Chapter 2

Diffusion in Cells: Random Walks
and Brownian Motion

When one first encounters the concept of diffusion, it is usually within the context
of a conservation law describing the flux of many particles moving from regions
of high concentration to regions of low concentration at a rate that depends on the
local concentration gradient (Fick’s law). However, there are some limitations of
the standard macroscopic derivation of the diffusion equation. First, it does not take
into account microscopic features of the environment within which the particles
diffuse. This is crucial when considering diffusive processes within a cell, since
the interior of the cell is highly heterogeneous (see Box 1A). The same applies to
surface diffusion within the plasma membrane. Second, with the use of advanced
imaging techniques such as SPT (Sect. 1.2), it is possible to observe the movement
of individual molecules, which is highly stochastic, whereas the classical diffusion
equation describes the collective motion of many particles and is deterministic.

In this chapter, we consider two different microscopic theories of diffusion: ran-
dom walks and overdamped Brownian motion. Both approaches will be used to
model diffusion within the complex cellular environment in Chap.7. We begin by
considering a discrete random walk on a 1D lattice, which is a simple example of
a discrete Markov process (Sect.2.1). The probability distribution specifying the
likelihood that the walker is at a particular lattice site after n time steps evolves ac-
cording to a master equation. We show how the master equation can be solved using
discrete Fourier and Laplace transforms, which in probability theory are known as
characteristic functions and generating functions, respectively. The resulting solu-
tion is given by a binomial distribution, which reduces to a Gaussian distribution
in an appropriate continuum limit; the latter is the fundamental solution of the dif-
fusion equation. Background material on Laplace and Fourier transforms, and their
discrete analogs, is also provided. Random walk models and various generalizations
will later be used to model a variety of cellular processes, including molecular mo-
tors, polymerization of cytoskeletal filaments (Chap.4), and anomalous diffusion
(Chap. 7).

We then consider an alternative microscopic theory of diffusion based on an
overdamped Brownian particle moving in a fluid-like environment (such as the
cytoplasm of a cell), which is modeled in terms of a Langevin equation or SDE

© Springer International Publishing Switzerland 2014 35
P.C. Bressloff, Stochastic Processes in Cell Biology, Interdisciplinary
Applied Mathematics 41, DOI 10.1007/978-3-319-08488-6_2
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(Sect. 2.2). The latter describes the motion of the particle subject to a combination
of external forces and a fluctuating force that is due to collisions with molecules
in the surrounding fluid; the fluctuating force is idealized as a Wiener process. So-
lutions of the Langevin equation represent random sample paths or trajectories of
the particle. We show how the probability density on the space of sample paths
evolves according to a Fokker—Planck (FP) equation, which is a generalization of
the diffusion equation applicable at the single-particle level. Other topics include
the distinction between additive and multiplicative noise, Ito vs. Stratonovich inter-
pretations of continuous stochastic processes, power spectra, and correlations. Note
that continuous stochastic processes and the FP equation will appear in many chap-
ters of the book. For in addition to describing diffusive-like motion of microscopic
particles in solution, it also frequently appears in diffusion approximations of dis-
crete Markov processes, where the continuous variable now represents the fraction
of open ion channels (Chap. 3), say, or the concentration of a gene product (Chap. 6).
A large-dimensional FP equation will be used to describe stochastic reaction—
diffusion systems in Chap. 9 and applied to self-organizing phenomena such as cell
polarization.

In Sect. 2.3 we introduce one of the most important characteristics of a diffusion
process, namely, the FPT to reach a given target or boundary. This is then used to
calculate the Smoluchowski reaction rate formula for diffusion-limited reactions,
under the assumption that when reacting molecules come within a certain distance
of each other they react immediately (Sect.2.4). In Sect. 2.5 we tackle the general
problem of diffusion in bounded domains (boundary value problems). Here we in-
troduce some basic methods in the analysis of linear PDEs, including separation
of variables and transform methods, eigenfunction expansions, and Green’s func-
tions. Finally, in Sect.2.6 we give an informal introduction to stochastic calculus
and numerical methods for simulating continuous stochastic processes.

2.1 Discrete-Time Random Walk

Consider a particle that hops at discrete times between neighboring sites on a one-
dimensional (1D) lattice with unit spacing [289, 651] (see Fig.2.1). At each step,
the random walker moves a unit distance to the right with probability p or to the left
with probability g = 1 — p. Let Py(r) denote the probability that the particle is at
site r at the Nth time step. The evolution of the probability distribution is described
by the discrete-time master equation

Py(r)=pPy_1(r—1)+gPyv_1(r+1), reZ, N>1. (2.1.1)

If ¢ = p = 1/2, then the random walk is symmetric or unbiased, whereas for p > ¢
(p < g) itis biased to the right (left). We will analyze this equation using transform
methods, since these can be generalized to more complex random walk models such
as continuous-time random walks (see Sect. 7.1.3). An introduction to continuous
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Fig. 2.1: A random walk on a 1D lattice

and discrete transform methods can be found in Box 2A. The first step is to introduce
the characteristic function (discrete Fourier transform) for fixed N:

Gy (k) = i e Py(r), ke|-m,nl. (2.1.2)

The characteristic function generates moments of the random displacement variable

r according to
d m
—i— | Gn(k
( ’dk) w(k)

where (r) is the mth order moment of r. Multiplying both sides of the master
equation by e’*” and summing over r gives

oo

= Y "Py(r)= ("), (2.1.3)

k=0 r=—o0

Gn(k) = (pe* + ge ™)Gy_1 (k).
Assuming that the particle starts at the origin, Py(r) = 0,0 and Go(k) = 1, we have
Gy (k) = u(k)N  u(k) = pe* +ge*.

Here u(k) is the discrete Fourier transform of the single-step hopping probability.
Finally, taking the inverse Fourier transform,
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when N +r is an even integer and zero otherwise. We have used the result
(see Box 2A)

T (N— dk
[ﬂe ik(N 2m+r)ﬁ _ 6N+r72m-



38 2 Diffusion in Cells: Random Walks and Brownian Motion

0.3

0.25

0.2

Ppy(m)

0.15

01

0.05

Fig. 2.2: Binomial distribution for N = 6 and p = g = 1/2. Also shown is a Gaussian fit of the
binomial distribution

The distribution (2.1.4) is known as the binomial distribution (see Fig.2.2). In the
unbiased case p = g = 1/2, it gives the probability of a total of » heads in tossing a
fair coin N times and is known as the Bernoulli distribution.

Evaluating log Py(r) for large N using Stirling’s approximation

1
logN! ~ NlogN — N + 510g(27rN), (2.1.5)

and assuming p,q =~ 1/2, one finds that (see Ex. 2.1 for the unbiased case)

1
Py(r) ~ me*[f*NU’*W/ZN . (2.1.6)

Indeed, the Gaussian form of Py(r) in the long-time limit arises universally when-
ever the mean and variance of the displacement Ar = r—’ in a single step are finite,
that is,

(Ar) = ZArp(Ar) < oo, (Ar2> = Z(Ar)zp(Ar) < oo,
Ar Ar

where p(Ar) is the probability of a step of length Ar. In the standard 1D random
walk, Ar = £1 and p(1) = p,p(—1) = g. One way to see this is to note that u(k)
has the small-k series expansion
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u(k) = 34" p(Ar)
Ar

1
= 1 +ik(Ar) — Ek2<Ar2> +...

o oik(Ar) =32 ([Ar—(AnP)

Substituting this approximation into the first line of equation (2.1.4) using the fact
that the integral is dominated by the behavior in the region around k£ = 0 when N is
large, the resulting Gaussian integral yields the approximation

1 2 2
~ —(r—=N(Ar))"/2No
Py(r) ZnNGZe , 2.1.7)

with 6% = (Ar?) — (Ar)?. This result is a consequence of the central limit theorem
[242] (see also Sect. 1.3).

Another useful quantity when analyzing random walks is the generating function
(discrete Laplace transform or one-sided z-transform):

I(rz) =Y, "Py(r). 2.1.8)
N=0
It is often simpler to evaluate the generating function in Fourier space,

I'(k,z) = i e (rz) = i NGy (k),

F=-—o0 N=0

assuming that we can reverse the order of summations. Since Gy (k) = u(k)¥

can sum the resulting geometric series to obtain the result
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Fig. 2.3: A random walk on a 2D square lattice with py + g, +py +¢qy, =1
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The generating function is thus given by the inverse Fourier transform

T e*l’kr dk
M= %
(n2) Ln’ 1—zu(k) 27

It can be shown (see Ex.2.2) that for r = 0 and p = ¢ = 1/2 (unbiased random
walk),
ro,z)=1-z22)""2

One immediate consequence of this result is that an unbiased 1D random walk is
recurrent, which means that the walker is certain to return to the origin; a random
walk is said to be transient if the probability of returning to the origin is less than
one. Recurrence follows from the observation that I"(0, 1) = X%_, Py (0) is the mean
number of times that the walker visits the origin, and

lim I"(0,z) =

=1
for the 1D random walk. Interestingly, although the 1D random walk is recurrent, the
mean time to return to the origin for the first time is infinite. This result can also be
established using transform methods and generating functions (see Ex.2.11). An un-
biased random walk in 2D is also recurrent, but in 3D it is transient. An example
of a 2D random walk is illustrated in Fig.2.3. Finally, note that discrete random
walks have also been used to describe the coiling of flexible polymers [53, 295]
(see Sect.4.5).

Box 2A. Transform methods.

Throughout this book we will make extensive use of transform methods,
in particular, Laplace and Fourier integral transforms and their discrete
analogs. Here we provide a basic introduction to such methods (see also
[395]).

Laplace transforms. Let u(r) be a piecewise continuous function that is
of exponential order, that is,

u(t) < ce”, ast— oo,

for constants a,c > 0. The Laplace transform of u is defined by
Luls) = ils) = / u(t)eds, (2.1.9)
0

and one often writes .2 u = ii. The Laplace transform operator . is linear,
since
f(clul =F c2u2) =1 Lu+cr Luy

for constants cy,c. One of the important features of the Laplace trans-
form (and the Fourier transform) is that it converts differential operations
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in the time domain into multiplication operations in the transform do-
main. For example, setting u’' = du /dt etc.,

L (s) = sii(s) — u(0) (2.1.10a)
2" (s) = s%ii(s) — su(0) — ' (0), (2.1.10b)

which can be proved using integration by parts. It follows that Laplace
transforming an ordinary differential equation for u(¢) yields an algebraic
equation for (s). The most difficult step, once one has solved the alge-
braic equation, is to find the inverse Laplace transform to recover u(z).
The general formula for the inverse transform requires knowledge of con-
tour integration and takes the form

u(t) = 2 i) = ﬁ / " d(s)etds. (2.1.11)

The complex contour integral is taken over the infinite vertical line (the
Bromwich path) in the complex plane from a — ico to a + ico. The real
number a is chosen so that the Bromwich path lies to the right of any sin-
gularities (poles, branch points and cuts, essential points) of the function
ii(s). The evaluation of the contour integral is often difficult. However,
many of the Laplace transforms encountered in this book can be found
in Table 2.1. One additional useful property of Laplace transforms is ex-
pressed by the convolution theorem.

Theorem 2.1. Let u and v be piecewise continuous for t > 0 and of expo-
nential order. Then

ZL(uxv)(s)=u(s)v(s), (2.1.12)

where .
uxv(t) E/ u(t —y)v(y)dy (2.1.13)

0
is the convolution of u and v. It immediately follows that £~ (V) = uxv.

In the case of a discrete-time linear process, we can use a discrete
version of the Laplace transform (also known as a one-sided z-transform)

i(z) = i Zup. (2.1.14)
n=0

Applying this to the first-order difference equation u, = au,—| forn > 1
yields

=

u
n=0

41
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The series converges provided that |az| < 1, in which case we immedi-
ately see that u, = a”up. More generally, the inverse z-transform is given
by the complex integral around a closed contour C around the origin in
the z-plane that does not contain any singularities of (z):

i(z) dz
Up = Ay (2.1.15)
However, one often avoids using contour integration by simply Taylor
expanding the z-transform in powers of z and reading off the coefficient
of z", as in the above example.
Fourier transforms. The Fourier transform of a function of one variable
u(x), x € R, is defined by the equation

=

Fu(k) = a(k) = / u(x)e™dx. (2.1.16)

—oo
The corresponding inverse Fourier transform is

1

FZx) = —
i(x) o

/ a(k)e "dk. 2.1.17)
An important issue is to determine the set of functions for which the
Fourier transform (and its inverse) is well defined. For example, if u is
integrable on R so that [ |u(x)|dx < e, then

/w u(x)e®dx

—oo

()] = < [ wldr <,

and 7 exists. However, the latter may itself not be integrable. Therefore, in
the application of Fourier transforms, it is common to restrict « to a much
smaller class of functions such as the space of square-integrable functions
denoted by L?(R). A few important properties of the Fourier transform
are as follow. First, it converts derivatives into algebraic expressions, that
is,

Fu" (k) = (—ik)"a(k), (2.1.18)

where 1" denotes the nth derivative of u, and assuming that u, and its
derivatives are continuous and integrable. There also exists a convolution
theorem.

Theorem 2.2. If u and v are in L*(R), then uxv € L*(R) and
F(ux*v)(k) =a(k)b(k), (2.1.19)

where

(wxv)(x) = /jou(x—y)v(y)dy. (2.1.20)
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Proof. The theorem is established by interchanging the order of
integration:

F(urv)(k) = [ Z < [ Zu(x— y)v(y)dy) e dx
_ /7 - < /7 B u(x—y)v(y)e”“dx) dy
_ / < / )e‘k’e‘kydr> dy

[t [ syt

Yet another useful property is Parseval’s theorem

0o 1 0o
[m|u(x)|2dx= ﬁ[w|ﬁ(k)|2dk. (2.1.21)

Just as one can define a discrete Laplace transform for discrete-time
processes, one can also introduce a discrete Fourier transform of spatial
processes such as a random walk, which are defined on a discrete lattice.
Therefore, suppose that u is a function on the space of integers Z. The
discrete Fourier transform of u is defined according to

=

(Fu)(k)=dik) =Y, u(r)e™, (2.1.22)

r=—oco

where k is now restricted to the finite domain (—, 7). The intuition be-
hind this is that for |k| > 7, the spatial oscillations cos(kr) and sin(kr)
probe the function on spatial scales smaller than a unit lattice spacing
where there is no information and are thus redundant. The inverse trans-
form is

w(r)= / " atkpe Ik (2.1.23)

- 21

This is straightforward to prove using the identities

dk 1 , .
lk(r s5) &R in(r—s) _ o—in(r—s)| _
/771 2n 27rl(r—s) {e ¢ } O forr#s,

and [” dk/2m = 1. That is, substituting for 4(k) in the inverse transform
and revering the order of integration and summation,



44 2 Diffusion in Cells: Random Walks and Brownian Motion

i o dk i = 1 o dk
S —ikr _ E : iks —ikr
/,,,u(k)e 2 /,,, ( e ) ¢ 2

§=—00

= i u(s) /n eik(s_’)% = i u(s)8s,r = u(r).

§=—00 - §=—o00

Note that the discrete Fourier transform should be distinguished from a
Fourier series, which is an expansion of a periodic function of x in terms
of a countable set of Fourier components. In other words, in a Fourier
series k is unbounded but takes discrete values. Finally, consider a higher-
dimensional square lattice with points £ = n;i+ nyj. The corresponding
discrete Fourier transform (for d = 2) is

oo =

(Fu)k)=ak)= Y Y u(L)e**, (2.1.24)
N|=—%0N)=—0°
with Kk the dual vector
k:kli+k2j7 k17k2€(_ﬂ"77r)'

We will consider more general planar lattices (thombic, hexagonal) and
discrete Fourier transforms in Sect. 9.1.

(D) F10) (D) FI0)

1 s7hs>0 f)e ™ f(s+a)

ed! L s>a 6(t—a) exp(—as)

" S”’%, s>0 H(t—a)f(t—a) fls)e=
sin(at), cos(at) | =iz, oim $>0 erf(v/f) s 145712, 5>0
sinh(ar), cosh(ar) | 3%, 25 s>la| | 17'2exp(—a?/41) |\/m/sexp(—ar/s), >0
e sin(br) (S_a)ﬁ s>a 1 —erf(a/2/1) s~ lexp(—ay/s), s>0
e cos(bt) (S_fl)ﬁ, s>a |35 exp(—a®/4t) Vrexp(—ay/s), s>0

Table 2.1: Some common Laplace transforms
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2.1.1 Continuum Limit of a Random Walk

Having analyzed the discrete random walk, it is now possible to take an appropriate
continuum limit to obtain a diffusion equation in continuous space and time. First,
introduce infinitesimal step lengths dx and 8¢ for space and time and set Py(r) =
p(x,1)0x with x = réx,r = N§z. Substituting into the master equation (2.1.1) gives
the following equation for the probability density p (x,7):

p(x,1) = pp(x — 6x,t — 6t) + gp (x + dx,t — 6¢)

ap e  (pra)dp .,
= t)——=—6t|—(p—q)=—0x+——=—=36
r+a) pl)~ 28] - (-9 Lo+ LTI B 5e,
where p has been Taylor expanded to first order in 67 and to second order in d.x. Note
that p 4+ g = 1. Dividing through by 8¢ and taking the continuum limit §x, 57 — 0
such that the quantities V, D are finite, where

ox 5x2
V= lim —q)=, D= lim —,
5)(,5[—)0(1) 9) ot 5x,5t—0 26t

yields the advection—diffusion equation with constant drift V and diffusivity D:

ot ox ox?

Note that p = 0.5+ kdx and ¢ = 0.5 — kdx with ¥ = O(1). For the moment, we
will focus on the case of zero drift (V = 0), for which Eq. (2.1.25) reduces to the
standard diffusion equation.

Although we have derived the diffusion equation from an unbiased random walk,
it is more typically interpreted in terms of an evolution equation for a conserved
quantity such as particle number rather than a probability density for a single ran-
dom walker. In order to link these two interpretations, consider N noninteracting,
identical diffusing particles and let u(x,7) = Np(x,t). For sufficiently large N, we
can treat u(x,t)dx as the deterministic number of particles in the infinitesimal in-
terval [x,x + dx] at time ¢, with u(x,) evolving according to the diffusion equation
written in the conservation form

du aJ du
= =30 Jwi)=-D, (2.1.26)

Ipet) __,olpn] [ 0%p(e) (2.1.25)

where J(x,7) is the Fickian flux of particles. Integrating the diffusion equa-
tion (2.1.26) over the interval [x,x + dx] and reversing the order of integration
and differentiation show that

d

x+dx
S undy = (e~ T+ dn),
X
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which is an expression of particle conservation. That is, the rate of change of the
number of particles in [x,x 4 dx] is equal to the net flux crossing the endpoints of
the interval. Consider the initial value problem

du _ D&uz

> W,xER,t>O; u(x,0) = f(x),x e R,

where f(x) specifies the initial data. For simplicity, we assume that u, f € L*(R),
that is, they are square-integrable. Taking Fourier transforms of the equation with
respect to x gives
di(k,t)
ot

which is an ODE in ¢ with k treated as a parameter. Its solution is

= —k’Di(k,1),

i(k,t) = c(k)e ",

with the coefficient c(k) determined by the initial data. That is, Fourier transforming
the initial condition implies i(k,0) = f(k) and, hence,

a(k,t) = f(k)e ¥

Applying the convolution Theorem 2.2, we have

ux,t) = /;K(x =) f(y)dy,

where K (x,1) is the inverse Fourier transform of e <2
K(x,t) = o /°° kg kD g L2
’ 27 J V4nDt

We thus obtain the result

1
vV4nrDt

Note the above solution still holds if we relax the requirement f,u € L*>(R). In
particular, if we take the initial condition f(x) = §(x), where & (x) is the Dirac delta
function (see Box 2B), then we obtain the so-called fundamental solution

u(x,t) =

/ﬁ T e A () gy, (2.1.27)

1 —x% /4Dt
u(x,t) = ——e . 2.1.28
W= VoD (2.1.28)

(Strictly speaking, u(x,7) is a weak solution of the underlying diffusion equation
[554].) Also observe that the fundamental solution corresponds to the continuum
limit of the Gaussian distribution (2.1.7) for an unbiased random walk.
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Box 2B. The Dirac delta function

A heuristic definition of the Dirac delta function would be that it is a
“function” with the following properties:

5(0) = oo, &(x) =0 forall x£0, /R5(x)dx:1.

However, this definition is not compatible with the classical concept of
a function. A rigorous definition of the Dirac delta function requires the
theory of generalized functions or distributions [554]. However, an oper-
ational definition of the Dirac delta function can be constructed in terms
of the limit of a sequence of Heaviside functions. Let H(x) = 1 if x > 0
and H(x) = 0 if x < 0. It follows from this definition that

Ie(x) = “ 10 otherwise

H(x+¢&)—H(x—¢€) {% if —e<x<e
2¢e

It can be seen that I (x) has the following properties, (see Fig.2.4):

(i) For all € > 0,
1
/Rls(x)dx=£><2£:1.
(ii)
. [0 ifx#0
ilg})lg(x)_{oo ifx=0

(iii) If @(x) is a smooth function that vanishes outside a bounded interval
(a test function), then

[1e@owar= 5 [ otix =, 0(0)

_¢ e—0

1/2¢ e—»(

—€ €

Fig. 2.4: Approximation of Dirac delta function

47
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The third property suggests that we can define the Dirac delta function
in terms of how it acts on test functions. Thus the Dirac delta function is
defined as a distribution with the following properties:

/R5(x)dx:1, /RS(x)(p(x)dx:(p(O).

One can also introduce a shifted Dirac delta function d,(x) = 8(x —y),

[a@ar=1. [ 8§xewdr= [ s(=p@dx=o0).
The Heaviside construction also suggests that we can formally write

H'(x) = 6(x), although again this only really makes sense in terms of
test functions:

| H @ewdx=H@eW]; - [ HEwe ()dr=— [ ¢/(x)ax=9(0)

We have used integration by parts and the fact that ¢(x) = 0 at x = oo.
Finally, note that alternative representations of the Dirac delta function
include the Fourier integral,

8(x) = % [ Ze’ik"dk, (2.1.29)

and the r — 0 limit of the fundamental solution (2.1.28),

1 2
1 —2 /4D
o(x) }gl& o te . (2.1.30)

2.2 Continuous Stochastic Processes and the Fokker-Planck
(FP) Equation

So far we have considered one approach to modeling diffusive processes, which is
based on the continuum limit of a random walk; the resulting diffusion equation
can be interpreted at the macroscopic level in terms of an equation for particle con-
servation. In this section we consider an alternative approach to modeling diffusion
based on a microscopic particle moving in a fluid, such as the aqueous environment
found within the interior of a cell (the cytoplasm or cytosol). The motion of the
particle is modeled in terms of a continuous stochastic process evolving according
to a Langevin equation or SDE. The probability density of this stochastic process
satisfies a generalization of the diffusion equation known as the Fokker—Planck (FP)
equation.
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2.2.1 Derivation of the FP Equation from a Langevin Equation

Consider a microscopic particle such as a macromolecule moving within the cyto-
plasm of a cell that it is subject to some external force of size F. Collisions with
fluid molecules have two distinct effects. First, they induce an apparent diffusive or
Brownian motion of the particle, and second they generate an effective frictional
force that opposes motion induced by the external force. In the case of microscopic
particles, water acts as a highly viscous medium (low Reynolds number) so that any
particle quickly approaches terminal velocity and inertial effects can be ignored (see
also Box 5B). The effects of all collisions on the motion of the particle can then be
represented in terms of the Langevin equation or SDE [204]

i ”w
05} i
B

i} J

Ar 15
08 1

=10 1 1 1 L
0 5 10 15 20 %
Fig. 2.5: Sample path of a Wiener process
F(X) o
dX(t) = Tdt +V2DdW () 2.2.1)

where X (¢) is the stochastic position of the particle at time ¢, y is a drag coefficient,
and W (z) is a so-called Wiener process whose differential dW (¢) is a Gaussian ran-
dom variable with

(dW(t)) =0, (@W(t)dW(t'))=6(t—1")drdt, (2.2.2)
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where 6(¢) is the Dirac delta function (Box 2B). Mathematically speaking, W (¢)
is a continuous but everywhere non-differentiable function of time ¢ (see Fig.2.5).
For the moment, we simply view W (z) as a formal representation of the effects of
a fluctuating environment. A more mathematical treatment of W (¢) and SDEs is
presented in Sect. 2.6, together with methods for numerically simulating an SDE
(see also the review by Higham [259]).

Suppose, for the moment, that F is a constant. Formally integrating Eq. (2.2.1)
with X (0) = 0 shows that

X (1) :Vt+\/ﬁ/(:dW(t’)

with V = F/y the terminal velocity. Averaging with respect to the noise then
implies that

(X(1))y=Vr, ((X(t)—Vr)?) =2Dr.

That is,
(X ()= Vi)2) = 2D</Ot aw(¢') /Ot AW (")) = 2D/Ot /0, (W (¢ )dw ("))
= ZD/OI /OI 6(f' —1"ydt'at" = 2D /Ot dt' =2Dt.

Hence, the MSD about the deterministic trajectory varies as 2D¢, which suggests
identifying D as a diffusion coefficient. Moreover, X (¢) is itself a Gaussian process
whose probability density p(x,z) is given by the Gaussian distribution (2.1.28)
assuming the initial condition p(x,0) = &(x). Thus, the probability density of a
Brownian particle moving under the action of a constant force obeys an advection—
diffusion equation of the form (2.1.25). We would like to extend this framework to
the case of an x-dependent force, for which p(x,7) is known to satisfy a more general
Fokker—Planck (FP) equation.

We will consider a derivation of the FP equation applicable for a position-
dependent force F (x) along similar lines to Gardiner [204]. Since X (¢) is a stochastic
variable, each simulation of the Langevin equation generates one sample out of the
set of all possible trajectories. This motivates an alternative way of thinking about
such a stochastic process, namely in terms of the conditional probability density
p(x,txo,t0) that the particle is at x at time ¢, given that it started at x at time fo.
Exploiting the fact that the stochastic process is Markovian, that is, X (f + At) only
depends on the state at the previous time step X (¢), it follows that p(x,#|xq,#o) satis-
fies the Chapman—Kolmogorov equation (Sect. 2.6)

p(x,t|x0,t0)=/ plx,t|xX ) p(X ¢ |xo,t0)dx’ (2.2.3)
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for any ' € [to,]. Such an equation is a defining property of a continuous Markov
process. Consider an infinitesimal version of this equation by taking ¢ — 7 + At,
" — 1 and setting w(x,1;u,At) = p(x+u,t + At|x,1):

p(x,t—l—At):/ w(x —u,t;u,At)p(x —u,t)du,

where the initial argument (xg,#y) has been suppressed. Now suppose that over a
sufficiently small time window At, large jumps u in position are highly unlikely, so
that u can be treated as a small variable (It is possible to relax this requirement - one
then obtains integral terms in the evolution equation for p(x,) that represent finite
jumps between states, see also Ex. 2.3). Taylor expanding with respect to u gives

p(x7t+At) = O(O(x,t)p(x,t) - a)c[ocl (x,t)p(x,t)] + %a)gx[aZ(xat)p(xat)] +.
(2.2.4)

where

Oc,,(x,t)z/ w(x,t;u, At)u"du.

The Langevin equation (2.2.1) can be used to calculate the coefficients o,. First,
rewrite Eq. (2.2.1) in the infinitesimal form

X(t+At) =x+F(x)At/y+V2DAW (1),
given that X (r) = x. This implies that the transition probability w can be written as

w(x,t;u,At) = (6(x+u—X(t+ At)))
= (8(u—F(x)At/y—V2DAW (1)),
:/ S(u—F(x)At/y— V2DAW (1)) p(AW (1))

where p is the probability density of AW (¢). Since
t+At
AW (1) = / aw (s)
t

it follows that AW (¢) is a Gaussian random variable with zero mean and variance
At; the corresponding probability density is

1 2
AW _ —AW /ZAI'
PAW) =\ 524

Hence, averaging with respect to AW (¢),

1
W50, A1) = || e PG aoar
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It follows that
=1, oy =F(x)At]y, op=2DAt+03,

and o, = O(At?) for m > 2. Substituting these results into Eq. (2.2.4) and taking
the limit A# — O finally leads to the Fokker—Planck (FP) equation

ap(x,1) _la[F(x)p(x,l‘)] +D82p(x,l)'

ot Y dx dx?

(2.2.5)

Note that in the limit D — 0, the FP equation reduces to the so-called Liouiville
equation. The latter has a general solution of the form

plxt) = [ 8= 0(t.%0))px0)dxo

where ¢ (7,x0) is the solution to the deterministic equation x = F(x)/y with initial
condition x(0) = xp and p(xp) is a probability density over initial conditions. Thus
p(x,t) represents a distribution of deterministic trajectories with p(x,0) = p(x).

The 1D FP equation (2.2.5) can be rewritten as a probability conservation law
according to

dp(x,t) _ dJ(xt)

ot ox '’

(2.2.6)

where
ap(x,t)

= (2.2.7)

1
J(xat) = )—/F(x)p(x,t) -D
is the probability flux. An equilibrium steady-state solution corresponds to the con-
ditions dp/dt = 0 and J = 0. This leads to the first-order ODE for the equilibrium
density P(x): DP'(x) — y~'F(x)P(x) = 0, which has the solution

P(x) = Ne PWNP,

Here ®@(x) = — [*F(y)dy is a potential energy function and .4 is a normalization
factor (assuming that it exists). Comparison of the equilibrium distribution with the
Boltzmann—Gibbs distribution (1.4.5) (see Sect. 1.4) yields the Einstein relation

Dy = kgT, (2.2.8)

where T is the temperature (in degrees Kelvin) and kg ~ 1.4 x 10723 JK ! is the
Boltzmann constant. This formula relates the variance of environmental fluctuations
to the strength of dissipative forces and the temperature. In the case of a sphere of
radius R moving in a fluid of viscosity 1, Stoke’s formula can be used, that is,
y = 6mnR. For water at room temperature, 1 ~ 10 3kgm~'s~! so that a particle
of radius R = 10~? m has a diffusion coefficient D ~ 100um?s~!.

It is straightforward to generalize the Langevin equation (2.2.1) to higher dimen-
sions. Assuming for simplicity isotropic diffusion and friction, Eq. (2.2.1) becomes

F(X
dX; = %dhu/zpdm(z), i=1,....d (2.2.9)
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with
(dW(1)) =0, (dW;(1)dW;(t")) = & ;6(t —1t')drdr'. (2.2.10)
The corresponding multivariate FP equation is
t 1
apg’ ) = —7—/V- [F(x)p(x,1)] + DV2p(x,1) (2.2.11)

and the probability flux is given by the vector field
F
J(x,t) = %p(x,t) —DVp(x,t). (2.2.12)

Here V denotes the gradient operator, which in Cartesian coordinates x = (x,y,z)
(for d = 3) takes the form

.d .0 d

with i the unit vector in the x-direction. Similarly, V? is the Laplacian operator

2 9? 2 9?
Vi=Vv= dx? * dy? +azz'

Note that the Langevin equation (2.2.1) or (2.2.9) represents diffusive-like motion
from the probabilistic perspective of a single microscopic particle moving in a fluid
medium. However, it is possible to reinterpret Eq.(2.2.5) or (2.2.11) as a deter-
ministic advection-diffusion equation for the concentration u(x,) of many particles
(see also Sect. 2.1.1). That is, ignoring any interactions or correlations between the
particles, set u(x,t) = Np(x,t) where N is the total number of particles (assumed
large). Multiplying both sides of Eq.(2.2.5) by N then leads to the corresponding
Smoluchowski equation for u(x,t) with NJ(x,t) interpreted as the particle flux aris-
ing from a combination of advection and Fickian diffusion. One example is the
well-known Nernst—Planck equation for electrodiffusion (see Ex.2.4). However,
the relationship between macroscopic and microscopic formulations is more com-
plicated when chemical reactions are included. Macroscopically, reactions are de-
scribed in terms of the deterministic law of mass action (see Sect.3.1), whereas
microscopically they are modeled stochastically using a chemical master equation.
Differences between the two levels of modeling become significant when the num-
ber of interacting molecules becomes small [651]. From the macroscopic picture of
Fickian diffusion, the conservation equation dyu = —V - J can lead to two different
forms of the diffusion equation, depending on whether J(x,7) = —V[D(x)u(x,t)] or
J(x,t) = —D(x)Vu(x,t). (These are equivalent when D is a constant.) In order to
distinguish between the two cases, it is necessary to incorporate details regarding
the microscopic dynamics using, for example, kinetic theory [77]. The situation is
even more complicated in anisotropic heterogeneous media, where it is no longer
possible to characterize the rate of diffusion in terms of a single coefficient. One
now needs to consider a diffusion tensor; see the example of active transport on
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microtubular networks in Sect.7.4. Irrespective of the particular interpretation of
the FP equation (2.2.11), mathematically speaking, it is a deterministic PDE that
can be analyzed using the various methods outlined in Sect. 2.5 for the diffusion
equation.

2.2.2 Boundary Conditions for the FP Equation

In our study of a random walker in Sect. 2.1, we assumed that the domain was un-
bounded. However, diffusion of a particle within a cell is bounded and often re-
stricted to a subcellular compartment that has a complex geometry. Therefore, it is
necessary to specify the domain € C R¢ over which the FPE is defined and to in-
troduce boundary conditions on d€2, where dQ denotes the boundary of €. First
consider the one-dimensional case (d = 1) with the FP equation (2.2.5) defined on
the finite interval x € [0, L]. This could represent the domain of a narrow ion channel
(see Sect. 7.3) or a microtubular filament along which a molecular motor transports
cargo (see Chap. 4). The two most common types of boundary condition at the ends
x =0, L are the Dirichlet and Neumann boundary conditions. For example, at x =0

p(0,1) = f(¢) (Dirichlet) or J(0,¢) = g(¢) (Neumann), (2.2.13)

where J(x,7) is the probability flux (2.2.7) and f, g are prescribed functions of time
t, which could be time-independent. A homogeneous Dirichlet boundary condition
(f =0) is often called an absorbing boundary condition, whereas a homogeneous
Neumann boundary condition (g = 0) is often called a no-flux or reflecting boundary
condition. The analogous boundary conditions in higher dimensions (d = 2,3) [see
Eq.(2.2.11)], are

p(x,t) = f(x,t) (Dirichlet) or J(x,#)-n(x) = g(x,¢) (Neumann) for all x € d€2,
(2.2.14)

where n(x) is the unit outward normal to the boundary at x € d€. It is also possible
to have mixed boundary conditions, in which dQ2 = dQp U dQy with Dirichlet
on dQp and Neumann on dQy (see Sect.7.2). Alternatively, a boundary may be
partially absorbing, in which case we have the Robin boundary condition

p(x,t)+oJ(x,¢)-n(x)=0, o>0.

Consider the particular case of a homogeneous Neumann boundary condition.
Integrating the FP equation (2.2.11) over the domain €2, and reversing the order
of integration and time differentiation, yields

dt/pxt /Vth /th =0, (22.15)

where we have used the divergence theorem [395] and imposed the boundary con-
dition. Hence, in the case of a FPE with reflecting boundaries, the total probability
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P = [, p(x,t)dx is conserved, that is, dP/dt = 0, and the system typically con-
verges to a nontrivial stationary state. On the other hand, the total probability is
not conserved in the case of an absorbing boundary, which arises in FPT prob-
lems (Sect. 2.3). From the PDE perspective, there are well-established methods for
solving boundary value problems for the FPE, some of which will be illustrated in
Sect. 2.5 for the simpler diffusion equation.

2.2.3 The Ornstein—-Uhlenbeck Process

Consider the SDE
dX = —kXdt+V2DdW (1), (2.2.16)

where W (t) is a Wiener process, and assume a fixed initial condition X (0) = Xj.
(A Gaussian-distributed initial condition is considered in Ex. 2.5.) One way to solve
this equation is to perform the change of variables Y (r) = X (¢)eX. Then

dY(t)=Y(X(t+dt),t+dt)—Y(X,t) =Y (X +dX,t+dt) - Y(X,t)
= (X +dX)ek+) _ xel — kxeldr +eMdx
= kXeNdt 4 e¥ [ kX dt +V2DdW) = V2De" dW ().

The SDE for Y () can now be integrated to give
1 /
Y(1) = Yo+ V2D / & aw (1),
0

that is,
4 !
X(t) = Xoe ™8 +V2D / e K=aw (t'). (2.2.17)
JO

Given the explicit solution for X, we can now evaluate the mean and variance using
properties of the Wiener process. First,

4 !
(X (1)) = Xoe ™ +v/2D / e W (1)) = Xoe M,
0
since (dW) = 0. Similarly,

(X (1) = (X(1))]*) = 2D / ki) / =) (dW (s)aw (s'))
JO 0
_op [ =95 = B (g _ 2
_21)/0 2K1=5) gy = (1 2kt (2.2.18)

Note that in the limit £ — 0, we recover the MSD of 1D Brownian motion. (The use
of a change of variables to solve a Langevin equation is also considered in Ex.2.6.)
Equation (2.2.5) implies that the FP equation for the OU process is

dp(x,t)  dkxp(x,1)] d%p(x,t1)

Era E +D FIa (2.2.19)




56 2 Diffusion in Cells: Random Walks and Brownian Motion

Taking a fixed (deterministic) initial condition X (0) = xo, the initial condition of the
FP equation is
p(x,0) = 8(x—xp).

Introduce the characteristic function (Fourier transform)
I(z,0) = / e p(x,1)dx.

Fourier transforming the FP equation shows that I" satisfies the PDE (see Ex. 2.5):

ar ar

“— +kz—= = -DT. 2.2.20

5 Tk 3z 4 ( )
This can be solved using separation of variables (see Sect.2.5) or the method of
characteristics (see Sect. 3.6). The result is

D 2
F(z1)=exp|—5—(1—e ) 4izge ™|,

2k

so that on applying the inverse Fourier transform (see Box 2A), we obtain the
probability density

1 o~ (r—x0e )2/ (2D[1 -2 /i) (2.2.21)

P = D e '

Note that

1 2
lim p(x,1) = ps(x) = ———=e* /2D
fimp(c) =) =

)

which is the stationary probability density.
Finally, note that the multivariate version of the OU process is given by

N N
dX; = —

AijXjdt + Y BijdW;(t), X(0)=x. (2.2.22)

Jj=1 j=1

The solution can be expressed formally in the matrix form (see Ex.2.7)
4 !
X(1) =e M+ / e ABAW(1).
0

It can then be shown that the covariance matrix X(¢) with components
Zij (1) = ([Xi(t) = KD [X; (1) = (X;(1))])
satisfies the matrix equation

dX(t)
dt

=—AX(t) - XZ(1)A" +BB’.
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It follows that if A has distinct eigenvalues with positive real part, then X(7) — X
where X is the stationary covariance matrix satisfying the Riccati equation

A+ AT =BBT. (2.2.23)

The multivariate OU process will play an important role in the analysis of gene
networks (see Chap. 6).

2.2.4 Multiplicative Noise

So far we have assumed that the diffusion coefficient in the Langevin equa-
tion (2.2.1) is position-independent, that is, the noise term is additive. The situation
is considerably more involved when the term multiplying dW (z) depends on X (¢),
that is, when the noise term is multiplicative. The scalar Langevin equation then
takes the form

dX (1) = A(X)dt +B(X)dW(r). (2.2.24)

The difficulty arises since, in order to construct a solution of the SDE, we have to
deal with stochastic integrals of the form [ A(X(¢))dW (¢). Here we give a heuris-
tic discussion of the issue—a more detailed discussion can be found in Sect.2.6
(see also [204, 651]). Suppose for the moment that X (¢) and W (¢) are deterministic
functions of time, and we can apply the theory of Riemann integration. That is, we
partition the time interval [0, 7] into N equal intervals of size Ar with NA7 =t and
identify the value of the integral with the unique limit (assuming it exists)

N-1

lim. ;)A([l —o)Xj+ oXjy1)AW,
for 0 < o < 1, where AW; = W((j+ 1)Ar) — W(jAt) and X; = X(jAt). In the
deterministic case, the integral is independent of ¢. Unfortunately, this is no longer
true when we have a stochastic integral. One way to see this is to note that the AW;
are independent random variables. Hence, A is only statistically independent of AW;
when o = 0, which is the Ifo definition of stochastic integration. On the other hand,
when o = 1/2 we have the Stratonovich version. It turns out that the form of the
corresponding FP equation also depends on ¢ (see Sect. 2.6). In the Ito case,

Ip(x,t) _ IAW)p(x1)] | 19*B(x)p(x.1)
o ox * 2 ox2 ’ (2.2.25)

whereas in the Stratonovich case

Ip(x,t) _ AP0 +liB(x)ai[B(x)p(x,t)]. (2.2.26)

ot ox 2 dx
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Example 2.1. Consider the Langevin equation with linear multiplicative noise inter-
preted in the sense of Ito:

dX =X ()a(t)dt + X (1)b(t)dW (). (2.2.27)

One way to solve this equation is to eliminate the multiplicative factor by perform-
ing the change of variables Y () = InX (¢). However, care must be taken when cal-
culating infinitesimals, since the normal rules of calculus no longer apply for Ito
stochastic variables; they do for Stratonovich variables. In particular, as shown in
Sect. 2.6, one has to take into account the fact that “dW?2 = dt”.

dY (1) = In(X (¢ +dt)) — InX () = In(X (t) + dX (1)) — InX () = In(1 + dX (£) /X (¢))

2
— cif(gt)) _ 621;(8‘52 = a(t)dt + b(l‘)dW(l) — % [a(t)dt + b(l)dW(t)]z

b(r)*

=a(t)dt+b(t)dW(t) — —

dt + o(dt).
Integrating this equation gives
1 1 1
Y(t)=Yo —|—/ {a(s) — Eb(s)z} ds+/ b(s)dW (s),
0 0
and exponentiating
ot 1 't
X(t) = Xpexp </ [a(s) - Eb(s)z] ds+ / b(s)dW(s)) .
Jo Jo

Some examples of 1D stochastic processes with multiplicative noise are considered
in Exs. 2.9 and 2.10.

2.2.5 Correlations and the Power Spectrum

A very useful quantity is the power spectrum of a stationary stochastic process X (),
which is defined as the Fourier transform of the autocorrelation function Cx (1),

Sy (@) = /7 Ze"wfcx(r)dr, Cx (1) = (X(O)X (1 +7)). (2.2.28)

Consider the covariance of two frequency components of X (¢):

oo

X (0)X(0)) = < /7 " EOX (1) di / )

eiw'f’x(z')dﬂ>
= / el / " (X ()X (1))t dt
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:/ eia)t/ eia)'[/ |:/ eiQ(t[’)SX(Q)Q] dr' dt
o Jw Joo 2
:/ Sx (€2) [/ ei(“’g)’dt} {/ el + Q) dt} cii)

assuming that it is possible to rearrange the order of integration. Using the Fourier
representation of the Dirac delta function (Box 2B), [ e'®dt =216 (w), we have

N - dQ
which establishes a version of the Wiener—Khinchin theorem:
X (@)X (') =27Sx(0)8(0+ o). (2.2.29)

The Fourier transform of a real-valued variable satisfies X (—®) = X*(®) so
X(0)X*(@")) =2nSx(0)5(0 — ). (2.2.30)

In the case of linear SDE:zs, it is possible to calculate the spectrum explicitly using
the notion of a white noise process. Although the derivative of the Wiener process
W (z) does not exist, there is a sense in which the autocorrelation of the derivative
does exist, which provides a useful calculational tool. For example, consider the
Ornstein—Uhlenbeck process

dX (1) = —xX(t)+dW(t).
Suppose that we formally rewrite this equation in terms of derivatives according to

‘2—X+;<X E1), (2.2.31)

where
(E(0)=0, (E@)&()=6(—1).

The term &(7) is known as Gaussian white noise. In order to have a stationary OU
process, we take the initial time to be at t = —eo. The solution can be expressed
formally in terms of the integral solution

/ G(1)E(t — 1)dr, (2.2.32)

where G(7) is known as the causal Green’s function or linear response function with
the important property that G(7) = 0 for T < 0. In the case of the OU process

G(1) = e " H(1),

where H(t) is the Heaviside function. The main point to emphasize is that al-
though &(¢) is not a mathematically well-defined object, one still obtains correct
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answers when taking expectations. For example, it is clear that in the stationary
state (X (¢)) = 0 and (for s > 0)

X()X (1 +5)) / / G(D)G(T)E(t = 1)E (1 +5— 7)) dTdT
/ / )8(s+1—1')dtd7 —/::G(T)G(T-i-s)df
_/ K(2T45) g p — 21;< —Ks.

This is the expected result for the autocorrelation function of the OU process.

One of the useful features of formally expressing a solution to a linear SDE in
the form (2.2.32) is that one can view the dynamical system as acting as a filter of
the white noise process. Applying the Wiener—Khinchin theorem to the white noise
autocorrelation function, we see that the spectrum is given by the Fourier transform
of a Dirac delta function, which is unity. However, once the noise has been passed
through a filter with linear response function G(z), the spectrum is no longer flat.
This follows from applying the convolution Theorem 2.2 of Box 2A to Eq. (2.2.32):

X(0) = G(w)E(w),

SO
218y (0)8(0 — o) = G(0)G (') (E ()" ().

Evaluating the various Fourier transforms, we have

~ < y 1
G(w):[ e’“”G(t)dt:/O e'e Mdr = ,

K—10

and
(o / ’“”/ —i0' EWE W) dl dit =2m8 (0 — ).

Hence,
1

K2+ w?’
The spectrum can be used to recover the variance by noting that

oo oo ~ do do’ o do
— X X / it ta)t _/ by
|| X@x@)eere 25— [ sy

Substituting for Sy (@) and using the identity

/“ do T
e 02+ K2 K

Sx(w) = (2.2.33)
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we see that 1
2
X(1) = 5=

Finally, note that the formal method based on white noise is only applicable to SDEs
with additive noise. In the multiplicative case, one has to use stochastic calculus (see
Sect. 2.6). In this book, we will mainly express SDEs in terms of differentials and
Wiener processes, restricting the use of white noise to the analysis of spectra in
linear SDEs, as in Sects. 6.4 and 9.3.

2.3 First Passage Time Density and the Backward FP Equation

One of the most important ways of quantifying the efficiency of diffusive transport
is in terms of the FPT to reach a target [204, 523]. In the case of intracellular trans-
port, such a target could represent a substrate for a subsequent biochemical reaction
or an exit from some bounded domain such as a chemical synapse. Consider a par-
ticle whose position evolves according to the 1D Langevin equation (2.2.1) with
motion restricted to the bounded domain x € [0, L]. (The FPT problem for a random
walk on a lattice is considered in Ex. 2.11.) Suppose that the corresponding FP equa-
tion (2.2.5) has a reflecting boundary condition at x = 0 and an absorbing boundary
condition at x = L:
J(0,7) =0, p(L,t)=0.

We would like to determine the stochastic time 7' (y) for the particle to exit the
right-hand boundary given that it starts at location y € [0, L] at time . As a first step,
we introduce the survival probability P(y,) that the particle has not yet exited the
interval at time ¢:

L
P(y,t) = /O p(x,t]y,0)dx.

It follows that Prob[T(y) <t] = 1 — P(y,#) and we can define the FPT density

according to

IP(y,t L9
f(yat):_#:_/o Ep(xatbjao)dx'

Using the FP equation written in conservation form (2.2.6), we see that

L
1) = [ A g (2, 13.0) 1 (0.110,0)) = (L. 11v.0),
due to the reflecting boundary condition at x = 0. Thus the FPT density is equal to
the flux through the absorbing boundary at x = L. In certain simple cases, the flux
can be calculated explicitly, as illustrated in Ex.2.12. However, for more general
cases, it is useful to derive explicit differential equations for moments of the FPT
density, in particular, the first moment or mean first passage time (MFPT).
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In order to derive an equation for the MFPT, it is necessary to use the so-called
backward FP equation. This can be derived from the Chapman—Kolmogorov equa-
tion (2.2.3) by differentiating both sides with respect to the intermediate time #':

0= | dupletld )p o o, t0)d + |~ pltle )y pl o o, to)dx

Using the fact that p(x','|x,%o) satisfies a forward FP equation, dy [p(x,1'|xo,%0)]
can be replaced by terms involving derivatives with respect to x’. Integrating by parts
with respect to x’ then leads to the result

0= / (O p(x,t]x ") + A(X) Dy p(x,t|x 1) +D8§x,p(x,t|x’,t’)} p(X ' |x0,10)dx

where A(x) = F(x)/y. Since p is positive, it follows that the expression in square
brackets vanishes. Using time translation invariance,

Ay p(x,t|xX 1) = dup(x,0x ;¢ —t) = =0, p(x,01x',t' —t) = = p(x,t]x, 1),
then yields the backward FP equation for p:
o p(x,t1xX,1") = A(X) 9y p(x,t|x',1') + D3 s p(x,t|¥ ,1). (2.3.1)

Taking X' — y, ' = 0 and integrating with respect to x shows that P(y,), and hence
f(y,1), also satisfies a backward FP equation:

IP(y,1) OP(y1) p2°P0x)

= =A0) 5 5 (2.3.2)

The MFPT 1(y) is defined according to

1) = (TO) = [ SO

:—/ 3]Py, dt / P(y,t)
0

after integration by parts. Hence, integrating both sides of Eq. (2.3.2) shows that the
MFPT satisfies the ODE

d d?
A(y)% 4D dTy(Zy) -1 23.3)

Equation (2.3.3) is supplemented by reflecting and absorbing boundary conditions
for the backward FP equation:
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It is straightforward to solve Eq. (2.3.3) by direct integration [204]. First, introduce
the integration factor

vo) =exp (5 [ 40 ) =exp(-V0) ),

where D'A(y) = (Dy)"'F(y) = —(kgT)~'V/(y) and V() is a potential energy.
Equation (2.3.3) becomes

= vy -4
so that 1
v (y) = 5 v()dy,

where the boundary condition 7/(0) = 0 has been used. Integrating once more with
respect to y and using T(L) = 0 then gives

_ L dy/ y W()’”) "
‘L'(y)—./y ll/(y’)/o N dy”. (2.3.4)

This formula will be the starting point for analyzing escape problem in Sect. 3.3.

In the case of pure diffusion (A(x) = 0), we have y(y) = 1 and 7(y) = (L* —
y?)/2D. 1t follows that for any finite L — y, T(y) — oo as L — co. Thus, although 1D
diffusion is recurrent, i.e., the particle surely reaches the origin, the average time it
takes is infinite. (This can also be understood in terms of the scaling properties of
the FPT density.) Now suppose that L is finite and the particle starts at the left-hand
boundary. The corresponding MFPT is then T = L?> /D. Within the cytosol of cells,
macromolecules such as proteins tend to have diffusivities D < 1pm?s~!, which
is due to effects such as molecular crowding. This implies that the mean time for a
diffusing particle to travel a distance 100 um is at least 10*s (a few hours), whereas
to travel a distance 1 mm is at least 10°s (10 days). Since neurons, for example,
which are the largest cells in humans, have axonal and dendritic protrusions that can
extend from 1 mm up to 1 m, the mean travel time due to passive diffusion becomes
prohibitively large, and an active form of transport becomes essential.

It is also possible to extend the above 1D analysis to the case where the particle
can exit from either end [204, 523]. It is often of interest to keep track of which end
the particle exits, which leads to the concept of a splitting probability. Let So(x,?)
denote the probability that the particle exits at X' = 0 after time #, having started at
the point x. Then

So(x,1) = — / 70,7 |x,0)dr’
t

with ]
J(0,1}x.0) = A(0)p(0,1[x,0) = D _P@éfy'w

y=0
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Differentiating with respect to ¢ and using the backward FP equation (2.3.1) gives

3 !
aS()(X,[) :J(O,t|x,0) _ _/ aj(ovt |x70)dt/
t

ot ot
7 dSo(x,1) 9280 (x,1)
=A@ =5 +D— (2.3.5)

The hitting or splitting probability that the particle exits at x' = 0 (rather than x' = L)
is ITy(x) = So(x,0). Moreover, the probability that the particle exits after time #, con-
ditioned on definitely exiting through x’ = 0, is Prob(Ty(x) > 1) = So(x,1)/So(x,0),
where Tj(x) is the corresponding conditional FPT. Since the conditional MFPT sat-
isfies

= Prob(Ty(x) >1) (= Solx,1)
/0 ! at dr 0 So(x,O)dt

T(x) =

Equation (2.3.5) is integrated with respect to ¢ to give

A) 3170(;3610(36) n D(;ZUO(;J;TO (x)

= —ITy(x), (2.3.6)

with boundary conditions Iy (0)79(0) = ITy(L)79(L) = 0. Finally, taking the limit
t — 0 in Eq. (2.3.5) and noting that J(0,0]x,0) = 0 for x # 0,

dIlp(x)

AT L p?Th®

ox?

=0, (2.3.7)

with boundary conditions I'ly(0) = 1,TIp(L) = 0. A similar analysis can be carried
out for exit through the other end x’ = L such that ITy(x) + IT;(x) = 1.

The construction of the FPT density can also be extended to higher spatial dimen-
sions. Suppose that a particle evolves according to the Langevin equation (2.2.9) in
a compact domain £ with boundary d£2. Suppose that at time ¢ = 0 the particle is
at the point y € Q and let T (y) denote the FPT to reach any point on the boundary
dQ. The probability that the particle has not yet reached the boundary at time ¢ is

then
1= [ plxily,0)dx
Q

where p(x,t]y,0) is the solution to the multivariate FP equation (2.2.11) with an ab-
sorbing boundary condition on 2. The FPT density is again f(y,?) = —dP(y,t)/dt
which, on using Eq. (2.2.11) and the divergence theorem, can be expressed as

1.0 == [ [=AGp(x.1ly,0)+ DVp(x.ly.0)] - do
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with A = F/y. Similarly, by constructing the corresponding backward FP equation,
it can be shown that the MFPT satisfies the equation

A(y)-Vt(y) +DV1t(y) = -1 (2.3.8)

with n-V1(y) = 0 for y € dQ. Finally, note that an analogous formulation of FPTs
can be formulated for discrete Markov processes evolving according to a mas-
ter equation. (The particular case of a simple birth—death process is presented in
Sect. 6.6, within the context of a polymerization model of gene transcription.)

2.4 Diffusion-Limited Reaction Rates

2.4.1 Smoluchowski Reaction Rate

An important example of a FPT process arises in Smoluchowski rate theory for
diffusion-controlled reactions [124, 323, 523, 536, 603]. The simplest version of the
theory concerns the bimolecular reaction A + B — AB for which the concentrations
evolve according to the following law of mass action (see Sect. 3.1):

d|AB]
dt

= k[A][B].

We assume that an A molecule and a B molecule react immediately to form the
complex AB when they encounter each other within a reaction radius, so that the
speed of reaction k is limited by their encounter rate via diffusion. (Note that k
has units of volume s~!. Concentrations are typically measured in molars M with
1 molar = 1,000 moles/ m?> and 1 mole ~ 6 x 103 molecules (Avogadro’s number).)
One can then formulate the problem as an idealized first passage process, in which
one A molecule, say, is fixed and treated as the center of a spherical target domain
of reaction radius a, while the B molecules diffuse and are absorbed if they hit
the boundary of the target domain (see Fig.2.6a). It is assumed that the density
of the particles is sufficiently small, so that reactions with other A molecules have
a negligible effect on the concentration of B molecules in a neighborhood of the
target molecule. The steady-state flux to the target (if it exists) is then identified as
the mean reaction rate k across many targets. Let 2 denote the target domain and
dQ its absorbing boundary. We then need to solve the diffusion equation for the
concentration c(x,) of background molecules exterior to the domain £:

dc(x,r1)
ot

=DV%c(x,t), c(x€dQ,t)=0,c(x,0)=co,
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subject to the far-field boundary condition c¢(x,t) = ¢o for x — o. The flux through
the target boundary is

J:D/ Ve-ds.
20

Note the sign, which is due to the fact that the flux is from the exterior to the interior
of the target.

Let d denote the spatial dimension of the target. For d > 2, a diffusing particle
is transient, which means that there is a nonzero probability of never reaching the
target (see Sect.2.1). Hence, the loss of reactants by target absorption is balanced
by their resupply from infinity. It follows that there exists a steady state in which
the reaction rate is finite. On the other hand, for d < 2, reactants are sure to hit the
target (recurrent diffusion) and a depletion zone continuously develops around the
target so that the flux and reaction rate decay monotonically to zero with respect
to time. Although a reaction rate does not strictly exist, it is still useful to consider
the time-dependent flux as a time-dependent reaction rate. The two-dimensional
case is particularly important when considering interactions of molecules embedded
in the plasma membrane of a cell or the lipid bilayer surrounding an intracellular
compartment.

First consider the case of a spherical target of radius a (d = 3). Exploiting the
radial symmetry of the problem, it is possible to set u(r,#) = rc(r,¢) such that the 3D
diffusion equation for ¢ reduces to a 1D diffusion equation for u [523]:

du(r,t) Dazu(r,t)

ot or?

with u(r,0) = rcg, u(a,t) = 0 and u(r,t) = rco as r — . Laplace transforming this
equation gives sii(r,s) — rco = Dii’ (r,s), which has the solution

i(rs) = « r—aef(rfa)VS/D} .

N
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Fig. 2.6: Diffusion-limited reaction rate. (a) Diffusing molecules B in a neighborhood of a fixed
target molecule A with reaction radius a. (b) Quasi-static approximation for calculating time-
dependent reaction rate
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Since the inverse Laplace transform of s~![1 —e™" &l D1'is the error function

erf(r/v/4Dt) (see Table 2.1), where

2 (7 e
erf(z) = ﬁ/o € dr,

ctrt) = (1= %) + “Lerr | L]

one finds that

It follows that the time-dependent flux is

J(t) = 4ma®D 9¢

> (2.4.1)

r=a

a
=4maDcy | 1+ — 4dmaDcy.
0 < vV nDt) 1—oo 0

Hence, we obtain the Smoluchowski reaction rate k = 4mwaD. As highlighted by
Redner [523], it is straightforward to generalize the steady-state result to other
three-dimensional targets by making a connection with electrostatics. That is, set-
ting ¢ (x) = 1 — ¢(x)/cy in steady state, it follows that ¢ satisfies Laplace’s equation
with ¢ = 1 on the target boundary and ¢ = O at infinity, so that ¢ is equivalent to
the electrostatic potential generated by a perfectly conducting object €2 held at unit
potential. Moreover, the steady-state reaction rate k = 4wDQ where Q is the total
charge on the surface of the conductor, which for a unit potential is equal to the
capacitance, Q = C. Thus, determining the reaction rate for a general 3D target is
equivalent to finding the capacitance of a perfect conductor with the same shape
(see also [107]).

Although it is possible to calculate the exact time-dependent flux for d <2, a
much simpler method is to use a quasi-static approximation [523]. Consider, for ex-
ample, a target disk of radius » = a. The region exterior to the disk is divided into
a near zone that extends a distance /Dt from the surface and a complementary far
zone (see Fig. 2.6b). In the near zone, it is assumed that diffusing particles have suf-
ficient time to explore the domain before being absorbed by the target so that the
concentration in the near zone can be treated as almost steady or quasi-static. Con-
versely, it is assumed that the probability of a particle being absorbed by the target is
negligible in the far zone, since a particle is unlikely to diffuse more than a distance
/Dt over a time interval of length 7. Thus, ¢(r) = ¢o for r > /Dt + a. The near
zone concentration is taken to be a radially symmetric solution of Laplace’s equa-
tion, which for d = 2 is ¢(r) = A 4+ Blogr. Matching the solution to the boundary
conditions ¢(a) = 0 and c(a + v/Dt) = ¢, then gives (for /Dt > a)

c(r) ~ colog(r/a)

~N — 7

log(v/Dt /a)
The corresponding time-dependent flux is

27'EDC()

(1)~ ————

log(vDr/a)
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2.4.2 Chemoreception

In the above example, we considered a binary reaction in which the target molecule
was a perfect absorber, that is, when a diffusing particle hits the target the reaction
occurs immediately. One application of diffusion-limited reactions is to chemore-
ception. In the case of a bacterium such as E. coli, the cell surface is covered
in receptors that detect signaling molecules in the surrounding environment (see
Fig.2.7). Treating the cell as a perfect absorber assumes that there is a sufficient
number of receptors distributed on the cell surface and that binding of a signaling
molecule is instantaneous when it hits the surface. There are two major simplifi-
cations of such a model—(i) receptors tend to be nonuniformly distributed on the
cell surface and (ii) the rate of receptor/ligand binding ko, is finite. We shall address
the second issue below. The role of receptor clustering in signal amplification will
be addressed in Sect. 5.3, where we discuss the biochemical networks involved in
bacterial chemotaxis.

Consider a spherical cell with M receptors distributed uniformly across its sur-
face. Assuming that the concentration c¢(r) of signaling molecules around the cell
has reached steady state, the number of molecules absorbed per unit time is
fl_? = Mkonc(a),
where a is the radius of the cell. From mass conservation this must be balanced by
the diffusive flux through any virtual sphere of radius r, r > a, centered about the
cell:

d
—4nr?J(r) = 47rr2Dd—C = Mkonc(a),
r
which on integration yields

) —ela) - [ Manc(@) , MEoc(a) (1 1>'

« 4nDr? ~ 4nDrr \a r

Finally, using the far-field condition c¢(ee) = ¢, the concentration at the surface is

(a) =
c(a) = .
1 + Mkon/(47Da)
Hence the net absorption rate is
dxnDaMky,
= 24.2
4nDa+ Mkoy, ( )

In the limit Mk, — o we recover the result for a perfect absorber with ¢(a) — 0.
On the other hand, if Mk, < Da, then the depletion rate is so slow that ¢(a) = ¢y,
the background concentration.

Chemoreceptors allow motile E. coli to detect changes in concentration of a
chemoattractant (food source). E. coli propels itself by rotating its flagella. In or-
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Fig. 2.7: Schematic diagram of (a) a polarized cell such as E. coli with a cluster of chemoreceptors
and (b) a spherical cell with a uniform distribution of receptors

der to move forward, the flagella rotate together counter clockwise (CCW) enabling
the bacterium to “swim” at low Reynolds number. However, when the flagella ro-
tation abruptly changes to clockwise, the bacterium “tumbles” in place and seems
incapable of going anywhere. Then the bacterium begins swimming again in some
new, random direction. Swimming is more frequent as the bacterium approaches a
chemoattractant (food). Tumbling, hence direction change, is more frequent as the
bacterium moves away from the chemoattractant. It is the complex combination of
swimming and tumbling that keeps them in areas of higher food concentrations. One
important issue is why E. coli has to move in order to detect changes in concentration
rather than simply comparing differences across its body length. The answer is that
there are limitations to the sensitivity of chemoreception due to thermal noise, which
means that typical concentration changes along a cell body of size 1 um are below
the signal-to-noise ratio (SNR). This observation was first made in a classical paper
of Berg and Purcell [40], whose analysis will be presented in Sect. 5.1. One heuristic
way to estimate the sensitivity is to assume that a bacterium integrates signals from
chemoreceptors for a mean time T,y,. Assuming a perfect absorber for simplicity,
the total number of signaling molecules absorbed is then N ~ aDcT,yz. Based on the
law of large numbers, we expect fluctuations in the number of molecules to vary as
\/N . Hence,

oc N SN N 1

c N v/Dactayg '

Taking D ~ 1075 cm?/s, a ~ 1um and a typical concentration ¢ = 6 x 10'!
molecules per cm’, we have Dac ~ 600s~!. Assuming that the bacterium inte-
grates for a time Tayg ~ 1.5, then 8c/c ~ 1/30. Changes in ¢ across 1 pum are just
too small to detect. However, since the speed of motion is v ~ 10 — 20umy/s, it is
possible to sample concentration changes of a length scale up to 30 times longer.
Note that there is a limit to how large a time Ty, the bacterium can integrate a
chemical signal during a run, since rotational diffusion will interfere with the run’s
direction over longer time scales. The problem of rotational diffusion is discussed
in Ex.2.13.

(2.4.3)
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2.5 Boundary Value Problems

As we have already highlighted, diffusion within the cell is bounded and often
restricted to some subcellular compartment with complex geometry. This means
that one has to solve an initial boundary value problem for the FPE on a bounded
domain Q C R? with d = 1,2,3. In this section we describe some methods for
solving initial boundary value problems in the more specific case of the diffusion
equation (see also [395, 554]). The same methods can be applied to the FP equa-
tion, although the analysis tends to be considerably more involved when the drift
term and diffusivity are space-dependent [204].

2.5.1 Eigenfunction Expansions

Let u = u(x,r) satisfy the initial boundary value problem

%:szu, xeQ,t>0, (2.5.1)
u(x,t)=0, x€dR,t>0, u(x,0)=f(x), x€Q, (2.5.2)

where dQ2 denotes the boundary of Q. For the sake of illustration, we consider the
Dirichlet boundary condition u(x,t) = 0, x € dQ2. However, the same methods can
be applied to the Neumann or no-flux boundary condition

J(x,t) = —Dnyx-Vu(x,r) =0, x€9Q, (2.5.3)

where ny is the unit normal to the boundary at x € dQ (with the convention that
it points outward from the domain ). A standard method for solving this initial
boundary value problem is separation of variables. The first step is to substitute the
solution u(x,7) = U(x)T () into the diffusion equation to give

U(x)T'(t) = DT (t)V*U (x),

which we rewrite as
T') VUK

DT() ~ U(x)

The essential idea of the method is that A is a constant, since it cannot be both a
function of only ¢ and only x. It follows that we can separate the PDE into a spatial
part and a temporal part according to

T'(t) = —ADT(t) (2.5.4a)
~VU(x)=AU(x), x€Q, U(x)=0,x€Q, (2.5.4b)

where the Dirichlet boundary condition has been imposed on the spatial part.



2.5 Boundary Value Problems 71

Equation (2.5.4b) is an example of a boundary value problem for the negative
Laplacian —V?. For each value of A for which Eq.(2.5.4b) has a nontrivial solu-
tion U(x), A is called an eigenvalue and U (x) is the corresponding eigenfunction
(defined up to an arbitrary, nonzero, scalar multiplication). More formally, A is an
element of the discrete spectrum of the linear operator —V? acting on the given solu-
tion domain, which is often taken to be the vector space of functions L>(Q). It turns
out that the given Dirichlet problem has the following properties [554]:

1. The eigenvalues are real.

2. There are infinitely many eigenvalues that can be ordered as 0 < A; < A, <A, <
...with A, — o0 as n — oo,

3. Eigenfunctions corresponding to distinct eigenvalues are orthogonal with respect
to the standard inner product on €2, that is,

(Galon) = /Q 00 (X) 9 (x)dx = 0

when A4, # A,,. The number of linearly independent eigenfunctions associated
with a degenerate eigenvalue is finite, so that a Schmidt orthogonalization pro-
cedure can be used to make them orthogonal to each other, which we assume
below.

4. The set of eigenfunction ¢, (x) is complete in the sense that any square-integrable
function F € L*() can be uniquely represented by a generalized Fourier series

Fx)= 21¢ (), cn= j‘;"’ﬂﬁ

where ¢, are the generalized Fourier coefficients and the norm is ||¢,| =
\/(9,]¢,). This means that the truncated Fourier series converges in the L*(Q)
sense,

. N 2
./Q <f(x) - Z cn(l)n(x)) dx — 0as N — .

n=1

Note that the same properties hold when the Dirichlet boundary condition is re-
placed by the Neumann boundary condition, except that there now exists a zero
eigenvalue Ay = 0 whose eigenfunction @ (x) = constant. (This reflects the fact that
the diffusion equation has a nontrivial steady state in the case of a no-flux boundary
condition.)

Returning to Eq. (2.5.4), we immediately see that we can identify the constant
A with one of the eigenvalues A, of —V2. Solving the equation for T then shows
that we have an infinite set of solutions of the form u,(x,) = ¢,(x)e "M, Since
the diffusion equation is linear, we can apply the principle of superposition to write
down the general solution

=

u(x,1) =Y cpfu(x)e M. (2.5.5)

n=1
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Finally, imposing the initial condition requires that

oo

f(x) =3 cnn(x),

n=1

so that we can identify the ¢, as the generalized Fourier coefficients of f. That is,

1
= ol /Q F(X) ¢ (x)dx. (2.5.6)

Substituting for ¢, into the general solution and taking the eigenfunctions to have
unit normalization (||¢,||> = 1) yields

u(x,1) = ( / F¥)0uly dy) R g (%),

Formally switching the order of summation and integration (which is valid provided
that the functions are sufficiently well-behaved), the solution can be reexpressed in
the compact form

u(x,t) / K(x,y,t)f(y)dy, 2.5.7)

where .
K(xy.1) = 3, e P/ g, (x)9, (y). (25.8)

n=1

Finally, taking the limit # — 0, we deduce the completeness relation

=

D On(x)0uly) = 8(x—y). (2.5.9)

n=1

Example 2.2. Consider the following initial boundary value problem for the 1D dif-
fusion equation:

du 2%u
E_DW’ O0<x<L,t>0.
u(0,6) =0=u(L,t), t>0,

u(x,0)=f(x), 0<x<L.
After performing separation of variables, we obtain the eigenvalue problem
~U"(x)=AU(x), 0<x<L, U(0)=U(L)=0.

The eigenvalues and eigenfunctions are thus
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It follows that the general solution is given by

i 22572 . ATX
1) =Y cpe TP sin——.
L

n=1

Comparison with the initial data shows that the ¢, are the Fourier coefficients in the
series expansion of f(x),

d . NmXx
= sin —
(x) n;l Cn L I

c,,:/()Lf(é)sin%dﬁ//jsm2

Evaluating the denominator and substituting for ¢, into the general solution yields

u(x,t) = %rg (/()Lf(é)sin%d‘ﬁ)e"zﬂth/Lzsin%c.

Formally switching the order of summation and integration (which is valid provided
that the functions are sufficiently well-behaved), the solution can be reexpressed in
the compact form

and thus

o) = [ Ke £ €0,

where

—=sin—.

i 2D nn§ nux
~ LML

Some further examples of boundary value problems are considered in Exs.2.13
and 2.14.

2.5.2 Green’s Functions and Steady-State Analysis

In order for the diffusion equation to have a nontrivial steady state (time-
independent solution), it is necessary to include inhomogeneous source terms
in the PDE and/or inhomogeneous boundary conditions. Therefore, consider the
steady-state equation in d = 1,2, 3 dimensions

Vau(x) = —f(x), x€QCRY u(x)=gx),xcoQ. (2.5.10)

One way to analyze inhomogeneous equations is to use Green’s functions. The
Green’s function G(x,y) for the Dirichlet boundary value problem is defined by
the equation

2
ViG(x,y) =—6(x—y), xy€Q, G(x,y)=0, ye€dQ, (2.5.11)
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where §(x) is the Dirac delta function in R?. Hence, in Cartesian coordinates for
d =3, 6(x) = 6(x)6(y)6(z). Once one has determined the Green’s function, the
solution of the inhomogeneous boundary value problem can be obtained from the
following Green’s identity:

|| [u)V36(x.¥)  Glx.y) Vau(y)] dy
= [ V- )V, G(xy) - Gx ) Vu(y)] dy.

Applying the steady-state equations to both terms on the left-hand side and using
the divergence theorem on the right-hand side shows that

X+ [ Gy = [ [u(y)VG(x.y) = Glx.y)Vou(y)] -ndy.

where n is the outward normal along the boundary dQ. Imposing the boundary
conditions on u and G and rearranging yields the solution

=/<H&wf@My—/ 9nG(x,y)g(y)dy, (2.5.12)
Q JoQ

where d,G denotes the normal derivative of G.

From the properties of the spectrum of the negative Laplacian listed in Sect. 2.5.1,
it follows that the Green’s function has a formal expansion in terms of the complete
set of orthonormal eigenfunctions:

v (x)¢a(y)
_;—77—. (2.5.13)

This is straightforward to establish, since

< On(X)Pn(y)
V2G(x,y) = V§ <’§1 7 )
- ¢n(x)vz¢n(Y) - ¢n(x)kn¢n(Y)
=; ﬁ __E Ton
- il(pn(xm(y) ——5(x—y).

We have reversed the order of summation and integration and used the completeness
relation (2.5.9). Note that the definition of the Green’s function has to be slightly
modified in the case of Neumann boundary conditions, since there exists a zero
eigenvalue. The so-called generalized or modified Neumann Green’s function has
the eigenfunction expansion

& Oa(X)Pn(y)
_%—7Tf (2.5.14)
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Since the completeness relation (2.5.9) has to be extended to include the constant
normalized eigenfunction ¢y (x) = 1/4/|€2|, where || denotes the volume of the
bounded domain €2, we see that the Neumann Green’s function satisfies

ViG(x,y) —8(x—y). (2.5.15)

1
12|

One of the significant features of the Dirichlet or Neumann Green’s function G(X,y)
in two and three dimensions is that it is singular in the limit x — y. Moreover, these
singularities take the specific form

G(x,y) ~In(|x—y) (in2D), G(x,y) ~ |xlTy| (in 3D). (2.5.16)

The nature of these singularities is established in Box 2C.

Box 2C. The 2D and 3D Green’s function for the steady-state diffu-
sion equation.

Let us begin by considering Laplace’s equation in R?:
Vu(x) =0, xcR>

Since there are no boundaries, this equation is symmetric with respect
to rigid body translations and rotations in the plane. This implies that if
u(x) is a solution to Laplace’s equation, then so are v(x) = u(x —a) and
w(x) = u(Rgx). Here a is a constant vector and Ry is the 2 x 2 rotation
matrix about the origin

R, = ()~

This suggests that we look for a radially symmetric solution u = u(r).
Introducing polar coordinates, Laplace’s equation becomes
d’u  1du
—+—-——=0, 0<r<eo.
dr:  rdr "

The radially symmetric solution is thus of the form
u(r) =Coln(r) +C,

for constants Cp,Cy. Similarly, radially symmetric solutions in R? satisfy
Laplace’s equation

d*u 2du _

— + - =0, O )
dr’  rdr ’ Sr<ee



76 2 Diffusion in Cells: Random Walks and Brownian Motion

which has the solution o
u(r)=—>+Cr.

For convenience, choosing C; = 0, Co = 1/4r (in 3D), and Cp = —1 /27

(in 2D), we obtain the fundamental solution of the Laplace equation

K(x)= —%ln|x| (in2D), K(x)= (in 3D) .

1
4r|x|

The fundamental solution satisfies Laplace’s equation everywhere except
the origin, where it is singular. It turns out that K satisfies the equation

V2K (x) = —8(x).

We will show this for the 3D case.
Let f € L?>(IR?) be a function that vanishes at eo. Define the function

)= [ Koc-nrway=g- [ S0y

am Jrs [x—y|

We will prove that V>u = — f and hence V2K = —§. First, it is convenient
to rewrite the expression for u as

f( y)
u(x) = 4717 v dy.

Since V2f(x —y) = ng(x -Y)

1
VZu(x) = /R3 mVif(x—y)dy.

We would like to integrate by parts, but since K(y) is singular at y = 0,
we first have to isolate the origin by surrounding it with a small sphere
B,(0) of radius r. That is, we write

1
& :/ +/ )—V2 —y)dy=1I,+J..
24 [ o e day T

Here R*\B,(0) denotes R* excluding the sphere around the origin. Using
spherical polar coordinates,

0| < max V2f|/

—dy = mafo/ d
b ¥ VitlJy PP
max|V2f| 2

> —0asr—0.
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Recalling that f vanishes at infinity, we can integrate J, by parts twice.
First,

Ir= %/I[@\Br(O) [Vy. (ﬁvyf(x_y)) y| B Vo= )}

1/ <1 1)

— V, [ =V, f(x—y)— f(x—y)V,— | &

i S \Jy] 2 &) =S &5 Vor fdy
1

1
+— —y)V:—dy.
an /R3\Br(0)f(x y) Yyl y

Using the fact that V§(1 /ly|) = 0 in R3\B,(0), and applying the diver-
gence theorem, we have

1 1 |
:4n/aB, <|y| yf(X_Y)_f(X_Y)Vym>-nydy.

The first integral vanishes in the limit » — 0, since

1

dnr

\Y% —y) ndy| < V,fl = 0.
[y o T/ x=3)my| < rmax |V,

On the other hand, since Vy(1/]y|) = —y/|y|> and n, = —y/r, the second
integral yields

an g ~y)d 0.
4m /¢93,(0)f(x V. Myl YT a2 /93 (O)f(X y)dy — f(x) as r—

We conclude that I, — 0 and J, — —f(x) as r — 0, which implies that
V2u = —f and V2K = —§. A similar analysis can be carried out in 2D
using the logarithmic fundamental solution. Finally, given the properties
of the fundamental solution K(x), we can construct the Green’s function
for a boundary value problem in terms of K(x) and a non-singular or
regular part that satisfies Laplace’s equation everywhere, that is,

G(x,y) =K(x—y) +R(x,y).

We will use this result in Sect. 7.2, when considering narrow escape prob-
lems and diffusion to small targets.

2.6 Appendix: An Informal Introduction to Stochastic Calculus

In this appendix we present an informal introduction to stochastic calculus, fol-
lowing along the lines of Jacobs [298]. A more detailed treatment can be found
in Gardiner [204], and a rigorous mathematical account can be found in [483].
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The basic approach is to treat a continuous-time stochastic process as the limit of
a discrete-time process. That is, an SDE prescribes how a stochastic variable X (¢)
changes in each infinitesimal time step df. Determining changes over finite times
then requires evaluating an associated stochastic integral. In order to make sense of
this, we discretize time into small, but finite, intervals of duration A¢ and consider a
corresponding stochastic difference equation for X,, = X (nAt). A more abstract for-
mulation of probability theory and discrete-time stochastic processes is presented in
Chap. 11.

2.6.1 What Is a Continuous Stochastic Process?

Suppose that an experiment is carried out over a time interval of length 7 and has a
given set of possible outcomes €2. In the case of tracking a single molecule diffusing
in the cell membrane, €2 could be the set of all possible trajectories. On the other
hand, in the case of an ion channel, 2 could specify whether the channel is open
or closed. Each time the experiment is run, one obtains a particular realization of
a continuous-time stochastic process (or random function) X (®,7) with ® € Q. (If
the time interval is sampled at discrete times, then one has a discrete-time stochastic
process or random sequence.) For fixed o, X(®,t) = X, (¢) is a function of time
corresponding to a particular trajectory in state space, which is specified by the
parameter @. On the other hand, fixing time ¢ yields a family of random variables
X(w,7) = X;(®) that are parameterized by 7. In the case of diffusion X;(®) is a
continuous random variable, whereas for an ion channel X; () is a discrete random
variable (see Sect. 1.3). For concreteness, we will focus on the continuous case. In
physical and biological applications, the explicit dependence on the events @ and
the nature of the underlying probability space are ignored, and one simply writes
X = X (t). The cumulative distribution function of the stochastic process is defined
according to

P(x,t) = prob[X (r) < x]. (2.6.1)

Using the frequency interpretation of probability, this represents the fraction of trials
for which the trajectory through state space does not exceed the value x at time
t. One can then define the corresponding probability density (assuming it exists)
according to

plx,t) = @ (2.6.2)

Moreover, as in classical probability theory, we can introduce joint cumulative dis-
tributions and densities

P(xl,...,xn;tl,...,tn) :Prob[X(tl) le,...,X(l‘n) an]
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and P ( )
P(xi,....,xp3t1,.. .ty
DXL, X3, ty) = Tx . on )

A further extension is the conditional probability density, which takes the form (for
n=2)

p (x 1,1 )
Thus, p(x2,%2|x1,t) is the probability density for X (z;) conditioned on X (¢;) = x;.

Given a probability density p, one can define various moments of the stochastic
process. Some important examples are the mean

pxa,t2|xi,t1) = (2.6.3)

=3

x(t) = (X(1)) = / xp(x,t)dx, (2.6.4)
and the two-point autocorrelation function
(X)X (1)) = [ [ x102p (X1, X251, 12)dxi dxs. (2.6.5)

A related quantity is the covariance given by

C(t1,0) = (X (t1) —x(11)) (X (12) = x(r2))) = ((X(11)X (12)))- (2.6.6)

The equal-time covariance C(t,7) is the corresponding variance. Double brackets
are often used to denote cumulants of the stochastic process. The latter are defined
using a generating function:

<exp (—i/otX(t/)dt’)> > (2.6.7)

_exp[i ("'!)m /Ot,,./Ol<<X(t1)X(t2)...X(tn)>>dt1dt2...dtn .

=1 M

An important concept in stochastic processes is stationarity: a stochastic process
X (¢) is stationary if every joint probability distribution for finite » is invariant under
a global time shift:

P(xl,xz,...,xn;tl —I—T,l‘z—l—T,...,l‘n—l—T) :P(xl,x2,...,xn;tl,tz,...,tn)
for arbitrary 7. It follows that P(x,z) is time-independent and the covariance
C(t.t'y=C(t—1).

A very important type of stochastic process is a Markov process, which is defined
by the property that the conditional probability density satisfies

P(xn;tn|x17- .. axi’l*l;tl;' .. 7tn71) - p(xnvtn|xn71;tn71)- (268)
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In other words, given (x,_1,%,—1), the process has no “memory” of values at earlier
times. It follows that a Markov process is fully determined by the two functions
p(xy,t1) and p(xy,t2|x1,11 ). For example,

p(x1,x0,x3311,12,13) = p(x3,13|x1,X2511,12) p(x1, %2311, 12)
(x3,13]x1, %2511, 12) p(x2, 12 |x1, 21 ) p (X1, 1)
(x3,13|x2,12) (22, 12| X1, 11 ) p(x1,11). (2.6.9)

TS

However, the functions p(xi,#;) and p(xy,f|x;,#;) cannot be chosen arbitrarily,
since they must obey two important identities. The first is obtained by integrating
p(x1,x5t1,12) = p(x2,talx1,t1) p(x1,t1)

with respect to x1:

=

p(xZ,tz) :/ p(xz,t2|x1,tl)p(xl,tl)dxl. (2.6.10)

The other is obtained by integrating Eq. (2.6.9) with respect to x;, assuming that
Hh<th<ts:

oo

p(x1,x3:11,13) = p(x1,11) / p(x3,13|x2,12) p(x2,12]x1, 11 ) dxs.

—oo

Since p(x1,x33t1,t3) = p(x3,83]x1,81)p(x1,t1), this reduces to the Chapman—
Kolmogorov equation

P(X3,t3|X1,t1):/ p(x3,83]x2,12) p(x2, 12 |x1, 11 ) doxs. (2.6.11)

2.6.2 Ito Stochastic Integrals

Suppose that the time interval [0, 7] is divided into N increments of size At = T /N
and set 7, = nAt. Consider the stochastic difference equation

AX (1) = X (tpr1) — X (1) = AW,

where AW,, n =0,...,N — 1, are independent and identically distributed Gaussian
variables with zero mean and variance 02 = At:

P(AW) = ﬁe*w)z/w. (2.6.12)

(Note that a sequence of random variables is independent and identically distributed
(i.i.d.) if each random variable has the same probability distribution as the others
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and all are mutually independent.) Iterating the difference equation starting from
X(0) =0 yields

X, = X (nAr) = ZAW

Using the fact that the sum of Gaussian random variables is also a Gaussian,
it follows that the probability density for X, is a Gaussian. Thus, we only need
to determine its mean and variance. Since the AW; are all independent, we have

n—1 n—1
(Xa) = D (AW;) =0, Var(X, 2 Var(AW;) = nAt,
J=0 Jj=0

and |
2
P(X,) = —ean /(ZnAt) .
% V2rnAt
We can now construct a corresponding continuous-time process by taking the limit
N — oo such that At — 0 with NAT =T fixed. In particular,

= lim S AW, = /dW = w(T),

N—yoo =0
where W (T') is identified as a Wiener process—a Gaussian process with indepen-
dent and stationary increments. (For the moment, we will not worry about the pre-
cise meaning of convergence and limits of stochastic variables—this will be ad-
dressed below.) X (7)) is still a Gaussian, whose mean and variance are obtained by
taking the limit N — oo of the results for X,,. We deduce that W () has the Gaussian
probability density

1 (12
P(w(1)) = \/2_7rte /2t

Now consider the modified stochastic difference equation
Xn+1 — Xy = f(tn)AWn

where f(t) is a deterministic function of time. Once again X,, is a Gaussian random
variable, with
n—1 n—1 )
(Xa) = X (f(1))AW;) =0, Z Var(f(1;)AW;) = 3, f(1;)*At.
j=0

j=0

Taking the continuum limit along identical lines to the previous case yields the
continuous-time Gaussian variable

N—1 T
X(1) = lim Zf(tj)AWjE/O F(O)aw (1), (2.6.13)
f) :
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with zero mean and variance

_ /0 " (s)%ds. (2.6.14)

Substituting for X (T') into this equation gives

</de/de>/f2ds

which can be captured by the rule
(dW (t)dW (s)) = 6(t — s)dt ds. (2.6.15)

However, care must be taken with this rule when 6 (¢ — s) appears inside an integral
having ¢ or s as one of its limits. For example, consider the double stochastic integral

/OT [ /0 ¥ (S)dW(S)] g(1)dw (1) = lim Nf L;; F(tm) AW,

oo
n

8(tn) AW,,.

We see that there are no terms in the double sum on the right-hand side that have a
product of Wiener increments in the same time interval. Thus, taking the expectation

of both sides,
<./0T [/of <S>dW<s>} g(t)dW<r>> 0.

Hence, we require

/otf (5)8(t = s)d / 1) = £(0). (2.6.16)

Following the previous examples, let us turn to a discretized version of the general
SDE for X (¢),
dX =a(X,t)dt+b(X,t)dW(t), (2.6.17)

which takes the form
X1 — Xn = a(X, tn) At + (X, 1,) AW,,. (2.6.18)

Iterating this equation starting from a fixed X (0) = xo yields

N—1 N—1
Xv=x0+ D, a(Xn,tn)At+ Y, b(X, 1) AW,
n=0 n=0

The continuum limit then gives the stochastic integral equation

—xo+/ dt—l—/ b(X W(t), (2.6.19)
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with the final term defined as the Ito stochastic integral
T N-1
/ BX(0),)AW (1) = lim 3, b(X,1,)AW;. (2.6.20)
0 =0

The integral equation is not very useful for generating an explicit solution for X (¢).
However, from the definition of the Ito stochastic integral, it immediately follows
that

</0Tb(X(t),t)dW(t)> =0, (2.6.21)

since X, is a function of previous Wiener increments AW,,_1,...,AWj so it is uncor-
related with AW,,. The stochastic difference equation (2.6.18) is the starting point
for developing numerical schemes for solving an SDE. However, if one is inter-
ested in carrying out explicit calculations, it is usually more useful to go to the
associated FPE for the probability density. In order to derive the FP equation from
the corresponding SDE, we first need to consider the object (dW ).

In terms of Wiener increments,

T N—1
/O @w(t))* = lim Y (AW,)%.

N—re0 =0

Taking the expectation of both sides and using the fact that each AW, is an i.i.d.
gives

JO

</ .T(dW(t))2> - /()T<(dW(t))2> = /OT dt=T. (2.6.22)

What about the variance? Using the Gaussian probability density (2.6.12), it is sim-
ple to show that
Var[(AW)?] = 2(At)? = 2T% /N>

Hence,
T ) N-1 ) N-1 )
Var {/O (dW (1)) } :Al/grlOVar ,ZE)(AW”) :A]/lglorgbvar[(AWn) ]
277
= lim — =0
N—eo N

We thus obtain the surprising result that the integral of (dW)? is deterministic and
thus equal to its mean:

T T
/ (dW(1)> =T = / dr. (2.6.23)
0 0

In other words, we can set (dW)2 = dt inside integrals, a result known as Ito’s
rule (see below). Using the higher moments of Gaussians, it can also be shown that
dW™ = 0 for m > 2. We now consider a result from stochastic calculus, which will
be useful when discussing numerical simulations, in particular Milstein’s method
(see Sect.2.6.6).



84 2 Diffusion in Cells: Random Walks and Brownian Motion
Example 2.3. ftf) W (t")dW (¢'). Consider the discrete sum

N—1
Sp=Y WAW,
n=0
1 2 2 2
=3 26 (W +AW,)* =W, — (AW,)?]
n=

N—1

W) - W) -3 3 (AW,)2

n=0

N =

where Wy = W (fy) and Wy_; = W (¢). We now calculate the mean and variance of
the last term. First,

<NZ1(AW,,)2> = Nf (AW,)?) = Nf(ml — 1)) =1—1y.

n=0

Second,

N—1 2
< [z aw)y (t_m)z] >
n=0
N-1 N—1
= < N (AW +2 Y (AW, (AW)? —2(t —10) Y, (AW,)* + (t—to)2‘| >

n=0 n<m n=0
Since AW, and AW,, are independent Gaussian random variables for n # m, we have

<(AWH)2(AWM)2> = (tn+1 _tn)(tm+l _tm)a

and the fourth moment of a Gaussian is given by

((AW)Y) = 3(AW,)2) = 3(tys1 — )™

Hence,

N-1
<2 (AW,) > 22 ) +2 tasl — (t — t0)][(tms1 — tm) — (t —10)]
n=0

—ZZth 2 50as N — oo,

We deduce that

[W(2)? —=W(10)> — (t —10)]. (2.6.24)

| —

/IW(t’)dW(t/) =

fo
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2.6.3 Ito’s Formula and the Fokker—Planck Equation

The result dW (¢)*> = dt has important implications for how one carries out a change
of variables in stochastic calculus. This is most directly established by consider-
ing the SDE for an arbitrary function f(X(¢)) with X(¢) evolving according to
Eq.(2.6.17):
df(X(1)) = f(X(1) +dX (1)) = f(X(2))
1
= f/(X(0)dX (1) + 51" (X (1))dX (1) +
=f(X(")[a(X,t)dt + b(X,)dW (1)] + 5 f”( (1)b(X,1)%dW (1)?,

where all terms of higher order than dr have been dropped. Now using dW (¢)* = dt,
we obtain the following SDE for f, which is known as Ito’s formula:

1
1K) = [ae(0).0) /0 0) + 300077 (K0 | b0, X )W 1)
(2.6.25)
Hence, changing variables in Ito calculus is not given by ordinary calculus unless f
is a constant or a linear function.
We can now use Ito’s formula to derive the FP equation for an Ito SDE. First,

(df(X (1))

2~ (ax @) x0) + 36X 0.0 X))

= [ Jatwns @+ 3ot plaias,
7/f {__ (v )px1)) + ;;Z(b(x,t)zp(x,t))] dx, (2.6.26)

after integration by parts, where p(x,t) is the probability density of the stochastic
process X (¢) under the initial condition X (fy) = xo. However, we also have

dfX@®)) _ <df(X(t)) >

dt dt
d
= SR
-/ f(x)% plxt)dx. (2.6.27)

Comparing Egs. (2.6.26) and (2.6.27) and using the fact that f(x) is arbitrary, we
obtain the Ito version of the FP equation

2
2 plen) = 3 p0) + 5 g Bl (2629)
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2.6.4 Multiplicative Noise and Stratonovich Integrals

It turns out that there is more than one way to define a stochastic difference equation
driven by an incremental Wiener process and thus more than one way to obtain an
SDE in the continuum limit. This issue only arises in the case of multiplicative noise,
that is, when the term multiplying dW (¢) depends on the state variable X (¢). Recall
that in the Tto integral Eq. (2.6.20), it is the value of b(x,t) at the start of the nth time
step that multiplies AW,,, so that there are no contributions of the form (A Wn)z. An
alternative definition of a stochastic integral is the Stratonovich integral

fTb(X(t), 1AW (1) = Tim 2 b( Xt X )AW,,, (2.6.29)
0

N—roo =0

where we have used ¢ to distinguish it from the Ito integral. Now b depends on the
value X, at the end of the nth time step, which means there will be an extra term
involving (AW, )?. In order to compare the Ito and Stratonovich integrals, suppose
that X, evolves according to the stochastic difference equation (2.6.18). Thus, in the
continuum limit, X (¢) is the solution to an Ito SDE. Suppose that we Taylor expand
the nth term in the sum defining the Stratonovich integral about the point X,, and set
by =b(Xp,t):

X1 + X, AX, b, 1 [(AX,\? 9%b,
bl ——— ity | =bp+— =
( 2 ’”) n+28x+2<2)8x2+
Substituting for AX,, using Eq.(2.6.18) and dropping terms that are higher order
than At shows that

Xoi1 + X, an db, b2 9°b, by db,
p| =b s =z At — AW,.
< 2 ’t”) ”+<2 ox T8 o ) AT 2 o AT

Applying this result to the sum appearing in the definition of the Stratonovich inte-
gral, Eq. (2.6.29), and again dropping higher-order terms in At yields the result

X1+ X, N=1'p, db,
Zb< )Awn_szWnJrz > I = (AW,)*.

Finally, taking the continuum limit with dW (¢)?> = dt, we have

?{)T b(X (1),0)dW (1) = /OT b(X (1),1)dW (1) + % /OT w;@((z),ﬂd;.

(2.6.30)

Now suppose that ¥ (¢) is a stochastic process evolving according to the Stratonovich
SDE
dY =a(Y,t)dt+b(Y,t)dW(r). (2.6.31)
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This means that the integral equation satisfied by Y (¢) is based on the Stratonovich
integral, that is,

= Yo+ / s)ds + 7( b(Y W (). (2.6.32)

Using Eq.(2.6.30), we can rewrite the solution in terms of an Ito integral
according to

Y t):yo—l—/ot [a(Y(s),s) ;ab(ay ) ]ds—l—/ b(Y W (s).
(2633)

The latter is the solution to an equivalent Ito SDE of the form

dy = [a(Y(t),t)—i—b( (2) )ab(a(y) )}dwb( (1),0)dW(1). (2634

Finally, given that we know the FP equation corresponding to an Ito SDE, we can
immediately write down the FP equation corresponding to the Stratonovich SDE
(2.6.31):

P00 == 5 a0p00) + 5 5 (B S BOP0]) . 2639

2.6.5 Ito Integration and Convergence

So far we have not been specific about the form of convergence used to take the
continuum limit of a discrete sum of random variables in order to define a stochastic
integral. Following Gardiner [204], we now revisit some results on Ito calculus using
the notion of convergence in the mean-square. That is, we define a random variable
X to be the limit of a sequence of random variables {X;,X>, ..., X, } if

lim (|X —X,|*) = (2.6.36)

n—yoo

that is, for any € > 0, there exists an integer N = N(¢) such that for all n > N,
{|X —X,|*) < €. Given this definition of convergence, a stochastic process X (r)
is said to be mean-square integrable on the interval (0,7) if there exists a random
process Z(t) such that the following limit exists:

lim <(z,, - z(r))2> ~0, (2.6.37)

n—oeo

where .
Zy=AtY X(jAt), nAt=t.
j=0

We then formally write Z(t) = [} X (s)ds
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Suppose that G(t) is a non-anticipating function, that is, G(t) is statistically
independent of W (s) — W (¢) for all s > ¢, where W (¢) is a Wiener process. We will

show that
/ G(")[dw (¢ / G(t

in the mean-square sense, that is, Eq. (2.6.37) holds with

Z_ZG,AW,, Z(t /G

j=0

where G; = G(jAt) and AW; =W ((j+ 1)At) — W(jAt). Consider

2
I = lim < >
n—soo

_hm<2c;2 (AW} — A1) +2 Y GiGj (AW} — At) (AW} — At)>

n—
w i>j

> Gi(AW} - Ar)
J

Note that G? is statistically independent of (AWJ-2 — At)? and G,'G]-(AWJ-2 —At) is
statistically independent of (AW? — At) for j < i. Using the Gaussian nature of AW,

we have
(AWE) = At,  ((AW? — Ar)?) =247
Thus we find that
1_211m262m =0,

n—soo

assuming that G(¢) is bounded. Thus, for Ito integrals dW (¢)? acts like dt.

2.6.6 Simulation of Stochastic Differential Equations

Consider the scalar SDE
dX = a(X)dt +b(X)dW(r), (2.6.38)

where W (¢) is a Wiener process. As with ordinary differential equations, the sim-
plest numerical scheme is to use a direct Euler method. That is, given the solution
X (¢) at time ¢, the solution at time ¢ + Az is given by X (t +A) = X (¢) + AX, where
AX is determined explicitly by the equation

AX = a(X (1)) At +b(X (1)) AW, (2.6.39)
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for a Gaussian random variable AW with zero mean and variance equal to At.
Iterating this process using a random number generator to choose a new value of
AW at each time step At results in an approximation of a sample path of the stochas-
tic process X (¢). Repeating the simulation over many independent trials up to a time
T then generates a histogram of values of X (T'), which can be used to determine
an approximation of the probability density for X (7') and to estimate the mean and
variance. The direct Euler method is easily extended to multivariate SDEs and those
with nonautonomous coefficients a, b.

The accuracy of Euler’s method increases with decreasing step size At, and the
approximate sample path converges in mean-square to the true sample path in the
limit Ar — 0. For a rigorous discussion of estimating the accuracy of a stochastic
numerical algorithm see the book by Kloeden and Platen [338]. Here we give a
heuristic definition of the numerical error (see also [204, 298]). Suppose that the
time interval (0,7) is divided into N infinitesimal subintervals of size T =T /N, so
that the stochastic process X (¢) is sampled at the times 7, with n =0,...,7y. Let
x, = X(7,) be the exact solution on a given sample path and y, the corresponding
numerical approximation of the solution on the same sample path. At the nth time
step let e, = x,, —y, and define the error at time T to be the root mean-square (RMS)
value

E(T)= <elz\,>. (2.6.40)
In the case of the direct Euler method,
E(T)~1'/?,

and the Euler method is said to be accurate to 7'/2 or that the order of convergence is
71/2_(In general the order of convergence will depend on how we define the numer-
ical error, that is, the particular measure of convergence. We will restrict ourselves
to mean-square convergence.) One practical method for checking the accuracy of a
numerical simulation of a given sample path is to repeat the simulation after halving
the time step At. Suppose that 7 = NAt¢ and the sample path is generated by the
N random increments AW,, n =0,...,N — 1. If we then halve the time step, then
in order to generate an approximation to the same sample path, it is necessary to
produce a set of 2N Gaussian random numbers AW,,,, m=1,...2N, such that

AWay + AWapi1 = AW,, n=0,....N—1.

Given the values AW,,, this can be realized by generating N random variables r,, with
zero mean and variance Az /2, and setting

AWZn = Tn, AW2n+l =AW, — rp.

One can thus successively halve the time step until errors are within acceptable
bounds for the given application. The method can also be used to estimate the rate
of convergence.
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2.6.7 Milstein’s Method

The direct Euler method is a low-order numerical method for SDEs due to the fact
that in approximating an SDE one needs to take into account the fact that dW (¢) is of
order v/dt. Suppose that we rewrite the scalar SDE (2.6.38) as the integral equation

X(t)=X(t0) + ta(X(s))ds—l— /ltb(X(s))dW(s). (2.6.41)

fo

We recover Euler’s method by taking 7 = fy + At, with X (¢p) known, and approxi-
mating the functions a, b in the interval s € (#,#y + At) according to

a(X(s)) = a(X (1)), bX(s) = b(X(t0))-

In order to obtain a more accurate approximation, we apply Ito’s formula (2.6.25)
to the functions a and b. For example,

N

b(X(5)) = b(X (1)) + |

J1o

X)W X)) + 5B ) a8
+ tSb(X(s/))b’(X(s’))dW(s’) (2.6.42)

and similarly for a(X(s)). Iterating these equations by successively applying Ito’s
formula to a(X (s")) and so forth generates an approximation of a(X (s)) and b(X (s))
in terms of a(X(t)),b(X(t)), higher-order derivatives of a(x),b(x) evaluated at
Xo, and a remainder. Substituting such an expansion of a(X(s)) and b(X(s)) into
Eq. (2.6.41) generates a higher-order numerical scheme. The Milstein method is the
next higher-order approximation to the stochastic integral Eq. (2.6.41) after Euler’s
method. It is obtained by substituting

S
a(X(s)) ~a(X (1)), b(X(s)) = b(X(10)) +b(X (10))b' (X (t0)) t aw(s')
0
into Eq. (2.6.41) forr = 1y + At and s € (f9,p + Ar). This yields the following equa-
tion for AX:

AX = a(X (1)) /t O s b(X (1)) /t T W (s)
1 ’ t0+At0 S
+ 3B (1) (X (1)) / AW (s)dW (s').

fo fo

The double integral can be evaluated using Eq. (2.6.24). That is,
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to+At

fo+A?
[ ©aw(s) = [ W) - W)W ()

0

_ / W ()W (5) — W(to)W (10 + A1)

J

S

[W (to + At)? — W (to)* — At] — W (o)W (to + Ar)

[(AW)? — Ad).

l\)l>—‘l\)|>—‘

Hence, we arrive at the Milstein algorithm
1
AX = a(X(t())) — zb(X(t()))b/(X(l‘())) At + b(X(l())AW
1
+5b(X (10) )b (X (10))AW?. (2.6.43)

It turns out that this algorithm has order Ar accuracy, which improves upon the /At
accuracy of Euler’s method.

The complexity of Milstein’s method increases when there are multiple noise
sources. Consider the multivariate SDE

dXi:Cll( ( dt"’ ZBU )dW/()
j=1

where W;(t) are independent Wiener processes. The Milstein approximation of this
equation takes the form

AX; = a;At + ZB,,AW,Jr 2
J.k=1

to+At s ,
3 5,25 ax / [ aw (1 yawe(s).

m=1

Unfortunately, only when j = k does the double integral reduce to a simple expres-
sion involving the discrete stochastic increments AW; along the lines of the scalar
case. However, it can be shown that the symmetrized integral is also reducible ac-
cording to

to+At s
/ U AW (s)aw; (s') + dWi(s)dWi(s))] = AWAW; — & 5(t — to)-
t t

It follows that when the matrix G satisfies the set of relations (commutative noise)

Mo 9By M 9B
B, 2ok _ g 270 2.6.44
mg,[ mj axm mg,l mk axm ( )

for all i,j,k, the double integral can be symmetrized and Milstein’s algorithm
becomes
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M 1 M M dBy
AX; = a;At + ZB,']-AWj—l-E D Zij# AW; AW
j=1 jk=1 |m=1 m
1 & | & 9By
—= > 1Y Byj=L| At
2j7k:1 Ll X

2.6.8 Runge—Kutter and Implicit Methods

One limitation of the Milstein method is that it requires an evaluation of the first
derivative of the function 5(X) or its higher-dimensional matrix version. In a simi-
lar fashion to deterministic equations, one can use a Runger—Kutta method to elim-
inate the need to evaluate any derivatives. A first-order method that builds upon the
Milstein algorithm has been developed by Platen [338]. It is based on using the

approximation |
b(X)b'(X) = E[b(X) —b(X));

where
X =X +adt+bVAt.

Substituting into Eq. (2.6.43) yields the Milstein—Platen method

_ Lo - 2_
AX = aAt+bAW + - m[b(x) b(X)][(AW)? — At]. (2.6.45)

Similarly, for a multivariate process, one substitutes into the Milstein method the
approximation

M OBy (X, 1 1 .
lemj(XJ) ak}((m )%m[Bij(X(k))—Bij(X)]

with
Xi(k) =Xi+aAt+ B,‘k\/E.

Another issue that numerical methods for solving SDEs share with their determinis-
tic counterparts is instability. This refers to a rapid, exponential increase in numer-
ical error, which can occur spontaneously even though the algorithm appears to be
converging to a numerically accurate solution prior to the instability. This feature
is a particular problem for “stiff” differential equations, that is, those that have two
or more disparate time scales. Often an instability can be fixed by using an implicit
rather than an explicit method. For example, consider a simple Euler scheme for a
single variable,

X(t+Ar)=X()+AX() =X(1)+a(X(1),1)At+b(X(1),1)AW(1).



2.7 Exercises 93

The implicit version is obtained by replacing X (¢) with X (¢ 4+ Ar) in the functions
a,b:

Xt+A)=Xt)+AX(t)=X(t)+aX(t+A1),0) At +b(X(t+A),1) AW (2).

This is clearly an implicit equation for X (z + At), which can be solved numerically
using the Newton—Raphson method.

Finally, note that we have focused on the speed and accuracy of numerical meth-
ods for generating sample paths of a SDE. Convergence to a sample path is known
as strong convergence. If one is only interested in properties of the corresponding
probability density such as the mean and variance, then these properties are deter-
mined by averaging over many sample paths. For a given numerical method, the
rate of convergence to the mean or variance tends to differ from the rate of strong
convergence and is thus referred to as weak convergence.

2.7 Exercises

Problem 2.1 (1D random walk). Consider the probability distribution for a 1D
unbiased random walk

Using Stirling’s formula
1
logN! ~ NlogN — N+ 3 In(27N),
derive the Gaussian approximation

1 _2
Pu(r) ~ =™ /2,

This result includes a factor of 1/2 in order to take into account the fact that r is
even (odd) when N is even (odd).

Problem 2.2 (Random walk on a lattice). Consider a random walker on a 1D lat-
tice with sites £ and displacement distribution p(£). The probability P,(¢) that the
walker is at site £ + ¢ after n steps, starting at £, satisfies the recurrence relation

Pu(0) =Y p(t—0")\P1(£).
-
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(For a homogeneous random walk, ¢ is arbitrary so we can set £y = 0.) Define the
generating function I" (¢, z) according to

r(t,z) =" Z"P.(0).

n>0

(a) Show that the generating function satisfies the equation

I(l,z)=80+zy p(l -0\ z).
6/

(b) Introduce the discrete Fourier transform

F(k,z) =Y e*r(,z)
4

and define the structure function of the walk to be
A(k) =Y e p().
[

From part (a), show that
[(k,z) = 1+ 22 (k)T (k,z),

so that 1
k) = ——.
&2 =T m
(c) For a standard RW with p(¢) = (6, + 67,—1)/2, we have A (k) = cos(k). Using
the inverse transform

U
reg) =5 [ e M (k).

and the result of part (b), evaluate the integral to show that
ro,z)=1-z2)""2

Hint: make the change of variables t = tan(k/2).
(d) For a general structure function

1 T efikf
s = %.[ﬂ T~k

divergence of the integral is only possible if A (ko) = 1 for some k = kq. If this
holds then the integral will be dominated by the region around ko. Show e’ = 1
for all £ such that p(£) > 0 and hence A (k) = A (k — ko). It follows that the local
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behavior of 1 — A (k) near ky is the same as the local behavior of 1 — A (k) around
the origin. Show that for small k and an unbiased RW, 3, £p(¢) = 0, we have

Hence, deduce that an unbiased 1D RW is recurrent when the MSD per step is
finite.

Problem 2.3 (Chapman-Kolmogorov equation). Consider a stationary stochastic
process X (r) with initial condition X (0) = 0. Setting p(x,¢|x',t') = p(x —x',r — '),
the Chapman-Kolmogorov equation takes the form

p(x,t) = /7:P(x—y,t— 7)p(y, 7)dy.

(a) Using Fourier transforms, show that the CK equation is satisfied if the charac-
teristic function G(k,) has the general form In G(k,t) = tg(k) for some function
g(k).

(b) Suppose that the probability density of the continuous process evolves according
to the equation

oo

dp

2 = | _we=y)lp0nt) = p(xr)ldy,
where w is a transition probability per unit time. That is, we have a jump process
for a continuous random variable. Using Fourier transforms, obtain the solution

_ L/ . - AR /
plx,t) = o /wexp[ zkx+tlww(x) [e 1]dx dk.

Hence determine g(k) for this process.

Problem 2.4 (Electrodiffusion). The flow of ions through channels in the cell
membrane is driven by the combination of concentration gradients and electric
fields. If interactions between the ions are ignored, then each ion can be treated as
an independent Brownian particle moving under the influence of the electric force
—gV @, where ¢ is the electrical potential and g is the charge on the ion. Multiply-
ing the corresponding FP equation by the number N of ions and using an Einstein
relation, we obtain the Nernst—Planck equation

de(x,t)
ot

_ V. - _ ac
=-V.J, J(x,1) D(Vc—l—kBTV(p),

where ¢ denotes ion concentration. Treating an ion channel as a quasi-one-
dimensional domain, this reduces to the 1D equation

de(x,r)  dJ _ [ 9c, gc 9¢
—8t = a, J(x,t)— D(a—FkB—Tx .
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(a) Suppose that the cell membrane extends from x = 0 (inside) to x = L (outside)
and denote the extracellular and intracellular ion concentrations by c, and c;, re-
spectively. Solve the 1D steady-state Nernst—Planck equation to show that there
is zero flux through the membrane if the potential difference V = ¢; — ¢, across
the membrane is given by the Nernst potential

vkl (Ce>.
q Ci

(b) Now suppose that there is a constant nonzero flux J of ions through the chan-
nel, and assume for simplicity that the electric field is uniform, that is, d¢ /dx =
—V /L. Solving the steady-state Nernst-Planck equation with boundary condi-
tions ¢(0) = ¢;,¢(L) = c,, derive the Goldman-Hodgkin—Katz equation for the
current density:

B QqZ_V ci—ceexp(—qV /kgT)
-~ LkgT 1—exp(—qV/kgT)

Check that the Nernst potential is recovered when J = 0.

(c) Consider two ion species with opposite charges g; = —g>» = g. Applying part
(b) to the current for each ion species, derive an expression for the membrane
voltage V at which the total ionic current is zero.

Problem 2.5 (Ornstein—-Uhlenbeck process). Consider the Ornstein—Uhlenbeck
process
dX = —kXdt +/DdW (1),

where W (¢) is a Wiener process.

(a) Using the solution of the SDE,
X (1) = X(0) *’“+\/_/ K= aw (1),

show that if the initial condition X (0) is Gaussian distributed with zero mean
and variance 6 then

X (1)) = (X(0))e ™™, Var[X(1)] = 0% 2 + % (1 — e

(b) The FP equation for the OU process is

Ip(t) _ dlkxp(x,)] D 9?p(x.1)
ot ox 2 oxr

Taking the fixed (deterministic) initial condition X (0) = xo, the initial condition
of the FP equation is
p(x,0) = 6(x —x).
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Introducing the characteristic function (Fourier transform)

I'(z,t) :/ e p(x,1)dx,

show that

8t + kz— aZ —EZ I.

Use separation of variables to obtain a solution of the form
2
[(z,1) = To(ze )e P /%

with Iy determined by the initial condition for p. Hence, obtain the result
D 2
I'(z,t) = exp [—%(1 2 izxge M|

(c) The probability density p(x,t) can be obtained from I'(z,) using the inverse
Fourier transform

1 r~ .
)= — T (z,t)dz.
p(x,1) 27:/,003 (z,t)dz

Substituting for I' using part (e), show that p(x,7) is a Gaussian with mean and
variance

D
- 1 _ —2kt .

(d) Show that the solution to the steady-state FP equation is

(X(1)) = x0e™™,  VarlX ()] =

ps(x) = (2D k)~ 2e7R /2P

and that this is consistent with the time-dependent solution in the limit # — oo.
Problem 2.6 (Additive noise). Solve the SDE

dX = —at*Xdt +dW(1).
(a) Performing the change of variables Y (1) = X (t)e"“3/ 3, show that
AY() = Y(X(t +dt),+dt) —Y(X(1),1) = Baw (1),

How was the change of variables chosen?
(b) Use part (a) to obtain the solution

() e~ 0 /3+/ alrP—s3 /3dW()

(c) Determine the mean (X (7)) and variance var[X (¢)]. In particular show that the
variance is a dimensionless function of at>.
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Problem 2.7 (Multivariate Ornstein—-Uhlenbeck process). Consider the multi-

variate SDE
N N
A,']'det + 2 B,’dej (t),

Jj=1 Jj=1

dX; = —

where W;(r) form a set of independent Wiener process:
(dWi(1)) =0, (dWi(0)dW;(1")) = 8;;6(t —1").

Assume a deterministic initial condition X;(0) = ;.

(a) Show that the solution in vector form is given by
! /
X(t) =e MR+ / e A BAW(1).
0

(b) Introduce the correlation function C(t,s) = (X(t), X7 (s)) with components

Cij(1,8) = (Xi(0),X;(s)) = (Xi(1) — Xi())][X;(s) — (X;(s))])-
Using part (a), show that

-min(z,s) e—A(t*l/)BBTeiAT(‘L[/)dﬂ'

C(z,s) = /

JO

(c) Introduce the covariance matrix X(r) = C(¢,¢) with components
Zij (1) = ([Xi(r) = Xi()][X; (1) = (Xj(1))])-
Derive the matrix equation

dx(t)
dt

=—AZ(1)—Z(1)AT +BB.

Hence, show that if A has distinct eigenvalues with positive real part, then
X(t) — Xy where X is the stationary covariance matrix satisfying

AX,+ AT =BB’.

Problem 2.8 (1D Fokker-Planck equation with space-dependent variance).
Consider the 1D FPE with a space-dependent variance due to multiplicative noise:

oP 1 9?
Frie Eﬁ[D(x)P]’

with x € [—1, 1] and reflecting boundary conditions.

(a) Determine the steady-state probability density for general D(x).
(b) Calculate the steady-state probability density when D(x) = k(a + |x|) for k >
0,a > 1. What happens when @ — oo?
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Problem 2.9 (FPE with multiplicative noise). Write down the (Ito) FP equation
for the SDE
dX = adt + bxdW,

for positive constants a,b and X € [0, 1] with reflecting boundary conditions.

(a) Solve the steady-state FP equation up to a normalization factor.

(b) Calculate the steady-state density for y = 1/x and determine the normalization
factor—use the change of random variables formula from Sect. 1.3.

(c) Determine (1 /x) as a function of a and b.

Problem 2.10 (Power spectrum). Consider the Langevin equation for a noise-
driven, damped harmonic oscillator:

d*’x  dx
— b y— +kX(1) = 2DE(t
m— o + v TkX(1) =2DE (1),

where &(r) is a Gaussian white noise process with zero mean and covariance

(E@E)) =6(—1).

(a) Plot the spectrum of X (¢) as a function of the angular frequency @ for wy =
Vk/m=1,2D/m =1 and various values of 8 = y/m. What happens in the
limit B — 0? What is the significance of wg?

(b) The solution to the Langevin equation can be formally written as

X = [ G@Ea-va.

where G(7) is the causal Green’s function. Determine the real and imaginary
parts of the Fourier transform G(®) and plot them as a function of ® for the
same parameters as part (a).

Problem 2.11 (FPT for random walks on a lattice). Consider a random walker on
a 1D lattice with sites ¢ and displacement distribution p(¢). The probability B,(¢)
that the walker is at site ¢ after n steps starting at ¢y = O satisfies the recurrence
relation (see Ex.2.2)

Pu(0) =Y p(t—0)P_1(£).
-

Let F,(¢) denote the probability of arriving at site £ for the first time on the nth step,
given that the walker started at £y = 0.

(a) Py(¢) and F;,(¢) are related according to the recurrence relation
n
Pu(€) = 8,0800+ D, Fn(0)Pi—m(0), n>0.
m=1

Explain what this relation means physically.
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(b) Show that the corresponding generating functions are related according to

Ip(l,z) — Oy,
e = gl

where

Ip(0,z) = Y. 2'Pu(l), Tr(l,z) =Y "Fu(l).

n>0 n>0
Hence, use Ex. 2.2¢ to show that for a standard, unbiased RW
I7(0,2) =1—V1-2%

(c) Let R(¢) denote the probability that site £ is ever reached by a walker starting at
é() =0:
R(0) =Y Fu(0) <1.
n=1

Use part (b) to show that R(0) = 1 for an unbiased RW (recurrent rather than
transient) while the MFPT 7(0) to return to the origin is infinite, where

T@Ziﬁmy

Problem 2.12 (FPT for a Brownian particle in a semi-infinite domain). Consider
a Brownian particle restricted to a semi-infinite domain x € [0,0) with an absorbing
boundary condition at x = 0. The FP equation is given by

2
8p:D8p

E _sz’ O<.?C<°°7

with p(0,7) = 0.
(a) Check that the solution of the FP equation for the initial condition x(0) = xg is

1 2 1 2
o —(x—xq)* /4Dt —(x+x0)= /4Dt
X,1) = ——e ——e .
plxt) vV4nrDt VanrDt

(Such a solution can be derived using the method of images, in which one imag-
ines initially placing a fictitious Brownian particle at the image point x = —xy.)
(b) Show that for large times where /Dt > x¢, the probability density can be ap-
proximated by
1 X0 (24:3)/4m1
X,t) ~ —¢€ 0 .
pixt) VanDt Dt
(c) Calculate the FPT density f(xo,?) to reach the origin starting from xy by calcu-
lating the flux through the origin using part (a):

Ip(x,t|x0,0)

f()C(),l) =D ox X:O.
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Hence show that when /Dt > xj, we have the asymptotic behavior

X0
f(xoaf)'“m~

Deduce that the MFPT to reach the origin is infinite.

Problem 2.13 (Rotational diffusion). Consider a Brownian particle undergoing

diffusion on the circle 8 € [—m,x]. This could represent the orientation of a bac-

terium during a single run (see Sect. 2.4). The corresponding FP equation for p(0,t)
ap 9’p

. . _ 1 _ !
5 =Pz —m<0<m pl=mi1)=p(mi),p(-m1)=p(n1),

where D is the rotational diffusion coefficient.

(a) Using separation of variables the initial condition p(68,0) = 6(0), show that the
solution of the FP equation is

(b) If ¢ is sufficiently small then p(0,t) is strongly localized around the origin 8 = 0.
This means that the periodic boundary conditions can be ignored and we can
effectively take the range of 8 to be —eo < 8 < 0. That is, performing the rescal-
ings x = /¢ and T = €%t, show that p(8,¢) can be approximated by a Gaussian
p(x,t) and deduce the small-time approximation

(%) =2Dt, t< m?/D.

(c¢) What happens in the limit t — co?

Problem 2.14 (Diffusion in a sphere). Consider the diffusion equation in a spheri-
cal cell of radius R:

du(x,t)

5 = DV2u(x,t), 0<|x| <R,

with boundary condition u(|x| = R,#) = u; and initial condition u(x,0) = uy with
uo,u; constants.

(a) Assume a radially symmetric solution v(r,#) = u(r,t) — u; so that

v(rt) d* 2 Jv
o Par P

0<r<R,
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with v(R,#) = 0 and v(r,0) = up — u;. Use separation of variables v(r,t) =
V(r)T(t) to derive the general solution

hd 1
v(rr) = z c,,e*’D”z”z/Rz— sin(nzr/R).
n=1 r

Hint: in order to solve the boundary value problem for V (r), perform the change
of variables V (r) = rV (r).

(b) Setting 7 = 0 in the general solution and using v(r,0) = ug — u;, determine the
coefficients c¢,,. Hint: you will need to use the identity

R
/ sin(nzr/R) sin(mr/R)dr = ’—235,1,,”.
0

(c) Determine an approximation for the concentration u(0,7) at the center of the
sphere by taking the limit » — 0, with 7~ ! sin(6r) — 6. Keeping only the leading
order exponential term (n = 1), show that the time 7 for the center to reach a
concentration ™, u; < u* < ug, is approximately

R* | 2(up—
T= In (1o ul).
Dr? u* —uy

Problem 2.15 (Computer simulations: Langevin equation). Use the algorithms
of Sect. 2.6.6 to solve the following problems in MatLab.

(a) Consider the Ornstein—Uhlenbeck process
dX(t) = —AX(t)dt+dW(), X(0)=xo,

where W (z) is a Wiener process. Use direct Euler to simulate 1,000 trajectories
on the time interval [0, 1] for A = 1/2, At = 0.01 and xo = 1. Compare the mean
and covariance of the trajectories with the theoretical values of Ex.2.6]

(b) Use Milstein’s method to simulate the following SDE on the time interval [0, 1]

dX (1) = —AX(1)dt + uX ()dW(t), X(0) = xo

for A =0.1,u = 0.1, and xo = 1. Compare the cases Ar = 0.1, Ar = 0.001, and
At = 107>, Check that the histogram of values at # = 1 is similar to the histogram
obtained by simulating the exact solution

X(1) =xoexp [(—A — p?/2)t+uw(r)] .
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