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1 Introduction

In [7] the authors developed a tracial symbolic pseudo-differential calculus on every
Lie group G whose Lie algebra g is a normal j-algebra in the sense of Pyatetskii-
Shapiro [16]. The class of such Lie groups is in one-to-one correspondence with
the class of homogeneous complex bounded domains. Each of them carries a left-
invariant Kéhler structure.
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As a by-product, they obtained a G-equivariant continuous linear mapping
between the Schwartz space S(G) of such a Lie group and a subalgebra of
Hilbert—Schmidt operators on a Hilbert irreducible unitary G-module. This yields
a one-parameter family of noncommutative associative multiplications {xgy}ger on
the Schwartz space, each of them endowing S(G) with a Fréchet nuclear algebra
structure. Moreover, the resulting family of Fréchet algebras {(S(G), xp)}oecr
deforms the commutative Fréchet algebra structure on S(G) given by the pointwise
multiplication of functions corresponding to the value & = 0 of the deformation
parameter. Note that such a program was achieved in [17] for abelian Lie groups
and in [8] for abelian Lie supergroups.

In this article we construct a bijective intertwiner between every noncommutative
Fréchet algebra (S(G),xp) (0 # 0) and a convolution function algebra on the
group G. The intertwiner’s kernel consists in a complex-valued smooth function
& on the group G x G that we call “x-exponential” because of its similar nature
with objects defined in [11] and studied in [2] in the context of the Weyl-Moyal
quantization of coadjoint orbits of exponential Lie groups.

We then prove that the associated smooth map

E:G— C®(G)

consists in a group-morphism valued in the multiplier (nuclear Fréchet) algebra
M., (G) of (5(G), *¢). The above group-morphism integrates the classical moment

mapping
Aig—> M, (G) N C*®G)

associated with the (symplectic) action of G on itself by left-translations. Next, we
modify the 2-point kernel £ by a power of the modular function of G in such a way
that the corresponding Fourier-type transform consists of a unitary operator F on
the Hilbert space of square integrable functions with respect to a left-invariant Haar
measure on G.

As an application, we define a class of noncommutative tori associated to
generalized Bauslag—Solitar groups in every dimension.

2 Homogeneous Complex Bounded Domains and j -Algebras

The theory of j-algebras was greatly developed by Pyatetskii-Shapiro [16] for
studying in a Lie-algebraic way the structure and classification of bounded
homogeneous—not necessarily symmetric—domains in C". A j-algebra is roughly
the Lie algebra g of a transitive Lie group of analytic automorphisms of the domain,
together with the data of the Lie algebra € of the stabilizer of a point in the latter
Lie group, an endomorphism j of g coming from the complex structure on the
domain, and a linear form on g whose Chevalley coboundary gives the j-invariant
symplectic structure coming from the Kdhler structure on the domain. Pyatetskii-
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Shapiro realized that among the j-algebras corresponding to a fixed bounded
homogeneous domain, there always is at least one whose associated Lie group acts
simply transitively on the domain, and which is realizable as upper triangular real
matrices. Thoses j-algebras have the structure of normal j-algebras which we
proceed to describe now.

Definition 2.1. A normal j-algebra is a triple (g, o, j) where

1. g is a solvable Lie algebra which is split over the reals, i.e., ady has only real
eigenvalues for all X € g,

2. j is an endomorphism of g such that j> = —Id, and [X,Y] + j[jX,Y] +
J[XvJY]_ [/ijY] = O’V XvY €9,

3. o is a linear form on g such that a([j X, X]) > 0if X # Oand a([j X, jY]) =
a([X, Y],V X,Y €g.

If ¢’ is a subalgebra of g which is invariant by j, then (¢’, «|y, j|g) is again
a normal j-algebra, said to be a j-subalgebra of (g, «, j). A j-subalgebra whose
algebra is at the same time an ideal is called a j-ideal.

Remark 2.2. To each simple Lie algebra & of Hermitian type (i.e., such that the
center of the maximal compact algebra £ has real dimension one) we can attach a
normal j-algebra (g, «, j) where

1. g is the solvable Lie algebra underlying the Iwasawa factor g = a @ n of an
Iwasawa decomposition £ @ a @ n of &.

2. Denoting by G/ K the Hermitian symmetric space associated to the pair (&, £)
and by G = KAN the Iwasawa group decomposition corresponding to € adn,
the global diffeomorphism:

G:=AN — G/K : g— gK ,

endows the group G with an exact left-invariant symplectic structure as well as
a compatible complex structure. The evaluations at the unit element e € G of
these tensor fields define the elements 2 = do and j at the Lie algebra level.

It is important to note that not every normal j -algebra arises this way. Indeed, it
is with the help of the theory of j-algebras that Pyatetskii-Shapiro discovered the
first examples of nonsymmetric bounded homogeneous domains. Nevertheless, they
can all be built from these “Hermitian” normal j-algebras by a semidirect product
process, as we recall now.

Definition 2.3. A normal j-algebra associated with a rank one Hermitian symmet-
ric space (i.e., dima = 1) is called elementary.

Lemma 2.4. Let (V,wy) be a symplectic vector space of dimension 2n, and let
hy = V & RE be the corresponding Heisenberg algebra : [x,y] = wo(x, y)E,
[x,E] =0V x,y € V. Setting a := RH, we consider the split extension of Lie
algebras:

0—>bhy >s:=axbhy »>a—0,
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with extension homomorphism py : @ — Der(h) given by
py(H)Y(x +LE) = [H,x +L{E]:=x+2lE, xeV,leR.

Then the Lie algebra s underlines an elementary normal j-algebra. Moreover, every
elementary normal j-algebra is of that form.

The main interest of elementary normal j -algebras is that they are the only building
blocks of normal j-algebras, as shown by the following important property [16].

Proposition 2.5. Let (g, «, j) be a normal j-algebra. Then,

1. there exists a one-dimensional ideal 31 of g, and a vector subspace V of g, such
thats = j31+V 431 underlies an elementary normal j-ideal of g. Moreover, the
associated extension sequence

0—s—g—g —0,
is split as a sequence of normal j-algebras and such that

a. [g.ai®5n]=0,
b [g.V]CV.

2. (follows from 1.) every normal j-algebra admits a decomposition as a sequence
of split extensions of elementary normal j-algebras with properties (a) and (b)
above.

2.1 Symplectic Symmetric Space Geometry of Elementary
Normal j-Groups

In this section we briefly recall results of [6,9].

Definition 2.6. The connected simply-connected real Lie group G whose Lie
algebra g underlies a normal j-algebra is called a normal j-group. The connected
simply connected Lie group S whose Lie algebra s underlies an elementary normal
j-algebra is said to be an elementary normal j-group.

Elementary normal j-groups are exponential (non-nilpotent) solvable Lie
groups. As an example, consider the Lie algebra s of Definition 2.3 where V' = 0.
It is generated over R by two elements H and E satisfying [H, E] = 2F and is
therefore isomorphic to the Lie algebra of the group of affine transformations of the
real line: in this case, S is the ax + b group.

Now generally, the Iwasawa factor AN of the simple group SU(1,n) (which
corresponds to the above example in the case n = 1) is an elementary normal

J-group.
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We realize S on the product manifold underlying s:
S = RxVxR = {(a,x,0)}.

The group law of S is given by

/ ’ 1 ’
(a,x,0)(@, x', )= (a +ad e x+x e+ + Ee_“ a)o(x,x’)) (1.1)

and the inverse by

(a,x,0)7" = (—a,—ex, —e*0) .

We denote by
Ad* :Sxs":(g,8) > Adg(§) = £oAdy

the coadjoint action of S on the dual space s* of s = RH & V & RE. In the dual
s*, we consider the elements * H and "E as well as "x (x € V) defined by

b
HlVGBRE =

0, CH H) = 1,
"Elgney = 0, ("E,E) = 1,
Oa

"XlrHorRE = (x,y) = wo(x,y) (yeV).

Proposition 2.7. Let O, denote the coadjoint orbit through the element € "E, for
€ = =1, equipped with its standard Kirillov—Kostant-Souriau symplectic structure
(referred to as KKS). Then the map

S—Oc : (@.x.0) > Adf, , (€"E) =€"H —e™“"x + e E) (1.2)
is a S-equivariant global Darboux chart on O, in which the KKS two-form reads

w = ws := €(2da A dl + ay) .
Within this setting, we consider the moment map of the action of S on O, >~ S:
Lis—>C®EFS): X = Ay

defined by the relations

Ax(g) == (Adf(’E) . X).

Lemma 2.8. Denoting for every X € s the associated fundamental vector field by

d
X7 = EIO exp(—tX).g,
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onehas(y € V):

1
H*=-9,, y*=—e, + Ee_“wo(x,y)f)g , E* = —¢72%9, .

Moreover the moment map reads

Ag(a,x, ) =2¢el, Ay(a,x,£) = e “emp(y, x) , Ap(a, x,0) = ee 2% .
(1.3)
Proposition 2.9. The map
s:SxS—>S:(g,8) 5.8

defined by

S(a,x,0) (a/, xl, Z/)

= (2a —a’,2cosh(a —a’)x — x’,2cosh(2(a — a’))¢ — £ + sinh(a — a’)wo(x, x/)>
(1.4)

endows the Lie group S with a left-invariant structure of the symmetric space in the
sense of O. Loos (cf. [15]).

Moreover the symplectic structure w is invariant under the symmetries: for every
g €S, one has

2.2 Normal j-Groups

The above Proposition 2.5 implies that every normal j-group G can be decomposed
into a semidirect product

G = G1 Xp Sz (15)
where
Sz = RHZ X Vz X REz

is an elementary normal j-group of real dimension 2n, 4+ 2 and G, is a normal
Jj-group. This means that the group law of G has the form

Vgi.g1€Gl. Vg.8eS 1 (g1.82)(8).8) = (gl-gi, gz-(p(gl)gé)),
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where p : G; — Sp(V2, wp) denotes the extension homomorphism; and the inverse
is given by (g1.82)"" = (g7'. p(g7")g;"). As a consequence, every normal -
group therefore results in a sequence of semidirect products of a finite number of
elementary normal j-groups.

Proposition 2.10. Consider the decomposition (1.5). Then,

1. the Lie group G admits an open coadjoint orbit Oy through an element 0, € g}
which it acts on in a simply transitive way;

2. the coadjoint orbit O of G through the element o := 01+ €, E, (same notation
as in Sect. 2.1) is open in g*;

3. denoting by O, the coadjoint orbit of Sy through € " E,, the map

¢ : 01 x 0y > 01 (Ad} 01, 6©Ad}," E>) > Ad(, ,, (0) (1.6)

is a symplectomorphism when endowing each orbit with its KKS two-form.

Proof. We proceed by induction on the dimension in proving that O is acted on
by G in a simply transitive way. By induction hypothesis, so is O; by G;. And
Proposition 2.7 implies it is the case for O, as well. Now denoting (g1,¢) =: g1
and (e, g2) =: g2, we observe:

AdY,, )(0) = Ady,, (0) = Ad, (Ady, (01) + €2"E2 0 (g7 )xe)

where p : G; — Aut(S,) denotes the extension homomorphism.
Now forall§, € g7, X1 € g1, X2 € 5,and g, € Sy:

(Adg,&1. X1+ X2) = (61, Ad—1 X1 + Ad—1 Xo) = (61, Ad—1 Xy)
But
d . d .
Adgi Xy = lo(exp(tX1). &5 7)(e. 82) = - lo(exp(tX1). &5 p(exp(X1))g2) -

Hence

d
(6, Addi X)) = (61, X1 @ (a|og;‘p<exp(rxl>)gz)> = (8. X)),
Therefore Ady, & = & and we get

Adf, ., (0) = Adj (01) + € Ad}, (E20 p(g )we) -

The induction hypothesis thus implies that the stabilizer of element o in G is trivial,
which shows in particular that the fundamental group of O is trivial. The map (1.6)
being a surjective submersion is therefore a diffeomorphism.



48 P. Bieliavsky et al.

It remains to prove the assertion regarding the symplectic structures. Denoting
by @ the KKS form on @, we observe that with obvious notation, for all ¥, € a1
and Y, € 5;:

0’ (Xf @ XS, Y @ Y)) = wAd* (o)(d)*Xl* + G X3 YT + 4 Y5)
- wfd* )(0)((Adg2X1)* + X7, (Adngl) +Y,)

(Adzkgl g2)(0) ’ [Adgle + X2 ) Adngl + Y2]>

(Ad;l (o), [X1 + Adgz—l)(z , Y+ Adgz—l Ys])

(Adg (0), [X1. 1] = p(YD)Ad 1 X5 + p(X1)Ad,—1 Y + Ad—i [X3, V2] )

Ad* (0)(X1,Y1)+62w (X3.75)

Ad* YE,
+ €2 ('Ea. plg ) (—P(YDAd 1 Xo + p(XDAd 1 Y2))

The last term in the above expression vanishes identically. Indeed, the specific form
of p implies that the element v, := —p(Yl)Adg;ng + p(X])Adg;l Y, livesin V;

as well as in p(g7 ") xev2. O

Remark 2.11. Normal j-groups can be decomposed into elementary normal
j-groups Sy as G = (...(S1 Mo S2) Xp, ) Xoy_; Sy and the coadjoint
orbits described in Proposition 2.10 are determined by sign choices ¢, = =1
for each factor Si. We will denote by Oc) the coadjoint orbit associated to the signs
(ex)1<k<n € (Zo)V.

Example 2.12. Let us describe the following example corresponding to the six-
dimensional Siegel domain Sp(2,R)/U(2). Let G; = S; be of dimension 2
(V1 = 0, Gy is the affine group), S, of dimension 4, i.e., V5 is of dimension 2,

with basis f>, f, endowed with wy = ( 01 O)) and let the action p : S; — Sp(13)
be given by

e 0
,0((11,61) - (e—algl e—ul)'

Then the group law is

/A Y ) /=24
(a1, 41, a2, v2, w2, £2)-(a), ], a5, vy, whty) = (a1 +al, e

— 4 — 4 — —
+ 0, ar + dh, ey + €S, e T Pwy + e T v + e MW,

— ! 1 — ’ — —
e, + 0, + Ee Q(eTMLvvy + e Moan)y — e“‘wzvg)),
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where (a1,£41) € Sy, (az,v2, w2, €2) € S, and
Y
g = (a1, 01, a2, 2, Wy, £r) = e atwafy JLEs jarHy yli By

Its Lie algebra is characterized by

[H, E\] =2E,, [Ha, 2] = fa. [Ha. f,] = 1. [f2, f,] = Ea,
[H, Eb] = 2E,, [Hy, f2] = f2. [Hi, fi]=—15. [E\, ol = f5.

where the other relations vanish. The coadjoint action takes the form
€
Ad;(él bEl + € bEz) = (26161 + €2U2W2)bH1 + (616_2“1 - %v%)bEl
+ (20, Hy — 720" fo — e 7 2wy" f) + e 722 E;) .
The moment map can then be extracted from this expression:

€2
—2a 2
e I EUZ, /\H2 = 2€2£2,

—a —a _
/\f2 = €€ 2W2, Afz/ = —€re 21)2, AEz = €€

A, = 2ely + 0w, AE, =€

2(12

3 Determination of the Star-Exponential

3.1 Quantization of Elementary Groups

We follow the analysis developed in [7], where the reader can find all the proofs.
In the notation of Sect. 2.1, we choose two Lagrangian subspaces in duality Vj, V)
of the symplectic vector space (V, wg) of dimension 2z underlying the elementary
group S. We denote the corresponding coordinates x = (v,w) € V in the global
chart, withv € Vyandw € Vj. Letq = RH & Vy and Q = exp(q). The unitary
induced representation associated to the coadjoint orbit O, (¢ = %1) by the method
of Kirillov has the form

% (ez(“7“0)4+w0(%e"7”0 v—g,e4 %0 w)) a—ag
plap—a,vg—e v)

(1.7)

U@,E(av xv Z)QD(GO, UO) =e€

for (a,x,£) € S, ¢ € L*(Q), (ap,vo) € Q and 0 € R . These representations
Ugp. : S — L(H) are unitary and irreducible, and the unitary dual is described by
these two representations. A multiplier m is a function on Q. There is a particular
multiplier:

mg(a, v) = 2" /cosh(2a) cosh(a)". (1.8)
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Let us define X' := (5(0,0,0)|0)*, where s is the symmetric structure (1.4):
Eqp(avv) = @(_a,—v). (19)
Then, the Weyl-type quantization map is given by

£20.emy(a, x, L)p(ag, vo) 1= U@.((a,x,K)mOEUg,G(a,x,K)_lfp(ao, Vo)
= 2"*1/cosh(2(a — ay)) cosh(a — ap)"

_ (1.10)
23% ( sinh(2(a—ao))L+wo (cosh(a—ag)v—vg,cosh(a —ao)w))

xXe

X ¢(2a — ap,2 cosh(a — ap)v — vp).

The operator $2p¢m,(g) is a symmetric unbounded operator on #, and
geS~0..
On smooth functions with compact support f € D(O,), and by denoting k :=

1
W , One has

Qoem () = /@ £(8)20.cm (2)di(g)

with du(g) = dfg which corresponds to the Liouville measure of the KKS
symplectic form on the coadjoint orbit O, ~ S. Its extension is continuous and
called the quantization map 2g.cm, : L*(Oc) — Lps(H), with H := L*(Q)
and Lpys the Hilbert—Schmidt operators. The normalization has been chosen such
that £2pcm,(1) = 1y, understood in the distributional sense. Moreover, it is
S-equivariant, because of

V.80 €S : Rpem(8:80) = Usc(8)20.cmy(g0)Use(g) ™"

The unitary representation Up : S — L(#) induces a resolution of the identity.

Proposition 3.1. By denoting the norm |¢|? = Jo leta, v)Pe*"+Vdadv and
9e(q) = Ugc(g)p(q) for g €S, q € Q and a nonzero ¢ € H, we have

K
W/Sk/’g)(‘/’gng = 1.

This resolution of identity shows that the trace has the form

TH(T) = — / (¢ Tog)d g (L11)
lel? Js

w

for any trace-class operator T € L' (H).
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Theorem 3.2. The symbol map, which is the left-inverse of the quantization map
£29.¢.m, can be obtained via the formula

VfeLX0). VegeO 1 Ti(2em(f)R0em(8) = f(2),

where the trace is understood in the distributional sense in the variable g € S.

Then, the star-product is defined as

(f1 %0, 12)(&) 1= Tr(82.e.my (f1)526,e.my (f2)520.¢.my (8))

for fi, f» € L*>(O,) and g € O,, where we omitted the subscripts €, my for the
star-product.

Proposition 3.3. The star-product has the following expression:

1 2i
(fl*ofz)(g)=(ﬂ9)m/ Ks(g. 81, 82)e” 7 @) fi(g1) f(g2)dpe(g1)dp(g2)
(1.12)

where the amplitude and the phase are

Ks(g. g1, g2)=4+/cosh(2(a;—as)) cosh(2(a;—a)) cosh(2(a—a>)) cosh(a, — a)"
cosh(a; — a)" cosh(a; — ay)",
€Ss(g, g1, 82) = —sinh(2(a; — az))f — sinh(2(az — a))¢; — sinh(2(a — ay)){,
+ cosh(a; — a) cosh(a; — a)wy(x1, x2)
+ cosh(a; — a) cosh(a; — az)wo(xz, x)
+ cosh(a; — az) cosh(az — a)wy(x, x1),

with gi = (a;,x;,4;) € S. Moreover, g + 1 is the unit of this product, is
associative, S-invariant and satisfies the tracial identity:

/fl *p fo = /fl'fz- (1.13)

Note that this product has first been found [5] by intertwining the Moyal product:

(f *2 f)a, x, ) = /da,-dxidﬁ,- filar +a,x1+x,4,+ 1)

(n9)2+2n

folar +a, x>+ x, 0 + E)e—%(zméz—hﬂl+wo(xquz))
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for f1, f» € L*(O,) and O, ~ S ~ R>"*2, which is s-covariant ([AX,Ay]*g =
—iOA[x y]) but not S-invariant. So for smooth functions with compact support, we
have fi xg fo = To((T; ' f1) *5 (T;! f»)) with intertwiners:

1 / ot ot i ginh( 2y 0—i ot
Ty f(a,x,0) = —/ cosh(—)cosh(—)"e%s‘"h(%)z_’étf(a,cosh(—)x, £)drdé
2 2 4 4

Jeosh(%) o1
—2g_27smh(%)é-i-lf@f(a,COSh(T)_lxaE)dtdé

cosh(%)”

1
17 a0 =5 [
(1.14)

which will be useful in Sect. 3.4.

3.2 Quantization of Normal j-Groups

Let G = G; x S, be a normal j-group, with notation as in Sect. 2.2. Taking into
account its structure, the unitary representation U and the quantization map §2 of
this group (dependence in & € R will be omitted here in the subscripts) can be
constructed from the ones U; and 2| of G| (obtained by recurrence) and the ones
U, and £2, of S;, given by (1.7) and (1.10) (without my for the moment).

Let H; be the Hilbert space of the representation U;, associated to a coadjoint
orbit O; (in the notation of Proposition 2.10). Since U, is irreducible and p : G; —
Sp(V>), there exists a unique homomorphism R : G; — L(H>) such that for all
g1 € G, forall g, € Sy,

Us(p(g1)g2) = R(g1)Ua(g2)R(g1) "

R is actually a metaplectic-type representation associated to U, and p. The matrix
p(g1), with smooth coefficients in gy, is of the form

_ (pr+(g1) 0
plan) = (P—(gl) (,0+(g1)T)_1)

with p—(g1)" p+(g1) = p+(g1)" p-(g1).
Proposition 3.4. The map R : Gy — L(H,) is given by for all g, € Gy, for all
¢ € H, non-zero,
1
| det(p+ (g1))]2

and is unitary, where the sign €, = %1 determines the choice of the coadjoint orbit
O, and the associated irreducible representation U,.

R(g1)¢(ao, vo) = e—lz%vop—(gl)P+(gl)71vo@(a07 p+(g1)_1vo)
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The expression

U(g)p := Ui(ger ® Ux(g2)R(g1)e2

for g = (g1.82) € G, ¢ = o1 @ ¢» € H = H; ® Hy, defines a unitary
representation U : G — L(H). Let ¥ = X} ® X,, with X, given in (1.9). Then,
the quantization map is defined as

Q(g):=U(g)oXZoU(g)™".

Using the definition of U and R together with the property (see Proposition 6.55
in [7]),

R(g)ZR(g)™ = %,
it is easy to check that

2((g1,82) = 21(g1) ® 22(g2),

with (g1,g2) € G and £2;(g;) = U;(gi) o X; o U;(g;)~". Using the identification
O =~ G (see Proposition 2.10), we see that §2 is defined on O and it is again G-
equivariant: for g € G and g’ € O,

R(gg)=U)RE U™

In the same way, if myp := m} ® m}, where m} is given by (1.8), we also have
2m,((g1,82) = Ql’m(l) (g1) ® .Qz’m% (g2)- The quantization map of functions f €
D(O) has then the form

g (f) 1= /O £(8) 2 ()d11(8)

where du(g) := dui(g1)dus(g2) = dgidhg, is the Liouville measure of the
KKS symplectic form on the coadjoint orbit O >~ G; k = kika, for G = G| X Sy, is
defined recursively with k; = W and dim(S,) = 2n, + 2 in Sect. 3.1. We
then have 2y, (1) = 1.

Note that the left-invariant measure for the group G = G, x S; has the form

dg = dtgid g
which corresponds to the Liouville measure dju(g), like the elementary case. As in

Sect. 3.1, the unitary representation U : G — L(7?) induces a resolution of the
identity.
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Proposition 3.5. By denoting the norm ||<p||i, = ||l ||3V||<p2||if0r<p =01 eH
nonzero, we have

K

loll?

/G 1U(g)e)(U(g)pld g = 14.

This resolution of identity shows that the trace has the form

TH(T) = /G (U(g)g. TU(g)p)d g (1.15)

lll?

for T € £!(H). In particular, for T = T; ® T> with T; € L!(H,), one has

Te(T) = ﬁ /G(Ul(gl)wls T1U1(g1)91){Ux(g2)R(g1) 2, T2Ux(g2)R(g1)92)

dlgidl gy = Te(T)) Te(Ty).  (1.16)

Theorem 3.6. The symbol map, which is the left-inverse of the quantization map
§2m, can be obtained via the formula

VS ELHO), Vg e O Tr(2m(/)2m(2)) = /().
Proof. Abstractly (in a weak sense), we have
TH(2umy () 2oy (£))
=« [ (g} 83 TH(1 (6120 (50) Tr(@a(5) 22520 e (81 s s)

= f(81.82).
The star-product is defined as

(fl *0 f2)(g) = Tr(Qmo(fl)‘Qmo(fZ)‘Qmo(g))

for f1, o€ L*(O)and g € O.

Proposition 3.7. The star-product has the following expression:

(fi *¢ f2)(2)
1

J— 2 7 G
= (26)in©) /ch; Kg(g. g’ g")e 7588 £,(g") fo(g")du(g)dp(g”)

(1.17)
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where the amplitude and the phase are

Kg(g.8'.8") =Ka,(g1.81.81)Ks,(82. £5. 83).
Sc(g.8'.8") =S:,(g1.81.81) + Ss,(82. 85 &3)-

with g = (g1, 82) € O = O x Oy due to (1.6). There is also a tracial identity:

/ (fy %o £2)(g)dpu(g) = / £(2) H(9)du(g).
O O

3.3 Computation of the Star-Exponential

Definition 3.8. We define the star-exponential associated to the deformation
quantization (x, £2) of Sect.3.2 as

VeeG Ve eO0=G : £2(g) =Tr(U(2)2m(g),

where the trace has to be understood in the distributional sense in (g, g’) € G x O.

By using computation rules of the above sections, we can obtain recursively the
number of factors of the normal j-group G = G| xS, with the corresponding coad-
joint orbit O ~ O; x O,, the expression of the star-exponential £© € D'(G x O).

Theorem 3.9. We have forall g, g’ € G,

£2(¢)
22| det 3 /cosh h(%)" ]
_0e)) | det(p+(g1))|2 v/cosh(az) cosh(%) exp (ﬂ [2 sinh(a,)?,
| det(1 + p1(g1))] 0

7 a 4 1
+ e 4+ ¢ 7% cosh( T (2. ¥5) + 3 (B My(g) ).
(L.18)

where

-B,C]

M,y(g1) = ( c, 0 ) , Fi=e? %x, — ZCosh(%z)xé

andwith B, = (1+p% (g1)) ™' 0} (g1)p-(g1)(1+p+(g1) ™", and C, = 3(p1(g1)—
Dps(g) + DL g = (g1.82), 82 = (a2, x2.42) € Sy, and EC' the star-
exponential of the normal j-group G.
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Proof. First, we use Proposition 3.5 and Eq. (1.16):

£ (g') = Tr(U(8)2my (8") = Tr(U1(1)92, 1) (81)) Tr(Ua(82)R(81) 2, 2 (£3))-

The second part of the above expression can be computed by using (1.11), and
it gives

K2
K2 /S (e Us (@2 RA&1) 2, (84)05) 1 2.

el /s

Tr(U2(82)R(81)2; 12 (83)) =

If we replace U, Qz,mg and R by their expressions determined previously
in (1.7), (1.10) and Proposition 3.4, we find after some integrations and
simplifications that for all g, g’ € G,

22| det(p+ (g1))|? y/cosh(az) cosh(%2 )"
| det(1 + p+(g) (1.19)

o _ ¢cO
&, (8) =&, (gD

x exp(%[2 sinh(a2)l), + e 724, + XTApX]),

where
Ap =
~B, cr B, (1+ Pk ()™
Cp 0 —p+ (g1 + p1(g) ! 0
B, —pX (g1 + pL (g1)7! -B, cl
(1+p(g)™! 0 Co 0
%e “72_“51)2
1 %—aé
x=| p¢ "
ﬁcosh(%)vg
«/Ecosh(“z—z)w’2
and with x, = (v2, w2). A straightforward computation then gives the result. O

Let us denote by 5812, gz)(gé) the explicit part in the RHS of (1.19) which

corresponds to the star-exponential of the group S, twisted by the action of g; € G;.

The expression (1.19) seems to be ill-defined when det(1 + p;l) = 0. However,
one can obtain in this case a degenerated expression of the star-exponential which
is well defined. For example, when p1(g1) = —1,,, we have
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v/ cosh(az)

(@) ’ n
g(glz,gz)(gz) = (7[9) ’ COSh(aTZ)"z

| /7 1 /7
x exp(% [2 sinh(a2) 5 + e 20, + Ze" i (vs. wz)])

a

<8(11= g 4~ sy
Vy—————— Wy — ——————ws ).
2 2 cosh(%) z 2 2 cosh(%) :

In the case where p(g;) = 1, i.e., when the action of G| on S; is trivial in G, we
find the second part of the star-exponential

’ a .,
522(82) = \/m(az)cosh(é) 2

. (1.20)
X exp(% [2 sinh(az)?, + eaz—“éez teT o cosh(a—;)wo(xz, xé)]).

which corresponds to the star-exponential of the elementary normal j-group S,.
By using this characterization in terms of the quantization map, we can derive
easily some properties of the star-exponential.

Proposition 3.10. The star-exponential enjoys the following properties. For all
2.8 €G, forall gy € O,

e hermiticity: % = 8;9,1 (g0)-

* covariance: Eg.g.g,_l (g'-g0) = Eg(go).

* BCH:EQ %4 £ = £,

* Character formula: [; €S (g0)du(go) = k™ Tr(U(g)).

Proof. Using Theorem 3.9, we can show that Ef(go) = Tr(U(g™")2m,(g0)) =
55_1(5’0) since §2m,(go) is self-adjoint. In the same way, covariance follows the
G-equivariance of £2p,,. The BCH property is related to the fact that U is a group
representation. Finally, we get

/ €9 (g0)dpa(g0) = Tr(U(g) / P (80)d11(50)) = K~ Tr(U(g))
(@) O

using that £2y,,(1) = 1. O

Note that the BCH property makes sense in a non-formal way only in the
functional space M,,(G) determined in Sect. 4.2, where we will see that the star-
exponential belongs to.
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3.4 Other Determination Using PDEs

We give here another way to determine the star-exponential without using the
quantization map, but directly by solving the PDE it has to satisfy. We restrict here
to the case of an elementary normal j-group G = S for simplicity.

By using the strong-invariance of the star-product, for any f € M, (S) (see
Sect.4.2),

VXes : [Ax, [l =—i0X"f

where A is the moment map (1.3), and by using also the equivariance of §2y,,, we
deduce that

[2m (Ax), 2y ()] = 2wy ([Axs flag) = —i02m(X™ f)

d d
- —i@EIOQmO(L};xf) = —iQEIoU(etX)Qmo(f)U(e_tX)
= _iQ[U*(X)HQmo(f)]

Since the center of M, (S) is trivial, this means that there exists a linear map S :
g — C such that

@y (x) = —i0UL(X) + B(X)L.

The invariance of the product under X' (see (1.9)) implies that 8(X) = —B(X) and
finally 8(X) = 0. As a consequence, we have the following proposition.

Proposition 3.11. The star-exponential (see Definition 3.8) of an elementary nor-
mal j-group G = S satisfies the equation

9, Ex = %(AX xg Eux) (1.21)

with initial condition lim,_ E,ix = 1.

Proof. Indeed, by using 2m,(Ax) = —i0U«(X), we derive

0,Eax (g0) = B TH(U(™) 2y (80)) = Tr(Un (X)U(™) 2ums (0))
= T (L) U™ ) 2 (80)) = 55 (A 5 Ex0)(80)

|

Now we can use this equation to find directly the expression of the star-
exponential. Let us do it for example for the coadjoint orbit associated to the sign
€ = +1. Since the equation (1.21) is integro-differential and complicated to solve,
we will analyze the following equation:
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0fi =50 #§ ). lim fi=1 (1.22)

for the Moyal product *g. Indeed, we have the expression of the intertwiner 7 from
*2 to x». We define the partial Fourier transformation as

~

Ffla,x,£):= f(a,x,§£) ;:/ e fa, x, £)dL. (1.23)

Applying the partial Fourier transformation (1.23), with X = «H + y + BE € s,
on the action of moment maps by the Moyal product, we find

FAy +y f) = (m; + %a) f

g% i6 ~
Fuy o 11 = (o0 + Ty ) 1

CratE 2
f(AE*gf):e 2a=3 f,

so that Eq. (1.22) can be reformulated as
P iOa gt gt i6 N
0y = S[2iad + S20, 4+ pe 4 e (wn(v.0) + Sy00 |/ (124

which is a pure PDE. Then, owing to the form of the moment map (1.3), we consider
the ansatz

i _ -
fila,x,£) = v(r) exp 5[2&/10) +e () +e ”Vs(t)wo(y,X)] (1.25)
whose partial Fourier transform can be expressed as

2y1(1)
0

ﬁ(a, x,§) = 47r28(§ — ) v(t) exp é[e_za)/z(t) + e y3(t)wo(y, x)].

Inserting this ansatz into Eq. (1.24), it gives
Vi) = e y3(t) = ana(0) + Be O yi(1) = Sy + e 0 (1) = 0.
We find that the solutions with initial condition lim,—,o f; = 1 are
sinh(%)

Yy = ot, Yy = Esinh(at), Y3 = ——=—, v=1.
o o
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Using intertwining operators (1.14), we see that Tg_lk x = Ay, and Ty f; is then
a solution of (1.21):

E, (tAx)(a,x,b) = Eux(a,x,0) =Ty fi(a,x, )

e~ 4

af b sinh( t)(zug 24 e g (. >)
= y/cosh(at) cosh(;)”ee o ‘ )

To obtain the star-exponential, we need the expression of the logarithm of the group
S: Egy = Evy(Aiog(ep))- For X = aH + y + BE € s, the exponential of the group S
has the expression

2

exp(aH +y + BE) = (a, 267 Gnh(%)y, B e sinh(a)),
2 o

and the logarithm

a
a e: ae’

log(a, x,0) = aH + % — L)
ogla.x. 0 = all 45 Gh @™  Sinhi@)

Therefore, we obtain

. a0 _
a L(zsinh(u Y+e0 20 fg+e 2 % cosh( L )wp (x ,x))
Eq,(g) = +/cosh(ap) cosh(;o)"ee ’ ’ 2 ,

which coincides with the expression (1.20) determined by using the quantization
map £2m,. Note that the BCH property (see Proposition 3.10) can also be checked
directly at the level of the Lie algebra s. From the above expressions of the logarithm
and the exponential of the group S, we derive the BCH expression: BCH(X, X3) :=
log(eM1eX?), ie.,

9]

@ o
e .« er |«
( smh(—l)yl + — smh(—z)yz),
o1 2 [0%) 2

(o) + a2)
. o]+
sinh(*5*2)

BCH(X,, X») = (051 + o,

&e_“z sinh(a)

(1 + a2) [
o

sinh(o; + a2)
,32 2 o=

+ —e% sinh(ay) + e 2 sinh(oﬂ) sinh(%)wo(yl, yz)]).
(0%] a0 2 2

Then, BCH property £, g £y = Eg.g7 is equivalent to
VXi,Xaes  E.(Ax) % Evy(Ax,) = Evy(AcH(x,.x2))

which turns out to be true for the star-product (1.12) and the star-exponential
determined above.
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4 Non-Formal Definition of the Star-Exponential

4.1 Schwartz Spaces

In [7], a Schwartz space adapted to the elementary normal j-group S has been
introduced, which is different from the usual one S(R?*"*2) in the global chart
{(a, x, £)}, but related to oscillatory integrals. Let us have a look at the phase (1.12)
of the star-product:

€Ss(0, g1, g2) = sinh(2a;)£, — sinh(2a,){; + cosh(a;) cosh(az)wo(x1, x2)

with g; = (a;,x;,¢;) € S. Recall that the left-invariant vector fields of S are
given by

~ 1 ~
H=20,—x0,—200;,, J=yd,+ Ewo(x,y)Bg, E = 0,.

We define the maps @ by VX = (X1, X2) € s ® s,

X.e—%Ss(O,gl,gz) = _%&X (gl’ gz)e—%SS(O,gl,gz)

since it is an oscillatory phase. For example, we have

@(£,0)(81.82) = —sinh(2a,), and
d(H’()) (gl s gz) = 2C0$h(2611)€2 +2 sinh(2a2)€1 —e 4 COSh(az)a)o(xl, )Cz).

Then we set ax (g) 1= &(x,0)(0, g) forany X € s and g € G, whose expressions are
ap(g) =2t ay(g) =cosh(@)w(y.x),  ap(g) = —sinh(2a).

This leads to the following definition.

Definition 4.1. The Schwartz space of S is defined as
SE6)={f eC>®FS) V,jeN""2 VP el(s)such that

11l = sup o/ ()P f(g)| < oo},
ge

Joe— 1,02 a1 Jan+2
where o/ = apa; .. ap, " ap' T,

It turns out that the space S(S) corresponds to the usual Schwartz space in the
coordinates (r, x, £) with r = sinh(2a). It is stable by the action of S:

VieS®S), VgeS : g*feSOS).



62 P. Bieliavsky et al.

Moreover, S(S) is a Fréchet nuclear space endowed with the seminorms (|| /| ; p)-

For f,h € §(S), the product f *g h is well defined by (1.12). However, to show
that it belongs to S(S), we will use arguments close to oscillatory integral theory.
Let us illustrate this concept. One can show that the following operators leave the
phase ¢~ 9508182 invariant:

Onim -2y - L __a-Ly)
S 4@, 4 1 + sinh(2a;)? 4 ar
1 62
Op = —————(1— =032,
! 1+sinh(2a1)2( 7o)
1 62
Oy, = 1- ),
: 1+ xg( 4 cosh(ay)? cosh(ay)? ™
92
Oy, = (1-— %),
1—}—)62 4 cosh(ay)? cosh(ay)? ™
1 6> 1
O = 1_ . PN aa —t h ax 2 )
2 1+£%( 4 (cosh(Zal)( 1 anh(a1)x10y,))")
1 02 1
Oy, = (———=—= (04, _tanh(GZ)XZaxz))z)-

1+ E%( 4 cosh(2a3)

So we can add arbitrary powers of these operators in front of the phase without
changing the expression. Then, using integrations by parts, we have for F € S(S?):

/ e~ 7550818 F (g, gr)dg dgn

= / e~ FSO)(OF K1 (OF )2 (OF )71 (OF) P (OF )1 (OF) T F(g1, g2)dg1dgs

=/ e 9 55(0.81.82) 1
(1 + sinh?(2a;))*1 (1 + sinh?(2as))k2
1

DF(g1,g2)dgid 1.26
(1+xl2)pl_q2(l +X%)p2_ql(l +£%)l]1(1+£%)q2 (gl g2) g1dg» ( )

for any k;,q;, p; € N such that p; > ¢, and p, > ¢;, and where D is a linear
combination of products of bounded functions (with every derivatives bounded)
in (g1, g2) with powers of d,, d,, and maai. The first line of (1.26) is not
defined for nonintegrable functions F' bounded by polynomials in r; := sinh(2a;),
x; and {;. However, the last two lines of (1.26) are well defined for k;, p;, g;
sufficiently large. Therefore it gives a sense to the first line, now understood as
an oscillatory integral, i.e., as being equal to the last two lines. This definition
of oscillatory integral [7, 9] is unique, in particular unambiguous in the powers
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ki, pi,q:. Note that this corresponds to the usual oscillatory integral [13] in the
coordinates (r, x, £).

The next theorem, proved in [7], can be showed by using such methods of
oscillatory integrals on S(S).

Theorem 4.2. Let P : R — C*®(R) be a smooth map such that Py = 1, and
Py(a) as well as its inverse are bounded by C sinh(2a)~, k € N, C > 0. Then, the
expression (1.12) yields a S-invariant non-formal deformation quantization.

In particular, (S(S), *¢) is a nuclear Fréchet algebra.

In what follows we show a factorization property for this Schwartz space. First,
by introducing y(a) = sinh(2a) and S(A4) := y*S(R), we note that the group law
of S reads in the coordinates (r = y(a), x, {):

(r,x, 0)-(r', x', 0)) = (r L2 4+ V472 (c(r) = s(r)x + X',
(VT2 = Y4+ 2 = s an(r. )

with the auxiliary functions:

V2

c(r) = 7(1 +V1i+ rz)% = cosh(%arcsinh(r)), (1.27)

s(r) = gsgn(r)(—l + V1427 = sinh(%arcsinh(r)).

Proposition 4.3 (Factorization). The map ® defined by ®(f ® h) = f g h,
for f € S(A) and h € S(R*T) realizes a continuous automorphism S(S) =
S(ARSR¥ 1) — S(S).

Proof. Due to the nuclearity of the Schwartz space, we have indeed S(S) =
S(A)®S(R*'*1). For f € S(A) (abuse of notation identifying f(a) and f(r) :=
f(y7'(r))) and h € S(R?>'*!), we reexpress the star-product (1.12) in the
coordinates (r, x, £):

(f 0 B)(r,x,0) = ! / (1 _ rir )

(@) Ja+ 0+ )

< 1+ + VT P + () = 252 0 4 T2

c(r1) c(r1)

\/ c(rie(r) e—%(rllz—rﬂl+w(>(X1,X2))dridxidgi )

X
\/c(rl\/l +r22—r2\/1 +r12)
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By using the partial Fourier transform h (r.§) = [dle™ “%h(x,£), and integrating
over several variables, we obtain

282
(f w0 = o [ o1+ 5+ VTR i e

For ¢ € S(S), we have now the following explicit expression for @:

o). 0 = o [ 60\1+ 5+ ST e

which permits to deduce that @ is valued in S(S) and continuous. Then the formula

o(r,x,0) =/ D(p)(ry/1 + 9%2 6% \/1 + 72, x,E)e de

permits to obtain the inverse of @ which is also continuous. O

For normal j-groups G = G X S,, we define the Schwartz space recursively
S(G) = S(GRS(S,)

and obtain the same properties as before. In particular, endowed with the star-
product (1.17), the Schwartz space S(G) is a nuclear Fréchet algebra.

4.2 Multipliers

Let us consider the topological dual S’(S) of S(S). In the coordinates (r = y(a),
x,£), it corresponds to tempered distributions. By denoting (—, —) the duality
bracket between S’(S) and S(S), one can extend the product x4 (with tracial
identity) as

VT eS(S),V fheSS): (Txefh):=(T, fxeh)and (fxoT,h):=(T, hxe f).

which is compatible with the case T € S(S).

Definition 4.4. The multiplier space associated to (S(S), xg) is defined as

M., (S) =
{TeS(S), frTx*yg fand f — f x¢ T are continuous from S(S) into itself}.
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We can endow this space with the topology associated to the seminorms:

”T”B,j.P,L = sup | T * f”j,P and ”T”B,j.P,R =sup || f * T||j,P
feB feB

where B is a bounded subset of S(S), j € N*'*2 P € U(s) and I.f1l;,p is the
Schwartz seminorm introduced in Definition 4.1. Note that B can be described as a
set satisfying V j, P, sup rep | /|| ; p exists.

Proposition 4.5. The star-product can be extended to M., (S) by:
VS, TeM,®S),VYfeSS) : (SxT.f)=(S.T*gf)=A(T,f*S).

Then (M., (S), *g) is an associative Hausdor{f locally convex complete and nuclear
algebra, with separately continuous product called the multiplier algebra.

Proof. For the extension of the star-product and its associativity, we can show
successively forall S, T € M,,(S), forall f,h € S(S),

(T*gf)*gh:T*g(f*gh) s (S*@T)*gf:S*g(T*gf), and
(Tl * 9 Tz) *9 T3 = Tl *9 (Tz *9 T3),

each time by evaluating the distribution on a Schwartz function ¢ € S(S) and by
using the factorization property (Proposition 4.3).

M., (S) is the intersection of M, the left multipliers, and Mg, the right
multipliers. By definition, each space M, and M is topologically isomorphic to
L(S(S)) endowed with the strong topology. Since S(S) is Fréchet and nuclear, so is
L(S(S)), as well as M, Mg and finally M, (S) (see [18] Propositions 50.1, 50.5
and 50.6). O

Due to the definition of S(G) for a normal j-group G = G| X S, and to the
expression of the star-product (1.17), the multiplier space associated to (S(G), *g)
takes the form

M.y (G) = M., (G))®M,,(S2). (1.28)

and is also an associative Hausdorff locally convex complete and nuclear algebra,
with separately continuous product. Remember that we have identified coadjoint
orbits O described in Proposition 2.10 with the group G itself, so that we can speak
also about the multiplier algebra M., (O).

4.3 Non-Formal Star-Exponential

Theorem 4.6. Let G be a normal j-group and g the star-product (1.17). Then for
any g € G, the star-exponential (1.19) 5? lies in the multiplier algebra M., ,(O).
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Proof. Let us focus for the moment on the case of the elementary group S.
The general case can then be obtained recursively due to the structure of the star-
exponential (1.19) and of the multiplier algebra (1.28). We use the same notations
as before. For f,h € S(A), f x9 h = f-h. If T belongs to the multiplier
space M(S(A)) of S(A) for the usual commutative product, we have in particular
T € S'(S) and by duality T g f = T-f. Then,

V feSA), Vhe SR + T xg(f xgh)=(T-f)*gh.

By the factorization property (Proposition 4.3), it means that T € M, (S),
and we have an embedding M(S(4)) — M,,(S). If we note as before

R*+! = ¥ @ RE, we can show in the same way that there is another
embedding M(S(RE)) — M,,(S). Since x’ € V E((glzqu)(o,x’,O) is

an imaginary exponential of a polynomial of degree less or equal than 2 in x’
and since the product x¢ coincides with the Moyal product on V, it turns out
that x’ € V > Eglz,gz)(o,x’,O) is in M,,(S(V)). Then, the star-exponential
£% in (1.19) lies in M(S(A)OM,,(S(V)®M(S(RE)), and it belongs also
to M., (S). O

5 Adapted Fourier Transformation

5.1 Definition

As in the case of the Moyal-Weyl quantization treated in [1,2], we can introduce the
notion of adapted Fourier transformation. For normal j-groups G = G| X S;, which
are not unimodular, it is relevant for that to introduce a modified star-exponential

E9(¢) :=Tr(U(g)d2(g")).

where d is the formal dimension operator associated to U (see [10, 12]) and O is
the coadjoint orbit determining the irreducible representation U. Such an operator
d is used to regularize the expressions since [ f(g)U(g)d 2 is a Hilbert-Schmidt
operator whenever f is in L2(G). So the trace in the definition of £ is understood
as a distribution only in the variable g’ € O.

By denoting A the modular function, defined by d(g-g’) = A(g’)d" g, whose
computation gives

A(g) = A(g1)Ax(g2), With Ay(as, x3,£r) = e 22t
the operator d is defined (up to a positive constant) by the relation

VgeG : U(g)dU(g) ™" = Ag) 'd.
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Since R(g1)d2R(g1)™' = d», it can therefore be expressed as d = d| ® do,
for d; the dimension operator associated to U;, and with for all ¢, € H,, for all
(@0, vo) € O,

—2(n2+1)ao

(daga)(ag, vo) = K3e @2(ao, vo)

where we recall that dim(S;) = 2(n, + 1). Note that &5 is independent here of the
choice of the irreducible representation U, (e, = %1).

Proposition 5.1. The expression of the modified star-exponential can then be
computed the same notation as for Theorem 3.9:

et FD(F ) \Joosh(as) cosh(4)"2| det(p+ (g1)|2
(w6 | det(1 + p(g1)]

exp ( 7 [2 sinh(az)?) + 200, + XT A X])

(g = £91(g))<

Definition 5.2. We can now define the adapted Fourier transformation: for f €
S(G)and g’ € O,

Fo(f)(g) = /G F@EC(g)d .

We see that this definition is a generalization of the usual (symplectic) Fourier
transformation. For example in the case of the group R?, the star-exponential
associated to the Moyal product is indeed given by exp(%’(aﬂ’ —a'l)).

5.2 Fourier Analysis

Proposition 5.3. The modified star-exponential satisfies an orthogonality relation:
forg',g" €G,

8(g"(gH™.

£0(oNEC(eMdL o =
| E@ecenets= 5

Note that A(g5)™18(g5-(g5)™") = 8(al—a})8(xy—x})8(€5—L5). This orthogonality
relation does not hold for the unmodified star-exponential.

Proof. We use the expression of Proposition 5.1:

(n2+1)(a2—u2—a2 )

(ﬂQ)Z(nz-H)

L%éf(g”)&ng £ (DES (g )/

Gy
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az\2 . ” ’
| det(p- (1)l cosh(@2) COSh(F)™ e o snniany e 54z (@28 245 1)
| det(1 + p+(g1))?
e’%((X”)TApX”—(X’)TA,,X/)dLgZdL

81
with
I L2 g
—=e1T 7%y —=e1T 7%y
{E 2 —d ’ {5 2 —a) ’
X/ — 756 2 2wy and X,/ _ 756 2 2 Wy
ﬁcosh(“z—z)vé \/Ecosh(%z)vé’
\/fcosh(%z)w’2 ﬁcosh(%)wg

Integration over £, leads to the contribution §(a — a5). Since A, depends only
on g, and a4 = a), we see that the gaussian part in (vy,w,) disappears

2
and integration over these variables brings %5(% — v)8(wh — wh).

Eventually, integration on a, can be performed and we find
/G E2(¢)E0(gd e = ( /G ES (@DES (81dbg1) Alg)'8(g5-(e) ™)
1

which leads to the result recursively. O

Proposition 5.4. The adapted Fourier transformation satisfies the following prop-
erty: V¥ f1, f2 € S(G),

1

Folfi x fi) = " (a7 Folf) #a (a7 Fo(f),
with (fi x f)(g) = [, /1(g) f2((g) ' g)d" g’ the usual convolution.

Proof. Due to the BCH property (see Proposition 3.10) and to the computation of

the modified star-exponential 619 (g) = ggl (gi)%ggz (g5), we have the
M(g2(g9)™H)?2
modified the BCH property ’

5 Ag [ _1a _lga
59,6 = 260 (47159) o, (a489) &)

which leads directly to the result by using the expression of the adapted Fourier
transform and the convolution. O

As in Remark 2.11, we consider the coadjoint orbit O ) = Oy () X O2, of the
normal j-group G = G; X S, determined by the sign choices (¢) = ((€1),€2) €
(Z)N, with (e1) € (ZZ)N_1 and €; € Z,. Due to Proposition 5.1, we can write the
modified star-exponential as
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OE € O SE
& (g = g11(1)(g1)5(g12;2)(g;)s

with g = (g1.82) € Gand g’ = (g}, 83) € O

Theorem 5.5. We have the following inversion formula for the adapted Fourier
transformation: for f € S(G) and g € G,

f@= % [ &0, (1)EnE),

@@V OO

Moreover, the Parseval-Plancherel theorem is true:

/ f@Pdtg= ¥ / Fou (/)(&)du(g).

(@) ¥ O©

Proof. Let us show the dual property to Proposition 5.3, i.e.,

8(g"(gH7h. (1.29)

200, a0«
> £, (DE, " (2)du(g) = A( 7
©e@)V 7O

First, we have

=04, 20
; £, (@) (9)du(g)
(€)

ué-‘rug
e(mt1)(=5—=-2a2)

O, (0)2n2+D)

(9 5O
/ 1(q}( )5 1(61)(gl)
O gl
2(€1)

 1det(p+ (g1)) det(p+ (7)) | y/eosh(ag) cosh(a3) cosh(%)"” cosh(%5)™
| det(1 + p4(g7)) det(1 + p+(g7))]

X exp [%(—2 sinh(a})€s + 2 sinh(al))ly — e“7202¢) 4 % ~202¢Y

+ (X A1) X" = (X) A,(eDX") [dpia(g2)dma(g1)

with
!4/ !4”
1, 2—ay,, L 2 —ay, 1
Ee f U,y %e i Uy
, A o F-ayy " A Fary,
X = 2 2 and X" = 2 2
’ "
ﬁcosh(%)vz ﬁcosh(%)vz

V2 cosh(Z)w> \/zcosh(%l/)wz
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We want to compute the sum over (€) € (Z,)" of such terms. By recurrence, we
can suppose that

5O (e 5O1 (e
[ a0 endimen = 5oSlEl ™).
o ! 1 A( 1)
(€)€Z)N 1 e
which means that g/ = g/ in the following. The integration over £, brings a
contribution in §(a) — a5). Since g/ = g| and @} = af, the gaussian part in

\del(l+p+(gi))‘28( é_

(v2, wy) disappears and integration over these variables brings Taettos &))]

v))8(wj — wh). The remaining term is proportional to
S [ e FA g0, = ey - €,
e==+1
The property (1.29) permits showing the inversion formula

3 £ (¢ Fo, (£)(g)du(g)

eV’ O©

= > / C(@) F(8MEN (g)d g du(g) = £(2),

(€(Zo)V

as well as the Parseval-Plancherel theorem

3 / Fou (/)& Pdu(g)

(©e@yV ' C©

= ¥ [ @& @il @t dt i) = [ I7@Pdte

(€@

Corollary 5.6. The map

@ ]:(’)(e) : LZ(G7 dLg) - @ Lz(o(e), "),
(E@Zo)N (€)
defined by F(f) := @(e) (Foy, f) realizes an isometric isomorphism.

Proof. From Proposition 5.3, we deduce that ¥ (¢) € (Z,)", }'@(e)f(’;(e) = 1. And
the Parseval-Plancherel means that Z(e) }'(’S(E)]-"@(é) = 1. Moreover, we can show
that for all (), (€') € (Z)", with (€) # (€'), fO<E)F5( )= 0.Indeed, if k < N is
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such that €, # €, then the computation of |, gf(é/’ (g’)gf“) (g")dr g corresponds
to having a factor e 7 ¢ 2 +¢)t2 in the proof of Proposition 5.3. Integration
over £, makes this expression vanish.

For each (¢) € (ZQ)N (i.e., for each (¢) = (e1,---€en) with ¢; = £1), we will
consider a function f(¢) € L?(Oy), ). We denote by @(E) f(e) the 2V -uplet of these
functions on the different orbits. By using the three properties above and the fact that

FEP fio) =Y Fo, (o)
(€) (€)

we obtain that

F*F(f) =) Fé . Fo,(f) = f and
(€)

FFD fio) = DFo, o, f) = D fo.

(€) (e) (€) O

5.3 Fourier Transformation and Schwartz Spaces

Given such an adapted Fourier transformation, we can wonder wether the Schwartz
space S(G) defined in [7] (see Sect.4.1) is stable by this transformation, as it is
true in the flat case: the usual transformation stabilizes the usual Schwartz space
on R". However, the answer appears to be wrong here. Let us focus on the case
of the elementary normal j-group S. The Schwartz space S(S) of Definition 4.1
corresponds to the usual Schwartz space in the coordinates (r = sinh(2a), x, {).
These coordinates are adapted to the phase of the kernel of the star-product (1.12).
For the star-exponential of S given in (1.20), we need also to consider the
coordinates corresponding to the moment maps (1.3):

WS —RE xR¥M (a,x,0) > (e, e7x, {).
+

We will denote the new variables (s, z, £) = w(a, x,£).

Definition 5.7. We define the moment-Schwartz space of S to be
SiS) ={f € C®(S) (W)'f e SRL xR

and s~ (w™* f(s,z.£) is smooth in s = 0}.
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The space S, (S) corresponds to the usual Schwartz space in the coordinates (s, z, £)
(for s > 0) with some boundary regularity conditionin s = 0. As before, we identify
the group S with the coadjoint orbit O, (¢ = *£1).

Theorem 5.8. The adapted Fourier transformation restricted to the Schwartz space
induces an isomorphism

F:8(S) = Si(04) ® Si(0-).

Proof. Let f € S(S). The Fourier transform reads as

— 1 / / /f(r )C E) 7 ntl 112 n
foé(f)(s,z,é)—W/ rdydl —————= A1) (V1+r2+r)" c(r’)

ke <2r’l+(«/l+7+r')sl’+%(m-i—r'-i-l)w()(x’,z))
e .

Here we use the function ¢(r’) defined in (1.27), the coordinates s = e 2 7 =
e %x, r’ = sinh(a’) and the fact that f is Schwartz in the variable sinh(a) if and
only if it is in the variable sinh(2a). We denote again by f the function in the

new coordinates by a slight abuse of language. We have to check that A(s,z,£) =
n+l

r Fo.(f)(s,z,£) is Schwartz in (s, z, £), i.e., we want to estimate expressions
of the type

/dsdzde [(1 4+ sHF 1+ 2P (1 + €)1 920729% h(s, z,0)].

Let us provide an analysis in terms of oscillatory integrals.

* Polynomial in £: controlled by an adapted power of the following oper-

. . . 2
ator (invariant acting on the phase) HE—Zz(l - 97(3,/ - «/%34/ +
r

ST 24! 2
«/1+f’2(1«/+1r—|—2r_|’—21 +)r/+l) ’ax/) ) (see Sect.4.1). Indeed, powers and derivatives

in the variables r’, x’, £’ are controlled by the Schwartz function f inside the
integral.
* Polynomial in z: controlled by an adapted power of the (invariant) operator

1 (1 492 )
1+2 («/1+r 24/ 41)2 0

* Polynomial in s: controlled by an adapted power of the (invariant) operator

T -:52 (1 - ( m+ 7 9%). Note that the function is estimated by

a polynomial in 7’ for r’ — £o00, as its derivatives.

* Derivations in s: produce terms like powers of (+/1 + r2 4+ r’)¢ which are
controlled.

* Derivations in z: produce terms like powers of (+/1 + r’2 4+ r’ + 1)x” which are
controlled.

* Derivations in £: produce terms like powers of r’.

I S
VI+r72417)?
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This shows that / is Schwartz in (s, z, £), so F(f) € Sy.(S).

Conversely, let f. € S)(O). Due to Theorem 5.5, we can write the inverse of

the Fourier transform as:

F N fr fO)rx,0)
= Z W/ /d /dg/ﬂ(s Z e)( /1+ _+r) : \/H_—rzc(r)n
e==+1

—if (2r4/+(«/1+r2 +r)s e+ («/1+r2+r+1)w0(x,z’))

X e

. s —a’ .
Here we use now the coordinates s’ = ™24, 7 = ¢™% x’, r = sinh(a). We want to
estimate expressions of the type

/ drdxdl [(1 + r2)F (1 4+ xH)P (1 4+ £ 95200290 FL(f4, fo)(r, x,0)).

Let us provide also an analysis in terms of oscillatory integrals.

Derivations in r: produce terms like powers of (/1 + r2

Polynomial in £: controlled by an adapted power of the following operator

02
V1242
derivatives in the variables s, 7/, £’ are controlled by the Schwartz function f

inside the integral. Note that e i[ ) is smooth in s = 0 so that the integral is

(invariant acting on the phase) lJr#(1 9%,). As before, powers and

s 2

well-defined for s € R.

Polynomial in x: controlled by an adapted power of the (invariant) operator:

1 a 4602 .
14 x? (WVI+r24r+1)2°

Polynomial in 7: controlled by an adapted power of the (invariant) operator

2
s (1= 503).

+ 1) g
r,c'(r),l, ('i/%r )0, wo(x,7), ... which are controlled (see just above).

Derivations in x: produce terms like powers of (v/1 + r2 + r + 1)z’ which are

controlled.

Derivations in £: produce terms like powers of (+/1 4+ r2 + r)s’ which are also

controlled.

This shows that F~'( £, f-) € S(S). O
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5.4 Application to Noncommutative Baumslag-Solitar Tori

We consider the decomposition of G into elementary normal j-groups of Sect.2.2

G =(...(S1%p $2) Xpy...) Xpy_, Sy

and the associated basis
B = (Hl, (fl(i))lfi§2n1 JEN, ... Hy, (f]\(/i))lfifbl/v , EN)

of its Lie algebra g, where ( fj('))lsigzn ; is a canonical basis of the symplectic space
V; contained in S;. We note Ggs the subgroup of G generated by {e?X, X € B}
and call it the Baumslag—Solitar subgroup of G. Indeed, in the case of the “ax + b”
group (two-dimensional elementary normal j-group), and if e’ € N, this subgroup
corresponds to the Baumslag—Solitar group [3]:

BS(1,m) :=(er,ex | erealer)™ = (e)™).

We have seen before that the star-exponential associated to a coadjoint orbit O is
a group morphism £ : G — M,,(0) ~ M,,(G). Composed with the quantization
map 2, it coincides with the unitary representation U = §2 o £. So, if we now
take the subalgebra of M,,(G) generated by the star-exponential of Ggs, i.e., by
elements {£,0x, X € B}, then it is closed for the complex conjugation and it
can be completed into a C*-algebra Ag with norm [[$2(-)|| £(z,- This C*-algebra
is canonically associated to the group G. Moreover, if § — 0, this C*-algebra is
commutative and corresponds thus to a certain torus.

Definition 5.9. Let G be a normal j-group. We define the noncommutative
Baumslag—Solitar torus of G to be the C*-algebra Ag constructed above.

It turns out that the relation between the generators E,0x ( X € B) of Ag can be
computed explicitly by using the BCH formula of Proposition 3.10. Let us see some
examples.

Example 5.10. In the elementary group case G = S, let

0 ;i
Ua,x,t) := Egoola, x, ) = y/cosh(0) cosh(z)"e%smhw){,
V(a,x.0) == Epopla.x.0) =",
Wi(a.x.0) = Eope.0(@. x.0) = '),

where (e;) is a canonical basis of the symplectic space (V, wp) of dimension 2n (i.e.
wole;,ei+n) = Lifi < n). Then, we can compute relations like

UxgV=V"xyU.
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by using the BCH property of the star-exponential (see Proposition 3.10). We obtain
(by omitting the notation x):

Uv =v"U  (andUVF = VD),
UWi = WU Wil = VWi W,

where the other commutation relations are trivial. Note that these relations become

trivial at the commutative limit & — 0. In the two-dimensional case, where S is the
. 20 . .

“ax+b group”, the relation UV = V¢ U has already been obtained in another way

in [14].

Example 5.11. Letus consider the Siegel domain of dimension 6 (see Example 2.12
for definitions and notations). As before, we can define the following generators:

0, a2y
U(g) = Eno000 (8) = veosh(8) cosh(7)e ¥ "2,

2ayp

V(g) := £000000)(8) =€ 7,

a2 vy

Wi(g) := E000000)(8g) = e ™,

ie 2y

Wa(g) := £0,0006.0(8) =€ ,
0
e /cosh(f) o 3 (sinh(8) (1 +-tanh(§ vw2)

R(g):=¢& =
(8) = €6.00000)(8) cosh(Z)

i(e7241 44 v3)

S(g) 1= £0.6.0000)(g) = €'
We obtain the relationship:
Uv =ve=u, UW,=W)" U, UW, = W)U, WiW, = VWW,
RS = SR, RW, = (W) R, RWy= (W) 'R, SW, =V W)W,
where the other commutation relations are trivial.
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