Chapter 2
Fourier Theory of Probability Distributions

Characteristic functions, that is Fourier transforms of probability measures, play a
major role in Probability theory, in particular in the Fourier theory of wide-sense
stationary stochastic processes, whose starting point is the notion of power spectral
measure. It turns out that the existence of such a measure is a direct consequence of
Bochner’s theorem of characterization of characteristic functions, and that the proof
of its unicity is a rephrasing of Paul Lévy’s inversion theorem. Another result of Paul
Lévy, characterizing convergence in distribution in terms of characteristic functions,
intervenes in an essential way in the proof of Bochner’s theorem. In fact, character-
istic functions are the link between the Fourier theory of deterministic functions and
that of stochastic processes. This chapter could have been entitled “Convergence in
distribution of random sequences”, a classical topic of probability theory. However,
we shall need to go slightly beyond this and give the extension of Paul Lévy’s conver-
gence theorem to sequences of finite measures (instead of probability distributions)
as this is needed in Chap. 5 for the proof of existence of the Bartlett spectral measure.

2.1 Characteristic Functions
2.1.1 Basic Facts

Denote by M+ (R?) the collection of finite measures on (R¢, B(R%)).

Definition 2.1.1 The Fourier transform of a measure u € M T (R?) is the function
7 : R — C defined by

Av) = / e 2T pu(d),

Rd

where (v, x) := Z;[:] Vix;.
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Theorem 2.1.1 The Fourier transform of a measure i € M+ (R?) is bounded and
uniformly continuous.

Proof The proof is similar to that of Theorem 1.1.1. From the definition, we have
that

nw)| < / le 2T (dx)
Rd

= / pldx) = u(R),

Rd

where the last term does not depend on v and is finite. Also, for all 1 € R4,

|ﬁ(l) +h) — ﬁ(v)| < / ‘e—zm(v,x-i-h) _ e—2in(u,x> w(dx)
R
_ / ‘e—2in(h,x> _ 1‘ 1u(dx).
Rd

The last term is independent of v and tends to 0 as 7 — 0 by dominated convergence
(recall that p is finite). [l

For future reference, we shall quote the following:

Theorem 2.1.2 Let i € MY (R?) and let fbe the Fourier transform of f €
Li(RY). Then

[ Fan= [ saax.

R4 R4

Proof This follows from Fubini’s theorem. In fact,

/ Fdp = / / FEe 20 | v
Rd d

Rd

=/f(x) /eiZi”(”’xm(dv) dx.
R4

d

(Interversion of the order of integration is justified by the fact that the function
(x,v) — | f(x)e 27 (”)} = | f(x)]isintegrable with respect to the product measure
dx x pu(dv). Recall that y is finite.) U
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Sampling Theorem for the FT of a Finite Measure

The following approach to sampling acknowledges the fact that a function is a combi-
nation of complex sinusoids, and therefore starts by obtaining the sampling theorem
for this type of elementary functions.

Consider the function

f(l) 217‘[1)[

where v € R. This function is not integrable and therefore does not fit into the
framework of Shannon’s sampling theorem. However, the Shannon—Nyquist formula
remains essentially true.

Theorem 2.1.3 Forallt € Randallv € (—W,+W):

sm 271 Wi — 2W))

2imvt 2ign2Wv

— . 2.1

DI 2TW(t — ) @1
nez

For all B < W, the convergence is uniform inv € [—B, +B].

Proof We first prove that forall v e Rand allt € (=W, +W)

sm 27'[ W — ZW))

Zzﬂvt 2imn2Wt
=D e W= ) ()
nez

where the series converges uniformly for all t € [-B, +B] for any B < W. The
result then follows by exchanging the roles of 7 and v.

Letg : R — C, whose argument is denoted by 7, be the 2 W -periodic function which
is equal to €27V on (—W, +W]. The series in () is the Fourier series of g. We must
therefore show uniform pointwise convergence of this Fourier series to the original
function, which was done in Example 1.1.11. (]

Inparticular, if f is a finite linear combination of complex trigonometric functions,

that is y
f@) = pe? ™,
k=1

where . € C, v; € R, and if W satisfies the condition
W > supf{|ve| : 1 <k < M}, 2.2)

we have the Shannon—Nyquist reconstruction formula, with 7 = ﬁ,

sin (¥ (t —nT))

@)= f(nT) Car—

nez

(2.3)

Exercise2.4.1 shows that one really needs the strict inequality in (2.2).
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The following extension of the sampling theorem for sinusoids is now
straightforward:

Theorem 2.1.4 Let i be a finite measure on [—B, +B], where B € R \{0}, and
define the function

£ = / AT ().
[—B,+B]

Then for any T < 1/2B and for all t € R, we have the Shannon—Nyquist recon-
struction formula (2.3).

Proof Since p is finite and the convergence in (2.1) is uniform in v € [—B, +B],

ro= | [Z e GG "T))}mzv)

[-B.+B] "€l r=nD

) sin (Z(t —nT
— / eZtnunT n(T( ))[L(dl))
nel T(l — l’lT)
[—B,+B]

eZinvnTM(dv) sin (%(t B I’lT))

- .
(@ —nT) O
n€Z (-5, +B] !
2.1.2 Inversion Formula
The characteristic function of a random vector X = (Xy,..., Xg4) € R4 is the

function ¢x : RY — C defined by

ox () = E[e'“¥)],

In other words, ¢yx is the Fourier transform of the probability distribution of X.

It turns out that the characteristic function of a random vector determines uniquely
its probability distribution. This result will be obtained as a consequence of Paul
Lévy’s inversion formula:

Theorem 2.1.5 Let X € R? be a random vector with characteristic function g.
Thenforalll < j <d,allaj,b; € RY such thataj < bj,
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+c +c

—zujaj _e—lu]bj
Ui, ..., ug)duy...du
A (2n)d/ / T A I
4 1
=E H(El{Xj=aj0rbj}+l{aj<Xj<bj})
j=1

Before proving the theorem, we give its main consequence:

Corollary 2.1.1 The distribution of a random vector of R is uniquely determined
by its characteristic function.

Proof Let X and Y be two vectors of R? with the same characteristic function ¢.
Lévy’s inversion formula shows that the distributions of X and Y agree on A, the class
of rectangles A = H;{: 1(a;j, bj] whose boundary has a null measure with respect
to the distributions of both X and Y. Since there are at most a countable number
of rectangles whose boundary has positive measure with respect to the distributions
of both X and Y, A generates B(RY). Moreover, A is a m-system and therefore, by
Theorem A.2.1, the two distributions coincide. |

Corollary 2.1.2 A necessary and sufficient condition for the random variables
X1, ..., Xq to be independent is that the characteristic function ¢x of the vector
= (Xy, ..., Xy) factorizes as

d
ox (W, ..., ug) = Hﬁoj(uj),

j=1

where for all 1 < j < d, ¢; is a characteristic function. In this case, for all
1l <j =d ¢;j = ¢x;, the characteristic function of X ;.

Proof Necessity. Write

ox(u) = E |:ei P “ij:I

—E ﬁeiu.ij =f[lE[”” ] H(px (uj),
=

J=1

by the product formula for expectations (Theorem A.2.8).

Sufficiency. Let X' := (X],..., X)) € R? be a random vector whose independent
coordinate random variables X ’1 oo X é, have the respective characteristic functions
@1, ..., @q. The characteristic function of X is H‘;zl @;j(uj), and therefore X and

X’ have the same distribution. In particular X1, ..., X, are independent random
variables with respective characteristic functions ¢y, ..., @4. O
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We now return to the proof of Theorem2.1.5.

Proof We do the proof in the univariate case for the sake of notational ease. The
multivariate case is a straightforward adaptation of it. Let X be a real-valued random
variable with cumulative distribution function F and characteristic function ¢. We
have to show that for any pair of points a, b with (a < b),

1 e—iua _ ,—iub 1
LTIJIFHOO o ” (u)du |:(2 {X=a or b} + {a<X<b}):| ()
—C
For this, write
1 +Ce—iua _ ,—iub
O, = o T‘P(U)du
—c
1 e —iua —iub +0o
=5 i /e“”dF(x) du
T iu
—C o0
+oo [/ 4c . . +00
1 e—iua _ p=iub
= — /,—e’“xdu dF(x) = / V. (x)dF(x),
2 iu
—00 \—c —00

where

21

—C

+c . .
1 e iua _ e—tub )
W (x) = —/,—e—'“du.
u

The above computations make use of Fubini’s theorem. This is allowed since, observ-
ing that

. , b
e iua _ e—zub )
: = /e_””dx < -a),
u
a
we have
+c +00 . .
e—zua _ —zu —iub
/ / &M dF (x)du = ——|dF(x)du
—c —00 e —oo

+c +00

//(b—a)dF(x)du

—Cc —00

=2c(b —a) < oco.
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Since the function u — M

+c
is antisymmetric, f %d u = 0, and therefore
—C

+c .
W () = i sinu(x —a) —sinu(x — b)d
2 u

u
—c
+c(x—a) +c(x—b)

1 i 1 i
_ 1 / smudu__ / s1nudu'
2 u 2 u

—c(x—a) —c(x—=b)

. 0 i . . . .
The function ¢ — fo = f—c S is uniformly continuous in ¢ and tends to

f0+oo Si%du = %n as ¢ 1 +o0. Therefore the function (¢, x) — W (x) is uniformly
bounded. Moreover, in view of the above expression for W,

C sinu
du

Iim V. (x) :=¥(x) =0 ifx<aorx>>b
ctoo

1
=— ifx=aorx=5»
2
=1 ifa<x<b.

Therefore, by dominated convergence,

+00
lim &, = / liTm Y. (x)dF(x)
cToo

ctoo
—00

+00

1
= / V(x)dF(x)=FE |:(§1{X:a orb} + 1{a<X<b})] .

—00

O

Note that, in the univariate case, denoting by F the cumulative distribution func-
tion of the random variable X,

1 F(b) + F(b—) F(a)+ F(a—
E[(El{x_aorb}+1{”<x<b})j|: ()+2 ( )_ (a)-|—2 @ )7

so that formula () takes the perhaps more familiar form

F)+F(b-) F@+Fa-) . 1 7 omiua _ p-iub

im — [ S~ Ladu.
2 2 Aae 27 L vwdu

—C
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Corollary 2.1.3 If moreover ¢ is integrable, then X admits a probability density f
given by
1 .
) =5 / pe " du.
2
Rd
Proof We do the proof in the univariate case (the extension to the multivariate case

follows the same lines of argument). The function f is well-defined, continuous and
bounded, and in particular integrable on finite intervals. We have (Fubini)

b b
1 .
/f(x)dx:/ 2—/(p(u)e_””du dx
b
a a R
1 b
= 2—/(p(u) /e_illxdx du
T
R a
{ +c b
= liTm 2—/<p(u) /e_i”xdx du
cloo 27T
—c a

1 e*iuu —e iub
— lim 5 / g = F®) - F@)
—C

for all @ < b that are points of continuity of F, from which the result easily follows
for any interval [a, b]. [l

Since a finite probability measure of M*(R¢) is a multiple of a probability mea-
sure on R?, which is in turn the probability distribution of some random vector
X e Rd, and since /1(0) enables us to recover the total mass, the uniqueness theorem
concerning characteristic functions gives:

Corollary 2.1.4 A measure of M (R?) is characterized by its Fourier transform.

2.1.3 Gaussian Vectors

Gaussian variables and Gaussian vectors play an important role in probabilistic mod-
eling. We decide to include them at this place in the book because they are defined in
terms of characteristic functions, and their properties are best studied in these terms.

A Gaussian random variable with mean m and variance o> > 0 is defined by its
probability density

[N

1 e_%
V21

QN‘R

fx) =
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Its characteristic function, which can be derived from the result of Example 1.1.5, is:
; I 59
ox(u) =exp{imu — EU u-t. @)

Definition 2.1.2 An extended Gaussian variable X is any real random variable with
a characteristic function of the form (1), where m € R and 02 € R4. A standard
Gaussian variable is one for which m = 0 and 02 = 1.

Note that a null variance (62 = 0) is allowed, and in this case, the random variable
X is the constant m. This is precisely the extension we need.

Definition 2.1.3 A random vector X € R is called a Gaussian random vector if
forall @ € R?, the random variable (o, X) is an extended Gaussian random variable.

We now connect this definition with another one in terms of characteristic
functions.

Theorem 2.1.6 Fora random vector X € RY to be a Gaussian vector; it is necessary
and sufficient that its characteristic function ¢x be of the form:

1
ox (1) = exp [i(u, m) — E(u, Fu)] . 2.4)

where m € R" and where T is a symmetric and non-negative definite d x d matrix.

D
In this case, we write X ~ N (m, I').

Proof Necessity: The characteristic function of a Gaussian vector as defined in Def-
inition2.1.3 can be expressed as

E[e'“X)] = gz (1),

where ¢ is the characteristic function of Z = (u, X). The random variable Z being
an extended Gaussian variable,

1
pz(1) =exp[imz - Eaé],

where
mz = E[Z] = (u, E[X]) = (u, m)

and

a% =E[{u, X —m){(u, X —m)]
= (u, E[(X = m)(X —m)T Ju) = (u, Tu).
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Therefore, finally,
1
ox (u) = exp [i(u, m) — z(u, Fu)] .

Sufficiency: Let X be a random vector with characteristic function given by (2.4).
Let Z = (a, X), where o € R4, The characteristic function of the random variable
Zis

oz (v) = Elexp{ivZ}]
= Elexp{iv{x, X)}]

= exp [iv((a, m)) — %vz((a, m))} .

Therefore Z is an extended Gaussian random variable. O

It remains to prove the existence of a random vector with the characteristic func-
tion (2.4):

Theorem 2.1.7 Let " be a non-negative definite matrix d x d matrix and letm € R
There exists a vector X € R? with characteristic functions (2.4).

Proof Since T is non-negative definite, there exists a matrix A of the same dimen-
sion and such that ' = AAT. Let X = m 4+ AZ where Z is a vector of independent
standard Gaussian variables Zy, ..., Z;. Then X has the required characteristic func-
tions. In fact, the characteristic function of Z is

- §d .
pz(ui, ... ,ug) =E [e’ 2= “fzf] = H E [e“‘fzf]

j=1

d
_1lsd 2 1 2
= [T oz@p = 2 Tim45 = embll?,
j=1

and therefore

(PX(M) — E I:ei(u,m-i-AZ):I — ei<u’m)(pZ(MTA)
— pilum) y=3 |l Al _ jitu.m)—5 (u.Tu)

O

Itis clear from the above proof that the parameters m and I' in (2.4) are respectively
the mean and the covariance matrix of X.
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In general, non-correlation does not imply independence. However, this is nearly true
for Gaussian vectors. We start with a definition that is needed for a precise statement
of the corresponding result.

Definition 2.1.4 Two real random vectors X and Y are said to be jointly Gaussian
if the vector Z = (X, Y) is Gaussian.

Theorem 2.1.8 Two jointly Gaussian random vectors X and Y of arbitrary dimen-
sions are independent if and only if they are uncorrelated (that is, if U'xy =
E[(X —mx)Y —my)T] =0).

Proof Necessity: If X and Y are independent, then, by the product formula for
expectations,

E[(X —mx)(Y —my)"] = E[X —mx]E[Y —my]" =0.

Sufficiency: The random vector Z = (X, Y) has the mean

mxy
m =
Z mY 9

and if X and Y are uncorrelated, its covariance matrix is of the form

'y O
ro= (5 0).
Vector Z is Gaussian by hypothesis and therefore, with w = (u, v), u and v being
real vectors of appropriate dimensions,

Elexp{i(u’ X +vTY)}] = E[expliw’ Z}]

1
= exp [inmZ — EwTsz]

1 1
= exp [i(uTmX + vay) — EuTl"Xu — zeryv}

= Elexp{iu’ X}]E[exp{ivT Y},
and the conclusion follows from the characteristic function independence criterion

O

Theorem 2.1.9 Let X be a d-dimensional Gaussian vector with mean m and covari-
ance matrix I', and assume that it is non-degenerate, that is:

(u,Fu):uTFu=O:>u=0.
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Then X admits the probability distribution function

1
fx(x) = p ——<x—m,r—1(x—m)>]. (2.5)

1
Qm)d2det )12 P 72

Proof Since I' > 0, there exists a non-singular matrix A of the same dimension as
I" and such that ' = AAT. Define the n-vector Z = A~1(X — m). According to
Definition 2.1.3, it is a Gaussian vector, and furthermore E[Z] = 0 and

Iy =A""TA T =A714ATA T =1,
where [ is the identity matrix. Therefore
. 1 xd
Elexp{iu” Z}] = exp {—§ > ulz} .
Since this is the characteristic function of a vector of independent standard (cen-
tered, variance 1) Gaussian variables, we can assert that Z1, ..., Z; are independent

standard Gaussian random variables Corollary 2.1.1. In particular, Z admits the prob-
ability distribution function

d
1 1.2
(2) = e 2% /2
20 =11 7=

B 1 1 )
= emin exXp =5 lzll* ¢ -
Now, X = AZ + m, and therefore, by the formula of smooth change of variables,

1

[det A|
1 |
= X
(det T)1/2 (27)dr2 XP

fx(x) = fr(A™ (x —m))

1
A (o — 2t
[ FlAT G =m)] ]
and this is precisely the announced result since

A7 e —m) > = (A7 e —m), A7 (x — m))
=@x—-mATA \(x —m))

=x—-m T 'x=m).
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2.2 Convergence in Distribution

2.2.1 Paul Lévy’s Theorem

Recall that Cj, (R?) is the collection of bounded continuous functions [ R? - R.

Definition 2.2.1 (a) The sequence {/t,},>1in M ™ (R?) is said to converge weakly
to p if, forall f € Cp(R?), limpyoo fpa fditn = [ga fdu. This is denoted by

Hn — L.

(b) The sequence of random vectors {X,},>1 of R?, with respective probability
distributions {Qx, },>1, is said to converge in distribution to the random vector

X e R? with distribution Qy if Q X, = Qx. This is also denoted by

x, 5 x.

Observe that the vectors X and X,,’s need not be defined on the same probabil-
ity space. Convergence in distribution concerns only probability distributions. As
a matter of fact, very often the X,,’s are defined on the same probability space but
there is no “visible” (that is, defined on the same probability space) limit random
vector X. Therefore we sometimes denote convergence in distribution as follows:

X, = Q,where Q is a probability distribution on R?. If Q is a “famous” probability
distribution, for instance a standard Gaussian variable, we then say, that “{X,},>1
converges in distribution to a standard Gaussian distribution”. We would then denote

this by X, 2 N(0, 1).

Denote by B° and B¢ respectively the interior and the closure of the set B € R?,
and by 0 B its boundary (:= B¢\ B?).

Theorem 2.2.1 Let {,},>1 and p be probability distributions on R, The following
conditions are equivalent:

(i) pn — I
(ii) For any open set G € R?, liminf, u,(G) > u(G).
(iii) For any closed set F C R4, lim sup, n(F) < u(F).
(iv) For any measurable set B C R? such that w(@B) =0, lim, u,(B) = u(B).

Proof (i) = (ii). For any open set G € R there exists a non-decreasing sequence
{¢k }x>1 of non-negative functions gf Cp (Rd) suchthat0 < ¢ < land ¢ 1 lg
(for instance, i (x) = 1 — e *4™6)) Forallk > 1, [1gdw, > [ gxdin, and
therefore

liminf @, (G) = lim inf/ lgdu, > lim inf/wkd,un.
n n n
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Since this is true for all k > 1,

lim inf u, (G) > sup (hm inf/ gokdun)
n k n

= sup (lim/gokdun)
k n

= Sl;p/ prdp = u(G).

(i1) < (iii). Take complements.
(ii) + (iii) = (iv). Indeed, by (ii) and (iii),

lim sup ¢, (B) < lim sup ¢, (B) < 11(B)
n n
and
lim inf w, (B) > liminf u,(B°) > w(B).
n n
But, since u(dB) = 0, w(B?) = uw(B) = u(B), and therefore (iv) is verified.

(iv) = (). Let f € Cp(RY). We must show that lim,toc [ fdin = [pa fdp. It
is enough to show this for f > 0. Let K < oo be a bound of f. Write, using

Fubini,
K
/f(x)du(x):/ /l{tff(x)}dt du(x)
R4 R4 \O
K K
= / u({xs 1 < f)hdr = / (D] )dr,
0 0

where DY := {x;t < f(x)}. Observe that 3D; € {x;t = f(x)} and that the
collection of positive ¢ such that u({x; t = f(x)}) > 0 is at most denumerable

(for each positive integer k there are at most k values of 7 such that u({x; r =
fx)h = %). Therefore, by (iv), for almost all # (with respect to the Lebesgue

measure),

lim 1, (D) = (D]
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and, by dominated convergence,

K
lim / fdpn = lim / n(D])dt
n n

0

K

:/M(th)dzz/fdu.

0
g

We now state Lévy’s characterization of convergence in distribution. Its proof will
be given later in Theorem2.3.5.

Theorem 2.2.2 A necessary and sufficient condition for the sequence {X,},>1 of
random vectors of RY to converge in distribution is that the sequence of their char-
acteristic functions {¢, },>1 converges to some function ¢ that is continuous at 0. In
such a case, @ is the characteristic function of the limit probability distribution.

The following equivalent formulations of convergence in distribution are then a
consequence of Theorems2.2.2 and 2.2.1.

Corollary 2.2.1 Let {X,},>1 and X be random vectors of R? with respective char-
acteristic functions {¢,},>1 and ¢. The following three statements are equivalent.

A x, 2 x.
(B) For all continuous and bounded functions f : RY — R,

Y}ITI;IC E[f(X»)] = E[f(X)].

(C) limnToo Pn = .

Corollary 2.2.2 In the univariate case, denote by F, and F the cumulative distrib-
ution functions of X,, and X respectively. Call a point x € R a continuity point of F
if F(x) = F(x-). Then X, 2 X if and only

lim F,,(x) = F(x) for all continuity points x of F.
n

Proof Necessity. Let Qx be the probability distribution of X. If x is a continuity
point of F, the boundary of C := (—o0, x] is {x} of null Q x-measure. Therefore by
(iv), lim, Qx, ((—oo, x]) = O x((00, x]), that is lim,, F,(x) = F(x).

Sufficiency. Let f € C»(R) and let M < oo be an upper bound of f. For arbitrary
& > 0, there exists a subdivision —00 < a = xg < X] < -+ < X = b < 400
formed by continuity points of F, such that F(a) < ¢, F(b) > 1 — ¢ and
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| f(x) — f(xi)| <& on[x;_1,x;]. By hypothesis,

k k

Sui= D FO)(Fu(xi) = Fa(xic1)) = S = D fxi)(F(x;) = F(xi-1))

i=1 i=1
Also

E[f(X)]—=S|<e+MF@+M(A—-F®b) <2M+ 1)e
and

ELf(Xn)] = Sul < e+MFy(a) + M1 — Fy(b)) »> ¢ + MF(a) + M(1 — F(b))
< (2M + D)e. (2.6)

Therefore,

limnsup ELf(X)] = E[f(XO]
< limsup [E [f(X,)] — Sp| +limsup [S, — S|+ |E[f(X)] — S|
< (41\,/’1 + 2)e. '
Since ¢ is arbitrary, lim,, |E [ f(X,)] — E [f(X)]| = 0. 0

Theorem 2.2.3 Let {X,},>1 and {Y,},>1 be sequences of random vectors of R4
such that X, E X and d(X,,Y,) ir)' 0 where d denotes the euclidean distance.
Then Y, 2 X.

Proof By Corollary 2.2.1, it suffices to show that for all closed sets F, lim sup,, P (Y,
€ F) < P(X € F).Forall ¢ > 0, define the closed set F, = {x € R?; d(x, F) <

e}. We have
P(Y, € F) < P(d(Xn, F) > &) + P(X, € Fe),

and therefore, by Corollary 2.2.1,
limsup P(Y, € F) <limsup P(d(X,, F) > ¢) + limsup P(X,, € Fy)
n n n

=limsup P(X, € F;) < P(X € F,).

n

Since ¢ > 0 is arbitrary and limg o P(X € F;) = P(X € F), limsup, P(Y,
eF)<P(XeF). O
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Links with Other Types of Convergence

Convergences in probability, almost-sure, and in quadratic mean (in L%(P)) are
linked to convergence in distribution as the following results show.

Theorem 2.2.4 If the sequence {X,},> of random vectors of R? converges almost
surely to some randomvector X, it also converges in distribution to the same vector X.

Proof By dominated convergence, for all u € R,

i 5 [e50] = [0

ntoo
which implies, by Theorem2.2.1 that {X,,},,~ converges in distribution to X.  [J
In fact, we have the stronger result:

Theorem 2.2.5 Ifthe sequence {X,},- of random vectors of R? converges in prob-
ability to some random vector X, it also converges in distribution to X.

Proof If this were not the case, one could find a function f € C,(R?) such that
E[f(X,)] does not converge to E[f(X)]. In particular, there would exist a sub-
sequence ng and some & > 0 such that |E[f(X,,)] — E[f(X)]| > & for all k.
As {X,, }x>1 converges in probability to X, one can extract from it a subsequence
{Xng, Ye=1 converging almost-surely to X. In particular, since f is bounded and con-
tinuous, limg E[ (X, k[] = E[f(X)] by dominated convergence, a contradiction.

O

Theorem 2.2.6 If the sequence of real random variables {Z,},-| converges in
quadratic mean to some real random variable Z, it also converges in probability
to the same random variable Z.

Proof This follows immediately from Chebyshev’s inequality

E[1Z, — Z*]

P(Z,—Zl 2 ) < .
&€

Pasting Theorems A.2.17 and 2.2.5, we have:

Theorem 2.2.7 If the sequence {Z,},> converges in quadratic mean to some ran-
dom variable Z, it also converges in distribution to the same random variable Z.

Example 2.2.1 (A stability property of the Gaussian distribution)

Let {Z,},>1, where Z, = (Z,Sl), e, Z,S’")), be a sequence of Gaussian random
vectors of fixed dimension m that converges componentwise in quadratic mean to
some vector Z = (Z M. . Z (m)). Then the latter vector is Gaussian. In fact, by
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continuity of the inner productin L%R(P),foralll <i,j <mlim, e E[Zr(zi)zr(lj)] =
E[ZDZD] and limy 1o E[Z] = E[ZD], that is

lim mz, =mg, lim an ZFZ
ntoo ntoo
and in particular, for all u € R"™,
. i T . T _i,T
lim E [e”‘ Z"] = lim ™ Hzn— 3% Tz,u
ntoo ntoo
— ei”TMZ—%MTFZM.
The sequence {u” Z,,},>1 converges in quadratic mean to u” Z, and therefore it also

converges in distribution to u” Z. Therefore, lim, 1o E [ei”TZn] = E[e*"?], and
finally

E[eiuTZ] — eiqu.zféuTqu

for all u € R™. This shows that Z is a Gaussian vector.

Therefore, limits in the quadratic mean preserve the Gaussian nature of random
vectors. This is the stability property refered to in the title of this example. Note that
the Gaussian nature of random vectors is also preserved by linear transformations as
we already know.

2.2.2 Bochner’s Theorem

The result of this subsection links the classical Fourier theory and the Fourier theory
of stochastic processes.

The characteristic function ¢ of areal random variable X has the following properties:

(A) Itis hermitian symmetric, that is ¢ (—u) = ¢ (u)*, and it is uniformly bounded:
lp@)] < ¢(0).

(B) It is uniformly continuous on R, and

(C) Itis definite non-negative, in the sense that for all integers n, all uy, ..., u, € R,
and all z;,...,z, € C,

=
=

o(uj— uk)ZjZ?{< >0
=1 k=1

2
(just observe that the left-hand side equals E [‘Z?: pzje jX‘ i|).
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It turns out that Properties A, B and C caracterize characteristic functions (up to
a multiplicative constant). This is Bochner’s theorem:

Theorem 2.2.8 Let ¢ : R — C be a function satisfying properties A, B and C. Then
there exists a constant 0 < B < oo and a real random variable X such that for all

u e R,
o) = BE[¥].

Proof We henceforth eliminate the trivial case where ¢(0) = 0 (implying, in view
of condition A, that ¢ is the null function). For any continuous function z : R — C
and any A > 0,

A A
//@(u —v)z(w)z" (v)du dv > 0. (%)
00
Indeed, as the integrand is continuous, the integral is the limit as n 1 oo of
P2 (M5 (3)(5)
AN =13\ =—/ s
j=lk=1 2 2
a non-negative quantity, by condition C. From (x) with z = e ~***_ we have that
] A A
glx, A) = —A//go(u — e eV qudy > 0.
00

Changing variables, we obtain for g(x, A) the alternative expression

PR T\ YO
g(x, )'_E/( A)<P(M) u

= —/ (p(u)e x gy,

where

h(u) = (1 — |ul)Tgu<1y-
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Let M > 0. We have

+00 . +00 +00
X _ 1 X —iux
/h(—zM)g(x,A)dx—zﬂ /h(A)q)(u) /h(—ZM)e dx | du
—00 — —00
sin Mu '\ 2
=—M/ (u)( ) du.
Mu
Therefore
+00 | +00 2
x u sin Mu
/h(—ZM)g(x,A)dxng/h(Z) |<p(u)|( — ) du

—00 —00

IA

|

hS)

S

=)

p—_
/4N
z.
N =]
N
\—/
o

Q

N

|

~~

=}

N—

By monotone convergence,

+00 +00

. X
Jim. h(ZM)g(x Aydx = / g(x, A)dx,
—0Q —0o0
and therefore
+o0
/ g(x, A)dx < ¢(0).
—00

The function x — g(x, A) is therefore integrable and it is the Fourier transform of
the integrable and continuous function u — h ( ) ¢(u). Therefore, by the Fourier
inversion formula:

+00

h (%) o) = / g(x, A)e'" dx.

—00

In particular, with u = 0, [~ 9 o(x, A)dx = ¢(0). Therefore, f(x, A) := g;"(b‘;‘)
is the probability density of some real random variable with characteristic function

h(% )zgg; But
lim 7 (1) @(u) _ w(u)_
Atoo VAT @(0)  ¢(0)
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This limit of a sequence of characteristic functions is continuous at 0, and therefore
it is a characteristic function (Paul Lévy’s criterion, Theorem2.2.2). (I

2.3 Weak Convergence of Finite Measures

2.3.1 Helly’s Theorem

We are now left with the task of proving Paul Lévy’s theorem. We shall need the
following slight extension of Riesz’s theorem (Theorem A.1.31), Part (ii) of the
following:

Theorem 2.3.1 (i) Let n € M*T(RY). The linear form L : Co(RY) —> R defined
by L(f) := f fduw is positive (L(f) > 0 whenever f > 0) and continuous,
Rd
and its norm is L (R9).
(ii) Let L : Co(R?) — R be a positive continuous linear form. There exists a unique
measure . € M+ (R?) such that for all f € Co(R?),

L(f) = / fdu.

Rd

Proof Part (1) is left as an exercise Exercise 2.4.13. We turn to the proof of (ii). The
restriction of L to C. is a positive Radon linear form, and therefore, according to
Riesz’s theorem A.1.31, there exists a locally finite © on (R4, B(R%)) such that for
all f € C.(RY), L(f) = [ fdp.
d

We show that p is a ]ili{nite (not just locally finite) measure. If not, there would
exist a sequence {K,, },»>1 of compact subsets of R? such that u(K,,) > 3™ for all
m > 1. Let then {¢,},,>1 be a sequence of non-negative functions in C.(R?) with
values in [0, 1] and such that for all m > 1, ¢,,,(x) = 1 for all x € K,,,. In particular,
the function ¢ := >, ;27" ¢, isin Co(R%) and

k k
Lp)= L (Z 2""<pm) =D 27" Lign)
m=1

m=1
k k 3 k
= Zz‘mfwmdu > > 27" u(Kp) = (5) .
m=1 Rd m=1

Letting k 1 oo leads to L(¢) = oo, a contradiction.

We show that L is continuous. Suppose it is not. We could then find a sequence
{@m}m=1 of functions in C, (R?) such that |¢,,| < 1 and L(g,,) > 3™. The function
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@ =221 2" gp is in Co(RY) and

k k
u@>u2p%w»—zp%uw)

= m=1

g e ()

m=1 Rd

Letting k 1 0o again leads to L(¢) = oo, a contradiction.
It remains to show that L(f) = f fduforall f € Co(R?). For this we consider
Rd
a sequence { f;,},»>1 of functions in C, (R?) converging uniformly to f € Co(R?).
We have, since L is continuous, limy 4o L(fin) = L(f) and, since p is finite,
limy 100 [ fmdi = [ fdu by dominated convergence. Therefore, since L(f;,) =
[ fmduforallm > 1, L(f) = [ fdpu. 0

We now introduce the notion of vague convergence.

Definition 2.3.1 The sequence {i,},>1 in M ™ (R?) is said to converge vaguely to
wif, for all f € Co(RY), limptoo [pa fditn = [pa fdu.

Theorem 2.3.2 The sequence {ji,}n>1 in M +(R?) converges vaguely if and only if

(a) sup, wn(RY) < o0, and
(b) There exists a dense subset £ in Co(Ry) such that for all f € &, there exists
limnToo fRd Sfdin.

Proof Necessity. If the sequence converges vaguely, it obviously satisfies (b). As for
(a), it is a consequence of the Banach—Steinhaus theorem.! Indeed, p, (R?) is the
norm of L,, where L, is the continuous linear form f — fRd fdu,, from the Banach
space Co(R?) (with the sup norm) to R, and forall f € Co(RY), sup,, | fRd f d,un| <
0.

Sufficiency. Suppose the sequence satisfies (a) and (b). Let f € Co(R%). For all
peé,

‘/ﬂw—/ﬁw

@dim —/wdun

—{-‘/fdum—/(pd,um +‘/fdl/«n_/(ﬂdﬂn

+ sup () = p(x)] x sup py (RY).
xeR n

od iy — / od

I'Let E be a Banach space and F be a normed vector space. Let {L;};c; be a family of continuous
linear mappings from E to F such that, sup;c; [|L; (x)|| < coforallx € E. Thensup;; [IL;| < oo.
See for instance Rudin (1986), Theorem 5.8.
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Since sup, cge | f(x) — ¢(x)| can be made arbitrarily small by a proper choice of ¢,
this shows that the sequence { | fd/t,},=1 is a Cauchy sequence. It therefore con-
verges to some L(f), and L so defined is a positive linear form on Co(RY). There-
fore, there exists 1 € M (RY) such that L(f) = [pa fdu and {,}n=1 converges
vaguely to u. (]

We now give Helly’s theorem.

Theorem 2.3.3 Fom any bounded sequence of M (R?), one can extract a vaguely
convergent subsequence.

Proof Let {in}n>1 be a bounded sequence of MT(R?). Let {fu}n=1 be a dense
sequence of Co(RY).

Since the sequence { f Jid i, }n>1 is bounded, one can extract from it a convergent
subsequence {f J1d i1 n}n>1. Since the sequence {f J2dt1.n}n>1 is bounded, one
can extract from it a convergent subsequence { f Jad o n}n=1. This diagonal selec-
tion process is continued. At step k, since the sequence { f SJk+1d Lk n}n>11s bounded,
one can extract from it a convergent subsequence { | fi+1d k41,1 }n>1. The sequence
{vi}k=1 where vy = g (the “diagonal” sequence) is extracted from the original
sequence and for all f;,, the sequence { f Jfndvi}r=1 converges. The conclusion fol-
lows from Theorem 2.3.2. ([l

2.3.2 Proof of Paul Lévy’s Theorem

For the next definition, recall that C,(R?) denotes the collection of uniformly
bounded and continuous functions from R? to R.

Theorem 2.3.4 The sequence {{ty}n>1 in M T(RY) converges weakly to | if and
only if

(i) It converges vaguely to |, and
(i) limppoo pn(RY) = p(RY).

Proof The necessity of (i) immediately follows from the observation that Cy (RY)
Cp(RY). The necessity of (ii) follows from the fact that the function that is the constant
Lis in Cp(RY) and therefore [ 1d, = 1, (R?) tends to [ 1du = p(RY) asn 1 oco.
Sufficiency. Suppose that (i) and (ii) are satisfied. To prove weak convergence, it
suffices to prove that lim, oo [ga fdin = Jga fdu for any non-negative function
f € Cp(RY).

Since the measure 4 is of finite total mass, for any ¢ > 0 one can find a compact set
K¢ = K such that u(K) < ¢. Choose a continuous function with compact support
¢ with values in [0, 1] and such that ¢ > 1g. Since |f — fo)| < || fII(1 — ¢)
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(where || f]| = sup,cga |f(x)],

[ s~ [ roan,

<limsup |l fIl [ (1 —@)dpuy

ntoo

_yy (nm / djin — lim / godun)
ntoo ntoo

= IIfII/(1 —@)dp < | fll.

lim sup
ntoo

Similarly, f fdu — f fgodu| < ¢|| f||. Therefore, for all ¢ > 0,
timsup| [ fdwn — [ sau| <26151.
ntoo

and this completes the proof. (]

We will be ready for the generalization of Paul Lévy’s criterion of convergence
in distribution after a few preliminaries.
Definition 2.3.2 A family {a,};-0 of functions ¢ : R? — C in L{(RY) is called

an approximation of the Dirac distribution in RY if it satisfies the following three
conditions:

(i) Jpa o (x)dx =1,

(ii) sup,.g [ga loi(x)|dx := M < oo, and
(iii) For any compact neighborhood V of 0 € R4, lim, o fv lotg (x)|dx = 0.
Lemma 2.3.1 Let {a;};~0 be an approximation of the Dirac distribution in R?. Let

f :RY — C be a bounded function continuous at all points of a compact K C R?,
Then lim; o f * o uniformly in K.

Proof We will show later that

lim sup [f(x —y) — f(x)] — 0. ()

Y=V xeK

V being a compact neighborhood of 0, we have that

sup [ f(x) — (f *a)(x)] = M sup sup | f(x —y) — f(x)]
xek yeV xek

+ 2| sup |f(x)] Vlaz(y)ldy-

xeRd

This quantity can be made smaller than an arbitrary ¢ > 0 by choosing V such
that the first term be < %s (uniform continuity of f on compact sets) and the second

term can then be made < %s by letting ¢ | (condition (iii) of Definition2.3.2).
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Proof of (x). Let ¢ > 0 be given. For all x € K, there exists an open and symmetric
neihborhood V, of O such thatforall y € V,, f(x —y) r(x)| < %8. Also, one can find
an open and symmetric neighborhood W, of 0 such that W, + W, C V.. The union
of open sets U,ex {x + W, } obviously covers K, and since the latter is a compact
set, one can extract a finite covering of K: U;V:l (xj+ ij). Define W = 07:1 Wx/.,
open neighborhood of 0.

Let y € W. Any x € K belongs to some x; + ij, and for such j, and
1F =) = fOOl < 1F() = Fxy — () — x)
+ 1) — fx;—(xj —x+y)I.

Butx; —x € Wy, andx; —x +y € Wy, + W C Vy,. Therefore

f—y) = fOO] < %s+ %g _.

O

Theorem 2.3.5 Let {{t,},>1 be a sequence of MTRY) such that for all v € R4,
there exists lim, 100 i, (V) = @(v) for some function ¢ that is continuous at 0. Then
{ttn}n>1 converges weakly to a finite measure jn whose Fourier transform is ¢.

Proof The sequence {1, },>1 is bounded (thatis sup,, 1, (R?) < oo)since u, (RY) =
L, (1) has a limit as n 1 oo. In particular

n(v) < pn(RY) < sup p, (RY) < oo. ()

If f e Lﬁ{(Rd), then by Theorem2.1.2, ffdu,, = [ fitpdx. By dominated con-
vergence (using (1)), limy4oc | flndx = [ fedx. Therefore

lim [ fdu, = / fodx.
ntoo

One can replace in the above equality fby any function in D(R?), since such function
is always the Fourier transform of some integrable function (Corollary 1.1.5).

Therefore, by Theorem2.3.2, {1, },>1 converges vaguely to some finite measure /t.

We now show that it converges weakly to . Let f be an integrable function of
integral 1 such that f(x) = f(—x) and fe D(RY). For t > 0, define fi(x) =
1~ f(t~'x)). Using Theorem2.1.2, we have

/f(IX)/Ln(dX) = / [ (x)dx = (fr * 1n)(0).
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By dominated convergence,

lim / Fax)a(dx) = (f; * 9)(0),

and by vague convergence,
lim / Fx)pn(dx) = / Faxu(dx).
ntoo

Therefore, for all 1 > 0, [ f(tx)u(dx) = (f; * ¢)(0).

Since the function ¢ is bounded and continuous at the origin, by Lemma2.3.1,
lim; o ( f; * ¢)(0) = ¢(0). Also, by dominated convergence lim, o f ftx)u(dx) =
w(R?). Therefore,

(R = ¢(0) = lim i (RY).

Therefore, by Theorem2.3.4, {i,},>1 converges weakly to j. Since the function
x — e 27X ig continuous and bounded,

Av) = / e u(dx) = lim [ e, dx) = g ().

2.4 Exercises

Exercise 2.4.1 (Sampling a sinusoid) Check with a single sinusoid that you really
need the strict inequality in (2.2).

Exercise 2.4.2 (Characteristic function of the residual time) Let G : Ry — C be
the primitive function of the locally integrable function g : Ry — C, that is, for all
x>0,

X

G(x) = G(O)—l—/g(u)du.
0

(a) Let X be a non-negative random variable with finite mean p and such that
E[|G(X)|] < oo. Show that

E[G(X)] = G(O) + / g P(X = x)dx.
0
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(b) Let X be as in (a), and let X be a non-negative random variable with @e proba-
bility density u~! P(X > x). Compute the characteristic function of X.

Exercise 2.4.3 (Characteristic functions of lattice distributions) Let X be a real
random variable whose characteristic function v is such that [y (f9)| = 1 for some
to # 0. Show that there exists some a € R such that ZneZ P(X=a+ ”Zz_oﬂ) =1.

Exercise 2.4.4 (Probability of the positive quadrant) Let (X, Y) be a 2-dimensional
Gaussian vector with probability density

[,y = ; exp —; <x2 —2pxy + yz)
7 2 (l — p2)1/2 2 (1 - :02)

where |p| < 1.

(a) Show that X and (Y — pX)/ (l — ,02)1/2 are independent Gaussian random
variable with mean 0 and variance 1.
(b) Prove that

1 1
P(X>0,Y>0)=-+—sin"'(p).
4 2w
Exercise 2.4.5 (Discrete uniform variable and convergence in distribution) Let Z,,
be a random variable uniformly distributed on {zln, 22%, ey 2”2% = 1}. Does it
converge in distribution?

Exercise 2.4.6 (Convergence in distribution for integer-valued variables) Show that

if the random variables X,,’s and X take integer values, X, 2) X if and only if for
allk > 0,

lim P(X, =k) = P(X =k).
ntoo

Exercise 2.4.7 (Poisson’s law of rare events in the plane) Let Zi,...,Zy be
M bidimensional 1ID random vectors uniformly distributed on the square [0, A] x
[0, A] = T'4. Define for any measurable set C C T'4, N (C) to be the number of
random vectors Z; that fall in C. Let Cy, ..., Cg be measurable disjoint subsets of
4.

(i) Give the characteristic function of the vectors (N (Cy), ..., N (Ck)).

(i) We now let M be a function of A € R such that M A(f) = X > 0. Show that,
as A P oo, (N (Cy), ..., N (Ck)) converges in distribution. Identify the limit
distribution.

Exercise 2.4.8 (Cauchy random variable) A random variable X with PDF

_ 1
f(x) - n(1+x2)
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is called a Cauchy random variable. Compute the Fourier transform of u — ¢~/*l and
deduce from the result that the CF of the Cauchy random variable is ¥ (1) = el

Exercise 2.4.9 (Cauchy random variables and convergences) Let {X,},>1 be a
sequence of 11D Cauchy random variables.

(A.) Whatis the limit in distribution of X1=+Xa?
(B.) Does % converge in distribution?

. oes == converge almost surely to a deterministic constant?
C.) Does X1t ge almost surely to a det t tant?

Exercise 2.4.10 (A simple counter example) Let Z be a random variable with a
symmetric distribution (that is, Z and —Z have the same distribution). Define the
sequence {Z,},>1 as follows: Z, = Z if nis odd, Z, = —Z if n is even. In
particular, {Z, },>1 converges in distribution to Z. Show that if Z is nondegenerate,
then {Z, },>1 does NOT converge to Z in probability.

Exercise 2.4.11 (Infimum of 1D uniform variables) Let {Y,},>1 be a sequence of
11D random variables uniformly distributed on [0, 1]. Show that

X, =nmin(Yy.....Y,) 3 &),

(the exponential distribution with mean 1).

Exercise 2.4.12 (A stability property of the Gaussian distribution) Prove the state-
ment (ii) of Example 2.2.1.

Exercise 2.4.13 (Riesz’s theorem) Prove Part (i) of Theorem2.3.1.

Exercise 2.4.14 (Dirac measures and vague convergence)

(i) Show that the sequence of Dirac measures on (R4, B(RY)), {€4, }n>1 converges

vaguely to &, if and only if lim, 400 a, = a.

(i) Show that g, converges vaguely to the null measure when a — oo.

(iii) Show that the measure pu, = ﬁl[_ B,+8)¢ on (R, B(R)) converges vaguely
to the null measure as B — oo.

(iv) Let f € L(IC(R" ) be non-negative and such that fRd f(x)dx = 1. Let f;(x) :=
1= f(t~'x). Show that, as n 1 oo, the measures on R¢ with densities f1 and
fn converge vaguely to the Dirac measure ¢g and the null measure respectnively.

Exercise 2.4.15 (Polya’s theorem) Prove the following result:

A non-negative symmetric continuous function ¢ : R — R that is convex on
[0, +00) and such that ¢(0) = 1 and lim,|100 (1) = 0 is a characteristic function.

Hint: first show that this is true if ¢ is in addition piecewise linear.

Use the result to prove that the fact that two real random variables whose char-
acteristic functions coincide on an interval of R do not necessarily have the same
distribution.
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