Latent Low-Rank Representation

Guangcan Liu and Shuicheng Yan

Abstract As mentioned at the end of previous chapter, a key aspect of LRR is
about the configuration of its dictionary matrix. Usually, the observed data matrix
itself is chosen as the dictionary, resulting in a powerful method that is useful for
both subspace clustering and error correction. However, such a strategy may depress
the performance of LRR, especially when the observations are insufficient and/or
grossly corrupted. In this chapter we therefore propose to construct the dictionary
by using both observed and unobserved, hidden data. We show that the effects of the
hidden data can be approximately recovered by solving a nuclear norm minimization
problem, which is convex and can be solved efficiently. The formulation of the
proposed method, called Latent Low-Rank Representation (LatLRR), seamlessly
integrates subspace clustering and feature extraction into a unified framework, and
thus provides us with a solution for both subspace clustering and feature extraction.
As a subspace clustering algorithm, LatLRR is an enhanced version of LRR and
outperforms the state-of-the-art algorithms. Being an unsupervised feature extraction
algorithm, LatL.RR is able to robustly extract salient features from corrupted data, and
thus can work much better than the benchmark that utilizes the original data vectors as
features for classification. Compared to dimension reduction based methods, LatLRR
is more robust to noise.

The contents of this chapter have been published in 2011 IEEE International Conference
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1 Introduction

We would like to begin with the case where the data is noiseless, which is relatively
easier to work with. In general, LRR aims at finding the lowest-rank representation
among all the candidates that can represent the data samples as linear combinations
of the basis in a given dictionary:

mZin 1Z]ls, s.t. Xo =AZ,

where X denotes the observed data matrix (each column vector is a data sample), A
is the dictionary and ||-||,. denotes the nuclear norm [2] of a matrix, i.e., the sum of the
singular values of the matrix. For subspace clustering, the observed data matrix itself
is usually used as the dictionary [3-5], resulting in the following convex optimization
problem:

mzin 1Zl,, s.t. Xo = Xoz. (1)

When the subspaces are independent, the data is noiseless and the data sampling
is suﬁﬁcient,1 Liu et al. [3, 4] show that the optimal solution, denoted as Z“g, to
the above problem is the widely used Shape Iteration Matrix (SIM) [6], which is a
“block-diagonal” affinity matrix exactly indicating the true clustering of the data.
To handle the data corrupted by noise, LRR adopts a regularized formulation that
introduces an extra regularization term to fit the noise.

However, previous LRR methods [3-5] suffer some issues caused by directly
setting the dictionary A as the observed data matrix Xo.> First, to enable the ability
of representing the underlying subspaces, the dictionary (A = Xp) must contain
sufficient data vectors sampled from the subspaces. Otherwise, Z, = I (I denotes
the identity matrix) is probably the only feasible solution to (1) and thus LRR may
fail. So, one cannot use Xp as the dictionary to represent the subspaces if the data
sampling is insufficient.> Second, in order to achieve robust clustering, LRR requires
that sufficient noiseless data is available in the dictionary A, i.e., only a part of A

1 Let Xp be a set of samples drawn from a union of k subspaces {.%; }f-‘=1, each of which has a rank
of r;. Suppose Xp = [X1, X2, ..., Xi] and X is the collection of n; samples from the ith subspace
.%;, then the sampling of Xy is sufficient if and only if rank (X;) = r;, Vi.

2 Most recently, some methods (e.g., [7]) propose to automatically learn the dictionary A for low-
rank representations.

3 It is worth noting that the methods based on Sparse Representation (SR) (e.g., [8]) also suffer this
issue.
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is corrupted. While A = Xy, this assumption may be invalid and the robustness of
LRR may be depressed in reality.

To resolve the issue of insufficient sampling and improve the robustness to noise,
we consider the following LRR problem:

mzin IZlls . s.t. Xo = [Xo, XHlZ, )

where the concatenation (along column) of Xp and Xp is used as the dictionary,
Xo is the observed data matrix and Xg represents the unobserved, hidden data.
The above formulation can resolve the issue of insufficient data sampling, provided
that A = [Xp, Xy] is always sufficient to represent the subspaces. Let Za  be the
optimal solution to the above problem and Zp, ,; = [Z ZI 0 Z’;{lo] be its row-wise

partition such that Z *OI y and Z}‘;lo correspond to Xp and Xp,* respectively, then
Z EI g 18 a nontrivial block-diagonal matrix that can exactly reveal the true subspace
membership even if the sampling of X is insufficient. Note here that LRR actually
only requires the sampling of the dictionary being sufficient (see Theorem 3.2 of
[3]). Moreover, as we will see, the consideration of the hidden data can improve the
robustness of LRR. With these motivations, we study the problem of recovering the
affinity matrix Z ZI y by using only the observed data Xp. More concretely we study
the following “hidden effects recovery” (i.e., recovery of the effects of the hidden
data) problem.

Problem 1 (Hidden Effects Recovery) Given an observed data matrix Xop, our goal
is to recover Z *OI g in the absence of the hidden data Xp.

Without imposing any restriction on Xp and Xy, the above problem is “ill-posed”,
because Zzl g is computed in the presence of both Xp and Xg. So we study the
problem in the setting where all the data, both observed and hidden, are sampled
from the same collection of low-rank subspaces. In this case, we show that the hidden
effects can be approximately recovered by solving a nuclear norm minimization
problem, which is convex and can be solved efficiently. For clarity, we call this
recovery method as Latent Low-Rank Representation (LatLRR). The solution of
LatLRR could be regarded as an “enhanced” version of LRR, where the enhancement
is made by the hidden data. Since it not only inherits the advantages of LRR but also
includes the hidden effects, LatLRR is more accurate and robust than LRR as a tool
for subspace clustering. Moreover, the formulation of LatLRR naturally integrates
subspace clustering and feature extraction [9] into a unified framework, and thus also
provides us with an algorithm for feature exaction.

4 For n observed data vectors, Z Og is ann x n matrix that contains the pairwise affinities among

the observed data vectors. We adopt the symbol Z ’5‘ 7 just because the affinity matrix depends on
both Xp and Xj.
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2 Problem Statement

Problem 1 only describes the hidden recovery problem for noiseless data. More
precisely, this chapter addresses the following two hidden effect recovery problems.

Problem 2 (Noiseless Data) The same as Problem 1.
Further, we define the hidden effects recovery problem for corrupted data as follows.

Problem 3 (Corrupted Data) For the following LRR problem (noisy case)

min | ZIl, + 2 |1 Eli . st Xo = [Xo. XulZ + E, 3)

where || - |1 is the £1-norm for characterizing the sparse noise E. Suppose Zj, ,; =
[Z’B‘ 0 Z}‘ﬂo] is the optimal solution (with respect to the variable Z) and Z’g‘ s
the sub-matrix corresponding to Xp, then our goal is to recover Z *OI y by using only
the observed data Xo.

3 Recovery of Hidden Effects by LatLRR

In this section we abstractly present our Latent Low-Rank Representation (LatLRR)
method for addressing the problem of hidden effects recovery. For ease of understand-
ing, we also present some clues of using LatLRR to perform subspace clustering.
The detailed applications to subspace clustering and feature extraction are deferred
to Sect. 4.

3.1 A Basic Observation

In order to recover the hidden effects, it is necessary to explore the minimizer to
problem (2). Based on the theorems introduced by Liu et al. [3], we have the following
theorem.

Theorem 1 Given any matrices Xo (Xo # 0) and Xy, the minimizer to problem (2)
is unique and has the following closed form:

Zoy =VoVy and Zi o =VuVj. (4)
where Vo and Vi are calculated as follows: Compute the skinny Singular Value

Decomposition (SVD) of [Xo, Xg), denoted as [Xo, Xyl = U X vT, and partition V
as V = [Vo; Vi) such that Xo = UX Vol and Xy = UX Vy!.
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Proof By the definition of skinny SVD, it can be calculated that the constraint Xp =
[Xo, XH1Z is equal to UxVol =UXVvTZ, which is also equal to vl =vTZ. So
problem (2) is equal to the following optimization problem:
mZin 1Zll,, st. VE=vTZ.
By Lemma 3.3 of [3], problem (2) has a unique minimizer
Zhy=VVy =[VoVE: VuV{l,

which directly leads to the conclusions in (4). U

3.2 Recovering Hidden Effects by Convex Optimization

3.2.1 Noiseless Data (Problem 2)

In general, it is impractical to exactly recover Z *OI y by using only the observed data
Xo. Nevertheless, it is possible to obtain an approximate recovery by analyzing the
properties of the hidden effects. By Theorem 1, we have
Xo = X0, XulZpy = XoZpyw + XuZyo
=XoZpy + XuVuVy
=XoZpy +UZViVV)
=Xo0Zyy +USViVEE U X0,

Let Ly, = U VIV Z~1UT, then the hidden effects can be described by a
simple formulation as follows:

Xo = XOZ*O|H + L*H|0X0'

Suppose both X and X are sampled from the same collection of low-rank subspaces,
and the union of the subspaces has a rank of ». Then it can be derived that

rank (ZB‘H) <r and rank (L}}lo) <r.

Sg k?oth Z{y and L7 should be of low-rank and we may recover Zp, ;; by mini-
mizing
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min  rank (Zoju) +rank (Lgj0),
ZoH-Lujo

s.t. Xo =XoZo\n + LujoXo-

As a common practice in rank minimization problems, we relax the rank function as
the nuclear norm, resulting in the following convex optimization problem:

min | Z] + L], st X = XZ+LX. (5)

Here, for ease of presentation, we simplify the symbols by replacing X, Zg|y and
Luo with X, Z and L, respectively. Suppose X is of size d x n, then Z and L are
n x n and d x d, respectively. One may have noticed that there is no parameter in
(5) to balance the strengths of Z and L. This is because the strengths of the two parts
are balanced automatically.?

Let the minimizer to problem (5) be (Z*, L*), then Z* is an approximate recovery
to Z z‘  (Problem 2). To verify, we present an example as the following.

Example 1 We construct 10 independent subspaces {5”,-}}21 whose basis {U,-}l.lg1
are computed by U;j+1 = TU;, 1 <i <9, where T is a random rotation and U is a
random column orthogonal matrix of dimension 200 x 10. So each subspace has a
rank of 10. We construct a 200 x 90 data matrix Xp = [X1, ..., X10] by sampling
9 (which is smaller than the rank of the subspaces) data vectors from each subspace
by X; = U;C;, 1 <i < 10 with C; being a 10 x 9 i.i.d. .47(0, 1) matrix. Then we
obtain a 90 x 90 affinity matrix (identified by Z*) by solving (5). To simulate the
hidden effects, we also construct a 200 x 50 hidden matrix Xy by sampling 5 data
vectors from each subspace. Figure 1 illustrates that our formulation (5) does make
sense for recovering the hidden effects.

3.2.2 Corrupted Data (Problem 3)

In Problem 3, it is not easy to give a theoretical analysis to the hidden effects.
Nevertheless, since Problem 3 is generalized from Problem 2, it could be regarded
that the conclusions in the above section are approximately valid for corrupted data.

5 To measure the individual strengths of L and Z in problem (5), we consider the following two
optimization problems:

mZin 1Z],, st. X =XZ,

whose minimizer is assumed to be Z}, and

rnLin IL|l,, s.t. X = LX,

whose minimizer is assumed to be L} . By Corollary 3.3 of [3], it can be concluded that H z ||* =
rank (X) = rank(XT) = || Lz ||* So the strengths of L and Z in (5) are balanced naturally.
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Fig.1 Illustrating the recovery of the hidden effects. a The block-diagonal affinity matrix identified
by Z zl > Which is obtained by solving problem (2). b The affinity matrix produced by LRR. Since
the data sampling is insufficient, Z = I is the only feasible solution to problem (1). ¢ The affinity
matrix identified by the minimizer (with respect to the variable Z) to problem (5)

So it is adequate to recover the hidden effects by solving the following convex
optimization problem:

in |Z Lll,+ X IE
i 121+ DL+ A E ©
st. X =XZ+LX+E,

where A > 0 is a parameter and ||-||; is the £1-norm chosen for characterizing sparse
noise. When & — 400, the solution to the above problem identifies that of (5). So
(6) is a generalization of (5). The minimizer Z* (with respect to the variable Z) is a
recovery to Z*(‘)‘ y (Problem 3). So Z * could be regarded as an “enhanced” lowest-
rank representation and LatL.LRR may be more robust than LRR as a tool for subspace
clustering. To see this, we refer to the following example.

Example 2 'We sample 200 data vectors from 5 independent subspaces constructed
in a similar way as in Example 1. Since all the subspaces have a rank of 10 and we
sample 20 data vectors from each subspace, the data sampling is sufficient in this
example. Some entries are randomly chosen to be corrupted by using large Gaussian
noise. After obtaining the affinity matrix identified by Z*, we use Algorithm 2 of [4]
to segment the data into 5 clusters and observe the clustering accuracy at each noise
level. Figure 2 illustrates that LatL.RR is more robust than LRR as a tool for subspace
clustering, i.e., the robustness of LRR can be improved by taking the hidden effects
into account.

An intuition underlying the phenomenon in Figs. 1 and 2 is that LatLRR actually
provides a way to reconstruct a data matrix X from two directions: column (XZ) and
row (LX). When some data points are missed, i.e., some columns are missed, it is
helpful to make use of the reconstruction along row. By combining both directions,
LatLRR can defend missed points and be more robust against noise.
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Fig. 2 Illustrating that the robustness of LRR can be improved by considering the hidden effects.
We plot the clustering accuracies (averaged over 20 runs) across the entire range of noise for the two
methods. It can be seen that LatLRR consistently outperforms LRR. Here, the clustering accuracy
is the percentage of correctly grouped samples [4, 8]

3.3 Solving the Optimization Problem

Since problem (6) can fall back to problem (5) by setting the parameter A to be
relatively large, here we just present how to solve problem (6), which is convex and
can be optimized by various methods. We first convert it to the following equivalent
problem:

min J S MEI|,
o in_ I+ ISN + ANEN

st. X=XZ+IX+E, Z=J,L=S.

This problem can be solved by the Augmented Lagrange Multipliers (ALM) [10]
method, which minimizes the following augmented Lagrange function:

10+ 181+ AEN -+t (Y] (X —XZ— 1X — B))
tur (Y{ (Z — J)) Fur (Y3T(L - S))

"
+5UX —XZ - LX - EI2+1Z = JI% + L — SI%),

where tr (-) and ||-|| p denote the trace and Frobenious norm of a matrix, respectively.
The above problem is unconstrained. So it can be minimized with respect to J, S, Z,
L and E, respectively, by fixing the other variables, and then updating the Lagrange
multipliers Y7, Y> and Y3, where i > 0 is a penalty parameter. The inexact ALM
method, also called the alternating direction method, is outlined in Algorithm 1. Its
convergence properties are similarly as those in [10]. Notice that Step 1, Step 2 and
Step 5 all have closed-form solutions. Step 1 and Step 2 are solved via the Singular
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Algorithm 1 Solving Problem (6) by Inexact ALM
Initialize: Z = J =0, L =S =0,E =0,Y, =0,Y, =0,Y3 = 0, u = 107°, max, =
10% p =1.1,and ¢ = 107°.
while not converged do
1. Fix the others and update J by setting

1 1
J =argmin —||J||x + = ||J — (Z + Y2 /10)l%.
J n 2
2. Fix the others and update S by setting
N in L[Sl + 21IS — (L + Y3/l 2
= min — =15 = .
arg s « 15 3/ F

3. Fix the others and update Z by setting
Z=@+X"X) ' XTX-LX-E)+J+ XY —Y2)/p).
4. Fix the others and update L by setting
L=((X-XZ-E)X"+5+WMXx" —v3)/m@+xx")~".
5. Fix the others and update E by setting

E =argmin 2 /p||Elli +05||E — (X = XZ — LX + Y1)/ 1ll%.

6. Update the multipliers by
Vi=V+puX-XZ-LX—-E), Lh=Y+w(Z-J), 3=Y3+ul —-S5).

7. Update the parameter i by
= min(pu, max,).

8. Check the convergence conditions:
X =XZ—LX - Ellc <& [IZ—=Jllooc <& |IL—Slloo <e.

end while

Value Thresholding (SVT) operator [11], while Step 5 is solved by the shrinkage
operator [10].

The major computation of Algorithm 1 is at Step 1 and Step 2, which require
computing the SVD of matrices. So the complexity of the algorithm is O (n3)+ 0 (d?)
(assuming X is d x n). However, it is simple to show that the complexity of LatLRR is
O(d*n+d?) (assume d < n). By Theorem 3.1 of [3], it can be seen that the optimal
solution Z* (with respect to the variable Z) to (6) always lies within the subspace
spanned by the rows of X, i.e., Z* can be factorized into Z* = P*Z7Z* where P* can
be computed in advance by orthogonalizing the columns of X7 . In a similar way, it
can be shown that the optimal solution L* (with respect to the variable L) to (6) can
be factorized into L* = L*(Q*)T, where Q* can be computed by orthogonalizing
the columns of X . Hence, problem (6) can be equivalently transformed into a simpler
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problem by replacing Z and L with P*Z and L(Q*)T, respectively:

min | Z|lx + L]« + A Elly, st. X = AZ+ LB + E,
Z,L.E

where A = XP* and B = (Q*)T X. Since the number of columns (or rows) of A
(or B)is atmostd, the above problem can be solved with a complexity of O (d Zn+d3)
by using a similar way as Algorithm 1. So LatLRR is quite scalable for large-size (n
is large) datasets, provided that the data dimension d is not high.

4 Experiments

In this section, we apply LatLRR for subspace clustering and feature extraction,
along with presenting our experimental results. In summary, let (Z*, L*, E*) be the
minimizer to problem (6), then we shall show that Z* and L* are useful for subspace
clustering and feature extraction, respectively.

4.1 Subspace Clustering

The affinity matrix identified by Z* has similar purposes as that of LRR. So we can
use Algorithm 2 of [4] to perform subspace clustering. Namely, we firstly utilize
the affinity matrix identified by Z* to define edge weights of an undirected graph,
and then use Normalized Cuts (NCut) [12] to produce the final clustering results. To
evaluate the effectiveness of LatLRR, we test it on Hopkins155 [13], which is a stan-
dard database for motion segmentation. This database contains 156 sequences each
of which has 39 ~ 550 data vectors drawn from two or three motions (one motion
corresponds to one subspace). Each sequence is a sole segmentation (clustering) task
and so there are 156 segmentation tasks in total.

Comparison to LRR. In order to demonstrate the advantages of considering
the hidden data, we compare all algorithms under the same setting. Namely, all
algorithms use the raw data without any preprocessing as their inputs and simply use
NCut to obtain the final segmentation results. Table 1 shows that LatLRR (A = 0.9)
achieves an error rate of 2.95 %, which outperforms LRR. One may have noticed that
the improvement is not very distinct. This is because there are 156 sequences in total
and LRR has achieved accurate segmentation results for most sequences, as shown
in Fig. 3. Actually, if we sort the segmentation errors in an ascending order and use
T-Test (type 1, tail 1) to do significance test, the improvement is significant with the
level of 1 %. This confirms the effectiveness of taking the hidden data into account.

Comparison to State-of-the-art Methods. The basic algorithm of LatLRR can
achieve an error rate of 2.95 %, which does not outperform the specific motion seg-
mentation algorithms. This is mainly due to the fact that Hopkins155 is consisting
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Table 1 Error rates (%) on Hopkins155

Comparison under the same setting

LSA RANSAC SR LRR LatLRR
Mean 8.99 8.22 3.89 3.16 2.95
Std. 9.80 10.26 7.70 5.99 5.86
Max 37.74 47.83 32.57 37.43 37.97
Comparison to state-of-the-art methods

LSA ALC SsC SC LatLRR
Mean 4.94 3.37 1.24 1.20 0.85

Besides of LRR, we also list the results of Local Subspace Analysis (LSA) [14], Random Sam-
ple Consensus (RANSAC) [15], Sparse Representation (SR) [3], Agglomerative Lossy Compres-
sion (ALC) [16], Sparse Subspace Clustering (SSC) [8] and Spectral Clustering (SC) [17]. Note
here that the core of SSC is SR, and the previous state-of-the-art results are directly quoted from
[8, 16, 17]

80 ‘
= [ JLRR
< 60 I LatLRR -
&
g 40r g
[7]
o
5 20f g
o
1 | e— ﬁ\. 1
<3% 3%~5% 5%~10% 10%~20% >20%

Fig. 3 The distribution of the error rates on Hopkin155. It can be seen that LRR has achieved error
rates smaller than 3 % for most sequences

of 155 sequences with different properties, including the data dimension, number
of data points and noise level. As can be seen from Fig. 3, the error rates on some
sequences (about 10) exceed 20 %. For more accurate and reliable motion segmen-
tation, we utilize some techniques used in [17] as follows. First, since the affinity
matrix Z* obtained by solving problem (6) is asymmetric, we convert it into a Positive
Semi-Definite (PSD) matrix Z} by solving

1= argmin [ Z + o I Ell,
1

S.t. Z*ZZl—l-E,Zl >0,

where Z1 > 01is the PSD constraint and « is set to be 0.8. The above problem can be
efficiently solved in a similar way as [5]. This transformation step does not improve
the performance largely and is actually preparing for the following two steps Second,
as in [17], we decompose Z into Z} = 007 and define G = (QQ7T)2, where Q
is Q with normalized rows. This normalization operator, which is equal to replacing
inner product similarities with cosine similarities, can reduce the error rate to 1.86 %.
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Third, like [17], we use G# (B = 2) as the affinity matrix for spectral clustering,
obtaining an error rate of 0.85 % (Std. =2.58 %, Max =19.03 %).

4.2 Feature Extraction

Unsupervised feature extraction is a fundamental step in pattern recognition [9]. In
our LatL.RR method, the d x d (assuming the data is of dimension d) matrix identified
by L* may be useful for feature extraction. This heuristic idea has been verified by
our experiments. Namely, we experimentally find that L* is able to extract “salient
features” (i.e., notable features such as the eyes of faces) from data. After learning
L* from a set of training data, it is straightforward to generalize the learnt model to
fresh testing data. That is, for a testing data vector x, its transformed feature vector
y can be calculated by

y = L*x. (7)

Note here that the feature vector y has the same dimension as the original data vector
x. This is different from dimension reduction based methods.

Experimental Setting. We test LatLRR’s ability to extract salient features from
corrupted data, using Extended Yale Database B [18], which consists of 2,414 frontal
face images of 38 classes. Each class contains about 64 images. First, we randomly
split the database into training set and testing set, with the training set containing
1,140 images (30 images per class) and the testing set containing the rest 1,274
images. Second, we resize the images into 28 x 32, normalize the pixel values to [0, 1]
and use the normalized pixel values to form data vectors of dimension 8§96. Finally,
we use the K-nearest neighbor (K-NN) classifier (based on Euclidean distance) to
evaluate the quality of various transformed features.

Main Results. We compare LatLRR with the benchmark of “Raw Data” that
uses the original data vectors as features for classification. For comparison, we also
list the results of some popular dimension reduction methods, including Principal

Table 2 Classification accuracies (%, averaged over 20 runs) on extended yale database B

Raw Data|PCA |LPP |[NPE |NMF |LatLRR|LatLRR +

(317D)| (83D) | (325D) | (195D) PCA(400D) | LPP(52D) | NPE(400D)
I-NN|61.07  |61.54 |80.46|79.28 |84.69 |88.76 |87.28 87.60 82.18
3-NN|59.81  |60.03 |78.73/79.28 [84.07 [87.76 [85.95 87.13 81.71
5-NN|58.16  [58.54 [76.69[76.69 [82.58 [86.03 [85.87 85.56 80.85

Weadopt K-NN (K = 1, 3, 5) classifier to classify various features. The parameters of all algorithms
have been tuned to the best. For dimension reduction methods, the feature dimension is optimally
determined by testing all possible dimensions within 1 ~ 400. We only explore 1D ~ 400D just
because these dimension reduction methods have usually achieved the best performances before
400D
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*

X = XZ + LX + E

data = principal features + salient features + sparse noise

Fig. 4 Illustrating LatLRR’s mechanism of decomposing the data. Given a data matrix X, LatLRR
decomposes it into a low-rank part XZ* that represents the principal features, a low-rank part L*X
that encodes the salient features and a sparse part E* that fits noise. These examples are selected
from the training set

Component Analysis (PCA), Locality Preserving Projection (LPP) [19], Neigh-
borhood Preserving Embedding (NPE) [20] and Nonnegative Matrix Factorization
(NMF) [21]. Table 2 (left part) shows that LatLRR (A = 0.4) can largely outperform
the benchmark of “Raw Data”. The advantages of LatLRR mainly come from its
ability of automatically extracting salient features from corrupted data, as shown in
Figs.4 and 5. Figure 4 illustrates that LatLRR can also be regarded as a mechanism
for data decomposition. Namely, given a data matrix X, LatLRR decomposes it into
a low-rank part XZ* that represents the “principal” features,® a low-rank part L*X
that encodes the salient features and a sparse part that fits the noise. In particular, the
salient features correspond to the key object parts (e.g., the eyes), which are usually
discriminative for recognition. Also, Fig.5 shows that the learnt model (identified

6 We call the features represented by XZ* as principal features because they are visually similar to
PCA features. For a certain image, its principal features can be roughly regarded as its projection
onto the subspace that represents the image.
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Fig. 5 Some examples of using LatLRR to extract salient features from the testing images. Each
row is from the same class. For each group of images: (/eft) the testing image x; (right) the intensity
map identified by L*x

904
f —8—PCA
80%) —7—LPP
—6— NPE
70 b —p—NMF  H
—O— LatLRR

50

40

30

classification accuracy (%)

20 |

10

0 10 20 30 40 50
percentage of noise (%)

Fig. 6 Testing the robustness of various methods. The classification accuracy (averaged over 20
runs) across the entire range of noise for various methods. LatLRR and PCA are more robust than
the other methods

by L*) can generalize well to the testing data. So, LatLRR can achieve much better
classification performance than the benchmark of “Raw Data”.

The dimension of the feature vector produced by LatLRR is the same as the orig-
inal data. To improve computation efficiency, we could utilize dimension reduction
methods to process the features. Suppose P is a low-dimensional projection learnt
by using L*X as inputs for some dimension reduction methods, the reduced feature
vector y of a testing data vector x can be computed by y = PT L*x. Table?2 (right
part) shows the performance of applying PCA, LPP and NPE on the features pro-
duced by LatLRR. While reducing the feature dimension to 52D by LPP, we obtain
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a classification accuracy (1-NN classifier) of 87.60 %, which is close to the 88.76 %
obtained by using the 896D features.

Robustness to Noise. In order to test LatLRR’s robustness to the noise possibly
appearing in the testing data, we randomly choose some pixels to corrupt, e.g.,
for a pixel chosen to corrupt, its value is replaced by using a random value that
uniformly ranges from O to 1 (the pixel values have been normalized to [0, 1]).
Figure 6 shows that LatLRR is robust to such ad-hoc noise, performing better than
dimension reduction based methods.

5 Summary

This chapter studies a novel problem no people has ever investigated before; that is,
to recover the effects of the unobserved, hidden data in LRR. When all the data, both
observed and unobserved, are drawn from the same collection of low-rank subspaces,
we show that the hidden effects can be approximately recovered by solving a convex
optimization problem. The formulation of LatLRR seamlessly integrates subspace
segmentation and feature extraction into a unified framework, providing us with a
robust subspace clustering algorithm and also a robust feature extraction algorithm.
As a subspace segmentation algorithm, LatLRR could be regarded as an enhanced
version of LRR, and thus obtains more accurate segmentation results. Being an
unsupervised feature extraction algorithm, LatLRR can automatically extract salient
features from corrupted data so as to produce effective features for classification.

References

1. G.Liu,S. Yan, Latent low-rank representation for subspace segmentation and feature extraction,
in ICCV, pp. 1615-1622 (2011)

2. M. Fazel, Matrix rank minimization with applications, PhD thesis (2002)

3. G.Liu,Z.Lin, S. Yan,J. Sun, Y. Yu, Y. Ma, Robust recovery of subspace structures by low-rank
representation, CoRR (2010)

4. G.Liu, Z. Lin, Y. Yu, Robust subspace segmentation by low-rank representation, in /CML, pp.
663-670 (2010)

5. J. Sun, Y. Ni, X. Yuan, S. Yan, L.-F, Cheong, Robust low-rank subspace segmentation with
semidefinite guarantees, in ICDM Workshop on Optimization Based Methods for Emerging
Data Mining Problems (2010)

6. A.P. Costeira, Jo, T. Kanade, A multibody factorization method for independently moving
objects. IJCV 29(3), 159-179 (1998)

7. Y. Zhang, Z. Jiang, L.S. Davis, Learning structured low-rank representations for image classi-
fication, in CVPR (2013)

8. E. Elhamifar, R. Vidal, Sparse subspace clustering, in CVPR, vol. 2, pp. 2790-2797 (2009)

9. E.Micheli-Tzanakou (ed.), Supervised and Unsupervised Pattern Recognition: Feature Extrac-
tion and Computational Intelligence (CRC Press Inc, Boca Raton, 2000)

10. Z.Lin, M. Chen, L. Wu, Y. Ma, The augmented Lagrange multiplier method for exact recovery
of corrupted low-rank matrices. Technical report, UILU-ENG-09-2215, (2009)



38

11.

12.
13.

14.

15.

20.

21.

G. Liu and S. Yan

J.-F. Cai, E.J. Candes, Z. Shen, A singular value thresholding algorithm for matrix completion.
SIAM J. Optim. 20(4), 1956-1982 (2010)

J. Shi, J. Malik, Normalized cuts and image segmentation. TPAMI 22, 888-905 (2000)

R. Tron, R. Vidal, A benchmark for the comparison of 3-d motion segmentation algorithms, in
CVPR, pp. 1-8 (2007)

J. Yan, M. Pollefeys, A general framework for motion segmentation: Independent, articulated,
rigid, non-rigid, degenerate and non-degenerate, in ECCV, vol. 4, pp. 94-106 (2006)

M.A. Fischler, R.C. Bolles, Random sample consensus: a paradigm for model fitting with
applications to image analysis and automated cartography. Commun. ACM 24(6), 381-395
(1981)

. S.Rao, R. Tron, R. Vidal, Y. Ma, Motion segmentation in the presence of outlying, incomplete,

or corrupted trajectories. TPAMI 32(10), 1832-1845 (2010)

. F. Lauer, C. Schnorr, Spectral clustering of linear subspaces for motion segmentation, in /[CCV

(2009)

. K. Lee, J. Ho, D. Kriegman, Acquiring linear subspaces for face recognition under variable

lighting. TPAMI 27(5), 684-698 (2005)

. X. He, D. Cai, H. Liu, W.-Y. Ma, Locality preserving indexing for document representation,

in SIGIR, pp. 96-103 (2004)

X. He, D. Cai, S. Yan, H.-J. Zhang, Neighborhood preserving embedding, in /CCV, pp. 1208—
1213 (2005)

D. Guillamet, J. Vitria, Non-negative matrix factorization for face recognition, in CCIA, pp.
336-344 (2002)



2 Springer
http://www.springer.com/978-3-319-11999-1

Low-Rank and Sparse Modeling for Visual Analysis
Fu, . (Ed.]

2014, W, 236 p. 66 illus., 51 illus. in color.,, Hardcover
ISBN: 978-3-319-11999-]1



	Latent Low-Rank Representation
	1 Introduction
	2 Problem Statement
	3 Recovery of Hidden Effects by LatLRR
	3.1 A Basic Observation
	3.2 Recovering Hidden Effects by Convex Optimization
	3.3 Solving the Optimization Problem

	4 Experiments
	4.1 Subspace Clustering
	4.2 Feature Extraction

	5 Summary
	References


