
Chapter 2
Type Synthesis of Parallel Mechanisms

Abstract This chapter presents several general methods to achieve type synthesis
of parallel mechanisms. In particular, an evolution-based approach is used for type
synthesis and comprehensive enumeration of parallel mechanisms with parallel-
ogram, as given the number of DOF ranging from 1 to 6. A number of novel
mechanical architectures can be obtained correspondingly to improve the kinematic
performances of traditional parallel mechanisms. Representative types of parallel
mechanisms will then be chosen to be studied more specifically in the remainder of
this book.
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2.1 DOF Analysis

In this chapter, we consider a parallel mechanism to have n DOFs. That is, the
mechanism has n DOFs in its normal configuration, excluding any singularity. The
mechanism may lose or gain one or more DOFs in its singularity. This will be
discussed in detail in Chap. 5.

Perhaps the foremost concern in studying the kinematics of mechanisms is the
number of DOFs. The DOF of a mechanism is the number of independent param-
eters or input needed to completely specify the configuration of the mechanism.
However, defining a general mobility criterion for closed-loop kinematic chains is
difficult, as Hunt (1978) and Lerbet (1987) noted. Classical mobility formulas can
cause the disregard of some DOFs. Grübler-Kutzbach’s formula (Kutzbach 1933) is
nevertheless generally used, and it may be written as

M D d .n � g � 1/C
gX

iD1
fi (2.1)
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32 2 Type Synthesis of Parallel Mechanisms

where

M: the mobility (DOFs of a system)
d: the order of the screw system that applies (d D 3 for planar and spherical motion,

d D 6 for spatial motion)
n: the number of links including the frame
g: the number of joints
fi: the DOFs associated with the ith joint

We can calculate the DOF number of a mechanism using Eq. (2.1). Nevertheless,
this equation is not the universal equation for all parallel mechanisms. Sometimes,
it fails when it is applied to a parallel mechanism with excessive constraints. For
example, when it is applied to Tsai’s mechanism (Fig. 1.23), it yields M D �3.

To precisely calculate the number of DOFs of a parallel mechanism, many
scholars elaborated on Eq. (2.1) or proposed a new criterion. In 2003, Huang and Li
(2003) provided a DOF criterion for some lower mobility parallel mechanisms with
closed loops in each of their legs using constraint analysis to aid DOF analysis by
the Grübler-Kutzbach’s formula. In 2005, Gogu (2005) provided a brief presentation
and conducted critical analysis of 35 approaches/formulas presented in literature
during the last 150 years for DOF calculation and their origins, similarities, and
limitations. In his article, he also explained why these formulas do not work for
certain mechanisms and proposed a new formula for the rapid DOF calculation of
parallel mechanisms with elementary legs. Dai et al. (2006) have recently presented
a DOF criterion for overconstrained parallel platforms that employ both screws and
reciprocal screws. Rico et al. (2006) proposed a criterion based on an analysis of
the subalgebras of Lie algebra, se(3), also known as screw algebra, of the Euclidean
group, SE(3). The criterion is said to provide the correct number of DOFs for a
wider class of parallel mechanisms.

However, the objective of DOF analysis is never the DOF number itself, but both
the DOF number and type, i.e., how many DOF numbers are there and what kind
are they classified under. These targets indicate that the DOF formula is far from
perfect. DOF analysis based on screw theory and Lie algebra may provide both the
DOF number and type. Here, we introduce some methods of DOF analysis without
the use of any mathematics.

2.1.1 Observation Method

This method can be applied to the DOF analysis of simple parallel mechanisms,
some parallel mechanisms with a passive leg, and parallel mechanisms with six
DOFs.

In the DOF analysis of a mechanism, the joint is the most important component.
The observation method is based on the comprehensive understanding of the free
motion of a joint. For example, with an R joint, the link may only rotate about the
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Fig. 2.1 RRSR four-bar
mechanism

joint axis and remain in a specified plane; any point at the link describes a circle path
centered at the point on the joint axis. If a link is linked to another by a prismatic
joint, the loci of all the points at the link are straight lines that are parallel to one
another. With a spherical joint, the link can rotate with respect to any line passing
through the center of the joint.

Let us first consider planar parallel mechanisms. Only a 1-DOF joint normally
exists in a planar parallel mechanism. For a planar mechanism with multi-DOF
joints, one or more DOFs of the joint will lose its motion function but will play
a mechanical role (e.g., guaranteeing the free motion of the mechanism if an error
or deformation occurs). In this case, we say that there is an idle (or passive) DOF
in the mechanism. A four-bar mechanism with an RRSR chain is shown in Fig. 2.1.
Kinematically, only one DOF of the spherical joint is effective; the remaining two
DOFs are idle. With the S joint, the planar four-bar mechanism still has one DOF.
However, idle DOFs are necessary in some machines, especially in heavy machines
(e.g., the heavy forming machine that works under a very large payload). In this
chapter, we consider only the parallel mechanism without idle DOFs.

Revolute and prismatic joints are typically used in a planar parallel mechanism
(see Figs. 1.12, 1.13, 1.15, and 1.16). The observation of the RRRPR parallel
mechanism in Fig. 1.12b shows that it consists of two legs, i.e., the RR and RP
chains, which are connected together by a common revolute joint, referred to as
the end-effector of the mechanism. Our concern is the DOF of this end-effector.
Because reference points P1 and P2 (Fig. 2.2) of the RR and RP chains have the same
DOFs, i.e., two translational DOFs in the O-xy plane, the end-effector of the RRRPR
parallel mechanism has the two DOFs. Similarly, we may infer that the end-effectors
of the other parallel mechanisms shown in Fig. 1.12 have two translational DOFs.
Given that the end-effector (the mobile platform) of each parallel mechanism shown
in Figs. 1.15 and 1.16 is connected to the base by three planar kinematic chains, each
mechanism consists of three single-DOF joints. The end-effector of such a chain has
three DOFs in a plane. Any leg of the parallel mechanisms imposes no kinematic
constraint on two others; thus, their mobile platforms have three DOFs, i.e., two
translations and one rotation in a plane.
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Fig. 2.2 RR and RP chains

Now, we consider the mechanism shown in Fig. 3.2c. The mobile platform of the
mechanism is connected to the base by the RRR and PRRR chains. The axes of the
RRR chains are all parallel to the others and are orthogonal to those in the PRRR
chains. This arrangement shows that with the RRR chain, the mobile platform has
three planar DOFs, i.e., two translations in the O-xy plane and one rotation about
the z-axis. However, the rotation is constrained by the PRRR chain. Therefore, the
mobile platform has only two translational DOFs.

In the family of parallel mechanisms, some mechanisms with n DOFs usually
consist of n identical actuated legs with six DOFs and one passive leg with n
DOFs connecting the mobile platform and base. This means that the DOF of the
mechanism is dependent on the DOF of the passive leg. Such a mechanism has an
advantage: its rigidity can be improved through optimization of the link rigidities
to reach maximal global stiffness and precision (Zhang and Gosselin 2002). The
Tricept parallel mechanism (Fig. 1.29b) is such a mechanism. In the Tricept, the
fourth leg is a UP chain, which has two rotational DOFs and one translational DOF.
Therefore, the parallel mechanism has the said DOFs, and identifying the DOFs of
this group of parallel mechanisms is very easy.

The end-effector of a 6-DOF chain has six DOFs, i.e., three translations and three
rotations. If the mobile platform (not an end point) is connected to the base through
several 6-DOF chains, the platform is guaranteed to have six DOFs. If the chain
number equals six, one DOF in each leg is actuated; if the number is less than six, at
least one leg will have more than one actuator. Thus, analyzing the DOF of a parallel
mechanism that has all 6-DOF chains may be the easiest approach.

2.1.2 Evolution Method

DELTA has achieved significant success in industry because of its rapid perfor-
mance and easy setup. The mechanism itself, however, seems complex. An issue is
how many DOFs DELTA has, or why it has three translational DOFs when it is first
encountered. Perhaps the design conceived by Clavel for DELTA did not originate
from the 6-DOF parallel mechanism. If we assume such an origin, the DOF analysis
of DELTA will be easy. Figure 2.3 shows Pierrot’s 6-DOF parallel mechanism with
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Fig. 2.3 Pierrot’s 6-DOF
parallel mechanism (Pierrot
et al. 1991)

six RUS chains (Pierrot et al. 1991), in which every two legs are parallel to each
other when the mechanism is in its initial configuration. If the input of two parallel
legs is the same at every moment, the DOFs of the mobile platform are therefore
three translations. In this case, the two parallel input links can be replaced with a
single link and six actuators become three. The modified mechanism is DELTA,
indicating that DELTA has three pure translational DOFs in space.

This DOF analysis method is useful only if the original mechanism of a parallel
mechanism can be found. Sometimes, this is not an easy task.

2.1.3 Kinematic Analysis Method

Some mechanisms such as the 3-[PP]S parallel mechanisms shown in Fig. 1.20 have
complex kinematic chains. Completely identifying the DOFs of these mechanisms
is impossible using the methods mentioned above. For example, the mechanism in
Fig. 1.20a has three RPS chains, each with five DOFs, i.e., two translations and three
rotations. This kind of kinematic chain has one less DOF than the PRPS chain of
the mechanism in Fig. 1.38a, which has six actuators in three legs and six DOFs. On
this basis, we can conclude that the 3-PRS mechanism has three DOFs. However,
we cannot identify exactly what the DOFs are. To this end, we can first analyze its
kinematics by assuming that the mobile platform has six DOFs.

Figure 2.4 illustrates the kinematic model of a 3-[PP]S mechanism, in which
points P1, P2, and P3 of the mobile platform remain at planes ˘ 1, ˘ 2, and ˘ 3,
respectively. The three points can be connected to the base by any one of the RR,
RP, PR, and PP chains or other chains similar to these.

A kinematic model of the mechanism is developed, as shown in Fig. 2.4. The
vertices of the output platform are denoted as platform joints Pi (i D 1; 2; 3),
and the vertices of the base joints are denoted as Bi (i D 1; 2; 3). A fixed global
reference system <: O-XYZ is located at the intersecting point of three planes ˘ 1,
˘ 2, and˘ 3 with the z-axis coincident with the intersecting line and x-axis in plane
˘ 3. Another reference frame, called moving frame <0: o-xyz, is located at the center
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Fig. 2.4 Kinematic model of
a 3-[PP]S mechanism

of regular triangle P1P2P3. The z-axis is perpendicular to mobile platform P1P2P3,
x-axis directed along the P3o direction, and y-axis in the mobile platform.

We assume that the mobile platform has six DOFs. Its pose is represented by

a vector X D �
x y z  � �

�T
, where  , � , and � are three Euler angles. The

position of the mobile platform in frame < is given by the position vector .o/< of
point o and the orientation given by matrix T. Moreover, there are

.o/< D �
x y z

�T
(2.2)

T D T ZXY D RY .�/RX . /RZ .�/

D
2

4
c�c� C s s� s� �c� s� C s s�c� c s�

c s� c c� �s�
�s�c� C s c� s� s� s� C s c�c� c c�

3

5 (2.3)

where c stands for cosine and s for sine. Vectors .P i /<0 are defined as the position
vectors of points Pi in frame <0, and

.P i /<0 D
h
P 0
ix P

0
iy P

0
iz

i
T D �

r cos'i r sin 'i 0
�T

(2.4)

where 'i D .i � 1/ 2� =3 and r is the radius of the mobile platform. Then, the
position vectors of points Pi in frame < can be written as

.P i /< D �
Pix Piy Piz

� T D T .P i /<0 C O 0 (2.5)
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That is,

Pix D x C T11P
0
ix C T12P

0
iy C T13P

0
iz (2.6)

Piy D y C T21P
0
ix C T22P

0
iy C T23P

0
iz (2.7)

Piz D z C T31P
0
ix C T32P

0
iy C T33P

0
iz (2.8)

where Tjk(j; k D 1; 2; 3) is the jth row and kth column element in matrix T.
Figure 2.4 shows that each point of Pi (i D 1; 2; 3), which are vertices of the

mobile platform, is always in a fixed plane. Therefore, we can write three constraint
equations as follows:

P1y D 0 (2.9)

P2y D �p
3P2x (2.10)

P3y D p
3P3x: (2.11)

That is,

y C T21r D 0 (2.12)

y � r

2
T21 C

p
3 r

2
T22 D �p

3x C
p
3 r

2
T11 � 3r

2
T12 (2.13)

y � r

2
T21 �

p
3 r

2
T22 D p

3x �
p
3 r

2
T11 � 3r

2
T12: (2.14)

From Eqs. (2.12), (2.13), and (2.14), we can obtain the following equations:

T21 D T12 (2.15)

x D r

2
.T11 � T22/ : (2.16)

Equations (2.12), (2.15), and (2.16) can be rewritten as

y D �rc s� (2.17)

�c� s� C s s�c� � c s� D 0 (2.18)
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Then,

� D tan�1
"

s s��
c C c�

�
#

(2.19)

x D r

2

�
c�c� C s s� s� � c c�

�
: (2.20)

We can conclude that in vector X D �
x y z  � �

�T
, only z,  , and � are

independent, and three others, x, y, and �, are dependent on  and � . That is, a
3-[PP]S parallel mechanism has three independent DOFs, which are the translation
along the Z-axis and two rotations about the X- and Y-axes.

However, these three methods cannot be applied to the DOF analysis of any
parallel mechanism. The successful identification of DOF number and type can be
implemented using screw theory or Lie algebra.

2.1.4 Method Based on Screw Theory

In the screw theory (Ball 1900), a unit screw $ is defined by a straight line with an
associated pitch, as illustrated in Fig. 2.5, and is expressed as in a Plücker coordinate
form

(2.21)

where s is a unit vector pointing in the direction of the screw axis, s0 D r � s defines
the moment of the screw axis about the origin of a reference frame, r is the position
vector of any point on the screw axis with respect to the reference frame, and p is
the pitch of the screw. If p is equal to zero, the screw reduces to

(2.22)

On the other hand, if p is infinite, the screw can be defined as

(2.23)

The screw expressed by Eq. (2.22) can represent a rotation in kinematics or a
force in statics, and the screw expressed by Eq. (2.23) can represent a translation
in kinematics and a couple in statics. We call the screw a twist if it represents the
instantaneous rotation or translation of a rigid body and a wrench if it denotes a force
or couple acting on a rigid body. In this regard, the first three components of a twist
represent the unit angular velocity, and the last three components represent the unit
linear velocity of a point in the rigid body that is instantaneously coincident with
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Fig. 2.5 A general screw

the origin of a reference frame. In similar, the first three components of a wrench
represent the unit resultant force, and the last three components represent the unit
resultant moment about the origin of a reference frame. A wrench of zero pitch
represents a pure force, whereas a wrench of infinite pitch denotes a pure couple.
On the other hand, a revolute joint can be represented by the screw expressed by Eq.
(2.22), and a prismatic joint can be represented by the screw expressed by Eq. (2.23).

A unit screw, $r D .sr I s0r /, and a set of unit screws, $1, $2, : : : , $n, are said to
be reciprocal if they satisfy the condition

(2.24)

where “ı” represents the reciprocal product and $i is the ith screw of the screw set.
In an n-DOF serial manipulator, the twists associated with all the joints form

a screw system of order n, called an n-system, provided that all the joint screws
are linearly independent. For a spatial manipulator, if n D 6, there exists no screw
reciprocal to the twist screw system. If n< 6, there exists 6-n linearly independent
wrenches that form a (6-n)-system. Each wrench in the (6-n)-system is reciprocal to
the n-system of twists, namely,

(2.25)

Equation (2.25) can be used to solve for a (6-n)-system of reciprocal wrenches.
On the other hand, given 6-n linearly independent wrenches, Eq. (2.25) can be used
to find an n-system of twists.

For a parallel manipulator illustrated in Fig. 2.6, when each kinematic pair
in a limb is expressed as a unit screw, all these unit screws form a limb twist
system (LTS). The linearly independent joint screws of a limb form an n-system.
The reciprocal screws form a (6-n)-system, called a limb wrench system or a
limb constraint system (LCS). In a low-DOF parallel manipulator, we note that a
single limb exerts some restrictions on the moving platform. The overall constraint
imposed on the moving platform, which is called a platform wrench system or
a platform constraint system (PCS), is obtained by a combination of all LCSs.
The PCS represents the restricted DOFs of the moving platform. Thus, the DOF
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Fig. 2.6 Several pairs of
screw systems in parallel
mechanisms

of the moving platform can be determined by the platform twist system (PTS),
which is reciprocal to the manipulator constraint system. In other words, the motion
characteristics of the moving platform are completely determined by the nature
of the PCS. For instance, for a general 3-DOF translational parallel manipulator
(TPM), the PCS consists of three linearly independent constraint couples:

(2.26)

which restricts three rotations of the moving platform (Fig. 2.6).
In general, when using the method based on the screw theory to determine the

degrees of freedom of a low-DOF parallel manipulator, a whole analysis procedure
is described as follows. First, select a single limb from the parallel manipulator.
For the purpose of a convenient analysis, all multiple-DOF pairs in this limb are
deposed into the equivalent basic joints. Thus, these 1-DOF kinematic pairs in the
limb form a LTS. Next, an LCS reciprocal to the LTS, representing the constraint
forces or couples acting on the moving platform, is derived by means of Eq. (2.25).
In similar, the constraint forces or constraint couples provided by the other limbs
are also obtained. All these derived screws compose a PCS, which represents the
overall constraints for the parallel manipulator. Finally, by calculating the reciprocal
product of the PCS, a PTS reflecting all instantaneous motions of this manipulator
is obtained, and the DOF of the manipulator is determined accordingly.

Therefore, in order to achieve the type synthesis of a class of parallel manipula-
tors, the process described above can provide us with a good inspiration. In other
words, the screw theory is still effective during the synthesis process. The concrete
synthesis process is realized through the following steps:
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Step 1: Describe all constraint screws acting on the movable platform.

For any TPM, its moving platform has only three-dimensional translations and
loses three rotational DOFs; thus, there exist three linearly independent CCs acting
on the moving platform. These three constraint couples form a PCS of the TPMs, as
described in Eq. (2.26).

Step 2: Analyze the geometric condition of the LCS corresponding to a specific PCS.

Different PCSs in a parallel manipulator result from the combination of all the
LCS under different geometric conditions. In this sense, it is very necessary to
analyze the geometric condition of the LCS corresponding to a specific PCS in
order to obtain an available limb structure.

The family of the TPMs can be grouped into two categories: manipulators with
independent constraints and manipulators with repeated constraints (also called
overconstrained manipulators). In an overconstrained manipulator, its limb has less
than five basic joints, which means fewer joints and simpler architecture than an
independent-constraint manipulator with the same kinematic characteristics. In this
regard, by analyzing the geometric condition of the LCS in terms of TPMs with
independent constraints and overconstrained TPMs, respectively, we can find the
corresponding PCS.

Step 3: Make a solution to the LTS reciprocal to the LCS.

According to the screw theory, each of screws in a LTS is reciprocal to the LCS.
Therefore, once the screws in the LCS given, the screws in the LTS can be calculated
by means of Eq. (2.25). A simple approach of determining a LTS is to find a base of
this LTS. Then by a linear combination of these basic twists, other types of the LTS
reflecting the limb structure can be obtained.

Step 4: Analyze the geometric condition of the LTS corresponding to different LCS.

In a TPM, each limb may provide couples with different numbers varied from
zero to three to the moving platform; therefore, we should analyze the geometric
condition met by the LTS corresponding to any kind of LCS such that we can find the
geometric relationship among all kinematic pairs in the LTS and further construct
this limb. Furthermore, to make sure that the moving platform could achieve a finite
motion instead of an instantaneous motion, the arrangement of the kinematic pairs in
each limb has to meet some additional geometric conditions, which is an important
issue to be discussed.

Step 5: Construct and allocate available the connecting chains in series.

Once we have obtained the LTS satisfying some geometric conditions, we can
construct a limb according to the screw expressions reflecting this LTS. On the other
hand, note that the sequence of each screw in the LTS is changeable, which means
the arrangement of the kinematic pairs may also be alterable.

Step 6: Construct a desired parallel mechanism according to Steps 2–5.
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2.2 Evolution of Parallel Mechanisms

In the field of parallel mechanisms, an interesting problem is the identification of
a method for designing a mechanical architecture for a parallel mechanism being
given its number and type of DOF. After Gough established the basic principles of
a mechanism with a closed-loop kinematic structure in 1947, many other parallel
mechanisms with a specified DOF number and type have also been proposed.
However, some parallel mechanisms have inherent relationships with others. A
parallel mechanism may have evolved from another. We introduce the typical
evolution of parallel mechanisms. As mentioned in Sect. 3.2.2, the evolution of
parallel mechanisms may help us identify their DOFs.

Figure 1.36 shows the general architecture of 6-DOF parallel mechanisms.
Theoretically, the arrangement of the six legs of the mechanism can be done at will,
which leads to some potential 6-DOF parallel mechanisms, such as the mechanism
shown in Fig. 1.37b, in which the legs are arranged in 3.2.1 style. This architecture
presents application advantages in a micromotion system (Pernette and Clavel 1996)
and shake table. The disposal of six legs (as shown in Fig. 1.37c, d) causes the
mechanisms to move freely along a specified direction; this feature is very useful in
industrial applications (Honegger et al. 2000).

Applying parallelity between every two legs of the six-leg mechanism in Fig.
1.36 generates the 6-DOF parallel mechanism presented in Fig. 1.37a. The number
of DOFs of the mechanism differs if the two most adjacent legs have identical input.
This is a topological mechanism of DELTA with linear actuators. Replacing the
active P joints of the mechanism in Fig. 1.37a with R joints and fixing them to
the base result in the modified mechanism with revolute actuators presented by
Pierrot (1991; Fig. 2.3). Similarly, the mechanism can evolve to a DELTA robot.
The fact that the two nearby revolute actuators in Fig. 2.3 always have the same
output generates a different mobile platform output. This feature characterizes the
design of the well-known DELTA robot (Fig. 1.22).

The supposed design conceived for the above-mentioned mechanisms not only
aids the understanding of the mechanisms but also provides us new concepts for
the design of a mechanism. For example, the 6-DOF parallel mechanism (Fig. 2.7)
described in Dafaoui et al. (1998) can be taken as the topological architecture of
the mechanism shown in Fig. 1.37a by rearranging the six legs. This inspires the
design of new parallel mechanisms (see Fig. 1.26a, b) through the rearrangement
of the three legs of DELTA and Tsai’s parallel mechanism. In the two new designs,
the three actuators are arranged according to the Cartesian axes, indicating that the
actuation directions are normal to one another. In addition, the joints connected
to the mobile platform are located on three sides of a cube; for this reason, we
call this type of mechanism the parallel cube-mechanism. The mechanisms also
have three translational DOFs, as in the cases of DELTA and Tsai’s mechanism.
However, some of their important characteristics differ from those of DELTA and
Tsai’s mechanism, making the designs novel. One of the most important study
results of Liu et al. (2003) shows that a compliance center exists in the workspace,
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Fig. 2.7 Six-DOF parallel cube-mechanism with six UPS chains

Fig. 2.8 Two pure translational parallel cube-mechanisms (Liu et al. 2003) with redundant
constraint: (a) modification of DELTA and (b) modification of Tsai’s mechanism

which is the initial position. At this point, the parallel cube-mechanisms behave in a
manner similar to both a velocity and stiffness isotropic setup. These characteristics
make the parallel cube-mechanism adaptive to such applications as micromotion
mechanisms (Liu et al. 2001b; Ohya et al. 1999), remote center compliance devices
(Kim et al. 1997), precision assembly machines (Dafaoui et al. 1998), and parallel
kinematic machines (Huang et al. 2002). For application in a parallel kinematic
machine, the stiffness of the system is one of the most important problems. The
advantage of the presented parallel mechanisms is that the stiffness can be improved
by increasing the redundant constraints (Liu et al. 2003), as in the architectures
shown in Fig. 2.8. Figure 2.8a shows the modified version of the design in Fig. 3.14a,

http://dx.doi.org/10.1007/978-3-642-36929-2_3
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Fig. 2.9 Three-DOF parallel
mechanism with
2-UPS&1-UP chains (the
parallel mechanism of
TriVariant (Huang et al.
2005a))

in which there are three spherical-bar-spherical or universal-bar-universal chains
instead of two such chains in each leg. As seen in Fig. 2.8b, each parallelogram in
Fig. 1.26b is divided into two or more parallelograms. The kinematic model of each
of the mechanisms is identical to that of each of the mechanisms shown in Fig. 1.26.
Furthermore, the revision has no negative influence on the kinematics, workspace,
and other performance-related functions of the mechanism. The more redundant the
constraint of the leg, the higher the stiffness of the mechanism and, in relative terms,
the higher the fabrication accuracy it requires.

As shown in Fig. 1.29b, the parallel mechanism of the Tricept is equipped with
the 3-UPS&1-UP chains, in which the P joints of the three UPS chains are active
and the P joint of the UP chain is passive. On the basis of this mechanism, Huang
and colleagues (2005a) designed a modified version with 2-UPS&1-UP chains
(see Fig. 2.9), in which the three P joints are all active. Using this mechanism,
Tianjin University (China) developed a 5-DOF hybrid machine called TriVariant.
The modification not only inherits most of the advantages of the Tricept but also
allows for cost-effectiveness compared with the Tricept because of the savings
gained from forgoing one active limb. As analyzed in Huang et al. (2005a), the
kinematic performance of TriVariant is comparable with that of the Tricept for the
same task workspace and a set of similar geometrical parameters.

Again, considering the SKM 400 parallel mechanism shown in Fig. 1.29d, three
P joints in the UPS chains are active, but the R joint in the R(Pa)(Pa) leg is passive.
A 3-DOF pure translational parallel mechanism was proposed (Huang et al. 2005b),
in which one UPS leg from the SKM 400 mechanism is excluded and the R joint is
actuated (Fig. 2.10).

Although the design concepts from so many parallel mechanisms provide us
more concepts for the design of a new mechanism, additional work remains to
be done especially for designing lower-DOF parallel mechanisms that combine
translational and rotational DOFs. Few spatial three-DOF parallel mechanisms
combine two spatial translations and one rotation; these are presented in the
following chapter.

http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
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Fig. 2.10 Three-DOF pure
translational parallel
mechanism with
2-UPS&1-R(Pa)(Pa) chains
(Huang et al. 2005b)

2.3 Type Synthesis

In the field of parallel mechanisms, one of the most important and interesting
problems is architecture design, i.e., type synthesis. Numerous parallel mechanisms
with a specified number and type of DOF have been proposed (see Merlet (2000) for
examples). Most recently, several systematic approaches have been proposed for the
type synthesis of parallel mechanisms, such as the methods based on displacement
group theory (Hervé 1999) and screw theory (Zhao 2000; Huang and Li 2002;
Fang and Tsai 2002; Kong and Gosselin 2004a, b), as well as the units of single
opened chains (Yang 2004), vector approach (Carricato and Parenti-Castelli 2003),
and Lie subgroups and submanifolds of the special Euclidean group, SE(3) (Meng
et al. 2007). Using these methods as bases, researchers proposed many new parallel
mechanisms that have not been previously conceived of. These substantially enrich
the theory of parallel mechanisms. In this paper, we introduce the type synthesis of
some parallel mechanisms.

2.3.1 Type Synthesis of Parallel Mechanisms
with Parallelogram

2.3.1.1 Motivation

Few spatial parallel mechanisms with two translations and one rotation exist in
the family of parallel mechanisms, and few fully parallel mechanisms have high
rotational capability. To these ends, we design a mechanism that satisfies these
requirements.

Equation (2.1) indicates that in a symmetrical spatial parallel mechanism, each
of the three legs should have five DOFs. The 3-PRS parallel mechanism is a typical
example. Then, we consider the mechanism shown in Fig. 2.11, in which the mobile
platform is connected to the base through two PRS chains and one PUU chain.
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Fig. 2.11 Parallel
mechanism with a
2-PRS&1-PUU chain

In this design, the R joints of two PRS legs are parallel to each other, and the legs
are in a common plane. With this architecture, the mechanism should have three
DOFs. With the two PRS legs, the mobile platform cannot move along the x-axis
and cannot rotate about the z-axis, leaving four DOFs, two translations, and two
rotations on the mobile platform. For example, endowing the mobile platform with
three spatial DOFs necessitates two translations and one rotation; the third leg with
the PUU chain must constrain the rotational DOF of the mobile platform about the
x-axis. Whether this can be accomplished depends on the UU chain. A question
arises as to the ability of the UU chain to constrain the rotational DOF. To resolve
this issue, we first investigate the kinematic characteristics of the UU chain.

Figure 2.12a shows a UU chain, in which the axes of four revolute joints are
denoted as y1, z1, y2, and z2. At any moment, the y1-axis is always parallel to the
y2-axis. The configuration when links 1, 2, and 3 are collinear is referred to as
the initial configuration. In this chain, there are four DOFs that are four rotations
about the four axes. In movement, if the z1-axis is always parallel to the z2-axis,
we call this translational motion; otherwise, it is referred to as spatial motion. In
translational motion, axes y1 and y2 and axes z1 and z2 are always parallel to each
other (see Fig. 2.12b). The transformation matrix of link 3 with respect to link 1 can
be written as

Q1 D R.z1; �1/R.y1; �2/R.y2;��2/R.z2; �3/ D R.z1; �1/R.z2; �3/ (2.27)

where R.z1; �1/ stands for the transformation matrix when it rotates at angle �1 about
the z1-axis. The other matrices follow this rule. Equation (2.27) indicates that link 3
applies no self-rotation during translational motion.

When the movement of link 3 is of spatial type with respect to link 1 (Fig. 2.12c),
the transformation matrix of link 3 with respect to link 1 is

Q2 D R.z1; �1/R.y1; �2/R.y2; �3/R.z2; �4/ (2.28)
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Fig. 2.12 Kinematic
characteristic analysis of a
UU chain: (a) initial
configuration, (b)
configuration when links
1 and 3 are parallel to each
other, and (c) configuration
when links 1 and 3 are not
parallel to each other

Given that the y1-axis is always parallel to the y2-axis, Eq. (2.28) can be
rewritten as

Q0
2 D R.z1; �1/R.y0 ; �2 C �3/R.z2; �4/ (2.29)

which is actually the transformation matrix with Euler-angle z-y-z convention.
Therefore, when the UU chain changes its initial configuration to the configuration
that links 1 and 3, and these links are not parallel to each other, link 3 has three
rotations with respect to link 1, including a self-rotation.
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Fig. 2.13 Substitute of the
UU chain

Thus, we draw the following conclusions: (a) When the UU chain is at its initial
configuration, it can constrain the self-rotation of link 3. (b) When the movement of
link 3 is translational with respect to link 1, link 3 does not apply self-rotation. (c)
If the movement of link 3 is spatial with respect to link 1, the self-motion of link 3
occurs.

The analysis above shows that the PUU chain in the mechanism of Fig. 2.11
cannot completely constrain the rotation of the mobile platform about the x-axis,
indicating that the parallel mechanism has four DOFs at certain configurations.
Figure 2.12 and Eq. (2.28) show that to constrain the rotation, the two inner revolute
joints of the UU chain should be parallel to each other; the same applies to the two
outer revolute joints. Only in this geometric condition can the mechanism shown in
Fig. 2.11 have three spatial DOFs, i.e., two translations and one rotation.

In practice, however, the geometric condition cannot be satisfied at any moment.
Is there any substitute mechanism for the UU chain?

To solve the problem of the UU chain, we provide a solution (Fig. 2.13), in
which the UU combination is replaced by a revolute joint, planar parallelogram,
and another revolute joint. The axes of the two revolute joints are parallel to each
other and are orthogonal to those of the four revolute joints in the parallelogram.
This arrangement guarantees constant parallelism between axes y1 and y2 and axes
z1 and z2. The solution is called the variation of the UU chain, referred to as the
R(Pa)R chain. With this variation, when link 3 moves with respect to link 1, self-
rotation no longer occurs.

The PUU chain in the mechanism in Fig. 2.11 can be replaced by the PR(Pa)R
chain shown in Fig. 2.14. The new parallel mechanism (Liu et al. 2001a) is
illustrated in Fig. 2.15. It has three DOFs, which are the translations in the O-yz
plane and the rotation about the line passing through the two S joints attached to the
mobile platform.

2.3.1.2 Concept of a Parallelogram

Why can a parallelogram solve the problem of the UU chain? The concept of
the parallelogram was used in some other parallel mechanisms. In the DELTA
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Fig. 2.14 Variation of the
PUU chain, a PR(Pa)R chain

Fig. 2.15 Spatial 3-DOF
parallel mechanism with a
2-PRS&1-PR(Pa)R chain
(Liu et al. 2001a)

mechanism (Fig. 1.22), each of the three legs consists of a spatial four-bar
mechanism. The four bars are connected end to end by spherical joints. Although it
is a spatial mechanism, each two of the four bars should be parallel to each other at
every instant, for which DELTA has three translational DOFs. The design concept
was extended to a new family of 4-DOF parallel mechanisms, H4 (Fig. 1.32), in
1999. Such a concept is highly important to parallel mechanism design in which a
planar four-bar parallelogram is used.

The mechanism of the planar four-bar parallelogram lies in four bars connected
end to end by revolute joints. Figure 2.16 shows that links 1 and 3, as well
as links 2 and 4, are identical in link length. Links 1 and 2 can always have
identical orientations with links 3 and 4, respectively. The parallelogram was first
applied to the design of the StarLike mechanism (Fig. 1.24) in 1992 by Hervé; this
mechanism also has three translational DOFs, used later in the design of another
parallel mechanism (Fig. 1.23) with three translational DOFs by Tsai in 1996.
From then on, the concept of the parallelogram has attracted the attention of many
researchers. Application examples include TURIN (Sorli et al. 1997) with six DOFs
and CaPaMan (Ceccarelli 1997) with three DOFs.

Although the locus of any point on the output link is a circle, a planar
parallelogram enables an output link to maintain a fixed orientation with respect to

http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
http://dx.doi.org/10.1007/978-3-642-36929-2_1
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Fig. 2.16 Planar
parallelogram

an input link, which is why the concept of the parallelogram is used in these parallel
manipulators. In particular, addressing the UU chain (as shown in Sect. 4.1.1) is
highly useful. In the above-mentioned designs, the parallelogram guarantees desired
output, such as no rotational DOFs for StarLike and Tsai’s mechanisms.

Conversely, the planar parallelogram, being a leg, can improve the kinematic
performance of a system. Typically, the constant link in a leg for most parallel
mechanisms is only a single bar. If the leg is constructed by a simple mechanism,
a parallel mechanism will have better performance in terms of kinematics and
dynamics. The first design that employed a simple mechanism in leg kinematics
is a micromotion mechanism proposed by Hudgens and Tesar (1988). In this
mechanism, each leg is driven by a four-bar mechanism mounted on the base, an
approach that improved the positional resolution of the mechanism. Tahmasebi
(1992) presented a 6-DOF parallel mechanism by means of the planar 2-DOF
five-bar mechanism; the positional resolution, stiffness, and force control of the
mechanism were improved. Frisoli et al. (1999) developed a novel tendon-driven
five-bar linkage with a large isotropic workspace and applied it to the legs of a
6-DOF haptic device, thereby generating good kinematic isotropy and acceleration.
Moreover, Chung and Lee (2001) proposed a new 2-DOF parallel mechanism, in
which each leg includes a four-bar mechanism, showing advantages in terms of
good kinematic performance and static balance (Wang and Gosselin 1999).

Another advantage to designing a mechanism with a parallelogram acting as
the constant link in each leg is that leg stiffness can be increased to a large
extent. A parallelogram has higher stiffness with respect to a single bar. Moreover,
leg stiffness can be improved further by increasing redundant constraints. For
instance, the parallelogram can be designed as in Fig. 2.17, in which the number
of parallelograms is increased. The more parallelograms the leg has, the higher
the stiffness of the mechanism and, relatively, the higher the fabrication accuracy
required because of the redundant constraints.

For most parallel mechanisms, rotational capability reaches its maximum at the
original point of the workspace. The maximum value is usually limited for some
parallel mechanisms with spherical joints because of the limited swing angle of
such joints. Moreover, the titling angle of the mobile platform becomes increasingly
smaller from the point to the boundary. A parallelogram enables the output link to
remain at a fixed orientation with respect to an input link in such a way that attaching

http://dx.doi.org/10.1007/978-3-642-36929-2_4
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Fig. 2.17 Parallelogram with
redundant constraints

Fig. 2.18 Rotational
capability comparison of two
kinds of leg mechanisms: (a)
with a single bar and (b) with
a planar four-bar
parallelogram

one end of a ball-and-socket joint to the output link can relatively increase the swing
range of the joint. The method eventually improves the rotational capability of the
mobile platform. For example (refer to Fig. 2.18), suppose that in some kind of
parallel mechanism, the combination of actuations M1 and M2 enables the mobile
platform to rotate about point A. In Fig. 2.18a, each of the two legs is a traditional
one, which consists of a length-fixed link. The link is connected to the mobile



52 2 Type Synthesis of Parallel Mechanisms

platform by a ball-and-socket joint. In Fig. 2.18b, each leg consists of a planar
four-bar parallelogram, which is also connected to the mobile platform by a ball-
and-socket joint. The socket is fixed to the output link of each parallelogram. In
Fig. 2.18, line a is the reference line, from which the tilting angle for the joints
is limited to ˙45ı. Let each mobile platform rotate 15ı about original point A
from zero orientation. Figure 2.16 shows that the orientation of line a in Fig. 2.18a
is variable according to the change in the orientation of the link but maintains
invariable in Fig. 2.16b. For this reason, the ball-and-socket joint in Fig. 2.16a
exceeds the tilting limit at the 15ıorientation because of 54:2ı > 45ı. In Fig. 2.16b,
however, the joint has not reached its limit. Therefore, the mobile platform in
Fig. 2.16b can yield higher rotational capability than can that in Fig. 2.16a, for
which we can conclude that a parallel mechanism with a parallelogram in its leg may
obtain higher rotational capability than can the traditional one. Moreover, because
the socket maintains its original orientation at every instant, the rotational capability
at the point near the original point does not diminish.

The advantages of using parallelograms in the design of parallel mechanism
are clear: desired DOF output, considerably higher stiffness, higher rotational
capability, and good kinematic and dynamic performance. The disadvantage stems
from the complex structure when evaluated against the combination of a revolute
joint and one constant link. A parallelogram has four revolute joints and four links.
The axes of all the joints should be parallel to one another, and the lengths of
each two of the four links should be equal to one another as well. Therefore, the
fabrication accuracy should be sufficiently high enough; otherwise, accumulation of
errors occurs, eventually resulting in error accumulation in the device. All the joints
have single DOFs, but this is not a critical problem. Considering the advantages that
the parallelogram offers, the complex structure is acceptable.

Maximizing the advantage of the desired output of a planar four-bar parallelo-
gram, some researchers proposed parallel mechanisms (Liu and Wang 2003, 2005;
Liu et al. 2005b).

2.3.1.3 Some Parallel Mechanisms Containing a Planar Parallelogram

Some parallel mechanisms can be designed on the basis of the concept of a
parallelogram. In these designs, a parallelogram plays a key role in desired DOF
output as well as in improved rotational capability and stiffness.

Two-DOF Parallel Mechanisms

The most planar 2-DOF parallel mechanisms (Figs. 3.1 and 3.2) are the five-bar
mechanisms with prismatic or revolute actuators. The mechanism with revolute
actuators comprises five revolute pairs, and the two joints fixed to the base are
actuated (Fig. 3.1f). The output of the mechanism is the translational motion of
a point on the end-effector. Figure 3.1f shows that the locus of any point on the

http://dx.doi.org/10.1007/978-3-642-36929-2_3
http://dx.doi.org/10.1007/978-3-642-36929-2_3
http://dx.doi.org/10.1007/978-3-642-36929-2_3
http://dx.doi.org/10.1007/978-3-642-36929-2_3
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Fig. 2.19 Two-DOF parallel mechanism with a (Pa)RRR(Pa) chain

proximal link, i.e., the actuated link, is a circle, which is the same as that of a point
on the output link of a parallelogram. This feature reminds us to replace the proximal
link with a parallelogram. The new parallel mechanism is shown in Fig. 2.19. In the
same manner, the RRRPR and RRRRP mechanisms shown in Fig. 1.12b and e can
be replaced by (Pa)RRPR and (Pa)RRRP, respectively. Figure 2.20a shows another
planar 2-DOF parallel mechanism with a (Pa)RR(Pa)P chain, in which one revolute
joint in the first (Pa) and the prismatic joint are active. The mobile platform also
has two planar DOFs. In these designs, the parallelogram is a substitute for the
combination of a revolute joint and a length-fixed link in each leg. This substitution
improves the stiffness of the leg. The design shown in Fig. 2.20b differs from
those in Figs. 2.19 and 2.20a. It consists of two R(Pa)R chains. In this design,
if revolute actuator M1 is locked, the mechanism is equivalent to a planar four-
bar mechanism with actuator M2. If M1 is active but M2 is locked, the mechanism
undergoes translation along the x-axis. At the same time, rotation about the x-axis
occurs; this rotation is an associated movement. Thus, the output is the translation
along the x-axis and another translation in the O-yz plane or a rotation about the
x-axis.

As previously mentioned, the output of most planar 2-DOF parallel mechanisms
is the planar motion of a point, while orientation changes instantly. In some
applications, an object should be transferred with fixed orientation. In such a case,
the translational motion of a rigid body with fixed orientation is needed, and the
above-mentioned 2-DOF parallel mechanisms are unavailable. The design based on
a parallelogram can be used to address this problem. Such a parallel mechanism
with a 2-P(Pa) chain is shown in Fig. 2.21a; the two translational DOFs can be
achieved if the prismatic joints are active. To obtain the two DOFs of a rigid body
in this system, the P(Pa)&PRR kinematic chain shown in Fig. 2.21b is sufficient
for guaranteeing the mechanism with two translational DOFs. Two planar four-
bar parallelograms are used to increase the stiffness of the system and make the
system symmetrical. The parallel mechanism has been applied to the development

http://dx.doi.org/10.1007/978-3-642-36929-2_1
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Fig. 2.20 Two kinds of planar 2-DOF parallel mechanisms: (a) with a (Pa)RR(Pa)P chain and (b)
with a 2-R(Pa)R chain

Fig. 2.21 Parallel mechanisms with two pure translational DOFs: (a) with symmetrical
architecture and (b) with asymmetrical architecture

of a five-axis hybrid machine tool (Liu 2001; Liu et al. 2005c), which is now being
used to machine a kind of impeller. In the mechanisms shown in Fig. 2.21, some P
joints can be replaced by four-bar planar parallelograms. For example, the parallel
mechanisms can be equipped with the 4(Pa) and 2(Pa)&3R chains. The latter is
illustrated in Fig. 2.22.

Some two-DOF parallel mechanisms based on the above-mentioned design
concept are listed in Table 2.1.

The output link of a planar parallelogram has one DOF, and its orientation
remains constant. The output link of a double-parallelogram mechanism, denoted
as the (Pa)(Pa) chain, should have two DOFs, and its orientation is also constant.
Therefore, we can design a 2-DOF parallel mechanism that consists of three legs,
with the third one being a passive (Pa)(Pa) chain and the two others active. Each
of the actuated legs can be a 3-, 4-, 5- or 6-DOF chain. At the least, it must be a
3-DOF chain, as in the PRR, RRR, RPR, or PPR chain. As an example, the parallel



2.3 Type Synthesis 55

Fig. 2.22 Two-DOF
translational parallel
mechanism with a 2(Pa)&3R
chain

Table 2.1 Some 2-DOF parallel mechanisms

Leg chains

No. First leg Second leg Mechanism chains Remarks

1 (Pa)RR (Pa)RR (Pa)RRR(Pa) As shown in Fig. 2.17
2 (Pa)RR RPR (Pa)RRPR Comes from the RRRPR mechanism
3 (Pa)RR PRR (Pa)RRRP Comes from the RRRRP mechanism
4 (Pa)R P(Pa)R (Pa)R&P(Pa)R Fig. 2.18a
5 R(Pa)R R(Pa)R 2-R(Pa)R Fig. 2.18b
6 P(Pa) P(Pa) or

PRR
P(Pa)(Pa)P(or

P(Pa)PRR)
There are two cases: the actuated P joint

can be vertical or horizontal. The
vertical case is shown in Fig. 2.19

7 (Pa)(Pa) (Pa)(Pa) or
RRR

4(Pa) (or
2(Pa)&3R)

In each leg, a revolute joint in the input
link of the parallelogram that attached
to the base is actuated. The 2(Pa)&3R
mechanism is shown in Fig. 2.20

mechanisms with 2-PRR&1-(Pa)(Pa) and 2-RPR&1-(Pa)(Pa) chains are shown in
Fig. 2.23a, b, respectively. Because of the double-parallelogram mechanism, both
mechanisms have two pure translational DOFs. A prismatic joint cannot change
the slider orientation; thus, the double-parallelogram chain can be replaced by a
prismatic parallelogram, referred to as the P(Pa) chain, shown in Fig. 2.24. The
possible 2-DOF translational parallel mechanisms with a passive leg are listed in
Table 2.2, and a typical instance is illustrated in Fig. 2.25.

Three-DOF Parallel Mechanisms

As introduced in Sect. 3.1.2, many kinds of parallel mechanisms with three DOFs
are available. An example is the planar 3-RRR parallel mechanism (Fig. 1.15). The
mobile platform has three planar DOFs, which are two translations in the O-xy plane

http://dx.doi.org/10.1007/978-3-642-36929-2_3
http://dx.doi.org/10.1007/978-3-642-36929-2_1
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Fig. 2.23 Two 2-DOF translational parallel mechanisms: (a) with two active PRR chains and one
passive (Pa)(Pa) chain and (b) with two active RPR chains and one passive (Pa)(Pa) chain

Fig. 2.24 P(Pa) kinematic chain

and a rotation around the Z-axis. To increase the stiffness of each leg, a 3-DOF
parallel mechanism with parallelograms is employed (Fig. 2.26). This mechanism
is kinematically equivalent to the architecture in Fig. 1.15. Similarly, two types of
such mechanisms with 3-P(Pa)R chains, which are equivalent to those with 3-PRR
chains, are shown in Fig. 2.27. Figure 2.28 shows four types of spatial 3-DOF 3-
[PP]S parallel mechanisms, which are the modified versions of the 3-RPS and 3-
PRS parallel mechanisms. Comparatively, they possess higher rotational capability
and stiffness. In the mechanism shown in Fig. 2.28a, either the P joint or one R
joint of the parallelogram attached to the base in each leg can be active. In the three
others, the P joints are actuated.

Figure 2.29 shows another spatial 3-DOF parallel mechanism with a 1-
R(Pa)R&2-RR(Pa)R chain. If actuator M1 is locked, the mechanism is equivalent
to a planar 2-DOF mechanism with actuators M2 and M3. Thus, the output is the
translation along the z-axis and two planar motions in the O-xy plane. Its kinematic
chain can also be 1-R(Pa)R&2-PR(Pa)R.

http://dx.doi.org/10.1007/978-3-642-36929-2_1
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Table 2.2 Some 2-DOF translational parallel mechanisms with a passive leg

Leg chains

No.
First and
second legs Passive leg Mechanism chains Remarks

1 RRR (Pa) (Pa) or
P(Pa)

2-RRR&1-(Pa)(Pa)
or 2-RRR&1-P(Pa)

2 PRR 2-PRR&1-(Pa)(Pa) The 2-PRR&1-(Pa)(Pa) mechanism
is shown in Fig. 2.23aor 2-PRR&1-P(Pa)

3 RPR 2-RPR&1-(Pa)(Pa) The 2-RPR&1-(Pa)(Pa) mechanism
is shown in Fig. 2.23bor 2-RPR&1-P(Pa)

4 RRU 2-RRU&1-(Pa)(Pa)
or 2-RRU&1-P(Pa)

5 PRU 2-PRU&1-(Pa)(Pa)
or 2-PRU&1-P(Pa)

6 RPU 2-RPU&1-(Pa)(Pa)
or 2-RPU&1-P(Pa)

7 RRS 2-RRS&1-(Pa)(Pa)
or 2-RRS&1-P(Pa)

8 PRS 2-PRS&1-(Pa)(Pa) The 2-PRS&1-P(Pa) mechanism is
shown in Fig. 2.25or 2-PRS&1-P(Pa)

9 RPS 2-RPS&1-(Pa)(Pa)
or 2-RPS&1-P(Pa)

10 UPS 2-UPS&1-(Pa)(Pa)
or 2-UPS&1-P(Pa)

11 PUS 2-PUS&1-(Pa)(Pa)
or 2-PUS&1-P(Pa)

12 URS 2-URS&1-(Pa)(Pa)
or 2-URS&1-P(Pa)

13 RUS 2-RUS&1-(Pa)(Pa)
or 2-RUS&1-P(Pa)

Fig. 2.25 Two-DOF translational parallel mechanism with a 2-PRS&1-P(Pa) chain
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Fig. 2.26 Planar 3-(Pa)RR parallel mechanism

Fig. 2.27 Two kinds of planar 3-P(Pa)R parallel mechanisms

To solve the problem of the UU chain, an R(Pa)R chain was proposed (Fig. 2.11).
Accordingly, the 2-PRS&1-PUU mechanism was revised as the 2-PRS&1-PR(Pa)R
mechanism (see Fig. 2.15). The observation of the revised mechanism shows that
because the PR(Pa)R chain constrains two rotations, a redundant DOF exists in the
two spherical joints. Thus, the two PRS chains can be replaced by two PRU chains.
The modified mechanism is shown in Fig. 2.30. The topological mechanism with
revolute actuators is illustrated in Fig. 2.31. In the two mechanisms, the first and
second legs should be in the same plane. Moreover, in these two legs, two axes
for the revolute joints in the U joints that are connected to the mobile platform
should be collinear. The axis of the revolute joint in the third leg linked to the mobile
platform should be parallel to these two axes. Therefore, the two mechanisms have
two translations in the O-yz plane and one rotation about the collinear line. The
mechanisms shown in Figs. 2.15 and 2.30 have very high rotational capability and
are analyzed in the subsequent chapters.

The collinear axes for the two revolute joints of the mechanism in Fig. 2.30
motivate the redesign of the first and second legs (Fig. 2.32). In these two designs,
the two revolute joints are combined into one revolute joint. Figure 2.32a shows
that the first and second legs are connected to the mobile platform through one
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Fig. 2.28 Four kinds of 3-[PP]S parallel mechanisms

Fig. 2.29 Spatial 3-DOF parallel mechanism with 1-R(Pa)R&2-RR(Pa)R
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Fig. 2.30 Three-DOF parallel mechanism with a 2-PRU&1-PR(Pa)R chain

Fig. 2.31 Three-DOF parallel mechanism with a 2-RRU&1-RR(Pa)R chain

Fig. 2.32 Two topological mechanisms of the mechanism shown in Fig. 2.30

revolute joint. As shown in Fig. 2.32b, the first and second legs with PRR chains
are connected to a constant orientation bar 2, which is linked to mobile platform
1 by a revolute joint. If the kinematic chain for the mechanism shown in Fig. 2.30
is 2-PRU&1-PR(Pa)R, the chain for the two designs will be (PRR)2R&PR(Pa)R.
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Fig. 2.33 Two spatial 3-DOF parallel mechanisms: (a) with a 2-PR(Pa)R&1-PRU chain and (b)
with a 2-RR(Pa)R&1-RRU chain

Table 2.3 Constraint and DOFs of the parallel mechanism in Fig. 2.33a

Single leg Combination of three legs

No. Chain type Constraints Constraints Remained DOFs

1 PR(Pa)R fROx, ROzg fTx, ROx,ROzg fTy, Tz,ROyg
2 PR(Pa)R fROx, ROzg
3 PRU fTx, ROzg

This modification, which has no negative influence on the rotational capability of
the mechanism, can also be extended to the mechanism (Fig. 2.31) with revolute
actuators.

The kinematic chains in the mechanism in Fig. 2.30 shows that the end-effector
of a PR(Pa)R chain has three translations and one rotation, and that of a PRU chain
has two translations and two rotations. A mechanism with two PRU chains and one
PR(Pa)R chain has two translational DOFs and one rotational DOF. What about
a mechanism with two PR(Pa)R chains and one PRU chain? Such a mechanism
(Liu et al. 2005a) is shown in Fig. 2.33a, in which the three R joints attached to
the mobile platform are parallel with the others. When the three P joints are active,
the mechanism should have three DOFs. The mechanism with revolute actuators is
shown in Fig. 2.33b. Given the arrangement of links and joints of the mechanism,
the combination of the three legs constrains the rotation of the mobile platform with
respect to the x- and z-axes as well as with the translation along the x-axis. This
leaves the two mechanisms with two translational DOFs in the O-yz plane and one
rotational DOF about the y-axis. Table 2.3 shows the capability description of the
mechanism with prismatic actuators. The mechanisms shown in Figs. 2.30 and 2.33a
have the same output, but there is an outstanding difference between them in terms
of the rotational DOF: the latter is actuation redundant for the DOF but the former
is not. That is, the rotational DOF of the latter is determined by the combination
of the first and second legs with PR(Pa)R chains. This situation is similar to the
mechanisms shown in Figs. 2.31 and 2.33b.
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Fig. 2.34 Kinematic architecture of the parallel mechanism with a 2-P(Pa)R&1-PR(Pa)R chain

Table 2.4 Constraint and DOFs of the parallel mechanism in Fig. 2.34

Single leg Combination of three legs

No. Chain type Constraints Constraints Remained DOFs

1 P(Pa)R fROx, ROz, Txg fTx, ROx,ROzg fTy, Tz,ROyg
2 P (Pa)R fROx, ROz, Txg
3 PR(Pa)R fROx, ROzg

Let us consider another spatial 3-DOF parallel mechanism (Fig. 2.34). The
mechanism has two P(Pa)R chains and one PR(Pa)R chain. Table 2.4 presents the
capability of the mechanism in detail, showing that the first leg itself can constrain
the mobile platform with the translation along the x-axis and rotations about the z-
and x-axes. The second leg can be identical to or different from the first leg (e.g.,
the second leg can be equipped with a PRU chain). The combination of the first
and second legs can also impose the same constraints on the mechanism, i.e., the
translation along the x-axis and rotations about the z-and x-axes. Moreover, the third
leg can be a 4-, 5-, or 6-DOF chain (e.g., a PUU or PUS). It can also be a traditional
PSS chain. The possible chains for the three legs and mechanism are shown in
Table 2.5. The table demonstrates that six types of mechanisms have different legs.
For example, the mechanisms with P(Pa)R-PRU-PR(Pa)R and P(Pa)R-P(Pa)R-PUU
chains are shown in Fig. 2.35a, b, respectively. In the PUU chain, the axis of the
revolute joint in the first U joint that is attached to the P joint and the axis of the
revolute joint in the second U joint that is connected to the mobile platform must
both be parallel to the y-axis. Then, the mechanisms can also have three DOFs,
which are two translational DOFs in the O-yz plane and one rotational DOF about
the y-axis. For the PUS chain in Table 2.5, the axis of the revolute joint in the first
U joint that is attached to the P joint should also be parallel to the y-axis. Many
topological architectures based on such a concept have been proposed, but these are
not comprehensively described in this chapter.

We compare the mechanism shown in Fig. 2.34 and its topological mechanisms
with the mechanism in Fig. 2.30. They have the same output, but there are some
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Table 2.5 Possible legs and topological mechanisms of the parallel
mechanism in Fig. 2.34

Leg chain

First leg Second leg Third leg Mechanism chains

P(Pa)R P(Pa)R PR(Pa)R P(Pa)R-P(Pa)R-PR(Pa)R
P(Pa)R-PRU-PR(Pa)R

PRU PUU P(Pa)R-P(Pa)R-PUU
P(Pa)R-PRU-PUU

PUS (or PSS) P(Pa)R-P(Pa)R-PUS
P(Pa)R-PRU-PUS

Where P prismatic joint, R revolute joint, U universal joint, (Pa)
parallelogram, S spherical joint

Fig. 2.35 Two kinds of topological architectures of the mechanism in Fig. 2.34a

differences between them. In the mechanism in Fig. 2.30, the first and second
legs are PRU chains, which can constrain the mobile platform with the translation
along the x-axis and the rotation about the z-axis. The combination of the two legs
causes the mobile platform to rotate freely about the line parallel to the x-axis.
Because it is the undesirable output, the rotational DOF should be constrained by
the third leg. In such a situation, the stiffness of the third leg should be sufficiently
high for addressing the inner torque of the mobile platform. Conversely, in the
mechanism shown in Fig. 2.34, the first and second legs themselves can constrain
the rotation about the x-axis; no additional requirement on the stiffness of the third
leg is necessary. As a result, the system stiffness of the mechanism is relatively
higher.

Similar to a 2-DOF parallel mechanism, the planar four-bar parallelogram can
also be used in the design of a 3-DOF parallel mechanism with a passive leg. As
an example, Fig. 2.36 shows a spatial 3-DOF parallel mechanism with three active
UPS chains and one passive leg with a (Pa)U chain, which leads to one degree of
translational freedom and two degrees of rotational freedom of the mechanism.

The possible 3-DOF parallel mechanisms with a planar four-bar parallelogram
are listed in Table 2.6.
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Fig. 2.36 Spatial 3-DOF
parallel mechanism with a
passive leg

Four-DOF Parallel Mechanisms

Several parallel mechanisms with four DOFs can be designed on the basis of
the concept of a four-bar parallelogram. Figure 2.37a shows a 4-DOF parallel
mechanism with a 2-PR(Pa)U& 2-PR(Pa)R chain, and in Fig. 2.37b, the mechanism
is equipped with a 2-PUU&2-PR(Pa)R chain. The mobile platforms for both these
mechanisms have four DOFs, which are three translations and one rotation about the
y-axis with respect to the base. If the quadrangle of the mobile platform is similar
to that of the base, the mechanisms will be in their singular configurations at the
original position.

Figure 2.38 shows two kinds of 4-DOF parallel mechanisms with a passive leg.
Each of these designs is equipped with four legs having UPS (or SPS) chains, in
which the P joint is actuated; the fifth (passive) leg in the mechanism in Fig. 2.38a
has a (Pa)PU chain; and the mechanism in Fig. 2.38b has a (Pa)S chain.

The other parallel mechanisms with four DOFs are listed in Table 2.7.

Five-DOF Parallel Mechanisms

As mentioned earlier, designing a 5-DOF symmetrical parallel mechanism is
difficult. Such a mechanism with fully symmetric architecture is also difficult to
design using a parallelogram. Two kinds of 5-DOF parallel mechanisms with a par-
allelogram in one of their legs are illustrated in Fig. 2.39. In these designs, the fifth
leg is actuated and also serves as the leading leg, i.e., the output of the mechanism
is dependent on the leg. The other four legs are equipped with UPS or SPS chains,
in which the P joints are also actuated. In Fig. 2.39a, the kinematic chain of the fifth
leg is the P(Pa)S, and that in Fig. 2.39b is the P(Pa)PU, in which the prismatic joints
attached to the base are actuated. Thus, the mechanisms have two translations and
three rotations, as well as three translations and two rotations, respectively.

The other parallel mechanisms with five DOFs are enumerated in Table 2.8.
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Fig. 2.37 Two 4-DOF parallel mechanisms: (a) with a 2-PR(Pa)U& 2-PR(Pa)R chain and (b) with
2-PUU&2-PR(Pa)R chain

Fig. 2.38 Two kinds of 4-DOF parallel mechanisms with a passive leg: (a) with a
4-SPS&1-(Pa)PU chain and (b) with a 4-SPS&1-(Pa)S chain

Six-DOF Parallel Mechanisms

In the past two decades, 6-DOF parallel mechanisms have been the most frequently
studied mechanisms. These mechanisms can provide all of the DOFs that a rigid
body can have in 3-D space. This kind of parallel mechanism has been eliciting
increasing attention in the field. Generally, each leg of this mechanism is a typical
serial chain with six DOFs. The fully parallel mechanism is usually one that
includes at least six such legs. Some 6-DOF parallel mechanisms have three legs.
Two actuators are attached to each leg. Compared with a 6-DOF mechanism with
six legs, a fully parallel mechanism has a considerably larger workspace, simpler
forward and inverse kinematic solutions, and fewer moving parts and joints. The



2.3 Type Synthesis 67

Table 2.7 Some four-DOF parallel mechanisms with a four-bar parallelogram

Leg chains

No. First leg Second leg Third leg Fourth leg Mechanism chains Remarks

1 PR(Pa)U PR(Pa)R PR(Pa)U PR(Pa)R 2-PR(Pa)U&2-
PR(Pa)R

As shown in
Fig. 2.37a

2 PUU PR(Pa)R PUU PR(Pa)R 2-PUU&2-PR(Pa)R As shown in
Fig. 2.37b

Four active legs The passive leg

3 UPS (PUS or RUS) (Pa)PU 4-UPS&1-(Pa)PU As shown in
Fig. 2.38a

4 (Pa)RU 4-UPS&1-(Pa)RU
5 (Pa)S 4-UPS&1-(Pa)S As shown in

Fig. 2.38b
6 P(Pa)U 4-UPS&1-P(Pa)U
7 (Pa)UP 4-UPS&1-(Pa)UP
8 R(Pa)U 4-UPS&1-R(Pa)R

Where P prismatic joint, R revolute joint, U universal joint, (Pa) parallelogram, S spherical joint

Fig. 2.39 Two kinds of new 5-DOF parallel mechanisms: (a) with a 4-SPS&1-P(Pa)S chain and
(b) with a 4-SPS&1-P(Pa)PU chain

parallelogram concept is also used in the design of such mechanisms. Application
examples are TURIN (Sorli et al. 1997) with a 3-(Pa)(Pa)PS chain and a mechanism
with 3-R(Pa)S chain proposed by Ebert-Uphoff (1998).

In the present chapter, three types of 6-DOF parallel mechanisms with parallel-
ograms are discussed (Fig. 2.40). The mechanism in Fig. 2.40a consists of three
identical legs, which are PP(Pa)S chains. In each of the three legs, two prismatic
joints are actuated. For each of the two mechanisms shown in Fig. 2.40b, c,
the mobile platform is connected to the base through the three legs as well; the
mechanisms are equipped with 2-DOF planar actuators. Compared with the 3-PPRS
mechanism and others with planar actuators, these parallel mechanisms have a much
higher tilting capability. Table 2.9 lists some 6-DOF parallel mechanisms.
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Table 2.8 Some five-DOF parallel mechanisms with a parallelogram in their legs

Leg chains

No.
Legs with identical
kinematic chains The fifth leg Mechanism chains Remarks

1 UPS (PUS or RUS) P(Pa)S 4-UPS&1-P(Pa)S There are two cases: the actuated
P joint can be vertical or
horizontal. The vertical case
is shown in Fig. 2.39a

2 P(Pa)PU 4-UPS&1-P(Pa)PU There are two cases: the actuated
P joint can be vertical or
horizontal. The vertical case
is shown in Fig. 2.39b

3 P(Pa)RU 4-UPS&1-P(Pa)RU In the fifth leg, the P joint is
actuated

4 P(Pa)UP 4-UPS&1-P(Pa)UP In the fifth leg, the first P joint is
actuated

5 (Pa)PS 4-UPS&1-P(Pa)S In the fifth leg, the P joint is
actuated

6 (Pa)RS 4-UPS&1-(Pa)RS In the fifth leg, one of the four
revolute joints in the
parallelogram is actuated

7 R(Pa)S 4-UPS&1-R(Pa)S In the fifth leg, the R joint is
actuated

2.3.2 Type Synthesis Based on the Evolution Method

Many parallel mechanisms can be proposed using different methods. To a certain
extent, these parallel mechanisms can provide inspiration for the design of potential
new mechanisms. The modified mechanism may have relative advantages and good
industrial applicability. In this section, we introduce some novel 3-DOF parallel
mechanisms that evolved from others.

Some spatial 3-DOF fully parallel mechanisms were introduced in section
“3-DOF parallel mechanisms” (Figs. 2.30, 2.31, 2.32, 2.33, 2.34, and 2.35). In
these mechanisms, at least one leg consists of a parallelogram. The parallelogram
eventually presents difficulties in manufacturing and assembly as well as affects the
accuracy and application of the mechanisms. These issues motivate us to identify a
solution to overcome these problems.

As discussed in Sect. 4.1, the use of a parallelogram in each mechanism shown
in Figs. 2.30, 2.31, 2.32, 2.33, 2.34, and 2.35 guarantees the unique rotational DOF
of the mobile platform. For example, the parallelogram in a mechanism can restrict
the rotations about the z- and x-axes (Fig. 2.30). The translation in the O-yz plane
of the mobile platform is implemented by actuating the sliders of the two legs
(denoted as the first and second legs) with identical kinematic chains. The two legs
are in the same plane, i.e., the O-yz plane. Therefore, the leg with a parallelogram
(referred to as the third leg) provides the mobile platform with the active rotation
about the axis parallel to the y-axis and the passive translations along the x-, y-,

http://dx.doi.org/10.1007/978-3-642-36929-2_2
http://dx.doi.org/10.1007/978-3-642-36929-2_4
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Fig. 2.40 Three new types of 6-DOF parallel mechanisms

and z-axes. The translation along the x-axis is a parasitic motion. Observing the
mechanism shows that at any position (y, z) of the mobile platform, the movement
of the mobile platform and third leg is actually that of a slider-crank mechanism.
If the z-coordinate of the mobile platform is specified, the change in shape of the
parallelogram in the third leg conforms to the translation along the y-axis. Thus,
replacing the third leg of the parallel mechanism with a PRC kinematic chain
is feasible. The modified parallel mechanism is shown in Fig. 2.41a. In the new
mechanism, legs 1 and 2 have identical kinematic chains, i.e., PRU (U-universal)
chains. A U joint is usually composed of two R joints. In the two U joints, the axes
of the two R joints that are connected to the mobile platform should be collinear.
Otherwise, the mobile platform loses one DOF. Because of the PRC chain of leg
3, the two U joints can be replaced by two S (spherical joint) joints. Undoubtedly,
the new mechanism also has the same DOFs as that of the mechanism shown in
Fig. 2.30, i.e., the translation in the O-yz plane and the rotation about the axis parallel
to the y-axis if the P joints are actuated.
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Table 2.9 Some six-DOF parallel mechanisms with a four-bar parallelogram

Leg chains

No. First leg Second leg Third leg Mechanism chains Remarks

1 PP(Pa)S PP(Pa)S PP(Pa)S 3-PP(Pa)S As shown in Fig. 2.40a
2 (PA)2(Pa)S (PA)2(Pa)S (PA)2(Pa)S 3-(PA)2(Pa)S As shown in Fig. 2.40b
3 (PA)2(Pa)S (PA)2(Pa)S (PA)2(Pa)S 3-(PA)2(Pa)S As shown in Fig. 2.40c

Fig. 2.41 Modified parallel mechanisms of the mechanism shown in Fig. 2.30: (a) with linear
actuators and (b) with revolute actuators

Although they have the same output, a huge difference in the kinematic motion
of the third leg exists between the old and modified mechanisms. When the z-
coordinate of the mobile platform is specified but the platform translates along the
y-axis, the slider in the third leg of the old mechanism must be active accordingly
to maintain the orientation of the platform. On the other hand, the slider in the
new mechanism must be locked, indicating that the translation along the y-axis
and rotation of the modified mechanism are decoupled. This also means that the
mechanism is energy saving. Input error must exist in the actuator. Therefore, the
active input in the mechanism in Fig. 2.30 may lead to the rotational error of
the mobile platform. Thus, the difference enables the mechanism in Fig. 2.41a to
accuracy that is better than that of the old mechanism. Additionally, the kinematic
problem of the new mechanism is accordingly simpler (see the example in Sect. 3.8).

The modified parallel mechanism is clearly more complex than the old mecha-
nism because the parallelogram is not used in the latter. In a planar parallelogram,
every two links should be parallel to each other. This parallelism requires manufac-
turing accuracy and increases the difficulty of link machining and assembly, as well
as costs. No parallelogram is used in the third leg; thus, the architecture of the new
mechanism is simpler. The manufacturing is also easier, and the cost accordingly
reduced. As shown in Fig. 2.41a, self-calibration can be implemented by attaching
the sensors to the two revolute joints and cylinder joints that are connected to the
mobile platform. Hereby, the accuracy of the modified parallel mechanism can be

http://dx.doi.org/10.1007/978-3-642-36929-2_3
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Fig. 2.42 Modified parallel mechanisms: (a) with inclined angle ˛ and (b) with horizontal
actuators

Fig. 2.43 Modified parallel mechanism with a (PRR)2R-PRC chain

improved. Compared with the old version, therefore, the new mechanism will be
more popular in practical applications.

Figure 2.41b shows the modified parallel mechanism with revolute actuators,
wherein the R joints fixed to the base are active. Notably, the actuation direction
of all the sliders in the parallel mechanism shown in Fig. 2.41a with prismatic
actuators may be inclined at an ˛ angle with respect to the vertical line (Fig. 2.42a).
Figure 2.42b illustrates a typical example at a horizontal actuation direction.

Accordingly, kinematic chain (PRR)2R&PR(Pa)R of the parallel mechanisms
shown in Fig. 2.32 may be replaced by the (PRR)2R-PRC chain (see Fig. 2.43a).
This modification, which has no negative influence on the kinematics and rotational
capability of the mechanism, can be also extended to the parallel mechanism with
revolute actuators (Fig. 2.43b). In the modified parallel mechanisms, the universal
joints connected to the mobile platform can be replaced by spherical joints.
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Fig. 2.44 Modified parallel mechanisms of those shown in Fig. 2.31: (a) with linear actuators and
(b) with revolute actuators

In the mechanism in Fig. 2.33a, two legs (the first and second legs) consist of a
parallelogram. The kinematic chain of each of the two legs is the same as that of
the third leg in the parallel mechanism shown in Fig. 2.30. Therefore, the two legs
can also be replaced by the PRC chain. The new version of the parallel mechanism
is illustrated in Fig. 2.44a. The new mechanism with revolute actuators is shown in
Fig. 2.44b, in which the R joints fixed to the base platform are active.

As shown in Fig. 2.44a, the mobile platform of the mechanism is connected to
the base by a PRU or PRS chain (leg 3) and two PRC chains (legs 1 and 2). The
axes of the two C joints in legs 1 and 2 must be parallel to each other. If leg 3
uses the PRU chain, the axes must also be parallel to the R joint of the U joint
that is connected to the mobile platform. Given the arrangement of the links and
joints of the mechanism, the combination of the three legs constrains the rotation of
the mobile platform with respect to the y- and z-axes and the translation along the
y-axis, leaving the mechanism with two translational DOFs in the O-xz plane and
one rotational DOF about the axis parallel to the x-axis.

Similarly, the actuation direction of all the sliders in the parallel mechanism
shown in Fig. 2.44a may be inclined at an ˛ angle with respect to the vertical
line (Fig. 2.45a). Figure 2.45b illustrates a typical example at a horizontal actuation
direction. They have the same mobility as the mechanism shown in Fig. 2.44a.

Compared with the mechanisms shown in Fig. 2.33, the parallel mechanisms
introduced here also present advantages in terms of kinematics, architecture,
manufacturing, energy cost, accuracy, and assembly for similar reasons.

No planar parallelogram is used in each mechanism of the new family; thus,
every leg can be designed as a telescopic link. The parallel mechanisms with such
links are shown in Fig. 2.46.

Although the modified mechanisms have some comparative advantages over the
old parallel mechanisms, they are still characterized by disadvantages. For example,
the adoption of the C joint may cause operational failure because it is a passive



2.3 Type Synthesis 73

Fig. 2.45 Modified parallel mechanisms: (a) with inclined angle ˛ and (b) with horizontal
actuators

Fig. 2.46 Modified parallel mechanisms with telescopic legs

joint. To avoid this problem, we can apply the passive DOF to the mechanisms. In
the mechanisms shown in Fig. 2.41, for example, the joints connected to the mobile
platform in the first and second legs can be spherical joints. In each of the spherical
joints, one redundant DOF exists. A redundant R joint may also be added to the third
leg of the mechanism in Fig. 2.41. On the other hand, to decrease the operational
failure, the demand for parallelism of the C axes in the first and second legs should
be very high.

The mechanism shown in Fig. 2.41a shows that with the C joint connected to
the mobile platform, the translation along the y-axis is limited. If the C joint is
excessively long, it will exhibit poor stiffness. Additionally, enhancing the accuracy
of a C joint is usually a difficult task. Therefore, we can split the C joint into two
joints, i.e., one R joint and one P joint, and move the P to the position near the base.
The modified mechanism with a 2-PRRR&1-PPRR chain is shown in Fig. 2.47.
With this change, both the stiffness and accuracy increase. Such a change can be
realized in other mechanisms.
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Fig. 2.47 2-PRRR&1-PPRR
mechanism

Fig. 2.48 One leg of the
3-[PP]S parallel mechanism
shown in Fig. 2.26d, in which
the leg changes its
configuration and the socket
of the spherical joint
maintains its orientation

The 3-[PP]S parallel mechanism shown in Fig. 2.28d illustrates that in each
leg, the center point of the spherical joint moves in a plane and the socket link
maintains its orientation when the leg changes its configuration because of the use
of the parallelogram (Fig. 2.48). Consequently, the tilting capability of the mobile
platform improves. The output link of a prismatic joint can retain its orientation.
We consider replacing the parallelogram with a combined link and P joint. Such
a mechanism is called a 3-PPS parallel mechanism. Figure 2.49a shows a general
architecture for this type of mechanism, in which the angle from the horizontal line
to the direction of the first P joint is ˛0, ˛ is the angle between the directions of
the two P joints, and j˛ � ˛0j ¤ 90ı. We assume that in each leg, the prismatic
joint nearest the base would be actuated. Such a joint is denoted as the first P
joint; meanwhile, another prismatic joint is referred to as the second P joint. Given
that a 3-PPS mechanism can move vertically and the second prismatic joint is not
actuated, the direction of the joint cannot be vertical. The 3-PPS mechanism can be
modified into a 3-PCU mechanism because a cylinder joint is kinematically identical
to the combined prismatic and revolute joint. For example, the 3-PPS mechanism at
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Fig. 2.49 3-PPS parallel mechanisms: (a) in a general architecture (b) in a special case, ˛ D
˛0 D 90ı

Fig. 2.50 3-PCU parallel
mechanism

˛ D ˛0 D 90ı (Fig. 2.49b) is identical to the 3-PCU mechanism shown in Fig. 2.50.
The mechanism was proposed and analyzed in Liu et al. (2004). As analyzed in Liu
and Bonev (2008), compared with the 3-PRS mechanism shown in Fig. 1.21, the
3-PPS mechanism in Fig. 2.49b exhibits a comparatively stable performance within
its entire workspace. Generally, the parallel mechanism whose actuation directions
are identical has an advantage in terms of direction, i.e., its performance is the same
along that direction (Liu et al. 2006). Therefore, the 3-PPS and 3-PCU mechanisms
in Figs. 2.49b and 2.50 are usually desirable.
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