Chapter 2
Intuitionistic Fuzzy IMs

Here, following [11, 16], we extend the concept of IM, introducing the concept of
an Intuitionistic Fuzzy IM (IFIM) and Extended IFIM (EIFIM).

2.1 Short Remarks on Intuitionistic Fuzziness

Initially, we give some remarks on Intuitionistic Fuzzy Sets (IFSs, see, e.g., [7, 13])
and especially, of their particular case, Intuitionistic Fuzzy Pairs (IFPs; see [26]).
The IFP is an object with the form (a, b), where a, b € [0, 1] and a + b < 1, that
is used as an evaluation of some object or process. Its components (a and b) are
interpreted as degrees of membership and non-membership, or degrees of validity
and non-validity, or degree of correctness and non-correctness, etc.

Let us have two IFPs x = (a, b) and y = {c, d).

The following relations have been defined in [26]:

x<yiff a<candb >d
x <y iff a<candb>d
x=y iff a=candb=d
x>y iff a>candb <d
x>y iff a>candb <d

We define analogous of operations “conjunction” and “disjunction”:

x&y = (min(a, c), max(b, d))
x Vy = (max(a, c¢)), min(b, d))
x+y=(a+c—a.c,bd)
x.y =({a.c,b+d—b.d)

b+d
x@y = (43¢, 259).
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In [13], definitions of 138 operations “implication” and 34 operations “negation”
are given. In Table 2.1 the currently existing 45 negations are given. In some of these
definitions, we use the functions sg and sg that are defined by:

1ifx >0 0ifx >0

sg(x) = . 85g) =
Oifx <0 lifx <0

Let a set E be fixed. An Intuitionistic Fuzzy Set (IFS) A in E is an object of the
following form (see, e.g., [7, 13]):

A ={(x, pa(x), va(x))|x € E},

where functions p4: E — [0, 1] and va: E — [0, 1] define the degree of member-
ship and the degree of non-membership of the element x € E, respectively, and for
every x € E:

0<pax)+valx) <1.

2.2 IFIMs and EIFIMs

Extending Sect. 1.1, the basic definition of the IFIM is given.
Let I be a fixed set. By IFIM with index sets K and L (K, L C I), we denote the
object:
(K, L, {1} Vi) 3]

I l; In

ki | (ks Vi) - (e s Vi) - (s Vi)
ki | (ks Vi) e (ks Vi) e (s Vi L)
K |\ 11> Vit ) <+« b ljs Vi) - -+ (koL s Vi )

For brevity, we can mention the above object by [K, L, {{ux;; i Uk‘.’[j>}],
where

where forevery 1 <i <m, 1 < j <n:0 < pk .15, Vig.1; ki 1y + Vigr; < 1

K:{klvk27"'skn‘l}s
Lz{ll7l2,~-7ln}s
forl<i<m,and1<j<m:

ki 1> Vi 1> 1+ Vi 1 € [0, 11


http://dx.doi.org/10.1007/978-3-319-10945-9_1

2.2 IFIMs and EIFIMs 31

Table 2.1 The currently existing 45 negations

- (x,b,a)
2 | (x,58(a),sg(@))
-3 (x,b,a.b+a?
—y (x,b,1 —Db)
-5 | (x,58(1 —b),sg(1 — b))
-6 | (x,58(1 —b),sg(a))
-7 | {(x,58(1 —b),a)
—g (x,1—a,a)
-9 | (x,5g(a),a)
=10 | (x,58(1 —b),1—b)
-1 | (x,sgd), sgd))
—12 | (x,b.(b+ a), min(l, a.(b*> + a + b.a)))
—13 | (x,sg(l —a),s5g(1 —a))
—14 | (x,sg(b).sgl —a))
—1s | (x,5g(1— D), 581 — a))
—16 | (x,58(a),5g(1 —a))
=17 | (x,58(1 —Db),8g(b))
-8 | (x, b.sgla), a.sg(d))
—19 | (x,b.sg(a),0)
=20 | (x,b,0)
-1 (x, min(l — a, sg(a)), min(a, sg(1l — a)))
—2 | (x,min(1 —a, sg(a)), 0)
-3 | (x,1—a,0)
—4 | (x, min(b, sg(1 — b)), min(1 — b, sg(b)))
-5 | (x, min(b, sg(l — b)), 0)
=6 | (x,b,a.b+5g(l —a))
7 | (x,1—a,a.(1 —a)+5sg(l —a))
=28 | (x,b, (1 —0).b+5g(b))
—9 | (x,max(0, b.a +35g(1 — b)), min(l, a.(b.a +5g(1 — b)) +52(1 —a)))
—30 | (x,a.b,a.(a.b+5g( — b)) +5g(l —a))
=31 | {x,max(0, (1 —a).a +5g(a)), min(1l, a.((1 — a).a +sg(a)) +sg(1 — a)))
-3 | (x, (I —a).a,a.((l—a)a+5ga)+3g —a))
=33 | (x,b.(1 —b) +5g(1 —b), 1 —b).(b.(1 —b) +58(1 — b)) +52(D)))
=34 | (x,b.(1 = D), (1 =b).(b.(1 —b) +5g(1 — b)) +5g(h))
—35 | (5, 1349)
—36 | (5, 3¢
-y | (B
—38 (lTa =)
-39 | (4,332)
22 142
40 | (55 3)

(continued)
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Table 2.1 (continued)

- (231;, 373217)
—42, <b“

—43.p ( 1 ”Y ,Wherey > 1

—wap | (e SF, wherea > 1, 8 € [0, o]
45,6, (mln(l va(x) + &), max(0, ua(x) —n))

Now, for above sets K and L, the EIFIM is defined by:
(K™, L™ ki ;s Vi ;01

e, ) o L@ B L (e, BY)
ki, (o, BEY | (kg s viny) - (W 15 Vi d;) o (kgL Vi)

ki (o, BEY | (s Vien) -+ (ks Viidy) - (Mgl Vi)

K {0ty BED | (L1 Vi iy} - -+ (ko Vhnod;) = -+ (Bl s Vi)

where forevery 1 <i <m,1 < j <n:
ki 1> Vi 1> Ity + vk € 10, 10,
of ok + BE e 0,11,
o, Bl ol + B €0, 1]
and here and below,
= (ki o BIKi € K} = (kv of BT < i < m),
L* = {{lj, o, B))llj € LY = (), o, BT < j < n}.
Let
K* C P*iff (K C P) & (Yki = pi € K)((eff < of) & (B > B)).
K* € P*iff (K € P) & (Vki = pi € K)((ef <af) & (Bf = B)).
All operations and relations over EIFIM must be re-defined, because they have

different forms from the above ones. Obviously, the hierarchical operators are not
applicable now.
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2.3 Standard Operations Over EIFIMs

FOr the EIFIMS A = [K*s L*’ {(:u’kl‘,lj» ij,lj)}]v B = [P*’ Q*3 {(pp,,qss Gpr,q5>}]s
operations that are analogous to the usual matrix operations of addition and multi-
plication are defined, as well as other specific ones.

Addition-(max,min)

A @D (max, min) B = [T*1 V*s {((ptu,vw’ Wt,,,vu,)}],

where
T* = K*U P* = {{t,, !, )|ty € K U P},
V¥ =L"U Q" = {{vw, oy, Byy)lvw € LU O},
af, ift, € K—P
a,i: af, ift, e P—K,
| max(af, af), ift, e KNP
BL. ifv,eL—0Q
B =1 B, ifr, e Q—L,
min(BL, 1), ifr, e LN Q
and

<Mk,-,l,-, vk,‘,lj)v ifty =k € K
andvy =1l € L-Q
orty =ki € K— P
andv, =1[; € L;

(Ppr.ass Tpr.a)s ifty =pr e P
andvy =¢qg;, € Q— L
orty=pr€ P—-K
andvy = g5 € Q;

<¢luvvw’ I/ftusvw) =

<max(ﬂk,—,ljv ppr,qx)a ifty =k = pr € KnpP
min(vkl.,lj, Oprgs))s andvy, =1 =g, € LN Q

(0, 1), otherwise
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Addition-(min,max)

A @(min,max) B = [T*a V*a {(wtu,uw» %,,vw)}],
where T*, V*, o, B4, have the above forms but

(Wi 15 Vi 1) ifty =k € K
andvy, =/l € L - Q
orty, =kie K—P
andvy =1j € L;

(Opr.gs> Oprgs)s ifty=p, €P
andvy =¢;, € Q—L
orty =pr € P—-K
and vy, =g, € Q;

(wtu sV o wtu sVw ) =

<min(ﬂki,ljv ppr,qs)s ifty=ki=pr€e KNP
max (Vg i, Op,.q,)), andvy, =1 =¢qs € LN Q

(0, 1), otherwise

Termwise multiplication-(max,min)

A & (max, min) B = [T*a V*, {((ﬂt“,vw, Wtu,v“)}],

where
T" = K*NP* = {{t,, o, BL)|t, € KN P},
V*:L*HQ*:{hjwva;’ g;)'vwELmQ}v
af = min(eX, of), forty, =k = p, e KNP,
By, = min(B}, BY), forv, =1j =g, € LN Q
and

<¢tu,vw’ ‘ﬁtu,vﬁ = (max(ﬂk,‘,l_[ 9 ppr,qs)» min(vk,',l_,' ) Gp,-,qs)>-

Termwise multiplication-(min,max)

A & (min, max) B = [T*a v, {(Qatu,vw, Ilftu,vu,>}],

where T*, V*, o, B4, have the above forms but

<¢Tuavw’ wluﬁvw> = (min('u“ki»lj ’ ppn%)’ max(‘)kh[j ’ apr,45)>'
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Multiplication-(max,min)

A @(max,min) B = [T*v V*v ((ptu,vw’ Iptu,vwn]’

35

where
T* = (KU (P — L))" = {{tu a},, By) |ty € K U (P — L)},
V¥ =(QU(L = P)" = {{(vu, ay,, B,)|vw € QU (L — P)},
ko .
a;, ifty =k €K
o = :
of, ift,=p€e P—1L
B, ifv,=ljelL—P
By = ,
/3.?7 ifty =¢q,€ 0
and
'<:u’kl',lj1vki,lj)v lftu :k,' GK
andvy, =1lj e L—-P—Q
(Opy.gss Tprogs)s ifty=p,e P—L—-K
andvy =¢q; € Q
max min(ug; 7, , ift, =k eK
(@1, 05 Vigvw) = l<j:]7reLﬁP ( (Mk;,l_/ Ppr.gs)) u i

andvy, =¢q5 € QO

min (max(vk,',lja O’p,,q;))>v
lij=preLNP

| (0, 1), otherwise
Multiplication-(min,max)
A @(min,max) B = [T*v V*v ((ptu,vw’ Iptu,vwn]’

where T*, V*, o, B4, have the above forms but
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(Pt v Vi) =
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i (I’Lki,ljv vki,lj>v lftu == ki € K

andvy, =l €e L—P—Q

Ppr.ass Tpr.as)s ift,=p, e P-—L—-K
andvy, = g5 € Q

( min (max(u“k,‘,lj7 ppr,qs))’ lftu = ki € K
lj:])rELﬂP
andvy, =¢q5 € Q

max (min(vki,ljv O‘pr,qs)))s
lj=preLNP

| (0, 1), otherwise

Structural subtraction

where

T*
V*

= (K - P) =
=(L-0) =

A e B = [T*a V*a {((ptu,l)wﬂ 1)01‘14,‘1)1_U>}]ﬂ

(tuvaliv ;)'tu € K — P}a

{
{(Uwraqll))’ IB:j)HUw €L - Q}’

for the set—theoretic subtraction operation and

and

a,’lzal’-‘, fort, =k; € K — P,

By =B}, forv, =1 € L—Q

(Pryvus Yigvw) = (kitjs Viit;)s forty =ki € K — Pandvy, =1j € L — Q.

Negation of an EIFIM

—A = [T", V" {=(1r.1;5 V1,03

where — is one of the above intuitionistic fuzzy negations in Table 2.1, or another

possible negation.

Termwise subtraction

A ~~max,min B=A Gamax,min _‘B,

A ~~min,max B=A @min,max -B.
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9 <.

Operations “reduction”, “projection” and “substitution” coincide with the respec-
tive operations defined in Chap. 1, Sects. 1.6-1.8.

2.4 Relations Over EIFIMs

Let the two EIFIMs A = [K*, L*, {{ax1, br,))}] and B = [P*, O*, {{cp.q. dp.g)}]
be given. We shall introduce the following definitions where C and C denote the
relations “strong inclusion” and “weak inclusion”.

The strict relation “inclusion about dimension” is
ACq Biff ((K* C P*)& (L* C Q%) vV (K*C P*) & (L* C Q%)
V((K* C P*) & (L* € 0%)) & (Vk € K)(VI € L)({ak1, bi,i) = (ck.1, di.)-
The non-strict relation “inclusion about dimension” is
AC;Biff (K" C P& (L*C 0" & (Vke K)(Vl € L)
({ak1, bii) = (ck.1, di1))-
The strict relation “inclusion about value” is
ACy Biff (K*=P* & (L*= Q0" & (Vke K)(Vl € L)
(ak1, bii) < (ckt, di1))-
The non-strict relation “inclusion about value” is
AC, Biff (K*=P*) & (L*=Q0") & (Vke K)(Vl € L)
(ak,i, bip) = {cxt, dii)-
The strict relation “inclusion” is
ACy Biff ((K* C P*)&(L*C Q%) vV (K* € P") & (L* C Q%)
vV ((K* C P*) & (L* € 0)) & (Vk € K)(VI € L)((ak,1, brt) < (ck,i, di1))-
The non-strict relation “inclusion” is
AC,Biff (K* C P*) & (L* C Q") & (Vk e K)(Vl € L)

(ak,i, bri) < (k1 dii)).
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2.5 Level Operators Over EIFIMs

Let the EIFIM A = [K*, L*, {{1k;. 15 Vi 1;) 1] be given.
Letfori =1,2,3: p;, 0i, pi + 0; € [0, 1] be fixed numbers.
In [7,13], several level operators are defined. One of them, for a given IFS

X = {{x, nx(x), vx(x))|x € E}

is
No,p(X) = {{x, ux(x), vx(x))x € E & px(x) > a & vx(x) < B},

where «, B € [0, 1] are fixedand o + 8 < 1.

: : 1 2 3
Here, its analogues are introduced. They are three: N 21,01 N 02,02 N 0303 and

affectthe K -, L-indices and (fuy; djs Vil )-elements, respectively. The three operators
can be applied over an EIFIM A either sequentially, or simultaneously. In the first
case, their forms are

,01 o (A) [ P1,01 (K*)s L*1 {(goki,ljv wk,',lj)}]v

where
(@i s Yhit;) = (K 15 Vi 1)

only for (k;, ozf, {‘) € Ny, 5, (K*) and for each (/;, aé., é) e L*

ﬂ2 [op) (A) [K*7 N,Oz,(fz (L*)9 {((pki,ljv I/Ik,',lj>}]7

where
(Pri s Yhit;) = (B 15 Vi 1)

for each (k;, al{‘, /3{() € K* and only for {/;, Oli-, ,B;) € Npy.on (L*);

N o (A) = [K* L*, ((@r,.1; Y0 )},
where
(ki 1y Vi 1) 1 g1, = p3 & v, < 03
(Pt Yri1;) = ,
(0, 1), otherwise

In the second case, their form is

( ,01 o1’ ﬂ2 0y ,03 (73)(A) [N,O],O'l (K*)’ sz,ﬂz(L*)’ {<(pki‘[j7 I//k,',l_j)}]v
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where

(Wt 15 Vi 1), iF (ki, o, B*) € Npj o (K*)
and (I, o, B5) € Npy,op (L)
and g 1; = p3 & v 1; < 03

(‘pk,’,ljv I/Iki,[j> = s

(0. 1), if (ki, f, BY) € Npy oy (K¥)
and (I, &', B%) € Ny, o0 (L¥)
and g1, < p3 vV Vg1 > 03

2.6 Aggregation Operations Over EIFIMs

Let the EIFIM
ll’(“i’ﬁi) ljs(“iaﬂj) lnv(aéyﬁ;{ﬂ
ki, (o}, BYY | (ks Vi) -+ (Bt Vi) - (kg Vi)
Ao . - : : : ,
iy Br) | (s il ) - (B Vi) o (G Ly Vi L)
K 0ty Bl | (15 Vi y) - -+ (ko Vhnod;) =+ (Bl s Vi)

be given and let kg & K and [y ¢ L be two fixed indices.
Now, we introduce the following 18 operations over it.

(max,max)-row-aggregation

P (max,max) (A, ko)

1 1
‘ llv (al :31)
( max g 1, 1mm Vi dy) -

= ko, { max a min ﬂk

1<i<m 1<l<m 1<i<m
In. {eth. BL)
. (max .1, mln Vi dy )
1<i<m <i<m
(max,ave)-row-aggregation
ggreg
L (max, max) (As kO)

| 1, (o, Bl

m
= 1 1
kOv ( max alk min ﬁk Z Z kil 5 Z vk,,ll

1<i<m 1<i<m i=1
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iy Ln, ey, By)
. <% Zﬂki,lnvizvkivln>

i=1 i=1

=~

(max,min)-row-aggregation
P(max,max) (A, ko)

\ I, (o, Bt

= ko, ( max of, min min [y 1, max Vi dy) -
1<i<m 1<l<m 1<l<m 1<i<
Ln, (e, B)
min 1, max Vg g )’
<1§i§muk“l" 1<i<m Kisln)
(ave,max)-row-aggregation
£(min,max) (Av kO)
I, (e, BY)
= 15 k1 % gk
ko, (5; 2 a;, - > B)|( max Hkidis | mln Vk,,h)
i=1 i=l l=izm
Ln, (e, B)
- (max gk, mMin vgg,)°
1<i<m 1<i<m
(ave,ave)-row-aggregation
P (max, max) (A, ko)
| I, (o}, B) :
= L k1< k|1 % 1 <
ko, (o 2o ey o 20 B (o D0 Mkidys 57 20 Vi) + o
i=1 i=1 i=1 i=1
n: ( n9 ,Bl>
1
W Z kil o Z Vil )
i=1 i=1
(ave,min)-row-aggregation
L (max, max) (A, ko)
I pl
| 1, (@}, BY)
= 1< 15 3
ko, (5 Z s 20 B min gy, max. Vk,,h)

i—1 1<i<m

I
—_
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Ly, (o, L)

. min max Vj. ’
(1<l<m kil max kil )

(min,max)-row-aggregation
£(min,max) (A s kO)
| I, (e, B)

max ﬁk ‘ lr<nla<x Mk, 11, mm Vk,,h)

= ko, ( min of
1<i<m 1<1<m

1 l

ln’ (ayp ﬂn)

. ( max min v 7 )’
<1<z<mﬂkl’ln’ ,min Kivl)

(min,ave)-row-aggregation
P(max,max) (4, ko)

1
| 1. (e, BY)
:ko,(mmak maxﬂk (lzuk.l,livkl
1<i<m 1<i<m ml_z it m 5 l>1
l
.. Ly, (e, BL)
1 1 <
Ao leik,-,ln’ w2 Vkidy)
i= i=1

(min,min)-row-aggregation
P (max, max) (A, ko)

| I, (o, BY)

= ko, { min of, max ﬂk ‘ min fg; 7, Max Vg g) ...
<i<m 1<i<m

1<i<m 1<l<m
I, (o), L)
= ... (min ug max Vg )’
(15i5m Hi by mAX Kivly)

(max,max)-column-aggregation

lp, ( max o, min ,81

1<i<m 1<i<m
k pk
ki, (o}, By) | { max Mkey 1 min Vkl,l,-)
1<j<n 1<j<n

Omax (A, lp) =

k .
, , max . min Vg g,
ki ( s B )(ISanMkm,z, i em 1 )
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(max,ave)-column-aggregation
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Omax (A, ly) =

lo, ( max ok, min gl
1<i<m 1<i<m
ke (ok gky | (1 < 1<
(s BY) | (o 20 Bgtys 3 2 Viad;)
Jj=1 Jj=1
9
n .1 n
m7( m’ﬂ ) Z m, ’ﬁzv
j=1 =1

(max,min)-column-aggregation

ly, { max o, min BL)
1<i<m I<i<m 7

ki, (o, B

(min g 1;, max Vi )
<j=<

1<j<n
Omax (A, lp) = = s
ki, m,ﬂk Y[ min fg, ;. max Vi )
I<j=n =j=
(ave,max)-column-aggregation
(1 - 1 1% gl
lO’ n Z ] n Zlﬂ )
: /:
E gk :
1, {af, max , min Vg, ;.
O'max(A,lo) _ ( 1 ﬂ]) <1<j<nukl L 1<j<n kl,lj> ’
. :
s s max , min v .
km ( s By (1<]< Wl TN .1 )
(ave,ave)-column-aggregation
omax (A, lo)
L 1S A
l(), E z j’ Z z ﬁ]
: J:]
n n
k gy | (] 1
k],(Oll,,B1> ;z 1,ljazzlvk|,lj>
: /:

km’ <afnv ﬂfn}

n
i
Z Wi s 7 22 Venil;)

Jj=1 Jj=1
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(ave,min)-column-aggregation

n
ot 3 et 54

ki, (o, B

Omax (A, L) =
ki, (o m,ﬂk)

(min,max)-column-aggregation

(min g 1), max Vi )
l=j=n <jzn

( min

in fig, 1;, Max v, ;)
I<j=n I<j=<n

ly, { min ol

1<i<m

1
max S’
1<i<m 'Bf)

ki, (e}, BY)
Omax (A, lp) =

Ko, (a m,ﬂk>

(min,ave)-column-aggregation

( max Mkl | mln Viey 1)
I<j=n =j=

( max

., min v g,
max M 1 » min, o1 )

lo, { min o,

max
1<i<m 'Bf )

1<i<m

ki, (ok, pl)
Omax (A, lp) =

ks (X, BE)

(min,min)-column-aggregation

n n

1

,—, '21 Bhidys 5 2 Vi)
]:

lo, ( min o, max p4)
1<i l<i<m' /

’

ki, (o, B
Omax (A, ly) =

kM7 (afpp ﬂr]z)

min , max v .
(1<1<nﬂk.,1, jmax Jei 1)

min , max v .
<1<]<nﬂkm,l, jmax o)
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2.7 Extended Modal Operators Defined Over EIFIMs

Let, as above, x = (a, b) be an IFP and let «, B € [0, 1]. Some of the extended
modal operators defined over x have the following forms (see [13, 26]):

Fol-a(x)=(a+a.(l1—a—>b),b+B.(1—a—>b)), wherea+p<1
Ggp(x) = (a.a, B.b)
Hy p(x) = (@.a, b+ B.(1 —a — b))
Hy g(x) = (.a, b+ B.(1 — a.a — b))
Jop(x) ={a+a.(1 —a—b),B.b)
(

J;’ﬁ(x) ={a+a.(1 —a— B.b), B.b)
and let the level operators have the forms:

Py px = (max(«, a), min(B, b))
Qg px = (min(a, a), max(B, b)),

fora, B €[0,1]anda + S < 1.

Now we define operators over EIFIMs. Let Ooll1 B 022 B 0a3 85 be three opera-
tors and their arguments o1, 81, @2, B2, a3, B3 satisfy the respective conditions, given
above. The three operators affect the K-, L-indices and (pu; ; i Vil j)-elements, re-
spectively. They can be applied over an EIFIM A sequentially, or simultaneously. In

the first case, their forms are

(0 4. L, 1)(A)
| ¢ b, (. By)
ki, Oy, g (o, B)) | { Mk1 11,vk. n) o (kg Vi)
N : [ S
ks Oy gy (s By ) [ (B 1 Vi) -+ (ks Vi )
(L, 02, 4. L)(A)

kl’ a]aﬂ]

(Wky dys Vi) oee Bk Vi)

1,02, 5, (@), BY) - ln, OF 5 ((ay, B))
|
|

ki, am,ﬁk Mk By Vi) - oo Mkl Vil

(L L, 03, 5)(A)



2.7 Extended Modal Operators Defined Over EIFIMs 45

RN L. (o). BL)
ki, <a1, BY) | 02, 4 Ctier iy via i)+ O, g (ttiy > ko 1,))

km’ <Olm, ﬂk ‘ OQ} ,33 <Mkm,11 ) Ukm,ll )) . 023’53 (<l‘l’km,ln ) vkmvln >)
In the second case, the form of the triple of operators is

(00t1 B 00!2 B2 0!3 ﬂs)(A)

I, O 0,2/32 05[1,,3{)) coe s a2ﬂ2(<an"gl
ki, 0y, g ((af, BN | 05, g kg iy Vi) -+ O3 5 (ke ty Vi 1))

ki, 001l1 /31 ek, BFY) 023,;33((%,-,1.,1)/{,-,1,)) 033,,33((%,»,1,,,1%,»,1”))'

ks Oy, g, (s B)) 033,53«%,1.,vk,,l,11)>. 032 g3 (ki s Vi 1))

2.8 An Example with Intuitionistic Fuzzy Graphs

LetV = {v1, v, ..., v,} be afixed set of vertices and let each vertex x have a degree
of existence «(x) and a degree of non-existence B(x). Therefore, we can construct
the IFS

V= {{x, a(x), BO))|x € V} = {{vi, a(vi), Bi))|l <i <n},
where for each x € V:
a(x), B(x), alx) + B(x) € [0, 1].
Let H be a set of arcs between vertices from V. We again can juxtapose to each

arc a degree of existence w(x, y) and a degree of non-existence v(x, y). Therefore,
we can construct the new IFS

= {((x, y), mw(x, y), v, ) x, y € V)
= {({vi, vj), (i, vy), vV, V)1 < i, j <nj,

where for each x, y € V:

n(x, ), v(x,y), u(x,y) +v(x,y) €[0,1].
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Now, for the graph G = (V, H) we can construct the Extended Intuitionistic
Fuzzy Graph (EIFG) G* = (V*, H*). It has the following IM-representation:

[V* V(i v)), v(vi, v)}]

vi, (a(vi), B(1)) ... va, (e(vn), B(Vn))
U1, <(X(U1), /3(1)1)) (/‘Lvl,vl’ Uv1,v1) cee <I‘LU1,U,,’ Vm,v,,)
- vi, {a(v;), B(vi)) </f’«vi,v1’ Uv,-,v1> cee (Hvi,vn, Vvi,v,,> ’
Un, (@ (vy), B(vn)) (/va,,,vl s Uvn,vl) cee <Mvn,vn7 vv,,,v,,)

whereforevery 1 <i <n, 1 < j <n:py,v;, Vo;,v; €0, 11, o v; 4+, 0; € [0, 1],
a(vi), B(vi) € [0, 1], a(vi) + B(v;) € [0, 1].

Let us discuss here for simplicity only the case of oriented graph. Let us denote
by x — y the fact that both vertices x and y are connected by an arc and x is higher
than y. Let operation o € {4, max, @, min, x}.

We call that the EIFG G* is “well-top-down-(very strong, strong, middle, weak,
very weak)-ordered”, or shortly, “well-top-down-o-ordered”, if for every two vertices
v; and v}, such that v; — v}, the following inequality holds:

(aia ﬂl) o (I’Lvl‘,l}ja Vv,-,v/-) Z <aj7 ,Bj)
Analogously, we call that the EIFG G* is “well-bottom-up-(very strong, strong,

middle, weak, very weak)-ordered”, or shortly, “well-bottom-up-o-ordered”, if for
every two vertices v; and v, such that v; — v;, the following inequality holds:

(ai’ ﬂl) o (Mvi,vja Vv,-,v/-) S <a]7 ﬁj)

We illustrate the way for IM-interpretation of the EIFGs by the following example.
Let us have the EIFG G* with the form

a b [
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Its H*-component has the following form (where, obviously, the information
about the IFS V* is included in it):

H*—[{(11)(b11)(11)<d21)(31)<f17)(23)
- 23 73537673525 73783654747 510789g75357
(h11>}{(11)(1711)(11)<d21><31>(f17>
5050 a7253, 33737053727 53787674747 10" 8"

23 11
(g, 57 §>a<h g g)}y{ﬂx,ya Vx,y}]~

Now, having in mind the discussion in Sect.2.2 , we can modify the IM to the
form

s

UI\N
| W

11
32730 g” 44)(fT0§>(

(O8]
[SSERE
W —

H* = [{{a, % 70 (b,

11
g g)}’ {/Lx,ya Vx,y}]-

<

The form of the new IM is
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Now, we can apply one or more of the level-operators N ! 51,01° Nﬁz o N Sg oy and
as a result, the form of the graph will be changed. It is important to mention that in
the present case (when the two index sets coincide), the first two level operators must
have equal parameters and, therefore, if some vertex has to be omitted from one of
both index sets, it will be omitted from the other index set, too. For example, if we

apply operator N| | over G*, we obtain
5%
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and the new graph has the form

13

On the other hand, if we can apply, e.g., operator N3 | over G*, we obtain
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and the new graph has the form
a b

Y
\2

and the IM G™* can be reduced to

d (3.9 e (3. 18 (3. (3.3
a (5.9 3.H .9 01 (01
b.(3. 5| (3.00 (0.1) (0.1) (0.1)
o, (5.3 0, 1) (1) (0,1 (01)
d, (3, 0.1) (01 (.4 (01
e (3.9 0.1) (0.1) (3.8 (0.1
fli ) 0.1 0.1 (0.1) (5.3
g. (3.3 01 (01 (1 (<43

Obviously, vertex f remains in the first index set, because an arc goes out of it.
On the other hand, vertex ¢ here is an isolated one.

The present text was written in the end of 2013 and it was published in [19], when
I, as an Editor-in-Chief of the journal “Notes on Intuitionistic Fuzzy Sets”, received
(in March 2014) the paper of Parvathi Rangasamy [45] that contains very similar
ideas. My paper was published in No. 1 for 2014 and Parvathi’s paper in No. 2 of
the above mentioned journal.
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