
Chapter 3
The SFT Compactness Results

We will describe now the compactification of the moduli space of holomorphic
curves. The elements which have to be added are called ‘holomorphic buildings’.
In order to keep the notation more manageable we will first present the case of holo-
morphic curves without boundary (‘the closed case’) as in the article [12]. We will
later present a modification of the construction in order to accommodate holomor-
phic curves with boundary.

3.1 Holomorphic Buildings for Curves Without Boundary

3.1.1 Holomorphic Buildings of Height 1

Let

S = (S, j,M ∪ Z,D)

be a noded Riemann surface. The set of marked points consists of a set Z, called
punctures and a set M which we will call marked points. This is a slight change
in notation from Chap. 1 where we denoted the set of marked points simply by M .
In this chapter we want to distinguish between different kinds of marked points: The
domains of the holomorphic curves will be the surface S with some marked points
removed. We will call these points ‘punctures’ and use the notation Z for them. The
set of the remaining marked points will be denoted by M . The set

D = {{d1, d1}, . . . , {dk, dk}
} ⊂◦

S

is called the sets of nodal pairs or special marked points. Each pair {dj , dj } may
belong to the same or to different components of S. The set D is usually consid-
ered unordered. We consider the set of marked points and punctures to be ordered.
We assume that R × V is the symplectization of a closed manifold V endowed
with some contact form λ, and where J is a dλ compatible complex structure on
ξ = kerλ.
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210 3 The SFT Compactness Results

Definition 3.1 A holomorphic curve

ũ = (a,u) : S\Z −→R× V

is called a trivial cylinder if S = S2, M = D = ∅, Z consists of exactly two points,
and u maps S onto a periodic orbit of the Reeb vector field.

Definition 3.2 (Holomorphic building of height 1) A holomorphic curve

ũ = (a,u) : S\Z −→R× V

is called a holomorphic building of height 1 if it has finite energy, and if for all nodal
pairs

ũ(dj ) = ũ(dj ).

Such a curve is called stable if the following conditions are satisfied:

• at least one component of the curve is not a trivial cylinder.
• If S′ is a connected component of S on which ũ is constant, then the Riemann

surface S′ with all its marked points, punctures and nodal pairs is stable in the
sense of Definition 1.17.

Assume that p is a puncture. Under some nondegeneracy assumptions on the set
of periodic orbits of the Reeb vector field, the asymptotic behavior of ũ is given
by Proposition 2.47. We may then associate a particular periodic orbit of the Reeb
vector field to each such puncture.

As in [12] we will call two such curves (ũ = (a,u), j,S) and (ũ′ = (a′, u′), j ′,S′)
equivalent if there is a diffeomorphism φ : S → S′ such that

• (φ∗)−1 ◦ j ′ ◦ φ∗ = j

• φ sends the sets M,Z,D onto the sets M ′,Z′,D′ preserving the ordering of the
sets

• u′ ◦ φ = u

• a′ ◦ φ − a is locally constant.

The last condition means that we identify curves which differ by translation in the
R-direction. The R-component at each puncture either tends to +∞ or to −∞ (see
Theorem 2.74). We will use the notation Z± to distinguish between positive and
negative punctures. The question of ordering sets of marked points and the notion of
equivalence of noded surfaces or equivalence of holomorphic curves only becomes
relevant if algebraic invariants are constructed from the compactified moduli spaces
of holomorphic curves. This is not the subject of this text, we only deal with the
compactness theory.
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3.1.2 Holomorphic Buildings of Height N

Assume, we have N stable possibly disconnected holomorphic buildings of
height 1 (ũk, jk,Sk)1≤k≤N where ũk = (ak, uk) : Sk\Zk → R × V and Sk =
(Sk,Mk ∪Zk,Dk) are noded Riemann surfaces. We denote by Γ ±

k the sets of bound-
ary circles added to Sk\Zk by compactifying the punctures in Z±

k . We assume that

#Z−
k+1 = #Z+

k ,

i.e. the building on level k + 1 has as many negative punctures as the building on
level k positive punctures. We assume furthermore that there are orientation revers-
ing diffeomorphisms

Φk : Γ +
k → Γ −

k+1.

Using these we may construct a piecewise smooth surface with boundary

SZ,Φ = S
Z1
1 ∪Φ1 · · · ∪Φk−1 S

Zk

k .

Definition 3.3 (Holomorphic building of height N ) The finite sequence
(ũk, jk,Sk)1≤k≤N of holomorphic buildings of height 1 together with the decoration
maps {Φ1, . . . ,ΦN−1} is called a holomorphic building of height N (or with N lev-
els) if the following condition is satisfied: The maps uk : S

Zk

k → V , 1 ≤ k ≤ N , fit
together to a continuous map u : SZ,Φ → V . This means that the curve uk is asymp-
totic at its negative punctures to the same periodic orbits as uk−1 at its positive
punctures (see Fig. 3.1).

Two holomorphic buildings of height N (ũk, jk,Sk,Φk)1≤k≤N and
(ũ′

k, j
′
k,S′

k,Φ
′
k)1≤k≤N are called equivalent if there are diffeomorphisms φ =

{φ1, . . . , φN }, φk : Sk → S′
k which renders the corresponding buildings of height 1

equivalent. Moreover, the diffeomorphisms are compatible with the attaching maps,
i.e.

Φ ′
k ◦ φk−1 = φk ◦ Φk−1.

Definition 3.4 The signature of a level N holomorphic building is the four-tuplet
α = (g,μ,p+,p−) where g is the arithmetic genus of Sφ,Z , μ = #M , p+ = #Z+

N

and p− = #Z−
1 . We denote the set of all holomorphic buildings of height N and

signature α by Mα,N (V ). We set

Mα
(V ) :=

∞⋃

N=1

Mα,N (V ).

Definition 3.5 (Convergence of holomorphic buildings) Assume that

(ũm, jm,Sm)m∈N ⊂ Mα
(V )
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Fig. 3.1 A holomorphic
building of height three

is a sequence of holomorphic buildings of height less or equal to N ∈ N.1 We say
that this sequence converges to a building (ũ, j,S) ∈ MN,α(V ) of height N if the
following conditions are satisfied:

(1) There are sequences of extra marked points for the surfaces Sm and S such that
all the surfaces have the same number of boundary and interior marked points
and the underlying Riemann surfaces become stable.

(2) The surfaces Sm converge to the surface S in the Deligne–Mumford sense (af-
ter having introduced the extra marked points as in (1) above) as described
in Sect. 1.3 of the chapter on Riemann surfaces (see Definition 1.87). De-
note the diffeomorphisms between the underlying surfaces SZ,Φ → SZm,Φm

by ϕm.
(3) The sequence of the projections into V , um ◦ ϕm : SZ,Φ → V , converge to

u : SZ,Φ → V uniformly (up to the ends).
(4) Denote by Cl the union of all the components of SZ,Φ\⋃

k Γk
2 which corre-

spond to a particular level l of the building (ũ = (a,u), j,S). Then there is a
sequence of real numbers (cl

m)m∈N for each l such that

(
am ◦ ϕm − a − cl

m

)∣∣
Cl

−→ 0 in C0
loc.

1Recall that by definition each (ũm, jm,Sm) is itself a sequence (ũn
m, jn

m,Sn
m)1≤n≤Nm , Nm ≤ N of

holomorphic buildings of height 1.
2The circles and arcs used to compactify the surfaces are removed here.
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3.2 Adding Additional Marked Points

In this section we are considering a convergent sequence of noded marked Riemann
surfaces Sn = (Sn, jn,Mn,Dn) of signature (g,μ). In this section we are using
the notation of Chap. 2 where we do not use any particular notation for the punc-
tures. See Definitions 1.10 and 1.87 for the notions of signature and convergence
of surfaces. If these surfaces have nonempty boundary, we write Mn = M int

n ∪ M∂
n ,

Dn = Dint
n ∪ D∂

n where M int
n is the set of interior marked points while M∂

n denotes
the set of the marked points on the boundary of Sn (similarly for the special marked
points or nodal pairs Dn). In the case of nonempty boundary we have μ = (μint,μ∂)

where μint = #M int and μ∂ = #M∂ . Denote the limit by S = (S, j,M,D) (its signa-
ture is also (g,μ), and we write again M = M int ∪ M∂ , D = Dint ∪ D∂ if ∂S �= ∅).
We will now change the sequence by adding two additional marked points to each
surface Sn: Let Yn = {y(1)

n , y
(2)
n } be a pair of points on Sn\(Mn ∪ Dn) such that

dn

(
y(1)
n , y(2)

n

) n→∞−→ 0

where dn is the distance function with respect to the Poincaré metric hjn,Mn∪Dn

on Ṡn := Sn\(Mn ∪ Dn). We also assume that there is a sequence of positive real
numbers Rn → ∞ and injective holomorphic maps

ψn : DRn → Ṡn, DRn := {z ∈C | |z| ≤ Rn}
such that

ψn(0) = y(1)
n and ψn(1) = y(2)

n

if the points y
(1)
n , y

(2)
n are in the interior of Sn. The other case we will consider is

when both lie on the boundary ∂Sn. Then the injective holomorphic maps ψn will
be defined on the upper half-disk D+

Rn
. After passing to a subsequence we may as-

sume that the sequence S′
n := (Sn, jn,Mn ∪ Yn,Dn) also converges to some limit

S′ = (S′, j ′,M ′,D′). The purpose of this section is to find how S′ and S are related.
In a nutshell, S′ is obtained from S by attaching no, one or two spheres (or disks)
to S. This will be very important for the SFT compactness result later since this
will help us analyze bubbling phenomena. The result we are going to discuss here is
Proposition 4.3 in [12] and its generalization for the case of surfaces with nonempty
boundary. It would be very cumbersome to precisely formulate the result, we rather
describe and illustrate the phenomena (hoping this may be more illuminating). We
will first consider the case of surfaces without boundary as in [12]. There are ad-
ditional complications if the surfaces Sn have boundary, and we will address these
later.

Recall that the Deligne–Mumford compactness result, Theorem 1.91, was proved
along the following lines: Using Bers’ theorem we may decompose the surfaces
Sn\(Mn ∪ Dn) into pairs of pants so that the corresponding Fenchel–Nielsen pa-
rameters converge after passing to a subsequence. Because of the assumption
dn(y

(1)
n , y

(2)
n ) → 0 we may at this point assume that the surfaces Sn\(Mn ∪ Dn)

consist of either one or two pairs of pants (see Fig. 3.2). Introducing the additional
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Fig. 3.2 The surface
Sn\(Mn ∪ Dn)

marked points Yn amounts to changing the hyperbolic metric and therefore the pair
of pants decomposition (see Fig. 3.3 for the case where both additional points are
contained in the same pairs of pants). We invite the reader to draw the correspond-
ing pictures for the case where Sn\(Mn ∪ Dn) consists of two pairs of pants (and to
construct case (iii) from Fig. 5 in the paper [12]). Because the surfaces Ṡn contain
annuli ψn(DRn\D2) with larger and larger moduli and y

(1)
n , y

(2)
n ∈ ψn(D2) the last

pair of pants decomposition depicted in Fig. 3.3 (and similar scenarios) cannot occur
by Bers’ theorem. In fact, we must have �(γn) → 0, and the limit surface S′ contains
an additional spherical component with two marked points on it corresponding to
the sequences {y(1)

n } and {y(2)
n }. In the case where infn �(δn) > 0 the limit S′ differs

from S by exactly one additional spherical component.3 If in addition �(δn) → 0
then a second spherical component may appear as well (see Fig. 3.4).4 If we replace
the marked point m in Fig. 3.4 by a nondegenerate boundary component then we
may obtain limits S′ which differ from S by adding one spherical component and
pinching a closed curve to a point. See Fig. 3.5 for an illustration where the se-
quence Sn is assumed to be constant for simplicity and �(γn), �(δn) → 0. This case
is missing in the paper [12].

Let us consider the boundary case where the sequences {y(1)
n }, {y(2)

n } lie in
∂Sn\(M∂

n ∪ D∂
n). Recall from our discussion of the Deligne–Mumford result that

we double the surfaces Sn and then decompose the doubled surfaces into pairs of
pants. As before, we will assume that y

(1)
n and y

(2)
n lie in the same pair of pants Y .

The intersection ∂Sn ∩Y consists of a union of geodesic arcs connecting two bound-
ary components and maybe some boundary components of the pair of pants Y (see
Figs. 1.52 and 1.55). Figure 3.6 illustrates some of the a priori possible scenar-
ios. We then need to repeat the previous discussion and keep track of the boundary
curve(s). Pictures (IV) and (V) actually lead to unstable components in the limiting
nodal surface which we wish to avoid. We therefore require that the points y

(1)
n and

y
(2)
n lie in the same component of ∂Sn ∩Y . Adding two marked points to the bound-

ary has the effect of adding one or two additional components to the limit surface
which are disks. Figure 3.7 depicts the situation for picture (II).

3In the paper [12] this is case (i) in Fig. 5 and the second case in Fig. 3.4.
4This is case (ii) in the paper [12].
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Fig. 3.3 The surface Sn\(Mn ∪ Dn ∪ Yn). The last picture displays an impossible configuration
by Bers’ theorem

3.3 The Compactness Result for the Case Without Boundary

3.3.1 Statement of the Result

We will formulate and prove the SFT compactness result for holomorphic curves
without boundary where the target is a cylindrical symplectic manifold (W,ω), i.e.
W = R × M where M is a closed contact manifold and J̃ equals the usual R-
invariant almost complex structure (with dλ-compatible J : kerλ → kerλ) We also
assume throughout that the contact form on M is non-degenerate.

Theorem 3.6 (SFT compactness theorem for curves without boundary in the cylin-
drical case) Consider a sequence of pseudoholomorphic curves

Cn = (ũn, Sn, jn,Mn,Zn ∪ Zn),
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Fig. 3.4 Adding two points to a cylinder with a marked point m, viewed as a degenerate boundary
component: Two possible limit surfaces

Fig. 3.5 Starting with a 1-punctured torus

where (Sn, jn) is a compact stable Riemann surface without boundary, with marked
points Mn, punctures Zn ∪ Zn (note that jn extends over all of them) and all sur-
faces have the same signature. The maps ũn : Sn\(Zn ∪Zn) −→ W are pseudoholo-
morphic curves with energy bounded by some constant E0 > 0, and the punctures
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Fig. 3.6 Adding two marked points on the boundary. The intersection of the boundary curve ∂Sn

and the pair of pants is depicted by the fat curve(s)

Zn = {z(n)
1 , . . . , z(n)

p−} are all negative while the punctures Zn = {z(n)
1 , . . . , z

(n)
p+} are

all positive. We also assume that all the curves ũn are asymptotic at the correspond-
ing punctures to the same periodic orbits.5 Then there exists a subsequence of {Cn}
which converges to a stable holomorphic building of height k ≥ 1.

It is not a restriction to treat only convergence of smooth curves (smooth meaning
that Sn is not noded) because we may just include nodal points in the sets Mn of
marked points. We divide the proof into several steps.

5This is not a real assumption since it can be achieved by merely passing to a suitable subsequence
due to the uniform bound on the energy and the nondegeneracy of the contact form. In the pa-
per [12] the authors also consider the Morse–Bott case for curves without boundary. Then one has
to assume that all the curves ũn are asymptotic at the corresponding punctures to periodic orbits
lying in the same connected component in the space of periodic orbits.
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Fig. 3.7 Possible limit surfaces after adding two marked points to the boundary in (II) of Fig. 3.6

3.3.2 Gradient Bounds

Let {Cn} be a sequence of pseudoholomorphic curves as in Theorem 3.6. We will
establish a uniform gradient bound on the ε-thick parts of Sn after removing finitely
many points. This statement is more subtle than it seems at first sight. The magni-
tude of the gradient ‖∇ũn(z)‖ = sup|ζ |=1 ‖Dun(z)ζ‖ depends on the metric on the
surface Sn. On the other hand, removing points from the surface Sn alters the met-
ric on Sn. The statement made here is that the procedure of successively removing
pairs of points from the surface whenever the gradient blows up necessarily termi-
nates after finitely many steps resulting in a uniform gradient bound. Here is the
precise statement:

Proposition 3.7 (Gradient bounds after removing finitely many points) There is an
integer K ≥ 0 and a constant C > 0 which only depend on E0 and points

Yn = {
y(1)
n , u(1)

n , . . . , y(K)
n , u(K)

n

} ⊂ Ṡn := Sn\(Mn ∪ Zn ∪ Zn)

such that
∥∥∇ũn(z)

∥∥ ≤ C

ρn(z)
∀z ∈ Ṡn\Yn, (3.1)
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where ρn denotes the injectivity radius with respect to the Poincaré metric hṠn\Yn

on (Ṡn\Yn, jn). The gradient is computed with respect to hṠn\Yn and the obvious
ω-compatible metric on W , i.e.

∥∥∇ũn(z)
∥∥ := sup

{∥∥Dũn(z)ζ
∥∥ : ζ ∈ TzSn, |ζ |

hṠn\Yn = 1
}
.

Proof By the Deligne–Mumford compactness result we may assume after passing
to a subsequence that the domains converge to some noded surface,

(Sn, jn,Mn,Zn ∪ Zn) → (S, j,M,D,Z ∪ Z).

The proof uses some kind of iteration argument. Assume that zn ∈ Ṡn is a sequence
such that

lim
n→∞ρn(zn)

∥∥∇ũn(zn)
∥∥ = +∞ (3.2)

where ρn denotes the injectivity radius with respect to the hyperbolic metric on
Ṡn = Sn\(Mn ∪ Zn ∪ Zn), i.e. Yn = ∅. Let us first consider the case where W =
R × M . Writing ũn = (an,un) and replacing an with an − an(zn) we may assume
that an(zn) = 0 for all n.

We now claim that we can find complex coordinate charts near the points zn

with some amount of control on the gradient which is the contents of the following
lemma.

Lemma 3.8 There are holomorphic charts ψn : D → Un ⊂ (Ṡn, jn) with ψn(0) =
zn if zn /∈ ∂Ṡn and positive constants C1,C2 such that for all z ∈ D and all large n

C1ρn(zn) ≤ ∥∥∇ψn(z)
∥∥ ≤ C2ρn(zn). (3.3)

Here, D ⊂ C is the open unit disk and Un is some open neighborhood of zn. The
gradient is computed with respect to the Euclidean metric on D (or D+) and the
Poincaré metric hn on Ṡn so that

∥∥∇ψn(z)
∥∥ = sup

{∣∣Dψn(z)ζ
∣∣
hn

: ζ ∈ TzSn, |ζ |Eucl = 1
}
.

Remark 3.9 We will later consider the case where ∂Sn �= ∅. If zn ∈ ∂Ṡn then
the same statement is true for a suitable holomorphic chart ψn : D+ → Un with
ψn(0) = zn, ψn(D

+ ∩ R) ⊂ ∂Ṡn and D+ = {z ∈ D | Im(z) ≥ 0}. We note that the
proof of Lemma 3.8 in the boundary case is not any different from the interior case
because we double Riemann surfaces along their boundary.

Proof We consider the following two cases for subsequences {znk
} ⊂ {zn} and

0 < ε ≤ sinh(1/2) < sinh−1(1) (we use the notation {zn} for a subsequence for
simplicity):

(1) ρn(zn) ≥ ε

(2) ρn(zn) < ε,
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and we will establish the estimate (3.3) for a suitable number ε with constants
C1,C2 > 0 not depending on n.

Let 0 < ε ≤ sinh(1/2). In case (1) we have zn ∈ Thickε(Ṡn), and the claim holds
for this subsequence (with constants depending on ε only and not on the particu-
lar choice of the subsequence): Using suitable diffeomorphisms we may consider
S instead of Sn with the hyperbolic metrics induced by the metrics hn (we de-
note these induced metrics again by hn), and we have hn → h and also ρn → ρ

on Thickε′(Ṡ) for 0 < ε′ < ε. Hence we may view Thickε(Ṡn) for large n as a
proper subset of Thickε′(Ṡ). We then cover the compact set Thickε′(Ṡ) with finitely
many holomorphic coordinate charts6 φk : D2 → S or φk : D+

2 → S such that
{φk(D),φk(D

+)} cover Thickε′(Ṡ). We have zn = φk(z0) for some k and |z0| ≤ 1.
Then take ψn := φk|D(z0) and the claim holds with constants C1,C2 depending on
ε but not on n. While discussing case (2) we will impose further restrictions on the
possible choices for ε.

Consider now the case (2) where zn ∈ Thinε(Ṡn). By the Thick–thin decompo-
sition, Theorem 1.85, every component of Thinε(Ṡn) is isometric either to a cusp
or to a piece of a hyperbolic cylinder because ε ≤ sinh−1(1). Let us assume first
that the sequence {zn} lies in a component of the ε-thin part of the surface which
is isometric to a cusp. By Lemma 1.83 the injectivity radius ρ(p) at a point p of
the surface is given by half the length of the shortest geodesic loop through that
point. If z = s + it ∈ C = {z ∈ H : Im(z) ≥ 1/2}/{z ∼ z + 1} is the standard cusp,
we obtain

ρ(z) = 1

2
dist(z, z + 1) = sinh−1

(
1

2t

)

using the distance formula

sinh

(
1

2
dist(z,w)

)
= |z − w|

2
√

Im(z) Im(w)
, z,w ∈ H.

Any component of the ε-thin part isometric to a cusp is then isometric to the fol-
lowing subset of the standard cusp:

Cε :=
{
z ∈H : Im(z) ≥ 1

2 sinh−1 ε

}
/{z ∼ z + 1}.

We define now

ψn : D −→ C

ψn(z) := 1

2
z + zn.

6Here Dr = {z ∈C : |z| < r} and D+
r = {z ∈ Dr | Im(z) ≥ 0}.
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Note that this is well-defined since with zn = sn + itn

Im

(
z

2
+ zn

)
≥ tn − 1

2

≥ 1

2 sinh−1 ε
− 1

2

≥ 1

2

in view of sinh−1 ε ≤ 1/2. If h(s + it) = 1
t2 geucl is the hyperbolic metric on H and

z = s + it then
∥∥∇ψn(z)

∥∥ = sup
ζeucl=1

∣∣Dψn(z)ζ
∣∣
h

= 1

t + 2tn
.

In order to prove the claim we have to show that there are 0 < C1 < C2 such that
for all t ∈ [−1,1] and for all n

C1 ≤ (t + 2tn) sinh−1
(

1

2tn

)
≤ C2. (3.4)

If f (t, τ ) := (t + τ) sinh−1(τ−1) then

lim
τ→+∞f (t, τ ) = 1

so that (3.4) holds for

C1 := min
{
f (t, τ ) | − 1 ≤ t ≤ +1, τ ≥ 2

}

and

C2 := max
{
f (t, τ ) | − 1 ≤ t ≤ +1, τ ≥ 2

}
.

Note that these constants do not even depend on the choice of ε. Recall that

tn ≥ 1

2 sinh−1 ε
≥ 1

in view of ε ≤ sinh 1
2 such that τ = 2tn ≥ 2.

We assume now that {zn} ⊂ Thinε(Ṡn) where Thinε(Ṡn) is isometric to a subset
of a collar neighborhood C(βn) of a short closed geodesic βn, i.e.

C(βn) = {
z ∈H |dist(z,βn) ≤ wn

}
/
{
z ∼ e�nz

}

where

wn := sinh−1
(

1

sinh �n

2

)
, βn(t) = iet�n , t ∈ [0,1], (3.5)
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and �n ≤ 2 sinh−1(1) is the length of βn with respect to the hyperbolic metric on H.
The injectivity radius at some point z ∈ C(βn) is given by

sinh
(
ρn(z)

) = sinh

(
1

2
d
(
z, e�nz

)) = |z|
Im(z)

sinh
�n

2
= |z|

Im(z) sinhwn

. (3.6)

Hence we may assume that the sequence {zn} = {sn + itn} satisfies

1 ≤ |zn| ≤ e�n,
|zn|
tn

sinh
�n

2
≤ sinh ε. (3.7)

We define now the maps

ψn : D −→ C(βn)

z �−→ zn + rz, r = tanh
�n

2
.

We first verify that indeed ψn(D) ⊂ C(βn) provided ε is chosen sufficiently small,
i.e. we have to show that dist(zn + rz, iR) ≤ wn if z ∈ D. Recalling the definition
of wn in (3.5) and the fact that the lengths {�n} are bounded from above by Bers’
theorem we define δ := infn wn > 0 and we pick

0 < ε ≤ inf
n

sinh−1
(

2 sinh2 wn

2√
1 + sinh2 wn

)
= inf

n
sinh−1

(
1 − 1

coshwn

)
.

Note that with z = s + it

sinh
1

2
d(z, iR) = |z − i|z||

2
√

t |z| =
√ |z|

2t
(3.8)

and that we have the inequalities7

tn − rsn|zn|√|zn|2 + r2
≤ t

|z| ≤ tn + rsn|zn|√|zn|2 + r2
∀z = (s, t) ∈ Br(zn).

We estimate using (3.7)

|z|
t

≤
√

|zn|2 + tanh2 �n

2

tn − sn|zn| tanh �n

2

≤
√

|zn|2
t2
n

+ 1

t2
n

tanh2 �n

2

7The points z± = (s±, t±) ∈ ∂Br(zn) with t± = tn ± rsn|zn| and |z±| = √|zn|2 + r2 are characterized
by the condition that the lines {τz± | τ ∈ R} are tangent to the boundary of Br(zn).
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≤
√√√√ sinh2 ε

sinh2 �n

2

+ sinh2 ε

cosh2 �n

2

≤ sinh ε

√
sinh2 wn + 1

≤ 2 sinh2 wn

2

by our choice of ε. Combining this with (3.8) we see that the maps ψn satisfy

d
(
ψn(z),βn

) ≤ wn ∀z ∈ D.

In order to show that the maps ψn are injective we have to make sure that

Br(zn) ∩ e�nBr(zn) = ∅,

which is the same as |zn| + r ≤ e�n(|zn| − r). This inequality follows from

r = tanh
�n

2
≤ |zn| tanh

�n

2
= |zn|e

�n − 1

e�n + 1
.

We have
∥∥∇ψn(z)

∥∥ = r

tn + rt
, z ∈ D

and therefore with (3.6)

ρn(zn)

‖∇ψn(z)‖ =
(

tn

r
+ t

)
sinh−1

( |zn|
tn

sinh
�n

2

)

=
(

tn

sinh �n

2

cosh
�n

2
+ t

)
sinh−1

( |zn|
tn

sinh
�n

2

)
.

We recall that

sinh �n

2

tn
≤ sinh ε

so that

ρn(zn)

‖∇ψn(z)‖ ≥
(

tn

sinh �n

2

− 1

)
sinh−1

(
sinh �n

2

tn

)

≥ ε

sinh ε
− ε

and similarly
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ρn(zn)

‖∇ψn(z)‖ ≤
(

tn

sinh �n

2

+ 1

)
sinh−1

(
sinh �n

2

tn

)

≤ 1 + ε.

This finally completes the proof of the lemma and (3.3). �

The following statement is left as an exercise to the reader.

Exercise 3.10 Assume (S, j) is a Riemann surface, where j is induced by some
metric and some orientation, and let | · | be the corresponding norm on T S. Let
u : S → (W,ω,J ) be a J -holomorphic curve where J is ω-compatible, and where
‖v‖2 := ωq(v, Jv) for v ∈ TqW . With the notation

∥∥∇u(z)
∥∥ := sup

{∥∥Du(z)ζ
∥∥ : ζ ∈ TzS, |ζ | = 1

}

show that for any ζ ∈ TzS with |ζ | = 1 we have

1

2

∥∥∇u(z)
∥∥ ≤ ∥∥Du(z)ζ

∥∥.

We resume the proof of Proposition 3.7. Consider now the pseudoholomorphic
disks ũn ◦ ψn. Because of Lemma 3.8, Exercise 3.10 above and because ũn is
J̃ -holomorphic, we have for all unit vectors ζ ∈C:

∥∥D(ũn ◦ ψn)(0)ζ
∥∥ =

∥∥∥∥Dũn(zn)
Dψn(0)ζ

‖Dψn(0)ζ‖
∥∥∥∥
∥∥Dψn(0)ζ

∥∥

≥ C1
1

4

∥∥∇ũn(zn)
∥∥ρn(zn)

→ ∞
Using Lemma 2.39 and the usual bubbling-off analysis, we can find sequences

{wn} ⊂ D, wn → 0, Rn = ‖∇(ũn ◦ ψn)(wn)‖ → +∞, εn ↘ 0 such that εnRn →
+∞ and

∥∥∇(ũn ◦ ψn)(w)
∥∥ ≤ 2

∥∥∇(ũn ◦ ψn)(wn)
∥∥ ∀|w − wn| ≤ εn.

As before we define rescaled maps

ṽn(w) := (ũn ◦ ψn)

(
wn + w

Rn

)
for w ∈ BεnRn(0)

which converge uniformly on compact sets with all derivatives to a nontrivial
J̃ -holomorphic finite energy plane which we denote by ṽ∞. We claim that the en-
ergy of any such ṽ∞ is bounded from below by a constant � > 0. We identify the
domain of ṽ∞ with S2\{point}. If the puncture is not removable then ṽ∞ is asymp-
totic to a periodic orbit of the Reeb vector field. Then the smallest period among
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all periodic orbits of the Reeb vector fields at the cylindrical ends serves as a lower
bound. Otherwise, in the case of a removable puncture, we apply the mean value in-
equality (Proposition 2.59). It implies that a J̃ -holomorphic plane with image con-
tained in a compact subset C of the target symplectic manifold W and with energy
less than a certain constant ε0 = ε0(C) must be constant. Since W is the symplec-
tization of a closed contact manifold the constant ε0 actually does not depend on C

because the almost complex structure is R-invariant (look at Remark 2.60).

Remark 3.11 We insert a few brief remarks on how to modify the above argument
in the case of surfaces with boundary for later reference. Some of the notions men-
tioned here will be defined in the next section. In this case the maps ũn ◦ ψn are
defined on the half-disk, and we have boundary values in some Lagrangian sub-
manifold L ⊂ W which is of the form R × L in the cylindrical part of W with
some Legendrian L ⊂ M . The limit ṽ∞ may also be a finite energy half-plane with
boundary values in L. We identify the domain of ṽ∞ with D\{1}. If the puncture is
not removable then ṽ∞ is asymptotic to a characteristic chord for the Legendrian L.
Then the smallest length among all characteristic chords serves as a lower bound
for the energy of ṽ∞. The mean value inequality can also be applied to a half-plane.
Since we only consider noncompact symplectic manifolds W with cylindrical ends
(or manifolds which arise from the splitting construction) the constant ε0 actually
does not depend on C because the almost complex structure on the cylindrical part
is R-invariant (see Remark 2.60).

We define now sequences

w̄n := ψn(wn), ūn := ψn

(
wn + 1

Rn

)

which both lie in ψn(D) = Un ⊂ Ṡn and which satisfy dn(w̄n, ūn) → 0 where dn

denotes the distance with respect to the Poincaré metric on Ṡn. Indeed,

dn(w̄n, ūn) ≤
∫ 1

0

∥∥∥∥
d

dt
ψn

(
wn + t

Rn

)∥∥∥∥dt

≤ 1

Rn

∫ 1

0

∥
∥∥∥∇ψn

(
wn + t

Rn

)∥
∥∥∥dt

≤ C2ρn(zn)

Rn

using (3.3). Following Sect. 3.2 we now add {wn,un} as additional marked points to
the Riemann surfaces (Sn, jn,Mn,Zn ∪Zn). After passing to a subsequence we may
assume that the sequence (Sn, jn,Mn ∪ {w̄n, ūn},Zn ∪ Zn) converges to a noded
Riemann surface (S′, j ′,M ′,D′,Z′ ∪Z

′
) which differs from (S, j,M,D,Z∪Z) by

one or two additional spherical components. Recalling the construction in Sect. 3.2
and the one of ṽ∞ we see that one of the spherical components is the domain of ṽ∞,
and therefore has energy bounded from below by some positive constant �.
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If inequality (3.1) holds for the sequence (ũn, Sn, jn,Mn ∪ {w̄n, ūn},Zn ∪ Zn)

then the proof is complete. Otherwise, there is a sequence {z′
n} ⊂ Ṡn\{w̄n, ūn} such

that

lim
n→+∞ρn

(
z′
n

)∥∥∇ũn

(
z′
n

)∥∥ = +∞
where ρn this time denotes the injectivity radii with respect to the Poincaré met-
rics on the surface (Sn, jn,Mn ∪ {w̄n, ūn}). As before, there are holomorphic charts
ψ ′

n : D → U ′
n ⊂ Ṡn\{w̄n, ūn} (or charts defined on D+) with ψ ′

n(0) = z′
n and posi-

tive constants C′
1,C

′
2 such that for all z ∈ D and all large n

C′
1ρn

(
z′
n

) ≤ ∥∥∇ψ ′
n(z)

∥∥ ≤ C′
2ρn

(
z′
n

)
. (3.9)

We now repeat the above bubbling-off analysis generating again a J̃ -holomorphic
sphere or plane with energy bounded below by the same positive constant � > 0 as
before. Recalling that the energy of the original sequence was uniformly bounded
we conclude that the above iteration must terminate after finitely many steps. �

3.3.3 Convergence in the Thick Part

Assume that Cn = (ũn, Sn, jn,Mn,Zn ∪ Zn) is a sequence as in Theorem 3.6. In-
voking Proposition 3.7, after adding more marked points, we may assume that the
gradient bound (3.1) holds:

∥∥∇ũn(z)
∥∥ ≤ C

ρ(z,hjn)
∀z ∈ Ṡn,

where ρ(∗, hjn) denotes the injectivity radius with respect to the hyperbolic metric
hjn on Ṡn = Sn\(Mn ∪ Zn ∪ Zn). Again, by the Deligne–Mumford compactness
result we may assume after passing to a subsequence that the domains converge,

(Sn, jn,Mn,Zn ∪ Zn) → (S, j,M,D,Z ∪ Z).

Let ε > 0, and let

Thickε(Ṡ) = {
z ∈ Ṡ |ρ(z) ≥ ε

}

where ρ is the injectivity radius with respect to the Poincaré metric h on Ṡ\⋃
j Γj ,

and where {Γj } is a finite collection of disjoint embedded closed curves and embed-
ded arcs starting and ending at ∂Ṡ.

By Definition 1.87 there is a sequence of diffeomorphisms ϕn : S → Sn with
hn := (ϕn)

∗hjn → h in C∞
loc(Ṡ\⋃

j Γj ). We have

∥∥∇(ũn ◦ ϕn)(z)
∥∥ ≤ C

ρn(z)
∀z ∈ Ṡ\

⋃

j

Γj . (3.10)
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where this time ρn = injradhn
. For each ε > 0 we then have a uniform gradient

bound on the maps ũn ◦ϕn. Here are some details: There is an integer N = N(ε) > 0
such that

sup
{∣∣ρn(z) − ρ(z)

∣∣ : z ∈ Thickε(Ṡ)
} ≤ ε

4
∀n ≥ N.

Then ρn(z) ≥ 3
4ε for z ∈ Thickε(Ṡ) which results in

∥∥∇(ũn ◦ ϕn)(z)
∥∥ ≤

∣∣∣∣
C

ρn(z)
− C

ρ(z)

∣∣∣∣ + C

ρ(z)

= C|ρ(z) − ρn(z)|
ρ(z)ρn(z)

+ C

ρ(z)

≤ 4

3
· C

ρ(z)

so that we may replace the injectivity radii ρn in the gradient estimate with ρ for
sufficiently large n at the expense of choosing a larger constant C.

The results in Sect. 2.2.3 then yield a uniform bound on all derivatives on
Thickε(Ṡ) for any ε > 0. The Ascoli–Arzela theorem guarantees the existence of
a subsequence which converges in

C∞
loc

(
Ṡ\

⋃

j

Γj

)
= C∞

loc

(⋃

ε

Thickε(Ṡ)

)
.

In order to obtain such a convergent subsequence we actually have to shift the
R-components of the curves such that the gradient bound implies a C0-bound. If
Ṡ\⋃

j Γj has several connected components we may have to shift the curves on the
individual components by different constants.

Remark 3.12 In the case where ∂Sn �= ∅ the set {Γj } is a finite collection of dis-
joint embedded closed curves and embedded arcs starting and ending at ∂Ṡ. The
convergence statement in the thick part is not affected by this modification.

3.3.4 Convergence in the Thin Part and Level Structure

In this section we will cover curves with and without boundary at the same time
since the case of curves with boundary only requires a few minor additional remarks
which does not complicate the exposition. In the last section we have extracted
a subsequence from {Cn} which converges on compact subsets of

⋃
ε Thickε(Ṡ),

and we denote its various connected components by C1, . . .Cm. We denote the
limit by

C = (
ũ = (a,u), S, j,M,Z ∪ Z

)
.
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Fig. 3.8 The geodesics Γj

shrink to a point. The left
picture depicts a geodesic arc
between two boundary points
of the surface

Fig. 3.9 After passing to the
limit: Two components C−
and C+ adjacent to a node

For sufficiently small ε > 0 the ε-thin part of Ṡ consists of neighborhoods of punc-
tures isometric to standard cusps.8 We have to distinguish between two kinds of
punctures of Ṡ = ⋃m

j=1 Cj . Some of the punctures are actually nodes, they were
generated in the limit process n → ∞ by shrinking certain closed geodesics (or
geodesic arcs between boundary points in the case of nonempty boundary) to
points, and they come in pairs (see Figs. 3.8, 3.9). The other punctures were al-
ready there before we passed to the limit. The aim of this section is to under-
stand the asymptotic behavior of the curve ũ near the punctures. If ũ is bounded
near a puncture then we may extend it smoothly across the puncture by the re-
moval of singularities theorem, Theorem 2.68. Otherwise, ũ approaches a cylin-
der over a periodic Reeb orbit by Proposition 2.47 or a strip over a characteris-
tic chord by Theorem 2.57. We will first consider the situation near a node adja-
cent to two components C− and C+ as in Fig. 3.9. We will denote the asymptotic

8Recall from the definition of convergence of surfaces that there are diffeomorphisms ϕn : S → Sn

and disjoint embedded loops {Γj } ⊂ Ṡ such that ϕn(Γj ) are geodesics in Sn. The lengths of these
geodesics tend to zero as n → ∞. It follows from the proof of the collar lemma that the circles Γj

are actually degenerate boundary components for the limit metric h = limn→∞ ϕ∗
nhn, and these are

isometric to standard cusps. This also explains why removal of singularities theorem and Proposi-
tion 2.47 can be applied near a node.
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Fig. 3.10 A model of a
component of the ε-thin part
of (Ṡ, ϕ∗

nhn) due to the collar
lemma

limit of u|C− by γ−, and the limit of u|C+ by γ+. These may be points, charac-
teristic chords or periodic orbits of the Reeb vector field. We wish to show that
if one is a point then so is the other, and we would like to explore how they ‘fit
together’.

We consider now components of Thinε(Ṡ, ϕ∗
nhn). These are either isometric to

cusps or to half-cusps. In the latter case we double the surface so that we may
consider cusps only. More precisely, by the collar lemma we may assume that each
such component of Thinε(Ṡ, ϕ∗

nhn), which will eventually mutate into a node, is
isometric to the following set:

C(γn) := {
z ∈ H |dist(z, γn) ≤ w(γn), ρn(z) ≤ ε

}
/
{
z ∼ e�nz

}
,

where ‘dist’ refers to the usual distance in the hyperbolic plane,

γn(t) := iet for 0 ≤ t ≤ �n, �n ↘ 0

is a closed geodesic corresponding to ϕn(Γj ) and where

w(γn) := sinh−1
(

1

sinh �n

2

)
.

We have the following formula for the injectivity radius at a point z = reiα :

sinh
(
ρn

(
reiα

)) = |z|
Im(z)

sinh
�n

2
= 1

sinα
sinh

�n

2
. (3.11)

If ε is kept fixed then the width of the cylinder increases as n → ∞, and the angle
between the dotted rays in Fig. 3.10 opens up.9 We will use another model which

9Note that a simple calculation yields

ε ≥ min
{
ρn(z) | z ∈ C(γn)

} = �n

2
.
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describes the degeneration process n → ∞ better: Consider the conformal maps

φn : [−σε
n , σ ε

n

] × S1 −→ H, S1 = R/Z

φn(s, t) := ie−i�n(s+it).

They map {0} × S1 onto the geodesics γn. Since ie−i�ns = i cos(�ns) + sin(�ns) the
image will be in the ε-thin part if and only if we choose

σε
n = 1

�n

cos−1
(

sinh �n

2

sinh ε

)
(3.12)

(which tends to +∞ as n → ∞). Moreover,

∣∣Dφn(s, t)(σ, τ )
∣∣2
hyper = �2

n

cos2(�ns)

(
σ 2 + τ 2).

We estimate using (3.10), (3.11) and the metric ds2 + dt2 on the cylinders Zε
n :=

[−σε
n , σ ε

n ] × S1

sinh
(
ρn

(
φn(s, t)

)) = sinh �n

2

cos(�ns)

= sinh �n

2

�n

∥∥∇φn(s, t)
∥∥

where
∥
∥∇φn(s, t)

∥
∥ := sup

σ 2+τ 2=1

∣
∣Dφn(s, t)(σ, τ )

∣
∣
hyper = �n

cos(�ns)

and

∥
∥∇(ũn ◦ ϕn ◦ φn)(s, t)

∥
∥ ≤ C

ρn(φn(s, t))

∥
∥∇φn(s, t)

∥
∥

= C
sinh(ρn(φn(s, t)))

ρn(φn(s, t))

�n

sinh �n

2

which is uniformly bounded in n, 0 < ε < sinh−1(1) and in (s, t). We summarize

sup
n,ε

∥∥∇(ũn ◦ ϕn ◦ φn)
∥∥

C0(Zε
n)

< ∞. (3.13)

Note that the pull-back of the hyperbolic metric under φn is given by

�2
n

cos2(�ns)

(
ds2 + dt2).
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The gradient bound (3.13) would not hold if we chose this metric on the cylinders Zε
n

since ‖∇φn(s, t)‖ would then equal 1.
Pick a sequence εk ↘ 0. We have by convergence in the thick part

lim
n→∞un

(
ϕn

(
φn

(±σεk
n , t

))) = u
(
γ

εk± (t)
)

where γ
εk± are closed curves in C± ∩ Thickεk

(Ṡ, ϕ∗
nhn). We then obtain

lim
k→∞u

(
γ

εk± (t)
) = γ±(T±t),

where T± are the periods of the orbits γ±, but not necessarily the minimal periods.
In the boundary case γ± are characteristic chords of lengths T±, and the maps φn

are defined on [−σε
n , σ ε

n ] × [0,1] instead. In both cases, after choosing a diagonal
sequence which we denote by εn ↘ 0, σn = σ

εn
n → ∞ we may assume that

lim
n→∞(un ◦ ϕn ◦ φn)(±σn, t) = γ±(T±t).

and also

lim
n→∞(un ◦ ϕn ◦ φn)(±σn ∓ h, t) = γ±(T±t) (3.14)

for any positive constant h. This follows from the following calculation for the in-
jectivity radius:

sinh
(
ρn

(
φn

(
σεk

n − h, t
)))

= |φn(σ
εk
n − h, t)|

Imφn(σ
εk
n − h, t)

sinh
�n

2

= 1

cos(�nσ
εk
n − �nh)

sinh
�n

2

= sinh εk

sinh(�n/2)

sinh(�n/2) cos(�nh) + sin(�nh)

√
sinh2 εk − sinh2(�n/2)

.

We note that

lim
n→∞ sinh

(
ρn

(
φn

(
σεk

n − h, t
))) = sinh εk

1 + 2h sinh εk

and the same diagonal sequence {εn} yields limn→∞(un ◦ ϕn ◦ φn)(σn − h, t) =
γ+(T+t).

Because of the gradient bound (3.13) we may, after maybe adding suitable con-
stants to the R-components, assume that a subsequence of (ũn ◦ ϕn ◦ φn)n∈N con-
verges in C∞

loc(R × S1) (or C∞
loc(R × [0,1])) to a finite energy pseudoholomorphic

cylinder or strip w̃ = (c,w) which has asymptotic limits δ±(t) := lims→±∞ w(s, t).
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They may or may not coincide with γ±(T±t). In any case, they must satisfy
∫

γ−
λ ≤

∫

δ−
λ ≤

∫

δ+
λ ≤

∫

γ+
λ. (3.15)

We introduce the more convenient notation ṽn := (bn, vn) := un ◦ ϕn ◦ φn and if
c ∈ R we write ṽn − c for (bn − c, vn). What may happen geometrically is that the
images vn([−σn,σn] × S1) (or vn([−σn,σn] × [0,1])) break up at several periodic
orbits (or characteristic chords), different from γ±. The aim is to capture this in the
resulting holomorphic building. If break-up does not happen then we may declare
w̃ to be the limit of the sequence (ṽn).

Since for large n the maps vn(±σn,∗) = (un ◦ ϕn ◦ φn)(±σn,∗) are arbitrarily
close to the loops γ±(T±t), we can associate to this setup a unique homotopy class
of maps F : [−1,1] × S1 → M with F(±1, t) = γ±(T±t). We set

S
(
γ−, γ+, [F ]) :=

∫

[0,1]×S1
F ∗dλ =

∫

γ̄+
λ −

∫

γ̄−
λ = T+ − T−,

where we use the notation γ̄±(t) := γ±(T±t). Since we assumed nondegeneracy,
there is a positive constant � such that S(γ−, γ+, [F ]) ≥ � whenever S(γ−, γ+, [F ])
is not zero, and � is the smallest gap in the action spectrum.10 In the case where γ±
are characteristic chords we use a relative homotopy class F : [−1,1]×[0,1] → M ,
F([−1,1] × {0,1}) ⊂ L. The following two propositions describe the breaking up
of the thin part. The cases of cylinder and strip are largely identical, so we will focus
on one of them. The first deals with the case where the ‘neck’ has no energy.

Proposition 3.13 (No energy in the neck-“bubbles connect”) If S(γ−, γ+, [F ]) = 0
then γ− ≡ γ+, and there is a sequence {bn} ⊂ R such that the sequence ṽn − bn

converges in C∞
loc to either a constant or a trivial cylinder over the Reeb orbit

γ̄±(t) = γ±(T±t).

Proof We have
∫

[−σn,σn]×S1
v∗
ndλ → 0, sup

n
E(vn) < +∞.

Because the asymptotic limits γ± have the same action they are either both points
or both periodic orbits of the Reeb vector field. We wish to show that γ+(t) = γ−(t)

and that for any C∞-neighborhood U of γ̄±, in the case where γ± is a periodic orbit,
or for any neighborhood U of γ± in the case where γ± is a point, there exists an
integer N ≥ 1 such that

vn(s, t) ∈ U ∀ −σn ≤ s ≤ σn. (3.16)

10Also note that S(γ−, γ+, [F ]) ≥ 0 if the homotopy class [F ] has a pseudoholomorphic represen-
tative.
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Theorems 2.81 and 2.85 describe the behavior of long holomorphic cylinders and
strips with small dλ-energy. Then for every δ > 0 there exist constants n0, h > 0
such that for all n ≥ n0 one of the following two possibilities holds:

(a) ṽn([−σn + h,σn − h] × S1) ⊂ Bδ(ṽn(0,0))

(b) vn(s,∗) ∈ Uδ(xT ) ∀s ∈ [−σn + h,σn − h] for a suitable T -periodic orbit x =
x(σ ) of the Reeb vector field, where Uδ(xT ) is the δ-ball around xT : t �→ x(T t)

in C∞(S1,M).

If γ± are both periodic orbits then (b) above and (3.14) imply the assertion (3.16)
and that γ−(t) = γ+(t). Moreover, every subsequence of (vn)n∈N has a subsequence
which converges in C∞

loc(R × S1) to γ− ≡ γ+, and therefore the whole sequence
converges. The case of characteristic chords is treated similarly.

In the case where γ± are points we proceed as follows: The sequence ṽn(0,0) −
bn(0,0) has a subsequence which converges to some point (0,p) ∈ {0} × M . Then,
by statement (a) above and by (3.14) the two points γ± must be equal to p and the
assertion follows. �

We now consider the case where the actions of γ− and γ+ are different.

Proposition 3.14 If S(γ−, γ+, [F ]) ≥ � then, after passing to a suitable subse-
quence, we can find finitely many points, characteristic chords or periodic orbits
γ− = γ0, . . . , γN = γ+, N ≥ 1 with

∫

γk−1

λ ≤
∫

γk

λ, k = 1, . . . ,N

and sequences of real numbers (sn,k)n∈N, k = 1, . . . ,N , with limn→∞ sn,k = +∞
such that the translated maps

(s, t) �−→ (
bn(s + sn,k, t) − bn(sn,k,0), vn(s + sn,k, t)

)

converge in C∞
loc to pseudoholomorphic cylinders or strips w̃k = (ck,wk) with

lim
s→−∞wk(s, t) = γ̄k−1(t) = γk−1(Tk−1t)

and

lim
s→+∞wk(s, t) = γ̄k(t) = γk(Tkt).

Proof Because of S(γ−, γ+, [F ]) ≥ � we have

ṽn = (bn, vn) : [−σn,σn] × S1 −→R× M

lim
n→∞vn|{±σn}×S1 = γ±, γ− �= γ+ and

∫

[−σn,σn]×S1
v∗
ndλ ≥ �
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for sufficiently large n. Recall that the functions

ψn : [−σn,σn] × S1 → [0,∞)

ψn(s) :=
∫

{s}×S1
v∗
nλ

are monotone increasing with

lim
n→∞ψn(±σn) =

∫

γ±
λ.

By non-degeneracy there are at most finitely many periodic orbits δ with
∫

γ−
λ ≤

∫

δ

λ ≤
∫

γ+
λ

which are the only periodic orbits at which the holomorphic cylinders may break up.
We may arrange them by the magnitude of their actions γ− = δ0, . . . , δN = γ+. We
will conduct the proof by an iteration argument which will terminate after finitely
many steps. We first pick a sequence sn ∈ [−σn,σn] so that

∫

{sn}×S1
v∗
nλ = 1

2

(∫

δN ′
λ +

∫

δN

λ

)
=: 1

2
(TN ′ + TN)

where N ′ is the largest integer 0 ≤ N ′ < N for which TN ′ < TN . In view of (3.14)
the sequences |σn − sn| and |σn + sn| are both unbounded. We then consider

ṽ′
n(s, t) := (

b′
n(s, t), v

′
n(s, t)

) = (
bn(s + sn, t), vn(s + sn, t)

)
.

As we pointed out before, because of the gradient bound (3.13), we may find a sub-
sequence (ṽ′

nk
)k∈N so that the sequence ṽ′

nk
− bnk

(snk
,0) converges in C∞

loc(R× S1)

to a finite energy pseudoholomorphic cylinder w̃ = (c,w) with central action
∫

{0}×S1
w∗λ = 1

2
(TN ′ + TN)

which has asymptotic limits

lim
s→+∞w(s, t) = δ(TN t) = γ+(T+t)

and

lim
s→−∞w(s, t) = δm(Tmt)

where m may be any integer between 0 and N ′. If m > 0 we repeat the procedure
by picking a sequence s′

nk
∈ [−σn,σn] with
∫

{s′
nk

}×S1
v∗
nk

λ = 1

2
(TN ′′ + TN ′)
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where N ′′ is the largest integer 0 ≤ N ′′ < N ′ for which TN ′′ < TN ′ . The iteration
procedure has to stop after finitely many steps, and we get the assertion of the propo-
sition. �

Adding the marked point (ϕnk
◦ φnk

)−1(sn,0) at each iteration step we create an
additional spherical component for the limiting Riemann surface which removes a
positive amount of energy no smaller than � from S(γ−, γ+, [F ]).

If the ε-thin part consists of a cusp near a puncture, the analysis is similar as
before. We have to distinguish the cases where the quantity S(γ−, γ+, [F ]) is zero
or greater than �.

Having analyzed the behavior of the sequence in the thin part we introduce an
ordering of the components Ci of S\⋃

Γj in the following way: We say Ci ≤ Cj if

lim sup
n→∞

(
an

(
ϕn(xi)

) − an

(
ϕn(xj )

))
< +∞.

This definition does not depend on the choice of the points xi and xj . In the case
where the symplectic manifold under consideration is R×M we proceed as follows:
We define the components Ci which are minimal with respect to the above ordering
as level-one components. After removing those, we declare the minimal remaining
ones to be of level two and so on. If W is a manifold with cylindrical ends we declare
the components whose remains in the compact part to be of level zero. We then use
the above ordering to define levels ±1,±2,±3, . . . . If the levels of two components
adjacent to a node differ by more than one then we introduce trivial cylinders to fill
up the levels in between. The situation is the same for holomorphic buildings with
boundary.

3.4 More General Holomorphic Buildings and Compactness
Results

Let S = (S, j,M,D,M∂,D∂) be a noded Riemann surface with nonempty bound-
ary (as in Fig. 1.51 on page 96). Here, M∂ ⊂ ∂S is a finite set (marked points on
the boundary), and we assume that D∂ ⊂ ∂S is another set of nodal pairs. Given an
ordering of the boundary components of ∂S the orientation of the boundary then
induces a natural ordering of the set M∂ once a ‘first’ point is chosen. Recall that
we used to compactify a surface with interior marked points by adding circles. As
for boundary marked points, an arc is added (see Fig. 1.47), and we denote the
compactified surface by SD .

3.4.1 Holomorphic Buildings of Height 1

Let

S = (S, j,M ∪ Z,D,M∂ ∪ Z∂,D∂)
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be a noded Riemann surface with possibly nonempty boundary. The set of marked
points consists of the sets Z,Z∂ , called interior punctures and boundary punctures,
and the sets M,M∂ which we will call marked points. When we discussed con-
vergence of Riemann surfaces with boundary we saw that a boundary component
may degenerate by shrinking to a point. It is then indistinguishable from an interior
puncture, and we may either remember the ‘past history’ of this puncture or not. In
the latter case we would just include it in the set of interior punctures Z, otherwise
we would have to distinguish between ‘degenerate’ boundary components Z′ and
interior punctures Z′′. One way of bookkeeping may be better than the other from
the algebraic point of view if it comes to constructing Symplectic Field Theory for
curves with boundary, but this is not the subject of these lectures. The sets

D = {{d1, d1}, . . . , {dk, dk}
} ⊂◦

S

and

D∂ = {{δ1, δ1}, . . . , {δl, δl}
} ⊂ ∂S

are called the sets of interior and boundary nodal pairs. Each pair {dj , dj } may
belong to the same or to different components of S, and the same is true for
pairs {δj , δj }. The set D is usually considered unordered, but the set D∂ car-
ries a natural ordering induced by the orientation of ∂S, once the components of
∂S are ordered. We consider the set of marked points and punctures to be or-
dered. We denote the components of ∂S\Z∂ by ∂1S, . . . , ∂mS, and we assume that
L1, . . . ,Lm ⊂ R × V are totally real submanifolds where R × V is the symplec-
tization of a closed manifold V endowed with some contact form λ, and where J

is a dλ compatible complex structure on ξ = kerλ. We will cast the definition of
a holomorphic building in a rather general framework, but we will only prove the
compactness result in the case where the boundary condition is R×L where L ⊂ M

is a Legendrian submanifold.

Definition 3.15 A holomorphic curve

ũ = (a,u) : S\(Z ∪ Z∂) −→R× V

• is called a trivial cylinder if S = S2, M = D = ∅, Z consists of exactly two
points, and u maps S onto a periodic orbit of the Reeb vector field

• and it is called a trivial strip if S is the closed unit disk in C, M = D = M∂ =
D∂ = Z = ∅, Z∂ consists of exactly two points, and u maps S onto a trajectory
γ (t), 0 ≤ t ≤ 1 of the Reeb vector field with γ (0) ∈ L0, γ (1) ∈ L1 and L0,L1 ∈
{L1, . . . ,Lm}

Definition 3.16 (Holomorphic building of height 1) A holomorphic curve

ũ = (a,u) : S\(Z ∪ Z∂) −→R× V
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is called a holomorphic building of height 1 if it has finite energy, if it satisfies the
boundary conditions ũ(∂j S) ⊂ Lj , and if for all pairs of special marked points

ũ(dj ) = ũ(dj ) and ũ(δj ) = ũ(δj ).

Such a curve is called stable if the following conditions are satisfied:

• At least one component of the curve is not a trivial cylinder or a trivial strip.
• If S′ is a connected component of S with ∂S′ = ∅ on which ũ is constant,

then the Riemann surface S′ with all its marked points, punctures and special
marked points is stable in the sense of Definition 1.17. If S′ is such a compo-
nent with nonempty boundary then we demand that its double S′#S′ is stable as
above.

Assume that p is a puncture. If p ∈ Z∂ let ∂jS, ∂j+1S be the components of
∂S\Z∂ adjacent to p. We consider the asymptotic behavior of ũ near p in the fol-
lowing cases:

(1) p ∈ Z is an interior puncture: Under some nondegeneracy assumptions on the
set of periodic orbits of the Reeb vector field, the asymptotic behavior of ũ is
given by Proposition 2.47. We may then associate a particular periodic orbit of
the Reeb vector field to each interior puncture.

(2) If p ∈ Z∂ and if

L0 =R×L0, L1 =R×L1,

where L0,L1 ⊂ V are Legendrian submanifolds (i.e. λ|TLi
≡ 0) then ũ ap-

proaches a trivial strip, see Theorem 2.57. Again, under suitable nondegeneracy
assumptions, we may assume to each boundary puncture a characteristic chord,
i.e. a trajectory connecting two given Legendrian submanifolds of V .

(3) If p is a boundary puncture, V is three-dimensional, and if one boundary con-
dition adjacent to p is R×L where L ⊂ V is a Legendrian link while the other
is of the form {0} × F where F is a Seifert surface for L then the asymptotics
of ũ is described by Theorem 2.58. In this case we may associate to each such
puncture a point on the knot L.

As in [12] we will call two such curves (ũ = (a,u), j,S) and (ũ′ = (a′, u′), j ′,S′)
equivalent if there is a diffeomorphism φ : S → S′ such that

• (φ∗)−1 ◦ j ′ ◦ φ∗ = j

• φ sends the sets M,Z,D,M∂,Z∂,D∂ onto the sets M ′,Z′,D′,M ′
∂ ,Z

′
∂ ,D

′
∂ pre-

serving the ordering (if applicable) and mapping nodal pairs to nodal pairs.
• u′ ◦ φ = u

• a′ ◦ φ − a is locally constant

The last condition means that we identify curves which differ by translation in the
R-direction. Then the boundary condition of course has to be R-invariant as well
(otherwise we ask for ũ′ ◦ φ = ũ). In cases (1) and (2) above the R-component at
each puncture either tends to +∞ or to −∞ (see Theorem 2.74) while in case (3)
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the R-component tends to zero at the puncture. In cases (1) and (2) we will use the
notation Z± and Z±

∂ to distinguish between positive and negative punctures.

3.4.2 Holomorphic Buildings of Height N

Assume, we have N stable possibly disconnected holomorphic buildings of height 1
(ũk, jk,Sk)1≤k≤N where ũk = (ak, uk) : Sk\(Zk ∪ Z∂,k) → R × V and Sk =
(Sk,Mk ∪ Zk,Dk,M∂,k ∪ Z∂,k,D∂,k) are noded Riemann surfaces with possibly
nonempty boundary. As in [12] we assume that the union of all the interior marked
points

⋃N
k=1 Mk and the union of all the boundary marked points

⋃N
k=1 M∂,k are

equipped with some ordering respecting the orderings of the individual sets Mk

and M∂,k . We denote by Γ ±
k and Γ ±

∂,k the sets of boundary circles and boundary

arcs added to Sk\(Zk ∪ Z∂,k) by compactifying the punctures in Z±
k and in Z±

∂,k .
We assume that

#Z−
k+1 = #Z+

k and #Z−
∂,k+1 = #Z+

∂,k,

i.e. the building on level k + 1 has as many interior or boundary negative punctures
as the building on level k positive punctures. We assume furthermore that there are
orientation reversing diffeomorphisms

Φk : Γ +
k → Γ −

k+1 and Φ∂,k : Γ +
∂,k → Γ −

∂,k+1.

Using these we may construct a piecewise smooth surface with boundary

SZ,Φ = S
Z1,Z∂,1
1 ∪Φ1,Φ∂,1 · · · ∪Φk−1,Φ∂,k−1 S

Zk,Z∂,k

k .

Definition 3.17 (Holomorphic building of height N ) The sequence (ũk, jk,

Sk)1≤k≤N of holomorphic buildings of height 1 together with the decoration
maps {Φ1,Φ∂,1, . . . ,ΦN−1,Φ∂,N−1} and the orderings of the sets

⋃N
k=1 Mk and

⋃N
k=1 M∂,k is called a holomorphic building of height N (or with N levels) if the

following condition is satisfied: The maps uk : SZk,Z∂,k

k → V , 1 ≤ k ≤ N , fit together
to a continuous map u : SZ,Φ → V . This means that the curve uk is asymptotic at
its negative punctures to the same periodic orbits and characteristic chords as uk−1
at its positive punctures (see Fig. 3.11).

Two holomorphic buildings of height N (ũk, jk,Sk,Φk,Φ∂,k)1≤k≤N and
(ũ′

k, j
′
k,S′

k,Φ
′
k,Φ

′
∂,k)1≤k≤N are called equivalent if there are diffeomorphisms

φ = {φ1, . . . , φN }, φk : Sk → S′
k which renders the corresponding buildings of

height 1 equivalent. Moreover, the diffeomorphisms are compatible with the at-
taching maps, i.e.

Φ ′
k ◦ φk−1 = φk ◦ Φk−1 and Φ ′

∂,k ◦ φk−1 = φk ◦ Φ∂,k−1

and they respect the orderings of the sets of marked points. We also identify holo-
morphic buildings which differ by a synchronous re-ordering of the punctures Z+

∂,k
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Fig. 3.11 A holomorphic building of height three

and Z−
∂,k+1 (and Z+

k and Z−
k+1), i.e. the ordering of the punctures does not matter

except for the positive punctures on the highest level and the negative punctures on
the lowest level.

Definition 3.18 The signature of a level N holomorphic building is the seven-tuplet
α = (g,μ,μ∂,p

+,p+
∂ ,p−,p−

∂ ) where g is the arithmetic genus of Sφ,Z , μ = #M ,
μ∂ = #M∂ , p+ = #Z+

N , p+
∂ = #Z+

∂,N , p− = #Z−
1 and p−

∂ = #Z−
∂,1. We denote the

set of all holomorphic buildings of height N and signature α by Mα,N (V ). We set

Mα
(V ) :=

∞⋃

N=1

Mα,N (V ).

Definition 3.19 (Convergence of holomorphic buildings) Assume that

(ũm, jm,Sm)m∈N ⊂ Mα
(V )
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is a sequence of holomorphic buildings of height less or equal to N ∈ N.11 We say
that this sequence converges to a building (ũ, j,S) ∈ MN,α(V ) of height N if the
following conditions are satisfied:

• There are sequences of extra marked points for the surfaces Sm and S such that all
the surfaces have the same number of boundary and interior marked points and
the underlying Riemann surfaces become stable.

• The surfaces Sm converge to the surface S in the Deligne–Mumford sense (after
having introduced the extra marked points) as described in Sect. 1.3 of the chap-
ter on Riemann surfaces. Denote the diffeomorphisms between the underlying
surfaces SZ,Φ → SZm,Φm by ϕm.

• The sequence of the projections into V , um ◦ ϕm : SZ,Φ → V , converge to
u : SZ,Φ → V uniformly (up to the ends).

• Denote by Cl the union of all the components of SZ,Φ\⋃
k Γk

12 which corre-
spond to a particular level l of the building (ũ = (a,u), j,S). Then there is a
sequence of real numbers (cl

m)m∈N for each l such that

(
am ◦ ϕm − a − cl

m

)∣∣
Cl

−→ 0 in C0
loc.

3.4.3 Holomorphic Buildings in Manifolds with Cylindrical Ends

In this section we will introduce the notion of holomorphic buildings in manifolds
with cylindrical ends. More precisely, we will consider symplectic manifolds of the
following types:

(A) W is a symplectic manifold with contact type boundary V = V + ∪ V −, and
cylindrical ends E± = R

± × V ± are attached to the contact type boundary as
explained on page 111. We may consider a relative version of this as follows:
Let L± ⊂ V ± be Legendrian submanifolds, and let L ⊂ W be a Lagrangian
submanifold such that

L ∩ V = (
R×L+) ∪ (

R×L−)
.

(B) W is obtained from another symplectic manifold W ′ by cutting W ′ open along
a contact type hypersurface V and then attaching a positive and a negative end
to the newly created boundary (‘splitting construction’, see page 111). As for
the relative version we consider a Lagrangian submanifold L ⊂ W such that
V ∩ L = L is a Legendrian submanifold of V .

In the first case we define a holomorphic building of height k−|1|k+ where k± are
non-negative integers. It consists of the following ingredients:

11Recall that by definition each (ũm, jm,Sm) is itself a sequence (ũn
m, jn

m,Sn
m)1≤n≤Nm , Nm ≤ N of

holomorphic buildings of height 1.
12The circles and arcs used to compactify the surfaces are removed here.
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(1) A holomorphic building of height 1 which is a proper noded holomorphic curve

v : S\(Z0 ∪ Z∂,0) → W

of finite energy satisfying the boundary condition v(∂S\Z∂,0) ⊂ L and also

v(dj ) = v(dj ) and v(δj ) = v(δj ).

We denote the ‘data’ of this holomorphic curve by (S0,M0 ∪ Z0,D0,

M∂,0 ∪ Z∂,0,D∂,0).
(2) A holomorphic building of height k+ in the cylindrical manifold R × V+

and another of height k− in the cylindrical manifold R × V− which we de-
note by (ũk, jk,Sk) with 1 ≤ k ≤ k+ or −k− ≤ k ≤ −1 and with decoration
maps {Φk,Φ∂,k}, 1 ≤ k ≤ k+ − 1 or −k− ≤ k ≤ −2 gluing the positive punc-
tures in Zk ∪ Z∂,k to the negative punctures in Zk+1 ∪ Z∂,k+1, and where
Sk = (Sk,Mk ∪Zk,Dk,M∂,k ∪Z∂,k,D∂,k) keeps track of all the marked points,
punctures and nodes in the interior and on the boundary.

(3) An ordering of the total set of marked points
⋃

−k−≤j≤k+ Mj compatible
with the ordering on each Mj (the set of marked points on each individ-
ual level 1 curve), but not necessarily preserving the numbering of the sets
M−k− , . . . ,Mk+ . The same for the set of marked points

⋃
−k−≤j≤k+ M∂,j on

the boundary.

We also need to assume the following:

• The numbers p+
0 ,p+

∂,0 of positive punctures of v equals the numbers of negative

punctures p−
1 ,p−

∂,1 of ũ1.

• The numbers p−
0 ,p−

∂,0 of negative punctures of v equals the numbers of positive

punctures p+
−1,p

+
∂,−1 of ũ−1.

• For k = −1,0 there are also (orientation reversing) diffeomorphisms
Φk,Φ∂,k : Γ +

k → Γ −
k+1, where Γ ±

k are the circles (or arcs, respectively) added
for each interior puncture (or boundary puncture, respectively).

Denote by S0 the oriented blow-up of S0 at the punctures Z0 ∪ Z∂,0, and let

S+ = S1 ∪Φ1,Φ∂,1 · · ·Sk+−1 ∪Φk+−1,Φ∂,k+−1 Sk+

S− = Sk− ∪Φk− ,Φ∂,k− · · ·S−2 ∪Φ−2,Φ∂,−2 S−1

be the surfaces obtained from gluing together the various levels of the holomorphic
buildings at their punctures. Gluing S− with S0 using Φ−1,Φ∂,−1, and gluing S+
with S0 using Φ0,Φ∂,0 we obtain a piecewise smooth surface S = S− ∪ S0 ∪ S+.
We finally demand that for sufficiently small ε > 0 the maps

u− : S− → V −, u+ : S+ → V +

induced by u1, . . . , uk+ and uk− , . . . , u−1, respectively and the map Gε ◦ v :
S0 → ◦

W (see (2.3) on page 111 for the definition of Gε) fit together to a con-
tinuous map S → W . Figure 3.12 illustrates a holomorphic building in a mani-
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Fig. 3.12 A holomorphic building of height 2|1|1

fold with cylindrical ends. The signature of such a building consists of the data
(g,μ,μ∂,p

−,p−
∂ ,p+,p+

∂ ) where μ = #M , μ∂ = #M∂ are the numbers of all
marked points, p+

∂ = p+
∂,k+ , p+ = p+

k+ and p−
∂ = p−

∂,k− , p− = p−
k− are the total

number of punctures at the highest and the lowest level (interior and boundary punc-
tures recorded separately).

Given a holomorphic building (ũ−, v, ũ+) of height k−|1|k+, we will sometimes
say that it consists of three layers with the one in the middle being the main layer.
The equivalence of two such buildings is defined similarly to the equivalence of
buildings of height N except that there is no R-translation in the main layer to factor
out. The definition of convergence is also evident. We say a holomorphic building
of height k−|1|k+ is stable if all three layers are. In the case of the main layer
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this means the following: For every component C of the Riemann surface we want
F0|C either to be not constant or otherwise we want C with all its punctures and
marked points D0,D∂,0,M0,M∂,0,Z0,Z∂,0 to be stable, i.e. # Aut(C) < ∞. We
denote the moduli space of holomorphic buildings of height k−|1|k+ and signature
(g,μ,μ∂,p

−,p−
∂ ,p+,p+

∂ ) by

k−,k+M(g,μ,μ∂ ,p−,p−
∂ ,p+,p+

∂ )(W,L,J ).

We use the notation k−,k+M(g,μ,μ∂ )(W,L,J ) for the union of the above spaces
over all p−,p−

∂ ,p+,p+
∂ ≥ 0. We write M(g,μ,μ∂ )(W,L,J ) for the union over all

k± ≥ 0.
The case of the splitting construction is not much different from the case of a

manifold with cylindrical ends. The appropriate notion is the one of a holomorphic
building of height

∧k0
1 which consists of a holomorphic building of height 1 in the

main layer and a holomorphic building of height k0 in the cut-open region. We re-
frain from bothering the reader with another heap of notation, and refer to Fig. 3.13
instead. The relevant notation is contained in the paper [12] for the case of surfaces
without boundary.

3.4.4 A More General Compactness Result

We will now consider a sequence of pseudoholomorphic curves in a symplectic
manifold (W,ω) with almost complex structure J , so that W is one of the following:

• W is cylindrical, i.e. W = R × M where M is a closed contact manifold and
J = J̃ is the usual R-invariant almost complex structure.

• W = E− ∪ W ∪ E+ is a symplectic manifold with cylindrical ends as explained
in Sect. 2.1 of Chap. 2.13

• W is a symplectic manifold created by splitting along a contact type hypersur-
face.

We always assume that the almost complex structure on W is compatible with the
symplectic structure, and that it equals the R-invariant almost complex structure J̃

(with dλ-compatible J : kerλ → kerλ) in the cylindrical ends. We also assume
throughout that the contact forms in the ends are non-degenerate. In the paper [12]
the authors introduce the notion of an ‘adjusted almost complex structure’. Our
requirements are a special case of this. The boundary condition considered here is
a Lagrangian submanifold L ⊂ W with L = R × L in the cylindrical ends where
L ⊂ V is a Legendrian submanifold.

The more general compactness result below does not need a new proof. We in-
serted remarks into the proofs of the previous results in order to indicate the neces-
sary additions and modifications.

13Note that the ends may be disconnected.
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Fig. 3.13 A holomorphic building of height
∧2

1
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Theorem 3.20 (SFT compactness theorem) Consider a sequence of pseudoholo-
morphic curves

Cn = (ũn, Sn, jn,Mn,Zn ∪ Zn),

where (Sn, jn) is a compact stable Riemann surface, possibly with boundary, with
marked points Mn = M int

n ∪ M∂
n in the interior and on the boundary, punctures

Zn ∪ Zn = Zint
n ∪ Z∂

n ∪ Z
int
n ∪ Z

∂

n (note that jn extends over all of them) and all
surfaces have the same signature. The maps

ũn : Sn\(Zn ∪ Zn) −→ W

are pseudoholomorphic curves with energy bounded by some constant E0 > 0 and
boundary condition in L ⊂ W as described above, and the punctures

Zint
n = {

z
(n)
1 , . . . , z(n)

p−
}
, Z∂

n = {
ζ (n)

1
, . . . , ζ (n)

q−
}

are all negative while the punctures

Z
int
n = {

z
(n)
1 , . . . , z(n)

p+
}
, Z

∂

n = {
ζ

(n)

1 , . . . , ζ
(n)

q+
}

are all positive. We also assume that all the curves ũn are asymptotic at the corre-
sponding punctures to the same periodic orbits/characteristic chords (i.e. to each
interior puncture we associate a certain periodic orbit and to each boundary punc-
ture a certain characteristic chord).14 Then there exists a subsequence of {Cn} which
converges to

• a stable holomorphic building of height k ≥ 1 in the cylindrical case,
• a stable holomorphic building of height k−|1|k+ in the case with cylindrical ends,
• a stable holomorphic building of height

∧k0
1 in the splitting case.

14This is not a real assumption since it can be achieved by merely passing to a suitable subse-
quence due to the uniform bound on the energy and the nondegeneracy of the contact form. In
the paper [12] the authors also consider the Morse–Bott case for curves without boundary. Then
one has to assume that all the curves ũn are asymptotic at the corresponding punctures to periodic
orbits lying in the same connected component in the space of periodic orbits.
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