
Chapter 2
Preliminaries

This chapter provides the reader with a workable definition of an input–output
system and the natural state. An input–output system is a causal mapping from an
input space of time functions to an output space of time functions. We set up metrics
on these spaces using seminorms referred to as fitted families. A wide class of fitted
families of seminorms are given by the weighted Lp spaces. By causality, an input
up to a time defines a mapping from future inputs to future outputs. This mapping is
the natural state. The natural state set is seen to be minimal and a metric is defined
on it.

The purpose of this chapter is to present the reader with a workable definition of
an input–output system and natural state. An input–output system is herein denoted
.Y; F; U / where F is a mapping from an input space U to an output space Y , and
where U and Y are translation-invariant spaces of vector-valued time functions.
The vector values of these time functions typically are <N ; N D 1; 2; � � � , but only
need to be Banach spaces. Other spaces and mappings related to .Y; F; U / will be
introduced, but U and Y with whatever affixes they carry always refer to input and
output spaces. Mappings from various input spaces to output spaces are denoted
either F or � , again with qualifying affixes; � (or lowercase Greek) is reserved for
state operators (i.e., for natural states).

The input and output space metrics are set up by seminorms referred to as
fitted families (FFs) of seminorms. Roughly speaking, fitted families work like Lp

norms on time functions with the additional feature that a time weighting can be
incorporated so that the distant past of an input or output time function may be
de-emphasized. The notation kus;t ks;t indicates the norm (e.g., weighted Lp norm)
of the input u over the interval of time .s; t �. Us;t is the space of inputs over the same
interval. FFs were initially described by Root [10].

Definition 1 ([10]). Let L D L.<; E/ be a linear space of time functions from <
into a Banach space E such that any translate of a function in L is also a function

© Demetrios Serakos 2014
D. Serakos, State Space Consistency and Differentiability, SpringerBriefs
in Optimization, DOI 10.1007/978-3-319-14469-6_2

5



6 2 Preliminaries

in L. Let N D fk�ks;t ; �1 < s < t < 1g be a family of seminorms on L
satisfying the following conditions:

(1) For f1; f2 2 L, if f1.�/ D f2.�/ for s < � � t , then kf1 � f2ks;t D 0.
(2) Let L� denote shift to the left by � . For all f 2 L,

kL� f ks��;t�� D kf ks;t .
(3) Let r < s < t . Then for all f 2 L, kf ks;t � kf kr;t .
(4) Let r < s < t . Then for all f 2 L, kf kr;t � kf kr;s C kf ks;t .
(5) There exists 0 < ˛ � 1 and K � 1 such that if 0 < t � r � ˛ and

r < s < t , then for all f 2 L, kf kr;s � K kf kr;t .

The pair .L;N / is called an FF of seminorms on L. The normed linear space formed
from equivalence classes of functions in L with norm k�ks;t is denoted As;t . The
elements of As;t are the equivalence classes determined by: f � g, f; g 2 L if and
only if kf � gks;t D 0. They are denoted us;t , ys;t , etc. The set fAs;t g, �1 < s <

t < 1, is the FF of normed linear spaces given by .L;N /.

A fairly wide class of examples of FFs are given by weighted Lp spaces. For
1 � p < 1, let w be a fixed nonnegative, nonincreasing Lebesgue measurable real-
valued function and let L D L.<; <N / be the set of N vector-valued functions on <
that are p-integrable Lebesgue on finite intervals. Then, for f 2 L the seminorms

kf ks;t D
�Z t

s

kf .�/kp w.t � �/d�

�1=p

(2.1)

satisfy Conditions (1),� � � ,(5) of Definition 1. For p D 1, let L be the set of
essentially bounded functions. When ˛ D C1 and K D 1, a uniform time
weighting is given and .L;N ) is referred to as a standard FF of seminorms. As time
weighting was not essential to its purpose, standard FFs were used in [14].

We define another FF of seminorms. For f 2 L, put

kf ks;t �D sups<��t kf ks;� . With M indicating this new set of seminorms, .L;M)
is indeed an FF of seminorms, [10].

An FF .L;N ) and fAs;t g, �1 < s < t < 1, can be augmented to
include k�k�1;t by taking the limit s ! �1, since by (3) of Definition 1 kf ks;t

is monotone nondecreasing as s ! �1 with t fixed. Let L0 D ff 2 Lj
lims!�1 kf ks;t < 1; t 2 <g. For f 2 L0, define

kf kt

�D lim
s!�1 kf ks;t D kf k�1;t : (2.2)

With the meaning of .L;N ) thus extended, k�ks;t is defined for �1 � s < t < 1.
The left-expanded FF of seminorms is thereby defined and is denoted .L0;N /. It still
satisfies all the Conditions .1/; � � � ; .5/.

To discuss natural state we also need to define k�ks;1 and As;1 in a meaningful
way. For an FF, this is done by taking the supremum. Let L00 D ff 2
L0j supt kf kt < 1g. For f 2 L00 define

kf ks;1
�D sup

t>s
kf ks;t I �1 � s : (2.3)
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It may be readily verified that if .L;N / is an FF for indices satisfying �1 < s <

t < 1 then, with definitions given by (2.2) and (2.3), .L00;N / is an FF for indices
satisfying �1 � s < t < 1 and satisfies Conditions 1, 2, 3, and 5 of Definition 1
for indices �1 � s < t � 1. (For standard FFs Condition 4 holds for both
cases.) f.L00;N /; k�ks;t ; �1 � s < t � 1g is called the expanded family of
seminorms determined by .L;N /. Note that .L00;M/ similarly defined is an FF for
�1 � s < t � 1.

For f 2 L00 we put

kf k �D sup
t2<

kf kt D kf k�1;1 : (2.4)

The normed linear space consisting of equivalence classes of functions in L00 with
the norm (2.4) is called the bounding space A for the family fAs;t g.

The extended space Ae for the family fAs;t g is the set of all equivalence classes
of functions f in L0 (f � g iff kf � gk D 0) for which kf ks < 1 for all s.
It does not have a norm and, indeed, is given no topology. This definition agrees
with the notion of extended space commonly used in the control literature.

It is possible that an FF .L;N / has a vacuous expansion in the sense that L00

is the empty set. An obvious example of this is given when L is the set of all
constant real-valued functions on < and N is the set of L1-norms on finite intervals.
To prevent this from happening and further to prevent the bounding space A from
being too small (in a sense to be made explicit below) we can require that an FF be
“full,” as in the following definition.

Definition 2. The FF .L;N / is full if each equivalence class us;t 2 As;t , �1 <

s < t < 1, has a representing function belonging to L00.

When this definition is satisfied, then for all pairs .s; t/, �1 < s < t < 1,
there is a 1:1 correspondence between the normed linear space As;t determined by
.L;N / and the normed linear space A0

s;t determined by .L00;N /, which preserves
the normed linear space structure. The correspondence is given by us;t $ u0

s;t ,
us;t 2 As;t , u0

s;t 2 A0
s;t if and only if us;t and u0

s;t have a common representing
function f 2 L00. Thus, if .L;N / is full, we need not distinguish between As;t

and A0
s;t . Henceforth, every FF mentioned is assumed to be full. The FFs formed

with Lp spaces as described above are full. To emphasize the relations among
the equivalence classes, suppose the function f 2 L00 determines the equivalence
classes u 2 A, ut 2 At , ut 2 At , and us;t 2 As;t . Since

kf � gks;t � kf � gkt � kf � gkt � kf � gk

the equivalence class u considered as a set of functions is entirely contained in
the equivalence class ut considered as a set of functions, and similarly ut � ut

and ut � us;t ; also u � ut;1. Thus, e.g., given t , u determines ut and ut;1.
Therefore, if f determines u and �1 � s < t � 1, it is meaningful, for example,
to write kf ks;t , kuks;t , kut ks;t , kus;1ks;t , kut ks;t , kus;t ks;t , and they are all equal.
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Let �1 � r < s < t � 1. Then, since kf ks;t � kf kr;t for f 2 L00, the
partitioning of L00 into equivalence classes by k�kr;t results in a finer partition than
that given by k�ks;t . That is, letting f determine u 2 U , we have u � ur;t � us;t .

In order to define the natural state, it is necessary to consider an arbitrary past
input concatenated with an arbitrary future input; that is, to “splice” two inputs.

Definition 3. For �1 � r < s < t < 1, and h, g 2 L, the splice of h and g over
.r; t � at s is defined and equals f if

f .�/ D
�

h.�/; r < � � s

g.�/; s < � � t

belongs to L. It is denoted fr;t D hr;sC! gs;t . For t D 1, the splice of h and g

equals f if

f .�/ D
�

h.�/; r < � � s

g.�/; s < �

belongs to L. It is denoted fr;1 D hr;sC! gs;1.

If ur;s 2 Ar;s , vs;t 2 As;t are determined by functions h and g respectively,
and hr;sC! gs;t exists, then for an FF, the splice of u and v (or ur;s and vs;t ) over
.r; t � at s is defined to be the element wr;t 2 Ar;t determined by hr;sC! gs;t ; we
write wr;t D ur;sC! vs;t . For t D 1 we write wr;1 D ur;sC! vs;1. These
are not meaningful until it is proved that the splice is independent of the particular
functions h and g representing the equivalence classes ur;s and vs;t . However, this
proof follows easily from Definition 1.

Any input space U is herein taken to be either the bounding space A of an FF
fAs;t g that permits splicing or a translation-invariant subset of A. The extended
space Ae can appear in an auxiliary role. Whether the normed linear space A

is complete or not is irrelevant for the purposes of this book. We write Us;t ,
�1 � s < t � 1, to denote the set (“space”) of equivalence classes of functions
belonging to U as determined by k�ks;t . If U D A, then Us;t is the normed linear
space As;t ; if U is a subset of A, Us;t is a space only in the sense that it is a subset
of As;t . We call any Us;t a truncated input space and write Ut for U�1;t .

The requirement that A permits splicing means that, if U D A, future inputs at
any t can be arbitrary, independent of the past. Unfortunately, spaces of functions
everywhere continuous on < do not qualify, but this appears to be a minor drawback.
It is sometimes desired that U be a translation-invariant bounded (or even totally
bounded) subset of A; we always assume U contains the zero function. If U is a
proper subset of A, a splice of two elements in U does not necessarily belong to U ,
of course. However, we require that for all u 2 U , both ut C! 0t;1 and 0t C! ut;1
belong to U .

The output space Y is taken to be the bounding space, here denoted B , of an FF of
normed linear spaces fBs;t g, or occasionally the corresponding extended space Be .
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In general, the families fBs;t g and fAs;t g need not be the same. The notations
for output spaces are analogous to those for input spaces. The comments about
equivalence classes are valid for the ys;t 2 Bs;t .

A mapping F W U ! Y is called a global input–output mapping (or usually just
input–output mapping).

Definition 4. Let .Y; F; U / be an input–output system. F is a causal mapping and
.Y; F; U / is a causal system if and only if for all t and for all u; v 2 U such that
ku � vkt D 0 it follows that kF.u/ � F.v/kt D 0.

If F satisfies this definition, it determines a mapping from Ut into Bt , denoted QFt ,
that satisfies

�� QFt ut � .F u/t

��
t

D 0. We call QFt a truncated input–output mapping

and define the centered truncated input–output mapping Ft W U0 ! Y0 by Ft .u0/
�D

Lt
QFt Rt .u0/, where Rt

�D L�t is the right-shift by t . We assume that all systems
in this book are causal. If F satisfies this definition, it is causal in the usual sense.
However, memory can affect causality.

Definition 5. Consider a left-expanded FF fAs;t gI �1 � s < t < 1. The family
fAs;t g and the norms k�kt are said to be finite memory with memory length M if
there exists 0 < M < 1 such that kf kt D kf kt�M;t for all f 2 L0, t 2 <.

It is seen that if w in (2.1) has finite support, that is w.t/ D 0 for t � M ,
the weighted Lp normed linear spaces are examples of finite memory spaces with
memory length M . Finite memory may cause a system that is causal in the usual
sense to not be causal according to Definition 4.

As in [14], the norms we use here for input–output mappings F , QFt , and Ft

and for the natural states are the N -power norms, denoted Œ� � Œ�.N /. (We omit the
subscript .N / when possible). Let ˆ be a mapping from a normed linear space X

into a normed linear space Z. For any nonnegative integer N , the N -power norm
for ˆ is given by

Œ�ˆŒ�.N /
�D sup

x2X

kˆ.x/k
1 C kxkN

(2.5)

when the right side exists. We say ˆ is bounded (in N -power norm) if Œ�ˆŒ�.N / < 1.
If ˆ is bounded, it carries bounded sets into bounded sets by the inequality

kˆ.x/k � Œ�ˆŒ�.N / � .1 C kxkN / :

However, boundedness of ˆ does not in general imply continuity nor vice versa.
The space of bounded operators from U to Y is denoted by FN .U; Y /. The space of
bounded and continuous operators from U to Y is denoted by CN .U; Y /. We have
chosen to use N -power norms rather than Lipschitz norms because they are less
restrictive and because they are not so much influenced by the fine structure of a
mapping. This last property seems to be important when one is dealing with an
approximate system representation (see Heitman [3] page 785). Other properties
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of these norms are given in the appendix of [14], which also gives comparisons
with the Lipschitz norm. Although [14] uses the standard FFs, its appendix also
applies to FFs in general. The N -power norms are special cases of a more general
class of weighted supremum norms where kxkN in the denominator of the defining
expression is replaced by an arbitrary, continuous, positive function of x; X need
not be normed (see Appendix A in [15]).

Using (2.5) on the truncated system mapping and the system mapping, we have

Œ�Ft Œ�.N / D sup
u0

kFt .u0/k0

1 C ku0kN
0

D sup
ut

�� QFt .ut /
��

t

1 C kut kN
t

D Œ� QFt Œ�.N / (2.6)

and

Œ�F Œ�.N / D sup
u

kF .u/k
1 C kukN

: (2.7)

Hence, we have the useful relationship

Œ�F Œ�.N / � sup
t

Œ�Ft Œ�.N / D sup
t

Œ� QFt Œ�.N / : (2.8)

Throughout this book, whenever there is reference to a system .Y; F; U /, the
following three hypotheses are in effect unless specifically noted otherwise:

(A) The input space U is either the bounding space A of an FF of normed linear
spaces that permits splicing or a shift-invariant subset of such an A. If U is a
proper subset of A, we require that it contain 0 , but also that u 2 U implies
both ut C! 0t;1 and 0t C! ut;1 belong to U .

(B) The output space Y is the bounding space B of an FF of normed linear spaces.
(C) The global system operator F satisfies Definition 4 (causality) with respect to

the given A and B .

The noncentered natural states Q�u
t and the natural states �u

t are to be defined as
operators with domains QDu

t and Du
t , respectively, where

QDu
t

�D fvt;1 2 Ut;1jut C! vt;1 2 U; 8ut � ut g
and

Du
t

�D fv0;1 2 U0;1jut C! Rt v0;1 2 U; 8ut � ut g :

Lemma 6. Under the conditions just specified, given any t 2 < and any u 2 U ,
there exists a mapping Q�u

t W QDu
t ! Yt;1 such that

��� Q�u
t .vt;1/ � .F.ut C! vt;1//t;1

���
t;1 D 0

for all vt;1 2 QDu
t . Furthermore, if u and u0 satisfy ku � u0kt D 0, then Q�u

t D Q�u0
t .

(Note that Du
t D Du0

t .)
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The proof of Lemma 6 is similar to the proof of Lemma 1 in [14]. Denote
the Nerode equivalence class of defining inputs for Q�u

t by Œut �� ; i.e., u0
t 2 Œut �� if

Q�u0
t D Q�u

t . Lemma 6 allows one to frame the following definition.

Definition 7 ([11,14,15]). The natural state for a system .Y; F; U / induced at time
t by input ut is defined to be the operator �u

t from Du
t to Y0;1 given by

�u
t .v0;1/ D Lt

Q�u
t .Rt v0;1/ : (2.9)

The set of natural states is denoted „; the set of natural states that can be achieved
at time t is denoted „.t/ so that „ D [t2<„.t/. („ is referred to at times as the
natural state space or the natural state set.)

Obviously, the state set „ is minimal since � 2 „ is defined as a mapping.
Natural state may be defined for F not necessarily causal; however, we only
consider causal F here.

The next hypothesis will often be needed but will not be in effect unless stated
explicitly.

(D) The operators Ft W U0 ! Y0 are uniformly bounded in N -power norm for
some fixed positive integer N by a constant C < 1 for all t 2 <, and are an
equicontinuous family of uniformly continuous mappings.

Hypothesis (D) gives that the global system operator is F W U ! Y 2
CN .U; Y / bounded with bound C and is uniformly continuous, see Lemmas 4
and 5 of [14].1 Let FN .X0;1; Y0;1/ be the normed linear space of all mappings
ˆ W X0;1 ! Y0;1 with Œ�ˆŒ�N < 1, and CN .X0;1; Y0;1/ be the normed linear
subspace of FN .X0;1; Y0;1/ of all continuous ˆ. Appendix A gives that when
F 2 FN .U; Y /, we have „ � FN .X0;1; Y0;1/ and also „ � CN .X0;1; Y0;1/ if
F 2 CN .U; Y /. In summary, with Hypothesis (D) in force, „ � CN .U0;1; Y0;1/

and are also uniformly continuous. Other properties that result from Hypothesis
(D) are given in [14] and [15] and are mentioned at the time they are invoked.
As stated previously, properties of the natural state and its relationship to F are
given in [11, 14], and [15].

1The proofs given in [14] were intended for a standard FF; however, such proofs usually hold for
FFs in general if Condition 5 of Definition 1 is not used.
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