Chapter 2
Interactive Intuitionistic Fuzzy Multi-Attribute
Decision Making

During the last few years, more and more researchers have been applying IFSs to
multi-attribute decision making under various different situations, and a lot of work
has been done (Chen and Tan 1994; Hong and Choi 2000; Xu and Yager 2006;
Boran et al. 2009; Xu 2010a, c¢; Zhao 2009; Zhao et al. 2010; Tan and Chen 2010;
Wei 2010a; Xu and Xia 2012a; Xu and Cai 2010; Wu and Chen 2011, etc.). The

considered decision making situations can be roughly classified as follows:

(1) Multi-attribute decision making situations where the attribute weights are com-

pletely known. Most of the existing research on intuitionistic fuzzy multi-
attribute decision making has been focused on this issue. In early work, Chen
and Tan (1994) developed an approach to intuitionistic fuzzy multi-attribute
decision making by utilizing the minimum and maximum operations and the
score function. Later, Hong and Choi (2000) improved Chen and Tan (1994)’s
technique through adding an accuracy function. Considering that the minimum
and maximum operations adopted in these two papers may produce the loss of
considerable decision information, Xu and Yager (2006) proposed some geo-
metric mean operators for aggregating intuitionistic fuzzy information, such as
the intuitionistic fuzzy weighted geometric aggregation operator, the intuitionis-
tic fuzzy ordered weighted geometric aggregation operator and the intuitionistic
fuzzy hybrid aggregation operator, and applied them to develop a procedure for
multi-attribute decision making with intuitionistic fuzzy information. Motivated
by the well known TOPSIS, Boran et al. (2009) suggested a method to select
the appropriate supplier in intuitionistic fuzzy group decision making environ-
ments, in which the intuitionistic fuzzy weighted averaging operator (Xu 2007¢)
was utilized to aggregate individual opinions of experts for rating the impor-
tance of attributes and alternatives. Zhao (2009) also used the the intuitionistic
fuzzy weighted averaging operator to establish an evaluation model for intel-
lectual capital with intuitionistic fuzzy information. On the basis of the idea of
Yager (2004b)’s generalization aggregation, Zhao et al. (2010) introduced the
generalized intuitionistic fuzzy weighted aggregation operator, the generalized
intuitionistic fuzzy ordered weighted aggregation operator and the generalized
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intuitionistic fuzzy hybrid aggregation operator, and gave their application to
intuitionistic fuzzy multi-attribute decision making. Inspired by the correlation
properties of the traditional Choquet integral (Choquet 1953), Xu (2010c) pro-
posed the intuitionistic fuzzy correlated averaging operators and the intuition-
istic fuzzy correlated geometric operators, whose characteristic is that they can
not only consider the importance of the elements or their ordered positions,
but also reflect the correlations of the elements or their ordered positions. The
developed operators were then applied to a practical decision making problem
involving the prioritization of information technology improvement projects.
Tan and Chen (2010) also studied the desirable characteristics of the intuitionis-
tic fuzzy correlated averaging operators, based on which they gave an approach
to multi-attribute decision making with intuitionistic fuzzy information, and
applied it to solve a practical decision making problem where a manufacturing
company wants to select the best global supplier according to the core compe-
tencies of potential suppliers. Based on the idea of Yager (2003)’s order induced
aggregation, Wei (2010a) introduced an induced intuitionistic fuzzy ordered
weighted geometric operator, and gave a corresponding technique for multi-
attribute group decision making. Combining the order induced aggregation and
generalized aggregation, Xu and Xia (2011) developed some new types of aggre-
gation operators, including the induced generalized intuitionistic fuzzy Choquet
integral operators and the induced generalized intuitionistic fuzzy Dempster-
Shafer operators, and used them to financial decision making under intuitionis-
tic fuzzy environments. Xu and Yager (2011) applied the weighted intuitionistic
fuzzy Bonferroni mean to multi-attribute decision making, which can also reflect
the interrelationship of the individual attributes, and thus can take the decision
information into account as much as possible. Li (2010) developed a nonlinear
programming methodology that is based on the TOPSIS to solve multi-attribute
decision making problems with both the ratings of alternatives on attributes and
the weights of attributes expressed with interval-valued intuitionistic fuzzy sets.
Nayagama et al. (2011) focused on the technique for ranking IVIFSs in multi-
attribute decision making. Wu and Chen (2011) developed an intuitionistic fuzzy
ELECTRE (Elimination et choix traduisant la realité¢) method, for solving multi-
attribute decision making problems. Devi (2011) extended VIKOR (the viSekri-
terijumsko kompromisno rangiranje) method to solve multi-attribute decision
making problems in which the weights of criteria and ratings of alternatives
are taken as triangular intuitionistic fuzzy set, and applied it to robot selection
problem for material handling task. Additionally, the Dempster—Shafer Theory
of evidence (Baldwin 1987), has also been extended to multi-attribute deci-
sion making under intuitionsitic fuzzy environments (Dymova and Sevastjanov
2010).

Multi-attribute decision making situations where the weight information on
attributes is completely unknown. In these situations, it is necessary to deter-
mine the attribute weights in advance. Xu (2010a) first established an optimiza-
tion model by which a straightforward formula for deriving attribute weights can
be obtained, and then on the basis of information theory, the intuitionistic fuzzy
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hybrid aggregation operator, the intuitionistic fuzzy weighted averaging opera-
tor, the score function and the accuracy function, he developed an approach to
intuitionistic fuzzy group decision making. Xu and Cai (2010) established several
nonlinear optimization models to determine the weights of the experts and the
attributes, and utilized the simple additive weighting method to aggregate all the
intuitionistic fuzzy information so as to rank and select the alternatives. Li et al.
(2010) developed a linear programming methodology for solving multi-attribute
group decision making problems using IFSs, in which the attribute weights are
estimated using a new auxiliary linear programming model, which minimizes
the group inconsistency index under some constraints, and the distances of the
alternatives from the intuitionistic fuzzy positive ideal solution can be calculated
to determine their ranking order.

Multi-attribute decision making situations where the weight information on
attributes is partially known. For a type of special situations where the weight
information is expressed in interval ranges, Li (2005) constructed some linear
programming models to generate the optimal weights for attributes, and pro-
posed the corresponding multi-attribute decision making methods using IFSs.
For more general situations where the information about attribute weights is
partially known, which may be constructed by various forms, such as weak
rankings, strict rankings, rankings with multiples, interval forms, and rankings
of differences, Xu (2007h) established a linear programming model, a multi-
objective optimization model and a single-objective optimization model to deter-
mine the optimal attribute weights. Based on which he used the intuitionistic
fuzzy weighted geometric aggregation operator, the intuitionistic fuzzy hybrid
geometric aggregation operator, the score function and the accuracy function to
develop an approach to intuitionistic fuzzy multi-attribute group decision mak-
ing, and gave its application to search the best global supplier for one of a manu-
facturing company’s most critical parts used in assembling process. Xu (2007g)
defined the concept of intuitionistic fuzzy ideal solution (IFLS), and then, based
on the IFIS and the distance measure, he established some optimization models
to derive the attribute weights. Furthermore, based on the established models, he
developed some procedures for the rankings of alternatives under different sit-
uations, and extended the established models and procedures to interval-valued
intuitionistic fuzzy environments. Park et al. (2009, 2011) also extended the
TOPSIS method and the correlation coefficient method to solve multi-attribute
group decision making problems in interval-valued intuitionistic fuzzy environ-
ment in which all the preference information provided by the experts is presented
as interval-valued intuitionistic fuzzy decision matrices where each of the ele-
ments is characterized by IVIFVs, and the information about attribute weights
is partially known. Wei (2010b) extended the grey relational analysis method
to solve the intuitionistic fuzzy multi-attribute decision making problem with
partial weight information.

Dynamic multi-attribute decision making situations. In many situations, such as
multi-period investment decision making, medical diagnosis, personnel dynamic
examination, and military system efficiency dynamic evaluation, information is
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usually collected at different periods, in which the time has to be taken into
account. For this issue, Xu and Yager (2008) presented the BUM function based
method, the normal distribution based method, the exponential distribution based
method and the average age method to determine the time series weights. They
further developed the dynamic intuitionistic fuzzy weighted aggregation opera-
tor, based on which they proposed a procedure for dynamic intuitionistic fuzzy
multi-attribute decision making, and used it to prioritize a set of agroecological
regions in Hubei Province, China. Wang and Wei (2009) applied the intuitionistic
fuzzy weighted geometric aggregation operator and the dynamic intuitionistic
fuzzy weighted geometric operators to a supplier selection problem in supply
chain management.

Nevertheless, in many real-life situations such as negotiation processes, a decision
maker (or an expert) often needs to interact with group members (or analysts) in the
process of decision making by providing and modifying his/her preference informa-
tion gradually. All the existing methods introduced above are unsuitable for dealing
with these situations, and thus, there is a necessity to develop some new techniques
for interactive decision making under intuitionistic fuzzy envirements. To solve this
issue, Xu and Xia (2012a) introduced the concept of dominated alternative, and gave
a method to identify the dominated alternatives. Then they developed an interactive
method for eliminating any dominated alternatives by updating the decision maker’s
preferences gradually so as to find out the optimal one eventually. A further exten-
sion of the interactive method to interval-valued intuitionistic fuzzy situations was
given. Xu (2012b) defined the concepts of the overall attribute ideal solution and the
overall attribute negative ideal solution of alternatives. Based on these two solutions,
he defined the satisfaction degree of each alternative. After that, he established a
multi-objective optimization model, and then transformed it into a single-objective
optimization model. Furthermore, he established an interactive method for multi-
attribute decision making with intuitionistic fuzzy information, and the extended
results in interval-valued intuitionistic fuzzy situations were also pointed out.

2.1 Interactive Intuitionistic Fuzzy Multi-Attribute Decision
Making by Identifying and Eliminating Dominated
Alternatives

Consider a multi-attribute decision making problem, let ¥, G and w be as defined
previously, w € W, and W is the set of the known weight information provided by the
decision maker (or expert). If the weight information in the set W is contradictory,
and then W is an empty set. In this case, the set W should be returned to the decision
maker for reconstruction until the revaluated weight information is not contradictory.
The provided weight information may take one or some of the following forms (Park
and Kim 1997; Park 2004; Xu and Chen 2007a; Kim and Ahn 1999; Kim et al. 1999;
Xu 2006b, 2007a, c, 2010b), for i # j:
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(1) A weak ranking: {w; > w;};

(2) A strict ranking: {w; —w; > a;};

(3) Aranking of differences: {w; —w; > wr —wy}, for j # k #[;
(4) A ranking with multiples: {w; > a;w;};

(5) Aninterval form: {o; < w; < «; + &;},

where {«;} and {¢;} are the non-negative constants. The forms (1), (2) and the forms
(4), (5) are the well known types of imprecise information, and the form (3) is a
ranking of differences of adjacent parameters obtained by weak rankings among
the parameters, which can be subsequently constructed based on the form (1). Park
(2004) gave a detailed interpretation as to when the incomplete weight information
forms (1)—(5) could occur in practice: For some qualitative factors (e.g., level of
management, skill level of labors, or ease of use), the decision maker may argue
that the attribute G; is the best, the attribute G is the second, and the attribute G
is the worst. This information can be described with the corresponding weights of
these three attributes in the form of weak orders w; > w; > wy or strict orders
w; —w; > «; and w; — wg > a; with the positive constants «; and o}, i.e., the
weight of the attribute G; exceeds that of the attribute G; by at least «;, and the
weight of the attribute G ; exceeds that of the attribute Gy by at least o; (Cook and
Kress 1991). The difference order w; —w; > wy —wy is possible when the preference
difference between w; and w; is greater than or equal to that between w; and w;,
which is also referred to as strength of preference (Malakooti 2000). For the form
(4), the decision maker may argue that the attribute G is the best (100 %), and the
attribute G; is in the level greater than or equal to «; (0 < «; < 1) relative to the
level of the attribute G ;. That is to say, the weight of the attribute G; is greater than
or equal to o; times of that of the attribute G j, which is expressed as w; > a;w;.
The form (5) indicates that the crisp weight can not be specified but value range can
be obtained, this type of weights is called interval weights. It is the most common
form to describe the incomplete information about attribute weights, which can be
provided by the decision maker directly (Yoon 1989; Bryson and Mobolurin 1997).

Let B = (bij)mxn be an intuitionistic fuzzy decision matrix, where b;; =
(#;j, fij, mij) is an attribute value, which is expressed in an IFV, satisfying

tij €10,11, fij €l0, 11, t;+ fij <1, mj=1—t;— fij,
i=1,2,....m: j=1,2,....n 2.1

If all the attributes G;(i = 1,2, ..., m) are of the same type, then the attribute
values do not need normalization. Whereas, there are generally benefit attributes
(i.e., the bigger the attribute values the better) and cost attributes (i.e., the smaller the
attribute values the better) in multi-attribute decision making. In such cases, we may
transform the attribute values of cost type into the attribute values of benefit type (Xu
and Hu 2010), then B = (b;j)mxn can be transformed into the intuitionistic fuzzy
decision matrix R = (j})mxn, Where
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( ) bjj, for the benefit attribute G, 19
rij = H",U",]T" = ) ,1: y by ooy 1
Y vy (bij), for the cost attribute G;

(2.2)

where (b;;)° is the complement of b;;, such that (b;;)° = (fij, tij, 7)), clearly,
i = 1 —tij—fij =1 — Mij —Uij,i =1,2,...,m; j= 1,2,...,n.

Since each atribute value r;; must satisfy the condition w;; + v;; < 1, i.e,
mij <1 —v;;, then we can transform the atribute value r;; into the interval r;; =
[ij, 1 — v;;], whose expected value can be expressed as:

1
(wij + wij + mij) = i + 5 7ii

i=1,2,....om j=1,2,....n 2.3)

E(rij) = 5 (wij + 1 —vij) =

N =
N =

based on which we get the overall expected attribute value E(r;) corresponding to
each alternative y; by using the simple additive weighted method:

m

m
1 .
E(rj)) =D wiE(rij) =D wi (m,-+5m,~), j=12...n (24

i=1 i=1

The overall expected attribute values E(r;)(j = 1,2, ..., n) are generally used
to rank the corresponding alternatives y i(j = 1,2,...,n) (Saaty 1980; Chen and
Hwang 1992; Xu and Chen 2007a). The larger the overall expected attribute value
E(r}), the better the alternative y;. Motivated by this idea and similar to Xu and
Chen (2007a), we define the following:

Definition 2.1 (Xu and Xia 2012a). For an alternative y; € Y, if there exists y; € ¥
such that E(r;) > E(ry), then yy is called the dominated alternative; Otherwise, the
alternative yy is called a non-dominated alternative.

To identify the dominated alternatives in ¥, Xu and Xia (2012a) gave the following
theorem, which can be proven similar to Xu and Chen (2007a):

Theorem 2.1 (Xu and Xia 2012a). The alternative yy is the dominated alternative
if and only if J; < 0, where

MOD-2.1 Jr =max (
W,

m 1
ZW;‘ (Mik + Eﬂik) + §)

i=1

m
1
s. 1. Zwi (Mik+§71ik)+§50, JjFk
i=1

w:(wl,wz,...,wm)Te\l/

m
w; >0, i=1,2,...,m, Zw,-:l
i=1
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where ¢ is only an unconstrained auxiliary variable, which has no actual meaning.

It is noted that MOD-2.1 is a linear programming problem which can be solved
easily by the Lingo or Matlab software.

Considering that the dominated alternatives are inferior to the non-dominated
alternatives, they should be eliminated so as to diminish the given alternative set.
In fact, the larger the value of Ji, the better the alternative y. If there are multiple
no-dominated alternatives, then we can rank them according to the value of Ji.
Although the weights in the vector w = (w1, wa, ..., wm)T are allowed to be 0, i.e.,
w; >0, i =1,2,...,m,butthey should satisfy the condition > /., w; = 1, which
guarantees that we can choose the optimal solution.

Based on Theorem 2.1, Xu and Xia (2012a) developed an interactive method for
identifying and eliminating the dominated alternatives in intuitionistic fuzzy multi-
attribute decision making with partial attribute weight information:

Method 2.1:

Step 1. Let Y, G, w, ¥ and B be defined as before. Utilize Eq. (2.2) to transform
B into the normalized intuitionistic fuzzy decision matrix R = (#;;)mxn-

Step 2. Calculate the expected attribute value E(r;;) of each attribute value r;;
in R by using Eq.(2.3), and then get the overall expected attribute value E(r;)
corresponding to each alternative y; by using the simple additive weighted method
2.4).

Step 3. Identify whether the alternative y; is the dominated alternative or not
through Theorem 2.1, and omit the dominated alternatives, and then get the set Y,
whose elements are the non-dominated ones. If the decision maker suggests that an
alternative y; € Y be preferred to any other alternatives in Y, or the alternative Vi 18
only one left in Y, then the alternative Vi is the optimal one, go to Step 5; Otherwise,
go to Step 4.

Step 4. Interact with the decision maker, and ask him/her to update his/her pref-
erences, which are added as the new weight information to the set W, if the updated
information contradicts the weight information in W, then return it to the decision
maker for re-evaluation, and go to Step 3.

Step 5. End.

Higgins et al. (2008) applied a multi-objective greedy randomised adaptive search
process as an evolutionary method to find solutions along the Pareto front in a non-
linear integer-programming problem. The method is mainly used to deal with the
usual fuzzy multi-objective decision making problems in which some objectives
may be competitive, and without interaction with the decision maker. Compared to
Higgins et al. (2008), the focus of Xu and Xia (2012a) is to propose an interactive
method for solving intuitionistic fuzzy decision making problems. This interactive
method can eliminate any dominated alternatives by updating the decision maker’s
preferences gradually so as to find out the optimal one eventually, and thus can make
the decision result more reasonable. Moreover, MOD 2.1 is mainly to identify the
non-dominated alternatives by maximizing the expected value of each alternative,
which can be solved by a simple linear programming technique, and thus, it is much
simpler than Higgins et al. (2008)’s method.
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In what follows, we shall extend the developed interactive method to interval-
valued intuitionistic fuzzy multi-attribute decision making environments.

In the cases where the decision maker can only provide interval numbers instead
of the exact real numbers, and then the evaluation values given by the decision maker
in the problem considered above are expressed as the IVIFVs (Xu and Hu 2010):

bij = (tlj, f,], 7)) (i =1,2,...,m; j =1,2,...,n), which are called uncertain
attribute values satisfying:

fij =7, 611010, fij =1f7, fI1€10, 10, f+ /7 <1,
ni;zl_t;_ i;'r’ ”ijzl_ti./_ ijo i=12,....m; j=12,...,n
(2.5)

and they are contained in an interval-valued intuitionistic fuzzy decision matrix
B = (l;i )mxn- Then we transform the attribute values of cost type into the attribute
values of benefit type, i.e., transform B into the normalized interval-valued intuition-
istic fuzzy decision matrix R = (i) )mxn» Where

b; i, for the benefit attribute G;
Fij = ([Lij, Vij, Tij) = 1 7~ \¢ , ., J=12,....n
(bi j) , for the cost attribute G;

(2.6)

C

~ \C - - -~ .
where (bij) is the complement of b;;, such that (bij) = (f,-j, tij, ﬁ,-j), and

ljz[l'l/il_jvu/;';]? vlj_[vl/a jj_]s nt]—[n,/» +]
- _ +_ ot +_ o+ _ - e
my =ty = Sy = U v my =1ty = fy =g = v
P=1,2,..m j=1,2....n 2.7)

Similar to Eq. (2.3), we can calculate the expected value of the uncertain atribute
value 7;; as:

F 2 R L (PRI e B
EGyj) = (“zﬁf“zﬂf —v;; U,,)—Z(Mij+ﬂij+ —u —vij>

4>|~ 4;|~
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Then we use the simple additive weighted method:

m
EF) = > wiE(j)
i=1
m
= w2+ 2 Ay ), =120 @9)
=1

FN

1

to get the overall expected uncertain attribute value E(7;) corresponding to each
alternative y;. The larger the value of E(7;), the better the alternative y;.
If there exists y; € Y such that E(7x) > E(7;), then y; is called a dominated
alternative; Otherwise, the alternative y; is called a non-dominated alternative.
Similar to Theorem 2.1, we have

Theorem 2.2 (Xu and Xia 2012a). The alternative y; is the dominated alternative
if and only if J; < 0, where

. 1 &

_ ) - + - +

MOD-22 J; = nvgagx (Z El w; (Z/Lij +2/Lij + 7 +7rl-j) + g)
1=

N

m
s.t. Zwi(2;41.;—}-2#;;—{-711-;—!-71;)%-5‘50,k#j
i=1

w:(wl,wz,...,wm)Te\I/

w; >0, i=1,2,...,m, ZM’:]

where ¢ is only an unconstrained auxiliary variable, which has no actual meaning.
By Theorem 2.2, Xu and Xia (2012a) extended Method 2.1 to interval-valued
intuitionistic fuzzy multi-attribute decision making situations:

Method 2.2:

Step 1. Let Y, G, w, ¥ and B be as defined previously. Utilize Eq.(2.6) to
transform B into the normalized interval-valued intuitionistic fuzzy decision matrix
R = (Fij)mxw

Step 2. Calculate the expected uncertain attribute value E(7;;) of each uncertain
attribute value 7;; in R by using Eq. (2.8), and then get the overall expected uncertain
attribute value E (7;) corresponding to each alternative y; by using the simple additive
weighted method (2.9).

Step 3. See Method 2.1.

Step 4. See Method 2.1.

Step 5. End.

Now we show the application of the developed interactive method through a
practical example:
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Table 2.1 Intuitionistic fuzzy decision matrix R = (r;;)5x5

¥i » 3 Y4 ¥s
Gy (0.3,0.1,0.6) (0.8,0.1,0.1) (0.5,0.3,0.2) (0.5,0.2,0.3) (0.3,0.6,0.1)
G, (0.4,0.3,0.3) (0.3,0.4,0.3) (0.6,0.2,0.2) (0.3,0.5,0.2) (0.4,0.2,0.2)
Gs (0.5,0.1,0.4) (0.6,0.3,0.1) (0.3,0.5,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
G (0.7,0.2,0.1) (0.4,0.5,0.1) (0.5,0.4,0.1) (0.4,0.5,0.1) (0.5,0.3,0.2)
Gs (0.4,0.4,0.2) (0.6,0.3,0.1) (0.7,0.2,0.1) (0.6,0.2,0.2) (0.5,0.4,0.1)

Example 2.1 (Chao and Chen 2009; Xu and Xia 2012a). Along with the advance-
ment of information technology, the electronic learning (e-learning) has played an
importantrole in teaching and learning, which has become more and more popular not
only in different levels of schools but also in various commercial or industrial compa-
nies in Taiwan (Chao and Chen 2009). However, a successful e-learning depends on
many factors (or criteria). In addition, based on the experience of teaching e-learning
courses, e-learning material design, and real practice in Kao-Yuan University (KYU),
Kaohsiung, Taiwan, Chao and Chen (2009) carefully examined and summarized
five key factors (or criteria) to evaluate the effectiveness of an e-learning system.
These five main factors are: (1) G: The e-learning material; (2) G7: The quality
of web learning platform; (3) G3: The synchronous learning; (4) G4: The learning
record; and (5) Gs: The self-learning. A decision maker evaluates five e-learning
systems y; (j = 1,2, 3,4, 5) with respect to these key factors G; (i = 1,2, 3,4,5)
by using the IFVs r;; = (wij, vij, mij) (i, j = 1, 2,3,4,5), which are contained in
the intuitionistic fuzzy decision matrix R = (r;;j)sx5 (see Table2.1) and the weight
information about attributes, given by the decision maker, is as follows:

v = [W] <0.1,01<wy<05,02<w3; <03 ws<0.1, ws<04, wa<ws,

5
wi >0, i=12345 > w=1 ] (2.10)
i=1

Since all the attributes G; (i = 1,2, 3,4, 5) are the benefit attributes, then the
attribute values in R do not need normalization.

In what follows, we can use Method 2.1 to derive the optimal e-learning system
and show the solution process:

Step 1. Calculate the expected attribute value E(r;;) of each attribute value 7;; in
R by using Eq. (2.8):
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E(r11) =0.60, E(r;2) =0.85, E(r13) =0.60, E(r14) =0.65

E(ri5) =0.35, E(rp1) =0.55, E(rpp) =045, E(r3) =0.70

E(ryq) =040, E(rps) =0.60, E(r3;) =0.70, E(r3) =0.65

E(r33) =040, E(r3g) =0.75, E(r35) =0.80, E(r41) =0.75

E(rgp) =0.45, E(rg3) =0.55, E(rgsa) =0.45, E(rys) =0.60

E(rs1) =0.50, E(rs2) =0.65, E(rs3) =0.75, E(rs4) =0.70
E(rs5) = 0.55

and then get the overall expected attribute value E(r;) corresponding to each
e-learning system y; by using Eq.(2.9):

E(r1) = 0.60w; + 0.55w; + 0.70w3 + 0.75w4 + 0.50ws
E(r) = 0.85wq + 0.45w + 0.65w3 + 0.45w4 + 0.65w5
E(r3) = 0.60w; + 0.70wp 4 0.40w3 + 0.55w4 4 0.75ws
E(r4) = 0.65w1 + 0.40w; + 0.75w3 + 0.45w4 + 0.70ws
E(r5) = 0.35w; + 0.60w; + 0.80w3 + 0.60w4 + 0.55w5

By Theorem 2.1, we need to identify whether the e-learning system y; is a domi-
nated alternative or not, and thus establish the following linear programming model:

J1 =max (0.60w; + 0.55wy 4+ 0.70wz + 0.75w4 4+ 0.50ws + ¢1 — ¢2)
s.t. 0.85w; 4+ 0.45wy + 0.65w3 4+ 0.45w4 + 0.65w5 +¢c1 — ¢ <0
0.60w; + 0.70wz + 0.40w3 + 0.55w4 + 0.75w5 + g1 — g2 <0
0.65w1 + 0.40wy + 0.75w3 + 0.45w4 4+ 0.70ws + ¢1 — ¢2 <0
0.35w1 + 0.60w, 4+ 0.80w3 + 0.60wg + 0.55ws +¢1 — ¢ <0
w1 <01, 0.1 <wpy <05, 02<w3 <03,wg <0.1,ws <0.4,wg <ws

5
6120, ©2=0, wi >0, i=12345 > w=I
i=1
where ¢ and ¢ are only the unconstrained auxiliary variables, which have no actual

meaning. Solving this model, we get

1 = 0.0000, ¢ =0.6140, J; =—-0.0110
wi = 0.1000, wp = 0.4800, w3 = 0.2200, w4 = 0.1000, ws = 0.1000

Since J; is found to be a negative value, we determine that y; is the dominated
e-learning system. Similarly, we have
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(1) For the e-learning system y»:

1 = 0.0000, ¢» =0.6180, Jo» = —0.0090
wi = 0.1000, wy = 0.3053, w3 =0.2908, ws4 = 0.0000, ws = 0.3039

(2) For the e-learning system y3:

g1 = 0.0000, ¢ =0.5983, J; =0.0493
wi = 0.0976, wy = 0.3561, w3 =0.2000, w4 = 0.0000, ws = 0.3463

(3) For the e-learning system yq4:

1 = 0.0000, ¢ =0.6208, Js =0.0285
wy = 0.0769, wy =0.1231, w3 =0.3000, ws = 0.1000, ws = 0.4000

(4) For the e-learning system ys:

g1 = 0.0000, ¢ =0.6044, Js = 0.0494
wi = 0.0000, wy = 0.5000, w3 = 0.3000, wq =0.0778, ws=0.1222

Therefore, y, is also the dominated e-learning system, but y3, y4 and ys are the
non-dominated e-learning systems. Then ¥ = {y3, v4, ys}.

Step 2. Interact with the decision maker, and suppose that he/she modifies the
weight information 0.2 < w3 < 0.3 as 0.1 < w3 < 0.2, then it follows from
Theorem 2.1 that

(1) For the e-learning system ys3:

1 = 0.0000, ¢, =0.5808, J5=0.1016
wi = 0.0769, wy = 0.4231, w3 =0.1000, w4 = 0.0000, ws = 0.4000

(2) For the e-learning system yq4:

¢1 = 0.0000, ¢ =0.6350, Js5 = —0.0150
wy = 0.1000, wy = 0.2000, w3 = 0.2000, w4 = 0.1000, ws = 0.4000

(3) For the e-learning system ys:

¢1 = 0.0000, ¢, =0.6350, J5 = —0.0050
wi = 0.0000, wy = 0.5000, w3 = 0.2000, w4 = 0.1000, ws = 0.2000

from which we can see that y3 is a non-dominated e-learning system, while y4 and
ys are the dominated e-learning systems, that is, there is only the e-learning system
v3 left in Y, which indicates that the optimal e-learning system is y3.



2.2 Interactive Intuitionistic Fuzzy Multi-Attribute Decision Making 207

2.2 Interactive Intuitionistic Fuzzy Multi-Attribute Decision
Making Based on Nonlinear Optimization Models

2.2.1 A Satisfaction-Degree-Based Method

Based on the intuitionistic fuzzy decision matrix R = (¥;;)mxn, the relation between
the overall attribute value z; (w) of the alternative y; and the attribute weight w; can
be expressed as:

m
zj(w) =Zwirij
i=1
m m m
Z(zwimj, Zwivij, Zwim/’), j=12,...,n (2.11)
i=1 i=1 i=1

under the conditions w; >0, i =1,2,...,m,and > ;" | w; = 1.
Since Mij, Vij (S [0, 1]aﬂij + Vij < 1,7‘[,']‘ =1- Mij — vij,forall i =
1,2,...,m;j=1,2,...,n, then from Eq.(2.11), we have

m m
> winij €011, D wivyj € [0, 1], forall j=1,2,....n (2.12)
i=1 i=1

and

m m m m

ZWZ‘M,’]‘ +Zw,~v,~j = ZW,’ (,bL,‘j +vl-j) < Zwi =1,forall j=1,2,...,n
i=1 i=1 i=1 i=1

(2.13)

m m m m
Zwiﬂ'ijZzwi(l_ﬂij_vij)zl_zwzﬂz] Z wivij),
i=1 i=1 i=1 i=1

forall j=1,2,....n (2.14)

which indicates that the overall attribute value z;(w) is also an IFV. In general, the
greater the value z;(w), the better the alternative y;.

If we use Eq. (1.23) to rank IFVs, then we get the largest IFV 87 = (1, 0, 0) and
the “smallest” IFV =~ = (0, 0, 1) in the sense of the reliability of the information.
In this case, we let ,Bi+ = (1,0,0) and B; = (0,0, 1), forall i =1,2,...,m
and then call B* = (B;", B, ..., ) and B = (B, B . - ... B,;) the intuitionistic
fuzzy positive ideal solution and the intuitionistic fuzzy negative ideal solution,
respectively.
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Then by Eq. (2.11), we get the overall attribute values corresponding to the intu-
itionistic fuzzy positive ideal solution 8* and the intuitionistic fuzzy negative ideal
solution g, as follows, respectively (Xu 2012b):

m m m m

ZFw) =D wi = (Zwi X1 D> wi x 0, > wi x o) =(1,0,0) (2.15)
i=1 i=1 i=1 i=1
m m m m

W) =D wip = (Zwi x 0, D wi x 0, > wix 1) =(0,0,1) (2.16)
i=1 i=1 i=1 i=1

Based on Egs. (2.11), (2.15) and (2.16), we get the distance between z;(w) and
Z*(w), and the distance between z;(w) and z,(w), respectively (Xu 2012b):

m m
ZW,MU + ZW,’U[]'— + Zwimj—O)
((1 - ZWIMU)_’_ Zwlvlj +ZW17T[/)

m
((1 — ZW’ 1 — v —m,))—l— ZWiUij +Zwi77ij)
i=1 i=1
m m
Zwiuzj -0+ zwivij - 0]+ zwz'ﬂij -
i=1 i=1

wi(vij + ) (2.17)
(Z Wi lLij +ZW,'UU+(I—ZW,'JT,'./))
im1 = i=1

d(zjw),z*(w)) = (

l\JI l\)l'—‘

—

|

MI*—‘

d (zjw), z«(w)) =

l\.)l'—‘

)

m m
Zwiﬂzj + D wivij — > wi(l— pij — Uij))
i=1 i=1 i=1

wi (Wij + vij) (2.18)

|

i=1

The larger the distance d (z;(w), z«(w)), the better the alternative y;, while the
smaller the distance d (z iw), z* (w)), the better the alternative y;. Considering that
adistance from the intuitionistic fuzzy positive ideal solution alone or a distance from
the intuitionistic fuzzy negative ideal solution alone is not enough to conclude how
good or bad is an alternative, by combining Eq. (2.17) with Eq.(2.18), Xu (2012b)
defined the satisfaction degree (or closeness coefficient) of the alternative y; as:
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d (zjw), z:(w)) _ Doy wi(pij + vij)

¢(eiw) = (2 W), 25) +d (25 w), zew)) — 200y wi (i + i) + 200 wi (i + vij)
B S wi (i + i) Diz i iy + vij) (2.19)

X iy i ) + 2 wivig L4 D wig

Clearly, we have ¢ (z j (w)) € [0, 1]. It follows from Eq. (2.19) that the larger the
distance d (z;(w), z+(w)) and the smaller the distance d (z(w), z*(w)), the higher
the satisfaction degree ¢ (z j (w)) of the alternative y;, and thus, the better the alter-
native y;. Consequently, Xu (2012a) established the following multi-objective opti-
mization model:

MOD-2.3 max (¢ (z1(w)), ¢ (z2W)) , ..., c (za(W)))

s. t. w:(wl,wz,...,wm)Te\Il
m

w; >0, i=1,2,...,m, Zwizl

By the equal-weighted summation method (French et al. 1983), MOD-2.3 can be
transformed into a single-objective optimization model:

n
MOD-2.4 max »_ ¢ (z;(w))
j=1
s.t. o w= (wl,wz,...,wm)T evw

m

w; >0, i=1,2,...,m, Zw,-:l

Combining Eq. (2.19) with MOD-2.4, we have

n m
n (i + v
MOD-2.5 max > (Zl“ Sl ))
j=1 L+ 3000 wivij
s.t. ow= (wl,wz,...,wm)T ew
m

MOD-2.5 can be executed by using many efficient algorithms (Terlaky 1996)
or using MATLAB 7.4.0 mathematics software package. The solution to the model
(MOD 2.5) is the optimal weight vector w* = (w}, w3, ..., wfjl)T of the attributes
Gi(i = 1,2,...,m), and then by Eq.(2.11), we get the overall attribute value of
each alternative y;:
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Table 2.2 Intuitionistic fuzzy decision matrix R = (r;;)ex5

¥i » 3 Y4 ¥s
Gy (0.4,0.2,0.4) (0.9,0.1,0.0) (0.6,0.2,0.2) (0.4,0.3,0.3) (0.4,0.6,0.0)
G, (0.5,0.3,0.2) (0.2,0.4,0.4) (0.7,0.2,0.1) (0.1,0.5,0.4) (0.3,0.2,0.5)
Gs (0.6,0.1,0.3) (0.5,0.4,0.1) (0.2,0.5,0.3) (0.8,0.1,0.1) (0.7,0.2,0.1)
G (0.8,0.1,0.1) (0.3,0.5,0.2) (0.4,0.5,0.1) (0.5,0.5,0.0) (0.6,0.4,0.0)
Gs (0.3,0.4,0.3) (0.6,0.3,0.1) (0.8,0.2,0.0) (0.6,0.3,0.1) (0.5,0.3,0.2)
G (0.4,0.6,0.0) (0.4,0.4,0.2) (0.3,0.5,0.2) (0.2,0.7,0.1) (0.5,0.2,0.3)

m m m m
Zj(W*) = ZW?"ij = Zw;‘,u,-j, Zw;"vij, ZW?”U (220)

i=1 i=1 i=1 i=1

With the comparison method introduced previously, we can derive the ranking
of the overall attribute values z;(w*) (j = 1,2, ..., n), from which we can further
rank and select the alternatives y;(j = 1,2, ..., n).

Xu (2012b) used a practical example (adapted form Isiklar and Biiyiikozkan
(2007)) to illustrate the solution process of the above method:

Example 2.2 (Isiklar and Biiyiikozkan 2007; Xu 2012b). The arrival of the mobile
phone and its rapid and widespread growth may well be seen as one of the most
significant developments in the fields of communication and information technology
over the past two decades. At the end of the interview phase, when findings of whole
research are turned into account, the essential attributes when selecting a mobile
phone are decided to be gathered into six attributes:

(1) G (Basicrequirements): Reasonable cost/price, standard part used and standard
process applied;

(2) G, (Physical characteristics): Design standards, weight, dimension, shape, water
resistance, solidity, attractiveness and raw material properties;

(3) G3 (Technical features): Talk time, standby time, international roaming and
safety standards;

(4) G4 (Functionality): ease of use;

(5) Gs (Brand choice): Market vision and technical support;

(6) Gg (Customer excitement): Games, ringing tones diversity, local language adapt-
ability and business life facilitating services.

Suppose that there are five mobile phones y;(j = 1,2,...,5) to be evaluated
using the intuitionistic fuzzy information provided by the decision maker under the
above six attributes. The evaluated attribute values are as listed in the intuitionistic
fuzzy decision matrix R = (r;;)6x5 (see Table 2.2) and the weight information about
attributes is as follows:
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W=1w=w,wa,....,we) Iw] <0.2, 0.1 <wp <04, 0.1 <w3 <0.2,w5 <0.3,
6
ws —wg < 0.1, wg <ws, wp —wg>wqg—w3, w; >0, i=1,2,...,6, Zwi =1
i=1
Since all the attributes G;(i = 1,2, ..., 6) are the benefit attributes, then the

attribute values in R do not need normalization.
Based on the evaluation information in R and W, and using MOD-2.5, we establish
the following model:

0.6w1 + 0.8wy 4+ 0.7w3 4+ 0.9w4 4 0.7w5 + we
14+ 0.2w; 4+ 03wy + 0.1wz + 0.1wg + 0.4ws + 0.6wg

MOD-2.6 max (

wi 4+ 0.6wy + 0.9w3 + 0.8wg + 0.9w5 + 0.8wg
14 0.1w; 4+ 0.4wy 4 0.4w3z 4+ 0.5wgq 4 0.3ws + 0.4wg

0.8wy + 0.9wp + 0.7w3 + 0.9w4 + w5 + 0.8wg
1402wy 4+ 0.2wy 4+ 0.5w3 4+ 0.5wyq + 0.2ws5 4 0.5w¢

0.7w1 + 0.6wy + 0.9w3 + wy + 0.9w5 + 0.9wg
1403wy 4+ 0.5wy 4+ 0.1wz 4+ 0.5wgq 4 0.3ws + 0.7wg

w1 + 05w + 0.9w3 + wyg 4+ 0.8ws 4+ 0.7wg
14+ 0.6w; +0.2wy 4+ 0.2w3 4+ 0.4wy + 0.3ws5 4 0.2wg

s.t. w1 <02, 0.1 <wpy <04, 01=<w3=<02, ws<0.3

ws —we < 0.1, wg <ws, wy—wg>wg — w3

6
wi=0,i=12,....6 > w=I
i=1

By solving this model, we get the optimal weight vector w* = (0.200, 0.100, 0.200,
0.200, 0.200, 0.100)7, and then by Eq.(2.11), we get the overall attribute value of
each alternative y;:

z1(w*) = (0.510, 0.250, 0.240), z>(w*) = (0.520, 0.340, 0.140)
z3(w*) = (0.500, 0.350, 0.150), z4(w*) = (0.490, 0.360, 0.150)
zs(w™) = (0.520, 0.340, 0.140)

Without loss of generality, by using the ranking method (1.23), we get

L(zi(w")) =0.304, L(z2(w*)) =0.274, L(z3(w*)) =0.288
L(z4(w")) =0.293, L(zs(w")) =0.274
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and then rank z;(w*) (j = 1,2,3,4,5) in descending order of L(z;(w"))(j =
1,2,3,4,5):
2W*) =z5(W*) > z3(W") > za(W*) > 21 (W)

from which we rank five mobile phones y;(j = 1,2,3,4,5) as: y, ~ y5 > y3 >
va > y1. Thus, both y; and ys are the most desirable mobile phones.

2.2.2 An Interactive Method

However, the satisfaction degrees of some alternatives, drived by using the mod-
els (MOD 2.4 and MOD 2.5) maybe too high, which results in the very low sat-
isfaction degrees of the other alternatives. In the process of decision making, the
decision maker may hope to increase the satisfactory degrees of some alternatives,
and decrease the satisfaction degrees of some other alternatives, by doing so, he/she
can provide new preference information or can modify his/her previous preference
information through interacting with the analyst gradually. To achieve this, we can
utilize the max—min operator proposed by Zimmermann and Zysno (1980) to inte-
grate the satisfaction degrees of all of the alternatives y; (j = 1,2, ..., n),i.e., based
on MOD-2.3, Xu (2012b) got the following optimization model:

MOD-2.7 max X
s. t. c(zj(w))z)\, j=L1L2,...,n

w:(wl,wz,...,wm)TG\l/
wi >0, i=1,2,...,m, Zw,:l

where & = minc (z;(w)).
j

By solving MOD-2.7, we obtain the original optimal weight vector w(©® =
(wgo),wéo), o owOYTand then calculate the satisfaction degrees ¢ (z;(w®))
(j = 1,2,...,n) of the alternatives y;(j = 1,2,...,n). In the course of deci-

sion making, the decision maker provides the lower bounds A(p ) (G=12,...,n)
of the satisfaction degrees of the alternatives y;(j = 1,2,...,n) according to
c(zjw™) (j = 1,2,...,n). Then, Xu (2012b) established the following opti-
mization model:

n
MOD-2.8 max » 1,
j=1

s. t. c(zj(w)) > A zkg.o), j=12,...,n
w:(wl,wz,...,wm)T e Vv

m
wi>0,i=12....m, ZW,-zl
i=1
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If there exists no optimal solution to MOD-2.8, which that some of the lower
bounds, which are greater than the corresponding initial satisfaction degrees, should
be decreased, then the decision maker needs to reconsider the lower bounds A(p ) (=
1,2,...,n) of the satisfaction degrees of the alternatives y;(j = 1,2,...,n) till
the optimal solution is obtained. Similar to Xu (2007c), we can prove the following
result:

Theorem 2.3 (Xu 2012b). The optimal solution of MOD-2.8 is the Pareto solution
of MOD-2.3.

Motivated by the idea of Xu (2007c¢), and based on MOD-2.7 and MOD-2.8, Xu
(2012b) developed an interactive method for multi-attribute decision making with
intuitionistic fuzzy information, which involves the following steps:

Step 1. Utilize MOD-2.7 to derive the original optimal weight vector w® =

(wgo), w&o), ey w,(y(,) ))T, and then calculate the satisfaction degrees ¢ (z j (w(o)))
(j =1,2,...,n) of the alternatives y; (j = 1, 2, ..., n). The decision maker gives
the lower bounds )L;O) (j =1,2,...,n) of the satisfaction degrees of the alternatives

vj(j = 1,2,...,n) according to the initial satisfaction degrees ¢ (zj (W(O))) (J =
1,2,...,n). Lett = 1.

Step 2. Utilize MOD-2.8 to obtain the weight vector w¥) = (WY), wg), cee
wiNT and calculate the satisfaction degrees ¢ (z;wD)) (j = 1,2,...,n) of the
alternatives y; (j = 1,2, ...,n).

Step 3. If the decision maker is satisfied with the result obtained by Step 2,
then calculate the overall attribute values z; w) (j = 1,2,...,n) of the alter-
natives y;(j = 1,2,...,n) by using Eq.(2.9), and rank all alternatives according
to z; (w(’)) (j = 1,2,...,n), and then go to Step 4; if there exists no solution
to MOD-2.8 (this indicates that some of the lower bounds, which are greater than
the corresponding satisfaction degrees, should be decreased. In this case, the analyst
shall inform the decision maker of the range that each of the lower bounds can change
so as to ensure the existence of the solution of MOD-2.8 or the result does not satisfy
the decision maker, then on the basis of the range of that each of the lower bounds can
change, the decision maker decreases the satisfaction degrees of some alternatives,
and increases the satisfaction degrees of some other alternatives. Let ¢ : = ¢ 4 1, and
return to Step 2.

Step 4. End.

Xu (2012b) used Example 2.2 to illustrate the developed interactive method:
Step 1. Utilize MOD-2.7 to establish the following optimization model:

MOD-2.9 max A
0.6w1 + 0.8wz + 0.7w3 4+ 0.9w4 + 0.7ws + wyg

14+02w; +03wy + 0.1w3z + 0.1wg + 0.4ws + 0.6wg —
wi 4+ 0.6wz 4+ 0.9w3 + 0.8ws + 0.9ws5 + 0.8wg

14+0.1w; +0.4wr + 0.4w3 4+ 0.5w4 + 0.3ws + 0.4we —

s. 1.
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0.8w1 + 09wy + 0.7w3 + 0.9w4 + ws + 0.8wg
14+ 0.2wy + 0.2wy + 0.5w3 4+ 0.5w4 4+ 0.2w5 4+ 0.5wg —
0.7w1 4+ 0.6wy 4+ 0.9w3 + wyq 4+ 0.9ws + 0.9wg
14+ 0.3w; + 0.5w2 4+ 0.1wz 4+ 0.5wyq + 0.3ws + 0.7wg —
w1 4+ 0.5wy +0.9w3 + wy + 0.8ws + 0.7wg _
14 0.6w; +0.2wy + 0.2w3 4+ 0.4wq 4+ 0.3w5 4+ 0.2we —
w1 <02, 01 <w;<04,0.1 <w3=<0.2, ws=<0.3

ws —we < 0.1, wg < ws, wa — we > wq — w3,

6
wi>0,i=1,2,...,6, Zwizl
i=l1

By solving this model, we get the original optimal weight vector:
w® = (0.126, 0.130, 0.200, 0.215, 0.215, 0.115)"

and then calculate the satisfaction degrees ¢ (z j (w(o))) (j = 1,2,3,4,5) of the
alternatives y; (j = 1,2, 3,4, 5):

c (zl(w(o))) — 0617, ¢ (zz(w@))) —0.617, ¢ (z3(w<°>)) — 0.631

c (z4(w(0))) —0.624, ¢ (15 (w<0>)) —0.637
from which the decision maker gives the lower bounds:
W0 =060, 1Y =063 2 =065 1Y =065 1" =063

of the satisfaction degrees of the alternatives y;(j = 1,2, 3,4, 5).
Step 2. Based on MOD-2.8, we establish the following optimization model:

5
MOD-2.10 max Z Aj
i=t

0.6wy + 0.8wp 4 0.7w3 4 0.9w4 4 0.7ws 4 we
s.t. > A1 > 0.60
1 +0.2wy + 0.3wp + 0.1wz + 0.1wg + 0.4ws + 0.6wg
wi + 0.6wp + 0.9w3 + 0.8wg + 0.9w5 + 0.8wg
14 0.1w; 4+ 0.4wy 4 0.4w3z 4+ 0.5w4 4 0.3ws 4 0.4wg
0.8w1 + 0.9wp + 0.7w3 + 0.9w4 + w5 4 0.8wg
1402wy +0.2wy 4+ 0.5w3 4+ 0.5w4 4 0.2ws5 4 0.5w¢
0.7w1 + 0.6wy + 0.9w3 + wyq + 0.9w5 4 0.9wg
1+ 03wy + 0.5wp + 0.1wz + 0.5w4 + 0.3ws + 0.7wg
w1 4+ 0.5w2 + 0.9w3 + wyq + 0.8ws + 0.7wg
14 0.6w; +0.2wy 4+ 0.2w3 4+ 0.4w4 4+ 0.3w5 4+ 0.2wg
w; <02, 0.1 <wp <04, 0.1 <w3 <0.2, ws <0.3

>y > 0.63

>3 > 0.65

> Aq > 0.65

> L5 > 0.63
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ws —we < 0.1, wg < ws,wy —wg > wqg — w3

6
wi=0,i=1,2,...,6 > w=1I
i=1

However, there is no solution to MOD-2.10. This indicates that some of the
initial lower bounds )»E,O) (j = 2,3,4), which are greater than the corresponding
initial satisfaction degrees ¢ (Z.,' (w(o))) (j = 2,3,4), should be decreased. By solv-
ing MOD-2.8 and MOD-2.10, we find that the initial lower bounds AS‘O) can not
be greater than their initial satisfaction degree ¢ (z4(w(0))), while the initial lower
bounds A(ZO) and )\éo) can be increased on the basis of the initial satisfaction degrees
¢ (22w ®)) and ¢ (z3(w?)). Then we return this information to the decision maker
as a reference, and the decision maker changes the lower bounds as: )»io) = 0.60,
2 =0.64,2 =0.63,1 = 0.62,” = 0.63, and correspondingly, MOD-2.10
is changed as:

5
MOD-2.11 max Z Aj

j=1
o1 0.6wq + 0.8wp + 0.7w3 + 0.9w4 + 0.7ws + wg S > 0.60
1402wy + 03wy 4+ 0.1wz 4+ 0.1wg 4 0.4ws 4 0.6wg
wi + 0.6wy + 0.9w3 + 0.8wg + 0.9w5 + 0.8wg = > 0.64
1 +0.1wy + 0.4wp + 0.4w3 + 0.5w4 + 0.3ws + 0.4wg — = —
0.8w1 4+ 0.9wp 4 0.7w3 4 0.9w4 4+ w5 + 0.8wg S > 0.63
1402wy + 02wy +0.5w3 + 0.5w4 + 0.2w5 + 0.5wg = ~
0.7w1 + 0.6wy 4 0.9w3 + wg + 0.9w5 + 0.9w¢ S > 0.62
1403wy +0.5w7 +0.1wz +0.5wq4 +0.3w5 +0.7weg — =
1wy +0.5w2 + 0.9w3 + 1wyg + 0.8ws + 0.7wg > s > 0.63

14 0.6w; +0.2wy 4+ 0.2w3 4+ 0.4wyq 4+ 0.3ws5 4+ 0.2wg
w; <0.2, 0.1 <wpy <04,0.1 <w3 <02, w5 <0.3
ws —we < 0.1, wg <ws, wp —we > wg — w3

6
wi=0,i=12,...,6 > w=I

i=1

The solution to MOD-2.11 is the weight vector w(!) = (0.200, 0.100, 0.199,
0.197,0.202, 0. 102)T, and then we calculate the satisfactory degrees:

¢ (zl(w(l))) —0.607, ¢ (zg(w(l))) —0.642, ¢ (Z3(W(l))) — 0.630

p (z4(w<1>)) —0.625, ¢ (15(w(1))) — 0.641
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Step 3. The decision maker is satisfied with the results ¢ (z;(w")) (j =
1,2,3,4,5). In this case, we can use Eq.(2.11) to calculate the overall attribute
values:

21wy = (0.5084, 0.2516, 0.2400)
22wy = (0.5206, 0.3395, 0.1399)
2z3wM) = (0.5008, 0.3494, 0.1498)
zawM) = (0.4893, 0.3604, 0.1503)
zs(w) = (0.5195, 0.3396, 0.1409)

If we use the ranking method (1.23), then

L(ziiwD)) =0.3048, L(zz(wM)) =0.2732, L(zz(w'?)) = 0.2870
L(zawM)) =0.2937, L(zsw'")) = 0.2741

and then rank z;(wV)(j = 1,2,3,4,5) in descending order of L(z;(w))(j =
1,2,3,4,5):

2wy > 25wy > 3wy > 2wy > 71 (WD)

Therefore, we rank five mobile phones y;(j = 1,2,3,4,5) as: y, > ys > y3 >
ya > y1, and then the most desirable mobile phone is y».

2.2.3 Extended Results in Interval-Valued Intuitionistic Fuzzy
Situations

In this subsection, we extend the results introduced in Sects.2.2.1 and 2.2.2 to
interval-valued intuitionistic fuzzy situations. We first represent the interval-valued
intuitionistic fuzzy multi-attribute decision making problem:

Let Y, G, w and W be defined as in Sect.2.2.1, and let B = (Eij)mx,, be an
interval-valued intuitionistic fuzzy decision matrix, where l;l- j o= (# s f~, i, Tij) is
an uncertain attribute value, which is expressed in an IVIFYV, satisfying Eq. (2.5).
By using Eq.(2.6), we can transform the uncertain attribute values of cost type

into the uncertain attribute values of benefit type, i.e., B = (Eij)mxn is trans-

formed into the interval-valued intuitionistic fuzzy decision matrix R = (7;j)mxn,
~ ~ = = ~ - 1 = - 41 = -+
where 7ij = (itij, Vij, 70ij), fij = lagjo w5l g = v, 05 7y = g, 5] =
+ + - -
[l—uij—vij,l—uij—vij],J_1,2,...,n. i
On the basis of the interval-valued intuitionistic fuzzy decision matrix R =
(7ij)mxn» the uncertain overall attribute value Z;(w) of the alternative y; can be

expressed as:
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m m m m m m m
z = - + - + - +
ZJ(W):ZWI"U: ZWUZWU ’ Zvai,-sZvai,- ’ ZWUZWW- ’
i=1 i=1 i=1 i=1 i=1 i=1 i=1

j=12 ..., n 2.21)

Similar to Eqgs. (2.12) and (2.13), we can prove that the uncertain overall attribute
value Z(w) derived by Eq.(2.21) is also an IVIFVs. The greater the value Z(w), the
better the alternative y;. Some techniques have also been developed for comparing
any two IVIFVs, for details, see Xu and Cai (2009), and Wang et al. (2009). Here
we denote the largest IVIFV by B+ = ([1, 1], [0, 0], [0, O]) and denote the smallest
IVIFVs by ,3 ~ = ([0, 0], [0, 0], [1, 1]) in the sense of the amount and reliability of
information (Szmidit and Kacprzyk 2009a, b, c).

Let B = ([1,11,[0,01,[0,0]) and B; = ([0, 0], (0,01, [1,1]), for all i =
1,2,...,m, then we call B* = (B}, B5,.... 85 and B = By, B5.---. By)
the interval-valued intuitionistic fuzzy positive ideal solution and the interval-valued
intuitionistic fuzzy negative ideal solution, respectively. Then by Eq.(2.21), we get
the overall attribute values corresponding to the interval-valued intuitionistic fuzzy
positive ideal solution B* and the interval-valued intuitionistic fuzzy negative ideal
solution B, as follows:

Z5w) = > wi" = ([1. 11,10, 0], [0, 0]) (2.22)
i=1

Zew) = > wiB = ([0.01.[0,0]. [1,1]) (2.23)
i=1

for any two interval-valued intuitionistic fuzzy values ,5,- = (@i, Ui, 1) = ([, MZTL],
v, v ], 7, 7 DG = 1,2).

Based on Eqs. (2.21)—(2.23) and the distance measures (1.186), (1.187), we get
the distance between Z;(w) and Z*(w), and the distance between Z;(w) and Z,(w),
respectively:

d (Zj(w),2"w))

1 m m m m m m
LN P L L+ . ot — ot
=1 (2 D Wik = D Wil D Wiv D wiv D Wity D wim
i=1 i=1 i=1 i=1 i=1 i=1
1 m m
_ _ 1 — ot ey — v — e
=22 Z}w,(l v —mh) ;w,(l 7))
1= 1=

m m m m
- o+ - o+
+Zwl”ij+zwt”ij+zwt”ij +Zwt”z‘j)

i=1 i=1 i=1 i=1

1 < _ B
=5 2 (it o oy + 7)) (2.24)
“

1
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d (Zj(w), Zx(w))

1 m m m m m m
I T T T o T o
=1 2 D Wik D Wit D wivs D wivh = D wim = > wim,
i=1 i=1 i=1 i=1 i=1 i=1
m

1 m B m _ m
= ) <2+Zwmij +ZW,‘M?} +Zwivij +Zw,~vi"}
i=1 i=1 i i=1

i—1

m m
= 2 (1 i) = o (1 i)
i=l i

i=1

Wi (ul_] + pb;; + vl-; + vjj_) (2.25)

1 m
=1

T2

1

Combining Eq. (2.24) with Eq. (2.25), Xu (2012b) defined the satisfaction degree
of the alternative y; as:

d (2 (w), 2.0)
Zj(w), Z*(W)) +d (fj w), Z*(W))
LS w (;L,; + ol g+ vj;)
S (v o b )+ S (s v o)
S w (u,} + 0 v+ vlj)

2450w (vl; + v;)

() = 77

(2.26)

where ¢ (Z j (w)) € [0, 1]. It can be seen from Eq. (2.26) that the larger the distance
d (Zj(w), Z«(w)) and the smaller the distance d (Z;(w), Z*(w)), the higher the satis-
faction degree ¢ (Z j (w)) of the alternative y;, and thus, the better the alternative y;.
Consequently, Xu (2012b) established the following multi-objective optimization
model:

MOD-2.12 max (¢ (Z1(w)), ¢ (22W)) , ..., ¢ (Zn(W)))

s. L. w:(wl,wz,...,wm)Te\Il

w; >0, i=1,2,...,m, ZW,‘=1

Similar to MOD-2.4, MOD-2.12 can be transformed into a single-objective opti-
mization model:
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MOD-2.13 max Z c (Z g (w))
j=1

s.t. w:(wl,wz,...,wm)Te\I—’

m
wi>0,i=12,...,m, Zw,:l
i=1

Combining Eq.(2.26) with MOD-2.13, we have

_ + - +
MOD-2.14 o2 Wi (M,»j +u v+ vij)
maxz +
" _
=1 2420 wi (vij +Uij)
s.t. ow= (wl,W2,---,Wm)T eV

m

wi >0, i=12,...,m, Zwi =1
i=1

The solution to MOD-2.14 is the optimal weight vector w* = (w}, w3, ..., w;“n)T

of the attributes G;(i = 1,2, ...,m), and then by Eq.(2.21), we get the uncertain
overall attribute value of each alternative y;:

m
Ziw) = Zw;kfij
i=1
m

m m m m m
_ * o= * o+ ko — * o+ k_— *__+
= Zwiuiijwij» waviijwfvij’ Zwiﬂu»Zwiﬂij J
i=1 i=1 i=1 i=1 [ i=1

i=1

j=12,...,n (2.27)

By using Eq. (1.186), we can extend Eq. (1.23) to rank IVIFVs Bi = (i, Vi, ;)
i=12,...,n):

L(B) =051+ EG@)NdPBT. B, i=12,....n (2.28)

where E(7g,;) is the expected value of 77;. Then by Eq.(2.28), we can derive the
ranking of the uncertain overall attribute values Z; (w*)(j = 1, 2, ..., n), from which
we can further rank and select the alternatives y; (j = 1,2, ...,n).

Nevertheless, in the process of decision making, the decision maker may hope
to update his/her preference information by increasing the satisfaction degrees of
some alternatives, and decreasing the satisfaction degrees of some other alternatives.
Then similar to Sect.2.2.2, Xu (2012b) developed an interactive method for decision
making with interval-valued intuitionistic fuzzy information as follows:
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Step 1. Utilize the max—min operator (Zimmermann and Zysno 1980) to integrate
the satisfaction degrees of all of the alternatives y;(j =1, 2, ..., n) by establishing
the following optimization model:

MOD-2.15 max i
s.t. C(Zj(W))Z}L, j=12,...,n
w:(wl,wz,...,wm)Te\Il
m

wi =0, i=12...m > w=I
i=1
where A = min ¢ (Z j (w)), from which the original optimal weight vector w(©® =
J
(wﬁ"),wgo),...,w,ﬁ?))T is derived, and then calculate the satisfaction degrees
c(ZjwM) (j = 1,2,...,n) of the alternatives y;(j = 1,2,...,n). The deci-

sion maker gives the lower bounds 10 (j =1,2,...,n) of the satisfaction degrees
of the alternatives y;(j = 1,2, ..., n) according to the initial satisfaction degrees
c(ZjwM)(j=1,2,....n).Lett = L.

Step 2. Establish the following optimization model:

n
MOD-2.16 max Z ij
j=1

s.t. C(Zj(w)) z)ljz)l;.o), j=12,...,n

w=(w1,wz,...,wm)Te\I/

m
wi >0, i=12,...,m, Zw,:l
i=l1

whose optimal solution is the Pareto solution of MOD-2.12. Then we utilize

MOD-2.16 to obtain the weight vector w®) = (wil), wg), A wff,))T and cal-
culate the satisfaction degrees ¢ (Z j (w(’))) (j = 1,2,...,n) of the alternatives

yj(j = 1,2,...,11).

Step 3. If the decision maker is satisfied with the result obtained by Step 2, then
we calculate the uncertain overall attribute values Z; wy ( j=12,...,n)of
the alternatives y;(j = 1,2,...,n) by using Eq.(2.21), and rank all alternatives
according to Z; (w(t)) (j = 1,2,...,n), and then go to Step 4; if there exists no
solution to MOD-2.16 (this indicates that some of the lower bounds, which are
greater than the corresponding initial satisfaction degrees, should be decreased. In
this case, the analyst shall inform the decision maker of the range that each of the
lower bounds can change so as to ensure the existence of the solution of MOD-2.16
or the result does not satisfy the decision maker, then on the basis of the range of that
each of the lower bounds can change, the decision maker increases the satisfaction
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Table 2.3 Interval-valued intuitionistic fuzzy decision matrix: R = (7 1)6x5
Y1 Y2 )3 V4 )5
([0.4,0.5], ([0.8,0.91], ([0.5,0.6], ([0.3,0.4], ([0.3,0.5],
G [0.1,0.2], [0.0,0.1], [0.1,0.2], [0.4,0.5], [0.3,0.4],
[0.3,0.5]) [0.0,0.2]) [0.2,0.4]) [0.1,0.3]) [0.1,0.4])
([0.4,0.5], ([0.2,0.3], ([0.5,0.7], ([0.1,0.2], ([0.3,0.4],
G, [0.2,0.4], [0.4,0.6], [0.1,0.2], [0.5,0.6], [0.2,0.3],
[0.1,0.4]) [0.1,0.4]) [0.1,0.4]) [0.2,0.4]) [0.3,0.5])
([0.4,0.6], ([0.4,0.5], ([0.2,0.4], ([0.8,0.9], ([0.5,0.71,
G3 [0.1,0.2], [0.3,0.4], [0.5,0.6], [0.0,0.1], [0.1,0.2],
[0.2,0.5]) [0.1,0.3]) [0.0,0.3]) [0.0,0.2]) [0.1,0.4])
([0.7,0.8], ([0.3,0.5], ([0.4,0.5], ([0.5,0.6], ([0.5,0.6],
Gy [0.1,0.2], [0.4,0.5], [0.3,0.4], [0.4,0.4], [0.3,0.4],
[0.0,0.2]) [0.0,0.3]) [0.1,0.3]) [0.0,0.17) [0.0,0.2])
([0.2,0.4], ([0.5,0.61, ([0.7,0.8], ([0.4,0.6], ([0.5,0.5],
Gs [0.3,0.4], [0.3,0.3], [0.1,0.2], [0.2,0.3], [0.2,0.3],
[0.2,0.5]) [0.1,0.2]) [0.0,0.2]) [0.1,0.4]) [0.2,0.3])
([0.4,0.6], ([0.3,0.4], ([0.3,0.5], ([0.2,0.3], ([0.5,0.6],
Ge [0.3,0.4], [0.3,0.4], [0.4,0.5], [0.6,0.71, [0.1,0.2],
[0.0,0.3]) [0.2,0.4]) [0.0,0.3]) [0.0,0.2]) [0.2,0.4])

degrees of some alternatives, and decreases the satisfaction degrees of some other
alternatives. Let # : =t 4 1, and return to Step 2.
Step 4. End.

In Example 2.2, if the decision information provided by the decision maker is
expressed in IVIFVs, as listed in the interval-valued intuitionistic fuzzy decision

matrix R

= (Fij)ox5 (see Table2.3):

Then we can utilize the interactive method introduced in this subsection to derive

the final decision results, which involves the following steps (Xu 2012b):

Step 1. Utilize MOD-2.15 to establish the following optimization model:

MOD-2.17 max i

S.

1.2wi + 1.5wo + 1.3w3 + 1.8wyq + 1.3ws + 1.7wg

t.

2+ 03wy + 0.6wy + 0.3wz + 0.3wg 4+ 0.7w5 4+ 0.7Twg —

1.8w1 + 1.5wp + 1.6wz 4+ 1.7w4 + 1.7ws + 1.4ws -

24 0.1w; +wy +0.7w3 + 0.9w4 + 0.6ws + 0.7wg —
14wy + L.5wy + 1.7w3 4+ 1.6ws + 1.8ws 4+ 1.7wg

2403w + 03wy + 11wz + 0.7wg4 + 0.3ws + 09wg —

1.6w; + 14wy + 1.8w3z + 1.9w4 + 1.5ws5 + 1.8wg

2409w + 1L.1wy + 0.1w3z + 0.8wg 4+ 0.5ws + 1.3wg —

L.5w; + 1.2wp + 1.5w3 4+ 1.8w4 4 1.5ws5 4 1.4ws

24+ 0.7wy + 0.5wp + 0.3w3 + 0.7w4 + 0.5ws + 0.3wg —
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w; <02, 0.1 <wp <04, 0.1<w3=<02, ws <03

ws —we < 0.1, wg <ws, wr—wg > wg — w3

6
wi>0,i=12,...,6, zw,:l
i=l1

By solving this model, we get the original optimal weight vector:
w® = (0.083, 0.147, 0.200, 0.223, 0.223, 0.123)"

and then calculate the satisfaction degrees ¢ (Z;(w(®)) (j = 1,2,3,4,5) of the
alternatives y; (j = 1,2, 3,4, 5):

(210 ™) =0.597, ¢ (220v®) =0597, ¢ (Z0)) =0627
c (24(w<°>)) —0.621, ¢ (25 (w<°>)) — 0.605
based on which the decision maker provides the lower bounds:
W =058 i =061, 1 =063 i =061, i =0.60

of the satisfaction degrees of the alternatives y;(j =1, 2, 3,4, 5).
Step 2. Using MOD-2.16, we establish the following optimization model:

5
MOD-2.18 max Z Xj
j=1
o1 12wy 4+ 1.5wp + 1.3w3 + 1.8wyq + 1.3ws + 1.7wg S >0.58
2403wy 4+ 0.6wy 4+ 0.3wz 4+ 0.3wg + 0.7w5 + 0.7wg
1.8wy + 1.5wy + 1.6wz + 1.7wyq + 1.7w5 + 1.4wg > i, > 0.6l
240.1w; +wz +0.7w3 +0.9w4 4+ 0.6ws 4+ 0.7wg
14w + 1.5wo + 1.7w3 + 1.6w4 + 1.8ws5 + 1.7w¢ S ia > 0.63
2403wy + 03w + 1.1wz + 0.7wg + 0.3ws + 0.9wg
1.6wy + 14wy + 1.8w3 + 1.9w4 + 1.5w5 + 1.8wg S iy > 061
2409w + 1.1wy + 0.1wz + 0.8ws + 0.5w5 + 1.3wg
1.5wy + 1.2wp + 1.5w3 + 1.8wq + 1.5ws5 + 1.4wg . j»S > 0.60

24+ 0.7w1 4+ 0.5wp 4 0.3w3 + 0.7w4 + 0.5w5 + 0.3wg
w; <02, 0.1 <wy <04,0.1 <w3 <02, ws <03

ws —wg < 0.1, wqg < ws, wp —wg > wq — w3

6
wi =0, i=1,2....6 > w=1
i=1
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The solution to MOD-2.18 iis the weight vector w(!) = (0.144, 0.104, 0.200, 0.157,
0.248,0.147)T, and then we calculate the satisfactory degrees:

c (Zl(a)(l))) —0.580, ¢ (Zz(a)(l))) — 0615, ¢ (Z3(a)(1))) —0.630
¢ (@) =0618, ¢ (")) =0603
Step 3. Suppose that the decision maker is satisfied with the results ¢ (Z j (w(l)))

(j = 1,2,3,4,5). In this case, we can use Eq.(2.21) to calculate the uncertain
overall attribute values:

z21w) = ([0.3975, 0.5570], [0.1894, 0.2998], [0.1432, 0.4131])
Zo(wD) = ([0.4312, 0.5469], [0.2829, 0.3685], [0.0846, 0.2859])
z3wM) = ([0.4445, 0.5896], [0.2555, 0.3555], [0.0549, 0.3000])
Z4(wM) = ([0.4207, 0.5455], [0.3102, 0.3945], [0.0600, 0.2691])
zs(wM) = ([0.4504, 0.5600], [0.1954, 0.2954], [0.1446, 0.3542])

By using the ranking method (2.28) (let E(77;) = O.S(JTZ-L + JTI-U)), we have

Lz w)) =0.3341, LZwh) =0.3028, LEw)) =0.2843
LGs(wM)) =0.3010, LGEswD)) =0.3091

by which we can rank Z; (w(l))(j =1,2,3,4,5) in descending order:

") > 2w ") > ") > Z5w) > 21 wh)
Therefore, the ranking of the mobile phones y;(j =1, 2,3,4,5)is: y3 > y4 > y2 >
¥5 > 1, and then the most desirable mobile phone is y3. This ranking is different

from the ones derived by the methods in Sects. 2.2.1 and 2.2.2, mainly due to the
distinct change of the decision information.
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