Chapter 2

Excitation and Propagation of SLF/ELF
Electromagnetic Waves in the Earth—-Ionosphere
Waveguide/Cavity

In this chapter, the region of interest is a waveguide or cavity between the Earth’s
surface and an isotropic homogeneous ionosphere. The dipole (vertical electric
dipole (VED), the vertical magnetic dipole (VMD), or the horizontal electric dipole
(HED)) and the observation point are assumed to be located on or near the spherical
surface of the Earth. The approximate all formulas are obtained for the electromag-
netic field radiated by a VED and a VMD in the Earth—-ionosphere waveguide or
cavity. Based on the above results, the approximate formulas are derived readily for
the electromagnetic field of an HED in the Earth—ionosphere waveguide or cavity
by using the reciprocity theorem. Analyses and computations in SLF/ELF ranges
are carried out specifically.

2.1 Introduction

The properties of the electromagnetic field generated by a VLF/ULF/SLF/ELF
dipole source in the Earth—ionosphere waveguide or cavity have been investigated
widely in the past 60 years because of its useful applications in submarine com-
munication, navigation, geophysical prospecting and diagnostics, and earthquake
electromagnetic detection (Bouwkamp and Casimir 1954; Budden 1961; Wait 1970;
Galejs 1972a; Felsen and Marcuvitz 1973; Nickolaenko and Hayakawa 2002).
Remarkable progresses in VLF electromagnetic wave propagation in the Earth—
ionosphere waveguide were made by many researchers, especially including several
pioneers such as Budden (1961), Wait (1957, 1960, 1970), Wait and Spies (1965),
and Galejs (1964, 1968, 1970, 1972a, 1972b). In early works by Wait and Galejs, the
problem on VLF wave propagation in an Earth—ionosphere waveguide was treated
analytically. In 1992, Wait examined analytically the problem on VLF radio wave
propagation in an inhomogeneous Earth—ionosphere waveguide Wait (1992). Ob-
viously, those works in VLF ranges were extended in the study on SLF/ELF ra-
dio wave propagation in the Earth—ionosphere waveguide or cavity (Wait 1957,
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1960, 1970; Wait and Spies 1965; and Suchumann 1952a, 1952b; Galejs 1964,
1972a, 1972b). Based on the pioneering works by Budden, Wait, and Galejs, further
works were also carried out by many researchers (Bannister et al. 1973; Bannis-
ter 1984; Tripathi et al. 1982; Carroll and Ferraro 1990; Fraser-Smith and Bannis-
ter 1998; Cummer 2000; Wang et al. 2005, 2008). In recent years, SLF/ELF wave
propagation in the anisotropic Earth—ionosphere waveguide or cavity are treated an-
alytically (Rybachek and Ponomariev 2007; Kirillov and Pronin 2007; Li 2012).

In the 1970s, some works in SLF/ELF wave propagation in the Earth—ionosphere
waveguide or cavity were also carried out by Pan in China and summarized in
a recent book (Pan 2004). In what follows, we will summarize some works on
SLF/ELF wave propagation by Pan in the 1970s and some new research results
in our research groups. In this chapter, the region of interest is a space between
an electrically homogeneous Earth and a homogeneous ionosphere and both the
dipole source and the observation point are assumed on or near the Earth’s surface.
First, the approximate formulas are obtained for the electromagnetic field of VEDs
and VMDs in the Earth—ionosphere waveguide or cavity. Based on the results ob-
tained, the approximate formulas are derived readily for the electromagnetic field
of an HED in the Earth—ionosphere waveguide or cavity by using the reciprocity
theorem. Finally, computations and analyses are carried out in SLF/ELF frequency
ranges.

2.2 SLF/ELF Field of VED in the Earth-Ionosphere
Waveguide/Cavity

In this section, we will summarize the derivations and analyses on the electromag-
netic field of a VED in the Earth—ionosphere waveguide or cavity, which were car-
ried out by Pan in the 1970s (Pan 2004). The results by Pan, in which the derivations
are different from the available results, are similar to those by Galejs (1972a).

2.2.1 Formulations of the Problem

In SLF/ELF ranges, the effective waveguide height /2, which is only 60-90 km,
is less than the free-space wavelength A, and only a zero-order mode can prop-
agate. The geometry under consideration is the same as Fig. 2.1 in Chap. 1. We
assume that a VED is represented by its current density, Z/ d/§(x)8(y)8(z — b),
where b = z; + a, and z; > 0 denotes the height of the dipole above the Earth’s
surface. The field components, for the TM waves radiated by a VED, are expressed
as follows:
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Here the potential functions U satisfy the scalar Helmholtz equation,
(V2 +,*)U =0. (2.5)

It is noted that the normalized surface impedances at the boundaries can be rep-
resented as follows:
E E
0 — Ay 0
Mt |, —q

= A, (2.6)
m H‘P r=a-+h l

where 77 is the wave impedance of the air, and A, and A; are the normalized
Earth’s surface impedance and the normalized ionospheric surface impedance, re-
spectively.

With the substitution of Egs. (2.2) and (2.3) into Eq. (2.6), the boundary condi-
tions are written as follows:

1 d
— U = —ikA,, 2.7
rUdr(r )r:a e @7
! d( U) ikA (2.8)
——(r =ikA;. .
rUdr r=a+h !

In a spherical coordinate system, because of symmetry, the expanded form of
Eq. (2.5) can be written as follows:

18 (,U 1 a (. U\
(= 2 (sin6 2= ) +x2U =0. 2.9
r28r(r r>+r2sin989(sm ae>+ 29)

The solution of the potential function U is represented in the form

U= 1F(r)qb(e). (2.10)

r

Then, we have

I d 'quj(g) ( HeB)=0 2.11)
wﬁ[sm —]+v v+ =0, .
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2
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With the substitutions of x = cos(t —6) and 8 = 7t — arccos x, Eq. (2.11) can be
transformed into the standard Legendre equation. We write

42 do

The two solutions of Eq. (2.13) can be expressed by P,(cos(m — 6)) and
QO (cos(m — 0)), respectively. It is seen that the Legendre function of the first kind
P, (cos(mt — 0)) has only one pole in the situation of the dipole source with x = —1
or 8 =0. The Legendre function of the second kind has two poles at x = £1. Ob-
viously, the Legendre function of the second kind Q,(cos(st — 8)) should not be
included in the solutions of Eq. (2.11). We take

®(0) = Py(cos(m —0)). (2.14)

In the space between the Earth’s surface and the lower boundary of the iono-
sphere, we have a <r <a + h, and & is very small compared with a. That is to
say, 1 — ”Ec';le) changes very slowly in the region of a <r <a + h. Thus the WKB
approximation can be taken in this case, and the two solutions of Eq. (2.12) can be

obtained readily. We have

1
1 Y viv+1)7]2
A= ————explik | |1-2222 1 ar), 2.15
e 4/1_M6Xp<l/;[ kztz] ) 19
k2r2
and
Fy(r) ! 'k/rl vo+ 1) %dt (2.16)
= ——¢X —1 _—— .
2 4./1 — vth P a k22 ’
k2r2

where the first solution represents the wave propagating in the direction when r
increases, while the second solution represents the wave propagating in the direction
of decreasing r.

Letting r = a + z,, z > 0 denotes the height of the observation point above the
Earth’s surface. It is assumed that both the dipole and the observation point are on
or close to the Earth’s surface. Obviously, we have z; < a and z < a. Then, the
following approximation can be taken as:

v(v—}—l)wv(v—}—l)(l_&)

k§r2 k(%a2 a

2.17)

Thus, the solution of Eq. (2.12) in the Earth—ionosphere cavity becomes

1
r 2 2
F(z,)erxp[—ik/ <C2—|— —ZS2> dt]
a a

r 2 2Z 2 %
+Bexp|:ik/ (C + —5 ) dt:|, (2.18)
a a
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where the parameters C and S are defined by
v+ 2_ 2
S—W, C =1-S5" (2.19)

From Egs. (2.7) and (2.8), the boundary conditions are rewritten as follows:
[ 1 d F( )i|
Fzydz
[ 1 d F( )i|
——F(z
F(z)dz

With Eq. (2.20), the reflection coefficient R, of the lower boundary (Earth—-air
boundary) can be obtained readily. It is

= —ikAy, (2.20)
z=0

=ikA;. (2.21)
z=h

e _B_C-4
$TAT C+A,

(2.22)

Applying Eq. (2.18) into Eq. (2.21), we get
h 22 ,\? 2
{1 - Rgexp|:2ikf <c2 + —52> dz“ : <C2 + —52>

0 a a

h 1

. 2 2z 2 2

=—A; 1+ Rgexp| 2ik C 4+ —S dz | ¢. (2.23)
0 a

It is noted that

c=(c2+s g Ri= G A (2.24)
- a ’ l_Cl—i-Ai’ ’

where R; is the reflection coefficient of the upper boundary (air—-ionosphere bound-
ary). Then, the modal equation can be obtained readily. We write

o[ 2, 22 :
R R; exp| 2ik C+—S§ dz|=1. (2.25)
0 a

If C, is the nth root, the normalized height-gain function F},(z) is expressed in
the following form:

1 ) Zr ) ZZ 5
Fu(z,) = 1+ R €xXp —ik 0 Cn + ;Sn dz
8
e 2z
+ Rgexp 1k/ C2+ —S82dz ) |. (2.26)
0 a
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From Eq. (2.19), we obtain
v(v+ 1) =k%a’S} = k*a*(1 - C2). (2.27)

In practical wave modes in the Earth—ionosphere waveguide or cavity, the parameter
C, is not close to 1. Considering that the Earth’s radius is very large, in SLF range,
k%a®>> 1, it is seen that the parameter |v| is a large number. Then, we write

1
v=ka$, — . (2.28)

When the parameter |v| is very large, namely |v| >> 1, while the angle 6 is not
close to 0 and 7, the Legendre function of the first kind is approximated by

2 \? | T
Py (cos (mt — 0)) ~ (nvsin@) cos |:<v+ 5)(Tt —0)— Z]

1

_ < 1 >ZeikaS,,n+T . [eikas,,e _l_eikaS,l(anQ)f%‘]. (2.29)

27tV sin 6

It is noted that the asymptotic form in Eq. (2.29) is not valid in the vicinity of
the source (6 — 0) or in the vicinity of the antipole (8 — ). From Eq. (2.29), the
function P,(cos (7 — 6)), which varies with the angle 6, includes the wave e”“ls'fg
propagating along the short circular propagation path and the wave gikaSn@n—0)—73
propagating along the long circular propagation path, which travels over the an-
tipole. It is seen that when the observation point is not close to the antipole, the
wave propagating along the long circular propagation path can be neglected. Thus,
we write

1

Pv (COS (T[ — 9)) o <m) —ikaSnTt+iTneikaSn9_ (230)

Then, we get
1

1 \z .
P, (cos (1t — 0)) Fy(2) o (—) gikasSnt
sin @

1
< 2t 2
x {exp [—ik f (C,%Jr—s,%) dz}
0 a
1
< 2t 2
+Rgexp[ik/ (c,%+—5,%> dt“. (2.31)
0 a

Obviously, each propagation mode includes the wave traveling to the Earth’s
surface with the angle 8, = arccos C,, and the corresponding reflected wave. It is
noted that the phase velocity v, is inversely proportional to the real part of S,,, and
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the attenuation rate is proportional to the imaginary part of S,,. Then, we write

Up 1 C?2
Yn _ ~Re(14 22, 232
¢ ReS, e( +2) 2:32)
21 ImS, 27 Im(— Sty
7 Im(—=
ty = 8.68 x M A 868 x 27 (4B /km). (2.33)

In SLF/ELF ranges, both A; and A, are very small. Thus, the reflection coeffi-
cients R; and R, are approximated by

R; ~ exp(=24;/Cy), (2.34)
R, ~exp(—244/Cy). (2.35)

The approximated solutions of the mode equation (2.25) can be obtained readily.
We write
2 .
nm nm 1(Ag + 4y)
Ch=— — ) - —, 2.36
" 2kh +\/<2kh> kh (2.36)

nm \? 4i(Ag + ADkR\ 2
si={1-(3) (”/“Wﬂ S

For both A; and A, being very small, when nw > 2kh, the parameter S, is
a pure imaginary number, which represents an evanescent mode. For a typical
daytime model with the ionospheric height # = 70 km, when A > 2k = 140 km,
f < 2.2 kHz, only the TM wave of zero order can propagate and the rest of the waves
are evanescent. Similarly, for a typical nighttime model with the ionospheric height
h =90 km, when A > 2h = 180 km, f < 1.7 kHz, only a zero-order TM mode can
propagate and the rest, the high-order modes, are evanescent. Then, we have

: A, + A
Co~e ™4 % (2.38)

(A A 1/2
So ~ [1+w] . (2.39)

kh

We examine the height-gain function F, (z), which is the solution of Eq. (2.12).
At the Earth’s surface z = 0, we have

Fu0) =1  F/(0)=—ikA,. (2.40)

It is noted that, for the parameter w, its variations are regarded to be continuous.
Both the height-gain functions F,,(z) and F,(z) satisfy Eq. (2.12) and the boundary
conditions at the Earth’s surface. Then, we write

h

Fu@F, ) — F@F,@] . 24D

h 1
/(; Ez(Z)Fu(Z)dZZW[ .
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where

2_”(‘)4‘1). Sz_M(M"‘l)
n— kzaz ?

n k2q2
Evidently, when S, — S, we have F(z) — F,(z). Thus, we write

(2.42)

h h
NnZ/ F,(2)Fy(z)dz = lim / Fo(2)Flu(z)dz
0 Su=>Sn J
= lim —————[F,(h)F,(h) — F,(h)F. (h
Jm k(S,%—Si)[ n (W) Fyu(h) (W) F,,(h)]
1
- 2k2S,

dF) (h)
ds,,

— F/(h) (2.43)

[F,,(h) an(h)}

ds,

Letting

1

h 2z 2 a
_ 2 2 _ ’3 3
H _/O (C,, +— Sn) dz = 357 (C,”=C;). (2.44)

we have
4R, aC! 3 352 2h
Ny=——58 ““nlc” 3 tlc(1—=)-cC
" (1+Rg)23s,;*{ TGt [ ( a) “
i . 2h —2ikH 2.2ikH
G, A i(1 =)™ — Rge™™™)
2C3k 2kCl (14 Rg)?

(2.45)

In the case of the Earth being a perfect conducting sphere, A, ~ 0, R, ~ 1. We

obtain
aC' (.3 5 3821, 2h
N"”ss,‘::{c”_c” A Gl A

2h\ sin2kH
+{1—— . (2.46)
a 4kCy,

When C,% > %, we have

352 2h 3hS4
c3-c3 nlerf1-2Z2 )¢, |~ 2220 2.47
n n + 2 n a n 2acn ( )

Then, a further simplification gives

N h 1+ sin2kCp,h (2.48)
"0 2kC,h )" :

By now, the potential function U for the electromagnetic field of a VED in
the Earth-ionosphere waveguide or cavity can be represented in the following
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form:
1
U= ; ES AsFs(z,) Py (COS (- 9)) (2.49)

In the next step, it is necessary to determine the excitation coefficients Ay (s =
0,1,2,...)in Eq. (2.49).

2.2.2 Determination of the Excitation Coefficients A

In the region of |z, — z5| < 8, where § is a finite small value, when 6 — 0, the
influences of the electromagnetic field by both the Earth and the ionosphere can be
neglected.

By multiplying the function r F},(z) on both sides of Eq. (2.49), and integrating
from O to A& for z, we have

h
AN, Py(cos (mt —0)) = / rUF,(z)dz. (2.50)
0

Obviously, the excitation coefficient A, can be obtained by using the source sin-
gularity. Close to the source, the integral is written in the form

h z5—06 Zs+6
/ rUF,,(z)dz:/ rF,,(z)Udz+f rF,(x)U dz
0 0

z5—§

h
~|—/ rF,(2)U dz, (2.51)
Zs+5

where § is very small. When the conditions |z — z5| < é and & — 0 are satisfied, the
potential function U is approximated by

00, |z—z,]<6 Coe*R il dl
U izl <d o e T ! , (2.52)
roR dntwegroR
where
1 il dl
R=(r*+r3 —2rrgcosb)?; Co= : (2.53)
dntwe

In the above formulas, 7o = a + z; and r = a + z,-. In the intervals (0, z; — &) and
(zs + 6, h), both U and F, (z) are continuous functions, and the integration from 0
to zg — 6 and that from z; + 8 to & in Eq. (2.51) are finite. Thus, we get

h Zs+8
/ rF,()U dz =roFy(zs) Updz + O(1)
0

z5—8

iFy(z)Idl [10d
— ﬂ/ & +0(). (2.54)
dnwey  J;—s R
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Close to the source, we have

1

92 _ 2732

cosO~ 1 — —; R=~ry| 0% + G-z : (2.55)
2 r2

Then, we obtain

atdg 8 82 82 b
/ imln(—jt —2+82>—ln< —2+92——)ﬂ>—1n92. (2.56)
- R ro o s ro

The integral in the right side of Eq. (2.54) can be obtained readily:

0 il dIF,(zy)
— In

2. (2.57)
dntweg

h 00—
/ rUF,(z)dz
0

When the observation point is close to the source, namely, 8 — 0, the Legendre
function of the first order P, (cos (1t — 6)) is approximated as

P, (cos (m — g)) 228 STy 2. (2.58)
Thus, the result becomes
h .
= lIdlﬂ/xn (2.59)

B 2weph sinvw
where the excitation factor A, is defined by

1

U+ S5t
Therefore, we have
irdl & Ay,
v Fu(z) Fa(zr) P —0)). 261
2hrweg ;) sinvT n(2s) Fn(zr) v(COS (m )) ( )

2.2.3 Approximated Formulas of SLF Field

With the substitution of Eq. (2.61) into Egs. (2.1)—(2.3), the formulas for the three
components E,, Eg, and Hy can be derived readily:

i1dl A 1
£ = S AT D ) R Pucos(x—0). 262)
=0 SINVT

" Dweghr?



2.2 SLF/ELF Field of Vertical Electric Dipole 27

1Idlr7 ad aF (zr) APy (cos(Tt — 0))
AnFy
Z () 0z sinvmof

, (2.63)

0= —

1dl > 3P, (cos(Tt — 0))
Hy = ZA Fn(zs) Fn (Zr)w. (2.64)

In general, the parameter v has a large positive imaginary part. It follows that
1 . 1 —i(vn—1)
vakaS, — 5; sinvT A Ee 2/, (2.65)

In SLF range, when the angle 6 is not close to 0 and m, the function
P, (cos (1 — 0)) is approximated as follows:

Py(cos (m —0)) ~ <ﬁ) ’ exp [—1(1} + )(n —0)+ 12] (2.66)

Then, the complete formulas for the components E,, Eg, and Hy of the electro-
magnetic field of a VED in the Earth—ionosphere waveguide can be expressed in the
following forms:

E = - 'j%i/x 53 Fales) Fazp)e 5, 2.67)
b= kh’j% iA 83 Fu(25) Fyy (2, )&%, (2.68)
Hy = %izx S2 Fy(z,) Fp(zg)ekasn?, (2.69)
Letting
0= — Iil” ! (V/m) = — e11(26)300\/% (mV/m), (2.70)

the approximated formula for the component E, is rewritten as follows:

v« d/r ﬂkd i 3/2 1kS,,
sm(d/a) h/A ,;A nFn(2s) Fn(2r) Sn (2.71)

where d = af is the propagation distance along the Earth’s surface, and Pw is the
power in kW. Obviously, the approximated formulas for Ey and Hy can also be
written readily.
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2.2.4 New Algorithm for ELF Field

In the whole ELF range, even in the lower end of SLF range, the wavelength A is
very long, which can be compared with the Earth’s circumference. In other words,
the parameter ka will be small. From v(v+1) = kzazS,zl, we find that the eigenvalue
v no longer satisfies the condition of v > 1. The eigenvalue v of the zero-order TM
wave is computed and shown in Fig. 2.1. It is seen that the eigenvalue does not sat-
isfy v > 1 below 50 Hz. The Legendre function of the first kind P, (cos (7 — 6))
should not be evaluated by using its asymptotic formula in Eq. (2.29). In what fol-
lows, we will attempt to outline a new algorithm for evaluating the Legendre func-
tion of the first kind P, (cos (t — 6)) (Peng et al. 2012).

In order to analyze quantitatively the ELF field in the Earth—-ionosphere cav-
ity, it is necessary to evaluate accurately the function P, (cos (1t —6)). Generally,
the eigenvalue v is a complex number, and the Legendre function of the first kind
Py(cos (t — 0)) can be represented in the following form:

SIN VT & 2n+1
Py(cos(m—6)) = — - ;Pﬂ(eose)n(n+l)—v(v+l)' (2.72)

Another form of the function P,(cos®) is expressed as Gradshteyn and Ryzhik
(1980)

%]
P,(cos6) = > / costv +0.91 2.73)
0

B4 2(cost — cos )

Letting

D(v,0) =

Py (cos (. — 0)), (2.74)

Sy
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by using the following relation:

Pl = 2P0 — Pa()]. (2.75)
we write
Ky 0) = ——[®(v.0)cosd — d(v—1,6)] (2.76)
50 v,0) = g v, 0) cos v ,0)]. .

In practical numerical calculations, the function @ (v, ) can be expressed in the
integrated form

D6y =2 /n_e M. 0 dr 2.77)
B J2[cost —cos(m —0)] '

where

Mot — {Ml (,1); 0<Im(v)<0.75, 278
M>(v,t); Im(v)>0.75,
and
My, 1) = S0 EO (2.79)
sin(v)

My (v, 1) = —i{exp[i (Re(v)t +Re(v)m + %)}
x exp[—Im(v)( + )] 4 exp[ —Im(v) (x — 1)]

X exp|:—i(Re(v)t —Re(v)t + %)] } (2.80)

Due to the singularity at + = w — 6 existing in the integral Kernel function in
Eq. (2.77), the function @ (v, 6) can be divided into two parts. We write

20,0 =1+, 2.81)
where

n—0-48 M(l), l)
I = dr, 2.82
! /0 A/2[cost — cos(mt — 0)] ! (282)

n-0 M(v,t)

= de. 2.83
2 /ﬂ_g_(g A/2[cost — cos(mt — 0)] ! (2.83)

It is noted that the first integral /; can be evaluated readily by using the trape-
zoidal or Simpson’s numerical integration method. For the second integral I, with
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the change of the variable T — 6 — s =1, it follows that

5 o
L= [ M.n=0-9 g (2.84)
0 2\/sin(n—9—§)sin(§)

M@, t—0—s)

When § — 0, it is seen that the function :
2, /sin(n—0—3)

is approximately a con-

stant in the interval [0, §]. Then, we have
If[Mw,m—0) M@uw,mn—6-§ 5 2
122—|: .(vn )+ .(UTE 5):|'/ \/jds
41 sin(w —0) sin(t — 6 — 3) oVvs

S My, mn—60) M, nt—0—9)
=4/ =|— + — 5 |- (2.85)
2| sin(w —0) sin(t —6 — §

By now, the approximated formula has been derived for the Legendre function
of the first order P, (cos (mt — #)) in the case of v < 1. In whole ELF range, even in
the lower end of SLF range, the three non-zero components E,, Eg, and Hy can be
evaluated accurately by using Egs. (2.88)—(2.90).

Additionally, by using the Legendre polynomial expansion of P,(cos (7 — 6)),

the Legendre function P,(cos(m —6)) can also be calculated accurately. We
write

P, (cos (m —0))

P1(v.0) = sinvm
1 & 2n+1
— =" Pu(cost) nt . (2.86)
n A+ D) —vw+1)

As shown in Fig. 2.2, the ratios of the calculated results by using the series
algorithm of Eq. (2.86) and those by using the numerical integrated algorithm of
Eq. (2.81) are carried out at n = 100, 200, and 500, respectively. It is seen that the
calculated results @1 (v, ) by using the series algorithm move closer to the corre-
sponding approximated results @ (v, 8) by using the approximated algorithm pro-
posed in this section when the parameter n increases. When # is larger than 200, the
results by using the series algorithm are in agreement with those by the numerical
integrated algorithm. Obviously, the numerical integrated algorithm in evaluating
the Legendre function works more quickly and easily.

In earlier works for the SLF field computation, the asymptotic expansion for the
function P, (cos (1t — 0)) is usually employed by Eq. (2.29). We write

P, (cos (m —0))
sinvw

~ L2 L P (2.87)
= sinvm nvsin@cos Y 2 T 4 ’

Pa(v,0) =
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Compared with the other two algorithms, the numerical integrated algorithm has
the merits of high accuracy and efficiency, which is suitable for the field compu-
tations in ELF range and the lower end of SLF range, which is below 50 Hz or
so. Thus, the complete formulas for the field components in Egs. (2.67)—(2.69) are
rewritten in the following forms:

irdr & )
By =5 Z [An(ka$y)? - Fu(z) Fa(z)®(v,0)],  (2.88)
irdl & dF,(z,)
Ej=— : AnFo(zs
f 2wephr Z{ () dz
n=0
x ——[®(v,0)cosf — D(v — 1,9)]}, (2.89)
sinf
1 5 A Fu(zs) Fn(zr)
¢ = Zhr nt'n\Zs)'n\Zr
n=0
x .L[qb(v,e)cose — P — 1,9)]}. (2.90)
sinf

Evidently, the field components for the ELF range can be evaluated accurately
by using Eqs. (2.88)—(2.90).

We assume that the Earth’s radius is taken as a = 6,370 km, the current moment
of the dipole is I d/ =1 A-m, the ground conductivity is o, = 10~* S/m, the iono-
spheric conductivity is o; = 107> S/m, and the ionospheric equivalent reflection
height is 7 =70 km. By using Egs. (2.88)—(2.90), the magnitudes of the three com-
ponents E;, Eg, and Hy are computed at f =1 Hz, 3 Hz, 5 Hz, 10 Hz, 20 Hz, and
30 Hz, and shown in Figs. 2.3, 2.4, 2.5, respectively. From the above computations,
the discussions are carried out and conclusions are drawn as follows:
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e When the observation point is close to the antipole of the dipole source, the
multipath effects should be considered. The interference phenomenon is re-
sulted by the two waves traveling along the small and large circle paths. The
higher the operating frequency is, the more severely the field strength by the
interference fluctuates. The smaller the distance from the observation point to
the antipole, the more smoothing the field strength by the interference fluctu-
ates.

e With the decrease of the operating frequency, the magnitude of the compo-
nent E,, which is generated by a VED in the Earth—ionosphere cavity, be-
comes relatively “flat”. When the operating frequency is below 1 Hz, the mag-
nitude tends approximately to a constant at a distance larger than 1,000 km. In
the range below 50 Hz, only the quasi-TEM wave can propagate in the Earth—
ionosphere cavity. When v — 0, we have P,(cos(wt —#6)) - 1, ¢(v,0) — #
Namely, the magnitude becomes stable, which varies little with the propaga-
tion distance. In what follows, we will attempt to give the physical expla-
nations as follows: In the range below 50 Hz, the wavelength is compara-
ble to the Earth’s circumference, and the electromagnetic wave in the Earth—
ionosphere cavity exists in the form of “stationary wave”. Furthermore, at the
frequency range below 1 Hz, the wavelengths can be a dozen or dozens of
the Earth’s circumference. This means that the phase differences at different
propagation paths are small, and the total field is approximately equal to the
sum of the electric fields with the same phases on different propagation paths.
Therefore, the interference phenomenon is gradually disappearing and the to-
tal field becomes stable in the zones which are far away from the source
point.

e Due to the spherically symmetry, the propagation characteristics of Eg and Hy
are also similar. Moreover, the magnitudes of the field components Ey and Hy
are equal to O at the antipole of the dipole source and decrease drastically in the
zone near the antipole.

2.3 SLF/ELF Field of VMD in the Earth—Ionosphere
Waveguide/Cavity

In practical applications, it is impossible to employ a VMD to generate TE waves
in SLF/ELF ranges. In order to investigate the electromagnetic waves generated by
an HED, it is necessary to analyze the propagation characteristics for both TM and
TE waves. It is well known that a VMD is a typical excitation source for TE waves.
In this section, we will examine the electromagnetic field of VMD in the Earth—
ionosphere waveguide or cavity.

If the excitation source in the preceding section is replaced by a VMD with its
moment M = I da, and da is the area of the loop, the non-zero components Eg, H,,
and Hp, which the TE waves radiated by a VMD, are represented in the following
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forms:

o 0

Ey=——(Vr), 291

) p 89( r) (2.91)
0 2

H =|—+k“)(Vr), (2.92)
ar?

H 1o Vr) (2.93)

= - r), .
v r 000r

where the potential function V satisfies the scalar Helmholtz equation,
(V2 +k*)V =0. (2.94)

The solution for V is represented in the form

V= lG(r)qb(@). (2.95)

r

In the same manner as in the preceding section, we obtain readily:

@ (0) = Py(cos (m —0)), (2.96)
z 2z 1/2
G(r) = Aexp[—ik / <c2 + —52) dz]
0 a
[. d 2z )\
+ Bexp 1k/ C + ;S dz |, 2.97)
0

where the relations between both the parameters S and C and the eigenvalue v are
represented as follows:

2, v+1) 2 5
S—W, C =1-8" (2.98)
From the boundary conditions
E E
P = A, ¢ = -4, (2.99)
T]]HQ r=a anQ r=a-+h
we rewrite
10V ik
A (2.100)
V or |-, A,
10V ik
— = —. (2.101)
vV or r=a+h Ai
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Substituting Eq. (2.95) into Egs. (2.100) and (2.101), the modal equation for TE
waves is obtained readily. It is

h 2z \"? :
RIR! exp[Zik / (c,i + —S§> dzi| = ein=Dbm, (2.102)
0 a
where
RY = (Co — AN (Cu + 2717 (2.103)
Rl = (Cl, — ATV (Cl, + 4717, (2.104)
1/2
c —(c2+%s2>/ ~C (2.105)
m — m aom ~Lm- .

IfC, (m=1,2,3,...) are the roots of the modal equation (2.102), the height-
gain functions G, (z) can be represented in the following form:

G (2) 1 'k/z C2+2t32 l/zdt
= ——— 1€ —_ —_—
m(Z (l—l—Rg,’) Xp| —1 0 m am
z 2 1/2
h . 2 2
+ Rg exp|:1k/ <Cm + —Sm> dti| } (2.106)
0 a

In SLF/ELF ranges, we find 1/Ag > C,, and 1/A; > C,,. Then, the reflection
coefficients Ré} and Rih can be simplified as follows:

Rl ~ —exp(—=2Cm Ay). (2.107)
R ~ —exp(—2Cp, A)). (2.108)

By solving the modal equation (2.102), the roots Cy,, (m = 1,2,3,...) are ap-
proximated by

mm A+ A; -1
Cp~—|1+i2 ") | 2.109

Su=(1-C2)"2. (2.110)

Similar to those for TM waves, the different modes for TE waves are orthogonal
each other. Then, we obtain readily:

h
Nmuzf Gm(z)G,u(z)dz=0; when u#m, 2.111)
0
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and
h G,,(MG(h) — Gu(W)G),(h)
Nup= | Gu)Gu(z)dz= lim —= 2
mu /0 m(2) #(Z) = Mism kz(S,%l—Sl%')
ARG, g —2i kCJ, 355 aS
2k28,, (1 + RI?
1k—’”[exp( 2ikH) — (R})? exp (2ik H)] X e
;. when u=m, .
2028, (1 + RI)? a
where

1/2 a
H= C2 + 52 d c’-cl). 2.113
After algebraic manipulation, the factor N,, is written in the following form:

4Rl 4c! 352 2h
Np=— -2 _"mlerd o3y Zomier (1-Z2) ¢
" (1+Rg)23s;5{ " T a "

2iC), A
kCp(1+ CrAg)2(1 + RE)?

N i(1 — 2ty [exp(—2ikH) — (Rh)zexp(ZlkH)]

2.114
2kC (1 + Rh)2 ( )
In SLF/ELF ranges, Rg’ is close to —1. Then, we have
2Cp A
1 +RM = 278 2.115
t R 1+Cy A ( )
When C,,, > 2a—h, we get
4
3 3 3. 2h __ 3hS,
cl, —Cm+§Sm[C,’n(l—7)—Cm}~ﬁ. (2.116)
Then, the factor N,, can be simplified as follows:
h sin2kC,,h 20 sin2kC,,h
Ny = — 1— —AC |1+ ——
"To2Ac [ 2kCph A TTom

A
- ik—Z’(cos 2kCyh — 1)}. (2.117)
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By now, the potential function V can be written in the form of
1 o
V:—ZAme(z)Pu(cos(n—Q)). (2.118)
r m=1
Correspondingly, the component Ey is expressed as follows:

iwop

Ey=—
¢ r

> Anm Gm(z)%Pv (cos (m — 6)). (2.119)

By multiplying the factor r G,, (z) dz on both sides of Eq. (2.119), and integrating
from O to & for z, we have

9 h
—iwpAm Ny a_eP” (cos(rc - 6)) = / rE4Gp(z)dz. (2.120)
0
Close to the dipole source, we obtain readily:
Qlirr%)ZTmGEMrs, 0) = iwuof H,(rs,0)da =iwwued(r —rg)l da, (2.121)

where the moment of the dipole source is I da, and da is the loop area. It is noted
that Eq. (2.120) is satisfied for any angle 6. Obviously, from Eq. (2.121), we have

h .
. 1w
1 EyGp(z)dz = ——1daG,(z,). 2.122
913})/0 rEyGm(2)dz = 21 daG (zs) (2.122)

Thus, it follows that

-1
Ay = —M lim {QiP,, (cos(n - 9))} . (2.123)

21N, 6—0| 060

By using the following asymptotic formula in the case of 6 — 0:

2sinvT
P, (cos(n — 0)) % Inb, (2.124)
we have
Jim -2 p (cos(m — 0)) 2sinvm (2.125)
mo— COS(TT — ~ . .
60 06 " T

Thus, the coefficient A,, can be determined readily. We write

_ 1daG,,(z5)
=8

- . (2.126)
4sin vt Ny,
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The three non-zero components Ey, H,, and Hy can be expressed in the follow-
ing forms:

iwpol da o= G (zs) il
Ey= » TG —P, - 9)), 2.127
¢ 4 2= Sin(um Ny, m(@r) 55 Po(costr =), @.127)
Ida viv+1)
H, = T2 me(Zs)Gm(Zr)Pv(COS(TF - 9)), (2.128)
Hy=——— — G —P —0)). 2.129
O =T 2 s, 920" 5 v(cos(m =), (2129)

For TE waves in SLF/ELF ranges, because of v(v + 1) = kzazSi, in general
the factor S, is a purity imaginary number. Thus the parameter v + % is a complex
number with a large imaginary part. Then, in the case that the angle 6 is not close
to 0 and 7, we have

P, (cos(mt — 0)) 2 kas, 0+ in (2.130)
— =~ — [—— .exp| ika — ), .
sin(v ) TkasS,, sinf P " 4

d P, (cos(mt — 6)) . [2kaS,, . in
IO = O)) o 3 222 exp( ikaS,d + ). 2.131
Sin(v7)a0 W xsing PO+ @13D)

The three non-zero components Ey, H,, and Hy for TE waves can be written as
follows:

o0
Eyp= T8 S 4G G SRS, 2.132)
h Aasing “— '
I dak 1 & 3/2 i
B ===V %asing ZlAmem)Gm(zr)Sm/ elkasnf 4T (2,133
m=

il dak 1 > 120Gm(zr) ; iz
Hy = — J ApnG Syl F B2 kaSnb+1T (2134
6 n rasing mX_:] m m(Zs) m koz € ( )

where the excitation factor A,, for TE waves is defined by

in2kCyh in2kCyh
A, zAéci[l _ SMEKEm  j202 (1 u)

2kCh g§-m 2kCph
A -1
. Ag
_l—kh (cos2kC,h — 1)i| . (2.135)

In general, in SLF/ELF ranges, the normalized surface impedance A, is very
small, so that the excitation efficiency of VMD is very low.
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Fig. 2.6 The diagram for the z
geometric relation between
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2.4 SLF/ELF Field of HED in the Earth-Ionosphere
Waveguide/Cavity

In practical applications, a SLF/ELF radiation source is usually employed a hori-
zontal linear antenna. So that it is necessary to investigate SLF/ELF electromagnetic
field of an HED in the anisotropic Earth—ionosphere waveguide or cavity. In the pre-
ceding sections, the electromagnetic field of a VED and that of VMD are addressed,
respectively. The complete formulas can be derived for the electromagnetic field of
an HED in the presence of the Earth—ionosphere cavity by the reciprocity theorem
(Wait 1970; Galejs 1972a). It is stated that the voltage V> excited in antenna 2 by
current /7 of antenna 1 is equal to the voltage V; excited in antenna 1 by an identical
current /5 in antenna 2.

The geometry for a VED with its length dI'® at z;; = z; and an HED with its
length ds™ parallel to the x-axis at zg = z, are illustrated in Fig. 2.6, where the
subscripts r and s refer to the observation point and dipole source, respectively. It
is known that the magnitude of the voltage V' excited in HED is maximum when
E;,e is parallel to the x axis (¢ = 0 and 7). Then, we have

yhe — —E} (20 =25 20 =2z:)cospds™, (2.136)
where the superscripts ve and ke refer to the VEDs and HEDs, respectively. Simi-

larly, the magnitude of the voltage V¢ in the VED is contributed by the field com-
ponent E?e excited by the horizontal electric dipole. We write

VVC = E?e(ZO = Zs, Z(/) = Zr) leC. (2137)
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With dsh® = dI¥e, from Egs. (2.136) and (2.137), it follows that
EX(z0=25,20=2,) = —E} (20 = 25, 20 = 2,) cOs . (2.138)

Next, we consider the geometry for a VMD with its loop area da'™ parallel to
the z’-axis at zE) = z; and an HED parallel to the x-axis at zg = z,-, which is shown
in Fig. 2.6. The magnitude of voltage in the HED V'® by the VMD is represented
as follows:

VI = EYM (20 = 25,20 = 2/) sing ds"™, (2.139)

where the superscript vm refers to the VMD. The magnitude of voltage V'™ in
the VMD is contributed by the component the excited by the HED with the same
current. We write

VY =iwpgH™ (20 = 25, 2y = z,) da*™. (2.140)

With VP = VY™ from Egs. (2.139) and (2.140), it follows that

1 dshe

the(zo = s, 2 :zr) = Wqu(ZO = Zs, 20 _zr) s1n¢

(2.141)

For spherical coordinates the z and p components are replaced by the r and 6
components, respectively. With Eq. (2.138), and considering that the sign should be
changed for 6 derivatives when interchanging the coordinates of the receiver and
source, it follows that

il ds"ncos¢

EA0.0) ==

BF (zs) APy, (cos(mt —6))
AV F, . 2.142
x Z @) sinval ( )
Similarly, with the substitution of Eq. (2.132) into Eq. (2.141), it follows that

Ids™ sing AP, (cos(Tt — 0))
he _ h 1
H(r,0,¢) = — — mZ_1 Ay G (2) G () —F 2= (2.143)
Here F, (z) and G,,(z) refer to the height-gain function for TM,, wave and that for
TE,, wave, respectively. The excitation factor A¢ for TM,, wave and the excitation
factor AZ, for TE,, wave are represented by (2.60) and (2.135), respectively. We
rewrite

A’ei sin2kCph ’ (2144)

1+ “2kCyh
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in2kC, h sin2kCyyh
A = pA2c2 | 2 SEEEmE o0 () SRR MR
m =S ’"[ 2kCorh S\ M e

Ag -
— 1k—h(cos 2kCyh — 1) . (2.145)

From the expanded representations of Maxwell’s equations in the spherical co-
ordinate system, the components Eg, E4, Hy, and Hy can be expressed in terms of
E, and H,. We write

92 . D 92
<k2 + m)(r sinf Hy) = —m%E, + s1n0er, (2.146)

92 92 9

k>4 — | (rsinfEg) = ——E, — iwpuosinf — H, (2.147)
ar2 dpar a0 "
92 9 92

k* 4+ — ) (rsin@ Hy) = iwegsind — E, + ——H, (2.148)
ar2 36 agor "
92 92 B]

K>+ — )(rsinfEp) = sind ——E, + iopng— H,. (2.149)
ar2 309r A

Taking into account the following relations:

2
(;7 + k2> Zn(2) = wzn(z), (2.150)

the complete formulas for the components Ege, Eg"', H;‘e, and H;,‘e can be written
in the following forms:

0 Fy(zs) O Py(cos(m — 0))
koz sinvTo6

he __
H® =

2ha

Ids"®sing 1
ka sin6

D ALS P Fa(zr)
n

h 2 _
1 = A" G (zs) G (21) 92 Py (cos(m 9”}, 2.151)

ka — S2 kdz sin ud20

Ids"®cose [ 1 dF,(zs) 8% P,(cos(mt — 0))
Hhe — _ AE S—2F n\ss v
¢ 2ha {ka Xn: ndn Fuzr) kdz sinvd26

1 3 Ap Gi(z5) 3Gm(zr) 3 Py(cos(rt — 0))
ka sin® S2 koz sin u a0 '

(2.152)

m

_ildshencos¢{ 1 ZAES_zaFn(zr)BFn(zs) 82 P, (cos(mt — 0))
a n-n
n

he __
EG _

2ha ka koz koz sinvmah?

(2.153)

1 _, 0P, [cos(m — 9)]}
kas ’

Al G G S
11‘19; mGm(2s)Gm(zr)S, sin 90
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E(lp]e _ il dshen s 1. ZAeSn_Q 0F,(zr) 0Fy(zs) 8PU(FOS(T[ —0))
2ha ka sin6 koz koz sinvmof

(2.154)

1 92 Py, (cos(mt —0))
- ;A,’;Gm(zs)Gm(zr)S 2 }

sin uma26

In SLF/ELF ranges, the horizontal antenna is usually placed on the ground. Then,
we take z; =z, =0, F(0) = G (0) = 1, 22| .o = —iA,, and 2522 |y =

_ kdz koz
—A#g.We write
1dsPn A, cos¢ d P, (cos(mt — 6))
EM(a,0,¢)=—— 8" F N pe TV 2.155
r (@90, 9) 2ha Xn: n sinvtal ( )
irds"®ncosg [ AgsAgr 32 P, (cos(m — 6))
Ehe , 9’ — _ _ 8 8 Ae S—2 v
o (@.6.9) 2ha { ka ; " sinvmdh?
1 32P -0
I ah g2 97 Fulcostr =0) | (2.156)
ka sin 6 - sin u7ao
iIds"nsing [ AgrAgs d P, (cos(mt — 0))
Ehe 0 _ 8 8 Ae S—2v—
(@.6,¢) = 2ha { ka sin6 Z nen sin a0
2P 0
ZAhS 207 Pulcos(x —0)) | (2.157)
sin uman?
ds"®sing 9P, (cos(mt — 6))
H™(a,0,¢) = AR , 2.158
r(@.8.9) Sha sin ;00 (2158)
Ids"sing A AP, (cos(mt — 0))
Hhe , 0’ — 3 8s (:‘szv—
0 @.0.9) 2ha { lkasinQZ "n T Singma0
3P, -0
Y als,? (cos(m —0)) | (2.159)
kaAg, —~ sin umwdH2
IdsPcosg [ iA 92 P, (cos(mt — 0))
Hhe , 9’ — 8s Ae S—2 "
¢ @.9.9) 2ha { Xn: sinvd62
aP 0
72A s-20Pulcos(x —0) | (2.160)
kasinfAg - sin u ol

From the above six formulas for the field components, it is seen that field com-
ponents consist of both TM and TE modes. It is well known that only a TM( wave
can propagate while the rest of the waves are evanescent, which play roles in the
far-field regions.
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At large distance between the observation point and the dipole source, the com-
ponents in the far-field regions are simplified as follows:

1ds™®nAgg cos ¢ ¢ 3P, (cos(mt — 0))

B 6.9) = ——— 0 Sinvonae Gl
Ege(a,e,qb):%Ag, cos ¢ OS L P;fﬁf;iigz; D) a6
HI(a,6,¢) = — “;f o kzi;fe Agsy 2 Pwico @ —0) P”‘;fﬁiso(: =, (2.164)
H(a,0,¢) = —112(;56 o C25"511850—23 Ps‘l)lg‘;?;igz; 2l (2.165)

where both A, and Ay, refer to the normalized surface impedances at the points
for the transmitting antenna and the receiving antenna, respectively. It is seen that
SLF/ELF field of an HED in the Earth—ionosphere waveguide or cavity is propor-
tional to the surface impedance at the source point. In order to improve the radiation
efficiency of the transmitting antenna, SLF/ELF antenna should be chosen to be lo-
cated at the region where the Earth’s surface has large surface impedance or low
conductivity.

At large distance between the dipole source and the observation point, and where
the observation point is not close to the antipole, for the range of f > 50 Hz, we have

P, (cos(mt —0)) 2 i)+ 0.5)0 + i T
~— exp|i(v . i—
sinvT m(v +0.5)sinf P 4

A —\/E(nkaSn sing)~1/? exp(ikaSnQ + 1%) (2.166)

Then, it follows that

0Py, (cos(mt — 0)) ~ i 2kas,
sinvTof T siné

exp<ikasn9 n i%), (2.167)

3% Py(cos(m — 0))
sinvmd20 7 sind

(kaS,) /zexp<1kaS 0 +IZ> (2.168)

Thus, we obtain readily:

il ds"®nA gy cos ¢
2ha T Ssiné

E™(a,0,¢) =

x (kaSo) : Agexp <1kaS09 + i;), (2.169)
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il dshenAgs

EM(a,0,¢) = S

Agrcosg

T siné

_1
x (ka) Sy 2 A¢ exp( ikaSod +i ), (2.170)
0 0 4

EP(a, 6 d))_——IdShe’7 SiNP A A ‘/—2
¢TI 2ha 8578 1sing

_3  exp(ikaSol +iX
x (ka)~1 5, ZAg%, @2.171)
I dshe sin¢ 2
Hhe ’9, —
o (a.6.9) 2ha ~ % kasindV wsind
_3
x (ka)"2$, 2Agexp<ikasoe +i}>, (2.172)

H™ (0.0, ) iIdsheA [ 2
¢ (TP =000 T8 Tsing

_1
X (ka)%SO 2 A cos¢exp(ika509 +i%>. (2.173)

At small distance between the dipole source and the observation point, namely,
6 <« 1, we have

Pleos(m—9)) _ng”[(u + %)9}, (2.174)

sinvT
dP -0 1 1
M%i v — Hl(l) A (2.175)
sinvmdf )
9 Py(cos(n—0)) v+ HEP [0+ 1
sinvma2Zo 0 ‘

[\

(2.176)

Then, the formulas for the components in the near-field regions are rewritten in the
following forms:

h IdshenAgs )
E}*(@.0.¢) = ——— "~ cosg- |:ika > ALS, H (kaSnH):|, 2.177)
n
il dshe 1A g5 A
El(a,6,¢) = — 220 7 cose - [I“Tg’ S ass HO (kas,0)
n

i
- 3 Af‘nS,;lHl(l)(kaSme)}, (2.178)
m
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il dshe 1A s A
EXa,0,¢) = ——Lsing- [ 1 ngAe 'H® (kas,0)

2ha sinf
+ 5 ZAfns,;lﬂf”(kaSme)], (2.179)
he i1 ds" ho (D)
H(@,0,¢) ="~ sing kaZA SuH " (ka$,6) |. (2.180)

he Ids™ o))
Hy(a,0,¢) = ZA S H"Y (kas,0)

2ha
ZA”S H(”(kasme)] (2.181)
8” m
[ dshe Ay, _
Hy®(a, 0, ¢) = T ¢|:—%ZS”1A,‘;H1(U(kaSn9)
n
1
+ >ans,! Hl(l)(haSmG)]. (2.182)
e

2.5 Effect of Phase Velocity and Attenuation Rate by Gradual
Inhomogeneous Anisotropic Ionosphere in SLF/ELF Ranges

In the above sections, the region of interest is treated as ideal homogeneous isotropic
spherical Earth—ionosphere cavity or waveguide. Under practical propagation con-
ditions, the electron density and collision frequency in the ionosphere vary as the
height, and the ionosphere is usually regarded as a gradient plasma. Because the
wavelengths of SLF/ELF waves are very long, the radio waves can penetrate into
the ionosphere deeply, even up to F,-layer. Therefore, it is necessary to consider the
effects on the attenuation and phase velocity by the ionospheric profile in SLF/ELF
ranges. In practical computations on the attenuation rate and phase velocity, the
ionosphere should be treated as a gradient layered plasma, while the effect by the
geomagnetic field should also be considered. Obviously, the reflection characteris-
tics of actual inhomogeneous anisotropic ionosphere can be equivalent to those of
a reflection boundary at a certain reference height with an equivalent impedance
matrix.

In SLF/ELF ranges, only the TM( wave can propagate in the Earth—ionosphere
waveguide or cavity. Thus, it is only necessary to carry out the computations on the
attenuation rate and the phase velocity for the TM(y wave. With second-order spher-
ical approximation, the calculation accuracy for the modal equation can be guar-
anteed. Therefore, the modal equation of SLF/ELF waves in the Earth—ionosphere
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waveguide or cavity is obtained readily. It is
[(1 + RhCZikH) _ C/A22(1 _ RheZikH)]
% [C/(l _ RgezikH) +A11(1 +RgezikH)]
+C' A1 Az (1 + Ree® ) (1 — Rye®™ ) =0, (2.183)

where A;; (i, j = 1, 2) refer to the elements of the normalized surface impedance
matrix of the ionosphere, which are satisfied to the following equation. We write

E Ap A H,
[ 9}:,7[ 1 IZH "}. (2.184)
Ey Ar1Anp Hy

Then, the modal equation (2.183) can be rewritten in the form

(1= Ry Ry ") (1 = Ry, LR ™)

— |RL LR Ry R e =, (2.185)
where
h 2t )\ '/?
H=/ <C2+—52> dr, (2.186)
0 a
C — A,
Ry = A (2.187)
I 4
C—A;
Ry = m, (2.188)
8
2n \/?
C' = <C2 + —52> ) (2.189)
a

It is noted that the relations between the reflection coefficient matrix and the nor-
malized surface impedance matrix are written as follows:

(C"—A11)(C'Ap — 1)+ C'Ajp Ay

IRy == ; - : (2.190)
(C"+A11)(C'Axn — 1) = C'Ap Ay
-2C'A
IRL=— 2l , (2.191)
(C"+A11)(C'Axn — 1) = C'Ap Ay
—2C'Ap
1Ry = - , (2.192)
(C"+A11)(C'Ax —1) = C'Ap Ay
C'+A 14+C'Ap)—C'AppA
R, — (C"+ A1+ C'Ap) 12421 (2.193)

C(CTH AN(CAp — 1) = C'Ap Ay
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Next, the procedures for solving the modal equation are addressed as follows:

(1) First we assume that the Earth and the ionosphere are simplified as homoge-
neous isotropic media with sharp boundaries. From Egs. (2.38) and (2.39), the
roots (Cp, Sp) of the modal equation for TMy wave can be obtained readily.
Then, we set the roots (Cp, Sp) as initial approximated values.

(2) With the root Cy, the incident angle cosine C’ for the TM( wave can be obtained
readily by Eq. (2.189).

(3) With the incident angle cosine C’, and the profiles for both ionospheric electron
density and collision frequency varying with the height, the equivalent surface
impedance matrix of the ionosphere can be computed easily.

(4) Substituting the parameters of the ionospheric surface impedance matrix into
the transcendental equation (2.183), the new incident angle cosine C; = Cp +
AC can be obtained by using Newton’s iteration method with the initial value
Co.

(5) The first-order approximated parameter C; for the corresponding ionospheric
incident angle cosine can be solved by using Eq. (2.105) with the parameter C;.

(6) Generally speaking, the ionospheric surface impedance matrix has little change
to the incident angle in SLF/ELF ranges, so that the iteration computation re-
peating the procedures 3 to 5 for two or three times is enough to guarantee the
accuracy.

With the roots of the modal equation, both the phase velocity and the attenuation
rate of the TM( wave can be obtained readily:

£ _Res. (2.194)
Up
@ = 8.6858k Im S = 0.02895w Im S (dB,/1000 km). (2.195)

In SLF/ELF ranges, the ground surface impedance is much smaller than the iono-
spheric surface impedance. Evidently, the change of the ground conductivity has lit-
tle effect on the phase velocity and attenuation rate of the TM( wave. In the practical
computation, the ground is usually idealized to the sea surface.

In order to compare quantitatively the effects of the phase velocity and the attenu-
ation rate by different ionosphere structure in SLF/ELF ranges, we choose the three
ionospheric models to carry out the numerical calculations. The first ionospheric
model is that of the ionosphere idealized as a homogeneous non-ideal plasma, for
which the equivalent conductivity is o = 107 S/m. The second model is the refer-
ence structure of the lower ionosphere by the suggestions in the CCIR-895 report,
which is characterized by

N(z) = 1.43 x 107 . O 13H  (B=019@=H) (2.196)
v(z) = 1.816 x 10! . 70152, (2.197)

In the above formulas, N is the electron density in 1/ cm3, v is the electron col-
lision frequency in s ', z is the height of the observation point in km, and H is the
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Table 2.1 The recommended values of H and § in mid-latitude regions

Summer Winter
Daytime B=03, H=170 B=03,H=72
Nighttime B=0.0077f+0.31, H=287 B=0.0077f+0.31, H=287

Fig. 2.7 For the international

T
. ——2001.07.01 12:00 Summer| 3
reference ionosphere model, 20010101 00:00 Winter

the ionospheric electron 10° b
density varying as the height
in summer daytime and
winter nighttime

Number of electron (m“})

100 1,000
Height (km)

ionospheric reference height in km. The recommended values of H in km and 8
in 1/km for mid-latitude regions are shown in Table 2.1. Here f is the operating
frequency in kHz.

The third model is the international reference ionosphere model, in which the
electron density profiles vary with the height in summer daytime and winter night-
time as shown in Fig. 2.7 (Rawer et al. 1978). The collision frequency varying with
the height is taken as Eq. (2.197) for the exponential model.

For the above three ionosphere models, following the computational method and
process addressed in this section, the modal equation for the SLF/ELF ranges is
solved readily, and the characteristic parameters of each mode can be calculated
easily. The attenuation rate on the sea surface versus the operating frequency for
the fundamental mode (TMy mode or quasi-TEM mode) is computed for daytime
and shown in Fig. 2.8. In Fig. 2.9, the corresponding calculated results in nighttime
are given. The attenuation rates in nighttime on the sea surface versus the operating
frequency for TM| and TE| modes are computed and shown in Figs. 2.10 and 2.11,
respectively.

From the above computations, it is concluded as follows:

e In SLF/ELF ranges, the attenuation rate of the fundamental mode will increase
as the operating frequency increasing. However, the attenuation rate is very small
overall. Thus SLF/ELF waves can propagate to thousands kilometers or over ten
thousand kilometers away from the transmitter, even for any place in the Earth—
ionosphere waveguide or cavity.



2.5 Effect of Attenuation and Phase Velocity by Ionosphere 49

Fig. 2.8 The attenuation rate T T T T T T T T
in daytime versus the L Tonosphere model with sharp boundary | |
ing f for th 6L — - - Ionosphere exponential model i
operating frequency for the e International reference ionosphere model| |
fundamental mode
E
=
=
=
<
2
2
.
" 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 "
30 60 90 120 150 180 210 240 270 300
Frequency (Hz)
Fig. 2.9 The attenuation rate ST T T T T T T
in nighttime versus the Ionosphere model with sharp boundary
ting f for th | — — —Ionosphere exponential model ]
operating Irequency forthe ... International reference ionosphere model
fundamental mode
E
=
=
(=3
<
o
=
&
(S i
n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n
30 60 90 120 150 180 210 240 270 300
Frequency (Hz)
Fig' 2.10 The attenuation T T L B A LA LA ALN LALLALALI LA
. . Ionosphere exponential model
rate in nighttime versus the 334 1 o . ;
. International reference ionosphere model
operating frequency for the
TM; mode
E
=
(=
(=3
<
=
2
NS
324 1 1 1 1 1

50 100 150 200 250 300
Frequency (Hz)



50 2 Excitation and Propagation of SLF/ELF Waves
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e The attenuation rates for the high-order modes in SLF/ELF ranges are very large,
generally several hundred dB/Mm. Thus, there only exists one propagating mode
in SLF/ELF ranges.

e For the three different ionospheric models, although the parameters for each order
modes are different from each other, the overall trends are consistent. In the case
that the observer is located on or near the Earth’s surface, it is acceptable to use a
relatively simple model in engineering.

e From the computed results, it is seen that the propagation loss of SLF/ELF waves
in daytime is larger than that in nighttime. It is resulted by the equivalent re-
flection height of the ionosphere in nighttime being higher than that in day-
time.

The attenuation rates of the fundamental mode versus the ground conductivity
are computed for the two different modes and shown in Fig. 2.12, respectively. It is
seen that the attenuation rates decrease with the Earth’s conductivity increasing, but
the changing amplitudes are not large. This is resulted by the fact that the higher the
ground conductivity is, the larger the reflections are, and the less the absorption loss
of SLF/ELF waves are.

It is noted that the effect by the geomagnetic field is not considered in the compu-
tations in Figs. 2.8-2.12. Namely, the ionosphere is regarded as a one-dimensionally
planar stratified isotropic plasma in the above computations. In lower frequency
ranges, it is necessary to consider the effects by the geomagnetic field, and the
ionosphere is regarded as an anisotropic plasma, which is characterized by using
a 3 x 3 matrix. Especially in SLF/ELF ranges, the electromagnetic waves in the
ionosphere will show significant anisotropic properties. In order to address the ef-
fects of the SLF/ELF wave propagation by the geomagnetic field, the computations
for the relative phase velocity versus the propagation direction are carried out at
f =75 Hz and shown in Fig. 2.13. Similarly, with the same operating frequency,
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the computations for the attenuation rates versus the propagation direction are also
carried out and shown in Fig. 2.14. Magnitudes of the excitation factor for the funda-
mental mode versus the propagation direction are computed and shown in Fig. 2.15.
In the computations in Figs. 2.13-2.15, the ionosphere model is taken as the second
model as addressed in this section, the ionosphere reference height is H = 70 km,
the ground conductivity is taken as = 3 S/m, and the geomagnetic field is taken as

Bp=0.5x10"*T.

From the above computations, we conclude as follows:

e For the attenuation rate and phase velocity of the fundamental mode, there ex-
ist directional actions. Obviously, the attenuation rate propagating eastward is
smaller than that propagating westward, while the relative phase velocity propa-
gating eastward is also smaller than that propagating westward.
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e The attenuation rate and the phase velocity of the fundamental mode are affected
by the geomagnetic inclination angle £2. When the angle £2 is larger, the attenu-
ation rate becomes larger, and the relative phase velocity is reduced correspond-
ingly. Meanwhile, the effects of the attenuation rates and the phase velocity by
the propagating direction are weakened.

e The attenuation rate and the phase velocity of the fundamental mode change
slowly with the propagation direction and the geomagnetic inclination angle.
Specifically, the effect of the attenuation rate is in the range of 0.1-0.4 dB/Mm,
while the effect of the relative phase velocity is in the range of 1 %-3 %. Thus,
the effects by the geomagnetic field are generally neglected.

e For the excitation factor of the fundamental mode, the effects by the geomagnetic
field, which are usually neglected, was not significant with respect to that of the
attenuation rate.
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2.6 SLF/ELF Fields of Ground-Based Horizontal Transmitting
Antenna

2.6.1 SLF Field in Far-Field Region

For practical ground-based SLF/ELF transmitting system, the transmitting antenna
is generally an electrode antenna with both grounded ends and low-level frame.
The antenna length is usually dozens of kilometers, even over 100 km. At large dis-
tance between the observation point and the transmitting antenna over 1,000 km, the
transmitting antenna can be taken as an HED. In this case, along the whole of the
propagating paths, both the ground and the ionosphere will be no longer homoge-
neous. Thus, the whole propagating path can be divided into several short uniform
paths, of which each uniform path is a homogeneous waveguide. For each section of
the Earth—ionosphere waveguide, the root Sp can be obtained by solving the modal
equation. The electromagnetic field in the Earth—ionosphere waveguide can be ob-
tained by using the WKB solution. When the higher-order modes are neglected in
the far-field region, the field components can be expressed in the following forms:

ildinAgs 2ka

E, = : AS(T)[So(T)So(R
r ha —ind cos g AG(T)[So(T)So( )]
4 T
X exp[i/ kaSod0+iZi|, (2.198)
0
By = LY A D] 22 s A0T) [So(T)So(R)]
0= Qha TS nsin@cos¢ € 0 0
4 T
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0
—Idin AgsAgr 3
Ey= £ sing A (T)[So(T)So(R)] ™ *
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0
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where So(7) and Sp(R) represent the values of So on the source point and the ob-
servation point, respectively. Aj(T) represents the excitation factor on the source
point, and both Ag,. and A, represent the normalized surface impedance of the
ground and that of the sea surface, respectively.

We assume that the local time of the transmitting point and that of the receiving
point are in daytime and nighttime, respectively. Then, it is seen that the part of the
ionosphere of the propagating path is in daytime, while the other part is in nighttime.
The corresponding equivalent reflection height of the ionosphere in the circadian
boundaries of the day-and-night transition period, there will be an obvious mutation,
and there exists conversion between different modes. In the circadian boundaries
of the unevenly transition period, the mode conversion coefficient is expressed in
Eq. (2.203):

Jfmin £d (2)GT (2) dz
S @Paz- [ 1Ge P dz

Spum = , (2.203)

where F¢ and G”, represent the height-gain function for the nth-order mode of
daytime and the mth-order mode of nighttime, respectively. H is the ionospheric
reference height, Hnin = min(H1, H>).

With the mode conversion, in the circadian transitional period, the analytical for-
mulas for SLF field components are obtained readily. We write

i A N M
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Fig. 2.16 The radiation pattern of the horizontal magnetic field components Hy excited by an
HED in East-West direction: / =350 A, d/ =100 km, f =80 Hz, 0x(T) =0.2 x 103 S/m, and
0g(R)=1073

. N M
—I1dl 2 Aggsing 1
Hy = . = : Ap(T)S,; (T)
o 2hg X hyaV 1sind J/kasin6 {nz:;mX::l n "
1
x snms,,%(R)exp[ik(sg Ry + SILRy) + iﬂ } (2.207)
. N M
—ildl 2ka 1
Hy = Ags COSQ - AS(T)S? (T
= 3 ThahnaV wsing 28 €50 {gmzzl P15 (1)
1
% Sum S (R) exp [ik(s,‘j Ra+ SUR,) + iﬂ } (2.208)

where h4 and h, represent the ionospheric reference height of the daytime and that
of the nighttime, respectively. R; and R, are the propagation distance of the daytime
and that of the nighttime, respectively. N and M represent the order of the wave
modes of the daytime and that of the nighttime, respectively.

Following the above method, when the ground conductivities and all parameters
of the ionosphere in the regions of the whole propagating paths are given, the dis-
tribution of the electromagnetic field on the Earth’s surface can be determined and
computed readily.

The radiation pattern of the horizontal magnetic field components Hy and H,
excited by a horizontal line antenna, which is placed in East—West direction, are
shown in Figs. 2.16 and 2.17, respectively. In these computations, the antenna length
is dl = 100 km, the antenna current is assumed to be I = 350 A, the operating
frequency is f = 80 Hz, and the ground conductivity of the transmitting point and
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Fig. 2.17 The radiation pattern of the horizontal magnetic field components H,, excited by an
HED in East-West direction: / =350 A, d/ =100 km, f =80 Hz, 0, (T) =0.2 x 103 S/m, and
0g(R)=1073

that of the observation point are taken as o, (7) = 0.2 x 1073 S/m and 0g(R) =
103 S/m, respectively.
From Figs. 2.16 and 2.17, we conclude as follows:

e There is obviously directionality for the SLF field components excited by a hor-
izontal line antenna. For the horizontal line antenna in the East—West direction,
the main radiation direction of the component Hy is in the East—West direction,
while that of the component H,, is in the North—South direction.

e Atapproximately the same propagating distance, the magnitude of the component
Hy is much larger than that of the component H,,.

e The attenuation rate for the wave propagating eastward is smaller than that for the
wave propagating westward, and considering the effects by the uneven ground
conductivities, the field strength of the antenna east is larger than that of the west.
Obviously, the radiation contour diagram is not completely symmetrical.

2.6.2 SLF Field in the Near-Field Region

In practice, the SLF/ELF transmitting antenna is fairly large in size. At small dis-
tances between the observation point and the transmitting antenna, especially the
distance being comparable to the actual antenna length, it is unsuitable that the
antenna is idealized as an HED. In this case, the transmitting antenna is usually
divided into many small segments, of which each segment is regarded as an HED,
and the total field can be understood as the superposition of the fields excited by
all these HEDs. The radiation pattern of the horizontal magnetic field components
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Fig. 2.18 The radiation pattern of the horizontal magnetic field components Hy excited by an
HED in South—North direction: / = 62.5 A, dl = 80 km, f =91 Hz, 0,(T) =0.2 x 10~3 S/m,
and 0 (R) = 1073 S/m
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Fig. 2.19 The radiation pattern of the horizontal magnetic field components H,, excited by an
HED in South-North direction: / = 62.5 A, dl =80 km, f =91 Hz, 0,(T) =0.2 x 1073 S/m,
and o4 (R) = 1073 S/m

Hg and H, excited by a horizontal line antenna with its length 80 km in South—
North direction are shown in Figs. 2.18 and 2.19, respectively. In these computa-
tions, we take / =62.5 A, d/ =80 km, f =91 Hz, 0,(T) =0.2 x 10~3 S/m, and
0g(R) = 1073 S/m. From Figs. 2.16-2.19, it is seen that the radiation pattern in the
near-field region is significantly different from that in the far-field region.
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2.6.3 The Field in ELF Range and the Lower End of SLF Range

In the whole ELF range as well as the lower end of SLF range, the wavelength can be
compared with, even exceeds, the Earth’s circumference. At this time, for the eigen-
value v of the zero-order TM wave, the condition of v >> 1 is no longer satisfied.
Thus the Legendre function of the first kind P, (cos (1 — #)) should not be evaluated
by using the traditional asymptotic formula in Eq. (2.29). In Sect. 2.2.4, the numer-
ical integrated algorithm is proposed for evaluating the function P, (cos (7t —6)).
Then, the field in ELF range and the lower end of SLF range generated by an HED
in the Earth—-ionosphere cavity can be computed by using the new proposed algo-
rithm (Peng et al. 2013).

In the case of an HED, the analytical formulas for the electromagnetic field in
the Earth—ionosphere cavity have been obtained in Sect. 2.4. In these formulas, all

. : _ 22 _
components are expressed in terms of 2£ "(coge(" 9 and &L (Cg’;z(“ 9 In order to

evaluate accurately these components, it is necessary to give the new algorithm for
3Py (cos (m—0)) 3% P, (cos (1—6))
5 and 292 .

evaluating the functions
As mentioned in Sect. 2.4, we denote
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From the above equations, we obtain readily:
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With the substitutions of Egs. (2.209)—(2.211) into Egs. (2.155)—(2.160), we
readily derive the following. We write
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In these equations, the functions
by using Eqgs. (2.77), (2.210), and (2.211).

We assume that the unit HED is placed at 6 = 0° in the direction of ¢7 = 0° and
the operating frequency is taken as f = 10 Hz. As shown in Figs. 2.20 and 2.21,
with the orientation of the observation point ¢ = 0°, the magnitudes of the com-
ponents Ey and Hy are computed by using the numerical integrated algorithm pro-
posed in this chapter and the traditional method (Bannister 1984), respectively. With
the orientation of the observation point ¢ = 90°, similar computations are carried
out for the components Ey4 and Hy and also plotted in Figs. 2.20 and 2.21, respec-
tively.

From Figs. 2.20 and 2.21, it is seen that the computed results by using the two
methods are significantly different from each other in ELF range and the lower
end of SLF range (below 50 Hz). The traditional method by Bannister (1984) is
based on the assumption of v > 0, so that it is only suitable for the SLF range.
Correspondingly, the results by using the traditional method is uncorrect for the
range below 50 Hz. In ELF range and the lower end of SLF range, the distributions
of the electromagnetic field on the ground can be evaluated accurately by using the
numerical integrated method proposed in this chapter.

We assume that the current moment of the transmitting antenna, which is placed
horizontally in the X direction, is taken as 1 A-m, the ionospheric reference height
is 70 km, and the conductivities of the ground and the ionosphere are assumed as
Oy = 1073 S/m and o; = 10~ S/m, respectively. The contour diagram of the tan-

can be computed
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gential electric field and that of the tangential magnetic field at f = 1 Hz are shown
in Figs. 2.22 and 2.23, respectively. It is noted that all numbers in the above contour
diagrams indicate the field strength in dB. For the electric field, 1 V/m is corre-
sponded to 0 dB. For the magnetic field, 1 A/m is corresponded to 0 dB.

At the operating frequency below 2 Hz, the wavelength is much larger than the
Earth’s circumference, and the space between the Earth’s surface and the lower
boundary of the ionosphere is actually a concentric spherical shell. Obviously, the
eigenvalue v is smaller than 1. With Eq. (836.7) in the mathematics handbook by
Gradshteyn and Ryzhik (1980), we write

=2lInsin < g) .
v=0 2

d P, (cos(mt — 6))

2.218
3 ( )
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Fig. 2.22 The contour x10°
diagram of the tangential
electric field at f =1 Hz

Fig. 2.23 The contour
diagram of the tangential
magnetic field at f =1 Hz

When v <« 1, we have
(0 2
Py(cos(m —0)) =1+ 2vInsin 2+ o(v°). (2.219)

If a first-order approximation is taken, we obtain readily:

1 9Py(cos(mt —0)) N BZPV(COS(TIZ —0))

2.220
sin6 a0 062 ( )

Thus, at the operating frequency below 2 Hz, in the far-field region, the higher
modes attenuate rapidly, and the electromagnetic field excited by an HED essentially
satisfies the following conditions:

Ey Ey Hy Hyp

=——; — = . (2.221)
cos ¢ sin ¢ sing  cos¢
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Then, the horizontal field components are expressed in the following forms:

Ei = Egp(fcosp — psing) = EgX, (2.222)
H¢ = Hy(Osing + dcos ) = Hy3y. (2.223)

Evidently, the horizontal electric field is essentially in the x direction, while the
horizontal magnetic field is essentially in the y direction. Furthermore, it is seen that
both the horizontal electric field and the horizontal magnetic field will not change
with the azimuth angle ¢.

From Figs. 2.22 and 2.23, we conclude as follows:

e At the operating frequency below 2 Hz, except for the multimode region, which
the transmitting antenna is surrounded nearby, all curves in the contour diagrams
are approximately concentric circles. Namely, at the same distance away from the
transmitting antenna, the tangential components of the electromagnetic field are
essentially equal.

e At the operating frequency below 2 Hz, the direction of the tangential electric
field component is essentially the same as that of the current moment, while the
direction of the tangential magnetic field component is essentially perpendicular
to that of the current moment.

When the operating frequency increases, the condition of v <« 1 is no longer
satisfied. For example, at f = 10 Hz, the parameter v is comparable to 1, v ~ 1.
The direction of the tangential electric field component is not completely the same
as that of the current moment, while the direction of the tangential magnetic field
component is not completely perpendicular to that of the current moment.
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