Chapter 2
Gottlieb and Whitehead Center Groups
of Projective Spaces

By the use of Siegel’s method and the classical results of homotopy groups of
spheres and Lie groups, we determine in this chapter some Gottlieb groups of
projective spaces or give the lower bounds of their orders. Furthermore, making
use of the properties of Whitehead products, we determine some Whitehead center
groups of projective spaces.

2.1 Preliminaries I

Let EX be the suspension of a space X and denote by E : w4 (X) — mir1(EX)
the suspension homomorphism. Next, write fie for the order of « € m;(X) and
A = App : m(FP") — m—1(S?7") for the connecting map. By [8, Theorem
(2.1)] it holds:

A(ipsE) = id,,_ gi-1) and 7 (FP") = y,,me (S @ iy Emi—1 (7).
Especially,
fo = f(imEa) for a € mr_(S?). 2.1)

According to [88],amap f : X — Y iscyclicif fvidy : X VY — Y extends
to F : X xY — Y. The extension F is called an associated map for f [39].
We recall from [81, Lemma 2.1] and [88, Lemma 1.3]:

Lemma 2.1 (Siegel-Varadarajan). Let f : X — Y be cyclic. Then, the
composite f o g: W — Y is cyclic foranymap g : W — X.

In particular, elements of G,(X) are cyclic. Notice that, in view of Chap. I, an
element a € G, (S™) if and only if [t,,, @] = 0.

© Springer International Publishing Switzerland 2014 49
M. Golasinski, J. Mukai, Gottlieb and Whitehead Center Groups of Spheres,
Projective and Moore Spaces, DOI 10.1007/978-3-319-11517-7_2



50 2 Gottlieb and Whitehead Center Groups of Projective Spaces

We say that a subgroup A, (X) € m,(X) is admissible if A, (X) o m(S") <
Ay (X) for all k > 1. Further, an element « € A, (X) is called A, (X)-admissible.

Recall that given o € 73 (S") and B € m;(S") with m,n > 0, Lemma 1.2(1)
yields

[£ o, n o B] = 0 provided that [£,17] =0 (2.2)

for & € m,(X), n € m,(X).
Then, (2.2) and Lemma 2.1 yield:

Corollary 2.2. The subgroups G,(X),P,(X) € m,(X) are admissible for all
n>1.

To state an analog of the formula from Lemma 1.2(2) for m > n = 0, we
recall [92, Chap. III, Sect. 1] that given a space (X, x() with a base point and a path
u:l — Y inaspace Y, maps f,g : X — Y are called to be freely homotopic
along u (f ~, g) if there is such a homotopy H : I x X — Y that H(t, xo) = u(t)
forallt € I.

Lemma 2.3. If f ~, gthen fo f' ~, go f’ foranymap f': (X', x}) — (X, xo)
of spaces with base points.

Proof. Given a homotopy H : I x X — Y with H(t,x¢) = u(¢) forallt € I,
consider H' : I x X' — Y givenby H'(t,x") = H(t, f'(x')) for (¢,x") € I x X'.
Then, H'(t, x(,) = u(t) for all t € I and the result follows. |

Now, let (X, xo) be a space with nondegenerate base point (i.e., (X, {xo}) is an
ANR-pair [92, p. 22]), f : (X, x0) = (Y, yo),and u : I — Y such a pathin Y that
f(x0) = u(0). Then, by [92, Chap. III, (1.4)], there is such g : (X, xo) — (¥, u(1))
that f ~, g.

Next, write n and £ for the homotopy classes of u and f, respectively. Then,
in view of [92, Chap. III, (1.5) and (1.6)], the homotopy class t,(§) of g is well
defined. Consequently, Lemma 2.3 leads to

0§ 0t) =1y(6) 0¥ (23)
for the homotopy class & of amap [’ : (X', x;) = (X, xo).

On the other hand, for n € 7(X) and § € m,11(X), the element 7,(§) €
TTm+1(X) is the operation of 7 on & and, in view of [92, Chap. X, (7.6)], it holds

6.1 = (=1)" " (5, (§) - ©). (24)
Then, in virtue of (2.3), (2.4), and [92, Chap. X, (8.2) Theorem], we may state
[0 Ea,n] = (—=)T™[&, 5] 0 Ea (2.5)

fora € m;(S™), n € m(X), and &€ € m4+1(X).
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Let g, = ¢up : FP" — S9" be the map pinching FP" ™" to the base point. Then,
in view of [8] and [33, (2.10)(a)],

(1—=(=1)"), for F=R,
qnVYn = § N2 for F=C, (2.6)
inv;; for F = H.

By (2.2), Proposition 1.6 and [8, (4.1-3)], we obtain a key formula determining the
Whitehead center groups of FP".

Lemma 2.4. Let hoo € i (SP4TD73) be the 0-th Hopf-Hilton invariant for o €
1 (SY0HD=) Then:

L beis] = 0 foroddn,
- VO IR] = (_l)kyn(_2a+[Ln’tn]ohoa)forevenn;

2. et ic] {0 foroddn,
- Vn&,IC) =

Yu(Mant1 0 E@ + [ant1, Nan+1] © Ehoat) for even n;
3. [ywetsim] = £ 4 Dyn vy 45 0 E30 + [tans3. vants) o E>hoa).

We recall:

Lemma 2.5 (Mimura [49, Lemma 5.9]). Ifo € 7,(S") and B € 7;(S”) then

Eho(aB) = (Eho(a))(EB) + (E"a)(E"a)(Eho(p)).
Observe that [49, Corollary 5.8, p. 183] implies
H (o) = ho(a) 2.7

for a € m; (S") provided that k < 3n — 3.

Given a fibration F — Ei>B, write 0 : 7,41 (B)—>m, (F) for the connecting
map. If d(a) = 0 then there exists y witha@ = pxy and d(xo ) = dp«(yof) = 0.
Thus, we get that the subgroup

Ker{0 : mx4+1(B)—m;(F)} € 7,41 (B) is admissible (2.8)

and its elements are called 0-cyclic.
We also recall the formula

d(ao EB) = d(a) o B [37, Lemma 1]. (2.9)
We set

SO(n) for F =R;
SOp(n) =1 SU@n) for F=C;
Sp(n) for F =H.
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Denote by i, 5 : SOp(n — 1) < SOgp(n) and p, r : SOp(n)—>S?"~! the inclusion
and projection maps, respectively. Then, we consider the exact sequence induced by

SO
the fibration SOp(n + 1) ;F(f) §d+D—1.

(SF1) ++o— T (ST s o (SOp (1))~ 11 (SOp (1 + 1)) 7 (S1OHD=1y 5.
where Arp is the connecting map, i = i,4r and p = p,4+1F, respectively.
A Ap-cyclic element o € 7 (SY+D=1) is called simply F-cyclic.

Notice that 3(SO(4)) = {[n2]4, [13]} = Z? and any element of 73 (SO (4)) =
1 (SO(3)) @ 7x (S?) is uniquely represented by two elements of 7y (S?):

[mlsce + [3]B for ., B € mi(S),
where [17;] and [i3] are lifts of 1, and 3, respectively, defined by (1.56). Certainly,
we can take J([t3]) = v, and J([n2]) = v
Next, define the subgroups of 7 (SY+1Y=1) and 75 (S?~") as follows:
My (D71 = My (S H)71) = o € m (8 +)71) | [y is] = 0},
L") = Ly, (871 = {p € ma (87" | i EB. ix] = O},
L) =L, = {B € mr(S*) | s EB. ya] = O},
and
Lioy (87" = Licia8'™) = Ly, 8 7H N Ly, (8771,
We also define the subgroup Q, (S?) of 74 (S?) by
Oy (%) = {B € m(S)) | {1, B) = 0},

where (—, —) stands for the Samelson product.
The relation (2.2) and the result

(i3, B 08) = (13, B) 0 E3§ [34, (6.3)] (2.10)

lead to:

Lemma 2.6. The subgroups:

1. Mk(Sd(n-‘rl)—l) g ﬂk(Sd(n+l)_l),'
2. Ly (S9N, L (877N, Liei (8771 € mm (8970
3. 0(S?) € m(SY)

are admissible.
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We set

L;{d__ll = l(Sd L. 2) L//d ! _L// I(Sd I 2) Lk 1 —Lk I(Sd g 2)
PZ(n+l) b= Pu(sith=12) 0971 = 0, (S71:2), and
M0 = M (st 2),

The covering p : S* — SO(3) leads to the map f : S* x S — S? given by
f(x,y) = p(x)y for (x,y) € S* x S2. Because f |s3= 7, and f |@= 15, the
results [12], [34, Sect. 9] and [82, p. 115] imply

J(p)=v*t = x(t3, 1) for an integer 1 < x < 11 with (x, 12) = 1. Q.11)

Writing (—, —) for the greatest common divisor, we can state:

Lemma 2.7. 1. L3 LS = (24n+1)n3(S3) L, (S3) = m4(S®) forn > 1;
0 forle(C,k=7andm=5,
m12(S?) forF=C,k=12andm =9,
4n+3
2. Mir(S™) = (24"+1)”4”+3(S )ZriF 4nH—-IL 3szth4:: —>+_ f "
24 16(S*"T3) forF =H, k = 4n + 6 and
m=4n + 3 withn > 1;
1273(S?) fork =3,
3. QS =10 fork =45,
3m6(S?) = Zy fork = 6.

Proof. First, notice that Lemma 2.4(2) and (3) yields:

@n+1) n+l)

L. [yan.ic] = V2nNan+1 and 2. [ig, yu] = £(n + ])anz,_1+3- (2.12)

Then, Lemma 1.2(2), (1.23), and (2.12)(2) lead to [imns,y.] = *(n +
l)ynv4n+3r]4,,+6 = 0, and (1) follows.

By (1.25), (1.18), and (2.12)(1), [yank.ic] = yani = 4yvs # 0. Hence,
M, (S*) = 0. Because, by (1.23) and (2.12)(1), [ywj,i(c] = )/4779va = 0,
we obtain M, ¢c(S°) = m12(S°). Next, Lemma 1.2(2), (1.8), and (2.12)(2) yield
[Vavi 3. im] = £(n+1)y,v3,, 5. Consequently, we obtain that My, 43c(S*13) =
G Tan+3(S ), Muyi6.c(S*H) = Gty mant6(S*'*), and (2) is shown.

In view of (2.11), it holds Q5(S?) = 1273(S?). Further, (2.10) and (2.11) lead to
(L3, r]3) = (L3,L3) one = v'ng # 0and (13, 77%) = <L3,L3) ) né = v’né # 0. Thus, we
deduce that Q,(S*) = 0 and Qs(S*) = 0. Finally, (1.25), (2.10), and (2.11) yield
(L3, v’+) = (L3,L3) o EXvt =2xvt o v6+ = za;(3)x;(6). Then, (1.8) leads to
Q¢(S?) = 376(S’) = Z4 and the proof is complete. O
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Notice that for 8 € m;_;(S?), by Lemma 1.2(2) and (2.12)(2), we get
[imEB. va]l = £(n + Dy}, L E¥" B (2.13)

Now, we show:

Lemma28. 1. L/_, (S*) = E=*73(Ker (n + 1)v},3,), where

V:Z+3* : JTk+4n+2(S4"+6) g 7Tk+4n+2(S4"+3)

1

is the induced homomorphism. In particular, L;C_l.n (S* < Li_, ,(S®) for n
odd; ' '

2. Qi (8% = Ly, (S forn = 2;

3. Letn > 2. Then, L;_(S*;3) € L] _,(S*:3) and L, _,(S*; p) = L _,(S*; p) =
Te—1(S3; p) for an odd prime p > 5;

4. g Pr(SY) Cimy EQy—1(S?). Moreover; igg Pr(S*) = iy« EQ)_,(S?) provided
that 2E*Q,._,(S?) = 0.

Proof. By (2.13), the first half of (1) follows. If [EB, 4] = 0, then [EB,v;] = 0

(2.2). This leads to the second one of (1) for n = 1. The fact that iy o v4+ = 0 for

n > 2 and (1.20) yield to

[EB.1] = +(2v] — Ev ") o E*B, (2.14)
the relation ig[Ef, ts] = 0 implies iw E(v'T E3B) = 0,and so v’ T E3B = 0. Hence,
WIEB=0 (2.15)

and (n + l)v;;HE‘”’“,B = 0 for all odd n. This leads to the second one of (1).
By means of (1.8) and (2.13), we obtain (2). Given 8 € L;{_I(S3; 3), in view of
(2.13) and (2.15), it holds 8 € LZ_I(S3; 3) and the first half of (3) follows. The
second one of (3) is a direct consequence of (2.13) and (2.14).

In view of (1.27)(2), we may suppose that 8 = Ef; + v;L,Bz e Py (S*) for
B1 € mi_1(S?) and B, € mi(S7). Then, by the relation ixB = iy EB;, we obtain

0 = igg[ta, B = imlta, EB1] = £(mE)(v' T E3B)).

This implies the inclusion Gx(S*) < EQ,_,(S*) @ v, ,m(S7) and leads
to the first half of (4). On the other hand, for 8 € Q,_,(S?), we obtain
[ta, EB] = 2v,;f E*B = 0 by the assumption. This means EQ,_,(S*) € Pi(S*)
and leads to the second half of (4), and the proof is complete. O

The following has been suggested by K. Morisugi:
Theorem 2.9. L, | (S*) = m—i(S*) forn > 1, if 5 <k <4n +2.
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Proof. Because J([13]) = v;", in view of [85, Corollary 11.2], we have

Vi EY B = J([5lantaB). (2.16)
By the fact that m;_ (S?) is finite for k # 4 and

Z for k =0 (mod 4);
Tk—1(SO(@4n + 3)) = | Z, for k = 1,2 (mod 8);
0 for kK =3,5,6,7 (mod 8)

if k < 4n + 2 [14], we have the result for k #£ 1,2 (mod 8).

Assume that vy, 3 E¥"T38 # 0 for k = 1 (mod 8) (respectively k = 2
mod 8)). Then, in view of [37, Lemma 2], we have vy, 3E¥T38 =
J([3)an+3B) = J(8mk—2) (respectively v, 3 EY B = J([lant3f) =
J(&'n?_,)), where § € m_»(SO(4n + 3)) (respectively &' € mp—3(SO(4n +3))) is
a generator. Since J : m,_(SO(4n + 3)) = Tk 14n1+2(S*"13) is a monomorphism
[2, Theorem 1.1] (respectively [2, Theorem 1.3]), we obtain 8nx—, = [t3]4n+3B
(respectively & ni_3 = [t3]an+3B)- But, in view of [16, Theorem 1.1], the element
8nk—o (respectively §'n?_,) has the SO(6)-of-origin. This contradiction leads to
the statement for k = 1 (mod 8) (respectively k = 2 (mod 8)) and the proof is
complete. O

Another Proof of Theorem 2.9. To consider the cases k = 1,2 (mod 8), set
Jrn for the generator of Jm,(SO(n)) with r < n — 2 and write (according
to Adams’ notations [2]) j, = j.co. First, assume that vg,13E* 138 # 0
for k = 1 (mod 8). Then, in view of [37, Lemma 2], we have vy, 3 E¥' 38 =
Jk—2.4n+3Nk+4n+1 and jk—2,4n+37712€+4,,+1 generates J 7 (SO (4n + 3)). On the other
hand, by [85, Proposition 3.1],

BAm=E*(Bn—1) =nsE’Band vy A B =v1E'B = (E*B)viss.
Then, (1.23) implies a contradictory relation

- 2 an+3 dn+4
Je=2.4n+3Man+1 = Van+3(E™" 7 B)Mktan42 = Vant3Nan+6E B = 0.

Now, assume that v4n+3E4”+3,3 # 0for5 <k <4n+ 2 with k = 2 (mod 8).
Then, vy, 13 E*" 3B = ji 14043 and we get

< Ji=1.1,2t >=< vVE®B, 1,2t >=< (E®°B)v,n,2t >
D (E®B) <v,n,2t>= 0 (mod 27}, ;) (1.102)(2)
for the stable Toda bracket. On the other hand, by [2, Corollary 11.7] and

[63, Theorem B. v)], we deduce that }} 41 contains the direct summand Zg which is
generated by < jx_1, j3, 24t > (mod odd components).



56 2 Gottlieb and Whitehead Center Groups of Projective Spaces

Because j; =1, j3 =vT,and ji_; = ji_3 o n? [37, Lemma 2], we derive
< Jk=3, J3,241 >C< Jr—3,12j3,21 >=< jk_3,}73,2t >2O< Jr—1,1,2t > .
Thus,
< Jk—3: J3, 24 >=< ji—1, j1,2t > (mod 27} ).

This is a contradiction with the above which leads to the assertion.
We write

P (FP") = Pi(FP") N yy i (ST D7
and

P[([FP") = P (FP") Nipy(Em—1(S*71)).
Notice that P,(FP") = 0ifd = 1,2andk > d + 1.

Now, we show:

Proposition 2.10. P, (FP") = y,, (Pr(S?™+D=1) 0 M (SY®+D=1)) and
/ . —
P{(FP") = ipy ELg—(S*7").
Proof. For a € m(SY?+V=1), it holds that [y,a,y,] = O if and only if
[, ta+1)—1] = 0. This leads to the first half.

Next, for an element 8 € 74— (S?™), it holds that ir E € P} (FP") if and only
if B € Ly (S?~"). This leads to the second half and completes the proof. O

2.2 Preliminaries I1

Since H((2t6)ve)) = 4H (V) [85, Proposition 2.2], we derive (2t6) Vg — 406 = X&6
for some integer x. Suspending and using (1.67), we get 0 = —2v; = x¢7 and x =
0 (mod?2). Next, by [92, (8.5) Theorem, p. 534], (2t6)vs = 2V + [is, te]ho(Vs).
Consequently:

1. (256)‘_}6 = 41_)6,

2.17
2. [Lg, L6]h0(|_)6) = 2\_16. ( )

On the other hand, by [7], it holds (2ts)Vs = 2vs + [t6, v6]. Hence, (2.17)(1)
improves (1.67) as follows:

206 = [t6, Ve]-
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In view of [85, Proposition 2.2], it holds H((214)v:r) = 4H(v4+). Hence,
(2L4)vj' - 41)1' = xEv'% for some integer x. Suspending, we get —ngF =
2xv;' with x = —1 (mod 12). Thus, (1.20) yields:

1. Qug)vy = 4vy — EV' = 2v4 & [14, 14],

2.18
2. (2L4)U1_ = 4\1‘;|r —Evt = 2vj' =+ [t4, t4]. ( )

Because H((2Lg)08+) = 4H(08+) [85, Proposition 2.2], we get (2L3)0'8+ — 408"r =
xEo’" for some integer x. Suspending, we get —209“' = 2x09+ with x = —1 (mod
120). Further, in view of [92, (8.5) Theorem, p. 534], it holds (2[8)08+ = 208+ +
[ts, tg]l’l()(0'8+). Hence, (1.22) leads to:

1. (21g)og = 2038 =+ [ig,13] = 403 — Eo’,
2. (25)0q = 204" + [15,15] = dog” — Eo’™, (2.19)
(3) [ts. 18)ho(05") = 208" — Eo'*.
Now, we recall:
V' = 0 [54, Lemma 3.3 (ii)] and [75, Proposition (2.4)(1)], (2.20)
and
v'gg # 0 [85, Theorem 12.8]. 2.21)
There is ¢’ € 7{230 such that
E¢ = (EV')k7 [85, Lemma 12.3]. (2.22)
Following [85, p. 103], choose p'" € {6, 2t15,8012}1, p” € {0”, 4113, 4013}1,
p" € {0',8114,2014}1, and p' € {09, 16116, 016}1. In the sequel, we write p”"T =
P+ aa(7) + a2 5(7).
There exists pi3 € 7,3 such that
E*p’ = 2pi3 [85, Lemma 10.9]. (2.23)
Denote that p, = E”_13p13 for n > 13. Then,
vi1p1a = 0 [75, Proposition 2.17(7)] and [85, (12.23)]. (2.24)

By means of [49, Lemma 6.1] and its proof, we have

nekc7 € {vg, 2t12, K12} (mod vg 0 37 + iy 0 k3 = Vg 0 {E ' 12} + {07} 0 k13).
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From the fact that E®(c"k;3) = (4o)xk = 0 (1.35)(1), (1.22) and (1.109),
Eoo(l)éEsp/) = U2(2,O) =0 (223), and Véélz = U§T712K13 =0 (1108)(1), we
have E®(nf; o ki3 + v o m)7) = 0. But, in view of [49, Theorem Al], it holds
78, = {nek7} = Z and 75, = {nk,0°} = (Z»)>. Hence, E® : 1%, — 75, is a
monomorphism and we obtain

nek7 = {Vg, 2012, K12} (2.25)

Next,
n708k15 = 0 [49, Lemma 8.1], (2.26)
esk13 = nzk7 [73, I-Proposition 3.1(2)] (2.27)

and noic19 = Konp9 [85, Proposition 3.1] implies

naicio = (18i9) 129- (2.28)

Following [85, p. 153], choose vfs € {016, 2023, v30}1 and denote v} = E"~16v% for
n > 16. In view of [85, Lemma 12.18], there exists A € 3; such that H(A) = v
and E*A—2v] = =£[116, vi6]. Because 2vixv3s = 0[49, (7.10)], we get E3(Avy)) =
[t16, Vi) and the result [85, Corollary 12.25] implies

Vig€l9 = Vi © ([l19, l19] - U]*()) = [Vls, Uls] - V]6V|*9 = [116, Vlz()] - Vlny]*f; = ES()WM) - Vlﬁ”;k()-

Consequently, (1.50) leads to visviy + viséis — E*(Avs) € Pris = Ploy} =0
and

E*(Av31) = vis(vig + E1s). (2.29)

Now, leta € 77 and B € 7} be elements such that 2isoa = 0 and {14, 25, o} > EP.
Then, in view of (1.102)(1), vs E®B € v 0 {19, 2110, E>a} = [t6, ts] © E°a. Hence,

v6E°B = [16. 1] © ECa. (2.30)

Next, for ji3 € {3, 2t12, 8012}1 [85, Chap. XII, (i)], the result [85, Proposition 1.3]
and (1.60) imply

/_/«n € {an 2tﬂ+99 80n+9}11—2 for n > 3. (231)
Then,
veflg = 16 P(p13) [53, (16.6)]. (2.32)

Next, we follow [85, Chap. XII, (iii)] to choose &1, € {012, V19, 022}1. Then,

a;’ = vy&, [73, 11, Proposition 2.1(2)]. (2.33)
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From the fact that 11’ € {n3,2t4, j4}1, (1.102)(1) and (1.133), we have vgE®u’ €
Ve © {19, 2t10, 10} = [t6, pts] = 0. Hence,

veEu = 0. (2.34)

We recall n261 ~ 74 ® 7Zy. Since n232 = {/,Vueo15} = Z4y ® Zo, by (2.34)
and the definition [85, p. 137] of i’ € {u',4114,4014}1, we see that veE®fi/ €
ove{ ECp, 4129, 020} C {0, 4120, 4020} = 7$) 0 4051 = 0. This leads to

vEi = 0. (2.35)

Next, for an add prime p, consider the exact sequence

2 (S0 )G 1 (8% p) oy 41 (SPF; p) s mi_1(S2P7 1 p) [85, Proposition 13.3]
(2.36)

fori >2p —1.1f p = 3 and i = 19 then all groups in (2.36) are isomorphic to
Zs and 1y 413(SK%;3) = {a1 (5 + k)B1(8 + k)} for k = 0,2 [85, Theorem 13.10].
Since AE?(a;(5)B1(8)) = 3(a1(5)B1(8)) = 0 (1.9), the map H is an isomorphism
and, consequently, G is trivial. Hence,

G(B) = a;(3)EB = 0 for B € m9(S°; 3). (2.37)

Now, we show:

Proposition 2.11. 1. 7y7(S%; 3) = {a1(3)a}(6)} = Z3 and
m17(8%:5) = {a15(3)a1 5(10)} = Zs;

2. 119(S%:3) = {a13)1 (6)B1(9)} = Zs;

3. 11(8%:3) = {1 (3)(6)} = Zs;

4. 755(S*:3) = {o1(3)as(6)} = Za.

Proof. We always use the exact sequence in [85, Proposition 13.3]. The first half
of (1) follows from (1.10) and [85, Theorem 13.10(ii)], and [85, (13.6)] leads
to the second half of (1). By [85, Theorem 13.10(iv)], we obtain (2). Next, (3)
follows from [85, Theorem 13.10(vi)] and [85, Theorem 13.10(vi);(vii)] with the
facts mp4(S*;3) = 0, mo5(S?; 3) = Z3 [87, p. 60, Table] yields (4) and the proof is
complete. O

Now, we show:

Lemma 2.12. 1. M} (SY@"+2=1) = 7, (S4@"+2~1) for F = R, C;
2. () Em—i1(S*""Y)NKer 2t9, € My g (S*), where 212, : i (S*") — 1 (S*)
is the induced homomorphism; My g(S*") = Ker 21y, fork < 4n —2;
(i) Enk—l(S4”) N E_I(Ker 77411-!—1*) c Mk.(C(SM_H): where Nan+1x
g1 (ST ) — e (ST, Mie(S" ) = E7'(Ker nanv14) for
k < 8n;
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(i) Eme—1(S*"T2)NE3(Ker (n + 1)vy) 5.) € My u(S*3), where v}, 5
JTk+3(S4n+6) N JTk+3(S4n+3),' Mk,H(S4n+3) — E_3(Ker (n + 1)U;1+3*)
for k < 8n + 4. In particular, My z(S*'13) = m(S*"13) forn + 1 =
0 (mod 24);

(iv) Emi—1(S2) N E73(Ker 2n + g 1s,) € Mic(S™7);

My (S¥+3) = E=3(Ker 2n + 1)y, 5. for k < 16n +4;
) Miu(S**7) = E73(Ker 2(n + D), 15,);
3. [LGv L2n] € M4n—l.R(S2n);
4. My g (S?) = mi(S?) except k = 2 and M>(S*) = 0;
5. Gk+2n(82n) - Mk+2n,R(Szn) fOVk < 2n — 2;
6. (i) M u(S¥H3: p) = G (S¥*3; p) = m(S¥F3; p) for an odd prime p > 5;
() Miwu(S¥*3;3) = 7 (S¥13:3) forn =1 (mod 3);
8715,':1? fork =0,

7. M = n,fgg%?, fork =1,2,4,5,7,8,9, 10,
27Tk3—8n+3 for k =3,6.

Proof. (1) is a direct consequence of Lemma 2.4(1);(2).

By Lemma 2.4(1), Ex € Mk,R(SZ”) if and only if 2Ea = 215, o Ea = 0. This
leads to the first half of (2)-(i). The second half is obtained from the Freudenthal
suspension theorem. In view of Lemma 2.4(2), Ea € M c(S*'*') if and only if
Nan+1 E?q = 0 for o € mj—1(S*"). This leads to (2)-(ii).

By means of Lemma 2.4(3), Ea € M;u(S**?) if and only if (n +
1)1)2:1 nE 4 = 0. This leads to (2)-(iii). By the parallel argument, we have (2)-(iv).
Since vg,+7 is cyclic (1.31), Lemma 2.4(3) leads to (2)-(v).

(3) is a direct consequence of [24, Proposition 2].

By Lemma 2.4(1), [y, ir] = —2y» and [y2n,, ig] = 0. This implies M, z(S?) =
0 and 7, € M;3x(S?). By Lemma 2.6(1), 74 (S*) = 15 o mi(S?) € M z(S?) and
this leads to (4).

Suppose that Ea € P, 14 (S*"). Then, 0 = [i2,, Eat] = [tan,12a] © E¥ar.
In view of (1.66)(8), we have 0 = H{iy,,12,] 0 E*"a = 2E?"a. Since E?"~! :
Ton4k (S — manpk—1(S*"71) is an isomorphism, we obtain 2E« = 0. Hence,
(2)-(i) leads to (5).

Since stg,+3,] = 0 for s = 2, p’ withsome i > 1 and ta;(8n + 3)E3a = 0
fort = 3, p/ with some j > 1, we get (6)-(i). The assumptions in (6)-(ii) imply
that 2n + 1 = 0 (mod 3) and 3'vg_ E3a = 3'[15,43, vsu43] © E3hg(ar) = O for
some i > 1. Because 24vétl+3E3oe = 2[tgn13, Vgna3] 0 E3hg(a) = 0, Lemma 2.4(3)
leads to (6)-(ii).

Next, we show (7). By Lemma 2.4(3), we get that o € M1§1§3+3,H if and only if

n
vgnt+3E30 = 0. Hence, Mg:I;H = 87r§,’1’j_'33 and in view of the relation (1.23), we

8n+3  _ _8n+3 _
get that Ml e” o = g 77 15 fork =1,2.

Because of (1.19) and (1.34), we derive that Mg, [0, = 27§ 2. Evidently,

8n+3  _ ag8n4+3
Mg, 7 = Mg, 15 = 0.
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The relation #vg, , ; = 2 and (1.34) imply MEZiS.H =27{"ts = 0.
Because g/ 1) = {0snt+3} = Zig, in view of (1.84), we deduce Mﬁ:ﬁiioﬂ =

8n+3
Tgn+10-

By means of (1.126), we obtain v;e19 = v7V;9 = 0. So, Lemma 2.4(3) leads to

8nt3 843
M8n+11,H = Tgn+11-

The relations (1.23), (1.39), and (1.72) yield vg,+3n8n+6€8n+7 = 0, v§n+3 =0
and vg,+31sn+6 = 0. Hence, again by Lemma 2.4(3), we get MSZﬁZ,H = ”551132

Finally, (1.23) leads to MSS,T’L%H = 7188,’:1133 and the proof is completed. |

2.3 Whitehead Center Groups of Projective Spaces

First, notice that by [8, (2.3)] and (2.11), we get [ig, ig] = inlts, 4] = :i:iH(Ev’+)
and (2.1) leads to fi[ig, im] = 12. Writing [[—, —]] for the least common multiple, by
Lemma 2.4(3) and the fact that {[iy, ip] = 1 for F = R, C and #[iy, y,]

— 24
= @ati)
we have:

Example 2.13. If n > 2 then:

1. Py(RP") = HE" 7 (RPY);
2. Py(CP") = 20V my(CP");
3. P,(HP") = [[12, ﬁ]]m(HP”).
Next, we show the following result needed in the sequel.
Lemma 2.14. Let G be an abelian group with G = G| @ G, and write py : G —
Gy for the projections for k = 1,2. If H is a subgroup of G such that

pk(H) < H fork =1,2 (2.38)

then H=G,NH®G,NH.

Proof. Because p1(H) < Gy and p,(H) < G,, we have H = p(H) ® p,(H).
Hence, by the assumption py(H) < H for k = 1,2, py(H) < H N G; and
p2(H) < HNG,. Certainly, HNG| < py(H)and HNG, < p,(H). Consequently,
H = H N G, & H N G, and the proof is complete. O

Consider the homomorphisms [—, ir] : 74 (FP") — w3 +q—1(FP") and [—, y,] :
1 (FP") — mita@m+1)—2(FP"). By the bilinearity of the Whitehead products [92,
Chap. X, (7.12) Corollary] and (2.2), we obtain

P (FP") = Ker [, ig] N Ker [—, ,].
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Next, we show:
Lemma 2.15. Letn > 2. Then
1. Ker [, ip] = yp M (SN @ ig EL,_ (S7).
2. ForF=R,Candk >d + 1:
(i) Ker [, iF] = yp My (S4O+D1);
(i) Ker [—, yu] = yna G (ST D),

3. For F = H:
(i) (Ker [=.yal: p) = Yuumc(S*+3: p) @ inu ELL_|(S; p) for an odd prime
p;

() (Ker [—, ¥,]:2) = Vui Gk (S 13:2) @ iH*ELZ_1 (S3:2) provided that
[tant3, 7" 10 (0 + Dvaus EY Pl = 0. (2.39)
Proof. 1. follows from Lemma 2.4 and the relation
0 = [yna + ip EB. ig] = [yner. iv] + [in EB, ix].
In the quaternionic case, this is equivalent to the following two formulas:
( + D3 B2 + [tants, vants] 0 EVho(@) = 0 (2.40)
and, in view of (1.20),
VTEB =o. (2.41)
By the assumption of (2), mx—1(S?~!) = 0. Hence, (2)-(i) follows from (1) and
(2)-(ii) is obtained by the fact that [, tg(,+1)—1] = 0 if and only if [y,a, y,] = 0.

For y,a + ig EB € Ker [—, y,], in view of (2.13), we see that

0 = [yae + inEB, yn]
= Vulet, tan43] + [EB, yvu] = vu ([t tan+3] £ (n + 1)V4¢,+3E4n+3ﬂ)-

That is,
o, tant3] = £ + Dy L EY B (2.42)

Notice that in view of (1.1), Proposition 1.5, and (2.16), under the assumption that
the J-homomorphism is a monomorphism, the relations (2.42) are equivalent to

Aa) = £ + Dlislan+3B.
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Since [t4nt3, Tk (S¥"13; p)] = 0 and Pr(S*13; p) = m (S +3; p) for an odd
prime p, (3)-(i) follows. The assumption (2.39) in (3)-(ii) implies that o €
Py (S*+3;2) and B € L;_,(S?;2). This leads to (3)-(ii). O

Notice that the condition (2.39) in (3)-(ii) implies the assumption (2.38) of
Lemma 2.14.
Now, we obtain:

Proposition 2.16. 1. Let F = R,C and k > d + 1. Then, P, (FP") =
Vg (Pe(S1@+D=1) 0 M (SAOTD=1Y) for n > 2. In particular, Py (FP™ ") =
Yot 1P (S9C DY) forn > 1;

2. P,(RP?) = 0, P,(RP?) = n(RP?) for k > 3 and
Piyon(RP?") = 2, Picy 2, (S*) for k < 2n—2;

3. Prrant1(CP™") = 2, (Piyant1 (SY+1) N E7N(Ker nany1,)) for k < dn — 1.

Proof. By Lemmas 2.12(1) and 2.15(2), we obtain (1).

By (1), Lemma 2.12(1);(4);(5) and the fact that Py (S?) = m(S?) for k > 3,
we obtain (2). By (1) and Lemma 2.12(2)-(ii), we obtain (3). This completes the
proof. O

In particular, by means of Lemma 2.12(1) and Example 2.13(2), we derive from
Proposition 2.16(1) that Py (CP?) = 7 (CP?) for all k > 1[39].
In the quaternionic case, we obtain:

Proposition 2.17. 1. P,(HP”™) = 15,11, (Gc(S¥"FT) N M (1)) &
i EQy (8. In particular, Pr(HP™) = 15,41, Ge(S¥Y) @
ins EQ;_1(S*) forn +1 =0 (mod 12);

2. () Pr(HP™:3) = 12, Mc(S73:3) @ igo EQ,_,(S%:3). In particular,

Pe(HP;3) = 12,11 (S%;3) @ inau EQy 1 (S% 3) forn = 1 (mod 3);
(i) Pr(HP™; p) = Yonyame(S¥73; p) @ inw Emie1 (S; p) for an odd prime
p =5
(iii) Py(HP;2) = y,, (P N MY 3) @ ig EL}_| provided that

[tgn+3, MY P N vgup30 E¥LE | = 0; (2.43)

3. Py(HP") = igs EQ_(S*) for 5 <k <dn+2andn > 2.

Proof. 1. is a direct consequence of Lemmas 2.8(1);(2), 2.12(2)-(>iii), and
2.15(1);(3) and the fact that

Ker ([_7 Vn] |Ker [-.i]-]]]) = Ker [_s ZH] n Ker [_7 J/n]

Let n be even. Then, Lemmas 2.8(3) and 2.15(3)-(i) lead to the first half
of (2)-(1). The second half follows from Lemma 2.12(6)-(ii). Lemmas
2.8(3), 2.12(6)-(i), and 2.15(4)-(i) imply (2)-(ii). By Lemma 2.15(1);(3)-(ii),
we have (2)-(iii). By Lemmas 2.15(1);(3) and 2.8(2);(6), we obtain (3). This
completes the proof. O
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Notice that in view of (1.1), Proposition 1.5, and (2.16), under the assumption
that the J-homomorphism is a monomorphism, the relation (2.43) is equivalent to

AM ) N lsaas Ly, = 0. (2.44)

Corollary 2.18. Let o € ;"™ and B € n}_, satisfy (2.40) and (2.41), and
Ea/ c M14n+3-

1. If [, Ea’] # O then y,a + inEP Q/Pk(HPn),

2. Let n be even. Suppose that Jr;'"'H is a cyclic group generated by o with

la, Ea’] # 0. Then, the condition (2.43) in Proposition 2.17(2)-(iii) holds.
Proof. First, observe that in view of Lemma 2.4(3), we have (n + 1)vg, 3 E o’ =0.
1. Suppose that y,o + iwEB € P, (HP"). Hence, by (2.42),
[0, Ea'] = [0, tany3] 0 E¥e’ = £(n + 1)(E*"B) 0 E* *(v4pi3E*’) = 0.

2. Suppose that the condition (2.43) does not hold. Then, [a,t4,+3] = (n +
D)vau43 E¥" 3B for some B € Lj?_ . Consequently, as in (1),

[, EQ'] = [, tang3] 0 E¥a’ = £(n + D(EYB) 0 EX*(v4ni3E*a’) = 0

and this completes the proof. O
2.4 Some Whitehead Center Groups of Real Projective
Spaces

In this section, we determine some P-groups of real projective spaces. First, we
recall also that

{a1(3ai(6)} = Zs fork =9,
T (S?) = {02(3), 153)} = Zus for k = 10,
‘ e, mapa, a1 (3)aa(6)} = Z1n ® Zy for k = 13,

{1, e3v11. Vg6, a3(3), 001.7(3)} = Zgs @ (Z)? for k = 14.
Next, we notice that (2.5) yields
[yu€ 0 Ea,ig] = (=1)*T"[y,£.iz] o Ecx (2.45)
for £ € m4+1(S"), o € 7 (S™). In particular, Lemma 2.4(1) leads to

[yamEa,ir] = (-D)*T'2Ea fora € m_i(S"71).
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This implies
Ea € M (S*") provided that 2Ea = 0 for o € mj_; (S**71). (2.46)

Now, we are ready to prove:

Theorem 2.19. Let n > 2 and k < 13. Then, the equality Pyi,(RP") =
Vi« Ptk (S") holds except the pairs: (k,n) = (4,4),(5,4), (6,4), (8,8),(9,8),
(10,4), (10, 6), (10, 8), (10, 10), (12, 12), (13, 12), and (8, 13).

Furthermore, Pg(RP4) = Ya {(EV7} = Zy, Pg(RP4) = vy, {(EV)n3} =
Zy and Pyo(RPY) = Vaslvi) = Zs, Pis(RPY) = 3 {(Eo)ms) = 2,
Py (RPY) = y,{(Eo")nls} = Zo, Pu@®RPY) = yu,{vf o™ + E¢', 2B} =
Zazo @ Zo, P16(RP®) = ys, {40609, ept7} = (Z3)%, Pis(RP) = Ysudxvg ol +
204 vk} = Zoy for x as in (1.82), Pn(RP') = y10,{2010v17, mop1n} =
(Zo)% PisRPY) = yy, {vao'ma. 2E1, e4v12. (EV)e7} = (Zo)*, Pi6(RPY)
Vax{vao My, vi, (EV) g, (EV)mes} = (Zo), Pau(RPY) = yio{E0'} = 7o,
Pi7(RPY) = Yaulvion, (EVnius} = Zs @ Zs, Pos(RP") = y12, {(E0) 24} =
Zy and Py (RP®) = ys, {vso11vi5} = Zy.

That is:

7, (RP"Y =7  forn =237,
1. P,(RP") = { 27m,(RP") = 27 forn =1 (mod?2), unlessn = 3,7,
0 forn =0 (mod 2);
nm@RPY =7  forn=2,
2. Py iRP") = { my i\ (RP") = Zy forn =6o0rn =3 (mod4),

0 for otherwise;

3. Py RP) = | Tr2®P) =2 forn=50rn=2.3 (mod 4).
0 for otherwise;
ﬂS(RPZ) =7 forn =2,

ns(RP3) >~ Zi forn =3,

Yasi3[ta, 1], 2EV"}

~ 37 ® 7, forn =4,

4. Pois(RP") = Tat3(RP") = Zoy  forn = 7 (II.lOd 8) or
n=2"-3,1i>3,

127, 43(RP") = Z, forn=1,3,5(mod 8), n > 9
unlessn = 2 — 3,

27, 43(RP") = Zy, forn =2 (mod 4), n > 6orn=12,

0 forn =0 (mod 4), n > 8 unlessn=12;
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76(RP?) =~ Z1» forn =2,

Tpis(RP") =7y forn =3,5,

Yax{(EV)n7} = Zy  forn = 4,

Tpes(RP") =0 forn > 6;

Tpes(RP") = Zy  forn =2,3,5,

Vax{(EV)3} = Zy forn = 4,

3 (RP®) ~3Z  forn =6,

Tpis(RP") =0 forn >17;

Tpis(RP") =7y forn =2, n= 4,57 (mod 8)
unlessn =4orn =2 —5,i >4,

W

. Pn+4(RPn) =

6. P, s(RP") =

7. PursRP") = § m(RP’) = Zy  forn =3,
)/4*{1)‘%} ~ 7g fO}"l’l =4,
0 for otherwise;
7o(RP?) =~ 74 forn =2,
m10(RP?) =~ Z5 forn = 3,

ﬂlz(RPS) =~ Zso fO}’I’l =15,

11a(RP") = Zix forn =17,

P,.:(RP") = Y8x13lts. 5], 4E0”’}

~32® 7, forn =8,

Tpi7(RP") = Zoyy  forn =11 0rn = 15 (mod 16),

1207,+7(RP") = Z, forn odd unless n = 3,5,7,11
andn = 15 (mod 16),

*®

0 forn = 4,6 orneven, n > 10;
ﬂ]g(RPz) ~ Zis forn =2,
1 (RP3) = 7, forn =3,

m14(RPC) = Zoy ® Zy  forn =6,
mis(RP7) = (Z)? forn =1,
Ysxt(Ea sy = Zy  forn =8,

Yosilto, o]} = Zo forn =09,
. Pn+8(RP") = 7Tn~|—8(RP") >~ (Zz)z forn:]O orn= 3 (mod 4)’ n> 11,
0 forn= 0,1 (mod 4), n >4

unlessn = 8,9 or

n = 22 (mod 32), n > 54,
Vnsln} = Zo forn =2 (mod 8), n > 18,
Vs MnOn+1} = Zn forn =22, n = 14 (mod 16)

orn = 6 (mod 32), n > 14;
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10. P, o(RP") =

11. P,y y®RP") =

12. PH-HI(RPH) =

w11 (RP?) = Z,

Tnro(RP") = (Z,)?
mi6(RP") 2 (Z,)*
JTH+9(RPH) = (22)3

Vel (Ea")isy = 7y
Yos{0onie: V. Mo 10} = (Z2)?
Y10x43[t10. tiol. vip. Moc11}

~ 37 & (Zz)z

yn*{nnEnJrl} =7

0
Vn*{vrsw MnEnt+1) = (ZZ)2
Vn*{vs} = ZZ

maBP) = (2
m3RP) =7, ® 7,

y4*{v4+a’+ + E&’,2E&'} = 720 ® Zs

ﬂls(RPS) =7 @7

Vox {4609, 67} = (Z2)*
7117(RP7) =7 @7
yg*{xv;_(rﬁl' + 20;'1)]_*5_} = 7oy
Yosloovis, B1(9)} = Zna
V10542010017, Mot 11} = (Zo)?
ﬂzl(RP”) =76 D Zn
Tut10(RP") = Z

0

Tut10®RP";2) = 7,
YusiB1(m)} = Zs

7113(RPZ) =71 ® 7y
m1s(RP) = Zsy & (Z,)*

67
forn =2,
forn =3,6,
forn =1,
forn = 3 (mod 4), n > 11,
forn =8,
forn =09,
for n =10,
forn = 1(mod 8), n > 17
unless n = 21 — 17,
forn = 0(mod 8), n > 16,
forn = 2 (mod 4), n > 14,

n=2-71i>5

orn = 5 (mod 8)

unless n = 53 (mod 64),
forn = 4 (mod 8) or

n = 53 (mod 64), n > 117;

Vax{vao'ma, 2Ep’, 4v12, (EV')e7}

=~ (Zp)*
T16(RP) 2 Zisoy ® (Z,)>

forn =2,
forn =3,
forn =4,
forn =5,
forn =6,
forn =1,
forn =8 and x as in (1.82),
forn =09,
forn =10,
forn =11,
forn = 3 (mod 4), n > 15,
forn = 0 (mod 4), n > 12,
forn = 2 (mod 4), n > 14,
forn =1 (mod 4), n > 13;
forn =2,
forn =3,
forn =4,
forn =15,
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Y6xtV6V14, 406} = Zy ® Ly forn =6,
T+t (RP") = Zsos @ Zy  forn =1.9,
Ysxibgvie) = Zo forn =38,
Y12443[t12, t12]} = 3Z forn =12,
13. Pn_Hl(]RPn) = nn.Hl(RPn) = Zso4 forn=1(mod?2), n>11
unless n = 115 (mod 128),
0 forn = 0 (mod 4), n > 16,
2011 (RP") 2 Zysy forn = 115 (mod 128), n > 243,
Yynarty ) = Lo forn = 2 (mod 4), n > 10;
T(RP?) = Zgy & (Z2)*  forn = 2,
15 (RP) = (2,)° forn =3,
Vax{vaoniy, vy, (EV) g,
(EV)nreg} = (Zy)* forn =4,
117(RP’;2) = (Z,)® forn =5,
14. Pn+12(RPn) = ﬂlg(RPG) =~ Znao forn =6,
7T,,+|2(RP”) =0 forn = 7,8, 9,
ylo*ﬂzlg ~ 7y forn = 10,
)/12*{E9/} ~ 7, fOl"}’l =12,
Ty 2(RP") = 7, forn = 11,13,
Tpe2(RP") =0 forn > 14;
115(RP?) 2 (Z,)? forn =2,
Tt 13(RP") = Zs forn =3,7,9,

P (RPY) = Yax{V3010,
(Ev)nug} = Zg ® Z, forn =4,
ﬂn+13(RPn) ~Z¢®Zy forn=5,11,

15. P,y 13(RP") = Tpy3(RP") = 7, forn = 6,10,
V85 1V8011Vis} = Zy forn =8,
Vsl (EO Vst = Zy  forn = 12,
726(RP") = Zg forn =13,
]/14*{3[L14,L14]} ~ 37 fO}"I’l = 14,
Tpr13(RP") = Z; forn odd, n > 15,
0 forn even, n > 16.

Proof. For n odd, the required equality holds by Proposition 2.16(1). Forn = 2 or
the case k < n — 2 with n even, the equality holds by Proposition 2.16(2).
Let k < 7. Then, it suffices to prove for the following pairs (k, n):

(i) (3,4). In virtue of Lemma 2.12(3), 3[i4,14] € M7(S*) and by (2.46),
[V4EV' ig] = —2p4EV'. So, P3(S*) = {3[i4,14].2EV'}  M;(S*). Then,
Proposition 2.16(1) leads to the equality P7(RP") = y,,P7(S%).

(i) (4,4). Recall that Pg(S*) = 75(S*) = {v4n7. (EV')n7} Sect. 1.2.

The result [92, (8.5) Theorem, p. 534] yields (2L4)U1_ = szr +
[t4, L4]h0(vj). Then, (2.18)(2) leads to
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[tar talho(v]) = 20 — EV'™T (2.47)
and, by Lemma 2.4(1), we obtain
[yav . in] = —ysEv'™. (2.48)
Observe that this yields

[yava.in] = —psEV'. (2.49)

Hence, in view of (2.45), we get [Y4v417, ir] = Y4(EV')n7 # 0. Further, (2.46)
yields [y4(Ev')n7.ig] = 0. Thus, the above implies M3(S*) = {(EV')n;} and,
by Proposition 2.16(1), we get Ps(RP*) = ya, {(EV)17}.

(iii) (5,4), (5, 6). Recall from Sect. 1.2 that

iy | 7(SY) = {va, (Ev)n2} forn = 4,
Grss(8") = 37111(S%) = {3[i6, 6]} forn = 6.

The argument parallel to the above leads to Po(RP*) = y,,{(EV' 3.
By Lemma 2.12(3), M, (S% = my (S6). So, in view of Proposition 2.16(1),
we obtain Pn(RP6) = Y6, P11(S%) = 37{11(]RP6).
(iv) (6,4), (6, 6). Recall from Sect. 1.2 that

m0(8Y) = {2 a1 (41 (7)) forn = 4,

Gite(8") = 0 forn = 6.

The relations (1.28), (2.45) and (2.48) lead to
4w ir] = —2yaa1 (Hay (7). (2.50)
Next, (2.46) leads to
[yaon (a1 (7), iv] = —2ysa1 (41 (7).

This implies [)/4((1);r )2 — a1 (4)a1 (7)), ir] = 0 and Proposition 2.16(1) yields
P1o(RPY) = yudv}}.
Because G1»(S°) = 0, Proposition 2.16(1) leads to P1»(RP®) = 0.
v) (7,6), (7,8). Recall from Sect. 1.2 that

0 forn = 6,

Grir(8") = {3[ts, 3], 4E0’} forn = 8.

Because G3(S®) = 0, Proposition 2.16(1) leads to P13(RP6) =0.
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By Lemma 2.12(3) and (2.46) we get Pis(S¥) < M;5(S®). Then,
Proposition 2.16(1) leads to the equality Pys(RP®) = yg, Pys(SP).

Let 8 < k < 13. Then, it is sufficient to check for the pairs (k, n) with n even:
(1) (8,4),(8,6),(8,8). Recall from Sect. 1.6 that:

0 forn = 4,
Gn+8(Sn) = -7714(86) = {Vs, &6, [L6, L]1(11)} forn = 6,
{(Eo’)ms, 08115 + Vg + g} forn = 8.

Certainly, P1»(RP*) = y4,G12(S*). Notice that (2.46) leads to g6 € M 4(S°)
and, in view of Lemma 2.12(3) and (2.45), we get [t¢. tg]a; (11) € M 4(S®).
In view of Lemma 2.4(1) and (2.17)(2), we get

[VeVs, ir] = 0. (2.51)

Consequently, P14(RP6) = Y6, G14(S%).
Next, Lemma 2.4(1) and (2.19)(3) lead to

[ysoq il = ysEo'™" 2.52)
which implies

[ysos.ir] = ysEo’. (2.53)
Then, in view of (2.45), [ysosnis,ir] = ys(Eo’)nis # 0, and, by (2.46), it

holds [ys(Ec")n1s, ir] = 0. Thus, we get Plé(RPS) = ys, . {(Ed )5}
(i) (9,4),(9,6),(9,8), (9, 10). Recall from Sect. 1.6 that:

(w3} forn = 4,

S%) forn =6

G Sn — 7'[15( 5

n+9(8) {(Ea")nis. 03n1s + v§ + ngeo} forn = 8,
{3[t10. 1], vigs Mmoc11} forn = 10.

Observe that P, o(RP") = ¥,,G,+o(S") for n = 4,6. Further, (2.46)
yields (Eo’)n}s € M;7(S®) and, in view of (2.45), (2.46), and (2.52), we
get [ys(osmis + v§ + nse9).ix] = ys(Eo')nis # 0. Hence, Pi7(RP") =
Vs {(Eo")nis). Next, (2.46) leads to vy, nioer1 € Mio(S'°) and, by means
of Lemma 2.12(3), we get [t0,t10] € Mo(S'). Thus, Po(RP') =
Y10, G19(S'0) as well.

(iii) (10,4), (10, 6), (10, 8), (10, 10). Recall from Sect. 1.6 that:
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{v4+o’Jr + E&¢',2E¢, a1 (4)an(T),

V402 (7), vaer( (7))}, ifn =4
G +10(S") = | {v609, nejt7,31(6)} forn = 6;

{ogvis, V8011,08+Ol1(15)} forn = 8;

7)) = {o10v17, Mokt11} forn = 10.

Certainly, [2y4E¢’, ig] = 0 and [y4vja1,5(7),iR] = —y4(Ev'+)a1,5(7) = 0.
Further, (2.46) yields [yso1(4)a2(7),ir] = —2ys01(4)az(7) and, in view
of (2.45) and (2.48), it holds [y4vj'ot2(7), ig] = —y4(Ev’+)ot2(7) =
—2y401(4)az(7). Hence, [ya(o1 (4)ea(7) — vif 02(7)). ir] = 0.

Next, in view of (1.66)(1),(2) and (2.7), it holds H (v4) = ho(v4) = t7 and
H(c') = ho(o’) = n13. Then, the monomorphism E : m14(S7) — m5(S?),
(1.23) and Lemma 2.5 lead to hg(v40”) = o’. Consequently, (1.20) yields

[t4, ta]ho(va0’) = vy — EV')0”. (2.54)

The proof of [92, Theorem (8.6), p. 534] yields that the Hopf—Hilton invariants
hj(o') € ma(S*+1) = 0 with k > 3 for j > 1. Thus, 2/¢(c”) = 0 and [92,
(8.6) Theorem, p. 534] imply

(2vy — EV')o' = 2v40" — (EV')o’ — (2[vy, EV'])ho(0') = 2v40” — (EV)o’.
Hence, the relation (EV')o’ = 2E&’ = neq [54, (3.2)] and (2.54) yield
[t4, ta]ho(v40”) = 2v40” — 2E€ .
Then, Lemma 2.4(1) leads to
[yavso’,ir] = —2p4E€’ (2.55)
and
[ya(vao' + E€'), ir] = y4(—2v40" —2E€&’ + 2v40’ —2E&") = 0.

Consequently, in view of the presentations of ¢’* and v 1‘ , we get P 14(RP4) =
Yasivao' + E&' 2Ee  ai($)az(7) — vion(D), vias(7)} = yanfvio’™ +
E& ,2E¢'}.

Notice that [ysV609, ir] = —2Y6V609 and [3y6B1(6), ir] = —6Y6B1(6) # 0.
Hence, (246) yields Pm(RPé) = V6x {41)60'9, 776[L7}.

By (1.9), (2.45), (2.52), and [85, Proposition 3.1], we get that
[ysog a1 (15).ir] = ys(Eo' )1 (15) = ysan(8)ari (15) = ysari (8)aa(11) =0.
Next, in view of Lemma 2.12(3), [ys(vgo11 — 2x03Vv15),ig] = O for x as in
(1.82). Thus, we have Plg(RPS) = yg,{vs01] — 2x08V15 + 08+051(15)}. One
can also easily observe that Plg(]RPS) = yg*{xv;oﬁ + 20;_”1—;} for x as
in (1.82).
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Further, the relation [yjoo10v17,ir] = —2Y10010v17 and (2.46) lead to

PZO(RPIO) = Y10%{2010V17, N0 11}-
(iv) (11,4),(11,6),(11,8),(11,10), (11, 12). Recall from Sect. 1.6 that:

(V40" N14, V47, V487,
2E1, g4v12, (EV')e7} forn = 4;
v 4%6} forn = 6;
G, "y — {VsV14, 5
+11(5") {Vgvi6} forn = 8;
47)) = {4810} for n = 10;
{3[L12,L12]} forn = 12.

Certainly, by (2.46), it holds P, (RP") = y,,,G,+11(S") for n = 8, 10.

In view of (2.45) and (2.55), we get [Y4v40 N4, ir] = —2Y4(E&)n14 = 0.
The relations (1.122), (2.45), (2.49), and [85, Theorem 7.4] lead to
[VavaV7, iR] =—Y4(EV' )07 =y4e4v12 7# 0 and [y4v4e7, ir] = —V4(EV)e7 # 0.
Because (2.46) leads to 2y, Eu’, ir] = [ya&4via,ir] = [ya(EV')ey,ir] = 0,
we deduce that

Pls(RP4) = Y4, Va0 014, 2E, 84012, (EV) &7},

Further, (2.45) and (2.51) lead to [y¢Vsvis,ir] = O and (2.46) to
4 € M\7(S°). Hence, P17 (RP®) = y5,G17(S°) and, by Lemma 2.12(3),
Py(RP?) = y15,Gn(S).
v) (12,4),(12,6),(12,8),(12,10), (12, 12). Recall from Sect. 1.6 that:

m16(S*) = {va0' N}y, v, vaps,
vanzes, (EV) g, (Ev)neg} forn = 4;
SO = {[t6. te]o T} forn = 6;
Gl ") — 7718( s 11 N
+12(5%) 20(S?) =0 forn = 8;
71213 = {[t10, V10]} forn = 10;
m24(S'?) = {0, EO"} forn = 12.

Certainly, P>o(RP®) = m0(RP®) = 0.

In view of (2.45) and (2.55), we get [yavso'n?,,ir] = —2ya(E€')n}, = 0.
The relations (1.28), (2.45), and (2.49) lead to [yqv},ir] = —(EV)vi = 0.
Again, (1.133), (2.45), and (2.49) yield [ysvap7,ir] = —ya(EV)us # 0,
[yavamres,ir] = —ya(EV')n7es # 0 and [ysva(i7 + n7es)] = ya(Ev)(u7 +
n76g) # 0. Because (2.46) leads to [y4(EVv)u7,ir] = [v4(EVv')nseg,ir] = 0,
we deduce that P16 (RP") = y4, {vs0'12,. v2, (EV))t7, (EV')n765).

Next, (2.46) leads to [y, E6’,igr] = 0. Because H(6) = np; (1.66)(7), in
view of Lemma 2.4(1), (1.15), (1.127), and (2.7), it holds

[y120,ir] = y12E0" # 0 (2.56)
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and Poy(RP'?) = y1,,{E0’}. Further, Lemma 1.2(2) and Lemma 2.12(3)
yield Py 12(RP") =y, 70, |, forn = 6,10 as well.
vi) (13,4),(13,6), (13,8), (13, 10), (13, 12), (13, 14). Recall from Sect. 1.6 that:

nl = {vioig, vanrps, (EV) s} forn = 4

n169 = {V609V16} forn = 6,

= forn =8

G, Sy — 7721 {08‘)157”80111)18} s
+136) n23 = {o10v7,} forn = 10,
7r25 = {0124, (EO" )24} forn =12,
7} = 3[t1a, L1} forn = 14.

Certainly, P, 13(RP") = y,,G,113(S") for n = 6, 10. The relations (1.82)
and (2.45) and (2.53) lead to [)/80'81)125, ir] = )/g(E(f’)vlz5 = ygvgoiivig 7 0.
Because, in view of (2.46), it holds [ygvsoiivis,ir] = 0, we deduce
P2 (RP®) = ys,{vson1vis).

Further, (2.46) leads to [y12(E0') 124, ir] = 0 and, in view of (1.16), (2.45),
and (2.56), it holds [y120n24,ir] = y12[t12, 73,] # 0. Hence, st(RPlz) =
Y12, A (E0 )24}

By (1.28), (2.45), and (2.49), we get [ysvi010,ir] = —ya(EV')v7010 = 0.
Again, (2.45), (2.49), and [85, Theorem 7.7] yield [pqvanius,ir] =
—y4(Ev)n7ug # 0. Because, by (2.46), it holds [y4(EVv')n7us,ir] = 0,
we derive that P17(RP") = y4,{ysvioio. ys(EV)nrps}.

Finally, in view of Lemma 2.12(3), it holds Py (R P'*) = y14,G»7(S™).

Then, in light of the above and Chap. 1, the formulae (1)-(14) follow and
the proof is complete. O

2.5 Some Whitehead Center Groups of Complex
and Quaternionic Projective Spaces

First, we show:

Theorem 2.20. Let n > 2. Then, Pi12,41(CP") = ¥4, Giyons1 (ST for 0 <
k <13 except (k,n) = (2,2), (9, 2) (10,2), (10, 4), (13,4) and P;(CP*) = 0,
P(CP?) = y, {v2} = Zs, Pi5s(CP?) = 5, {vs505. B1(5)} = Zos, P1o(CP*) =
VardB1(9)} 2 Zs, Pro(CPY) = ya, {01 (9)B1(12)} = Zs, that is:

CP"Y=7 forn=3
I Pyyir(CP"y = | Tt ’
2+1(CP) % 272, 41(CP") = 27 for n > 2 unless n = 3;

0 for even n .
2. P CP" = " . T withk =1,2;
2n+k+l( ) { 7T2n+k+1((CP ) = 7y f()l’ oddn "
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10.

11.

12.

. Payis(CP") =
. Pavsrs1 (CP") = {

. Poysn(CP") =}

. Py 10(CP") =
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Tonsa(CP") 22 7oy for n =3 (mod4)orn =2"—2>2
272u44(CP") = Zy5 for otherwise;

0 forn >3
ﬂ2n+k+|(CPn) ~ 7y forn =2
Tont+7(CP") = Z, for n = 2,3 (mod4) orn =2/ —3 > 5,
0 for otherwise;

ﬂ]z(CPz) >~ Zso fO}" n=2,

3

T withk =4,5;

. Pyyis(CP") = § 72, 48(CP") = Zoyy for n =5o0rn =7 (mod ),
272, 48(CP") 2 Zyag for otherwise;
713(CP?) =~ 7, for n =2,
015(CP’) = (Z2)*  for n =3,

o Poyo(CP") = 3 yy {lto 0]} = Zy  for n =4,

0 for n =0 (mod 2) unlessn = 2,4,
Ton+9(CP") 2 (Z)? for n = 1 (mod 2) unless n = 3;

V2udvi} = Zo forn =2,
116(CP?) = (Z,)* for n =3,
VasdOomig. V3. Mo10} = (Zo)*  for n =4,

Ton+10(CP") = (Z,)? for n =1 (mod?2), n >5,

y,,*{vgn_i_l, Non+18m—42} = (Zy)? forn =2 (mod 4), n > 6
orn=2"—4,1i>4
unless n = 26 (mod 32),

for n =26 (mod 32),

for n =0 (mod4), n > 38
unless n = 2/ — 4;

Vn*{vgn_H} =7
yn*{n2n+182n-|—2} = ZZ

Y241V508, B1(5)} = Zyy for

yn*{ﬂ1(2n + 1)} =~ Z3 fOi"

n=2,
n =3,
n=>5,
n=0(mod2), n >4,

117(CP’) = 7oy ® Zy for
. P2n+ll(CPn) = 71’21((CP5) >~ 76 ® Zn for

7T2,1+1|(CPH) ~ Zg fOF n

1 (mod?2), n >17,
7[2n+12((C£:) = Zsos ® (Z)? forn =2,

PP = {Ziﬁii&”ﬁ ~ ZE: o ?Z:Z > g,utl’less n = 57 (mod 62),
20 412(CP") = Zss) forn = 57 (mod 62);

7T17((CP2) = (Z,)? for n =2,

T2u+13(CP") =0 for n=3,40rn>7,

7r2n+13(CPn) ~ 7 for n=>5,6;

P211+13((CPn) = {
{ﬂ2n+14((cpn) = Ze ® Z, for

n=2,5,

" CP"Y~7Z for n =3,6

P n CP — 7T2n+14( 6 E) k)
214(CF) Va1 (9)B1(12)} = Zy  for n = 4,
]T2n+14((CPn) = Z3 fOV n=>"17.
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Proof. We make use of Lemma 2.4(2) to find My 15,4 1c(S*" ™) for1 < k < 13
and n = 2,4,6 with k > 2n — 1. First, we consider M 5¢(S°) for 4 < k < 13.
By the relation (1.23), we obtain M 15c(S°) = mys5(S°) for 4 < k < 6 and
k = 12, 13. Moreover, in view of hy(c”’) = H(0"") = 4ve (1.66)(3) and (2.7),
the relations Lemma 1.2(2) and (1.23) imply [ts5, 5] © Ehg(c”’) = 0. Then, in view
of (1.36), we obtain M, c(S°) = m12(S°). Because nie; = 4vsog # 0 (1.81) and
Mun+1 7 0 forn > 2 (1.62), we deduce that M3 c(S°) = 0, M4 c(S°) = {v2},
and M 5c(S°) = {vs03, B1(5)}. The relation (1.140) yields M6c(S°) = m16(S°).

To find M} 19c(S°) for 8 < k < 13, we recall [85, Theorems 7.1-7.4 and 7.6—
7.7):

{o9ni6, Vo, €9} for k = 8,
{0977%& VS, L9, N9€10} fork =9,
Tero(S7) = {o9vi6. oftr0, f1(9)} for k = 10,
{8o + 3(9) + 17(9), Dovi7} for k = 11,
0 for k =12,
{ogvi, a1(9)B1(12)} for k = 13.

In view of [85, Theorem 7.2], (1.69)(1), and (1.72), we get nooion17 = vg +
nog1o # 0, novro = vg # 0, neerg # 0, and No(E[te, t9]) = 0. Consequently,
by means of (1.70), it holds M7¢(S°) = {0916 + V9 + €9} = {[to, to]}.

By (1.82) and (1.81), it holds 77%811 = 4v901; = 0. Then, in view of (1.18)
and (1.69)(1), we get 0901013, = N3012 = 4vg01, = 0. Next, novi, = 0 (1.23) and
nopio # 0 (1.62). Hence, M15c(S°) = {oonis, v, nee1o}. In view of (1.125) and
(1.64)(2), it holds M9 c(S°) = {B1(9)}.

By 7]9&'10 = 0 (1.140) and vipvi3 = 0 (1.129), we get Mzoq(c(Sg) = 7T20(S9).
Certainly, 75,(S?) = 0 implies M5, ¢(S’) = 0. The relation (1.109)(2) yields
My o (S?) = {a1(9)B1(12)}.

In virtue of (1.128), we get that M5 c(S'?) = mp5(S') and Mysc(S13) =
726(S").

Notice that for k < 4n — 1, we have

27[4n+k+1 (S4n+l) for k = 0, 7,

_ 3 for k=9

E~' (Ker na, _ ) Vi Nan 1 8an g2} ,

(Ker nant14) = 1 fork = 1,2.8.10, 12,
Tank (ST for3<k <6, k =11,13.

This, (1.2)—-(1.50), Proposition 2.16(1);(3) and Chap. 1 lead to the assertion and the
proof is complete. o
We recall:
(V=6 ~ 7, fork =7,8,

() = { {es} = 2y fork =11,
{n3e4, w3} = (Z,)? fork = 12.
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We also need:

(V' e, v'neer} = (72)? for k = 15,
7 (S%) = {Vnewr, o1 (3)81(6)} = Zs for k = 16,
{e3v7), a1 (3)05(6), a1 5(3)ay 5(10)} = Zsy for k = 17,
183, 24(3), @25(3)} = Zso fork = 18.

Notice that (2.10) and Lemma 2.6(3) lead to:
/ 6 3
Viom, C Qk. (2.57)

Further, we show:

Lemma 2.21. 1. Q,(S*) = 0 fork = 11,12;

2. O)(S?) = mi(S®) = Zy for k = 7,8 and Qo(S*) = 79(S?) = Zs;

3. QIO(S3) = 3]110(83) >~ Zs and Q13(S3) = {8/,061(3)012(6)} >~ Zias

4. Q14(S3) = 7'[14(83) x>~ Zg4 D (Zz)z;

5. 015(8%) = m15(S) = (Z2)% Q16(S?) = iy = (Winepr} = Zo, Q)4(S*) =
JT17(S3) >~ Zso and QIS(S3) = 671’18(83) >~ Zs.

Proof. It is known that Vv E3a # 0 for a = &3, N3€4, U3, and N3 4. This, (2.10), and
(2.11) lead to (1) and the fact that Q5(S?) # n3 4.

Notice that 711?4_6 =Vvo n,f+6 for k = 1,2 and o;(3);(6)r;1(9) = 0 (1.8).
Hence, (2.10), (2.11), and (2.57) imply (2).

Because o;(3)a2(6) # 0 and o (3)a;5(6) = 0, the relations (2.10) and (2.11)
lead to Q,0(S?) = {15(3)} = Zs.

In view of (1.9), we get @1 (3)a(6)2(9) = —321(3)B1(6) = 0. Then, (2.10),
(2.11), (1.124), and (2.57) yield (3).

Next, 73, = {1, e3v11,V'e6} = Zg ® (Z2)*. In view of (1.18), (1.64), and
(1.140), we obtain 1)’E3/,L/ = n%{'() = 0. By means of (1.122), the relation (2.57)
implies QL = nj,. Then, (2.10), (2.11), and &;(3)at; 7(6) = 0, a;(3)a3(6) =
3a1(3)e5(6) = 0 (1.10) lead to (4).

Observe that the relations (2.10), (2.11), and (1.9) lead to a1 (3)81(6) & Q,4(S?).
Because v/ onlf = 71,3 for k = 15, 16, the relation (2.57) leads to the first and second
one of (5).

Because 71137 =1V o n167 (1.122), the relation (2.57) yields Q§7 = 71137. Then,
(2.10), (2.11), and (2.37) lead to the third one of (5).

We know that o (3)as(6) # O Proposition 2.11(3). This, «;(3)a5(6) = 0,
(2.10), (2.11), and (2.21) lead to the last of (5), and the proof is complete. O

Notice that by (1.1), Propositions 1.6, 1.5, and [85, Proposition 2.5],
[tn, 7] = J(An!) = P(E"T' 7)),

We show:
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Proposition 2.22. Let 4 < k < 22. Then, V6E6T[£ - Pn,ﬁ_s, v ETm (S?) = 0 for
4 <k <21, and v E* 7155 (S?) = Zs for 5 < k < 9.

Proof We know vs o E%V/ = 2v§ = 0 (1.25). This implies v6E6n,§ = 0 for
4 <k <10.

The relations (2.30), (1.126), (1.39), and (2.34) imply v6E6n131 = Pnllg,
v6E671132 = 8P71218, and veE®u' = 0. By nfg ~ (Z,)?, we obtain vsE’¢ €
{vs,2vg,v11} 0 2v15 C 271158 = 0. Consequently, vgE®(v'eg) = 0. The relation
(1.126) implies vgegvy7 = 2V 0© v124 = 0. In view of (1.18), (1.122), and the relation
(2.20), we get

np=vonfforl5 <k <17

Therefore, we obtain vg E®n} = 0 for 15 < k < 17.

Since 7jy = {&3} = Z, (1.108) implies v E°mj; = 0.

Further 717y = {n384, 3012} = (Z2)?, venoio = 0 (1.23), and vepeois =
8P(0y) (1.39) lead to v6 ECmiy = 8{P(0;)}.

Next, we recall

w5y = {&, 3, M3 o3} = Ly @ (Zo)

Then, the relations (2.32) and (2.22) imply v6E6n230 = 16{P(p13)}.

From the fact that 703, = {1/014, V'8, 13 L4} and (2.34), we obtain vs E®n3, = 0.
The relation (2.35) implies vg E 671232 =0.

Next, we examine the case for odd primes. Those cases appear for k =
6,9,10,13,14 and 16 < k < 22. By (1.8), the assertion

o (NETm(S*3) =0 (2.58)

holds for k = 6,9, 13, 16.

By (1.9) and (1.10), (2.58) holds for k = 10, 14.

By (1.8) and Proposition 2.11(1), (2.58) holds for k = 17.

For k = 18, we have o (7) E7m13(S%;3) = {a1(7)a4(10)} € E?2m23(S°;3) = 0
[85, p. 185].

By [85, Theorem 13.10(iv);(v)], E?m;4+19(S*;3) = 0 for [ = 0, 1, and hence,
(2.58) holds for k = 19, 20.

By [85, p. 185], E%m5;(S?; 3) = 0, and hence, (2.58) for k = 21 holds.

Finally, for k = 22, by Proposition 2.11(4) and [87, p. 56], a1 (9)w5(12) # O.
This leads to the last result and completes the proof. O

We propose:

Problem 2.23. If v'E3f = 0 for B € n}_, then vy A B = 0?
Lemma 2.8(1) and Proposition 2.22 yield:

Corollary 2.24. L/, ,(S*) = m—1(S) forn > 2 and 5 < k < 22.
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Writing Ry for the subgroup of m;(SO(n)) consisting of its free part and
7 (SO(n); 2), we get from (SF7}) the exact sequence

(R}) - —>nk+1—>Rk SRS L
Now, we show:
Theorem 2.25. Py, i34 (HP") = P, 5 (HP") & P, 5 (HP") for
0 <k <10, where:
L P (HP") = [[5725 2Wn s Tan43(S ) forn = 2;
2. Pyt (HP") = Yo Tan sk 43(S*F3) fork = 1,2,4,5,8,9, 10;
3. Pl ®P") = ZC0y, 6§ H);
4. Pl o HP") = =50y, 419§ H);
5. P, o(HP") = ZVn*JT4n+10(S4"+3) forn =0,1,2 (mod 4);

VaxTan+10(SY'F3), forn =3 (mod 4) orn = 2.

Proof. First, recall that in view of Proposition 2.10, it holds P,(HP") =
Yuu (Gr (S THNM (S*"73)). Because the groups Gy, 41 43(S*"13) for0 < k < 10
have been determined in Sects. 1.2 and 1.6, Proposition 2.10 and Lemma 2.12(2)—
(iii) yield

[[ﬁ’zl])’n*mnﬁ(ghﬂ) for k = 0;
y,,*n4,,+k+3(84”+3) fork =1,2,4,5;
N Tans(SF3) fork = 3;
PP = 3+<‘ L Tan oS fork = 6;

2y,,*714,,+10(S ant3y fork = 7 withn = 0,1,2 (mod 4);
Vs Tan+10(S"13) fork = 7 withn = 3 (mod 4) orn = 2;
VosTan+i+3(SYT3) fork = 8,9, 10

and (1)—(5) follow.
Next, notice that by means of Lemma 2.8(1)—(2), Proposition 2.10, and Proposi-
tion 2.17(1), we get

Pk(HPZrH—l) — P;{(HPZH-FI) @PZ(HP2n+1).
Now, we show that
Pyysa i (HP™) = Py, s (HP™) @ Py, sy (HP™)

for 0 < k < 10. By Lemma 2.8(2)—(3) and Proposition 2.17(2)(i)—(ii), we see
that it holds for p-primary components with an odd prime p. To show that for the
2-primary component, we check the condition (2.43) in Proposition 2.17(2)-(iii).
Let n be even and we work in the 2-primary component. The assertion is a
direct consequence of the fact that [t4,+3, ”:;11133 ) = O0fork = 1,2,8,9,10
[20, Proposition 1.3].
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For k = 0,3,6, the condition (2.43) holds because 2[t4,+3,tan+3] =
2[tan+3. Vant3] = 2[tans3.v3,45] = 0.

We Know [t4,43, 04n+3] = O if and only if n = 2 or n = 3 (mod 4) (1.50). So,
for the case n # 2 and n = 0,2 (mod 4), suppose that there exists § € nfn 49»such
that [L4n+3» a4n+3] = V4n+3E4”+3,B- By [10] and [3O]a

ZzEBZg@Zz for k=1,

Rtk o Ly ® Zy for k = 2;
4nt9 = Lo @ 7y for kK = 3;
Zy for k = 4.

Here, the first direct summand Z, corresponds to the Bott result: RJS Lo = Zs.
Since n = 0,2 (mod 4), in view of [2, Theorem 1.3], the map J : Rﬁfj” — nfn+9
is a monomorphism. But, by means of (1.50), it holds [t4,+3, O4n+3] # O and this
element does not correspond to the Bott one. Hence, the map J : Rigi; — 7[:,’:_7__93
is also a monomorphism and, by means of (2.44), it holds A(04,+3) = [t3]an+38-

In the exact sequence (Riﬁig_l) (k=2,3):

dntk—1_ pandk P*_antk—1
Ryuio >Ry toTinio -

we know f{[tant2,04n42] = 16 (1.50) and [L4n+lvn4n+164n+%] Zé 0, [l4£z+1k7
Dans1] # 0, and [tant1. 4n41] # 0 [20, Lemma 4.3]. So, iy : RyiT6™" — RyTS
are epimorphisms for k = 2,3, respectively. This shows that [t3]4,418 generates

the direct summand Zg in Ri’;i; and contradicts the fact that 48 = 0 [32, Corollary
(1.22)]. Hence, we have the assertion for k = 7 and this completes the proof. O

For n even, since [tg,+3, ogn 3] # 0[66, Table 1], the assertion of Theorem 2.25
fork = 7,n = 0 (mod 4) is obtained from Corollary 2.18(2).
Since ¢, is cyclic except for n # 115 (mod 128) [20, p. 426], we obtain:

Remark 2.26. The assertion of Theorem 2.25 for k = 11 holds and
/
P4n+l4(HP”) = Vo Tant14(SY"13), for n # 115 (mod 128).

Since the nontrivial Whitehead product cannot be desuspended too much, we
add:

Conjecture 2.27. The assertion Py, 314 (HP") = P, 5., (HP"®P, 5., (HP")
holds all k > 1.

Now, we show:

Lemma 2.28. 1. Ker{E* : 11 (S?) — m43(ST)} € (iwE);' Py (HP") for k,
n > 1. In particular; in E(v'at) € P, (HP") provided that o = 2 for o € 1] _,.
2. FiwE(W' ") (E*) # 0 for o € m,_1(S?) then in(Ea) & P, (HP?).



80 2 Gottlieb and Whitehead Center Groups of Projective Spaces

Proof. (1) is obtained from the formula
linEa, B] = [im, Bl o E™a for B € m,,(HP") Lemma 1.2(2). (2.59)

In view of (2.14), it holds +[ig(Ew), igg] = ig(Ev'T)(E*a) for o € m,_1(S?)
and (2) follows. O

Let n > 2. Then, immediately, we get:

Example 2.29.

iHE(UIHG) for k =38,
inE('n?) for k=09,
inE (a1 (3)a;(6)) for k =10,

Py (HP") > ¢ igE(V'e6) for k =15,
inE (W' we), igE(v'nes7) for k = 16,
inE (W' neiq) for k=17,
inE(e3v) for k =18.

By Proposition 2.17, Lemma 2.21, Theorem 2.25, and the above, we obtain:
Proposition 2.30. 1. Letn > 2. Then:

0 for k =5,6,

iH*E{U/} >~ Zy for k=1,
Pk(HPn) = iH*E{U/n6} = 7, for k =8,

in EQVn2} = 7y for k=9,

it Edory (3)e (6)) = Zs for k = 10;

18y2) @ im« Ef{ay 5(3)} = 8Z & Zs for k =11,

2. Pe(HP) = { {yanii} = Z for k=12,
{Vzﬂ%l} =7 for k =13;
{6y3} @ im E{p'T, e3011, v'eg}
~ 67 ® Zgs D (Zz)z fOl’ k=15,
3 {y3ms} @ i E{V 16, V' N6e7} = (Z5)*  for k =16,
3 PAEP) =0 02 @ s g} = (2,2 for k =17, "
{y3vis, y301 (15)} @ ima E{e3v},,
o1(3)3(6), a1 5(3)r1 5(10)} = Zoy & Zsg for k = 18,

W= +a3(3) + a1703);
4. Letn > 3. Then:

ims« E{a15(3)} = Zs for k=11,
Py (HP") = {0 for k =12,13,
imx E{e’, a1(3)a2(6)} = Z1, for k = 14.
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Hereafter, we set
G, (FP") = G(FP") Ny, m (810 FD7Y,
Notice that
G, (FP") = G, (FP") if F =R,Candk > d + 1. (2.60)

First of all, we show:
Proposition 2.31. G (FP") C y,, G (S?+D=1),

Proof. The real case is just [22, Theorem 6-2]. For any element y,o € G;{ (FP"),
we have 0 = [y, ¥u] = ¥n 0 [, tau1)—1]- SinCe Yy * Tetaua1y—2 (ST —
Tkt+dm+1)—2(FP") is a monomorphism, & € Py (S?* D=1 = G (S@+V=1). o

Let K be a closed subgroup of a Lie group H and write H/K for the left coset.
We recall [39, Theorem I1.5] and [81, Example 2.2] which are directly obtained by
Lemma 2.1 and the fact that the usual pairing H x H/K — H/K is an associated
map for the projection p : H - H/K:

Lemma 2.32. Let K be a closed subgroup of a Lie group H and H/K the left
coset. Then, the projection p : H — H/K is cyclic and p.m,(H) € G,(H/K)
forn > 1.

Write i) : Op(n — 1) x Og(l) < Og(n) for the inclusion map and p; . :

Or(n) — FP"~" for the quotient one. Now, we consider the exact sequence induced

Or(n)xOp(1
by the fibration Og(n + 1) X ppr.

A i A
(FP}) - — 1 (FP") =11 (0s(n) x Op(1))—>mi—1 (Os(n + 1))~ --- |
where i’ = i,;+1’F and p’ = 1’;/1+1,JF' Then, by Lemma 2.32, we have
Ker Ay = plmi(Op(n + 1)) € G (KP"). (2.61)

Next, we consider the natural map from (SF%) to (FPy):

Ap

T(SOp(n + 1)) — 2 m(SAn+D-1)

m(Op(n + 1))

Tk—1(SOx(n))

lm,* n
/

TEFP) o 1(0s(n) x Og(1).

’
P«

(2.62)

We show a key lemma determining Gy (FP"):
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Lemma 2.33. 1. Ker{Ag : m(S"TV71) — m_(SOr(n))} € yuy ' Gr(FP").
In particular, it holds y,mi(S?TV=1:py < Gy (FP") provided my_,
(SOr(n); p) = 0 for a prime p.

2.Let k = d + L If E7V o Jp |yt Apm (SO

ﬂk+d(n+1)_2(Sd(”+l)_1) is a monomorphism then v,+G(S?0TD=1)  C
Gy (FP"). In particular, under the assumption,
G (FP") = Gy (SY"*TV7Y) for F = R, C and G),(HP") = y,,Gr (S ).

Proof. By the commutativity of the right square of the diagram (2.62), Ker Ay =
Ynx (Ker AL). Hence, (2.61) implies (1).

(2) By the assumption, (1.1), (1.49), and Proposition 1.5 we get G (S¢*+D~1) =
Ker(J o A) = Ker Ap. So, (1) leads to y,+Gx(S?*+D=1) c G (FP") and,
consequently, we obtain y,«Gy(S‘"*V=1) < G, (FP"). On the other hand,
Proposition 2.31 yields G| (FP") € ¥, G (S?®+Y~1). This and (2.60) complete
the proof. O

By Proposition 2.31, Lemma 2.33(1), and the fact that
mk—1(SO(2)) = 0 for k > 3, (2.63)

we obtain:

Corollary 2.34. Ker{A : m;(S") — mi—1(SO(n))} € y,;'Gr(RP") € G (S").
In particular:

1. Gy (RP") = 7 (RP") provided that Am;(S") = 0 for k > 2;
2. Gi(S?) = i (S?) and G (RP?) = m (RP?) for k > 3.

By [21], we know:

0 for even n;

7 (RP") for odd n.

In view of (1.3) and 27m,—;(SO(n)) = 0 for n odd [10], the relation (1.52) and
Corollary 2.34 yield the result [77]:

Theorem 2.36 (Pak-Woo).

Theorem 2.35 (Gottlieb). G,(RP") =

0 for even n;
G,(RP") = y,,G,(S") = { m,(RP") for n =1,3,7;
27, (RP") for odd n and n #1,3,7.

Notice that Example 2.13(1), Theorems 2.19 and 2.35, and (2.36) imply
G,(RP") = P,(RP") fork = 1,n.

Hereafter, a Ap-cyclic element is simply called F-cyclic.

Now, we examine the equality

(*)g fAa = fi[t,, o] for « € 7,14 (S").
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Notice that (1.1) and Proposition 1.5 implies the divisibility f[¢,,«] | A« for
a € 1,4+4(S") and the J-homomorphism restricted to {Aa} € m—1(SO(n)) is
a monomorphism if and only if the equality (), holds.

Lemma 2.37. 1. If o € w244 (S*) then 2AEa = 0.
2. The equality (%), holds for o € 7,41 (S") provided that:

(i) o is R-cyclic;
(i) fo = f[ty, «]. In particular, for [i,, a] # 0 with o = 2.

3. The equality (%) g holds for a € a4 (S*") with [12,+1. Ea] # 0.
4. Let p be an odd prime. The equality (%) gy holds for & € o, 1r—1(S*'~L; p) with
o = $E* o for p an odd prime.

Proof. 1. Let j, : RP"" - SO(n) be the reflection map. Because g, = pu+1 ©
Jn+1, the relation (2.6) yields 22,41 = qon+1© Yan+1 = Pan+2 © jan+2 © Van+1-
This leads to A(2i2,+1) € Apan42472n+1(SO(2n + 2)) = 0.

Now, given o € m,1x(S?"), the relations (2.9) yield that 2AEa =
AQEa) = A(Qizs) Ea) = AQuys1)a = 0.

2. (i);(ii) follows directly from (1.1) and Proposition 1.5.

3. In view of (2.2) and (1.2), we obtain 2[t5, 11, Ea] = 0 for a € my,1%(S*") and
(1) leads to fAEa = fi[tan+1, Ea] = 2.

4. Given a € my,4k—1(S?"7'; p), owing to Lemma 1.2(2), we get [i2,, Ea] =
[t2n, t2n] © E?"a. Serre’s isomorphism (1.7) leads to f[ty,, Ea] = $E*'a and,
by o = #tE?"a, (1.1), and Proposition 1.5, the result follows. O

In particular, Lemma 2.37(4) leads to:

Corollary 2.38. The equality (x)g, holds for a equal to a;(2m + 1) €
Tom 4?11 3), 0 (2m+1) € o1 8(S*"11:3), a1 5(2m+1) € oy s(S*"F115)
for m > 1, 011.7(27?’! + 1) € 7T2m+12(82m+1;7) fOl" m = 1, ocg(Zm + 1) (S}
712,”+12(Szm+1;3)f0rm > 2, or ,31(271’1 + 1) € 7T2m+11(82m+1; 3)f0rm > 3.

To state the next result, we show:

1 forn=1,3,7,
Proposition 2.39. 1. §Ay, =32 foroddnandn # 1,3,7,
oo forevenn;
2. {AEV = 4;
1 forn =7 (mod 8) orn =5,
2 forn =1,3,5 (mod 8) withn > 9,

3. BAvs = 4 forn =2 (mod 4) withn > 6 orn = 4,12,
8 forn = 0 (mod 4) withn > 8 unless n = 12;

4. fAamr) =2;

5. tA(EV)n = 2;

6. f1A(vsns) = 1;

7. 4Aan3) = 2

8. HA(EV)2 =2;
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- BAsng) = 1;
10.

11.

#A[t6, t6] = 30;
» |1 forn=4,57(mod 8),

Av?s =
BAv; 2 for otherwise;
fAc” = 1;
fAc” = 4;
fAEc’ = 8;
16 forn = 0 (mod 2) withn > 10,
fAG, = & forn =38,

1 forn =15 (mod 16),
2 forn=1(mod2)withn >9, n % 15 (mod 16).

Proof. 1. By Lemma 2.37(2)-(ii), we have

2 foroddnandn # 1,3,7,

AL, =
oo foreven n.

2. First, in the exact sequence (R3):

74(SY) 3 m3(S0(4) 3 73(S0(5)) — 0,
by [82, Theorem 23.6],
£ Ay = 2[13] — [12]a- (2.64)

Next, recall [51] that there is an isomorphism

11 (S%) @ 11 (SO(3)) > 7 (SO(4)) (2.65)

given by the correspondence («, 8) > [t3]a + [12]48-
Note that (1.20) is regarded as the J-image of (2.64).
This, in view of (2.9), implies ZAEV = Ay o v’ = 2[i3]v" — [n2]4v’
and hence, fAEV = 4.
3. We recall that

7(SO(5)) = Z, (2.66)

1 (SO(5)) = Ofork = 8,9 and J(Avg) = %[, v4] = £2v] by (1.27)(4)
and Proposition 1.5. So, from the sequence (R¢), we get that

Avy = Z[i3]v" (mod [12]4v")

and the equality fAv, = 4 holds.
By (2.66), we have

Vs is R-cyclic. 2.67)
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10.

11.

Moreover, [63, Theorem (4.3.2)] yields that

vgu—1 is R-cyclic for n > 1. (2.68)
In the sequence (R$"=3) forn > 2:

i RUT S RYT,
we know Rg;’:f ~ 7 @® Z, and RSZ:% =~ Z [37, p. 161, Table]. So, we obtain

fAvg, 3 = 2.

By (1.31) and Lemma 2.37(1), we also get that fAv, = 2 forn = 1,3 (mod
8) with n > 9. In view of (R%ZH), [37, Table, p. 161], and the fact that
m14(SO(12)) = Z4 & Zy4 [46, App. A, Table VII, Topology, p. 1745], it

holds

8 forn evenand n > 4;

A =
BAva, 4 fornoddandn >3 orn = 6.

. By the fact that 73 (SO(5)) = 0 for k = 8,9 [37, Table, p. 162] and (2.65),

the map A : m (S*) — m—1(SO4)) = m—1(SOB)) @ mi—1(S?) = (Z,)?
is an isomorphism and A : m41(S°) — mx(SO(5)) is trivial. This implies
1A(amy) = EAE(ns) = BAsn?) = SAE(n2) = 2 and §A(vsyy) =
1A sn) = 1.

By (R$,) and the fact that 719(SO(6)) = Zizo @ Zo, m10(SO(7)) = Zs
[37, Table, p. 162], and 71(S®) = 0, we obtain ffA[ts, ts] = 30.

In view of (2.68), we have that v§n_1 is R-cyclic for n > 1 and, by
[20, Lemma 3.1], vgn_k are R-cyclic for n > 1 and k = 3, 4. Notice that
Theorem 1.14 yields

ﬁAvﬁ =2forn #4,5,7 (mod 8) and n # 2' — 5 withi > 4.
Forn = 2! — 5 with i > 4, we consider the commutative diagram

Tn6(S")

y A
ll; \
i/r,/z+3*

T 6(SOM) —" 274 6(SOM + 3) 7 Ty Vigs 3) — > Ts5(SO(m)

lpi

Tnr6(Var32),

(2.69)
where the horizontal and vertical sequences are exact.
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By [37, Table, p. 161], 7,4+6(SO(n + 3)) =~ Z, forn > 11. So, in view of
[14], we get ip43.004 & Tnt+6(SO(n + 3)) = 7,4+6(SO) is an isomorphism.
Hence, from the fact that the generator of 1,4+¢(SO) has the SO(6)-of-origin
[16, Theorem 1.1], we see that i,, ,+3, is an epimorphism.

Denote by RP; = RP"/ RP*™" for k < n the stunted real projective
space. We obtain 7, 46(V,+33) = 71"+6(RP""+2) o~ n&(RPi) o~ ng(RP;‘) o~
Zy and 1, 46(Vyaso) = mua6(S"T! v S"12) = 0. Hence, by the diagram
(2.69) Av2 # 0 and so fAV? = 2.

By the relation (2.67) the element vs is R-cyclic and 75(SO(5)) = 0
[37, Table, p. 162]. Then, (1.17)(3) and Proposition 1.12 lead to

A(0") € Afvs, 8z, vg}1 € {0,817, v7} = m3(SO(5)) o vg = 0.

The equation fAc” = 4 follows from (1.39).
First, we need the formula

+ Awg = 2[t7] — [n6]s. (2.70)

Here, we use the fact that 77(SO(7)) = {[n¢]} =~ Z and 77;(SO(8)) =
77(ST) @ m7(SO(7)) = Z? is generated by [i7] and [ne]s [35, Table 2]. Next,
using [35, Table 2], [36, Lemma 1.2(i)], and (2.70), we obtain fAEo’ = 8.
The relation (1.50) and Lemma 2.37(2)(ii) lead to

Ao, = 16 for n = 0 (mod 2) with n > 10.

Next, consider the exact sequence

(SRY,) -+ —>mis(S) > m14(SO(8)—> 11 (SO(9) L -

Then, applying [35, Table 2] and [36, Lemma 1.2(ii)], we get fAog = 8.

By [36, Theorem 1(iii) and Lemma 1.1], it holds §Ao; = 2. In view of
(1.50) and Lemma 2.37(3), we also get that Ao, = 2 forn = 1 (mod 2)
with n > 9 and n # 11. Moreover, [63, Theorem (4.3.2)] yields that

O16n—1 18 R-cyclic for n > 1

and the proof is complete. O

Now, we can derive:

Corollary 2.40. Ifk <7 anda € 7 i then:

1. the equality (%), holds except o = EV', vyi_s with i > 4, (EV)ny,

2

vanz, (EV)03, vand, [te. 6], va_swith i > 4, Eo’, oy, and o1;
2. fAa = 21, @] for @ = EV/, vyi_3 withi > 4, (EV')n7, vanz, (EV)n3, van3,

Vv

(O8]

_gWithi > 4, Eo’, and o11;
. ﬁA[Lﬁ,L()] = 10]1[%, [L6,L6]],'

4. fAogh = 218[is, 05" ].
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Proof. 1. By (1.53), (1.55), (1.2)—(1.16), and Proposition 2.39(1), the equality (),
holds for & = 1, N, 2.
The relation (1.31) and Proposition 2.39(3) yield that the equality (x),, holds
forn # 2 —3withi > 4.
Proposition 2.39(5),(8) leads to the equality (*), for @ = vsng, vs r]é.
In view of Theorem 1.14 and Proposition 2.39(10), the equality (x),2 holds
forn # 2 —5withi > 4.
Lemma 2.37(2)(1)—(ii) and Proposition 2.39(11)—-(12) lead to the equalities
(*)g and (x)4, respectively.
By means of (1.50) and Proposition 2.39(15), the equality ()5, holds for
n # 8,11.
2. The relation (1.29) and Proposition 2.39(2) yield fAEvV’ = 2fi[i4, EV'] = 4.
In view of (1.31) and Proposition 2.39(3), we get 1 Avyi _3 = 2M[tpi_3, Voi 3] =
2 withi > 4.
By (2.2), (1.25), and (1.23), we obtain [t4, v4n7] = [t4, (EV)n7] = 0 and
[ta, (EV')N2] = [ta, van3] = 0. Then, Proposition 2.39(4)~(5),(7)~(8) leads to:

BA(van7) = 28w, vans] = 2,
BACEV)n7 = 2fi[ta, (EV)7] = 2,
BAan3) = 28[ta. van3] = 2,
BA(EV)NS = 26, (EV)73] = 2.

In view of Theorem 1.14 and Proposition 2.39(11), it holds fAv, s =
24[tri_s, Voi_5] = 2 with i > 4.
The relation (1.42) and Proposition 2.39(14) yield {AEc’ = 2{i[i5, Ec’] = 8.
By means of (1.50) and Proposition 2.39(15), it holds f Aoy =28[t11, 011] = 2.
3. In view of the relation (1.4) and Proposition 2.39(10), we obtain #fA[ig, ts] =
10 [t6, [t6, t6]] = 30.
4. Consider the exact sequence

(SRS,) - —m15(8%) 25 114(SO(8)) > 114 (SO(9) L - - .

In virtue of [51, p. 132, Table], w14(SO(7)) = Zasp0 D Zg @ Z5, w14(SO(8)) =
m14(SO(7)) @ m14(S7) = Znsro ® Zino D Zg ® Zo, and w14(SO(9)) = Zs & Zo.
Because Avi # 0 Proposition 2.39(13), we conclude that ix : 714(SO(8)) —
m14(SO(9)) is an epimorphism. Further, by means of Corollary 2.38 and
Proposition 2.39(14), the element A Eo’T generates Z 5 in m14(SO(8)).
Consequently, Proposition 2.39(15) yields that HA08+ = 2520. Then, the
relation (1.51) leads to ﬁAUS"' = 21{l[ts, oé"] and the proof is complete. O

In virtue of Proposition 2.31, y,,Gr(S") is an upper bound of Gy (RP") for
k > 2. Now, we show the following result:

Theorem 2.41. If k < 7 then the equality Gyi,(RP") = v,,Gri,(S")
holds except the following pairs: (k,n) = (3,4),(3,20 —3) with i >
4,(4,4),(5,4),(6,4),(5.6), (6,2 —5) withi > 5,(7,8) and (7,11).
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Furthermore:

. G1(RPY 2 12;(RPY);

. Gy (RP* ™) 2 2715 (RP* ) fori > 4;
. G1o(RP") 2 3110(RPY);

. Gii(RP®) 2 307, (RP°);

. G15(RP®) D 25207,5(RP);

. Gis(RP") 2 2m5(RP").

AN N R W =

Proof. Corollary 2.40 concludes that the restriction map J  |ax, . (s):
Ay, (S") — 7r42,—1(S") is not a monomorphism if and only if (k,n) =
(3.4),(3.2" —3) with i > 4,(4,4),(5,4),(6.4),(5.6),(6,2" —5) with i >
5,(7,8) and (7,11). In the light of Lemmas 2.2 and 2.33, Proposition 2.16(1),
Chap. 1, and [82], we obtain the equality.

By Proposition 2.39(3), we get ﬁAv;r = 12. This and (2.61) imply (1):
G1(RPY) 2 pLm1(SO(5)) = 127 (RP"),

(2) follows from the fact that Ker {A : 7, (S* %) — 7y _1(SO(2' = 3))} =
271, (S* ~3) (Proposition 2.39(3)).

In view of Proposition 2.39(11), it holds jiA(v;r 2 = 3. This and (2.61) imply
3): G1o(RP*) 2 pLm10(SO(5)) = 3710(RP). By means of Proposition 2.39(10),
we know that §A (i, tg] = 30. Hence, Lemma 2.33(1) yields (4).

By Corollary 2.40(4), it holds

Ker{A : m15(S*) — m14(SO(8))} = 25207,5(S®)

and this leads to (5).
(6) follows from the fact that Ker {A : m1g(S!'") — m7(SO(11))} = 2m5(S')
(Proposition 2.39(15)). This completes the proof. O

To state the next result, we recall that
&4n+3 and pa4,43 are R-cyclic [20, Example 3.2]. .71)
By Lemma 2.37(1), we get
AEm5,11(S*; p) = 0 for an odd prime p. (2.72)

Proposition 2.42. G, (RP") = 7,4+ (RP") ifn = 3 (mod 4) and k = 8,9 or
n =3 (mod4)withn > 7andk = 10, orn = 1 (mod 4), n = 7 (mod 8) with
n>13andk =11, orn =1 (mod 2) withn > 15 and k = 13.

Proof. By (2.9) and (1.53), we get A(,0,4+1) = A(Mupn+1) = 0 forn = 3
(mod 4). This and (2.71) imply Am,44(S") = Am,, . = 0for k = 8,9 and
n =3 (mod 4). By (2.72), Am,410(S";3) = 0 for n odd withn > 7.

Next, by [30, Table 2] and the diagram in [20, p. 402], A, = O forn = 1
(mod 4), n = 7 (mod 8), and n > 13. This, Corollary 2.34, and (2.72) imply
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YusTni11(S") € Gyt (RP") forn = 1 (mod 4), n = 7 (mod 8) with n > 13.
Because 7;,413(S") =~ Z; for n > 15, in view of (2.72), we have Am,4+13(S") = 0
forn = 1 (mod 2) with n > 15. Then, by means of Corollary 2.34, the proof is
complete. O

2.7 Gottlieb Groups of Complex and Quaternionic
Projective Spaces

By [23, Theorem 1], we obtain
G>(CP"y =0forn > 1

proved in [19,39] and [40] as well.

To consider Gy(CP") for k > 2, we recall the group structures of
Ton+k—1(SU(n)) for 0 < k < 7 from [13, 14, 37], [46, 47, App. A, Table VII,
Topology, pp. 1745-1746], and [48].

on—1(SUn)) = Z; 12,(SU(n)) = Zy forn = 2;

Ton+1(SU(N)) =~ {Zz for even n,

0 for odd n;
Z(ps1y @ Zy for even n > 4,
Ton+2(SU(n)) = { Z 1) for odd n > 3;
2

Z24,,y for even n,

Tu+3(SU(n)) = Z an+3 for odd n > 3;
2

Z w4204 for evenn > 4,
Ton+4(SU(n)) = o

Z: n421040+3 for odd n > 3;
24

Z osntsy for even n,
Ton+5(SUM)) = mop15(SUMM + 1)) = 2
Z(24J,+1) for odd n > 3;

Ton+6(SU + 1)) for n = 2,3 (mod 4) withn > 3,

nt+6(SU >~ .
s (SU®) { Ton+6(SU + 1)) ® Z, for n = 0,1 (mod 4) withn > 4.

Write , = w, ¢ and notice that Acty,+1 = @, = Xj, Eyy—1 with (x,n!) = lisa
generator of 72, (SU(n)), where j, : E CP' "< SU (n) is the canonical inclusion
satisfying p, j, = Eq,—. Further, by (2.6), we get

Pnn = (ﬂ - 1)’72n—1~ (2.73)
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In view of [60, Proposition 6.5 (i)], there exists such g, € m2,12(ECP" _1) that

. Ey, for even n
E " = n 9
(Eiy)e 2Ey, for odd n,
where i” : CP"~' < CP" is the inclusion map.

To search a generator of m,,44(SU(n)), notice that, by means of (2.73), the
result [60, Proposition 7.3 i)] yields the trivial map i,42« : 72,45(SU(m +
1))—>JT2"+5(SU(H + 2)) HCHCG, in.n+2,* . n2n+5(SU(n))—>7t2,,+5(SU(n + 2))

SU(n
is trivial as well. Then, the fibration p/, , : SU(n +2) —(>)S Un+2)/SU(n) leads
to a monomorphism p;’ ., : 72,45(SUn 4 2))—m2,45(SU(n + 2)/SU(n)).
Because, in view of [18], it holds

Z, foreven n > 4
n+5(SU 2)/SU = -
Ty s(SUG +2)/SUM) {O oreven n =
we deduce that p),,, 1 m,1+5(SU(1 + 2))—>m2,45(SU(n + 2)/SU(n)) is an
isomorphism for n > 3. Hence, i, y4+2+ : Ton+4(SUN))—> 12, 44(SU(n + 2)) is
a monomorphism. Consequently, there exists such a generator w), € m2,44(SU(n))
that

%wnﬂ foreven n > 4,

. l
Inn+20, = 24
mwn+2 for odd n > 3.

The exact sequences (SC3, ;) for k = 5, 6 lead to the isomorphism
I : n2n+5(SU(n))i>7r2n+5(SU(n +1)

and the epimorphism

Ton46(SUM))—> T2, 16(SUM + 1)) — 0,

respectively. Hence, there exist such generators @, € m2,45(SU(n)) and 0’ €
Ton+6(SU(n)) that i, ) = a)n+1v24;+2 and i, 110, = ), forn > 2.

Making use of the results above and [60, Propositions 3.2, 7.2, and 7.3], we
obtain the following result which overlaps with those of [37, 47, pp. 163-165]
and [48]:
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Lemma 2.43.
{on} = Zy fork =0andn > 2,
{wnon} = 7o fork = 1 and even n,
{JnOns 0n3,} = Znsr1y ® Zy for k = 2 and evenn > 4,
{Jnon} = Z("tm fork =2 and oddn > 3,
{a)nv;;} = Zoan fork =3 and evenn,
T+ (SU()) = {w vt} = Zosnty fork =3 and oddn > 3,
2
{w} = Zutyieim fork = 4 and even n,
33
{w!} = Z w1010+ fork = 4 and oddn > 3,
24
(o)} = Zeints fork =5 and evenn > 4,
2
{w)} = Zianty fork =5and oddn > 3,

n

{w”’,w,,v%,l} > Znt3cantn D Zo fork =6andn =1 (mod 4) withn > 5,
43

{0, wy vgn} o~ Z(n+3)!(2244.)1+4) ® Zy fork = 6 andn = 0 (mod 4) withn > 4,

n

{0} = Z wtapointa fork = 6 andn = 2 (mod 4) withn > 4,
24
{0} =2 Z wt3centy fork = 6andn =3 (mod 4) withn > 3.
48
Further:
1. tl.Aclzn_H = I’l!,‘
2 for even n
2. §A = ’
BACH2+1 { | for odd n:
2 for even n
3. fAcn? = ’
! Cn+1 { 1 for odd n;
24.n) for even n,
4 taevi,, =1 ¢
Ahevanp { (24,1 +3)/2 for oddn = 3;
1 for n=2,3(mod 4) andn > 2,
5. fAcv2 L, =
BACYZ { 2for n=0,1(mod 4) andn > 4.

By Lemmas 2.33(1) and 2.43(1), we obtain [39, Theorem II1.8]:
Theorem 2.44 (Lang). n!m5,+(CP") € G,,41(CP").
By Theorems 2.20(1) and 2.44, it holds
Gs(CP?) = Ps(CP%) = 275(CP?%).
In view of Lemma 2.43(2),(4), it holds:

(1) N4n+3 and
2.74
) (12,n +2)v} 4 (279

are C-cyclic.
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Now, we show:

Theorem 2.45. 1. Letk = 1,2. Then

; 0 for even n
141 (CP") = ’ ’
Git20+1(CP") % Tonsk+1(CP") = 7y for odd n.

2 G (CP") > (24.n) 72, 44(CP") = Z s for even n,
- U2pt4 = (24,);-%3) ,1+4((CP ) Z 4 for odd 1.

In particular, G, 4(CP") = 27'[2,,+4((CP") for n = 2,10 (mod 12) with
n>10 except n = 27" — 2 or n = 1,17 @mod24) for n > 17 and
G2n+4((CP") = 7T2,,+4(CPH)f0r n = 7, 11 (rnod 12)
ny ny . § 0 forn >3,
3. Gareo(CP') = msa(CP = ) S0 2%
4. Gy 47(CP") = 72,4.7(CP") for n = 2,3 (mod 4).

Proof. By Proposition 2.16(1) and the fact that Gy 42,4+ (S***t!) = 0ifk = 1,2
and n is even, we have Gy42,41(CP") = 0 in this case. By Lemmas 2.33(1)
and 2.43(2) and (3), G214 +1(CP") = 72, 4441(CP") for n odd. This leads to
(1).

In view of Corollary 2.34, Lemmas 2.33(1) and 2.43(4) imply the first half of (2).

As it is eas1ly seen (1.31), for n even, (24,n) = ﬁ[L2n+1 v2n+1] = 2 if
and only if n = 2,10 (mod 12) for n > 10 and n # 2'~! — 2. For n odd,
w = ﬁ[t2n+1,v2n+1] = 2 if and only if n = 1,17 (mod 24) for n > 17.
Moreover, w = fi[tan+1, v;1+1] = l if and only if n = 7,11 (mod 12). This
and Lemma 2.33(2) lead to the second half of (2).

Since Ac : mo(S°) — mo(SU(2)) = Zs is trivial, we have GIO((CPZ) =
mo((CP2) =~ 7, and this leads to (3).

(4) follows from Lemmas 2.33(1) and 2.43(5), and the proof is complete. O

Next, we present:

Proposition 2.46. G,(CP’;2) = 7, (CP?;2) for 8 < k < 24 unless k = 15,21.
Further, y3c«{0'n14, V7 + &7} C G15((CP3;2) and y3 c+{0’014} C G21((CP3; 2).

Proof. We make use of Lemma 2.33(1) and show that AC|”1Z+1 : ”IZ+1 —
7, (SU(3); 2) is trivial for 7 < k < 22 unless k = 15, 21. First, we recall:
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{7}y =27, fork = 8;
3} =7, fork = 9;
{v7+} SN for k = 10;
0 fork = 11;
0 for k = 12;
)i =7Z, fork = 13;
TS = {O'/+} >~ Zi2o for k = 14; 2.75)
{014, V7, 67} = (Z)? fork = 15;
{0}, v3, w7, mes) = (Zo)* for k = 16;
{7010, n7ies, B1(7)} = Zoy & Zy for k = 17;
(&, Vvis} = Zsos @ Zo fork = 18;
0 fork = 19;
{vro10v17, a1 (7) B1(10)} = Zsg for k = 20;
{07014, k7,0"} = Doy @ Zy for k = 21;
{p"t.0"V14,0"e14, 87} = Lizo ® (Zr)* fork =22;
{0’14, EC, 7016, 1788} = (Zo)* for k = 23;
{o'N1ap1s, viKi0, A7, 718017} = (Zo)* for k = 24,
where Eo’ = [[ig, tg], t3].
Further, we make use of the relation
Ac = iscxAm (2.76)

determined by (1.48)(2). Since 7s(Sp(2)) = {w} and 7s(Sp(2)) = 0 [55,
Theorem 5.1], we have Ay(i7) = xw for an integer x with (x,12) = 1. Hence,
(2.76) yields

Ac(t7) = xizcxw. 2.77)

But, 74(SU(3)) = 0 [54, Theorem 4.1] leads to i3 c«n3 = 0. Then, the relations
(2.9), (1.33), and (2.77) imply Ac(n7) = i3cx(wne) = (i3cxn3)va = 0. Next,
(2.9) and (1.28) lead to Ac(v7) = izcx(wve) = i3.cx(V'vg) = 0. Consequently, in
view of (2.9), Ac(n7Ea) = Ac(v;EB) = Oforany« € ] and B € 7.

Because ng(SU(3);2) =~ Z4 [54, Theorem 4.1], using the fact that
Ac(v73) = 0, the relations (1.35) and (1.60) and Proposition 1.12 yield
Ac(ir) € Act{ng. 2ts, E*0"}s € {0,217, E*0""}, = m3(SU(3):2) 0 4Ec’ = 0.
Hence, (2.9) implies Ac(u7ES) = 0 forany § € m!°.

In view of me(SUB3);2) =~ Z4 & Z, [85, Lemma 5.14], (2.31), and
Proposition 1.12, we get Ac(it7) € Ac{py,2t16,8016}5 S {0,215, 801554 =
m16(SU(3);2) o 8016 = 0. Further, (2.20) and (2.77) lead to Ac(¢7) = 0.

Because Ag(o’) = 2¢, Ag(k;) = =£& and Ag(p”) = 0 [54, Proposition
3.2 ii)], we apply [54, Theorem 4.1] and (2.76) to get Ac(o’) =2i3cx(¢) =0,
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Ac(k7) = izcx(8') # 0, and Ac(p”) = 0. Further, (2.9) yields Ac(o’Ey) = 0 for
any y € 7 !3. In view of (1.106), the above leads to Ag(EC’) = v/’ = 2¢/n13614=0
and Ac(EC) = 0.

Next, (2.9), (1.122)(1), (2.77), and [54, (4.1)] imply Ac(er) = Ac(iy) =
i3.0x(V'gg) = i3cx(e3vin) = 2([v2] o viy) # 0 and Ac(v7 + &7) = 0. Finally,
(1.123) leads to Ac(V7v15) = izc«(vV'egv14) = 0 and the proof follows. O

Then, we obtain:

Corollary 2.47. 1. G, (CP?) = n(CP?) for 10 < k < 12;
2. Gy ((CPj;_']_)l) = . (CP% p) for imfdiprime D
3. Gi(CP™) 2 yantailyys 0 " form = 1,2
. (@) Gk(CPz")HQ 2(12,n)yauvi 4, © T (ST,

(ii) GkgCS " D (12,1 + 2)yant 14,45 0 T (ST,
5. G(CP™™) D yupgavd, s o "L
- Gyus1n (CP™™) =+n8:n++115 (CP") forn = 2

dn+3\ 4n+3 _ .

7. Gtk (CP™” ™) = 73,44 (CP™" ™) for k = 28,29 withn > 2.

Proof. By [54, Lemma 3.1(i)], we get Acmi(S°) = 0 for 10 < k < 12. Hence,
Lemma 2.33(1) yields (1).

Corollary 2.2 and Theorem 2.45 yield (2)—(5).

The relations (1.57), (2.9), and (2.74)(1) lead to

~

=)}

Actants = (Actant3) © Eant2 € {@W2n415 Nant2, Vant3) © 2V4n47
C 4n+7(SURnR + 1)) 0 2v4p47.

Then, by the group structure 74, +7(SUQ2n + 1)) = Zs12,,+1), We obtain that
e4n+3 is C-cyclic for even n. Hence, by (2.9), (1.68), and (2.74), the element V4,43
is C-cyclic for even n as well. Because gy = {V, &} = (Z,)? [85, Theorem 7.1], this
yields (6).

Notice that (2.9) and (2.74) imply the C-cyclicity of the elements: 1g,+7Kg,+3,
V81 +7E8n+10» n§n+7k3n+g, and vg,+708,410. Further, recall from [49] that 73, =
{ni,03} = (Z»)* and 73, = {ek,v3} = (Z,)*. Then, (2.33) and (2.27) lead to (7)
for k = 28,29 and n > 2, and the proof is complete. m|

Now, we consider the case of the quaternionic projective space. By
[23, Theorem 1], we obtain

G,HP")Y=0 for n>1

proved in [19,39] and [40] as well.
By Proposition 2.30(1);(4) and Chap. 1,

G (HP")=0 forn>1landk =5,6;
G (HP") =0 forn>3andk = 12,13.
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We recall the group structures 74, +5—1(Sp(n)) for —1 < k < 6 from [14], [46,
App. A, Table VII, Topology, p. 1746], [50], and [55]:

Tan—2(Sp(n)) = 0; w4n—1(Sp(n)) = Z:

0 for even n,
an (Sp(n)) = { Z, for odd n;
0 for even n,
Tan+1(Sp(n)) = % 7, for odd n:
Z@n+1y for even n,

n+2(S =
Tan+2(Sp(n)) {ZZ(ZnJrl)! for odd n;

Tan+3(Sp(n)) = Zy;

Z,)?* for even n,
misa(Sp) = | G2 r oen
Z4n+2) ® Zy for even n;

Tan+5(Sp(n)) = { Zan+t2) for odd n.

Write 64, for a generator on m4,—1(Sp(n)). Then, [55] yields

2n + 1)'tyy4+3 for even n,

0 =
p*( 4n+3) { 2(21’! + l)!L4n+3 for odd n.

Denoting w, = w,u and making use of the exact sequences (SHy, ;) for k =
2,3,4,5,(2.9), [50,55], [85, Proposition 1.8], and the results above, we obtain:

Lemma 2.48.

{Osn—1Man—1} = Zy fork = 0and odd n,
{Osn—1ms,_ 1} = Lo fork = 1and odd n,
{wn} = Zont1y fork =2 and even n,
{wn} = Zoguty fork =2 and oddn,
Tan+k (Sp(n)) = { {AwpNant2} = Zo fork =3 and anyn,
{wni,n 0} = (Z)? fork = 4 and even n,
{wy 77%,,+2} =7 fork = 4 and odd n,
{wnvj;l+2,a774n+4} = Z@4n+2) B Ly for k = 5 and even n,
{wy v;:H} = Zoan+2) fork = 5and oddn,

where @ € —{wy, 2n + 1)\t4n42, Nan+2} with ix (@) = O4y—1 © Nan—1.
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Further:

@2n + 1)! for even n,
2(2n + 1)! for odd n;
2. ﬁAHU]Zn+3 =2fork =1,2;

3. fAmvy = (24,0 +2).

1. fAmt4py3 =

By Lemma 2.48(3), we get that
(24,n +2)v;, 5 is H-cyclic. (2.78)

By Lemmas 2.2, 2.33(1), and 2.48(1);(3), we obtain:

Q2n + DY, 74n3(S¥"13) for even n,
221 4 DYy an3(S*3) for odd n;
2. Gk(HP") 2 (24.n + 2)yuv) 3 o m(S*"TO). In particular, we derive

Ginis(HP") D (24,1 + 2)Yu o Tans6(ST3) = Z(2424+2) forn > 2.

Theorem 2.49. 1. G4, 3(HP") D

Observe that Theorem 2.49 improves [40, Corollary 2.7]. Namely, we obtain:

Corollary 2.50. 1. Gy, o(HP™) = 0 and Gy, ,o(HP"™) = yy,i1, 780410
(S¥*7) for n # 0 (mod 3).

2. Gy a(P") = T4y 1a(S*+3) for n = 5,9 (mod 12) with n > 5 and
n = 15,23 (mod 24).

Proof. (1) is a direct consequence of Theorem 2.25(4) and Theorem 2.49(2).
We know from [56] and [57] that

Zg for n =1 (mod 4) and n > 5,
S ~
T[4n+13( p(n)) Z(123’4(,1_3)) for n =3 (mod 4)

So, for n satisfying (24,n +2) = 1,n = 1 (mod 4), or n = 7 (mod 8), in view of
(1.138), (2.9), and (2.78), we obtain

Auant3 = (Amtan+3) © Cantr € {Wn, Vang2, Oants) 0 1604, 413

C m4n+13(Sp(n)) o 1614413 = 0.

Because 74,+13(Sp(n);2) = may413(Sp(n)), Lemma 2.33 leads to (2) and the
proof is established. O

By the use of the exact sequence (SH7,), Lemma 2.48(2), and the fact that
m12(Sp(2)) = {irmes} = Z, [54, Theorem 5.1], we obtain

Apnn = ir més.
Then, by the relation (1.71)(2), we get:
Example 2.51. Glg+k(HP2) ) {szllf1011+k} ~ 7, fork =1,2.



2.7 Gottlieb Groups of Complex and Quaternionic Projective Spaces 97

The result [33, (2.10)(b)] implies
DPnswn = £(n + l)v;;_l, where p, = p,mandn > 2. (2.79)

Then, we obtain:
Lemma 2.52. The elements 1i6p—1K16, are H-cyclic forn > 1.

Proof. By (2.24) and (2.25), it holds
{V,%v 2‘n+6» Kn+6} > r)n’zn+l (mOd GnKn+7) for n > 9.

By Lemma 2.48(3), ﬁ(w4nv1‘2n+2) = 2(12,2n + 1). So, we can define the Toda
bracket

{0anV1k, 42,212,200 + Dtignss, Kionts} S Tient20(Sp(4n)).

In view of (2.24) and the fact that nllg,?izso = {P16n+5> NM6n+5K16n+6}, We have
16n+5 .
(Wi,_) T o mien S, = 0. Hence, by (2.79), we obtain

Pansd®anvis, 100 2(12,20 4+ Disengs. kien+s} S {(Wig,—) 7. 2(12,2n + 1)

U6n+5: Ki6nts) D Nen—1K16n (MOd 0164 1K16n46)-
Then, the relation 016,—1K164+¢ = 0 for n > 1 [49, Proposition 7.2] yields

+ -
Pansd®anVig, 10, 212,20 + Dt16n+5, K16n+55 = Nen—1K16n-

This completes the proof. O
We show:

Corollary 2.53. G, ., (HP"™") = yy, 1, 716044 (S'" 1) for k = 20, n > 1
andk =21, n > 2.

Proof. By Corollary 2.2, (2.29), and (2.78), the element E?(Av3;) = VisVig+viséis
is H-cyclic. Further, (2.33) and (2.78) yield Agoiy,_, = 0 and Lemma 2.52 implies
Aur(Ni6n—1K16n) = 0.

By means of (2.78), we get that vg,— 03,42 is H-cyclic. In view of (2.9), (2.28),
and Lemma 2.52, it holds Ag(n7s,_ Ki6n+1) = Au(Misn—1K160)N6n+19 = O.

This, Lemma 2.33, and the group structures of 76,14 (S'®"~") fork = 20,n > 1
and k = 21, n > 2 [49, Theorems A and B] complete the proof. O

Finally, we show:
Proposition 2.54. 1. G g(HP?) 2 40y,,715(S');
2. Gy (HP?) D 2y, 721 (S1);

3. Gy (HP?) D 8y, (S") = Zgs;
4. Gp(HP?) D 4y, 7 (S'%) = Zg.
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Proof. By [54, Theorem 5.1] and [55, Lemmas 3.1-4], we see that:

. Ker{Ag : m13(S") — m17(Sp(2))} = 40m15(S™);
. Ker{Ag : 151 (S") = m20(Sp(2))} = 27121 (S");
. Ker{Ag : 15(S") = m21(Sp(2))} = 8m22(S");
. Ker{Ag : 15(S"”) = m21(Sp(3))} = 41 (SP).
Hence, by Lemma 2.33(1), we obtain the assertion and this completes the proof.
O

AW N —

We close this section with:

Question 2.55. What about G (HP") N igy Emi—1(S?)?

2.8 The Case of the Cayley Projective Plane

Let the homotopy cofiber KP* = S8 U_+ e'6 of the map o : S5 — S® be the
8

Cayley projective plane and write ig : S® — KP? for the inclusion map. By [23,
Theorem 1], we obtain

Gs(KP*) =0

proved in [19] and [40] as well.
We recall the fibration

p: Fy —> F,/Spin(9) = KP’

and the induced exact sequence:
2. Ak . ix P
v — 1, (KP ) — 1,1 (Spin(9)) —>m,—1 (Fy)—> -+ . (2.80)

Since n7(Fy) = 0, m7(Spin(9)) =~ Z and ]Tg(KPZ) ~ Z [51, p. 132, Table], it
follows that

Ax : 15(KP?) —> 7:(Spin(9))

is an isomorphism.

Identifying m,(Spin(9)) with ,(SO(9)) for n > 2, we may set Ag(ix) =
+(t7]o. Then, in view of (2.9), we have Ak (ix Ea) = %[i7]o for o € m,—1(S7)
which implies:

Lemma 2.56. If 7r;, (Spin(9)) is a 2-primary group and p is an odd prime then
ik Eme(S7: p) S G (KP?).
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The groups m, (KPZ) have been determined in [51] for n < 23 and m,, (KPZ; 2)
forn < 38in [29]. Let

Y =S Uprostar €2

be the homotopy cofiber of the map 0’01y + o : S?' — S, where Ea/ =
[[ts,ts], ts] # O (1.4). By [51, Proposition 7.1], the 2- and 3-primary components
of , (KPZ) are obtained by determining 7, (Y) for n < 28, and the cell complex
Y is the 28-skeleton of Q(KP?).

Recall from [85, Chap. I] that amap f : EX; — X, determines Q¢ f : X; —
Q X, defined by Q¢ f = (f) oi, wherei : X; — Q(EX)) is the adjoint map of
idgy,. Thus, we get the factorization

§T M oK P?)
P 7
iy e
o 7
Y. (2.81)
Further, the associated with Y sequence
o ) L () B (82) S m i (87) > (2.82)

is exact for k < 27 [51, (7.6)], where iy : S7 — Y and py : ¥ — S?? are the
inclusion and quotient maps, respectively. We need:

Lemma 2.57. 1. 7,(KP?) = ix Emy1(S7) = mo_1(ST) forn < 21 orn =
25,27,28;

2. n(KP?) = igalks) = Zys and ix(Ec")oy5 = 0;

3. 13(KP?) = {8z} @ ixa{Ep"™ . Es. (E0")e1s} = Z @ Lo @ (Z)?, where
8[22 (S {iK, (EOJ)O'15, 8[22}1 and iK(EO'/)S]S = iK(EO'/)l_)15,'

4. 7'[24(]KP2) = Z'K*{(EO/)/,Lls,pLgUn, 7}859} = (Z2)3 and iKngég = iK(EO'/)VISS =
ix(Ec’)(mse16 + 01513,) = ik (E0’) 156165

5. there is the short exact sequence

0—>Zu®Z, — T[Z()(KPZ) — Zos — 0
and 7T26(KP2;2) = {7)“19,1722} >~ 7, ® Z64f0r Uy € {iK, (EO'/)O']S, 1)22} with

8y = E’ZiK§SUI9y'
6. Jng(KP ;2) = {1~)22V26, iKNgK9, iK(EU/)K15} ~7,® (Zz)z.
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Proof. First, the homotopy exact sequence
iR ?
oo 1, (8% B 1, (KP?) - 1,(KP?,SY) S 7,01 (SY) — -+

of the pair (]KPZ, S®) and (1.27)(3) implies ix4 Em,—1(S7) € m, (KPz). Blakers—
Massey theorem leads to isomorphism 7, (KPZ, S S 7, (S'°) for n < 23. Hence,
those yield nn(KPZ) =g Emy_1(S7) = m,_1(S7) forn < 21.

Next, we make use of (2.82) to describe the groups 7, (KPZ) forn = 23,24, 26.
By Blakers—Massey theorem, 72, (Y,S7) = Z and m23(Y,S7) = m3(S??). Since
(0’014 + @' )na1 = o'(V14 + €14), we obtain the group m,(Y). Further, in view of
(2.82), we have A(t2)2) = 0'014. Because idy is regarded as an extension of the
inclusion map iy : S — Y, [85, Proposition 1.7] yields a coextension —gt; €
{iy, 0’014, 8121}. On the other hand, in view of the factorization (2.81), the result
[85, Proposition 1.3] leads to the formula

—Qofix, (Eo’')o15, 8t} = {iy,0 014, 8121}

which yields the corresponding coextension 8ix € {ix, (Ecd’)o1s, 812} generating
the direct summand Z of the group 7,3 (KPZ).

By the parallel argument, we have the group m3(Y) and the assertions for
n = 23, 24 follow.

We know that 6(S??) = 0, m25(S7) = Zny @ Zy, m25(S*?) = Zoy4, and the
relation (07014 + o')vo; = 0 (1.85). So, the short exact sequence (2.82) leads to the
short exact one

0 — Zos ® Z — 16(KP?) = Zos — 0
and, as above, to a coextension Dy, € {ig, (Eo’)o1s, V2y}. In view of (1.65),
8{ix, (Ec")o15, v} = —ig+{(E0")015, V22, 825} 2 —ix (E0’){015, V22, 8125} >

—ix(Ec’){15 = xix{3019 (mod 8ik .7l = 0) for x as in (1.65). Consequently, we
derive that 8Dy, = £ig{g019 and (5) follows.
(6) is determined by [29, Theorem 5.3] and the proof is complete. O

Now, we show:

Lemma 2.58. 1. Ker{E® : 7,_1(S7) — mu7(S™)} € (ixE);'P,(KP?). In
particular, ix E(c'a) € P, (KP?) provided that o = 2 for o € mld

2. Ifi(ig(Eo’)(E¥a)) = 2" withm > 0 for o € z]_, then 2Xix (Ea) ¢ P,(KP?%)
provided that k < m.
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Proof. (1) is obtained from the formula parallel to (2.59). (2) follows from the
formula

*+ [ik(Ea),ix] = ix(Eo")(E*a) (2.83)
determined by Lemma 1.2(2) and (1.22) for @ € m,_;(S). O
Hence, we deduce:
Corollary 2.59.
l'KE(OJnM) fOl’ n =16,
ixE(0'n3,) for n =117,
ix E(c'vi4) = xig E(v7010) for an odd integer x and n = 18,
ix E(V7v15) for n =19,
Pn(KPZ) > iKE(V70'10U17) for n =21,
iKE(f)7v125) for n =22,
iKE(U/814) = iKE(U/I_)14) for n = 23,
I'KE(OJ,LLM), iKE(n7§g) fOl’ n = 24,
ix E(0'napt1s) for n =25.

Proof. Because, by Lemma 2.57(3), ix E(0’e14) = ixE(0'v14) and E*¢c’ = 209
(1.22), Lemma 2.58(1) leads to:

ik E(0'n14) for n =16,
ixE(o'n?,) for n=17,
P” (KP2) =l iKE(U/814) = iKE(U,I_)14) for n =23,
ix E(0'p14) for n = 24,
ix E(0'n14/415) for n = 25.

By means of (1.82), ix E(0'v14) = xig E(v7010) for an odd integer x. Hence,
(1.84) and Lemma 2.58(1) lead to ix E(0'v14) = xig E(v7010) € Plg(sz). Next,
Lemma 2.58(1) and the relation (1.129) yield ig E(b7v15) € P]g(KPZ). Because
ixE(vi010) € P]g(KPz), in view of Corollary 2.2, the element ix E (v7019v17) €
P21(KP2). In virtue of (1.84) and (1.107)(1), Lemma 2.58(1) leads to ix E(n7&3) €
P,4(KP?) and the proof is complete. O

Next, we show:

Theorem 2.60. 1. P,(KP?) = 0 forn = 9,10, 12,13, 14, 20;

2. Gll(KPZ) = Pll(KPZ) = 87T11(KP2) = Z3,‘

3. 8m15(KP?) € Gy5(KP);

4. i E{0'ma} € Pi6(KP?) C iy E{0" s, 703}

5. ikx E{o'n7,} < Pi(KP?) ik« E{0'n,, v3 + n7es} = ik« E{0'n14, 1708} 0
Ni6s
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6. Sﬂlg(KPZ) - G]g(KPZ) - P]g(KPz) = Z'K*{Ugdll,ﬁ](g)} =~ Zo4s
7. P1o(KP?;2) = ig. E{D7vis} = Zo;

8. 2721 (KP%) € Gy (KP?) € Py (KP?) = 7y (KP?).

9. Py (KP?) = 275 (KP?).

Proof. The results about the lower bounds of P, (KPZ) are obtained in Lemma 2.58.
Since, by (2.75) and Lemma 2.57(1), =, (KPZ) ~ m,_(S) = 0 for
n = 12,13, 20, the assertion for n = 12, 13,20 of (1) follows.
By Lemma 2.57(1),

ix(Ed’)ms # 0, ig(Ea’)nis # 0,
iK(EO'/)VIZS = iKV8O'11V18 7& 0.

This and Lemma 2.58(2) lead to the assertion for n = 9, 10, 14 of (1).
Then, by the facts that ml(KP2) = iK*{v;} >~ Zos Lemma 2.57(1),
m10(Spin(9)) = Zg [51, p. 132, Table], Lemma 2.56 implies

ixe1 (8) € Gy1(KP?). (2.84)

Moreover, fi((ix (Eo’)vig) = 8 (1.82) and Lemma 2.57(1). This and Lemma 2.58(2)
yield Py (KP*;2) = 0, and (2) follows.

Because 714(S7) = {o'T} = Ziyo (2.75), we get 715(KP?) = {ix(Eo’'")} =~
Z120. Then, in view of Lemma 2.56 and Lemma 2.57(1), 87115(KP2) c GIS(KPZ)
which yields (3).

We recall from (2.75) that m5(S7) = {o'nmua4, 7,67} = (Z)*. By
Lemma 2.57(1),

m16(KP?) = igy E{0" N1, 97, 67}

Next, by Lemma 2.57(3), ix(Ec")v;5 = ix(Eo')e;s # 0 and (1.69)(1) yields
ixk(Eo’)(V15 + €15) = ix(Eo")(n15016) = 0. This leads to (4).
We recall from (2.75) that

m16(ST) = {o'n3,, v3, 7, nres) = (Zy)*.

By Lemma 2.57(4), iK(Ea/)v?S = iKT]gég 75 0, iK(EO’/),lL15 ;'é 0.

Then, by Lemma 2.58(2), i]Kvg g P17(KP2) and ixug & P17(KP2). Moreover,
by (1.69)(1) and (1.72), we obtain ix(Ec’)(mse16) = ix(Eo’)(vis) # 0 and
ix(Ec")(vis + miseis) = ix(Eo’)(015n3,) = 0. This leads to (5).

We recall from (2.75) that m7(S7) = {v7010, n7us, B1(7)} = Zos ® Z». By
Lemma 2.57(1),

mis(KP?) = ixy E{v7010. n7t8. B1(7)} = Zoy & Zs.
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Since m7(Spin(9)) = Zg ® (Z»)*> [51, p. 132, Table], Lemma 2.56 implies
ixB1(8) € Glg(KPZ). In view of Corollary 2.59, the element ix E(v7019) €
P.5(KP?). By Lemma 2.57(1) and the fact from (2.75) that

14(S7) = {0'n1apt1s, vikios 7, N7pso17} = (Zo)*,

we see that ix E(0'n14415) # 0 and, in view of Lemma 2.58(2), ix E(n7ug) &
P15 (KP?). This leads to (6).
Next, we recall from (2.75) that

nly = {47, Dpvis} = Zs @ Zo.

But, ix(Eo’)1s = xiglgope for x as in (1.65), and H(ix(¢3019)) = 8
(Lemma 2.57(5)), so Lemma 2.58(2) yields 2Xix (E¢7) & P]g(KPz) with k < 3.In
view of Corollary 2.59, the element ig E (V7v5) € PIQ(KPZ) and this leads to (7).

By Lemma 2.57(1) and the fact from (2.75) that m(S’) = {v,o10v17,
Ol1(7),31(10)} ~ Ze, We obtain 7T21(KP2) = iK*{VgO'lll)m,Ol1(8),31(11)}. In view
of (2.84), we get

ixa1 (8)B1(11) € Gay (KP?)

and, by means of Corollary 2.59, the element i E (v7010v17) € Pa (]KPZ). Those
lead to (8).

Recall n22(KP2) = {igks} = Z4 Lemma 2.57(2). By Lemma 2.57(6) and (2.83),
likks, ixk] = ix(Eo’)k1s # 0. Hence, in view of (1.109) and Corollary 2.59, (9)
follows and the proof is complete. O

We show:

Proposition 2.61. If i(09E°x) = m > 1 fora € 7r]_, then k(ix Ect) & Ker{Ax :
7, (KP?) — 7,—1(Spin(9))} unless k = 0 (mod m).

Proof. Suppose that Ak (kigx Ea) = 0 with k # 0 (modm) for (09 E°x) = m.
Then, 0 = kJAx(ix Ea) = +kJ([17]oa) = £kooEa leads to a contradiction.
O

Using (2.75), we obtain:
Example 2.62. The following o € ”;Z—l subject:

1. (o9 E’a) = 2 for: a = 17, 03, v2, 708, V7, €7, V3, k7, N7€8, N7/ks V7K105 17,
H70165
2. #(09E°a) = 8 for: o = vy, 07, &7.

Owing to Example 2.62 and Theorem 2.60, we propose:
Question 2.63. G,(KP*;2) = 0?
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