sample at times 7, |, that is, just before the update. We will concentrate on a
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specific term: the state of the plant x(¢;_, ,), which is the first element of z(#; ;). We
will call x(r ), &(k).
Now assume ¢* has the following form:

A [W(f) }z((f)} (2.22)

In view of (2.11) we can express the response z(f) as:

k
(s 3 -

r— zkg] [(W(h))k O]ZO (2.23)

Now the values of the response at times 7, , that is just before the update, are

_ L [wmywmnt ool [ wm) o
2(teyr) = {Y(h)(W(h))k O]ZO— {Y(h)(W(h))" 0:|Z(). (2.24)

0 0 0 0
unit circle, which means that those unstable eigenvalues must be in W(h). This
implies that the first element of z(7; ), which we call £(k), will in general grow
with £. In other words we cannot ensure £(k) will converge to O for general initial
condition xg. That is

We also know that [1 0} e [1 0] has at least one eigenvalue outside the

el = Ie@l = | W) x| =00 s k=00 (225)

which implies that the system cannot be stable, and thus we have a contradiction. ¢
Example 2.1 Consider the following unstable system (plant) dynamics:

0.14 125 0
A‘[ 0 0.08]’ b= {1.07} (2.26)

The exact parameters of the plant are unknown. In general, a model containing
nominal parameters of the real parameters is available. Assume that (2.26) is
modeled using the following nominal parameters
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Fig. 2.2 Maximum eigenvalue magnitude of the test matrix M vs. the update time &
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We will use the state feedback controller with control gain given by K=
[-0.2 —0.9]. We now search for the largest & such that [(]) 8] eM [(]) 8] has
its eigenvalues inside the unit circle. Figure 2.2 shows the eigenvalue with maximum
magnitude of this matrix. From this search we can use values of # < 12.96 s in order
to design a stable networked system using the model-based approach. Figure 2.3
shows the response for different values of /4 and the same initial conditions
xo=1[1 — l]T, while the model initial conditions are set equal to 0. Note that the
time scale is different for the responses shown in the second column in order to show
that the response is stable for 7 =12.9 s and unstable for 7 =13 s, as expected.

In order to draw a comparison with other approaches commonly used in
networked control, we now use a model of the system equivalent to a zero-order-
hold (ZOH) model. This is also the same type of implementation used in traditional
sampled-data control systems. Here, the ZOH holds the value of the most recent
measurement constant until a new measurement arrives to update the controller. We
can use the results of this section to find the largest possible value of the update
period under this scenario since the ZOH is just a special case of our approach that
can be easily modeled using the following:

A= {8 8}, B = [8]. (2.28)

From Fig. 2.4 we can see that the admissible values of the update period that
preserve stability are /4 <2.13. Figure 2.5 shows the response for two choices
h=1.5 (stable) and 7=2.15 (unstable). The initial conditions are the same in
both cases. We can see in this example that there is a significant difference in the
range of values for the update periods when using the ZOH model (2.28) and using



28 2 Model-Based Control Systems: Stability

T T 100
I I
I I
| i 50
1 | o)
~— I I C\l
1] 1 1 — OF
e 1 I 11
I I <
T-===T===71
! ! -50
I I
I I
I I
L L -100
30 40 50 0
! ! ! 200
0 1 I | 100
1 1 1
0 Lo \
o et S I %
oo -100 l 1
I I I
-10 (R S 200} ---- I Ml At
0 10 20 30 40 50 0 100 200 300 400 500
Time (seconds) Time (seconds)

Fig. 2.3 System response for different values of 4. For h=1, h=5,and h=129 s
the system is stable. For # =13 s the system is unstable

the nominal model (2.27). Even though the nominal model does not represent the
exact dynamics of the system, it provides a more accurate estimation of the real
state between updates that allows for an implementation of the networked system
with longer update periods. This is a clear benefit of the model-based approach in
reducing the necessary bandwidth for stability.

Example 2.2 Applicability of State Feedback MB-NCS Results. Regarding
applicability to real world cases, we see that, as stated in Theorem 2.3, the stability
properties of a networked control system can be determined by studying the
eigenvalues of the matrix:

L 0 Al O .
M—{O O]e {0 0], where A =

A+BK —-BK

G (2.29)
A+BK A -BK

The matrix A can also be expressed in terms of the model and the errors only:

A+A+ (B +E)K —(B +E>K 0

A +BK A —BK

In real applications the state-space model is usually obtained by studying the
structure and behavior of the plant. The uncertainties can frequently be expressed as
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Fig. 2.5 System response for different values of / using a ZOH model. For h=1.5s
the system is stable. For 1 =2.15 s the system is unstable

tolerances over the different measured parameter values of the plant. This can be
mapped into structured or parametric uncertainties on the state-space matrices. The
following is an example that provides insight on how the theorem can be applied if
two entries on the A matrix of the model can vary within a certain interval.

- 0 1] 4 0
model : A_[O 0},3—[1]7

. _ 0 1+apn _ 0 .
plant : A‘[0+521 0 }’B_{l}’ (2.31)

withap, = [—0.5,0.5},521 = [—05,05}
controller : K = [—1, — 2].
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Fig. 2.6 Contour plot maximum eigenvalue. Magnitude vs. model error

The system will now be tested for an update time of 7 = 2.5 time units. Figure 2.6
represents a contour plot where the contour of height equal to 1 separates the stable
and unstable regions. In Fig. 2.7 we have plotted the surface representing the
maximum eigenvalue magnitude for the test matrix M as a function of the (1,2)
and (2,1) entries and for a given selection of values of those entries.

It is easy to isolate the stable and unstable regions in the uncertainty parameter
plane. The stable region is between the lines labeled as 1 in Fig. 2.6. The same
procedure can be used in real applications to verify the stability of a networked
control system with a certain model and update time. The procedure can be repeated
for different values of uncertainties on as many elements of A as needed and for
different update intervals as well.

Example 2.3 In this example we consider the instrument servo (dc motor driving an
inertial load) dynamics from Example 6A in [77]

e 0 1 e 0
5= LJ[o)+ ol
where e = 6 — 0, represents the error between the current angular position 6 and the
desired position 6,, where the desired position is assumed to be constant, @ is the

angular velocity, and u is the applied voltage. The parameters a and f represent
constants that depend on the physical parameters of the motor and load.

(2.32)
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Fig. 2.7 Maximum eigenvalue magnitude vs. model error

The nominal parameters are a = 1, J = 3. The real parameters are given by
a=0.75, p=2.58. The model parameters are used for controller design: K=
[-0.1667 —0.1667]. According to the eigenvalue search described in this section,
the networked system is stable for any value 4 > 0; however the transient response
will significantly differ for different choices of the update period. Figure 2.8 shows
the response for two different update periods where we can see that the networked
system converges more rapidly for 2=1 s than for /=10 s.

Remark Models in which uncertainty is represented in terms of norms as a ball
around the model can also be derived, but the conditions for stability would only be
sufficient. The results in this section then offer a less conservative approach that can
be readily applied to real applications as well. The conditions in Theorem 2.3
assume that noiseless measurements are transmitted at the update instants 7. In
Chap. 12 we consider noisy measurements within the MB-NCS framework.

Remark Optimization problem. The design of optimal controllers for MB-NCS
represents an interesting research problem. In addition to optimizing the response of
the control systems and penalizing the excessive use of control effort, we should
also weight the use of network resources. The overall problem requires not only the
design of the optimal control law but also the design of the optimal scheduling law.
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Fig. 2.8 Plant and model states. Left: h=1s. Right: h=10 s

The scheduling law can, in general, be a time-varying transmission policy.
Chapter 9 addresses this type of problem by using the following cost function:

minJ = %XT(T)GX(T) + E (" ()0x(t) + " (1)Ru(r))dr (2.33)

M?/}
0. .
+ cost of transmission.

Note that this problem considers the uncertain nature of the model parameters
with respect to the real parameters of the system which significantly increases the
complexity.

Remark 1t is of interest to study the eigenvalues of the networked control system

matrix M = [(I) 8} eM L]) 8] and express them, if possible, in terms of 4 and the

error in the plant model A and B. To do so, we first apply a transformation to the
matrix A to obtain a diagonal matrix that will facilitate the computation of the
exponential part.

We choose the transformation P = {] 0 } with inverse P! = [1 0 ]

I - I —I
I 0]
I —I|
Using this transformation we obtain:

Applying this transformation on A we obtain:

A+BK —BK
L0 AT O T O, A O {1 Of &l O

M‘[o o}e [0 0}_{0 O}Pepoo “lo o]° |1 o0

K:PAP‘lz[I 0} o .
A+BK A —BK

I —I
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The matrix exponential M may be found directly or by considering a Laplace
transform-based approach. For the latter approach, we will change the variable / to 7.

L{M}L{[(I) 8}9’“ 8”{{) 8]L{e&}“ 8]
00 0 (sI — (A +BK))

_ [(SI—A)_I + (sI—A)’(‘)BK(s]— (4 +BK))" 8}

i3

Note that only the upper left block contains the critical eigenvalues. Using the
inverse Laplace transform:

LY (sT —A) "+ (s — A)~'BK(sI — (A + BK)) '}
=L '(sI—A) (I +BK(sI —A —BK)™")}
=L7"{(sT — A)~ 1(sl—A —~BK+BK)(sI—A —B
=L {(sT—A) (I —A+A+BK)(sl —A —BK)~
=L {1+ (sI—A)"(A+BK))(sl —A —BK)™"!
—L ' {(sT— A - BK)_1+(sI A)"'(A +BK) (sl — A —BK)™'}

(A+BK) +eAt ~At (3 L BK e(A+BK)1dT
e (A-+EK)

~—~
|
——

That is the eigenvalues in question are exactly the eigenvalues of:
N = o(ABK)h | eAhJ —Ar (Z n EK)e(A +BK)T

I 0
0 0
only if the eigenvalues of N are inside the unit circle. One can gain a better insight
of the system by observing the structure of N. To start with, we observe that the
eigenvalues of the compensated model appear in the first term of N. In that sense we

Then the eigenvalues of M = [ } [0 %] are inside the unit circle if and

h JEA
can see the term A = eAhJ e (A + BK )e(A BE)T G as a perturbation over the
0

desired eigenvalues. The important variables in the perturbation term A are the
uncertainties and the update intervals. In general, for unstable open-loop systems,
the perturbation A increases as either the update intervals or the model uncertainties
increase. On the other hand, even if the eigenvalues of the original plant were
unstable the perturbation A can be made small enough by having A + BK small and
thus minimizing their impact over the eigenvalues of the compensated plant.
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Remark An important discussion concerning the control of continuous-time
systems using the MB-NCS framework is the following. When the update interval
h is getting small and approaches 0, then according to the analysis just described in
this section, the model/controller tries to update its internal state very fast or in other
words it tries to switch infinitely many times in finite intervals of time without
letting the model to execute and estimate the plant state. If we compute the
eigenvalues of the matrix given in Theorem 2.3 (or the eigenvalues of N in the
previous remark) for # =0 we obtain eigenvalues equal to one which represent this
behavior of attempting to update the same value over and over again. However, in a
physical continuous-time system we cannot update the controller infinitely fast in
real time (compare to a typical sampled-data system in the same situation) and
undesired system response may occur. The case when /# =0 may also be considered
in a different way. The case when # =0 corresponds to the controller receiving
continuous feedback measurements from the sensor; and instead of updating the
model many times we can use directly the plant measurements to control the
system. We may also consider the networked system as operating in two modes:
In closed-loop mode, that is, when the controller receives continuous feedback from
the sensor (h=0), the model is unnecessary and the feedback information is
immediately used by the controller to compute the control input. In open-loop
mode, the model is now used to estimate the state of the plant using the last received
feedback value of the real state as the initial condition. We will study this case in
more detail in Chap. 4.

2.3 Discrete-Time LTI Systems: State Feedback

In this section, we present results for the discrete-time case. They are analogous
to the continuous-time results of the previous section. We consider multi-input,
multi-output linear time-invariant discrete-time systems and their state variable
representations, and we assume constant linear feedback control law. Necessary
and sufficient conditions are derived for the stability of the compensated systems in
Theorem 2.6, the main result of the section. Illustrative examples are included.
Output feedback is considered in the next chapter.

So far we have studied continuous-time plants. We will extend our results to
discrete-time plants of the form:

x(n+ 1) = Ax(n) + Bu(n) (2.34)

with model

%(n+1)=A%(n) + Bu(n) (2.35)
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Fig. 2.9 Representation of the state updates for the discrete-time case

where n=0,1,2,. .. The control input and the state error are defined, respectively,
by:

(2.36)

There are some assumptions we need to make before we carry our results over to
the discrete-time domain. First, in order to have consistency in updates from the
sensor side to the actuator side, we must ensure that both the sensor and the
actuator/controller are synchronized in the sense that both will carry out their
respective tasks at the same sampling time. Moreover state updates will occur
only at some of these sampling times. This implies that the update interval z will
be an integer number, representing the number of time units between updates of the
actuator’s model. For example, if 7 =4, see Fig. 2.9, then the sensor will send
measurement updates every 4 time units as indexed by n.

A slightly different way to explain these ideas is by considering two sampling
periods. One of them occurs at time instants indexed by n and corresponds to the
sampling period of the original plant (2.34). The other one occurs at time instants
indexed by /n (for positive integer /) and corresponds to the selected update period
at which the sensor sends information to the controller in order to update the state of
the model. When the update intervals are constant the networked system can be
seen as a linear periodic system. When /2 =1 the controller is updated at each time
index 7 of the system’s clock, i.e., the discrete-time system will operate in closed-
loop mode. In Sect. 2.4 we pursue this idea further, but for the moment we will
focus on the first explanation provided on the previous paragraph.

The approach that we are going to follow to determine the stability of the
networked system is analogous to the one used for continuous plants. The dynamics
of the overall system for n € [ny, n; . 1) can be described by:

[x(n—&—l)} _ |A+BK —BK {x(n)}
e(n+1) A+BK A —BK|le()] (2.37)
forne [nk,nkﬂ), Nyl — N = ]’l, and e(nkH) =0.
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We also use the definitions (2.7) and (2.8) to express (2.37) in compact form as
follows:

z(n+ 1) = Apz(n) for n € [mg,my1),  and  z(mpy) = [x(ngﬂ)} . (2.38)

where

A+BK —-BK

Ap=|_. _ .
A+BK A —BK

Proposition 2.4 The system described by (2.38) with initial condition z(ny) =

{X(no)

0 ] = 29, has the response:

o 107 [I0 k
7(n) = Aannk 20,
0 0 0 0 (2.39)

for n € [ng, mg1),  me — ngsr = h.

Ap

Proof On the interval n € [ny, ny, 1), the system response is
() = {x(”)] = Ay {g(”k)] = Ap""z(ne). (2.40)

x(ne)

Now, note that at times ny, z(n;) = [0

}, that is, the error e(n) is reset to

0. We can represent this by
z (ng). (2.41)

Here z (ng) is the value assumed by z(n) when n = n; using (2.40) for the interval
n € [ny_ 1, n). Using this value of z (1) we obtain:

(m) = H) %} Ap"z(mr). (2.42)
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Xo

In view of (2.40) we have that if at time n=ny, z(ng) = zop = [O

] is the initial
condition then

z(n) = Ap" "™z (nk)

nen [T 0
:AD k[O 0:|ADhZ(nk1)

) I 0 ,
— k[o O}ADI{O O}ADhZ("“) 4

k
Now we know that {g 8}/\5 is of the form {](;4 ]g] and so <[ O}AD”)

MK P

has the f
aseorm[0 0

}. Additionally we note the special form of the initial

condition z(ng) = zo = {)(;0} so that

(6 Spr) o] = )-8 S]]
~([o awfo S 7]

In view of (2.44) it is clear that the system response as in (2.39) may be

written as:
10 1 01\*
z(n) = Ap" ™™ " Zo,
0 0 0 0

for n € [, miy1),  mk — mgy = h.

(2.44)

Ap

¢

Note that the main difference between this theorem and the continuous version
in Proposition 2.1 is in the state transition matrix used for the dynamics of the
system in between updates (Ap”" ™ instead of ¢A(~%)). We now introduce an
exponential global stability definition for the case of discrete plants [131].

Definition 2.5 The equilibrium z=0 of a discrete time system described by
z(n+ 1) =f(n,z) with initial condition z(ng) =z, is globally exponentially stable if
there exists @ >0 and 0 <y < 1 such that the solution
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lz(m)|| < allzolly",  Yn=o0.

With this definition of stability we can now state the necessary and sufficient
conditions for the exponential global stability of the system described by (2.38).
Theorem 2.6 below for the discrete case is the corresponding result to Theorem 2.3
of the previous section for the continuous case. Again the norm used here is the
2-norm but any other consistent norm can also be used.

Theorem 2.6 The system described by (2.38) is globally exponentially stable

around the solution z= {ﬂ = {8} if and only if the eigenvalues of

Mp = [1 0 }ADh [6 %} are inside the unit circle.
Proof Sufficiency. Taking the norm of the solution described as in Proposition 2.4:

k
(1 0 I 0
v (lo ol o o]) =

llz(m)l =

‘ (2.45)
I 0 I 0
n—ng|| . h .
<tno 1| (|5 o]a'|o o)) |t
Now, the first term on the right-hand side of (2.45) satisfies:
IAD" ]| < ((Ap))"™ < (8(Ap))" = Ki (2.46)

where 5(Ap) is the largest singular value of Ap. In general, this term can always be
bounded since the time difference n — n; is always smaller than 4. In other words
even when Ap has eigenvalues with magnitude greater than one, ||Ap"~"|| can only
grow a certain amount. This growth is completely independent of k.

(X))

be bounded if and only if the eigenvalues of [6 %} Ap" [{) %} lie inside the unit

101,11 01\
Ap
0 0 00
with K5, >0, 0<y; < 1.

Also note that £ is a function of time so we can express the right term of (2.47) in
terms of n:

We now study the term . It is clear that this term will

circle:

< Koyt (2.47)

Kot =K"= K> (7}”1) = Koy" (2.48)
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where 0 <y < 1 since h > 1.
So from (2.45) using (2.46) and (2.48) we can conclude:

k
(1 0 1 0
v ([ ool of) @

Necessity. We will now prove the necessity part of the theorem by contradiction.

lz(m)] = <Ky -Koy" -zl (2.49)

Assume the system is stable and that H) %] Ap" g %] has at least one eigen-

value outside the unit circle. Since the system is stable, a periodic sample of the
response should be stable as well. In other words the sequence product of a periodic
sample of the response should converge to 0 with time. We will take the sample at
times 7y, 1, in other words, just at the update. Even further we will concentrate on a
specific term: the state of the plant x(n; . ;), which is the first element of z(n;, ).
We will call x(ny, 1), E(k+1).

Now assume Ay’ has the following form:

i [WO) X0
s =[5 %) 230

Then we can express the solution z(n; . ;) as:

e ([T 0T a[F O]
Z|
b o 0o/"”lo o])"

B [W(n —m) X(n— nk)] [(W(h))" 0] %

L Y(—m) Z(n—ng) (2.51)

Vne [nk, nk+1).

Now let us check the values of the solution at times 7y, 1, that is the update time.
We know that because of the update at this time the error is 0, and therefore:

=4 [t ][5 o[ e o

We also know that [{) %}ADh {(I) %] has at least one eigenvalue outside

the unit circle, which means that those unstable eigenvalues must be in W(h).
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This means that the first element of z(n; , ), which we call £(k+ 1), will in general
grow with k. In other words we can’t ensure £(k+ 1) will converge to O for general
initial condition x,. That is,

)l = 6k + DIl = | W) o[ = o0 as koo (253)

This clearly means that the system cannot be stable, and thus we have a
contradiction. *

Example 2.4 Consider an example of the full state feedback setup using a discrete-
time plant with parameters:

0.89 123 —0.04
A= {0.08 0.98}’ B= [ 1.19 ] (2:54)

The exact parameters of the plant are unknown. In general, a model containing
nominal parameters of the real parameters is available. Assume that (2.54) is
modeled using the following nominal parameters

A[é ” ém (2.55)

We will use the state feedback controller with control gain given by K=
[-0.12 —0.71. We now search for the largest A& such that

0 0 0

shows the eigenvalue with maximum magnitude of this matrix. Recall that in the
discrete-time case we only search for integer values of the update period equal or
greater than 1. In this example we are able to use 2 < 11 in order to design a stable
networked system using the model-based approach. Figure 2.11 shows the response
for h=8 and h=12 and using the same initial conditions xo=[—1 0.2]7 and
the model initial conditions are equal to 0. Linear interpolation is used when
plotting the response of the systems. For each choice of 4 this figure shows the
response of the plant and the model as well.

Mp = [1 0 }AD}‘ [1 %} has its eigenvalues inside the unit circle. Figure 2.10

Example 2.5 Consider a discretized version of the instrument servo shown in

Example 2.3. The nominal parameters are @ = 1, f = 3. The real parameters
are given by a=-0.75, #=2.58. The discretization period is T=0.01 s.
The resulting discrete-time model parameters are used to design the controller:
K=[-30.1502 — 5.8807]. The same discrete-time model parameters are also used
to implement the model in our discrete-time MB-NCS setup. Similar to the
continuous-time implementation, stability is obtained for any integer value 7 > 1.
The difference between implementing longer values of /4 is given by the transient
response as it can be seen in Fig. 2.12 where the plant states converge in signifi-
cantly longer time for 4 =50 than for & = 10.
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Fig. 2.11 Response of plant and model states. Left: h

Remark Optimization problem. A similar optimization problem to the continuous-

time case can also be considered in the discrete-time case. The problem is to find the
optimal control input in the presence of model uncertainties and in the absence of
feedback measurements for extended periods of time. Reducing network commu-

nication is also important when regulating the states of the system and minimizing

the control effort.
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Fig. 2.12 Response of plant and model states. Left: h=10. Right: h=50

Mathematically, we try to solve the following problem:

T-1
mi/gleTQTxT + anTan + uRu, + Sp, (2.56)
u, n=0

where Q and Q7 are real, symmetric, and positive semi-definite matrices; R is a real,

symmetric, and positive definite matrix; S is a positive weighting factor that

penalizes network communication; x7 is the terminal state; and S, is constrained
to take on only two different values:

1  measurement x, issent

Pn = {O measurement X, isnotsent (2.57)

The optimal sequence of u, and f,, n=0,1,2,...,T-1, are of interest. This cost
criterion can be applied to a discrete-time system or to a discretized version of
continuous-time systems. The objective is to find the optimal control input and the
optimal scheduling decisions (2.57). Solving this problem is the topic of Chap. 9.

2.4 Alternative Conditions for Stability of MB-NCS

In this section the stability of discrete-time MB-NCS is studied using a lifting
approach. The stability of continuous-time systems is also considered using norms
and a Lyapunov-based approach.
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2.4.1 A Lifting Approach for Stability of Discrete-Time
MB-NCS

In this section the traditional configuration for discrete-time MB-NCS will be
studied using lifting techniques. In the lifting process, the input and output spaces
are extended appropriately in order to obtain a Linear Time-Invariant (LTI) system
description for sampled-data, multi-rate, or linear time-varying periodic systems.
Since the lifted system is an LTI system, the available tools and results for LTI
systems are applicable to the lifted system as well.

Applying the lifting approach to the traditional setup in MB-NCS, the stability
problem is reformulated and necessary and sufficient conditions for discrete-time
systems are derived which are the same conditions given in Sect. 2.3 derived using
another approach. The main advantage of lifting here is that this strategy can be
extended to the case when a communication network exists on both sides of the
control loop, from sensor to controller and from controller to actuator. This topic
will be covered in later chapters.

Lifting discrete-time signals and systems. This section provides a brief discussion
on lifting discrete-time signals and systems based on [42]. Suppose there exist two
periods % and A, in a discrete-time setup and they are related by s = h/r, where r is
some positive integer. For a discrete-time signal v(k) referred to the sub-period A/r,
that is, v(0) occurs at time t =0, v(1) at t = h/r, v(2) at t =2 h/r, and so on, the lifted
signal v is defined as follows:

If v={v(0),v(1),v(2), ...}, then

v(0) v(r)
y=d [P s (2.58)
v(ir—1) v(2r — 1)
The dimension of the lifted signal v(n) is r times the dimension of the original
signal v(n) and is regarded to the base period, i.e., v(n) occurs at time ¢ = nh.

The lifting operator L is defined to be the map v — v. The inverse operator L™ !
exists and is defined as follows:

If
V/l(o) wi(1)
p={ | O () (2.59)
w,(0) ] L, (1)

and v=_L"y, then v = {y1(0), w2(0),...., ,(0), w1 (1), wo(D),....w,(1), ...}
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A relevant feature of lifting is that it preserves inner products and norms. Let us
see this for the case of ,-norms. The norm of a signal v € I,(Z,,R™) is given by:

|5 = v(0)"v(0) + v(1) v(1) + .... (2.60)

and the norm of its lifted version v € ,(Z,R™) is:

[v]13 = v(©0)v(0) + ¥(1)" (1) +
v(0) 17 [v(0) i) 1)
T ' s ' T 26
vir—1) ] [v(r—1) vr—1)] |v@r—1)
= v(O)Tv(O) +v(1)Tv(1) + ...
= |Iv|3

Now, let us consider a discrete-time finite dimensional LTI system G, with
underlying period //r. Lifting the input and output signals so that the lifted signals
correspond to the base period 4 results in the lifted system: G, = LG4L™".

Assuming the state-space representation of the original system G, is known and
given by:

x(n+ 1) = Ax(n) + Bu(n)

(2.62)
y(n) = Cx(n) + Du(n).
Then the state-space representation for the lifted system G, is given by:
x((n+1)h) = A’x(nh) + [A"™'B A™2B ... B |u(nh)
C D 0 ... 0
2.63
() = CA |y | B D 0 (). (2.63)
cA™! CA™?B CA™B ... D

Lifting discrete-time MB-NCS. As it was described in Sect. 2.1, MB-NCS makes use

of an explicit model of the plant which is added to the controller node to compute

the control input based on the state of the model rather than on the plant state.
The dynamics of a discrete-time plant and model are given respectively by:

x(n+ 1) = Ax(n) 4+ Bu(n) (2.64)

£(n+1)=Az%(n) + Bu(n) (2.65)

where x is the state of the plant, X is the state of the model, and the matrices A ,B’
represent the available model of the system matrices A,B.



2.4 Alternative Conditions for Stability of MB-NCS 45
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Fig. 2.13 Equivalent systems to MB-NCS. (a) Linear time-varying periodic system.
(b) Lifted system

It will be advantageous to define the input u as:

_ [ Kx(n) n=ih
u(n) = {Kx (n) n=ih+j (266)

fori=0,1,2....and 0 <j < h (j is also an integer), that is, the input is a function of
the state of the plant at the time instant when we update the model, and a function of
the state of the model otherwise.

A state feedback discrete-time MB-NCS can be seen as a linear time-varying
periodic system as shown in (Fig. 2.13a) by considering an output y that is equal to
X when the loop is open and equal to x when we have an update (closed loop). The
system after applying lifting is represented in part b) of the same figure and is
regarded as an LTI system with higher dimension input and output.

Note that the original period of the system is denoted by T and the period of the
network by AT. Then, using the definition at the beginning of this section, we have
that for this case =/ since hT/h =T. The input u for the lifted system P and its
output y are given by the following equations:

u(nh) Kx(nh)

u(nh+1) _ K% (nh+1)

u(nh) = (2.67)

w((h+h—1)| | K& ((h+h—1)
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1 0 0 .. 0
A B 0 .. 0

y(nh) = | A% |x(nh)+ | AB B 0 |u(nh). (2.68)
Ah AhfZB Ahf,?é 0

The dimension of the state is preserved and the state equation expressed in terms
of the lifted input is given by:

x((n+ 1)h) = A"x(nh) + [A""'B A" 2B ... B]lu(nh). (2.69)
K 0O
. 0 K O
The new controller is of the form: K = 00 K where each zero block

has the same dimensions as K.

Definition 2.7 [5] Asymptotic stability of discrete-time LTI system. The equilib-
rium x =0 of a system described by x(n+ 1) =Ax(n) is asymptotically stable if
and only if all eigenvalues of A are within the unit circle of the complex plane
(i.e., if Ay,...., 4, denote the eigenvalues of A, then |4;| < 1, i=I.....,n). In this case
we say that the matrix A is Schur stable or simply, the matrix A is stable.

Theorem 2.8 The lifted system is asymptotically stable if only if the eigenvalues of

h-1 ,
N =A"+> A"'"IBK(A + BK)' (2.70)
=0
lie strictly inside the unit circle.

Proof To prove this theorem, we note that (2.69) is the same as the state equation
that characterizes the autonomous LTI system:

x((n+ 1)h) = (Ah +§Ah*1<fBK(A +1§’K)j>x(nh). (2.71)

J=0

Equation (2.71) can be obtained by directly substituting (2.67) in (2.69), and
then substituting the value of each individual output by its equivalent in terms of the
state x(kh), i.e.,

% (nh+1) = Ax(nh) +Bu(nh) = (A +1§K)x(nh)
X(nh+2)= ( +BK K)*x(nh) (2.72)
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The resulting equation can be simply expressed as (2.71) which characterizes a
discrete-time LTI system of the form given in Definition 2.7, then the networked
system is asymptotically stable if only if the eigenvalues of (2.70) lie inside the unit
circle. ¢

2.4.2 Relation to Previous Results

The results presented in the previous section using a lifting approach are directly
related to the stability conditions in Sect. 2.3. Since both results present necessary
and sufficient conditions for stability of the discrete-time MB-NCS, we should be
able to demonstrate that the conditions are the same. This is shown below.

From Theorem 2.6 a necessary and sufficient condition for stability of an
MB-NCS with instantaneous feedback is given if the eigenvalues of

MD(h):((I) 8)1\3(6 8) (2.73)

lie inside the unit circle, where

A+ BK —BK
Ap=1| . _ . .
A+BK A -BK

In order to establish the relation between the two theorems consider the
transformation:

(2.74)
where

(0 0) m=(10) a1

and find the Z-transform of Mp(n), n=20,1,2,. ..

2o = ( 0)2088} (o ¢ ):

The Z-transform of AJ, can be obtained according to:

Z{ARY = (G = Ap) ‘2= (A =P 'AP) 'z =P ' (I =A) 'Pz.  (2.76)
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Substituting the last equation in the Z-transform of Mp(n) we obtain:

2t} = (5 0 )-8} §):

(2 —A) "+ (1 — A)'BK (d — (A +BK))™' 0
0 0

Z.

We now proceed to obtain the inverse Z-transform of the upper left sub-matrix
which contains the eigenvalues of interest:

2l = A) "2 (ol = A BK (- (A + BK)) 2} =
Y (2.77)
A"+ A"'BK(A +BK)".
=0

Let n=h in the above equation to obtain:
h—1 ] . R .
A"+ AMIBK (A + BK) (2.78)
=0

which is exactly the same result obtained in Theorem 2.8, i.e., the eigenvalues of the
first term of Mp(h) correspond to the eigenvalues of (2.70). The other eigenvalues
of Mp(h) are not necessary in the analysis since they are always equal to O (they
always lie inside the unit circle).

2.4.3 Additional Approaches for Stability of MB-NCS

We end this section by describing two additional approaches that provide
conditions for stability of continuous-time MB-NCS that do not require exact
knowledge of the plant parameters. These results can be used directly to compute
the admissible range for /4 based only on certain bounds on the norms of the
uncertainties. It is also important to clarify that the next conditions are sufficient
only and, in general, very conservative, that is, the admissible update intervals
h computed here are typically shorter than those obtained in Sect. 2.2.

Approach based on the norm of the state. In the first approach we set the require-
ment that the norm of the state of the plant should decrease at every sampling
instant, that is, ||x(#x41)|| < |[x(%)]], for all k=0,1,... and h=1t;, — #. The plant
and the model dynamics are given by (2.1) withu = Kx. The state error was defined
in (2.2) and the error uncertainty matrices are expressed as follows.
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A=A—-A, B=B-B. (2.79)

By finding a control gain K that asymptotically stabilizes the model, ie.,A +BK
is Hurwitz, we can use the following bound:

He(A +BK)t < ae a,p > 0. (2.80)

Theorem 2.9 Assume that the pair (A,B) is stabilizable. The model-based
networked system described by (2.1) is asymptotically stable if:

1- a<eﬂ" +ﬂ%ﬁ2 (e — eﬂh)> >0 (2.81)

where ||A]| < ||A H + HZH < p,, HA —|—§KH <K, h=tr.1— 1t
Proof From (2.2) we can obtain the next expression for the state error:
é:)'c—)é:Ae—i—(Z—&—EK))Z. (2.82)
The response of the state error at any given time as a function of the last received

measurement is:

t

e(t) = eX"We (1) — J A (Z + EK))E (z — t)dz

p f o (2.83)
= —J A (A + EK) e(A+BK) (=10 g x(t).
t
then, a bound for the norm of the state error is:
aK ()| ( gy e
e(n| < (652(’ W _ el ’”). 2.84
et < =55 (284)
It is also clear from (2.2) that the norm of the state satisfies:
@O < 1% @1 + lle()]l- (2.85)
Substituting (2.84) in (2.85) we have, using again the bound (2.80):
K ||x(z,
)] < ae ()| + BN (o o) (286
B+ b
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In order to satisfy the initial condition on the norm of the state we require that:

(el = e (aef”” (e e””)) >0 (28)

which is equivalent to (2.81). ¢

Approach based on Lyapunov functions. In the second approach we set the require-
ment that the discrete-time Lyapunov function along the trajectories of the system
decreases at every sampling instant, i.e., V(x(#; 1)) — V(x(#;)) <0, for k=0,1,. ..

Theorem 2.10 Assume that the pair (A,B) is stabilizable. The model-based
networked system described by (2.1) is asymptotically stable if:
q

26(F)G), + G < (P (2.88)

~ h

whae £ = e Gy — (& - ) 2 (A, AGh) = | 0

0
(X +§K)6(A+BK)TdT, 1Al < ||A | + HXH < f,, & and f are given by (2.80).

Proof Using (2.2) and (2.83), the state of the plant can be expressed by:

Mt = (e(A +BK)h n Jh A=) (Z —I—EK)E’(A +éK)sz) x(1)

0
= (F + A(h))x(t). (2.89)

Next we define a quadratic Lyapunov function V = xPx, that is evaluated at the
update instants as follows:

Vx(tesr)) — Vx(t) = x(10)" [(F + AR P(F + A(h)) — P]x(zk). (2.90)

Note that a stabilizing controller for the model can be found. F is a stable
discrete-time matrix that satisfies:

F'PF—-P=-Q (2.91)

for symmetric, positive definite matrices P and Q. Then a sufficient condition for
stability of the system is given in terms of the perturbation A(4), as follows

(F + A()"P(F + A(R)) —

:—Q+A( )'PF + FTPA(h) + A(h)TPA(h
< -o [A( )TPFJrF(‘T)PA(h)(J)FA(hgT)PA(h)] (2.92)
é—q+2a( F)G +5(P)Gi <0
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where ¢ = o(Q) represents the smallest singular value of Q and 5(P) represents the
largest singular value of P. If (2.88) holds, then (2.92) is satisfied. ¢

Recall that the application of the results in Sect. 2.2 to real world problems
involves a repeated computation of eigenvalues for different values of parameters
uncertainties as explained in Example 2.2. The results in this subsection can be used
in a direct way based on a priori information about uncertainty bounds. The
disadvantage is that these conditions are sufficient only and may be conservative
in general, resulting in smaller update intervals 4.

2.5 Notes and References

In this chapter we introduced the basic MB-NCS architecture that will be used
throughout this book. This framework uses the available knowledge of the real
plant dynamics encapsulated in the plant model to perform an open-loop estimation
of the real plant state that is used to compute the control input for the intervals of
time that the controller does not receive any measured feedback information. The
main results of this chapter were presented in Theorem 2.3 and Theorem 2.6.
Theorem 2.3 provides necessary and sufficient conditions for exponential stability
of the networked system as a function of the update intervals which are assumed to
be periodic. Theorem 2.6 provides the corresponding conditions for discrete-time
systems. In both cases, it is assumed that the sensor is able to measure the entire
state of the system. Alternative stability conditions were given in Sect. 2.4. In
subsequent chapters, different extensions, alternative sampling methodologies, and
architectures will be explored. Additionally, different common problems in control
theory will be discussed from the model-based networked perspective.

The MB-NCS architecture shown in Sect. 2.1 was first proposed by
Montestruque and Antsaklis [186, 187] and the results shown in Sects. 2.2 and
2.3 are primarily based on work published in those two references and also in
[188]. The lifting approach for MB-NCS discussed in Sect. 2.4 was first published
by Garcia and Antsaklis, [82]. The lifting methods used in that section are based on
common lifting techniques presented in [42]. See also [16, 26, 130] for additional
discussion of lifting techniques.

The alternative stability conditions for continuous-time systems of Sect. 2.4
represent original work presented in this book and is an adaptation of the work by
Montestruque [185] on nonlinear systems.

The MB-NCS framework has been followed by different authors to consider
specific problems in NCS. Orihuela et al. [207] have derived conditions for stability
of MB-NCS with parametric uncertainties based on the theory of interval matrices.
The authors of [197] compare different control decisions for a nonlinear NCS
subject to sensor losses. The options include zero control, last available control,
and open-loop control; the last one corresponds to using the nominal nonlinear
model of the plant. It is proved in that paper that under certain conditions the use of
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the model exceeds in performance the other two choices to decide the control input
in the absence of feedback information. The MB-NCS structure is used by Yu
et al. [283] to study singularly perturbed systems where the sensor is connected to
the controller/actuator node using a communication network. Singularly perturbed
systems refer to the two-time scale systems that appear due to the presence of small
parasitic parameters multiplying the time derivatives of some states of the system.
It is difficult, in general, to control this type of systems since the controller has to
react simultaneously to both the slow and fast modes of the system. Mu et al. [196]
provided a different analysis of MB-NCS with output feedback and constant
network delays where the model is updated using directly the received output
() = Cx(tp).

Recent work has been produced independently and it shares many characteristics
of the MB-NCS framework, indicating the fundamental advantages of using the
model dynamics when operating and controlling dynamical systems in the absence
of continuous feedback information. Motivated by human operations, the authors of
[80] and [126] point out that in general a human operator scans information
intermittently and operates continuously the controlled system; the intermittent
characteristic in this case refers to the same situation presented in this chapter,
that is, a single measurement is used to update the internal model and generate the
control input. For a skillful operator, the information is scanned less frequently.
Between update intervals the control input is generated the same way as it was
shown in the MB-NCS framework, that is, an imperfect model of the system is used
to generate an estimate of the state and periodic measurements are used to update
the state of this model. In the output feedback case a stochastic estimator is
implemented with the assumption that the statistical properties of the measurement
noise are known. In both cases the authors provide conditions for stability based on
the length of the sampling interval.

In the networked framework shown in [140-142, 165], the model is assumed to
match the dynamics of the system exactly; however, the system is subject to
unknown input disturbances. The main idea of the approach in those papers is the
same as the one described in this chapter, that is, to use the nominal model to
generate estimates of the current state of the system. Since the system is subject to
unknown disturbances and the model is executed with zero input disturbance, then a
difference between the states is expected and the sensor updates transmitted over a
digital communication network are used to reset this difference between the states
of the plant and of the model at the update time instants.

There exist similarities and significant differences between the MB-NCS
approach and the developed and mature Model Predictive Control (MPC) approach.
MPC also uses model of the system for control; specifically, the model is used to
predict the future output behavior; a tracking error is defined using this prediction
and the desired reference and the control action are computed online. The purpose
of the control action is to drive the state of the system to a reference position in an
optimal fashion while satisfying the existing constraints. MPC relies in frequent
feedback measurements in order to update the predicted control sequences. Mean-
while, in MB-NCS the main constraint is imposed in the form of reducing
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measurement update rates. Recent work related to NCS [24, 255, 288] has been
reported where model predictive controllers have been successfully applied to deal
with the usual input and output constraints, but also consider the bandwidth
limitations of the network. The additional constraint aims to reduce the traffic in
the communication network by using the explicit model to generate the appropriate
input in the absence of continuous feedback.
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