Contents

Introduction ........ ... xiii
1 Main Definitions and Basic Facts .......................... 1
I 1
1.2 Words . ..o 3
1.2.1 The Origin of Words .......... ..., 3
1.2.2 The Free Semigroup......... ... ... 4
1.2.3 Orderson Words ....... ..., 5
1.2.4 Periodic Words ..........oo i 7
1.3 Graphs ..ot 10
1.3.1 Basic Definitions. ........ .. ..o 10
1.3.2 Automata ..........ooiiiiiii 11
1.3.3 Mealy Automata. ...t 13
1.3.4 Graphs in the Sense of Serre ........................ 14
1.3.5 Inverse Automata and Foldings ..................... 15
1.4 Universal Algebra ......... .. ... i 15
1.4.1 Basic Definitions. ........ ... o i 15
1.4.2  Free Algebras in Varieties ........... ... ..., 24
1.4.3 The Garrett Birkhoff Theorem ...................... 25
1.4.4 Relatively Free Algebras May Not Know Their
Ranks. The Jonsson—Algebras....................... 26
1.4.5 Locally Finite Varieties........... ... ... ... oo .. 26
1.4.6  The Burnside Problem for Varieties of Algebras ... ... 28
1.4.7 Finitely Based Finite Algebras ................... ... 28
1.4.8 Inherently Non-finitely Based Finite Algebras: The
Link Between Finite and Infinite ............ ... ... 30
1.5 Growth of Algebras ......... ... i 36
1.6 Symbolic Dynamics ... 38
1.6.1 Basic Definitions. ....... ... . ... . i 38
1.6.2 Subshifts. ... 39
1.6.3 Edge Subshifts ......... ... . . 44

vii



viii Contents

1.7 Rewriting Systems ........ ..ol 44
1.7.1 Basic Definitions. ........ .. .o i 44
1.7.2 Confluence ......... .o i 45
1.7.3 What If a Rewriting System Is Not Confluent? The
Art of Knuth-Bendix ............... ... ... ... ... 49
1.7.4 String Rewriting . ........ .. . . i 51
1.8 Presentations of Semigroups............ ... L 54
1.8.1 Semigroups and Monoids: Basic Definitions .......... 54
1.8.2 Free and Non-free Semigroups ...................... 55
1.8.3 A Characterization of Free Semigroups .............. 56
1.8.4 Congruences, Ideals and Quotient Semigroups........ 57
1.8.5 String Rewriting and Presentations.................. 58
1.8.6 The Free Group: The Syntactic Definition ........... 61
1.8.7 The Free Group and Ping-Pong ..................... 62
1.8.8 Free Groups and Rings of Formal Infinite Linear
Combinations ............ . .. i i 63
1.8.9 The Growth Function, Growth Series
and Church—Rosser Presentations ................ ... 65
1.8.10 The Cayley Graphs ............ccoiiiiiiiiiiin... 66
1.8.11 Cayley Graphs, Transition Monoids of Automata
and Syntactic Monoids of Languages ................ 68
2 Words that Can Be Avoided .......................... . ... 71
2.1 An Old Example . ... 71
2.2 Proof of Thue’s Theorem ............ . ... ... ... 72
2.3 Square-Free Words ........ ... i 74
2.4 kth Power-Free Substitutions............... .. ... .. ..... 76
2.5 Avoidable Words ........ . 76
2.5.1 Examples and Simple Facts......................... 76
2.5.2 Fusions, Free Sets and Free Deletions................ 78
2.5.3 The Bean-Ehrenfeucht-McNulty and Zimin Theorem . 79
2.5.4  Simultaneous Avoidability .............. ... ... .. 82
2.6 Further Reading and Open Problems ...................... 83
2.6.1 Square- and Cube-Free Words ...................... 83
2.6.2 Avoidable Words. ... 83
3 Semigroups . ... 85
3.1 Structure of Semigroups ... 86
3.1.1 Periodic Semigroups . ...........oeeuniiiiinaein.. 87
3.1.2 Periodic Semigroups with Exactly One Idempotent ... 88
3.1.3 Finite Nil-Semigroups ........... ..., 88
3.2 Free Semigroups and Varieties.................. ... .. 90
3.2.1 Free Rees Factor-Semigroups ....................... 90
3.2.2 A Description of Relatively Free Semigroups ......... 91
3.3 The Burnside Problem for Varieties........................ 92

3.3.1 Subshifts and Semigroups ........... ... ... 94



Contents

3.3.2  An Application of Subshifts to Semigroups...........
3.3.3 The Completion of the Proof of Theorem 3.3.4 .......
3.4 Brown’s Theorem and Uniformly Recurrent
Words . ..o
3.5 Burnside Problems and the Finite Basis Property ...........
3.6 Inherently Non-finitely Based Finite Semigroups ............
3.6.1 Some Advanced Semigroup Theory ..................
3.6.2 A Description of Inherently Non-finitely Based Finite
SEIMIETOUPS .+« v ettt ettt
3.7 Growth Functions of Semigroups ................ ... .. ...
3.7.1 The Definition........... ..o i i
3.7.2  Chebyshev, Hardy-Ramanujan and Semigroups
of Intermediate Growth .............. ... ... ... ...
3.8 Inverse Semigroups ... .....uuueiiine e,
3.8.1 Basic Facts About Inverse Semigroups...............
3.8.2 Identities of Finite Inverse Semigroups, Zimin Words,
and Subshifts.. ... ... ..
3.8.3 Inverse Semigroups of Bi-rooted Inverse Automata. ...
3.9 Subshifts and Automata. The Road Coloring Problem ... .....
3.9.1 Synchronizing Automata ...........................
3.9.2 The Road Coloring Problem ........................
3.9.3 An Application of the Road Coloring Theorem to a
Classification of Subshifts of Finite Type ............
3.10 Further Reading and Open Problems ......................
3.10.1 Other Applications of Burnside Properties ...........
3.10.2 Free Semigroups in Periodic Varieties. The Brzozowski
Problem ... ...
3.10.3 The Finite Basis Problem for Semigroups ............
3.10.4 Inherently Non-finitely Based Finite Monoids ........
3.10.5 Identities of Finite Inverse Semigroups...............
3.10.6 Growth Functions of Semigroups ....................
3.10.7 The Road Coloring and the éerny Conjecture . .......

RiINgS ..
4.1 The Basic Notions.. ...t
4.2 Free Associative Algebras ............ ..ot
4.3 Commuting Elements in Free Associative Algebras
overa Field..... .. oo
4.4 Burnside-Type Problems for Associative Algebras...........
4.4.1 Preliminaries ........ ... i
4.4.2  Shirshov’s Height Theorem .........................
4.4.3 Growth Function of a Ring Satisfying a Nontrivial
Tdentity ....oooii i
4.4.4 Inherently Non-finitely Based Varieties of Rings ......
4.4.5 The Dubnov-Ivanov—Nagata—Higman Theorem.......



Contents

4.4.6 Golod Counterexamples to the Kurosh Problem ...... 176
4.4.7 Zimin Words and the Baer Radical ............... ... 180
4.5 The Finite Basis Problem ........... ... ... ... .. 183
4.5.1 Basic Facts About Finite Associative Rings .......... 183
4.5.2 Positive Result. Identities of Finite Rings ............ 186
4.5.3 Negative Result.............. .. .. .. 191
4.6 Further Reading ....... ... ... i il 194
4.6.1 The Kurosh Problem.......................... . ... 195
4.6.2 Identities of Rings ......... ..., 195
GrOUPS .« ¢ ittt e 197
5.1 Van Kampen Diagrams ......... ... .. oo, 198
5.1.1 Group Presentations .............. ..., 198
5.1.2  Van Kampen Diagrams: The Definition .............. 199
5.1.3 Van Kampen Diagrams and Tilings. An Elementary
School Problem and Its Non-elementary Solution .. ... 201
5.1.4 The Three Main Methods of Dealing with van
Kampen Diagrams: Bands, Swiss Cheese, and Small
Cancelation ......... .o o i i 203
5.2 The Burnside Problems for Groups ........................ 220
5.2.1 Golod’s Counterexample to the Unbounded Burnside
Problem for Groups.............coiiiiiii 220
5.2.2 The Bounded Burnside Problem. Positive Results .... 221
5.2.3 The Novikov—Adian Theorem .................... ... 222
5.3 The Finite Basis Problem for Groups and Rings ............ 242
5.3.1 An Example of R. Bryant and Yu. Kleiman .......... 243
5.3.2 Construction of the Algebra R Used in Section 4.5.3 .. 248
5.4  Groups and Identities, Abért’s Criterium................... 255
5.5 Subgroups of Free Groups.........cooviiiiniiiiinnen... 256
5.5.1 The Definition of a 2-Complex
and Its Fundamental Group ........................ 256
5.5.2  Subgroups of Free Groups and Inverse Automata .. ... 258
5.6 Diagram Groups .. .......uuieiinntiiin i, 262

5.6.1 The Squier Complex of a String Rewriting System. ... 262
5.6.2 Diagrams as 2-Dimensional Words, Diagram Groups .. 263

5.6.3 Diagram Groups and Squier Complexes.............. 265
5.6.4 Diagram Groups. Examples...................... ... 265
5.6.5 Combinatorics on Diagrams ........................ 266
5.6.6 The R. Thompson Group F' ..............ccovuo... 272
5.6.7 Multilinear Identities of Non-associative Algebras

and Elements of F' ... ... ... .. 277
5.6.8 FIsLawless ......oooiiiiii i 277
5.6.9 F Does Not Have Non-cyclic Free Subgroups......... 278

5.6.10 Two Church—Rosser Presentationsof F' .............. 279



Contents xi

5.7 Growth of Groups....... ... i 282
5.7.1 Similar Groups Have Similar Growth ................ 282
5.7.2 Commutative Groups .............oiieeiiiinneon. 283
5.7.3 Nilpotent Groups . .......ooviineiiiinninnnen. 285
5.7.4  Grigorchuk’s Group of Intermediate Growth ......... 293

5.8 Amenable Groups ..ot 300
5.8.1 The Free Groups of Orthogonal Matrices

and the Hausdorff-Banach—Tarski Paradox........... 301
5.8.2 The First Two Definitions of Amenability ............ 305
5.83 Foalner Sets ... ... 307
5.8.4 Groups with Tarski Number 4 ................... ... 312
5.8.5 Co-growth and the von Neumann-Day Conjecture.... 313

5.9 Further Reading and Open Problems ...................... 319
5.9.1 Further Applications of Olshanskii’s Method ......... 319
5.9.2 Syntactic Properties of Hyperbolic Groups ........... 320
5.9.3 Some Semantic Properties of Small

Cancelation Groups .. .........oviiiinniinnne.. 322
5.9.4 Open Problems About Hyperbolic Group ............ 323
5.9.5 The Hanna Neumann Conjecture.................... 323
5.9.6 Diagram Groups .........oeeeuimeeeiinneeunnnnennn. 324
5.9.7 The R. Thompson Group F' ........................ 324
5.9.8 The Finite Basis Problem for Varieties of Groups.. ... 326
5.9.9 Zel’'manov Words and Inherently Non-finitely Based
Varieties of Groups .........coouiiiiniiiinnenenn... 326
5.9.10 Amenable Groups............coiiiiiinneiinnnennn. 327
References ....... ... 331
Name IndexX. . ... ..o 347

Subject Index ... ... 351



2 Springer
http://www.springer.com/978-3-319-08030-7

Combinatorial Algebra: Syntax and Semantics
Sapir, MV,

2014, XV, 355 p. 66 illus,, Hardcover
ISBN: 978-3-319-0B030-7





