Contents

1T Introduction .......... ..o
1.1 Multistage Decision Models ............oooiiiiiiiiiiiiiiiiiiiee...
1.2 Fundamentals of Decision Making ................oooceiiiiiie...
1.2.1  Stochastic Problem Formulation ............................
1.2.2  From Single-Stage to Multistage Decision Problems ......

1.3 Multistage Stochastic Optimization Versus Dynamic
OPHMIZALON .« ettt ettt et e e
1.4 Scenario Trees and Nested Distributions ...............cc.ooove...
1.4.1  Nested Distributions .............ccoevviiiiiiieiniiinee...
1.42  Equivalence and Minimality..............oooeeiiiiiie...
1.43  Convex Structures for Scenario Models ....................

2 TheNestedDistance .....................coiiiiiiiiiiiiiii i,
2.1  Distances of Probability Measures..........c.ccoovviiieeeiniiniie...
2.1.1  Semi-Distances Generated by a Class of Test Functions...
2.2 The Wasserstein Distance ..............cooiiiiiiiiiieiiiiiiiineeaaann,
2.3 Elementary Properties of the Wasserstein Distance..................
2.3.1  The Wasserstein Distance on the Real Line ................
2.4 Alternative Distances as Basis for the Wasserstein Distance ........
2.4.1  The Role of the Distance on the Underlying Space ........

2.4.2  Transformation of the Axis, and Fortet—Mourier
DiStanCes ......oiiiiiiiiii e
2.5  Estimates Involving the Wasserstein Distance .......................
2.6  Approximations in the Wasserstein Metric ..................ooeeee...
2.7  The Wasserstein Distance in a Discrete Framework .................
2.8 Duality for the Wasserstein Metric ...........c.cooovieiiiiiiiie...

2.9  Continuity of the Dual Variables,

and the Kantorovich—-Rubinstein Theorem ...........................

~N W N ==



Contents

2.10 Multistage Generalization: The Nested Distance .................... 71
2.10.1 The Inherited Distance...............coooiiiiiiiiiiann... 71
2.10.2 The Nested DiStance ...........ccooeveviiiiiiiiiiiinnennn... 74
2.10.3 The Nested Distance for Trees ..............cceevieienn... 79
2.11 Dual Representation of the Nested Distance ......................... 88
2.11.1 Martingale Representation of the Nested Distance......... 91
Risk and Utility Functionals ......................................ll. 95
3.1  Single-Period Risk and Utility Functionals .......................... 95
3.2 Examples of Risk and Utility Functionals............................ 97
3.3 Dual Representation of Risk Functionals............................. 103
3.3.1 Kusuoka’s Representation .............ooveveeeeiiiinnne... 103
3.3.2  The Dual Representation ...........c.ccoovvvveeeeiiiinnnne... 105
3.4  An Alternative Description of Distortion Risk Functionals ......... 110
3.5  The Impact of the Probability Measure on Risk Functionals ........ 114
3.5.1 Compound Concavity and Convex-Concavity .............. 114
3.5.2  Continuity with Respect to the Probability Measure ....... 117
3.6  Conditional Risk Functionals ....................oooo. 119
3.6.1  Properties of Conditional Risk Functionals................. 122
FromDatatoModels ... 125
4.1  Approximations of Single-Period Probability Distributions......... 126
4.1.1  Approximation Quality of the Monte Carlo
Generation Method ... 127
4.1.2  Quasi-Monte Carlo ApproxXimations ........................ 130
4.1.3  Optimal and Nearly Optimal Single-Period
Discretizations ...........ccoooeiiiiiiiiiiiiiiiiiii 132
4.1.4  The Stochastic Approximation Algorithms
for Multidimensional Quantization ......................... 142
4.1.5  Asymptotic Distribution of Optimal Quantizers............ 145
4.2 Approximations of Multiperiod Distributions........................ 149
4.3 Construction of Scenario Trees ...........ccoooeviiiiiiiiiiiiiiann. 154
4.3.1 Distance Calculation .............c.coocoiiiiiiiiiiii o 155
4.3.2  The Construction of Large Trees .............coeeeeiiiinnn 157
4.4  Scenario Tree Reduction ..............c.oociiiiiiiiiiiiiiiinnn, 163
4.5 Improvement of Approximating Trees...........c.ooovveeeeiiiinnnn. 166
4.5.1 Improvement of the Probability Measure ................... 167
452 Improvementofthe Paths ......................ooooiii. 168
4.6 An Alternative View on ApproxXimations...............eeeeeevnnnnnns 172
Time ConsiStency ............coiiiiiiiii i 175
5.1  Time Consistency in Stochastic Decision Problems ................. 176

5.2  Time Consistent Risk Functionals .................ccooiiiiiiiiiiin, 179



Contents xi

5.3  Time Consistency and Decomposition ..............ccceevviunueee... 187
5.3.1  Composition of Risk Functionals ........................... 187
5.3.2  Multistage Decomposition of Risk Functionals:
The Decomposition Theorem ..............cooeeiiiiiiine. 188
5.4  Martingale Formulations of Time Inconsistent
Stochastic Programs .............cccoiiiiiiiiiiiiiiiiii e 196
5.4.1  Verification Theorems ..............ccooiiiiiiiiiin... 199
5.4.2  An Algorithm for Sequential Improvement................. 202
5.4.3 Numerical EXperiments..............ccevviiiiiiieiniinnnn. 203
5.5 Dualization of Nonanticipativity Constraints ........................ 205
6 Approximationsand Bounds ....................., 209
6.1  Two-Stage Problems, and Approximation
in the Wasserstein Distance .............c.coooooiiiiiiiiiiiin.. 209
6.2  Approximation in the Nested Distance Sense ........................ 211
6.3 Bounds ......ooiiiiii 218
6.3.1 Lower Bounds by Changing the Probability Measure ..... 219
6.3.2  Lower Bounds for Replacing the Scenario
Process by Its Expectation.............ccooviiiiiiiiiinn. 225
6.3.3  Bounds for Changing the Filtration ......................... 227
6.3.4  Upper Bounds by Inserting (Sub)Solutions................. 227
6.4  Martingale Properties............covviiiiiiiiiiiiiiiiii e 228
7 The Problem of Ambiguity in Stochastic Optimization.................. 229
7.1  Single- or Two-Stage Models: Wasserstein Balls .................... 234
7.2 Solution Methods for the Single- or Two-Stage Case................ 237
7.3  The Multistage Case .......oouvuiiittiii e 238
7.3.1 A Minimax Theorem.................ooooiiii. 241
7.3.2  Ambiguity Sets Defined by Nested
Transportation Kernels.................coooiiiiiiiii 245
7.3.3  Algorithmic Solution .............ooooeiiiiiiiiiiiiiiii. 247
7.4  Example: A Multiperiod Production / Inventory Control
Problem ... 249
7.4.1  Mathematical Modeling Summary .......................... 251
7.4.2  Computational Results..............ooooiiiiiiiiiiii, 252
8 Examples..........ooiiiiiiii i 257
8.1  Thermal Electricity Production ..., 257
8.2 Hydro Electricity Production...................ooooooiii. 261
8.3 Budget Management for Risk-Prone Countries ...................... 270
A Risk Functionals: Definitions and Notations.............................. 275
A.1  Multiperiod Risk Functionals .......................oii 279

A.2 Information MONOtONICItY ........vvveiiiiiii i 280



xii Contents

B Minimax Theorems ..................o i 283
C Comparison of Weighted Norms .................coooiiiiiiiiiiiiiiinn. 287
D The Canonical Construction for Nested Distributions................... 289
Bibliography ........ ..o 291



2 Springer
http://www.springer.com/978-3-319-08842-6

Multistage Stochastic Optimization
Pflug, G.C.; Pichler, A,

2014, XM, 301 p. 81 illus,, Hardcover
ISBN: 978-3-319-0BB42-6



