Chapter 2
Control Reconfiguration on Deadlocked

Gimballed Thrust of Launch Vehicle

Lei Liu and Yongji Wang

Abstract An unprecedented challenge of the new generation launch vehicle
control is its four parallel strap-on engines are oscillateable by the servomechanism.
It increases the manoeuvrability of the vehicle and the control complexity simulta-
neously. The chapter investigates actuator failure compensation for new generation
launch vehicle control. A control reconfiguration scheme of fault-tolerant control is
developed to enhance the reliability of launch vehicle attitude control systems and
prevent the control invalidation caused by the deadlock of the oscillating actuator,
based on the congruity of the composite moment before and after the failure happens.
This reconfiguration scheme is capable of utilizing the remaining control authority
to achieve the desired performance in the presence of deadlock at certain detectable
angle occurring in one or several actuators at unknown time instants.

Keywords Launch vehicle - Fault tolerance + Control reconfiguration - Attitude
tracking

2.1 Introduction

Heavy lift launch vehicle (HLLV) is capable of lifting more than 14 tons into low earth
orbit (LEO) and at least 5 tons to geostationary transfer orbit (GTO) than medium lift
launch vehicles. The Chinese Government announced in its November 2000 white
paper titled “China’s Space Activities” that “the next generation of launch vehicles
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Fig. 2.1 Gimballed thrust
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with non-toxic, non-polluting, high-performance and low-cost qualities” [1] is able
to deliver up to 25tons payload into the LEO or 14 tons payload in the GTO. The
new generation launch vehicle will be equipped with much powerful thrust to support
heavier actual load to the target orbit.

The symbolical structure of the Gimballed Thrust Vector Control (GTVC) system
in launch vehicle is shown in Fig. 2.1. The GTVC consists of power and servomech-
anism components, which manipulate the direction of the thrust to control the attitude
and angular velocity of the vehicle. However, along with the additional gimballed
thrust used on the new generation launch vehicle to increase the efficiency of the
attitude control, the probability of engines failure is raised. Thus, to enhance the
dependability of the launch vehicle, the fault-tolerance control method is a crucial
part in vehicle attitude control.

The fault-tolerant control (FTC) of dynamic system is developed in accompany
with the analytical redundancy-based fault diagnostics technology, and connects with
the fault detection and diagnosis (FDD) module closely and ordinarily. The FTC is
a certain kind of close-loop control system, which keeps the system stable with
acceptable performance while the actuators or some parts of the system somehow
fail [2].

There are two common manners for FTC, passive FTC and active FTC. Passive
FTC is to design the proper controller with certain fixed structure and choose the para-
meters to satisfy both normal situation and failure conditions [3]. On the other hand,
the controller should be adjusted after the failure occurred. Most of the active FTC
requires FDD subsystem to provide the failure information of the system, to guaran-
tee the priority of the failure. From the principle of the controller, we have following
two kinds of the Active FTC ways. One is the Controller Gain Scheduling method,
which designs the control law by choosing variant gain parameters based on the fault
conditions. The other one is called Online Controller Design, which will make up a
new controller structure with the proper parameters, which is called control recon-
figuration method [4—6]. The common strategies for control reconfiguration method
focusing on the controller parameters regulation are Pseudo-inverse method, Con-
trol mixer method, MIMO model self-adaptive method, and Quantitative feedback
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theory (QFT), etc. [7-11]. Some other widely used control reconfiguration methods
to regulate the structure of the controller while fault is occurred, are model-based
control [12], model reference adaptive control [13], Conjugate Gradient Method
[14], artificial neutral networks [15], T-S Fuzzy Models [16] etc. Comparing with
the strategy proposed in this chapter, the above parameters based and structure-based
fault tolerant control methods are based on model of failure launch vehicle. And the
controller is designed both for the normal flight conditions and fault occurred condi-
tions [17, 18]. However, the model of the failure vehicle is often hard to be obtained,
because of the randomness of the occurrence. Moreover, the model-based control
method needs huge precomputation to determine the structure and parameters of the
controller, and then load them to the vehicle computer. The regulation will be always
hysteretic and stiff. Therefore, in this chapter, we tend to provide a different FTC
strategy to reconfigure the control action immediately when the fault is occurred.

The Passive FTC method is essential to design a robust close-loop controller to
guarantee the stability of the failure system, but it sacrifices the performance of the
system. However, the Active FTC needs to deal with the FDD and FTC problem at
the same time. Therefore, in our chapter, the FDD module and fault information is
assumed available from the servomechanism directly before the control reconfigu-
ration FTC design.

The structure of the chapter is organized as follows: First, a nonlinear launch vehi-
cle model that incorporates independently adjustable oscillating angles of both core
engines and strap-on engines is presented and linearized to describe the vehicle’s
pitching, yawing, and rolling motion. The dynamic analysis and linearizing process
are discussed in detail in Appendix. Then, the proposed reconfiguration scheme is
provided to the linear vehicle model in the presence of servomechanism malfunction
during operation. Furthermore, the inherent stability of the system is analyzed based
on the distribution of the roots of its eigen-equation. The Nyquist curves and Bode
diagrams are used to study the system’s stability after the proper frequency correc-
tion. Based on the proper attitude controller, the reconfigurability analysis is derived.
The ability of the control reconfiguration is analyzed under some practical assump-
tions, to study the tolerable range of the servomechanism to be deadlocked. At last,
simulation results are presented to assess the effectiveness of this reconfiguration
failure compensation design.

2.2 Problem Statement and Preliminaries

As described in Fig.2.2, the attitude of the strap-on boosted Launch Vehicle has
three basic orientations in the rocket coordinate system, which are called pitching,
yawing, and rolling channels in the attitude control principles, separately.

For the strap-on boosted Launch Vehicle, the first stage composes with the strap-
on thrusts around the body and the core thrusts in the center, of which the gimballed
thrusts are the essential actuators of each channel and they affect the attitude of the
launch vehicle. Therefore, any malfunction on actuators will cause serious disasters.
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Fig. 2.3 Brief control and reconfiguration structure diagram

Generally, the common actuator failures happen on the servomechanism and the
thrust engines. However, the thrust failure would be fatal and irreversible, because
the loss of thrust force will affect the initial track by the guidance process. Thus, in this
chapter, the servomechanism failure problem is concerned, particularly the gimballed
mechanism is deadlocked [19]. In this situation, the vehicle will lose its control
stability immediately. However, the propulsion of the vehicle is still maintained. The
presented control reconfiguration method is provided to maintain the control action
by the remaining control authority to achieve the desired performance.

The brief control and reconfiguration structure is designed to achieve the atti-
tude tracking control and fault-tolerance functions at the same time (see Fig.2.3).
In this structure, the system input is the program angles of the attitude, which is
generated from the guiding system. After that is the attitude controller module. The
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frequency-domain method is widely used in the stable attitude controller design,
specially for the inherent instable launch vehicle model, because of its proven reli-
ability. Practically, the disturbance always existed because of the wind and air, and
assumed detectable or observable. The direct compensation method will be conve-
nient and effective, which is not the essential problem of this chapter.

On the other hand, the fault-tolerant system is designed to provide service in
the presence of faults. Providing redundant manipulation is a common method of
recovering from faults, but itis not feasible in cases where space or weight restrictions
limit the amount of room available for spares, for instance, the deep-space probe and
the launch vehicle. A possible fault recovery method under these circumstances is
to reconfigure the control actions by the existing equipments [20, 21].

At first, the failed actuator and its state will be detected by the servo feedback
module to provide the prior information for control reconfiguration of the gimballed
actuators. Furthermore, the system dynamics and the architectural feature of the
actuators are the essential factors as well. Therefore, the further study is constructed
by the upper problems.

2.3 Dynamic Model

The dynamic model of the launch vehicle is considered as a variable mass rigid body.
Its dynamic motion can be obtained from Newton’s second law which states that the
summation of all external forces acting on a body is equal to the time rate of change
of the momentum of the body, and the summation of the external moments acting on
the body is equal to the time rate of change of the moment of angular momentum.
For the flight dynamics, normally, an axis system fixed to the Earth can be used as
an inertial reference frame. Newton’s second law can be expressed in the following
equations [22]:
[ZF:(?—[(mV):G+P+A+C+S+E+R @0
SM=24H={(Uw +0x (o) :
If we let 5m be an element of mass of the vehicle, V be the velocity of the
elemental mass relative to an inertial frame, and §F be the composite force acting on
the elemental mass; then Newton’s second law yields:

dv
OF = émg, (2.2)

Similarly, we consider about the composite moment on the elemental mass of the
vehicle 6M and the moment of inertia §J.
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d(Jw)=8J% (2.3)

Therefore, the dynamics including the motion of the mass center and the rotation
around the mass center in the three axis directions (see Fig.2.2) can be presented as:

[(8m%Y = > Fc = Fgx + Fpy + Fay + Fex + Fi + Fy
5ng—f = sz =Fgy +Fpy +Fay +Fcy +Fgy, + Fy
—mVIZ =3 F, = Fg, + Fp, + Fo. + Fe, + F, + F,
8092 4 (38U, — 8Jy)w.wy = 3 My = Myy + Mcy + Mg, + M,
dw,
5Jydd% + (8Jy — 8wy, = > My = May + Mgy + Mg, + M,
8IS + (8Jy — 8J)wywy = XM, = My + Mc; + Mg, + M;

(2.4)

Based on the equations above, the derivation of the formula for nonlinear modeling
of the vehicle and its linearizing process is studied in the Appendix. Then, the linear
dynamic model of the vehicle can be formulated in the following three channels,
corresponding to the three axis directions before.

In pitching channel:

A6 = C(lpAa + C?AG + C?coreégore + Cg(f:oregtcpore + C?strap—on(sfsﬂtrap-on
+C/3(itrap—on2§$rap_0n + C/lprlw + f}’c

Ap + b(ngb + bgAOt + b?core(s(cpore + b;ioregqcoore + bgstrap—onaz’trap_on (2.5)
+b /Sitrap-ongétrap_on +0b g Oy = MZ

Ap = Ao + A0

in yawing channel:

.Y v v "rooog v strap-on " wstrap-on
g =q B+ 6o + C3core(sclp0re + CScoreapCbore + C3slrap-0n51// + C35tralp-on8w
+C/lw}13ﬁw - szﬁ v 4 v 4
- ; b @ strap-on / wstrap-on
¥+ bl ¥+ b2 B+ b3cor68c1/f0re + b3cor68$/fore + b3strap—on8¢ + b3strap—on81/f
+b]2//,3w = My
v =B+o
(2.6)
and in rolling channel:
. . o trap- ostrap- 7
Y+ dl Y+ d:‘score(s)c/ore + décore5;0re + dSStrap—onS;s/ apon + déstrap_on(S;rap on — Mx
2.7)

In the equations above, the coefficients of the linear system is decided by the cer-
tain physics parameters as in the Appendix. Here, we assume that the variation of the
vehicle motion is small in a short-time period. Therefore, by the small disturbances
linearizing method, the complicated nonlinear system can be indicated by the variate
coefficients linear system approximately.

Notice that, the oscillation angles in the system differential equations, such as

S(S;rap—on, 8;0“’, ST;rap -on. 8f/f°re, etc., are the equivalent angles of the vehicle and cannot
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Fig. 2.4 Schematic diagram
of propellant rocket engines

reflect the physics property or internal relationship between the oscillation angles of
the actuators. Dr. Wu, who was the President of China Academy of Launch Vehicle
Technology (CALT), has revealed the outline of Chinese new generation launch
vehicle in [23] and discussed the structure of the first stage with four strap-on engines
and two moveable core engines, which is different from the previous design of the
“Long March” launch vehicles.

As shown in Fig. 2.4, ox1y1z1 is the rocket coordinate system from the bottom of
the launch vehicle. The “corel” and “core2” stand for two core thrusts, and “strap-
onl” to “strap-on4” are symbols of four strap-on thrusts. The “strap-on” thrusts are
also called booster engines in some literatures. The core engines are in the first and
third quartiles in oy;z; plane, while four strap-on engines are on y, z axis of the
plane. The movements of the gimballed thrusts in different directions are labeled by
8; with the arrows denoting their positive orientations.

Generally, to simplify the kinematic and dynamic models of the vehicle, we use the
equivalent oscillating angle §,” and S;tmp'on as the equivalent angles to rewrite the
dynamic model of the launch vehicle with core stages and the strap-on stages, which
denote the combined oscillating angle of the physical helms of the engines. Obvi-
ously, the corresponding relationship between the equivalent angles: 5,7, 8Z,trap'0n
and the oscillating angles of the engines: §;,i = 1, 2, ..., 8 will satisfy the following
relationships:

For core stages:
85 =04 — 82
8y =083 — 81 (2.8)
85 = (81 + 82+ 83 + 84) /2
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For strap-on stages:

S(i)trap-on — (85 — 8) /2

S:Zrap-on — (87 _ 85) /2 (29)
8Js/trap-0n = (65 + 8¢ + 67 + 38g) /4

2.4 Control Reconfiguration Strategies

In this section, the actuator deadlock compensation strategies based on the linearized
dynamic model are researched. First, we study the correlation of the actuators to look
for the necessary redundancy for the failure actuator compensation. Then, the control
reconfiguration strategies of different faulty conditions are derived and formulated,
which are the essential results of the chapter.

2.4.1 Association Analysis

To study the association of the actuators of the strap-on and core thrusts, the state
space representation of the system can be established as follows, from the linearized
dynamic model is:

The state equation in the pitching channel is:

9' @ (4 @ 0 r 0 C;pstrap-on C;pstrap-on @ (]
6~ G —2 T 7 2 Ccore " C3core
¢ |= o 0 1 e |+ 0 0 0
¢ bg —bg —b(lp L §0 _ b;&trap-on bgstrap-on _b(ﬂ b(P
2 2 3core “3core

o8 1o -

86 ¢ ye

84 + 0 o, + | O

0 =
8 —by M. |
(2.10)

The one in the yawing channel is:

v v
. ¥ ¥ ¥ C3strap-on C3strap-on 1// 1//
g G = 4 0 o t2p - [2p C3core ~“3core
Vo= 0 0 1 v+ 0 0 0 0

Ip bw _bw _b’(// ]Z, b;/,s rap-on b;/,s rap-on w llf
5 2 2 ! - I2p I2p _b3core b3core
52 c/w —Fy
5 + 0 Bw + 0
¥ M,
81 —by My

@2.11)
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And in the rolling channel is:

Js
y _ 01 14 + 0 0 . %1><4 0 3 + 9
y 0 —d; y _d3strap—0n —d3core 0 %]x4 81 My
[ 84

(2.12)

From the state equation representation of the launch vehicle, the oscillating angles
of the core thrusts are §> and 64, and the ones of strap-on thrusts are §¢ and dg, which
will give the thrust in pitching and rolling channels. On the other hand, the oscillating
angles 81, 83, 85, and 87 of the core and strap-on thrusts support for the motion in
yawing and rolling channels simultaneously.

Usually, the rolling motion is always very little and control ignored. Considering
the situation that there exists the rolling motion of the launch vehicle, the motion
related actuators will be interchanged during the flight process. The system will
become coupled and complicated. Therefore, the condition of the following results
of control reconfiguration strategies is to eliminate the rolling motion of the launch
vehicle by the attitude controller. Then the states coupling barely existed between
the rolling channel and other two channels.

2.4.2 Control Reconfiguration of One Engine Deadlock

As we discussed before, the gimballed thrusts consist of the power and actuation
components that control the main engine’s direction to steer the vehicle in the right
direction.

Without loss of generality, we choose the pitching channel as an example for our
analysis. Considering a fault scenario that the oscillating angle of the strap-on thrust
No.2 (strap-on2 in Fig. 2.4) & is deadlocked in a constant value §; = 86, the distinc-
tion between the deadlocked angle and normal angle is: Adg = Sé — 8¢ = 56—56-
From the state space representation of the dynamic model in Eqs. (2.10), (2.11), and
(2.12), the oscillation angle 8¢ of the failed strap-on engine No. 2 will affect the
motion in pitching and rolling channels simultaneously, except the yawing channel.
To guarantee the vehicle’s trajectory tracking precision, the adequate manipulation
for ce and moment from the normal operated thrust is required to maintain the control
authority and compensate the appended moments from the deadlocked engine, and
the composite control moment remaining on the vehicle.

First of all, we propose the following parameters: the thrust of each core engine
is N, with the relative oscillation angles: §1, 62, 83, and 84, and the thrust of each
strap-on engine is Ny with the relative oscillation angles: ds, d¢, 87, and 8g. The
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distance from the oscillating axis of the engine to the center of mass is L, and
the vertical distances from direct-axis to the strap-on and core thrusts are R and r,
correspondingly. Since the oscillating angle is always less than eight degrees, the
following equations can be obtained approximately:

sind ~ § (2.13)

Then, the approximate control moments of gimballed thrusts to each axis in space
are:

M, = Ny(85 + 8¢ + 67 + 88) R + No(81 + 82 + 83 + 84)r
Myc = [N;(85 — &7) + Nc(81 — 83)IL (2.14)
My = [Ns(8s — 86) + Nc(84 — 82) 1L

After that, assuming the reconfigured angles of the gimballed thrusts except failed
strap-on2 are 8} to g, which are the expected angles to keep the control moment.
Then, balance equations of the control moment are:

Ny (85 + 86 + 87 + 88) R + Ne(81 + 82 + 83 + 8)r = Ny(8's + 86 +8'7+83) R
+Nc(8'1 + 82+ 83+ 8 )
[Ng(85 — 87) + Ne(81 — 83)] L = [Ny (8's — 8"7) + Ne(8'1 — 6"3) 1L
[Ns(8s — 86) + Ne(84 — 82)1 L = [Ny (8 — 86) + Ne(8'a — 8"2)1L
(2.15)
Since the oscillating angle §¢ would not influence the state of the yawing channel,
the oscillating angles in the yawing channel satisfy: 8 = 61, 85 = 83, 85 = 85, and
8, =87.
! Thus, the Eq.(2.15) can be reduced as follows:

~ 2.16
Ny (83 — 86 — 8’3 +86) = Nc(8'4 — 82 — 84 + 82) (2.16)

[ Ny (85 +86 = 8's = 8)R = N(8's + 82 — 84 — 82)r
Moreover, there is a proportional relation between the corresponded core thrusts
and strap-on thrusts, which is denoted by a parameter k: 83 = k - 84 and 85 = k - §).

Ny R < Ny R ,
——(8+386 — ) +384+ 38 =1+ ——k)§'4+ "
N r N¢ r 2.17)

&(5 —86+86) + 84— 8 —(1+&k)5’ -5
N. 8 6 6 4 2 N. 4 2

c &

From the simultaneous equations above, the reconfigured oscillating angles should
be regulated as follow, with the failed strap-on thrust No.2 deadlocked at §¢.
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'8/6256286+A86
Y Ng(R —r)k
g = 08 — Adg
[2Ncr + Ng(R + r)k]
5 — 5 — & N:(R+7r) +2NgkR (2.18)
2T T NN + NyR+ 0K
5§ Ng(R —r)
4 =084 —
| [2Ner + Ng(R + r)k]

In which, Ng, N¢, R, r, and k are the fundamental parameters and the constants
given before. Adg is a determined quantity to describe the deviation of the deadlocked
engine.

The Eq. (2.18) denotes that when the strap-on thrust No. 2 is deadlocked at a certain
angle, other normal working engines, such us the strap-on thrust No.4, core thrust
No.2, and core thrust No.4 should regulate to a relative angles to maintain the control
moment of the pitching and rolling channels. The regulative angles are relative to
the scale of the launch vehicle R and r, the thrust power of strap-on thrusts Ny, and
core thrusts N, and the proportional relationship between the oscillating angles k. On
the other hand, the oscillating angles of other four engines: strap-onl and strap-on3,
corel and core3, should retain their state before.

The similar results of other engines will be achieved in yawing and rolling channels
because of the symmetry of the vehicle.

2.4.3 Control Reconfiguration of Two Engines Deadlocked

From analysis of one thrust deadlocked situation, we find that the control reconfig-
uration is the independent and symmetric process between the pitching and yawing
channels based on the no-rolling assumption. The symmetry of the launch vehicle
makes the yawing channel identical to the pitching channel. Thus, we can separate
the two thrusts deadlocked analysis into two situations:

(I) Two failed thrusts are in different channels
(IT) Two failed thrusts are in the same channel.

In situation (I), it is obviously to obtain the result that we can establish two groups
of simultaneous equations in pitching and yawing channels relatively to guarantee
that the control moment of the launch vehicle is kept invariable. Then the solutions
of the equations are the reconfigured oscillating angles we need. So, we emphasize
on the second situation that two deadlocked thrusts are in the same channel.

Considering the pitching channel without loss of generality, we choose strap-on2
and strap-on4 corresponding to the oscillating angles §¢ and &g for example. They
are assumed to be deadlocked at the certain angle 56 and Sg. Thus,
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0= (2.19)

Similarly, based on the assumption of Eq.(2.13), the corresponding balance rela-
tion of the control moments satisfy the Eq. (2.14) as well. Then, substitute the failure

occurred angle 8¢ and 8g in Eq.(2.14) by Eq.(2.19).

Ny (85 4+ 86 + 87 + 88)R + Ne(81 + 82 + 83 4 84)r = Ns(8's + 86 + 8’7 + 53)R
+Ne(8'14+824+83+8p)r

[N5 (85 — 87) + Ne(81 — 83)] L = [N5(8's — 8'7) + Ne(8'1 — 6'3)1L

[Ng (83 — 86)L + Ne(84 — 82)1 L = [Ny(8g — 86) + Nc(8'4 — 8'2)1L 2.20)

The oscillating angles performing in the yawing channel: 81, §3, 85, and 7 can be
removed. L
[Ns(38+56—§8—§6)R = Ne(§'4+ 82— 84 — So)r 2.21)

Ny (88 — 86 — 88 +86) = Ne(8'4 — 8’2 — 84 + 82) ’

However, because the strap-on thrusts are both deadlocked, the proportion relation
k between strap-on and core thrust is noneffective.

Solving the Eq.(2.21), we can obtain the reconfigured oscillating angles of the
core engines in pitching channel:

+1) Asg —
l) Abe —

o (B —1) A8
(B +1) a8

[

(2.22)

‘I%*I%

5/4—54— » (

Ne¢

Therefore, the normal operative thrusts need to be regulated according to Eq. (2.22)
to compensate the control force by the failed thrusts to maintain the competent
operation for attitude manipulation.

Moreover, consider another situation that the deadlocked thrusts belongs to strap-
on booster and core booster, separately. Assume they are strap-on2 and core2, for
instance. So, we have the fault condition description in Eq. (2.23)

3é=(‘§2=52+A52
< 2.23
136256=86+A86 ( )
And the regulated equations are:
[ Ny(8g + 86 — 8’3 — (Eé)R = Nc(8's + 8y — 84— 8)r (2.24)
Ny (88 — 86 — 8’8 + 86) = Nc(8'4 — 82 — 84 + 82) ’
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Then solving the equations above, we have:

Ne(R—r)

— R+ 2N
§'g =8 — R—: Adg — N.(R rr)A82

8/ — (S 2NgR A3 R+FA5
{ 4 4 + + 2 (2.25)

The control reconfiguration strategy is obtained.
Finally, consider about the situation that the deadlocked thrusts are strap-on2 and
core4.

8Z‘=(§4=54+A54
~ 2.26
[5é=86=56+A86 ( )
The regulated equations are:
Ny(8s + 06 — 8's — 86)R = Ne(84 + 8" — 64 — 8p)r (2.27)
Ng(88 — 86 — 8’8 + 86) = Ne(84 — 82 — 84 + 82) '
The solution of the equations is:
82 =08+ RLAsy - Nz(N,gfr) Ade 228)
2Ncr :
'y =8 — N, (R+r)A84 R+r TorAde

2.4.4 Control Reconfiguration of More Than Two Engines
Deadlocked

From the state space equations of the launch vehicle in Egs. (2.10) and (2.11), four
engines are implemented to provide the thrust power and control its attitude for the
pitching and yawing channel, respectively. First, if there are three thrusts failed in
the same channel, the vehicle will be a single-input but multi-output system. In this
situation, the lack of control process will break the equilibrium of the moment in
the corresponding channel and produce the trend of rotational motion. Then, the
attitude of the vehicle will be unable to regulate. Therefore, it is forbidden that there
are three engines deadlocked at the same time in the same channel. Obviously, it is
meaningless if more than three thrusts are failed in the six engines driving the launch
vehicle. The critical situation that the vehicle is recoverable is two thrusts failed in
the same channel.

After that, considering the situation that more than two thrusts deadlocked in
the different channels, the control reconfiguration strategy could be composed by
the results of one engine or two engines deadlocked that we discussed before. The
concrete analysis in detail is omitted temporarily here.
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2.5 Stability Analysis

In the pitching channel for instance, from the analysis in the Appendix, the parameter
bg = mZ%qSulx/J; and its physics derivation is obtained obviously. Here, mY =
C;‘l (Xpress — Xmass)/lx 18 called the Aerodynamic Moment Coefficient (or Static
Stability Moment Coefficient), which presents the static stability of the vehicle by
the distribution of the press center and mass center. We put m? into the expression
of bf here, to find its implication of the stability of the vehicle.

a Cc% ss —Xmass)q S
b(p — my qJSmlk _ )1(xpress.]xmdss)(1 m (229)

4 4

The following analysis is available.
Lemma 1 Assume the lift coefficient Cffl, the character area S,, and the moment
of inertia J, are the positive constants. The velocity head q = % ,on% > 0 with the
atmospheric density p > 0.

Using a positive constant K to indicate the product of the coefficients above:

C;)-tl qSm

K = T

>0 (2.30)
Then, we have:
bg = K(xpress — Xmass) (2.31)

While bg > 0, Xpress > Xmass- In this way, the press center is at the lower
place of the vehicle than the mass center. Then, the attack angle will be decreased
autonomously by the aerodynamic moment without the control and the vehicle is
asymptotic stable.

On the other hand, if b; < 0, Xpress < Xmass. The press center is at the upper
place of the vehicle than the mass center. Then, the vehicle is static unstable without
control under the aerodynamic moment of force.

Based on the Lemma 1, the sign of the system coefficient bg denotes the inher-
ent aerodynamic stability of the launch vehicle. The dynamic stability of the launch
vehicle is studied from the comprehensive influences of aerodynamic, air dam, grav-
itational force, etc.

Considering the pitching channel for instance, the system has two input signal as

the oscillating angle from the strap-on thrusts 8$rap_0n and core thrusts §¢ore. Con-

sidering the relation of the input and output is Ap = G1 A8, on + G2A8¢re. The
transfer functions G| and G of the system are:

Ag 435° + qa5” + qis + qo
= 7 =3 3 (2.32)
Aastrap—on §7 + p2s” + p1s + po

G|
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with the parameters:
_ PP ¢
0= b2 c3strap—on + (62 )bgstrap on
— ¢
q1 = _b3strap -on
_ 1/ (2
@ = b3strap—on( ) +b C3§trdp on
— e
q3 = _b3strap—on
po = —bjcy
p1 = bg + cgfb‘f — b‘fcg
pr=bi+cf —cf
and 3 5
A s7 4+ q2s° +qi1s +
Gy = (;P _ ‘]33 f]22 q1 q0 (2.33)
Adcore + p2s= + p1s + po

with the parameters:

q0 =

91 = —biooe

q2 = %core(%
q3 = b3core
po = —bics

p1 = by + b}

b2 C3core + (02 - )b3core

)+ by

C3core

X
—bicy

0, 9 9
p2=bj +cj — ¢

Study the eigen-equation of the related transfer functions:

D(s) = 57 + (b + ¥ — c)s* + (b + cfbY —

)s — 172c2

and the attitude stability of the system in the typical phase of flight.

2.5.1 Rocket Taking-Off

At this moment, the air damping coefficient b‘f ~
system can be simplified approximately as:

D(s) ~ 5% + (¢! —

0. The eigen-equation of the

)s +b2s —bgcg

Study the coefficients of the eigen-equation. The thrust and aerodynamic resis-

(2 Peore+4 Ptrap-on) €08 aO"'Cg qSm

tance related coefficient c‘f =

g sinfy
coefficient ¢§ = £57°0.

V7 and the gravity-related
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Consider the discrepancy:

C(f _ C; — (2 Peore+4 Pstrap-on) C(;Z(‘Y/O"I‘ngsm_mg sin 6y -0
and the coefficient cg > 0, however, the other two coefficients bg and —bg cg cannot
be positive at the same time. The eigen-equation will have positive root, and therefore,
the system has unstable components, described as follow.

If bg < 0, the vehicle is static unstable by aerodynamic moment. Assume the
eigen-equation can be transformed to following polynomial multiplication form.

D(s) = (s —i—cl —cz)(s + 2¢ws +a)2)

. . h 154
in which, w = 2¢ Ew

Therefore, there 1s a pa1r of complex roots in the right half s plane. The attitude
motion is oscillating divergent.
It bg > 0, the vehicle is static stable. The eigen-equation can be decomposed as:

hwcw by byt by
D(@s) = (s +cf — L + 22 | s+ 2L — )
( ) ( 1 ) l—cg)2 cf—cg 2(c1 )2 cf—cg
. . bgc(f bgcf
— <
in which, 2T s 0

Therefore, there will be a positive real root in the right half s plane, and the attitude
motion will be monotonic divergent.

2.5.2 With Maximum Aerodynamic Moment Coefficient |m7 |

. Sl
Since we have: bY = mqj—m" the coefficient |55 | is maximum as well.

The eigen-equation is:
D(s):s:’;—i—(b‘f+c1 —cz)s —|—(b2 +c1 )s—l92c2
~ s+ (b({7 - c2)s + (b; — 1cz)s —bgc2
~ (s — c?)(s2 + b(fs + bg)
If b5 > 0, vehicle is static stable.

s2+b(fs+b‘p=s2+2.§w+w2

. . by
in whichw = /0%, é0 = 3 > 0.

Thus, the eigen-equation has a real root s = cg in the right half s plane. The
attitude motion is monotonic divergent slowly because of the gravity.
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Bode Diagram
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Fig. 2.5 Bode diagram before correction

If bg < 0, vehicle is static unstable.

s2+b(fs+bg =s2+2§a)+a)2
A (s —,/|b§|) (s+ |b§|)

There are two real roots s = ¢4 and s = ,/|b§] in the right half s plane. The
system will be divergent quickly by the effect of aerodynamic force.

2.5.3 First-Stage Engines Power-Off

Since the air density is very slight at the hight that the first stage thrusts are power-
off, the aerodynamic moment can be ignored and the coefficients b‘f and bg are
negligible. The simplified eigen-equation is:

D(S) ~ S3 —+ (C(io — C;)Sz = SZ(S =+ C(f — Cg)

There are a couple of poles s = 0 in the original point, and another single pole
s = —(c{ — ¢}) < 0 in the left half plane. The system is marginally stable, which
will be divergent with the external disturbance.

We can draw the Bode diagram and the Nyquist curve to indicate the stability of
the certain type of the vehicle in Figs.2.5 and 2.6.
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Fig. 2.6 Nyquist curves before correction and partial enlargement at (—1, 0)

Obviously, the system is inherent unstable. Thus, an error feedback based attitude
controller by the classic frequency correction method should be designed to stabilize
the system. Then, we can plot the bode diagram to indicate the magnitude-phase
characteristics of the corrected system (see Fig.2.7), and the Nyquist curve after
frequency-domain correction (see Fig.2.8) as well.

Moreover, the step-response is proposed to investigate the static and dynamic
property of the controller. Obviously, the system can be stabilized in 1.5s and the
overshoot is less than 20 % (see Fig.2.9).
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Fig. 2.7 Bode diagram after correction

2.6 Reconfigurability Analysis

The above research is to find the proper compensation strategies to regulate the
oscillating angles for control reconfiguration of the launch vehicle, when the thrusts
are deadlocked at determined angles. However, for a physical system, the oscillation
angle of the servomechanism is always bounded. Thus, in some limit cases, the above
reconfiguration strategy cannot achieve the respected compensation because of its
physics restriction. Therefore, in this section, rationally, the reconfigurability of the
compensation strategy is studied under the certain numeral assumptions.

To simplify the discussion, the following assumption is proposed before the recon-
figurability analysis:

Assumption 6.1 Consider a certain kind of the launch vehicle with:

(I) thrust power of the strap-on engines and core engines: Ny = N¢;
(Il) proportion relation between the oscillating angle of strap-on and core engines:
k=1;
(Ill) radius of the strap-on engine cluster circle and core engines cluster circle:
R=3r.

Based on the Assumption 6.1 above, we consider the situation that deadlock occurs
on the strap-on thrust No. 2 for instance, so 85 = &.
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From the Eq.(2.18) and the assumptions, we have:

8y =8y — §A36
84 =64 — 3486
8’6 =86 = 86 + Ads
8’y =83 — %A86

(2.34)

Give the bounds of the oscillating angle of both strap-on and core engines are:

—5§<68 <68 (with i =1,2,3,...,8). (2.35)
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Fig. 2.9 Step-response curves of the system

Theoretically, the maximum disparity of the angle Ad; = §; — 8; satisfies:
—25 < A8; <28 (2.36)

Substitute the disparity between 8> and 8} in Eq.(2.34) by Eq.(2.36), with i =
2,4,8.

-25 < §A86 <25
—28 < §A66 <25 (2.37)
—26 < 348 <25
and then we have:
—1.26 < Asg < 1.2 (2.38)

Thus, if the disparity between the deadlocked angle of the failed thrust and its
required angle is bigger than |1.25|, the reconfiguration strategies are unavailable for
the control action compensation.

On the other hand, if the disparity angle of the failed actuator is within the inter-
val of [—1.28, 1.28], because the oscillation angle satisfies the inequality (2.35),
the reconfigurable interval of the deadlocked angle should be within the range of
[—0.28, 0.28] to guarantee the reliability of the compensation.

So, the reconfigurability condition of the oscillation angle §; deadlock is:

—0.26 <8, <0.28 (2.39)

Because of the symmetry, the same result will be obtained when one of other
oscillation engines is deadlocked.
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Second, the situation of two thrusts in the certain channel deadlocked at the same
time is considered. Supposing that the booster thrusts strap-on2 and strap-on4 are
deadlocked corresponding to the oscillating angles 8¢ and &g, the Eq.(2.22) can be
transformed based on the Assumption 6.1:

8’y = 8y — 2A8¢ — ASg
[ 8’4 = 84 — Abg — 2A8g (2.40)
Then, a set of inequalities is available from Eq. (2.36):
—28 <2A86+ Adg <26
[ —28 < Adg +2A8g < 28 (2.41)

Therefore, from the inequalities (2.41) above, the reconfigurability conditions for
the composed oscillating angle §¢ and 83 when two thrusts strap-on2 and strap-on4
are failed simultaneously.

—38 < A86 + Adg < 38 (2.42)

Obviously, the control operation can only be reconfigured when the error of the
composed oscillating angle is not bigger than %5 . Thus, to guarantee the control
reconfigurability of the vehicle, the failed thrusts should not be deadlocked at the
fringe place. For example, if Adg = Adg = 5, the inequalities (2.41) are unsubstan-
tiated.

Similarly, we can derive the same results when thrusts strap-on2 and core2 are
deadlocked, and thrusts strap-on2 and core4 are deadlocked.

2.7 Simulation Result

We have studied a launch vehicle system which can be described by the dynamic
model in Egs. (2.5), (2.6) and (2.7) to demonstrate the performance of the control
reconfiguration strategies while a helm of an engine is deadlocked.

Firstof all, an attitude controller is designed to stabilize the program angle tracking
control. In this structure, the control commands produced from the controller are the
equivalent oscillating angles: 8, 8y, and ,,. However, the physical actuators are the
oscillating angles of the helms of four strap-on thrusts and two core thrusts: §; to dg in
Fig.2.3. Thus, an angle composing and decomposing block of the oscillating engines
is required between the controller and launch vehicle to transform the equivalent
angles to the oscillating angles of the physical actuators. In this way, when the
deadlocking fault is occurred, the above control reconfiguration strategy will be
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operated to reconfigure the control efforts of the gimballed thrust that still works.
Furthermore, a disturbance compensation part is developed to decrease the effect
of the general disturbance (such as wind and air damping) and perturbation (such
as model uncertainties). The attitude control and fault-tolerance structure in our
simulation is shown in Fig.2.4.

Then, assuming the motion of the launch vehicle satisfies the following assump-
tions: the vehicle is launched vertically and then turns to about 30° in pitching channel
in the certain program turning time period, and meanwhile, other two channels of
Yawing and Rolling should maintain 0° attitude angle under the influence of inside
and outside disturbances.

The curves in Figs.2.10 and 2.11 compare the program angles and the flight
attitude angles with disturbance by using the designed attitude controller, in which
the solid curves denote the program angles in three channels given by the guidance
process and the dash curves and dot dash curves are the flight attitude angles from
simulation. Thereby, although the disturbance can cause some turbulence to the
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Fig. 2.12 Curve of the oscillating angles of strap-on engines without deadlocked engine
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Fig. 2.13 Curves of the oscillating angles of core thrusts without deadlocked thrust

rocket flight, the attitudes of the vehicle can follow the program angles precisely
with the errors of about £0.1°.

Based on the attitude controller, we add the control reconfiguration strategies into
the system to study the fault-tolerance ability of the system. Here we assume that the
fault occurs randomly, and then stays at a certain angle. In order to test the command
angle of each engine, we give the dynamic tracking curves of the oscillating angles
of both strap-on and core engines with and without the deadlocked fault.

The command angles of oscillation without the deadlocked engine are shown in
Figs.2.12 and 2.13.

It is obvious that the command angles of oscillating angles of each engine are in
couple in order to counteract the effect to the rolling channel. Moreover, the command
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Fig. 2.14 The pitching control results with one deadlocked thrust
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Fig. 2.15 The yawing and rolling control result with one deadlocked thrust

angles of the thrusts are all less than 3°, which satisfies the physical limitation 10°
of the helm mechanism.

After that, considering the faulty situation, assuming that the strap-on thrust I is
deadlocked randomly, we choose a random deadlocked time point and simulate the
situation that one strap-on2 is deadlocked. First, the attitude control results with one
damaged thrust is shown in Figs. 2.14 and 2.15, comparing with the original control
performance in Figs.2.10 and 2.11. We can see that the attitude angles in pitching,
yawing, and rolling channel can track the program angles accurately with one thrust
deadlocked.

Then, we displace the command angles of both strap-on and core thrusts in
Figs.2.16 and 2.17. In Fig. 2.16, the position feedback of the servomechanism shows
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Fig. 2.17 Curves of the oscillating angles of core thrusts with one deadlocked thrust

that the strap-on thrust II is deadlocked at about §¢ = 0.8°. Then its corresponding
angle g (Delta 8) affords more to control the attitude to counteract the deadlocked
angle.

Similarly, the oscillating angles of the core thrusts contribute in the fault compen-
sation as well. The oscillating angle §, (Delta 2) of core thrust 2 and its correspond-
ing angle &4 (Delta 4) in the pitching channel, are changing simultaneously while §g
(Delta 6) is deadlocked. Because of the symmetry between &, and ¢, 52 will change
more than the other thrusts.
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2.8 Conclusion

A control reconfiguration FTC strategy is introduced in this chapter for the new gen-
eration “CZ” launch vehicle in China under the no rolling movement assumption.
The attitude controller is designed by the frequency method based on its dynamic
model to achieve the stable movement of the vehicle without fault. From the analysis
of the core and strap-on thrusts, which involve in the control in our new generation
vehicle, the redundancy in control of the thrusts provides the additional manipulation
capability to the vehicle with damaged thrusts. After that, the reconfiguration strate-
gies are proposed for several conventional scenarios of thrusts deadlocked, which
is real-time operated but without increasing the robustness of the system. It can be
improved in the attitude controller design in our further work. However, we find
that the vehicle motion is unable to be recovered in some extreme situations. So,
the reconfigurability analysis is given to obtain the recoverable conditions of the
vehicle, which is very harsh when more than one thrust is deadlocked. Finally, the
chapter gives a set of simulation results, including the real-time attitude tracking
control in three channels and the oscillating angles of all thrusts, with and without
the fault occurred. It is illustrated that, the reconfiguration strategy has achieved the
regulation of the control operation between the failed thrusts and normal thrusts to
maintain the adequate manipulation in attitude control.
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Appendix: Dynamic Modeling Analysis

From the dynamics of the motion of the mass center and the rotation around the mass
center in three axis directions x, y, and z.

Sm&t = Fr =FGe+ Fpo+ Far + Foo + Fo + Fy

$mVY =% F, = Fgy + Fpy + Fay + Fcy + Fry + Fy

—8mVY =>F, =Fg. + Fp, + Fs. + Fc. + F, + F;

803 4 (87, — 8Jy)w,wy = > My = My + Mcy + Mg, + M,

80,52 4 (8, — 8T )0, = 3 M, = Myy + Mcy, + Mg, + M,
| 8.5 + (8Jy — 8J)wywr = XM = Ma; + Mc: + Mg + M,

We consider the motion in the pitching channel of flight period for instance.

I 3mVY = Fgy + Fpy + Fay + Fey + Fiy + F,
81,2 4 (8Jy — 8J)wywy = Maz + Mc; + Mg + M,
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The controlling forces and moments are Fe = F&'® + Fsmlp " Mc = M +

MCtralp " and the inertial forces and moments of the gimballed thrusts are: Fp =

F(]:Eore + Fi;rap’on’ Mg = M%Ore + M;Erap—on'

Consider the dynamics of the general launch vehicle without vibration and shaking
elements can be symbolized separately by the simultaneous equations as follow in
three attitudes [24]:

From the dynamic equation of the flight.

Fgy = —mg cos 0y

Fp, = z P; cos Bsina

core&strap-on

B—0 .
~ (2Pcore + 4Pstrap—on) S«

FAy = CaCI Sm (o + ay)
core = 2Peore acore

strap on strap-on
FC) - 2Pstrdp 0n8(p

core StfﬁP on
FCy = Cy + F

core strap-on
= 2Pc0re5(p + ZPstrap—on(gzp
%(;re — leRa(;ore — mpW, 8c0re

strap-on wstrap-on strap-on
FEyP = mplrSy T — mpWidy T

c()re strap-on
Fgy = +Fg "
core lcore Score _ corcW Score +m strap on l%trap on Sstrap on
- R
%trap on strap-on
Wx(S

About the moment:

My, = _FAy(xpress — Xmass)
= —C;YCI Sm (& + &) (Xpress — Xmass)
= _m?qsmlk(a + ay)

with the dimensionless Steady Stability Moment Coefficient: my = C;" (Xpress —
Xmass) /I, which is called Aerodynamic Moment Coefficient as well. Here n, Xpress
and xpmqgs are the distance from the theory top of the vehicle to the aerodynamic press
center and to the mass center,

autoedited]1, respectively.

mZUZqul]%wz B _mﬁquml,%
v B v

Myg, = —
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is the damping moment from atmospheric.

Thus,
My, = Masz + Mag;
® 2
m%.qSpl
dz15mk .
= _m?qsmlk(a + o) — T(o
core core
Cz = ¢y PC
re
= _2Pcorefs(p pc
strap-on __ strdp on
MCz =—F¢ pc
strap-on
= _2Pstrap 0n5
MCZ — Core + Mstrap on
strap-on
= 2Pc0ref$(p pPC — 2Pstrap ona
Mcore - _ Jcore('s'core _ m?re core pC'Score core Wx lcore 8001‘6
strap-on __ strap-on gstrap-on strap-on ;strap-on sstrap-on
Mg, =—Jr 8¢ —mp g pcly
strap on strap-on gstrap-on
Wl o
strap-on
Mg, = core + M p-
__ __ gcoregcore __ mcore lcore gcore coreW lcore core _ J*trdP on 8*“"1}) on
- R [ [ R
strap-on ;strap-on sstrap-on. strap on strap-on gstrap-on
rAp-on SN 8 W5y

First, the ideal situation without disturbances is considered to form its equilibrium
equation based on Newton’s second law in the pitching channel.

m‘/éO = —mg cos 0y + (2 Peore + 4Pstrap-on) sineyg + quSmaO
+ (2 Pcore core +2 Pstrap on Stfﬂp 0") + ( core lcore acore coreW 8core

+m slrap on litrap on 8<trap on strap on Wx 8§trap on)
R )]
= —mg cos 0 + (2 Pcore + 4Pstrap-on) sinag + C_gqsmao + (2Peore — core WX)Bcore
strap on strap- on core jcore geore strap-on ;strap-on gstrap-on
+ (2Pyrapon — We1)d3 SOreISUTeBEOTe -y PO PO

Then, study the practical system with deviation of the Euler angles of the
vehicle: A9 and A«.
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mV @y + A) = — mg cos(6p + A0) + (2 Peore + 4 Psirap-on) sin(atp + Acr)
+ C;tqsm (g + A + ayy) + (2 Peore — core WX)((SCOI'e + (Szore)
+ (2 Pstrap-on — mi;rap on x) (sstrap on strap on) T Corelckore

( core + 8C°re) +m strap onlstrap on (Sstrap on + Sstrap on) + Ey

A0—0Q
Aa—0

~  —mg(costy — sinpA) + (2 Peore + 4 Pstrap-on) (sin ag + cos ag Acr)
+ Cyaqu (o0 + Aat) + (2 Peore — core Wx) (Score + Score)

+ 2Py _ g Strap-on )((Sstrap on 4 strap on) + corelcore (gmre
strap-on R Wy

acore) +m strap on strap on(sstrap on + sz,trap—on) + C}O,(quOlW + Fy
mV Af =mg sin 0y A0 + (2 Peore + 4 Pgtrap-on) - cosagAa + C“qu Ac + (2Peore
core Wx) 5core + (2 P strap-on Stl'clp on Wx) Sstmp on
+m core lcore 8C0re + m;;rap on l;trap—on . S;trap-on + C;q Sty + Fy
= [(2Pcore + 4 Pyirap-on) COS g + C“qsm] - Aa + mg sin 99 A0 + (2 Peore

strap-on ¢ strap-on
coreW ) 8core + mcorelcoreacore + (2Pstrap on mR p Wx)(S(p P

+m strap onl;trap onastrap on + CaqS o, + F
Ad — (2 Peore + 4 Pstrap-on) COS &g + C;qu Aa + g sinfp A6+ 2Peore — mP*e Wy score
mV 4 mV ¢
t strap-on,strap-
m%’rc lfeore core 2 Pyrap-on — s rap on Wx ctrap-on m; rap-on l; rap-on strap-on
+ 5 syt R R
mV mV mV
o
Cy qu Fy
mV " mv
¢ core ‘core strap-on
=< 1 Aa to A0 + C3core(S + CScore(SW + C3strap ons
sstrap-on
+ chtrap on‘S + Cl oy + F)’C

In which, the coefficients are:

(2Pcore + 4 Pstrap-on) COS 0 + C;‘qu

¢ —
mV
o gsinby
C = —F—7F—
Vv
o N 2 Peore — m%ore x1
3core mvV
core jcore
e MR I%
3core mv
strap-on {1
® N 2 Pstrap-on — mp Wi

Castran.on =
3strap-on mv
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strap-on lstrap—on

rp _ Mg R
c3strap -on
mV
o
C/(p _ quSm
! mV
Fre= 22
ye =
mV

Similarly, from the

T (G0 + AQ) + (Jy — Ty — goy) (¥ + 907)
© gSul? .
= —mEgSmlk(@ + Aa + ) — "L (Go + Ag) — 2Peorepc (B + 6)

) Pstrap onPC ( astrap on + 8§trap on) _ Jcore (gcore + ('S'core) _ core lcore oC (('S';Ore + g;ore)
—m%)re Wx lcore ( Score + 5core) _ strap on ( astrap on strap on) _ strap on l;trap on

wstray —on stra on stra on stra on stra on stra on
eG4 8 O — mi PO WAL (6 PO + M,

— —m2q Sl + Ac) — "B (G 4 AG) — (2 Peorepc + MWL) (B + 5557)
*(ZPslrap onPC + mslrap onW lstrap on)(astrap on + astrap—on) (Jcore + m%’relcRorepc)
(8core + 3;0“3) _ (j;trap on + m;etrap on strap on )((Sstrap on + Sstrap on) m?qulkOlW + Mz

Thus we have:

Jy Jx m¢ qulk mg.qSmli qu

2
Lo + A9)
((Sstrap on + 8strap on)

($o + A9) + (V Go¥) (¥ + goy) + (@0 + Aa) +
strap- onW ls!rap

2 Peore PC +m%)rc W l core core 2P¢(mp onPC +mR
. Mo (soore 4 5¢0%) 8

JLOTC+mL0rLlC0erC (Score + Score) + J;[ldp -on Sl[ﬂp onls!rdp -on
T

m%q Syl M.
+ mgqSmlc Oy =

pc (sstrap on + (Sst.rap on)

z

Jz WL

Considering the ideal situation:

8‘ Sml a)" Smlz .
do+ 275 — g (W + goy) + o o + T Gy +

strap-on strap-on
p- Wl P

2Peore pC +mc0rc le?gorc geore

2 Psrap-on pC +1M strap-on | JR"C+mPIP pe core
+ Jv ¢0 J: 8

frap- strap-+ St
+ J;lap 0"+m}jﬁ’ “"l;mp “pc (Sitrap on _ -0
m ”qS mq Syl 2 Peorepe+mSe Wl
A + Maz9omlic mg.4q°mty k A + q mlk Aa + core OC ) xbp (Score
b4 Z
2Pslrap onC +m§trap o lestrap 0 strap-on Jcore+muorelcore PC Score
it R
J;uap»on-i- ;uap OnlSR[rap Moc gstrap—on m%q Sk M,
+ 7 ¢ + ==
(4 (2 core P core strap—on
Ap + b Ap + b Ao + b3COI‘68§0 + b3cor68 + b3strap -on~ ¢

strap on

(2
3strap-on 90 + b Oy = M

+b¥
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The related coefficients are:

w 2
po — m quSmlk
1=
IV
b méqSulk
2 J.
X4 N 2Pcorepc + m%ore leggore
3core — JZ
core core jcore
pe JRE +mPUR ™ pe
3core Jz
strap-on 5, ;Strap-on
b _ 2 Pstrap-onPC + Mg leR
3strap-on JZ
strap-on strap-on ;strap-on
b _ IR +mpg Ig
3strap-on ~ JZ
=
7= T

Therefore, the formulation expression of the launch vehicle in its Pitching channel
can be denoted as follows:

y _ P ¢ ¢ core /¢ Score ¢ strap-on P
AQ/ =< Aa + ) A0 + C3coreatﬂ + c3coreatp + C3strap—on5¢ + c3strap—0n
” —
+ci oy + F ye
. o .. ) ) core 19 gcore ) strap-on ) wstrap-on
A(p + bl A(p + b2 Aa + b3cor68§0 + b3cor38¢ + b3strap—on8<%7 + b3sl.rap—0n8</’
@ _
+byoy, = M,

Ap = Ao + A0

wstrap-on
5
4

Similarly, we have the linearized model in other channels.
In the Yawing channel:

Yo VU score, WV Feore W stap-on | sy gstrap-on
g=q B+ 6o + c3c0r68¢ + C3C0r681/f + c3strap—on8¢ + C3strap—on81ﬁ

15 o '

. : 4 S strap-on 4 gstrap-on
v+ bl v+ b2 B+ b3c0realclfore + b3coreac¢0re + bSStrap-on(Sl// + b3strap—0n6w
+b12p Bw =M y

v=p+o

and in Rolling channel:

)'/' -‘rdl)/ +d3cor68}c/ore +dé Score +d3strap-0n8;trap>on —}-d/ Sstrap'on — Mx-

core” Y 3strap-on~Y
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