Chapter 2
Optimal Control Problems with Singleton
Turnpikes

In this chapter we study the structure of solutions of a discrete-time control system
with a compact metric space of states X which arises in economic dynamics. This
control system is described by a nonempty closed set 2 C X x X which determines a
class of admissible trajectories (programs) and by a bounded upper semicontinuous
objective function v : X x X — R! which determines an optimality criterion.
We show the stability of the turnpike phenomenon under small perturbations of the
objective function v and the set £2.

2.1 Preliminaries and Stability Results

Let (X, p) be acompact metric space. For each x € X and each nonempty set C C X
set
p(x,C) = inf{p(x,y): y € C}.

For each x € X and each » > 0 set
Bx,r)={yeX: px,y)=r}.
We equip the space X x X with the metric p; defined by
p1((x1,x2), (y1, 2)) = p(x1, y1) + p(x2, ¥2), X1,X2,y1, 2 € X.
For each (x,x;) € X x X and each nonempty set C C X x X set
p1((x1,x2), C) = inf{p1((x1,x2), (y1,¥2)) : (y1,¥2) € C}.

Denote by M the set of all bounded functions u : X x X — R!.Foreachw € M
set
wll = sup{|w(x, y)| : (x,y) € X x X}.

Let £2 be a nonempty closed subset of X x X.
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Assequence {x;};°, C X is called an (§2)-program if (x;, x,1) € §2 for all integers
t > 0. A sequence {x,},TiT1 C X where integers Ty, T, satisfy 0 < T} < T is called
an (§2)-program if (x;, x;+1) € §2 for all integers ¢t € [T}, T, — 1].

Let v € M be an upper semicontinuous function.

We suppose that there exist x € X and a constant ¢ > 0 such that the following
assumptions hold.

(A1) (x,Xx) is an interior point of §2 (there is € > 0 such that {(x,y) € X x X :
p(x,x), p(y,x) <€} C £2) and v is continuous at (x, x).

(A2) For any integer T > 1 and any (£2)-program {x,}’_,,

T-1

D v, xiq) < Tv(E, %) + ¢
t=0

Assumption (A2) implies the following result.

Proposition 2.1 For each (§2)-program {x,}:2, either the sequence

T—1 0
iszml) - Tv(i,i)}
T=1

t=0
. . T—1 - =
is bounded or limy_, 5 [Zz:() V(Xs, Xpy1) — Tv(x,x)] = —00.

An (£2)-program {x;};2, is called (v, £2)-good if the sequence

T—-1 o
{ZV(xt,xm) - TV()?»)?)}
T=1

t=0

is bounded [13, 17, 45, 55, 56].

In this chapter we suppose that the following assumption holds.

(A3) (the asymptotic turnpike property) For any (v, §2)-good program {x;}7°,
lim, 0 p(x;,X) = 0.

Note that (A3) holds for many important infinite horizon optimal control problems.
In particular, (A3) holds for a general model of economic dynamics considered in
Example 1.7.

For each x,y € X, each integer T > 1 and each w € M set

ow, T,x,y)

T—1
= sup {Z w(x;, Xit1) : {xi}iTZOis an (§2) —programand xo = x, X7 =y ¢ .
i=0

(Here we use the convention that the supremum of an empty set is —00).
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In Chap. 1 we considered the turnpike properties of approximate solutions of the
problems

T-1
T-1
Zv(xi5xi+l) — max, {(xi5-xi+1)}i:() C 97 X0 =Y,
i=0
and
T-1
T-1

Zv(xivxi+l) — max, {(xi»xi+l)}i:0 - Q’ Xo =Y, Xr =2,
i=0

where T > 1 is an integer and the points y,z € X.

In this chapter we show that these turnpike properties are stable under small
perturbations of the objective function v and the set £2. In order to meet this goal we
introduce the following definitions.

By assumption (A1) there exists 7 € (0, 1) such that

B(%,7) x B(%,7) C £2. 2.1
Fix
X € (0,7). (2.2)

For each A > 0 denote by £(1) the collection of all nonempty sets 2’ C X x X
such that

p1(z, 2) < A foreach z € 2/, (2.3)
B(X,)) x B(x,)) C £2'. (2.4)

Letintegers 71, T, satisfy0 < 71 < Tp andlet £2;,t = Ty, ..., T —1 be nonempty
subsets of X x X.

A sequence {xz};Tirl C X is called an ({Qt}tTi}ll)-program if (x;,x,11) € £2, for
all integers t € [T, T» — 1].

For each x, y € X and each finite sequence {u,}[Ti}ll C M set

-1

o ({u) 27 20027 T, T, x) = sup { 3 e xin) -
t=T

{x; tTiTIis an ({.Q,},Ti}ll) — program and x7, = x] , (2.5)

-1

o ({uf}tTi_T]l, (2027, 1, T, x, y) = sup ! D uxnxi) :

=T

{x,}tTiTlis an ({Q,},Ti}ll) — program, x7, = x and x7, = y}, (2.6)
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Tr—1
o ({u )27, (2027, T, T) = sup { 3 e xen) ¢
=T
{x, el TllS an ({£2,},2 Tl)—program} 2.7)

(Here we use the convention that the supremum of an empty set is —00).
Denote by Y ({.Q,},Ti}ll, Ti, T») the set of all x € X for which there exists an

({.Q,}P}ll) -program {x,}tT2 7, such that x7, = x and x7, = x.
Denote by Y ({[2, pd T ,T1,T») the set of all x € X for which there exists an

({.Q, bl TI) program {x,}[ T such that x7; = x and x7, = x.
For sufficiently small positive numbers &, we study the structure of approximate
solutions of the problems

T-1

> ui(xi, xip1) — max,

i=0

{x,-}irzois an ({.Q,}th})l) — program and xp =y,

and
T-1
Zui(x,-,xiH) — max,
i=0
{x,-}l-T=0 is an ({Qt}tT;()l) — program and xo = y, x7 = g,
where T > 1 is an integer, y,z € X and forallt =0,...,T — 1, we have

£2; € £(6), uy € M and |lu, —v|| < 6.

In this chapter we prove the following four stability results.

Theorem 2.2 Let € be a positive number and let 11,1, be natural numbers. Then
there exist § > 0 and a natural number L > 1y + I such that for each integer
T > 2L, each

2,€&0),r=0,....,T —1,

eachu, e M, t =0,...,T — 1 satisfying
lu; —v|| <6, t=0,...,T —1
and each ({-Qt},T:_Ol )-program {x,},T:0 which satisfies
xo € V({215 0.0), xr € YA} 5. T — 1. T),

T—-1

o (fu Yy 2050, T, x0,x7) < Y wixr, X, 1) + 8
t=0
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there exist integers t; € [0, L], 1, € [T — L, T] such that
p(x,x) < eforallt=r1y,..., 1.

Moreover if p(xg,x) <6, then 1y = 0 and if p(x7,x) <04, thent, =T.

Theorem 2.3 Let € be a positive number and let || be a natural number. Then there
exist § > 0 and a natural number L > 1| such that for each integer T > 2 L, each

£2,€&06),t=0,...,T — 1,
eachu, e M, t =0,...,T — 1 satisfying

lu, —v|| <68, t=0,...,T —1
and each ({-Qt},T:_Ol )-program {x,},T:0 which satisfies

xo € Y{$2.115,,0,11),

T-1

o({ud— {220, T, x0) < D (X, X, 1) + 8
t=0

there exist integers t; € [0, L], ©, € [T — L, T] such that
p(x,x)<eforalt=r,...,10.

Moreover if p(xg,x) <6, then 1y = 0 and if p(x7,x) <06, thent, =T.
Denote by Card(B) the cardinality of a set B.

Theorem 2.4 Let €, M be positive numbers and let 1y, l, be natural numbers. Then
there exist § > 0 and a natural number L > [y 41, such that for each integer T > L,
each

2,€&0),t=0,...,T — 1,

eachu, e M, t =0,...,T — 1 satisfying
lu, —v|| <68, t=0,...,T —1
and each ({.Qt}tT:_Ol)-program {Xt},T:O which satisfies

xo € Y({2,)15.0.0), xr € YU}, T — b, T),

T-1

o({u) = A2 0. T, x0,x0) < D (i x 1) + M
t=0

the inequality
Card({t € {0,...,T}: p(x;,X) >€}) <L

holds.
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Theorem 2.5 Let €, M be positive numbers and let || be a natural number. Then
there exist § > 0 and a natural number L > l; such that for each integer T > L,
each

2, €&0),t=0,...,T — 1,

eachu, e M, t =0,...,T — 1 satisfying
lu; —v|| <6, t=0,...,T — 1
and each ({.Qt}tT:_Ol)-program {)ct}[T:0 which satisfies

X() S ?({Q[}ilz_()ls()’ ll)’

T-1
o({u Yy 42050, T, x0) < Y wxr, xi1) + M
=0
the inequality
Card({t € {0,...,T}: p(x;,X) >€}) <L
holds.

2.2 Extensions

We use the notation, definitions, and assumptions introduced in Sect. 2.1. In this
section we state the extensions of the turnpike results of the previous section. In these
extensions we describe the structure of programs defined on an interval [0, T'] with
sufficiently large T which are approximate solutions of the corresponding optimal
problems on subintervals of the length L, where L is a constant which does not
dependon T.

Theorem 2.6 Lete € (0, 1) and M be a positive number. Then there existy € (0, €)
and a natural number L such that for each integer L > L there exists a positive
number § < y such that the following assertion holds.

Assume that an integer T > 3L,

2,€&0),r=0,...,T —1,
u € M, t =0,...,T — 1 satisfy
lu; —v|| <98, t=0,...,T —1

and that an ({Q,}ZT:_OI)-progmm {)c,}lT:O and a finite sequence of integers {S;}7_,
satisfy

S()ZO, Si+1—Si E[L(),L]], i:O,...,q—l, Sq > T—Ll,
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Siy1—1 Siv1—1

Z Uy (Xg, X 11) > Z ur (X, x) —

1=S; 1=S;

for each integeri € [0,q — 1],

Si+2—1

Si 1 Siy2—1
Z ut(xt»xt+l) > U({ut} l+2 {‘Qt}tl:Jr;i ) Si’ Si+2,xS,-’xS;+2) 4
t=S5;

for each integeri € [0,q — 2] and

T-1
Z ut(xlvxt+l)>0({ut}; =S, 29{Ql}z S, 27Sq—2»T7-xS(1,25-xT)_y

=82
Then there exist integers Ty € [0, L], ©p € [T — 2L4, T] such that
p(x,x) <e€eforalt=r,...,1.

Moreover if p(xp,x) < y, then 1y = 0and if p(x7,X) <y, thent, =T.

Theorem 2.7 Let €, M be positive numbers and let 1,1, be natural numbers. Then
there exist § > 0 and a natural number L > 1y + I, such that for each integer
T > 2L, each

2,€&0),t=0,...,T — 1,

eachu; e M, t =0,...,T — 1 satisfying
lu, —v|| <6, t=0,....,T — 1
and each ({.Qt} ) -program {xt}, _o Which satisfies

xo € YU, 0,10, xr € Y({2)5 e I =0, T),

T-1
o ()} AR 0, T, x0,x7) < (i x1) + M
t=0
and
T+L—-1
S o) = o) 2N Tt 4 Loxexens) — 8
=t

for each integer T € [0, T — L], there exist integers 1, € [0,L], 15 € [T — L, T]
such that
p(x,x) <eforalt=r1,...,10.

Moreover if p(xg,Xx) <6, then Ty = 0 and if p(x7,x) <4, thent, =T.
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Theorem 2.8 Let €, M be positive numbers and let || be a natural number. Then
there exist § > 0 and a natural number L > 1| such that for each integer T > 2 L,
each

2, €&0),t=0,...,T — 1,

eachu, e M, t =0,...,T — 1 satisfying
lu; —v|| <6, t=0,....,T — 1
and each ({.Qt}tT:_Ol)-program {)ct}[T:0 which satisfies

X0 € Y({Qr = 0 ,O ll)

T-1
o ({u) = 22,0, T, x0) < Y (X 1) + M
t=0
and
T+L—-1
S o) = o) 20T Tt 4 Loxexenn) — 8
=T

for each integer T € [0, T — L], there exist integers Ty € [0,L], 75 € [T — L, T]
such that
p(xs,x) <e€eforalt=r1,...,10.

Moreover if p(xg,x) <6, then 1) = 0 and if p(x7,x) <06, thent, =T.

2.3 Three Lemmata

In order to prove our stability results we need the following useful lemmas. Lemmas
2.9 and 2.10 were obtained in [46] while Lemma 2.11 was proved in [47].

Lemma 2.9 Lete€ > 0 and My > 0. Then there exists a natural number T such
that for each (§2)-program {x,}_, which satisfies
T—1
D v xi4n) = Tv(E, %) — Mo
=0
the relation
min{p(x;,x): i=1,...,T} <€
holds.

Proof Let us assume the contrary. Then for each natural number k there exists an
(§2)-program {x, } _ Which satisfies
k-1

Y v x5t = kv, %) — Mo, 2.8)
t=0
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p(x®, %) > € forall integers t = 1,.. ., k. (2.9)

Letk > 1be an integer. By (2.8) and (A2) for each integer j satisfying0 < j < k

j—1 k—1
(k) (k) (k) (k) (k) (k)
DovaD =D v ) - Z v )
=0 =0
k—1
= kv(E,5) = Mo — Y v x))
1=j

> kv(%, %) — My — (k — jW(F, %) — ¢.

Together with (2.8) this inequality implies that for each integer k > 1 and each
jefl,....k}

j—1
D v x) = jv(E B) — & — My, (2.10)
t=0

There exists a strictly increasing sequence of natural numbers {k;}7°, such that
for each integer r > 0 there exists

x = lim x*7. 2.11)

i—00
Clearly, {x,};2 is an (£2)-program. In view of (2.11) and (2.9)
p(x;, x) > € for all integers r > 1. (2.12)

It follows from (2.11) and (2.10) that for each integer 7 > 1 we have

T-1

D vOxin) = TR ) = Mo — €.

t=0

This implies that {x,};2 is a (v, £2)-good program. By (A3) lim;_, o p(x;,X) =0
This equality contradicts (2.12). The contradiction we have reached proves Lemma
2.9.

Lemma 2.10 Let € > 0. Then there exists 5§ > 0 such that for each integer T > 1
and each (§2)-program {x,}I_, which satisfies

p(x0, %), p(x7,Xx) <4, (2.13)
T-1
D v xi41) = 00, T, x0,x7) — 8 (2.14)
t=0

the inequality p(x,,Xx) < € holds forallt =0,...,T
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Proof Since v is continuous at (x, x) for each natural number & there exists

8 € (0,27FF) (2.15)
such that
v(x,y) — (&, 5) <27 (2.16)
for each x, y € X satisfying
px, x), p(y, %) < . (2.17)

Assume that the lemma is wrong. Then for each natural number k there exist an
integer T; > 1 and an (£2)-program {x,(k)}tT £, such that

p (x(()k),i) . P (x(rlz),i> < & (2.18)
Tr—1
Z v (xt(k),xl(lj_)l) >0 (v, Tk,x(()k),x(T];)) — Sk, (2.19)
=0

max{p (;d“,x) L t=0,... T} > e (2.20)

Let k > 1 be an integer. Define a sequence {zt}tTi o C X as follows:
20=x0" = xps 7 =% 1 € (0, T\ {0, T}, (2.21)

By (2.21), (2.18), (2.15), and (2.1), {z [Tio is an (£2)-program. It follows from (2.19)
and (2.21) that

Ti—1 Ti—1

Sov(xPal) 2o (n T x) — 8 = Yo vz -6 222)
t=0

t=0

In view of (2.18), (2.21), and the choice of §; (see (2.15)—(2.17))

|V(Z03ZI) - v(iri)' = 2_k9 |V(ZT1<,1,ZT1<) - v(ivi‘)' = 2_k9
V(zr, 21) = V(X X), 1 €0, T }\ {0, T — 1} (2.23)

Relations (2.23) and (2.22) imply that

Ti—1
S (xﬁ"),xji)l) > T B)—2-27F — 5, (2.24)
=0
Set
k

So =0, S = Z(Ti + 1) — 1 for all integers k > 1. (2.25)

i=1
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