
Chapter 2
Intuitionistic Fuzzy IMs

Here, following [11, 16], we extend the concept of IM, introducing the concept of
an Intuitionistic Fuzzy IM (IFIM) and Extended IFIM (EIFIM).

2.1 Short Remarks on Intuitionistic Fuzziness

Initially, we give some remarks on Intuitionistic Fuzzy Sets (IFSs, see, e.g., [7, 13])
and especially, of their particular case, Intuitionistic Fuzzy Pairs (IFPs; see [26]).
The IFP is an object with the form 〈a, b〉, where a, b ∈ [0, 1] and a + b ≤ 1, that
is used as an evaluation of some object or process. Its components (a and b) are
interpreted as degrees of membership and non-membership, or degrees of validity
and non-validity, or degree of correctness and non-correctness, etc.

Let us have two IFPs x = 〈a, b〉 and y = 〈c, d〉.
The following relations have been defined in [26]:

x < y iff a < c and b > d
x ≤ y iff a ≤ c and b ≥ d
x = y iff a = c and b = d
x ≥ y iff a ≥ c and b ≤ d
x > y iff a > c and b < d

We define analogous of operations “conjunction” and “disjunction”:

x&y = 〈min(a, c),max(b, d)〉
x ∨ y = 〈max(a, c)),min(b, d)〉

x + y = 〈a + c − a.c, b.d〉
x .y = 〈a.c, b + d − b.d〉

x@y = 〈 a+c
2 , b+d

2 〉.
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30 2 Intuitionistic Fuzzy IMs

In [13], definitions of 138 operations “implication” and 34 operations “negation”
are given. In Table 2.1 the currently existing 45 negations are given. In some of these
definitions, we use the functions sg and sg that are defined by:

sg(x) =
⎧
⎨

⎩

1 if x > 0

0 if x ≤ 0
, sg(x) =

⎧
⎨

⎩

0 if x > 0

1 if x ≤ 0

Let a set E be fixed. An Intuitionistic Fuzzy Set (IFS) A in E is an object of the
following form (see, e.g., [7, 13]):

A = {〈x, μA(x), νA(x)〉|x ∈ E},

where functions μA: E → [0, 1] and νA: E → [0, 1] define the degree of member-
ship and the degree of non-membership of the element x ∈ E , respectively, and for
every x ∈ E :

0 ≤ μA(x)+ νA(x) ≤ 1.

2.2 IFIMs and EIFIMs

Extending Sect. 1.1, the basic definition of the IFIM is given.
Let I be a fixed set. By IFIM with index sets K and L (K , L ⊂ I ), we denote the

object:
[K , L , {〈μki ,l j , νki ,l j 〉}]

≡

l1 . . . l j . . . ln
k1 〈μk1,l1 , νk1,l1〉 . . . 〈μk1,l j , νk1,l j 〉 . . . 〈μk1,ln , νk1,ln 〉
...

... . . .
... . . .

...

ki 〈μki ,l1 , νki ,l1〉 . . . 〈μki ,l j , νki ,l j 〉 . . . 〈μki ,ln , νki ,ln 〉
...

... . . .
... . . .

...

km 〈μkm ,l1 , νkm ,l1〉 . . . 〈μkm ,l j , νkm ,l j 〉 . . . 〈μkm ,ln , νkm ,ln 〉

,

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n: 0 ≤ μki ,l j , νki ,l j , μki ,l j + νki ,l j ≤ 1.
For brevity, we can mention the above object by [K , L , {〈μki ,l j , νki ,l j 〉}],

where
K = {k1, k2, . . . , km},

L = {l1, l2, . . . , ln},

for 1 ≤ i ≤ m, and 1 ≤ j ≤ n:

μki ,l j , νki ,l j , μki ,l j + νki ,l j ∈ [0, 1].

http://dx.doi.org/10.1007/978-3-319-10945-9_1
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Table 2.1 The currently existing 45 negations

¬1 〈x, b, a〉
¬2 〈x, sg(a), sg(a)〉
¬3 〈x, b, a.b + a2〉
¬4 〈x, b, 1 − b〉
¬5 〈x, sg(1 − b), sg(1 − b)〉
¬6 〈x, sg(1 − b), sg(a)〉
¬7 〈x, sg(1 − b), a〉
¬8 〈x, 1 − a, a〉
¬9 〈x, sg(a), a〉
¬10 〈x, sg(1 − b), 1 − b〉
¬11 〈x, sg(b), sg(b)〉
¬12 〈x, b.(b + a),min(1, a.(b2 + a + b.a))〉
¬13 〈x, sg(1 − a), sg(1 − a)〉
¬14 〈x, sg(b), sg(1 − a)〉
¬15 〈x, sg(1 − b), sg(1 − a)〉
¬16 〈x, sg(a), sg(1 − a)〉
¬17 〈x, sg(1 − b), sg(b)〉
¬18 〈x, b.sg(a), a.sg(b)〉
¬19 〈x, b.sg(a), 0〉
¬20 〈x, b, 0〉
¬21 〈x,min(1 − a, sg(a)),min(a, sg(1 − a))〉
¬22 〈x,min(1 − a, sg(a)), 0〉
¬23 〈x, 1 − a, 0〉
¬24 〈x,min(b, sg(1 − b)),min(1 − b, sg(b))〉
¬25 〈x,min(b, sg(1 − b)), 0〉
¬26 〈x, b, a.b + sg(1 − a)〉
¬27 〈x, 1 − a, a.(1 − a)+ sg(1 − a)〉
¬28 〈x, b, (1 − b).b + sg(b)〉
¬29 〈x,max(0, b.a + sg(1 − b)),min(1, a.(b.a + sg(1 − b))+ sg(1 − a))〉
¬30 〈x, a.b, a.(a.b + sg(1 − b))+ sg(1 − a)〉
¬31 〈x,max(0, (1 − a).a + sg(a)),min(1, a.((1 − a).a + sg(a))+ sg(1 − a))〉
¬32 〈x, (1 − a).a, a.((1 − a).a + sg(a))+ sg(1 − a)〉
¬33 〈x, b.(1 − b)+ sg(1 − b), (1 − b).(b.(1 − b)+ sg(1 − b))+ sg(b))〉
¬34 〈x, b.(1 − b), (1 − b).(b.(1 − b)+ sg(1 − b))+ sg(b)〉
¬35 〈 b

2 ,
1+a

2 〉
¬36 〈 b

3 ,
2+a

3 〉
¬37 〈 2b

3 ,
2a+1

3 〉
¬38 〈 1−a

3 , 2+a
3 〉

¬39 〈 b
3 ,

3−b
3 〉

¬40 〈 2−2a
3 , 1+2a

3 〉
(continued)
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Table 2.1 (continued)

¬41 〈 2b
3 ,

3−2b
3 〉

¬42,λ 〈 b+λ−1
2λ , a+λ

2λ , where λ ≥ 1

¬43,γ 〈 b+γ
2γ+1 ,

a+γ
2γ+1 , where γ ≥ 1

¬44,α,β 〈 b+α−1
α+β ,

a+β
α+β , where α ≥ 1, β ∈ [0, α]

¬45,ε,η 〈min(1, νA(x)+ ε),max(0, μA(x)− η)〉

Now, for above sets K and L , the EIFIM is defined by:

[K ∗, L∗, {〈μki ,l j , νki ,l j 〉}]

≡

l1, 〈αl
1, β

l
1〉 . . . l j , 〈αl

j , β
l
j 〉 . . . ln, 〈αl

n, β
l
n〉

k1, 〈αk
1, β

k
1 〉 〈μk1,l1 , νk1,l1〉 . . . 〈μk1,l j , νk1,l j 〉 . . . 〈μk1,ln , νk1,ln 〉

...
... . . .

... . . .
...

ki , 〈αk
i , β

k
i 〉 〈μki ,l1 , νki ,l1〉 . . . 〈μki ,l j , νki ,l j 〉 . . . 〈μki ,ln , νki ,ln 〉

...
... . . .

... . . .
...

km, 〈αk
m, β

k
m〉 〈μkm ,l1 , νkm ,l1〉 . . . 〈μkm ,l j , νkm ,l j 〉 . . . 〈μkm ,ln , νkm ,ln 〉

,

where for every 1 ≤ i ≤ m, 1 ≤ j ≤ n:

μki ,l j , νki ,l j , μki ,l j + νki ,l j ∈ [0, 1],

αk
i , β

k
i , α

k
i + βk

i ∈ [0, 1],

αl
j , β

l
j , α

l
j + βl

j ∈ [0, 1]

and here and below,

K ∗ = {〈ki , α
k
i , β

k
i 〉|ki ∈ K } = {〈ki , α

k
i , β

k
i 〉|1 ≤ i ≤ m},

L∗ = {〈l j , α
l
j , β

l
j 〉|l j ∈ L} = {〈l j , α

l
j , β

l
j 〉|1 ≤ j ≤ n}.

Let

K ∗ ⊂ P∗ iff (K ⊂ P) & (∀ki = pi ∈ K )((αk
i < α

p
i ) & (βk

i > β
p
i )).

K ∗ ⊆ P∗ iff (K ⊆ P) & (∀ki = pi ∈ K )((αk
i ≤ α

p
i ) & (βk

i ≥ β
p
i )).

All operations and relations over EIFIM must be re-defined, because they have
different forms from the above ones. Obviously, the hierarchical operators are not
applicable now.
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2.3 Standard Operations Over EIFIMs

For the EIFIMs A = [K ∗, L∗, {〈μki ,l j , νki ,l j 〉}], B = [P∗, Q∗, {〈ρpr ,qs , σpr ,qs 〉}],
operations that are analogous to the usual matrix operations of addition and multi-
plication are defined, as well as other specific ones.

Addition-(max,min)

A ⊕(max,min) B = [T ∗, V ∗, {〈ϕtu ,vw , ψtu ,vw 〉}],

where

T ∗ = K ∗ ∪ P∗ = {〈tu, αt
u, β

t
u〉|tu ∈ K ∪ P},

V ∗ = L∗ ∪ Q∗ = {〈vw, αvw, βvw〉|vw ∈ L ∪ Q},

αt
u =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

αk
i , if tu ∈ K − P

α
p
r , if tu ∈ P − K

max(αk
i , α

p
r ), if tu ∈ K ∩ P

,

βvw =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

βl
j , if vw ∈ L − Q

β
q
s , if tw ∈ Q − L

min(βl
j , β

q
s ), if tw ∈ L ∩ Q

,

and

〈ϕtu ,vw , ψtu ,vw 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈μki ,l j , νki ,l j 〉, if tu = ki ∈ K
and vw = l j ∈ L − Q
or tu = ki ∈ K − P
and vw = l j ∈ L;

〈ρpr ,qs , σpr ,qs 〉, if tu = pr ∈ P
and vw = qs ∈ Q − L
or tu = pr ∈ P − K
and vw = qs ∈ Q;

〈max(μki ,l j , ρpr ,qs ), if tu = ki = pr ∈ K ∩ P
min(νki ,l j , σpr ,qs )〉, and vw = l j = qs ∈ L ∩ Q

〈0, 1〉, otherwise
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Addition-(min,max)

A ⊕(min,max) B = [T ∗, V ∗, {〈ϕtu ,vw , ψtu ,vw 〉}],

where T ∗, V ∗, αt
u, β

v
w, have the above forms but

〈ϕtu ,vw , ψtu ,vw 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈μki ,l j , νki ,l j 〉, if tu = ki ∈ K
and vw = l j ∈ L − Q
or tu = ki ∈ K − P
and vw = l j ∈ L;

〈ρpr ,qs , σpr ,qs 〉, if tu = pr ∈ P
and vw = qs ∈ Q − L
or tu = pr ∈ P − K
and vw = qs ∈ Q;

〈min(μki ,l j , ρpr ,qs ), if tu = ki = pr ∈ K ∩ P
max(νki ,l j , σpr ,qs )〉, and vw = l j = qs ∈ L ∩ Q

〈0, 1〉, otherwise

Termwise multiplication-(max,min)

A ⊗(max,min) B = [T ∗, V ∗, {〈ϕtu ,vw , ψtu ,vw 〉}],

where

T ∗ = K ∗ ∩ P∗ = {〈tu, αt
u, β

t
u〉|tu ∈ K ∩ P},

V ∗ = L∗ ∩ Q∗ = {〈vw, αvw, βvw〉|vw ∈ L ∩ Q},
αt

u = min(αk
i , α

p
r ), for tu = ki = pr ∈ K ∩ P,

βvw = min(βl
j , β

q
s ), for vw = l j = qs ∈ L ∩ Q

and
〈ϕtu ,vw , ψtu ,vw 〉 = 〈max(μki ,l j , ρpr ,qs ),min(νki ,l j , σpr ,qs )〉.

Termwise multiplication-(min,max)

A ⊗(min,max) B = [T ∗, V ∗, {〈ϕtu ,vw , ψtu ,vw 〉}],

where T ∗, V ∗, αt
u, β

v
w, have the above forms but

〈ϕtu ,vw , ψtu ,vw 〉 = 〈min(μki ,l j , ρpr ,qs ),max(νki ,l j , σpr ,qs )〉.
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Multiplication-(max,min)

A �(max,min) B = [T ∗, V ∗, 〈ϕtu ,vw , ψtu ,vw 〉}],

where

T ∗ = (K ∪ (P − L))∗ = {〈tu, αt
u, β

t
u〉|tu ∈ K ∪ (P − L)},

V ∗ = (Q ∪ (L − P))∗ = {〈vw, αvw, βvw〉|vw ∈ Q ∪ (L − P)},

αt
u =

⎧
⎨

⎩

αk
i , if tu = ki ∈ K

α
p
r , if tu = pr ∈ P − L

,

βvw =
⎧
⎨

⎩

βl
j , if vw = l j ∈ L − P

β
q
s , if tw = qs ∈ Q

,

and

〈ϕtu ,vw , ψtu ,vw 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈μki ,l j , νki ,l j 〉, if tu = ki ∈ K
and vw = l j ∈ L − P − Q

〈ρpr ,qs , σpr ,qs 〉, if tu = pr ∈ P − L − K
and vw = qs ∈ Q

〈max
l j=pr ∈L∩P

(min(μki ,l j , ρpr ,qs )), if tu = ki ∈ K

and vw = qs ∈ Q

min
l j =pr ∈L∩P

(max(νki ,l j , σpr ,qs ))〉,

〈0, 1〉, otherwise

Multiplication-(min,max)

A �(min,max) B = [T ∗, V ∗, 〈ϕtu ,vw , ψtu ,vw 〉}],

where T ∗, V ∗, αt
u, β

v
w, have the above forms but
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〈ϕtu ,vw , ψtu ,vw 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈μki ,l j , νki ,l j 〉, if tu = ki ∈ K
and vw = l j ∈ L − P − Q

〈ρpr ,qs , σpr ,qs 〉, if tu = pr ∈ P − L − K
and vw = qs ∈ Q

〈 min
l j =pr ∈L∩P

(max(μki ,l j , ρpr ,qs )), if tu = ki ∈ K

and vw = qs ∈ Q

max
l j =pr ∈L∩P

(min(νki ,l j , σpr ,qs ))〉,

〈0, 1〉, otherwise

Structural subtraction

A � B = [T ∗, V ∗, {〈ϕtu ,vw , ψtu ,vw 〉}],

where

T ∗ = (K − P)∗ = {〈tu, αt
u, β

t
u〉|tu ∈ K − P},

V ∗ = (L − Q)∗ = {〈vw, αvw, βvw〉|vw ∈ L − Q},

for the set–theoretic subtraction operation and

αt
u = αk

i , for tu = ki ∈ K − P,

βvw = βl
j , for vw = l j ∈ L − Q

and

〈ϕtu ,vw , ψtu ,vw 〉 = 〈μki ,l j , νki ,l j 〉, for tu = ki ∈ K − P and vw = l j ∈ L − Q.

Negation of an EIFIM

¬A = [T ∗, V ∗, {¬〈μki ,l j , νki ,l j 〉}],

where ¬ is one of the above intuitionistic fuzzy negations in Table 2.1, or another
possible negation.

Termwise subtraction

A −max,min B = A ⊕max,min ¬B,

A −min,max B = A ⊕min,max ¬B.
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Operations “reduction”, “projection” and “substitution” coincide with the respec-
tive operations defined in Chap. 1 , Sects. 1.6–1.8.

2.4 Relations Over EIFIMs

Let the two EIFIMs A = [K ∗, L∗, {〈ak,l , bk,l〉}] and B = [P∗, Q∗, {〈cp,q , dp,q〉}]
be given. We shall introduce the following definitions where ⊂ and ⊆ denote the
relations “strong inclusion” and “weak inclusion”.

The strict relation “inclusion about dimension” is

A ⊂d B iff (((K ∗ ⊂ P∗) & (L∗ ⊂ Q∗)) ∨ ((K ∗ ⊆ P∗) & (L∗ ⊂ Q∗))

∨((K ∗ ⊂ P∗) & (L∗ ⊆ Q∗))) & (∀k ∈ K )(∀l ∈ L)(〈ak,l , bk,l〉 = 〈ck,l , dk,l〉).

The non-strict relation “inclusion about dimension” is

A ⊆d B iff (K ∗ ⊆ P∗) & (L∗ ⊆ Q∗) & (∀k ∈ K )(∀l ∈ L)

(〈ak,l , bk,l〉 = 〈ck,l , dk,l〉).

The strict relation “inclusion about value” is

A ⊂v B iff (K ∗ = P∗) & (L∗ = Q∗) & (∀k ∈ K )(∀l ∈ L)

(〈ak,l , bk,l〉 < 〈ck,l , dk,l〉).

The non-strict relation “inclusion about value” is

A ⊆v B iff (K ∗ = P∗) & (L∗ = Q∗) & (∀k ∈ K )(∀l ∈ L)

(〈ak,l , bk,l〉 ≤ 〈ck,l , dk,l〉).

The strict relation “inclusion” is

A ⊂∗ B iff (((K ∗ ⊂ P∗) & (L∗ ⊂ Q∗)) ∨ ((K ∗ ⊆ P∗) & (L∗ ⊂ Q∗))

∨ ((K ∗ ⊂ P∗) & (L∗ ⊆ Q∗))) & (∀k ∈ K )(∀l ∈ L)(〈ak,l , bk,l〉 < 〈ck,l , dk,l〉).

The non-strict relation “inclusion” is

A ⊆∗ B iff (K ∗ ⊆ P∗) & (L∗ ⊆ Q∗) & (∀k ∈ K )(∀l ∈ L)

(〈ak,l , bk,l〉 ≤ 〈ck,l , dk,l〉).

http://dx.doi.org/10.1007/978-3-319-10945-9_1
http://dx.doi.org/10.1007/978-3-319-10945-9_1
http://dx.doi.org/10.1007/978-3-319-10945-9_1
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2.5 Level Operators Over EIFIMs

Let the EIFIM A = [K ∗, L∗, {〈μki ,l j , νki ,l j 〉}] be given.
Let for i = 1, 2, 3 : ρi , σi , ρi + σi ∈ [0, 1] be fixed numbers.
In [7,13], several level operators are defined. One of them, for a given IFS

X = {〈x, μX (x), νX (x)〉|x ∈ E}

is
Nα,β(X) = {〈x, μX (x), νX (x)〉|x ∈ E & μX (x) ≥ α & νX (x) ≤ β},

where α, β ∈ [0, 1] are fixed and α + β ≤ 1.
Here, its analogues are introduced. They are three: N 1

ρ1,σ1
, N 2

ρ2,σ2
, N 3

ρ3,σ3
and

affect the K -, L-indices and 〈μki ,l j , νki ,l j 〉-elements, respectively. The three operators
can be applied over an EIFIM A either sequentially, or simultaneously. In the first
case, their forms are

N 1
ρ1,σ1

(A) = [Nρ1,σ1(K
∗), L∗, {〈ϕki ,l j , ψki ,l j 〉}],

where
〈ϕki ,l j , ψki ,l j 〉 = 〈μki ,l j , νki ,l j 〉

only for 〈ki , α
k
i , β

k
i 〉 ∈ Nρ1,σ1(K

∗) and for each 〈l j , α
l
j , β

l
j 〉 ∈ L∗;

N 2
ρ2,σ2

(A) = [K ∗, Nρ2,σ2(L
∗), {〈ϕki ,l j , ψki ,l j 〉}],

where
〈ϕki ,l j , ψki ,l j 〉 = 〈μki ,l j , νki ,l j 〉

for each 〈ki , α
k
i , β

k
i 〉 ∈ K ∗ and only for 〈l j , α

l
j , β

l
j 〉 ∈ Nρ2,σ2(L

∗);

N 3
ρ3,σ3

(A) = [K ∗, L∗, {〈ϕki ,l j , ψki ,l j 〉}],

where

〈ϕki ,l j , ψki ,l j 〉 =
⎧
⎨

⎩

〈μki ,l j , νki ,l j 〉, if μki ,l j ≥ ρ3 & νki ,l j ≤ σ3

〈0, 1〉, otherwise
,

In the second case, their form is

(N 1
ρ1,σ1

, N 2
ρ2,σ2

, N 3
ρ3,σ3

)(A) = [Nρ1,σ1(K
∗), Nρ2,σ2(L

∗), {〈ϕki ,l j , ψki ,l j 〉}],
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where

〈ϕki ,l j , ψki ,l j 〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈μki ,l j , νki ,l j 〉, if 〈ki , α
k
i , β

k
i 〉 ∈ Nρ1,σ1(K

∗)
and 〈l j , α

l
j , β

l
j 〉 ∈ Nρ2,σ2(L

∗)
and μki ,l j ≥ ρ3 & νki ,l j ≤ σ3

〈0, 1〉, if 〈ki , α
k
i , β

k
i 〉 ∈ Nρ1,σ1(K

∗)
and 〈l j , α

l
j , β

l
j 〉 ∈ Nρ2,σ2(L

∗)
and μki ,l j < ρ3 ∨ νki ,l j > σ3

,

2.6 Aggregation Operations Over EIFIMs

Let the EIFIM

A =

l1, 〈αl
1, β

l
1〉 . . . l j , 〈αl

j , β
l
j 〉 . . . ln, 〈αl

n, β
l
n〉

k1, 〈αk
1, β

k
1 〉 〈μk1,l1 , νk1,l1〉 . . . 〈μk1,l j , νk1,l j 〉 . . . 〈μk1,ln , νk1,ln 〉

...
... . . .

... . . .
...

ki , 〈αk
i , β

k
i 〉 〈μki ,l1 , νki ,l1〉 . . . 〈μki ,l j , νki ,l j 〉 . . . 〈μki ,ln , νki ,ln 〉

...
... . . .

... . . .
...

km, 〈αk
m, β

k
m〉 〈μkm ,l1 , νkm ,l1〉 . . . 〈μkm ,l j , νkm ,l j 〉 . . . 〈μkm ,ln , νkm ,ln 〉

,

be given and let k0 �∈ K and l0 �∈ L be two fixed indices.
Now, we introduce the following 18 operations over it.

(max,max)-row-aggregation

ρ(max,max)(A, k0)

= l1, 〈αl
1, β

l
1〉 . . .

k0, 〈 max
1≤i≤m

αk
i , min

1≤i≤m
βk

i 〉 〈 max
1≤i≤m

μki ,l1 , min
1≤i≤m

νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 max
1≤i≤m

μki ,ln , min
1≤i≤m

νki ,ln 〉 ,

(max,ave)-row-aggregation
ρ(max,max)(A, k0)

=
l1, 〈αl

1, β
l
1〉 . . .

k0, 〈 max
1≤i≤m

αk
i , min

1≤i≤m
βk

i 〉 〈 1
m

m∑

i=1
μki ,l1 ,

1
m

m∑

i=1
νki ,l1〉 . . .
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. . . ln, 〈αl
n, β

l
n〉

. . . 〈 1
m

m∑

i=1
μki ,ln ,

1
m

m∑

i=1
νki ,ln 〉 ,

(max,min)-row-aggregation

ρ(max,max)(A, k0)

= l1, 〈αl
1, β

l
1〉 . . .

k0, 〈 max
1≤i≤m

αk
i , min

1≤i≤m
βk

i 〉 〈 min
1≤i≤m

μki ,l1 , max
1≤i≤m

νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 min
1≤i≤m

μki ,ln , max
1≤i≤m

νki ,ln 〉 ,

(ave,max)-row-aggregation
ρ(min,max)(A, k0)

=
l1, 〈αl

1, β
l
1〉 . . .

k0, 〈 1
m

m∑

i=1
αk

i ,
1
m

m∑

i=1
βk

i 〉 〈 max
1≤i≤m

μki ,l1 , min
1≤i≤m

νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 max
1≤i≤m

μki ,ln , min
1≤i≤m

νki ,ln 〉 ,

(ave,ave)-row-aggregation
ρ(max,max)(A, k0)

=
l1, 〈αl

1, β
l
1〉 . . .

k0, 〈 1
m

m∑

i=1
αk

i ,
1
m

m∑

i=1
βk

i 〉 〈 1
m

m∑

i=1
μki ,l1 ,

1
m

m∑

i=1
νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 1
m

m∑

i=1
μki ,ln ,

1
m

m∑

i=1
νki ,ln 〉 ,

(ave,min)-row-aggregation
ρ(max,max)(A, k0)

=
l1, 〈αl

1, β
l
1〉 . . .

k0, 〈 1
m

m∑

i=1
αk

i ,
1
m

m∑

i=1
βk

i 〉 〈 min
1≤i≤m

μki ,l1 , max
1≤i≤m

νki ,l1〉 . . .
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. . . ln, 〈αl
n, β

l
n〉

. . . 〈 min
1≤i≤m

μki ,ln , max
1≤i≤m

νki ,ln 〉 ,

(min,max)-row-aggregation

ρ(min,max)(A, k0)

= l1, 〈αl
1, β

l
1〉 . . .

k0, 〈 min
1≤i≤m

αk
i , max

1≤i≤m
βk

i 〉 〈 max
1≤i≤m

μki ,l1 , min
1≤i≤m

νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 max
1≤i≤m

μki ,ln , min
1≤i≤m

νki ,ln 〉 ,

(min,ave)-row-aggregation
ρ(max,max)(A, k0)

=
l1, 〈αl

1, β
l
1〉 . . .

k0, 〈 min
1≤i≤m

αk
i , max

1≤i≤m
βk

i 〉 〈 1
m

m∑

i=1
μki ,l1 ,

1
m

m∑

i=1
νki ,l1〉 . . .

. . . ln, 〈αl
n, β

l
n〉

. . . 〈 1
m

m∑

i=1
μki ,ln ,

1
m

m∑

i=1
νki ,ln 〉 ,

(min,min)-row-aggregation
ρ(max,max)(A, k0)

= l1, 〈αl
1, β

l
1〉 . . .

k0, 〈 min
1≤i≤m

αk
i , max

1≤i≤m
βk

i 〉 〈 min
1≤i≤m

μki ,l1 , max
1≤i≤m

νki ,l1〉 . . .

= . . . ln, 〈αl
n, β

l
n〉

. . . 〈 min
1≤i≤m

μki ,ln , max
1≤i≤m

νki ,ln 〉 ,

(max,max)-column-aggregation

σmax (A, l0) =

l0, 〈 max
1≤i≤m

αl
j , min

1≤i≤m
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 max

1≤ j≤n
μk1,l j , min

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 max

1≤ j≤n
μkm ,l j , min

1≤ j≤n
νkm ,l j 〉

,
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(max,ave)-column-aggregation

σmax (A, l0) =

l0, 〈 max
1≤i≤m

αl
j , min

1≤i≤m
βl

j 〉

k1, 〈αk
1, β

k
1 〉 〈 1

n

n∑

j=1
μk1,l j ,

1
n

n∑

j=1
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 1

n

n∑

j=1
μkm ,l j ,

1
n

n∑

j=1
νkm ,l j 〉

,

(max,min)-column-aggregation

σmax (A, l0) =

l0, 〈 max
1≤i≤m

αl
j , min

1≤i≤m
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 min

1≤ j≤n
μk1,l j , max

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 min

1≤ j≤n
μkm ,l j , max

1≤ j≤n
νkm ,l j 〉

,

(ave,max)-column-aggregation

σmax (A, l0) =

l0, 〈 1
n

n∑

j=1
αl

j ,
1
n

n∑

j=1
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 max

1≤ j≤n
μk1,l j , min

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 max

1≤ j≤n
μkm ,l j , min

1≤ j≤n
νkm ,l j 〉

,

(ave,ave)-column-aggregation
σmax (A, l0)

=

l0, 〈 1
n

n∑

j=1
αl

j ,
1
n

n∑

j=1
βl

j 〉

k1, 〈αk
1, β

k
1 〉 〈 1

n

n∑

j=1
μk1,l j ,

1
n

n∑

j=1
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 1

n

n∑

j=1
μkm ,l j ,

1
n

n∑

j=1
νkm ,l j 〉

.



2.6 Aggregation Operations Over EIFIMs 43

(ave,min)-column-aggregation

σmax (A, l0) =

l0, 〈 1
n

n∑

j=1
αl

j ,
1
n

n∑

j=1
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 min

1≤ j≤n
μk1,l j , max

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 min

1≤ j≤n
μkm ,l j , max

1≤ j≤n
νkm ,l j 〉

,

(min,max)-column-aggregation

σmax (A, l0) =

l0, 〈 min
1≤i≤m

αl
j , max

1≤i≤m
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 max

1≤ j≤n
μk1,l j , min

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 max

1≤ j≤n
μkm ,l j , min

1≤ j≤n
νkm ,l j 〉

,

(min,ave)-column-aggregation

σmax (A, l0) =

l0, 〈 min
1≤i≤m

αl
j , max

1≤i≤m
βl

j 〉

k1, 〈αk
1, β

k
1 〉 〈 1

n

n∑

j=1
μk1,l j ,

1
n

n∑

j=1
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 1

n

n∑

j=1
μkm ,l j ,

1
n

n∑

j=1
νkm ,l j 〉

,

(min,min)-column-aggregation

σmax (A, l0) =

l0, 〈 min
1≤i≤m

αl
j , max

1≤i≤m
βl

j 〉
k1, 〈αk

1, β
k
1 〉 〈 min

1≤ j≤n
μk1,l j , max

1≤ j≤n
νk1,l j 〉

...
...

km, 〈αk
m, β

k
m〉 〈 min

1≤ j≤n
μkm ,l j , max

1≤ j≤n
νkm ,l j 〉

.
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2.7 Extended Modal Operators Defined Over EIFIMs

Let, as above, x = 〈a, b〉 be an IFP and let α, β ∈ [0, 1]. Some of the extended
modal operators defined over x have the following forms (see [13, 26]):

Fα,1−α(x) = 〈a + α.(1 − a − b), b + β.(1 − a − b)〉, where α + β ≤ 1

Gα,β(x) = 〈α.a, β.b〉
Hα,β(x) = 〈α.a, b + β.(1 − a − b)〉
H∗
α,β(x) = 〈α.a, b + β.(1 − α.a − b)〉

Jα,β(x) = 〈a + α.(1 − a − b), β.b〉
J ∗
α,β(x) = 〈a + α.(1 − a − β.b), β.b〉

and let the level operators have the forms:

Pα,βx = 〈max(α, a),min(β, b)〉
Qα,βx = 〈min(α, a),max(β, b)〉,

for α, β ∈ [0, 1] and α + β ≤ 1.
Now we define operators over EIFIMs. Let O1

α1,β1
, O2

α2,β2
, O3

α3,β3
be three opera-

tors and their argumentsα1, β1, α2, β2, α3, β3 satisfy the respective conditions, given
above. The three operators affect the K -, L-indices and 〈μki ,l j , νki ,l j 〉-elements, re-
spectively. They can be applied over an EIFIM A sequentially, or simultaneously. In
the first case, their forms are

(O1
α1,β1

,⊥,⊥)(A)

=
l1, 〈αl

1, β
l
1〉 . . . ln, 〈αl

n, β
l
n〉

k1, O1
α1,β1

(〈αk
1, β

k
1 〉) 〈μk1,l1 , νk1,l1〉 . . . 〈μk1,ln , νk1,ln 〉

...
... . . .

...

km, O1
α1,β1

(〈αk
m, β

k
m〉) 〈μkm ,l1 , νkm ,l1〉 . . . 〈μkm ,ln , νkm ,ln 〉

,

(⊥, O2
α2,β2

,⊥)(A)

=
l1, O2

α2,β2
(〈αl

1, β
l
1〉) . . . ln, O2

α2,β2
(〈αl

n, β
l
n〉)

k1, 〈αk
1, β

k
1 〉 〈μk1,l1 , νk1,l1〉 . . . 〈μk1,ln , νk1,ln 〉

...
... . . .

...

km, 〈αk
m, β

k
m〉 〈μkm ,l1 , νkm ,l1〉 . . . 〈μkm ,ln , νkm ,ln 〉

,

(⊥,⊥, O3
α3,β3

)(A)
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=
l1, 〈αl

1, β
l
1〉 . . . ln, 〈αl

n, β
l
n〉

k1, 〈αk
1, β

k
1 〉 O3

α3,β3
(〈μk1,l1 , νk1,l1〉). . . O3

α3,β3
(〈μk1,ln , νk1,ln 〉)

...
... . . .

...

km, 〈αk
m, β

k
m〉 O3

α3,β3
(〈μkm ,l1 , νkm ,l1)〉. . . O3

α3,β3
(〈μkm ,ln , νkm ,ln 〉)

.

In the second case, the form of the triple of operators is

(O1
α1,β1

, O2
α2,β2

, O3
α3,β3

)(A)

=

l1, O2
α2,β2

(〈αl
1, β

l
1〉) . . . ln, O2

α2,β2
(〈αl

n, β
l
n〉)

k1, O1
α1,β1

(〈αk
1, β

k
1 〉) O3

α3,β3
(〈μk1,l1 , νk1,l1〉) . . . O3

α3,β3
(〈μk1,ln , νk1,ln 〉)

...
... . . .

...

ki , O1
α1,β1

(〈αk
i , β

k
i 〉) O3

α3,β3
(〈μki ,l1 , νki ,l1〉) . . . O3

α3,β3
(〈μki ,ln , νki ,ln 〉)

...
... . . .

...

km, O1
α1,β1

(〈αk
m, β

k
m〉) O3

α3,β3
(〈μkm ,l1 , νkm ,l1)〉 . . . O3

α3,β3
(〈μkm ,ln , νkm ,ln 〉)

.

2.8 An Example with Intuitionistic Fuzzy Graphs

Let V = {v1, v2, . . . , vn} be a fixed set of vertices and let each vertex x have a degree
of existence α(x) and a degree of non-existence β(x). Therefore, we can construct
the IFS

V ∗ = {〈x, α(x), β(x)〉|x ∈ V } = {〈vi , α(vi ), β(vi )〉|1 ≤ i ≤ n},

where for each x ∈ V :

α(x), β(x), α(x)+ β(x) ∈ [0, 1].

Let H be a set of arcs between vertices from V . We again can juxtapose to each
arc a degree of existence μ(x, y) and a degree of non-existence ν(x, y). Therefore,
we can construct the new IFS

H∗ = {〈〈x, y〉, μ(x, y), ν(x, y)〉|x, y ∈ V }
= {〈〈vi , v j 〉, μ(vi , v j ), ν(vi , v j )〉|1 ≤ i, j ≤ n},

where for each x, y ∈ V :

μ(x, y), ν(x, y), μ(x, y)+ ν(x, y) ∈ [0, 1].
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Now, for the graph G = (V, H) we can construct the Extended Intuitionistic
Fuzzy Graph (EIFG) G∗ = (V ∗, H∗). It has the following IM-representation:

[V ∗, V ∗, {〈μ(vi , v j ), ν(vi , v j )〉}]

=

v1, 〈α(v1), β(v1)〉 . . . vn, 〈α(vn), β(vn)〉
v1, 〈α(v1), β(v1)〉 〈μv1,v1 , νv1,v1〉 . . . 〈μv1,vn , νv1,vn 〉
...

... . . .
...

vi , 〈α(vi ), β(vi )〉 〈μvi ,v1 , νvi ,v1〉 . . . 〈μvi ,vn , νvi ,vn 〉
...

... . . .
...

vn, 〈α(vn), β(vn)〉 〈μvn ,v1 , νvn ,v1〉 . . . 〈μvn ,vn , νvn ,vn 〉

,

where for every 1 ≤ i ≤ n, 1 ≤ j ≤ n:μvi ,v j , νvi ,v j ∈ [0, 1], μvi ,v j +νvi ,v j ∈ [0, 1],
α(vi ), β(vi ) ∈ [0, 1], α(vi )+ β(vi ) ∈ [0, 1].

Let us discuss here for simplicity only the case of oriented graph. Let us denote
by x → y the fact that both vertices x and y are connected by an arc and x is higher
than y. Let operation ◦ ∈ {+,max,@,min,×}.

We call that the EIFG G∗ is “well-top-down-(very strong, strong, middle, weak,
very weak)-ordered”, or shortly, “well-top-down-◦-ordered”, if for every two vertices
vi and v j , such that vi → v j , the following inequality holds:

〈αi , βi 〉 ◦ 〈μvi ,v j , νvi ,v j 〉 ≥ 〈α j , β j 〉.

Analogously, we call that the EIFG G∗ is “well-bottom-up-(very strong, strong,
middle, weak, very weak)-ordered”, or shortly, “well-bottom-up-◦-ordered”, if for
every two vertices vi and v j , such that vi → v j , the following inequality holds:

〈αi , βi 〉 ◦ 〈μvi ,v j , νvi ,v j 〉 ≤ 〈α j , β j 〉.

We illustrate the way for IM-interpretation of the EIFGs by the following example.
Let us have the EIFG G∗ with the form
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Its H∗-component has the following form (where, obviously, the information
about the IFS V ∗ is included in it):

H∗ = [{〈a, 1

2
,

1

3
〉, 〈b, 1

3
,

1

3
〉, 〈c, 1

3
,

1

2
〉, 〈d, 2

3
,

1

8
〉, 〈e, 3

4
,

1

4
〉, 〈 f,

1

10
,

7

8
〉, 〈g, 2

5
,

3

5
〉,

〈h, 1

5
,

1

5
〉}, {〈a, 1

2
,

1

3
〉, 〈b, 1

3
,

1

3
〉, 〈c, 1

3
,

1

2
〉, 〈d, 2

3
,

1

8
〉, 〈e, 3

4
,

1

4
〉, 〈 f,

1

10
,

7

8
〉,

〈g, 2

5
,

3

5
〉, 〈h, 1

5
,

1

5
〉}, {μx,y, νx,y}].

Now, having in mind the discussion in Sect. 2.2 , we can modify the IM to the
form

H∗ = [{〈a, 1

2
,

1

3
〉, 〈b, 1

3
,

1

3
〉, 〈c, 1

3
,

1

2
〉, 〈d, 2

3
,

1

8
〉, 〈e, 3

4
,

1

4
〉, 〈 f,

1

10
,

7

8
〉, 〈g, 2

5
,

3

5
〉},

{〈d, 2

3
,

1

8
〉, 〈e, 3

4
,

1

4
〉, 〈 f,

1

10
,

7

8
〉, 〈g, 2

5
,

3

5
〉, 〈h, 1

5
,

1

5
〉}, {μx,y, νx,y}].

The form of the new IM is

d, 〈 2
3 ,

1
8 〉 e, 〈 3

4 ,
1
4 〉 f, 〈 1

10 ,
7
8 〉 g, 〈 2

5 ,
3
5 〉 h, 〈 1

5 ,
1
5 〉

a, 〈 1
2 ,

1
3 〉 〈 3

4 ,
1
5 〉 〈 1

2 ,
1
4 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈 1
3 ,

1
3 〉 〈 2

3 , 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
c, 〈 1

3 ,
1
2 〉 〈0, 1〉 〈 1

5 ,
2
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈 2
3 ,

1
8 〉 〈0, 1〉 〈0, 1〉 〈 1

5 ,
2
5 〉 〈 3

4 ,
1
5 〉 〈0, 1〉

e, 〈 3
4 ,

1
4 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 2

3 ,
1
6 〉 〈0, 1〉

f, 〈 1
10 ,

7
8 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 1

3 ,
1
4 〉

g, 〈 2
5 ,

3
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 3

5 ,
1
5 〉

Now, we can apply one or more of the level-operators N 1
ρ1,σ1

, N 2
ρ2,σ2

, N 3
ρ3,σ3

and
as a result, the form of the graph will be changed. It is important to mention that in
the present case (when the two index sets coincide), the first two level operators must
have equal parameters and, therefore, if some vertex has to be omitted from one of
both index sets, it will be omitted from the other index set, too. For example, if we
apply operator N 1

1
5 ,

1
4

over G∗, we obtain
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N 1
1
5 ,

1
4
(G∗) =

d, 〈 2
3 ,

1
8 〉 e, 〈 3

4 ,
1
4 〉 g, 〈 2

5 ,
3
5 〉 h, 〈 1

5 ,
1
5 〉

a, 〈 1
2 ,

1
3 〉 〈 3

4 ,
1
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈 1
3 ,

1
3 〉 〈 2

3 , 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
c, 〈 1

3 ,
1
2 〉 〈0, 1〉 〈 1

5 ,
2
5 〉 〈0, 1〉 〈0, 1〉

d, 〈 2
3 ,

1
8 〉 〈0, 1〉 〈0, 1〉 〈 3

4 ,
1
5 〉 〈0, 1〉

e, 〈 3
4 ,

1
4 〉 〈0, 1〉 〈0, 1〉 〈 2

3 ,
1
6 〉 〈0, 1〉

g, 〈 2
5 ,

3
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 3

5 ,
1
5 〉

and the new graph has the form

On the other hand, if we can apply, e.g., operator N 3
1
4 ,

1
3

over G∗, we obtain

N 3
1
4 ,

1
3
(G∗) =

d, 〈 2
3 ,

1
8 〉 e, 〈 3

4 ,
1
4 〉 f, 〈 1

10 ,
7
8 〉 g, 〈 2

5 ,
3
5 〉 h, 〈 1

5 ,
1
5 〉

a, 〈 1
2 ,

1
3 〉 〈 3

4 ,
1
5 〉 〈 1

2 ,
1
4 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

b, 〈 1
3 ,

1
3 〉 〈 2

3 , 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
c, 〈 1

3 ,
1
2 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈 2
3 ,

1
8 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 3

4 ,
1
5 〉 〈0, 1〉

e, 〈 3
4 ,

1
4 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 2

3 ,
1
6 〉 〈0, 1〉

f, 〈 1
10 ,

7
8 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 1

3 ,
1
4 〉

g, 〈 2
5 ,

3
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 3

5 ,
1
5 〉
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and the new graph has the form

and the IM G∗ can be reduced to

d, 〈 2
3 ,

1
8 〉 e, 〈 3

4 ,
1
4 〉 g, 〈 2

5 ,
3
5 〉 h, 〈 1

5 ,
1
5 〉

a, 〈 1
2 ,

1
3 〉 〈 3

4 ,
1
5 〉 〈 1

2 ,
1
4 〉 〈0, 1〉 〈0, 1〉

b, 〈 1
3 ,

1
3 〉 〈 2

3 , 0〉 〈0, 1〉 〈0, 1〉 〈0, 1〉
c, 〈 1

3 ,
1
2 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈0, 1〉

d, 〈 2
3 ,

1
8 〉 〈0, 1〉 〈0, 1〉 〈 3

4 ,
1
5 〉 〈0, 1〉

e, 〈 3
4 ,

1
4 〉 〈0, 1〉 〈0, 1〉 〈 2

3 ,
1
6 〉 〈0, 1〉

f, 〈 1
10 ,

7
8 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 1

3 ,
1
4 〉

g, 〈 2
5 ,

3
5 〉 〈0, 1〉 〈0, 1〉 〈0, 1〉 〈 3

5 ,
1
5 〉

Obviously, vertex f remains in the first index set, because an arc goes out of it.
On the other hand, vertex c here is an isolated one.

The present text was written in the end of 2013 and it was published in [19], when
I, as an Editor-in-Chief of the journal “Notes on Intuitionistic Fuzzy Sets”, received
(in March 2014) the paper of Parvathi Rangasamy [45] that contains very similar
ideas. My paper was published in No. 1 for 2014 and Parvathi’s paper in No. 2 of
the above mentioned journal.
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