Chapter 2
Asymmetric Continuum: Basic Motions
and Equations

2.1 Introduction

For axial, shear and rotational strains, we present the basic motion equations,
which follow directly from the derivatives of the classic Newton formula; these
motion equations can be quite independent; their reference displacements can be
quite different. However, for the waves emitted from a common source (e.g., an
earthquake focus) some of these motions might be correlated or phase shifted;
these interaction fields explain the wave propagation due the rotation strain and
shear strain mutual release-rebound processes. For a solid continuum we introduce
the molecular transport motion as nuclei of a possible real transport inside a
fracture domain. We consider also the important experimental data related to the
appearances of the E,, components (strain measurement by Gomberg and Agnew
1996). Our theory explains these important discoveries. A similar system of the
independent motions is introduced for fluids; besides the transport motion we
consider the molecular shear strains and also the rotation molecular strains, both as
the time derivatives of these strains.

2.2 Solids: Strain Fields and Molecular Transport

First we recall that the seismometer recordings do not prove the existence of
displacements (cf., Eqs. 1.1a, b), just the existence of displacement derivatives; the
seismometers record the integrated effect of the displacements derivatives. The
strain waves could have even a length of some hundreds kilometers for a very big
wave period. We assume that in our Asymmetric Continuuam the real displace-
ments, even very small, do not exist; the real displacements appear only in the
fracture processes as an integrated recording effect (cf., Chap. 1).

On the other hand, recent seismological observations of rotation waves by the
very precise instruments, based on the Sagnac effect, were able to reveal and
measure a very small spin, up to 10~ rad/s. These recorded rotation motions are
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not the simple point rotations, but relate to the rotation strains. These experimental
observations give grounds for a new, relatively simple theoretical approach in
which the strain moments used in a classic theory are replaced by the antisym-
metric part of strains. In the Asymmetric Continuum Theory, we use displace-
ments only as the reference motions.

Thus, in solids we can relay on the axial, shear and rotation motions, while the
displacements and point rotations are neglected. However, we can add the
molecular transport, as possible nuclei for the fracture processes. In this way we
arrive at a kind of similarity with the motions in fluids (the transport velocities and
the molecular strains). Solids include the strain motions and molecular displace-
ments, while in fluids there will appear the molecular strains and transport
motions.

We present the basic strains (axial, shear and rotational) as being related to the
independent reference displacements (cf., Teisseyre 2009, 2011); thus all these
strains, Ey = E(i) + Ejy (or deformations Dy, = Ey = Ouy/0x;) could be released
quite independently in a seismic source, or may be mutually related by phase
shifted reference displacements, e.g., iy, i, iy:
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where the reference displacements may be mutually related, with possible phase
shifts, due to the joint source processes; e.g., as follows:

U, = éou;%, ity = eouzo, Uy = Xou?; {507807}(0} ={0,£1, +i} (2.2a)

In some situations, the reference displacement may be very useful, e.g., when
considering the reflection and refraction rules in the processes related to wave
propagation.

We shall note that the presented approach with the independent strain relations
(2.1a), or even using the reference displacements, differs essentially from the
classic approach in which the solutions might be obtained with the help of a unique
displacement field, u (which moreover might be replaced by the potentials,

u=u’+u5; uf =grad ¢, u®=rot ). Of course, we should remember that a

strain rotation, E[ik], has a quite different meaning than a simple rotation motion.
The compatibility conditions assure, in a mathematical sense, that the defor-
mations and strains could be expressed by some displacement derivatives:
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The independent motion equations (cf., Teiseyre and Goérski 2009; Teisseyre
2009, 2011) should follow directly from the derivatives of the classic Newton
formula:
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We obtain (the external forces omitted):
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Thus, all these strains (axial, deviatoric, and rotational—related to a load
angular moment) could be released, in a common process, with these phase shifts;
in that case, these strains will be interrelated through the reference motion, u, as a
basic reference field introduced in a mathematical sense. In such a way, we can
present the relations for the independent fields with the help of the phase factors,
and give their connections to the common reference displacements. In these for-
mulae we have used the different reference displacements and the constitutional
relations, joining stresses and strains.
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To obtain a relation between the antisymmetric part of stresses, Sy, and related
rotation strains, Epy, we must introduce the proper constitutive laws, e,g., the
Shimbo law (1975, 1995) based on the friction processes and rotation of grains.

Another equivalent constitutive law has been introduced in the Kroner approach
to the continuum theory with the self-fields and related internal nuclei (Kroner
1981).

In our approach we join the shear and rotation stresses and strains with common
constants u:

St = 2ME ) + A0 E 55 and Sy = 2puE ;S = (2p+ 30)E, Sy = 2uEy  (2.5a)

and
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The fracture processes in a source can occur due to the release-rebound pro-
cesses; such interactive processes explain a propagation pattern with the consec-
utive rotation and shear strains (Teisseyre 1985, 2009, 2011).

When an axial strain is constant, then the release-rebound system may be
described by the linear relations between the time and space derivatives; the
related equations remind the Maxwell equations. However, to this end we must
choose the coordinate system oriented in a special way which presents the devi-
atoric strains as the off-diagonal tensor:

A 0 E( 13)
Euy = E(ix) — O 5 ZE () = Ein) =|Emy O 23) (2.6)
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E

In this system we may define the shear vector as E; = {E(), E1), E(12) }, and
the rotation vector E; as E; = {E[B],EBI],E[Q]}; note that when using the 4D

approach, the vector Ejcan be defined invariantly (cf., Teisseyre 2009; see
Chap. 12 on the 4D Maxwell-like invariant relations).
The release-rebound process means that a break of molecular bonds releases

rotation field, OE /0t, and then in a rebound motion there appears rotE; reversely,

the release of shears, OE /0t, leads to rotE. Finally, we arrive at relations for the
release-rebound processes adequately described by the Maxwell-like relations
(see: Chap. 12 and Teisseyre 2009, 2011):
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Fig. 2.1 Wave interaction
pattern: the shears and
rotation strains; their
interaction enables
propagation of these waves
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where c is the light velocity and y is the material constant.
From these relations we obtain that shear and rotation strain must propagate
with the same velocity and that the wave equations which coincide with the

previously derived formulae (2.4a), when the axial strains Z% remain to be
s

constant, will be given as:

_ pOE . POE
—f—zﬁzo and AE—%W:O (2.7b)
The related wave mosaic (Teisseyre and Gorski 2011) explains the interrelated
propagation pattern of the shear and rotation motions as presented in Fig. 2.1 (the
rotation strain motions being represented as the double opposite-sense arrows).

The interaction of fields explains the propagation pattern (some critical remarks
against rotation motions have been based on the supposition that a separate
propagation of rotation motions will be immediately attenuated and therefore
could not exist): in our interactive propagation pattern the rotations and shears
exist and these motions visualize the wave interactions corresponding to the
release-rebound processes at a fracture source.

As mentioned at the beginning of this chapter we should supplement the solid
continuum by the molecular transport motion as nuclei of the possible real
transport inside a fracture domain, that is outside the considered Asymmetric
Continuum. The fracture slip-displacements at a seismic source could develop due
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to the existence of the assumed molecular displacement velocities, which can
relate to the real displacement transport (fracture) forming a fracture zone (for-
mally outside the considered continuum). However, we shall underline that these
molecular displacement transports should depend and follow the actual solutions
for the strains; in this way the molecular displacements become formed with the
help of the real strains and their molecular reference direct displacement transport,
or that with the possible phase shifts:

do or (&+4e"+ 0)dv (2.8a)

with {&°,¢%, 0} = {0,£1,+i} (Eq. 2.2a), as related to the fields dxE, Eq), Epy
(Egs. 2.1a—c).
Now, we may define the molecular transport field, wy, in the following way:
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Here, the derivatives dv; mean the derivatives of real transport velocities and

v =0, butdvexists:dv = d (2.9b)

the field wy = a% might become related, after an integration process, to the possible
real fracture transport velocities, vy, but it appears outside a frame of the
continuum.

This molecular transport term should fulfil the Navier—Stokes-like equation:

D(pws)  0p ow, ows  _ *w,
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where a dynamic micro-viscosity 7 (the new material constants) and an additional
constant /, are introduced.

Thus, we obtain the governing relation for these molecular transports including
possible forces:
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Due to this molecular transport and related fracture mechanism we may expect
a possible intensity increase of the wave motions in an active seismic region; we
will return to these problems in the next chapter.
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Fig. 2.2 Shear load: sketch
of slip elements and the
opposite rotations as appear
along the main slip and a
double couple partner

We may remark that in a similar way to (2.9a), we could define the molecular
displacements:
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and this relation leads us to the equation similar to eqs. (2.4a):

(2.11b)

These molecular fields may lead to some fracture process, see, e.g., Fig. 2.2.

Also the molecular transport could lead to an appearance of an interaction
chain, the string chain; e.g., such phenomena might be expected near some
structure inside the Earth which effectively reflect the seismic waves and also
modify the micro-seismic waves. These reflected micro-seismic waves become
modified due to the local molecular fields. In this way, the observed reflected
micro-seismic parts might bring some earthquake precursory signals as discovered
by Sobolev and Lyubushin.

In our final statement we underline that the possible independent fields (dis-
placements, transports, strains and molecular strains) and the different possible
float transport motions may be treated as quite independent fields; this is our main
postulate. However, it is to be remembered that in some circumstances these fields
might be mutually related and shifted in phases; e.g., due to the common fracture
processes in a seismic source.

As an example of the powerful abilities of the Asymmetric Theory let us
consider the single and double couples. First, let us note the following properties of
single and double couples:
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e A double couple does not contain any rotational part

e A single couple contains shears and rotation

e Series of the perpendicular couple pairs form rotations with mutually com-
pensated shears.

A double couple field is usually assumed to model a fault slip mechanism
(Knopoft and Gilbert 1960); however, when a fault zone has a finite thickness there
appears an additional term, the single couple (Knopoff and Chen 2009); the
appearing torque imbalance is compensated by a rotation component at the crack
tip and therefore the symmetry of Classic Theory is maintained. Nevertheless, the
obtained results indicate that the radiation from an advancing crack tip and related
strength weakening zone may explain a number of observed rotational phenomena;
an additional constitutive law for friction properties should be included.

However, note that in the Asymmetric Continuum Theory a single couple can
be defined directly as a sum of the symmetric deviatoric strains and the anti-
symmetric rotations, Dy = E([;ﬂ) + wyy; the related rotation effects remain incor-

porated into the theory’s structure and the theoretical results could be directly
related to the observed rotation processes; for the related fracture process we
should again include the friction constitutive law.

In classic theory we may consider the solutions for displacements (or dis-
placement potentials) and then estimate a deformation Dy, = g—fﬁz; otherwise, we can
find this solution from the wave equations, and for rotations and deviatoric strains,
when assuming a constant confining strain, and putting Fy; = F,;) + Fyp, we will
obtain:

b o o
D, = E(nl) + @y, Oy = E[nl]; ﬂmDn[ — ’D@D"I =Fy (212&)

The same relation can be obtained in the asymmetric theory, but in that case the
fields E(Dnl) and w,; may be independent or mutually related:

Do —EP + o 1 6u1+6u,l 5n16us+ 1 6u1+6un i
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(2.12b)

where this definition of deformation may differ from that given in relation (2.11a).

We may consider the solutions for displacements (or displacement potentials)
and then derive the rotation wave and the deviatoric strains; this will be the classic
approach. Otherwise, using the asymmetric approach we can solve directly the
independent wave equations for the rotation and deviatoric strain fields (with a
certain assumption related the axial strain).

These two possible procedures will lead us to quite different results. This is a
similar difference between the classic and asymmetric approaches as discussed
already in Chap. 1, when considering the problem how to derive the E,,
component.
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We arrive at some conclusions: confrontation between the Classic Elasticity
and Asymmetric Continuum Theory is related to the basic point motions involved;
in the former we use exclusively the displacement field, while the asymmetry
includes the four point motions: molecular displacements, rotations, deviatoric
shears, and axial scalar field. Our consideration indicates an essential difference
between the Classic and Asymmetric approaches. Underlining such differences we
have pointed out their advantages and deficiencies, but an important fact is that
these two theoretical approaches refer, in fact, to the very different technical and
measurement systems.

A basic difference between the considered theories follows from the assumption
that in the Asymmetric Theory we may admit a simultaneous appearance of a
number of fields independently released in a source. This is due to the fact that we
admit an independent release of some physical fields, e.g., strains and rotations, in
an earthquake source. Formally these released fields might be expressed again by
some displacements and, therefore, the resulting rotation and strain fields become
related to a number of independent fields. However, the special analysis may
permit to separate some observed wave groups originated due to the interaction
processes between the rotation and strain fields.

Finally, we shall add that the measurement devices register of course a sum of
all possible contributions to a given field, e.g., for displacement we measure a sum
of all its contributions from the different source-release processes jointly. Only
additional information may discriminate an origin of some component contribu-
tion, e.g., for displacement it might be a separately found time period when a wave
group of displacement correlates with rotational oscillations (Teisseyre 2007),
while for the strain component E,, it is a fact that the displacement-related
contribution to that field appears negligible in comparison to the contributions
caused by a direct strain effect, as discussed in Chap. 1.

At the end of these considerations let us analyse one special case related to the
natural earthquake events in rocks that are under a vertical gradient of pressure;
here, it is convenient to use the cylindrical system (r,(,z), with the z-axis oriented
in vertical direction. In the considered case we assume the angular bond defor-
mations described by the angular squeeze, E,,, in the horizontal plane. Under a
significant compression load there may appear some centers with micro-breaks and
induced opposite-sense shears (Teisseyre et al. 2006). Such processes can be
understood in the following way: the defects become activated under compression
load and produce centers with shears of the opposite sense. In effect we observe a
rock fragmentation and rotation release followed by the rebound slips. The centers
of the opposite sense shears may create dynamic angular deformations leading to
the bond breaks and slip propagation followed by the rebound rotations retarded in
phase. We can assume that the induced shears and fragmentation depend on the
applied load and defect content (cf., Chap. 7). Such induced angular squeeze, E,
can be related to the applied axial stresses due to the defect co-action:

> Su = tEp, (2.13a)
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where we insert a new constant, ¢, which may relate to the unknown angular
squeeze material properties and to a specific angular squeeze structure.

Note a difference between the E,, component and the E,,, E_; ones; the latter
components represent typical compression strains, the E,, component represents a
circular squeeze which seems to fit to the local fragmentation processes under a
high confining load. Such fragmentations in a circular shape are typical in some
material crushing under compression. For processes under constant applied load,
E, + E,, = const, we write after eqs. (2.4a) the wave in the cylindrical coordi-
nates, for the field E,,:

o [rd ¥ o n \orF
O O Ve =B = () e o
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where y = q)(%z“)

Considering the angular squeeze deformations related to the independent axial
strains, we get a completely new view on the appearance of the E,, component
discovered in strain measurement related to earthquake events (Gomberg and
Agnew 1996). In these authors’ original opinion, related to the Classical Elasticity,
the squeeze strain angular components, E,, can be estimated from the solution for
the displacement potentials. A pressure gradient (z-direction) may have an angular
symmetry of a squeeze appearing in a horizontal plane (parallel to the Earth
surface). These authors, using the scalar and vector potentials, ® and V¥, consid-
ered the asymptotic solution for the cylindrical waves excited by an earthquake
source:

(D,¥) — f(r, 0,1) = AJy(kr) expli(mo — @wt)], (2.14a)

where for m = 0 we obtain:

flrit)=A expli(k,r — @wt — m/4)] (2.14b)

mk,r
The exact solutions would be given by an expansion of the Bessel functions
with cylindrical harmonics (cf., Udias 2002).
An asymptotic expression for displacements, and further for the strain angular
squeeze E,,, becomes as follows (Gomberg and Agnew 1996):
Ur .Uy

Epp~— +i-2
@ r r

(2.14¢)

The approximated solution decays rapidly with distance; the cylindrical wave
front may be estimated as close to zero. These authors wanted to explain the
experimentally discovered angular squeeze strains discovered by the systematic
squeeze measurements. The obtained theoretical result (2.14c) forced them to
assume that the experimentally discovered angular squeeze strains appear only as
the local distortions of the strain field, in spite of the fact that for all analysed
events the obtained E,,values have been estimated as significant.
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However, when we return to the relations valid in the Asymmetric Continuum
Theory, an interpretation of the above-mentioned results look quite differently.
There appears a big difference between the Classical approach of an angular
squeeze, derived from the wave equation for displacement potentials, and the
Asymmetric Theory considering directly the theoretical solution for the indepen-
dent squeeze waves. In this case instead of the solution (2.14c) we arrive at the
Bessel wave solution for this angular term:

1/2
Ban = Al (k) xpiiiz + b~ )i b= o5 ) (2.15)

In first approximation the asymptotic expression for E,, (r, ¥, z, 1) can be given
by an expansion of the Bessel functions:
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(2.15b)
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In this solution, the angular squeeze decays with r quite differently than in the
asymptotic expression (2.14c) derived from the Classic Theory: this difference
follows from the fact that we rely on an independent wave equation for all strains,
including the squeeze ones. The related wave solution represents the propagation
of the circular squeeze deformation E,,(r,z); such an independent physical field
can propagate due the asymmetric continuum structure exciting much greater
effects than those previously estimated by Gomberg and Agnew (1996).

Concluding, we can treat the observed deformations, E,,, as real experimental
facts explained by the Asymmetric Theory; the obtained result leads to an
agreement between observations and theory. We repeat that the angular squeeze
strains considered by Gomberg and Agnew (1996) were recorded as significant for
all the events they analysed.

Further, let us assume a micro-fracture at r = 0 under the condition
E, + E,, = constant (E,, = fEW,), then the wave oscillations of these compo-
nents become given by the equations (cf. Eq. 2.4a):
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This will lead to the wave solution for a radial component, E,,, and the Bessel
solution for squeeze, E,,, strains (Fig. 2.3.); in approximation:

2
Epp o< 4 /%exp[i(k,r +mo —wt — n/4)] (2.16b)

The next figure, Fig. 2.4, presents a combined propagation of these deforma-
tions, E,, E,, and E,y,, with the P-wave velocity: V' = w/k,.



32 2 Asymmetric Continuum: Basic Motions and Equations

N

v
/

/

>§
h

>{/

4

\

/

Fig. 2.3 Sketch of the E,, deformations (left part) and E,,, deformations (right part) related to
the solutions for m = 2

Fig. 2.4 Propagation related A
to the interaction of the E,,
and E,,, strains

2.3 Fluids: Molecular Strains and Transport

A similar asymmetric approach can be introduced for fluids; we also postulate that
the different motion processes in fluids may either remain as the quite independent
fields, or be mutually interdependent.



2.3 Fluids: Molecular Strains and Transport 33

A transport motion in fluids is described by the Navier—Stokes transport
equations. To consider the transport processes we recall the Euler equation

ov

1
E—I—(DV)U: —;gradp—&—g (2.17)

The transport processes at a constant density can be presented symbolically by
the following transition:

0 d 0 0
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leading to the Navier—Stokes equation at a constant density:

dv av 60 v,
—L=p= L= '+ F; 2.19
dt + Z 6xf, + ( )

where F are the body forces, v is the displacement velocity, # is the dynamic
viscosity, and p is the pressure.
Now we note that these transport motions, v;, should influence directly the

molecular strain fields, E(ki) and E[ki], as a kind of their reference field. The
molecular stresses and strains present the symmetric and anti-symmetric molecular
deformations (Teisseyre 2009):

S = Sw) + Swy, Ev = Egy + E (2.20a)

Here, we refer to some of our former papers (Teisseyre 2007, 2008, 2009);
these fields can be inter-related by means of the following constitutive relations

I 1 = 3
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(2.20b)

where S’(k,> andE(,d) mean the deviatoric parts of the symmetric tensors and

S'[k,] JE [k relate to antisymmetric molecular tensors; for both constitutive relations
we have assumed the same rigidity constant jt (this assumption is supported by the
similar arrivals of the shear and rotation motions).

The molecular shear strain rate and molecular shear rotation rate (molecular
spin) can be related to some reference displacement velocities in the following
way:
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where the relation for antisymmetric molecular strains follows from the fact that
any rotation field can be expressed as a rotation of some velocity field; the ref-

(2.21)

erence velocities vy, f)k, Bk are introduced as mathematical reference fields only.

The relations for the molecular strain follow automatically from those presented
for the real strains. We may assume an independence between the introduced
molecular strains (strain rates), or these fields could be mutually related due to
some internal processes in fluid, e.g., vortex motion.

It shall be noted, also, that for the equal reference motions, 5;, 51, v;, and for
k = i, we obtain the relation between the molecular stresses and displacement
velocity as a sum of molecular strain rate and spin:

L 3 o - o
Skt = Sy + S = “67,1 = (Ew) + Ep), Su = IEy (2.22)

We may consider the balance equation for spin as follows (Teisseyre 2007,
2008, 2009):

Z o B (2.23a)
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where [ is the Cosserat length enabling us to formulate the action of molecular
stresses and moments on the fluid elements, and I~(,, = s,,k,-f('[ki] means the external

moment.
We noticed also an important equivalence of these different summations:

R 0* Sk
i i 2.24
Z Pk Sy Ox Ox, Z Pk S0, 0x;,0x,, ( )

Due to the further transformations we can write

o A e Xn: ox,0x, Ple o + et Kips) (225)

We may define now an average rotation over some group of the neighbouring
rotations considered in an element related to the characteristic length element; we
put:
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where 1, p are constants and w, = skaE[ks] and Q, = AL«) J o,do.

There may be some reasons to average the pure spin (molecular rotation strains)
into a molecular rotation related to some Cosserat characteristic molecular length,
we will return to these relations in the next chapter, however, for a constant density
the considered structure as a whole can be attributed to the field Q (Eq. 2.26), while
rotation motions at each of points, of course, may be described by the field w.

At the end of this chapter we recall the structure of the Kroner theory (Kroner
1981) which allows to introduce additional fields, e.g., the rotation ones. Com-
paring our assumptions to that theory we note that the Kroner elastic fields cor-
respond to the symmetric fields and the self-fields to the asymmetric fields, while
the total fields correspond to the physical fields, which in the Kroner theory are
represented by the elastic fields.

We should also remember that instead of stress moments we use an equivalent
system representing antisymmetric stresses Sjyj; the related balance law expresses
the rotation force moment acting on a body element as the antisymmetric stresses
(Teisseyre and Boratynski 2003, 2006).

Stress moment M; can be formed from the stress moment tensor M;,. On the
basis of the antisymmetric stresses

M'—iM- =€ a—2S and M;; =¢; iS (2.27a)
i = axs is = Ciks ax”axS [kn] is —Siks axn [kn] .
we arrive at
0? 0* 1 0?
IKS 2 ks —_‘[S _En, 227b
G SOt Heks B, 2 P o Pl (2.270)

where rotation might be represented as: w; = %aksE[ks].

We may note that according to Shimbo (1975) we use the same modulus for the
symmetric and antisymmetric constitutive law joining the stresses and strains (see:
Teisseyre et al. 2006, Chaps. 4-6).

In our approach, instead of stress moments we use an equivalent system rep-
resenting antisymmetric stresses S[ik]; the related balance law expresses, on the
one hand, the rotation of force acting on a body element due to the antisymmetric
stresses (stress moment divided by an infinitesimal arm length), and, on the other
hand, the balancing term, i.e., the acceleration related to angular momentum
(Teisseyre and Boratynski 2003, 2006).

We may note that in the micromorphic continuum (Eringen 1999) the micro-
strain can contain its antisymmetric part while the gyration tensor can contain its
symmetric part; these peculiarities extend, moreover, into the stresses and stress
moments and on the inertia spin tensor (in the latter, some additional asymmetric
properties may result from the micro-inertia tensor).
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