Contents

PartI Quivers and Their Representations

1 Representations of Quivers ..................cooiiiiiiiiiiiiiiiiiiiii 3
1.1 Definitions and Examples.............ooooiiiiiiiiiiiiiiiiiiiiiiee. .. 3
1.1.1  Representations ........c.eeveeueeeeeeiiniiiieeennniiieeeennn. 3
1.1.2° MOrphiSms ....oouuiiiiiiii e 5
1.2 Direct Sums and Indecomposable Representations ................... 10
1.3 Kernels, Cokernels, and Exact Sequences ..................oovveee... 12
1.4 Hom FUNCLOIS ....uueeiiiiii e 19
1.5 First Examples of Auslander—Reiten Quivers ......................... 23
Problems ... 26
2 Projective and Injective Representations.................................. 33
2.1 Simple, Projective, and Injective Representations..................... 36
2.2 Projective Resolutions and Radicals of Projectives ................... 45
2.3 Auslander—Reiten Translation ..............cccooiiiiiiiiiiiiiiin... 54
231 DUAltY oo 55
2.3.2 Nakayama Functor.............ccooiiiiiiiiiiiiiiiiiiinninn, 56
2.3.3 The Auslander—Reiten Translations 7, 77! .................... 61
2.4 Extensions and EXt..........ooooiiiiiiiiiiiiiiiii 62
Problems .....ooune 66
3 Examples of Auslander—Reiten Quivers................................... 69
3.1 Auslander—Reiten Quivers of Type A, .......coooviiiiiiiiiiiinean. 70
3.1.1 The Knitting Algorithm ......................eiiiiiie.... 70
312 T-OrbitS .ot 72
3.1.3 Diagonals of a Polygon with n 4+ 3 Vertices .................. 75

3.1.4 Computing Hom Dimensions, Ext Dimensions,
and Short Exact Sequences.................oovvvviiieiinnnn.... 78

ix



X Contents

3.2 Representation TYPe .......vviiiiiiiiii i 82
3.2.1 Gabriel’s Theorem: Finite Representation Type............... 82
3.3 Auslander—Reiten Quivers of Type Dy, ...ooovviiiiiiiiiiiiinn, 84
3.3.1 The Khnitting Algorithm ................coooiiiiiiiiiiii, 84
332 T-OrDbits «ouviiti i 86
3.3.3 Arcs of a Punctured Polygon with n Vertices ................. 88

3.3.4 Computing Hom Dimensions, Ext Dimensions,
and Short Exact Sequences...........ccoovviiiiiiiiiiiie... 92
3.4 Representations of Bound Quivers: Quivers with Relations .......... 96
3.4.1 Cluster-Tilted Bound Quivers of Type A, ..................... 97
3.4.2 Cluster-Tilted Bound Quivers of Type Dy, ........cooviin.t. 100
3.5 NOES ..ttt ettt e 103
Problems .......ooiiiiii 103

Part I Path Algebras

4 Algebrasand Modules.......................... 109
4.1 Concepts from Ring Theory ..........coooiiiiiiiiiiiiiiiiiiiiiiiiinn. 109
42 AIZEDIAS ..ottt e 112
4.3 MOdUIES ...t 117
4.4 Idempotents and Direct Sum Decomposition............cccevvvvveen... 121
4.5 A Criterion for Indecomposability ............coooeiiiiiiiiiiiiiiin. 124
O I [ T 128
Problems ... 128

5 Bound Quiver Algebras ... 133
5.1 Admissible Ideals and Quotients of Path Algebras.................... 133
5.2 Equivalence of the Categories rep (Q, 1) and modkQ/I ............ 136
5.3 Projective Representations of Bound Quivers ......................... 138
5.4 Homological DImensions...............oooviiiiiiiiiiiiiniiiinnnn.... 142
5.5 Auslander—Reiten Quivers of Bound Quiver Algebras................ 144
Problems ... 150

6 New Algebrasfrom Old ... 153
6.1 Tilted Algebras ..o 154
6.2 Trivial EXtenSions .......ooovviiiiiiiiii 159
6.3 Self-Injective Algebras and the Trivial Extensions A x DA .......... 160
6.4 Cluster-Tilted Algebras ... 165
6.5 Triangular Matrix Algebras.................ooooiiii 169
6.6 One-Point EXtensions ..........c.oooviiiiiiii e, 170
6.7 N OES .ottt 172
Problems . .......ouiiii e 172

7 Auslander-Reiten Theory.........................iiiiiiiiiiiiiiii.... 175
7.1  Almost Split SeqUeNCES.........uteeeeiiit et 176

7.2 Auslander—Reiten Translation ..............oooviiiiiiiiiiniiiineinnn.. 183



Contents xi

7.3 Coxeter Transformation..................ciiiiiiiiinnnnnnnn.... 186

7.4  Auslander-Reiten Formulas ..........................oooo L 190
7.4.1 Tensor Products .........ccovvviiiiiiiiiiiiiiiiiiiiiiiiieenns 193

7 T 0] 1< 200
ProbBICmMIS ...ttt e 200

8 Quadratic Forms and Gabriel’s Theorem................................. 203
8.1 Variety of Representations..........oooviiiiiiiiiiiiiiinnnn. 203

8.2 Quadratic Form of a QUiVer ............ccoiiiiiiiiiiiiieeiiiiiiiaaans 208
8.2.1 Classification of Positive Definite Quadratic Forms .......... 210

8.3 RO S e 215
8.3.1 Positive Roots in Type A, ...ooviiiiiiiiiiiiiiiii s 216

8.3.2 Positive RootsinType Dy, ......ooovviiiiiii L, 216

8.3.3 Positive RootsinType Eg ....ooovvvevviieiii.... 217

8.3.4 Positive RootsinType E7 ..., 217

8.3.5 Positive RootsinType Eg ..........cooovviiiii.. .. 217

8.4  Gabriel’s TheOTeM .. .......u. e 218

8L N O S e 221
Problems .. .o 221
References. . ... ... ... 223



2 Springer
http://www.springer.com/978-3-319-09203-4

Quiver Representations
Schiffler, R.

2014, Xl, 230 p. 357 illus., Hardcover
ISBN: 978-3-319-00203-4



	Contents

