
Chapter 2
Excitation and Propagation of SLF/ELF
Electromagnetic Waves in the Earth–Ionosphere
Waveguide/Cavity

In this chapter, the region of interest is a waveguide or cavity between the Earth’s
surface and an isotropic homogeneous ionosphere. The dipole (vertical electric
dipole (VED), the vertical magnetic dipole (VMD), or the horizontal electric dipole
(HED)) and the observation point are assumed to be located on or near the spherical
surface of the Earth. The approximate all formulas are obtained for the electromag-
netic field radiated by a VED and a VMD in the Earth–ionosphere waveguide or
cavity. Based on the above results, the approximate formulas are derived readily for
the electromagnetic field of an HED in the Earth–ionosphere waveguide or cavity
by using the reciprocity theorem. Analyses and computations in SLF/ELF ranges
are carried out specifically.

2.1 Introduction

The properties of the electromagnetic field generated by a VLF/ULF/SLF/ELF
dipole source in the Earth–ionosphere waveguide or cavity have been investigated
widely in the past 60 years because of its useful applications in submarine com-
munication, navigation, geophysical prospecting and diagnostics, and earthquake
electromagnetic detection (Bouwkamp and Casimir 1954; Budden 1961; Wait 1970;
Galejs 1972a; Felsen and Marcuvitz 1973; Nickolaenko and Hayakawa 2002).

Remarkable progresses in VLF electromagnetic wave propagation in the Earth–
ionosphere waveguide were made by many researchers, especially including several
pioneers such as Budden (1961), Wait (1957, 1960, 1970), Wait and Spies (1965),
and Galejs (1964, 1968, 1970, 1972a, 1972b). In early works by Wait and Galejs, the
problem on VLF wave propagation in an Earth–ionosphere waveguide was treated
analytically. In 1992, Wait examined analytically the problem on VLF radio wave
propagation in an inhomogeneous Earth–ionosphere waveguide Wait (1992). Ob-
viously, those works in VLF ranges were extended in the study on SLF/ELF ra-
dio wave propagation in the Earth–ionosphere waveguide or cavity (Wait 1957,
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1960, 1970; Wait and Spies 1965; and Suchumann 1952a, 1952b; Galejs 1964,
1972a, 1972b). Based on the pioneering works by Budden, Wait, and Galejs, further
works were also carried out by many researchers (Bannister et al. 1973; Bannis-
ter 1984; Tripathi et al. 1982; Carroll and Ferraro 1990; Fraser-Smith and Bannis-
ter 1998; Cummer 2000; Wang et al. 2005, 2008). In recent years, SLF/ELF wave
propagation in the anisotropic Earth–ionosphere waveguide or cavity are treated an-
alytically (Rybachek and Ponomariev 2007; Kirillov and Pronin 2007; Li 2012).

In the 1970s, some works in SLF/ELF wave propagation in the Earth–ionosphere
waveguide or cavity were also carried out by Pan in China and summarized in
a recent book (Pan 2004). In what follows, we will summarize some works on
SLF/ELF wave propagation by Pan in the 1970s and some new research results
in our research groups. In this chapter, the region of interest is a space between
an electrically homogeneous Earth and a homogeneous ionosphere and both the
dipole source and the observation point are assumed on or near the Earth’s surface.
First, the approximate formulas are obtained for the electromagnetic field of VEDs
and VMDs in the Earth–ionosphere waveguide or cavity. Based on the results ob-
tained, the approximate formulas are derived readily for the electromagnetic field
of an HED in the Earth–ionosphere waveguide or cavity by using the reciprocity
theorem. Finally, computations and analyses are carried out in SLF/ELF frequency
ranges.

2.2 SLF/ELF Field of VED in the Earth–Ionosphere
Waveguide/Cavity

In this section, we will summarize the derivations and analyses on the electromag-
netic field of a VED in the Earth–ionosphere waveguide or cavity, which were car-
ried out by Pan in the 1970s (Pan 2004). The results by Pan, in which the derivations
are different from the available results, are similar to those by Galejs (1972a).

2.2.1 Formulations of the Problem

In SLF/ELF ranges, the effective waveguide height h, which is only 60–90 km,
is less than the free-space wavelength λ, and only a zero-order mode can prop-
agate. The geometry under consideration is the same as Fig. 2.1 in Chap. 1. We
assume that a VED is represented by its current density, ẑI dlδ(x)δ(y)δ(z − b),
where b = zs + a, and zs > 0 denotes the height of the dipole above the Earth’s
surface. The field components, for the TM waves radiated by a VED, are expressed
as follows:

Er =
(

∂2

∂r2
+ k2

)

(Ur), (2.1)
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Eθ = 1

r

∂2

∂θ∂r
(Ur), (2.2)

Hφ = iωε

r

∂

∂θ
(Ur), (2.3)

Hr = Hθ = Eφ = 0. (2.4)

Here the potential functions U satisfy the scalar Helmholtz equation,

(∇2 + k2)U = 0. (2.5)

It is noted that the normalized surface impedances at the boundaries can be rep-
resented as follows:

Eθ

η1Hφ

∣

∣

∣

∣

r=a

= −Δg; Eθ

η1Hφ

∣

∣

∣

∣

r=a+h

= Δi, (2.6)

where η1 is the wave impedance of the air, and Δg and Δi are the normalized
Earth’s surface impedance and the normalized ionospheric surface impedance, re-
spectively.

With the substitution of Eqs. (2.2) and (2.3) into Eq. (2.6), the boundary condi-
tions are written as follows:

1

rU

d

dr
(rU)

∣

∣

∣

∣

r=a

= −ikΔg, (2.7)

1

rU

d

dr
(rU)

∣

∣

∣

∣

r=a+h

= ikΔi. (2.8)

In a spherical coordinate system, because of symmetry, the expanded form of
Eq. (2.5) can be written as follows:

1

r2

∂

∂r

(

r2 U

r

)

+ 1

r2 sin θ

∂

∂θ

(

sin θ
∂U

∂θ

)

+ k2U = 0. (2.9)

The solution of the potential function U is represented in the form

U = 1

r
F (r)Φ(θ). (2.10)

Then, we have

1

sin θ

d

dθ

[

sin θ
dΦ(θ)

dθ

]

+ ν(ν + 1)Φ(θ) = 0, (2.11)

d2F(r)

dr2
+ k2

[

1 − ν(ν + 1)

k2r2

]

F(r) = 0. (2.12)
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With the substitutions of x = cos(π− θ) and θ = π− arccosx, Eq. (2.11) can be
transformed into the standard Legendre equation. We write

(

1 − x2)d2Φ

dx2
− 2x

dΦ

dx
+ ν(ν + 1)Φ = 0. (2.13)

The two solutions of Eq. (2.13) can be expressed by Pν(cos(π − θ)) and
Qν(cos(π − θ)), respectively. It is seen that the Legendre function of the first kind
Pν(cos(π − θ)) has only one pole in the situation of the dipole source with x = −1
or θ = 0. The Legendre function of the second kind has two poles at x = ±1. Ob-
viously, the Legendre function of the second kind Qν(cos(π − θ)) should not be
included in the solutions of Eq. (2.11). We take

Φ(θ) = Pν

(

cos(π − θ)
)

. (2.14)

In the space between the Earth’s surface and the lower boundary of the iono-
sphere, we have a ≤ r ≤ a + h, and h is very small compared with a. That is to
say, 1 − ν(ν+1)

k2r2 changes very slowly in the region of a ≤ r ≤ a + h. Thus the WKB
approximation can be taken in this case, and the two solutions of Eq. (2.12) can be
obtained readily. We have

F1(r) = 1

4
√

1 − ν(ν+1)

k2r2

exp

(

ik
∫ r

a

[

1 − ν(ν + 1)

k2t2

] 1
2

dt

)

, (2.15)

and

F2(r) = 1

4
√

1 − ν(ν+1)

k2r2

exp

(

−ik
∫ r

a

[

1 − ν(ν + 1)

k2t2

] 1
2

dt

)

, (2.16)

where the first solution represents the wave propagating in the direction when r

increases, while the second solution represents the wave propagating in the direction
of decreasing r .

Letting r = a + zr , zr > 0 denotes the height of the observation point above the
Earth’s surface. It is assumed that both the dipole and the observation point are on
or close to the Earth’s surface. Obviously, we have zs � a and zr � a. Then, the
following approximation can be taken as:

ν(ν + 1)

k2
0r2

≈ ν(ν + 1)

k2
0a2

(

1 − 2zr

a

)

. (2.17)

Thus, the solution of Eq. (2.12) in the Earth–ionosphere cavity becomes

F(zr) = A exp

[

−ik
∫ r

a

(

C2 + 2z

a
S2

) 1
2

dt

]

+ B exp

[

ik
∫ r

a

(

C2 + 2z

a
S2

) 1
2

dt

]

, (2.18)
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where the parameters C and S are defined by

S2 = ν(ν + 1)

k2a2
; C2 = 1 − S2. (2.19)

From Eqs. (2.7) and (2.8), the boundary conditions are rewritten as follows:

[

1

F(z)

d

dz
F (z)

]∣

∣

∣

∣

z=0
= −ikΔg, (2.20)

[

1

F(z)

d

dz
F (z)

]∣

∣

∣

∣

z=h

= ikΔi. (2.21)

With Eq. (2.20), the reflection coefficient Rg of the lower boundary (Earth–air
boundary) can be obtained readily. It is

Rg = B

A
= C − Δg

C + Δg

. (2.22)

Applying Eq. (2.18) into Eq. (2.21), we get

{

1 − Rg exp

[

2ik
∫ h

0

(

C2 + 2z

a
S2

) 1
2

dz

]}

·
(

C2 + 2h

a
S2

)

= −Δi

{

1 + Rg exp

[

2ik
∫ h

0

(

C2 + 2z

a
S2

) 1
2

dz

]}

. (2.23)

It is noted that

C′ =
(

C2 + 2h

a
S2

) 1
2 ; Ri = C′ − Δi

C′ + Δi

, (2.24)

where Ri is the reflection coefficient of the upper boundary (air–ionosphere bound-
ary). Then, the modal equation can be obtained readily. We write

RgRi exp

[

2ik
∫ h

0

(

C2 + 2z

a
S2

) 1
2

dz

]

= 1. (2.25)

If Cn is the nth root, the normalized height-gain function Fn(z) is expressed in
the following form:

Fn(zr) = 1

1 + Rg

[

exp

(

−ik
∫ zr

0

√

C2
n + 2z

a
S2

n dz

)

+ Rg exp

(

ik
∫ zr

0

√

C2
n + 2z

a
S2

n dz

)]

. (2.26)
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From Eq. (2.19), we obtain

ν(ν + 1) = k2a2S2
n = k2a2(1 − C2

n

)

. (2.27)

In practical wave modes in the Earth–ionosphere waveguide or cavity, the parameter
Cn is not close to 1. Considering that the Earth’s radius is very large, in SLF range,
k2a2 � 1, it is seen that the parameter |ν| is a large number. Then, we write

ν = kaSn − 1

2
. (2.28)

When the parameter |ν| is very large, namely |ν| � 1, while the angle θ is not
close to 0 and π, the Legendre function of the first kind is approximated by

Pν

(

cos (π − θ)
) ≈

(

2

πν sin θ

) 1
2

cos

[(

ν + 1

2

)

(π − θ) − π

4

]

=
(

1

2πν sin θ

) 1
2

e−ikaSnπ+ iπ
4 · [eikaSnθ + eikaSn(2π−θ)− iπ

2
]

. (2.29)

It is noted that the asymptotic form in Eq. (2.29) is not valid in the vicinity of
the source (θ → 0) or in the vicinity of the antipole (θ → π). From Eq. (2.29), the
function Pν(cos (π − θ)), which varies with the angle θ , includes the wave eikaSnθ

propagating along the short circular propagation path and the wave eikaSn(2π−θ)− iπ
2

propagating along the long circular propagation path, which travels over the an-
tipole. It is seen that when the observation point is not close to the antipole, the
wave propagating along the long circular propagation path can be neglected. Thus,
we write

Pν

(

cos (π − θ)
) ≈

(

1

2πν sin θ

) 1
2

e−ikaSnπ+ iπ
4 eikaSnθ . (2.30)

Then, we get

Pν

(

cos (π − θ)
)

Fn(z) ∝
(

1

sin θ

) 1
2

eikaSnθ

×
{

exp

[

−ik
∫ z

0

(

C2
n + 2t

a
S2

n

) 1
2

dt

]

+ Rg exp

[

ik
∫ z

0

(

C2
n + 2t

a
S2

n

) 1
2

dt

]}

. (2.31)

Obviously, each propagation mode includes the wave traveling to the Earth’s
surface with the angle θn = arccosCn and the corresponding reflected wave. It is
noted that the phase velocity υn is inversely proportional to the real part of Sn, and
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the attenuation rate is proportional to the imaginary part of Sn. Then, we write

υn

c
= 1

ReSn

≈ Re

(

1 + C2
n

2

)

, (2.32)

αn = 8.68 × 2π ImSn

λ
≈ 8.68 × 2π Im(−C2

n

2 )

λ
(dB/km). (2.33)

In SLF/ELF ranges, both Δi and Δg are very small. Thus, the reflection coeffi-
cients Ri and Rg are approximated by

Ri ≈ exp (−2Δi/Cn), (2.34)

Rg ≈ exp(−2Δg/Cn). (2.35)

The approximated solutions of the mode equation (2.25) can be obtained readily.
We write

Cn = nπ

2kh
+

√

(

nπ

2kh

)2

− i(Δg + Δi)

kh
, (2.36)

Sn =
{

1 −
(

nπ

2kh

)2(

1 +
√

1 − 4i(Δg + Δi)kh

(nπ)2

)}1/2

. (2.37)

For both Δi and Δg being very small, when nπ > 2kh, the parameter Sn is
a pure imaginary number, which represents an evanescent mode. For a typical
daytime model with the ionospheric height h = 70 km, when λ > 2h = 140 km,
f <2.2 kHz, only the TM wave of zero order can propagate and the rest of the waves
are evanescent. Similarly, for a typical nighttime model with the ionospheric height
h = 90 km, when λ > 2h = 180 km, f < 1.7 kHz, only a zero-order TM mode can
propagate and the rest, the high-order modes, are evanescent. Then, we have

C0 ≈ e−iπ/4

√

Δg + Δi

kh
, (2.38)

S0 ≈
[

1 + i(Δg + Δi)

kh

]1/2

. (2.39)

We examine the height-gain function Fμ(z), which is the solution of Eq. (2.12).
At the Earth’s surface z = 0, we have

Fμ(0) = 1; F ′
μ(0) = −ikΔg. (2.40)

It is noted that, for the parameter μ, its variations are regarded to be continuous.
Both the height-gain functions Fn(z) and Fμ(z) satisfy Eq. (2.12) and the boundary
conditions at the Earth’s surface. Then, we write

∫ h

0
Fn(z)Fμ(z)dz = 1

k2(S2
n − S2

μ)

[

Fμ(z)F ′
n(z) − Fn(z)F

′
μ(z)

]

∣

∣

∣

∣

h

0
, (2.41)
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where

S2
n = ν(ν + 1)

k2a2
; S2

μ = μ(μ + 1)

k2a2
. (2.42)

Evidently, when Sμ → Sn, we have Fμ(z) → Fn(z). Thus, we write

Nn =
∫ h

0
Fn(z)Fn(z)dz = lim

sμ→sn

∫ h

0
Fn(z)Fμ(z)dz

= lim
sμ→sn

1

k(S2
n − S2

μ)

[

F ′
n(h)Fμ(h) − Fn(h)F ′

μ(h)
]

= 1

2k2Sn

[

Fn(h)
dF ′

n(h)

dSn

− F ′
n(h)

dFn(h)

dSn

]

. (2.43)

Letting

H =
∫ h

0

(

C2
n + 2z

a
S2

n

) 1
2

dz = a

3S2
n

(

C′
n

3 − C3
n

)

, (2.44)

we have

Nn = 4Rg

(1 + Rg)2

aC′
n

3S4
n

{

C′
n

3 − C3
n + 3S2

n

2

[

C′
n

(

1 − 2h

a

)

− Cn

]}

− iC′
nΔg

2C3
nk

+ i(1 − 2h
a

)(e−2ikH − R2
ge2ikH )

2kC′
n(1 + Rg)2

. (2.45)

In the case of the Earth being a perfect conducting sphere, Δg ≈ 0, Rg ≈ 1. We
obtain

Nn ≈ aC′
n

3S4
n

{

C′3
n − C3

n + 3S2
n

2

[

C′
n

(

1 − 2h

a

)

− Cn

]}

+
(

1 − 2h

a

)

sin 2kH

4kC′
n

. (2.46)

When C2
n � 2h

a
, we have

C′
n

3 − C3
n + 3S2

n

2

[

C′
n

(

1 − 2h

a

)

− Cn

]

≈ 3hS4
n

2aCn

. (2.47)

Then, a further simplification gives

Nn ≈ h

2

(

1 + sin 2kCnh

2kCnh

)

. (2.48)

By now, the potential function U for the electromagnetic field of a VED in
the Earth–ionosphere waveguide or cavity can be represented in the following



2.2 SLF/ELF Field of Vertical Electric Dipole 25

form:

U = 1

r

∑

s

AsFs(zr )Pν

(

cos (π − θ)
)

. (2.49)

In the next step, it is necessary to determine the excitation coefficients As (s =
0,1,2, . . .) in Eq. (2.49).

2.2.2 Determination of the Excitation Coefficients As

In the region of |zr − zs | ≤ δ, where δ is a finite small value, when θ → 0, the
influences of the electromagnetic field by both the Earth and the ionosphere can be
neglected.

By multiplying the function rFn(z) on both sides of Eq. (2.49), and integrating
from 0 to h for z, we have

AnNnPν

(

cos (π − θ)
) =

∫ h

0
rUFn(z)dz. (2.50)

Obviously, the excitation coefficient An can be obtained by using the source sin-
gularity. Close to the source, the integral is written in the form

∫ h

0
rUFn(z)dz =

∫ zs−δ

0
rFn(z)U dz +

∫ zs+δ

zs−δ

rFn(z)U dz

+
∫ h

zs+δ

rFn(z)U dz, (2.51)

where δ is very small. When the conditions |z − zs | ≤ δ and θ → 0 are satisfied, the
potential function U is approximated by

U
θ→0, |z−zs |<δ−−−−−−−−−→ U0 = C0eikR

r0R
≈ iI dl

4πωε0r0R
, (2.52)

where

R = (

r2 + r2
0 − 2rr0 cos θ

) 1
2 ; C0 = iI dl

4πωε0
. (2.53)

In the above formulas, r0 = a + zs and r = a + zr . In the intervals (0, zs − δ) and
(zs + δ, h), both U and Fn(z) are continuous functions, and the integration from 0
to zs − δ and that from zs + δ to h in Eq. (2.51) are finite. Thus, we get

∫ h

0
rFn(z)U dz = r0Fn(zs)

∫ zs+δ

zs−δ

U0 dz + O(1)

= iFn(zs)I dl

4πωε0

∫ zs+δ

zs−δ

dz

R
+ O(1). (2.54)
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Close to the source, we have

cos θ ≈ 1 − θ2

2
; R ≈ r0

[

θ2 + (z − zs)
2

r2

] 1
2

. (2.55)

Then, we obtain

∫ zs+δ

zs−δ

dz

R
≈ ln

(

δ

r0
+

√

δ2

r2
0

+ θ2

)

− ln

(

√

δ2

r2
0

+ θ2 − δ

r0

)

θ→0−−→ − ln θ2. (2.56)

The integral in the right side of Eq. (2.54) can be obtained readily:

∫ h

0
rUFn(z)dz

θ→0−−→ − iI dlFn(zs)

4πωε0
ln θ2. (2.57)

When the observation point is close to the source, namely, θ → 0, the Legendre
function of the first order Pν(cos (π − θ)) is approximated as

Pν

(

cos (π − θ)
) θ→0−−→ sinνπ

π
ln θ2. (2.58)

Thus, the result becomes

An = 1

Nn

lim
θ→0

1

Pν(cos (π − θ))

∫ h

0
rUFn(z)dz = − iI dlFn(zs)

4ωε0Nn sinνπ

= − iI dlF (zs)

2ωε0h sinνπ
Λn, (2.59)

where the excitation factor Λn is defined by

Λn = 1

1 + sin 2kcnh
2kcnh

. (2.60)

Therefore, we have

U = − iI dl

2hrωε0

∞
∑

n=0

Λn

sinνπ
Fn(zs)Fn(zr )Pν

(

cos (π − θ)
)

. (2.61)

2.2.3 Approximated Formulas of SLF Field

With the substitution of Eq. (2.61) into Eqs. (2.1)–(2.3), the formulas for the three
components Er , Eθ , and Hφ can be derived readily:

Er = − iI dl

2ωε0hr2
·

∞
∑

n=0

Λnν(ν + 1)

sinνπ
Fn(zs)Fn(zr )Pν

(

cos(π − θ)
)

, (2.62)
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Eθ = − iI dlη

2hr
·

∞
∑

n=0

ΛnFn(zs)
∂Fn(zr )

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ
, (2.63)

Hφ = I dl

2hr
·

∞
∑

n=0

ΛnFn(zs)Fn(zr )
∂Pν(cos(π − θ))

sinνπ∂θ
. (2.64)

In general, the parameter ν has a large positive imaginary part. It follows that

ν ≈ kaSn − 1

2
; sinνπ ≈ 1

2
e−i(νπ− π

2 ). (2.65)

In SLF range, when the angle θ is not close to 0 and π, the function
Pν(cos (π − θ)) is approximated as follows:

Pν

(

cos (π − θ)
) ≈

(

1

2πν sin θ

) 1
2

exp

[

−i

(

ν + 1

2

)

(π − θ) + i
π

4

]

. (2.66)

Then, the complete formulas for the components Er , Eθ , and Hφ of the electro-
magnetic field of a VED in the Earth–ionosphere waveguide can be expressed in the
following forms:

Er = − I dlηe−i π
4

h
√

λa sin θ

∞
∑

n=0

ΛnS
3
2
n Fn(zs)Fn(zr )e

ikaSnθ , (2.67)

Eθ = − I dlηei π
4

kh
√

λa sin θ

∞
∑

n=0

ΛnS
1
2
n Fn(zs)F

′
n(zr )e

ikaSnθ , (2.68)

Hφ = I dle−i π
4

h
√

λa sin θ

∞
∑

n=0

ΛnS
1
2
n Fn(zr )F n(zs)e

ikaSnθ . (2.69)

Letting

E0 = −I dlη

λ

eikaθ

aθ
(V/m) = −eikaθ

aθ
300

√

PkW (mV/m), (2.70)

the approximated formula for the component Er is rewritten as follows:

Er = E0

√

d/a

sin(d/a)

√
d/λ

h/λ
e−ikd−i π

4

∞
∑

n=0

ΛnFn(zs)Fn(zr )S
3/2
n eikSnd , (2.71)

where d = aθ is the propagation distance along the Earth’s surface, and PkW is the
power in kW. Obviously, the approximated formulas for Eθ and Hφ can also be
written readily.



28 2 Excitation and Propagation of SLF/ELF Waves

Fig. 2.1 The real and
imaginary parts of ν versus
the operating frequency

2.2.4 New Algorithm for ELF Field

In the whole ELF range, even in the lower end of SLF range, the wavelength λ is
very long, which can be compared with the Earth’s circumference. In other words,
the parameter ka will be small. From ν(ν +1) = k2a2S2

n , we find that the eigenvalue
ν no longer satisfies the condition of ν � 1. The eigenvalue ν of the zero-order TM
wave is computed and shown in Fig. 2.1. It is seen that the eigenvalue does not sat-
isfy ν � 1 below 50 Hz. The Legendre function of the first kind Pν(cos (π − θ))

should not be evaluated by using its asymptotic formula in Eq. (2.29). In what fol-
lows, we will attempt to outline a new algorithm for evaluating the Legendre func-
tion of the first kind Pν(cos (π − θ)) (Peng et al. 2012).

In order to analyze quantitatively the ELF field in the Earth–ionosphere cav-
ity, it is necessary to evaluate accurately the function Pν(cos (π − θ)). Generally,
the eigenvalue ν is a complex number, and the Legendre function of the first kind
Pν(cos (π − θ)) can be represented in the following form:

Pν

(

cos (π − θ)
) = − sinνπ

π

∞
∑

n=0

Pn(cos θ)
2n + 1

n(n + 1) − ν(ν + 1)
. (2.72)

Another form of the function Pν(cos θ) is expressed as Gradshteyn and Ryzhik
(1980)

Pν(cos θ) = 2

π

∫ θ

0

cos[(ν + 0.5)t]√
2(cos t − cos θ)

dt . (2.73)

Letting

Φ(ν, θ) = 1

sinνπ
Pν

(

cos (π − θ)
)

, (2.74)
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by using the following relation:

P ′
ν(z) = ν

z2 − 1

[

zPν(z) − Pν−1(z)
]

, (2.75)

we write

∂

∂θ
Φ(ν, θ) = ν

sin θ

[

Φ(ν, θ) cos θ − Φ(ν − 1, θ)
]

. (2.76)

In practical numerical calculations, the function Φ(ν, θ) can be expressed in the
integrated form

Φ(ν, θ) = 2

π

∫ π−θ

0

M(ν, t)√
2[cos t − cos(π − θ)] dt, (2.77)

where

M(ν, t) =
{

M1(ν, t); 0 < Im(ν) ≤ 0.75,

M2(ν, t); Im(ν) > 0.75,
(2.78)

and

M1(ν, t) = cos(ν + 0.5)t

sin(νπ)
, (2.79)

M2(ν, t) = −i

{

exp

[

i

(

Re(ν)t + Re(ν)π + t

2

)]

× exp
[−Im(ν)(π + t)

] + exp
[−Im(ν)(π − t)

]

× exp

[

−i

(

Re(ν)t − Re(ν)π + t

2

)]}

. (2.80)

Due to the singularity at t = π − θ existing in the integral Kernel function in
Eq. (2.77), the function Φ(ν, θ) can be divided into two parts. We write

Φ(ν, θ) = I1 + I2, (2.81)

where

I1 =
∫ π−θ−δ

0

M(ν, t)√
2[cos t − cos(π − θ)] dt, (2.82)

I2 =
∫ π−θ

π−θ−δ

M(ν, t)√
2[cos t − cos(π − θ)] dt. (2.83)

It is noted that the first integral I1 can be evaluated readily by using the trape-
zoidal or Simpson’s numerical integration method. For the second integral I2, with
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the change of the variable π − θ − s = t , it follows that

I2 =
∫ δ

0

M(ν,π − θ − s)

2
√

sin(π − θ − s
2 ) sin( s

2 )
ds. (2.84)

When δ → 0, it is seen that the function M(ν,π−θ−s)

2
√

sin(π−θ− s
2 )

is approximately a con-

stant in the interval [0, δ]. Then, we have

I2 ≈ 1

4

[

M(ν,π − θ)

sin(π − θ)
+ M(ν,π − θ − δ)

sin(π − θ − δ
2 )

]

·
∫ δ

0

√

2

s
ds

=
√

δ

2

[

M(ν,π − θ)

sin(π − θ)
+ M(ν,π − θ − δ)

sin(π − θ − δ
2 )

]

. (2.85)

By now, the approximated formula has been derived for the Legendre function
of the first order Pν(cos (π − θ)) in the case of ν < 1. In whole ELF range, even in
the lower end of SLF range, the three non-zero components Er , Eθ , and Hφ can be
evaluated accurately by using Eqs. (2.88)–(2.90).

Additionally, by using the Legendre polynomial expansion of Pν(cos (π − θ)),
the Legendre function Pν(cos (π − θ)) can also be calculated accurately. We
write

Φ1(ν, θ) = Pν(cos (π − θ))

sinνπ

= − 1

π

∞
∑

n=0

Pn(cos θ)
2n + 1

n(n + 1) − ν(ν + 1)
. (2.86)

As shown in Fig. 2.2, the ratios of the calculated results by using the series
algorithm of Eq. (2.86) and those by using the numerical integrated algorithm of
Eq. (2.81) are carried out at n = 100, 200, and 500, respectively. It is seen that the
calculated results Φ1(ν, θ) by using the series algorithm move closer to the corre-
sponding approximated results Φ(ν, θ) by using the approximated algorithm pro-
posed in this section when the parameter n increases. When n is larger than 200, the
results by using the series algorithm are in agreement with those by the numerical
integrated algorithm. Obviously, the numerical integrated algorithm in evaluating
the Legendre function works more quickly and easily.

In earlier works for the SLF field computation, the asymptotic expansion for the
function Pν(cos (π − θ)) is usually employed by Eq. (2.29). We write

Φ2(ν, θ) = Pν(cos (π − θ))

sinνπ

≈ 1

sinνπ

√

2

πν sin θ
cos

[(

ν + 1

2

)

(π − θ) − π

4

]

. (2.87)
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Fig. 2.2 The ratio
Φ1(ν, θ)/Φ(ν, θ) versus the
operating frequency

Compared with the other two algorithms, the numerical integrated algorithm has
the merits of high accuracy and efficiency, which is suitable for the field compu-
tations in ELF range and the lower end of SLF range, which is below 50 Hz or
so. Thus, the complete formulas for the field components in Eqs. (2.67)–(2.69) are
rewritten in the following forms:

Er = − iI dl

2ωε0hr2
·

∞
∑

n=0

[

Λn(kaSn)
2 · Fn(zr )Fn(zs)Φ(ν, θ)

]

, (2.88)

Eθ = − iI dl

2ωε0hr
·

∞
∑

n=0

{

ΛnFn(zs)
dFn(zr )

dz

× ν

sin θ

[

Φ(ν, θ) cos θ − Φ(ν − 1, θ)
]

}

, (2.89)

Hφ = I dl

2hr
·

∞
∑

n=0

{

ΛnFn(zs)Fn(zr )

× ν

sin θ

[

Φ(ν, θ) cos θ − Φ(ν − 1, θ)
]

}

. (2.90)

Evidently, the field components for the ELF range can be evaluated accurately
by using Eqs. (2.88)–(2.90).

We assume that the Earth’s radius is taken as a = 6,370 km, the current moment
of the dipole is I dl = 1 A·m, the ground conductivity is σg = 10−4 S/m, the iono-
spheric conductivity is σi = 10−5 S/m, and the ionospheric equivalent reflection
height is h = 70 km. By using Eqs. (2.88)–(2.90), the magnitudes of the three com-
ponents Er , Eθ , and Hφ are computed at f = 1 Hz, 3 Hz, 5 Hz, 10 Hz, 20 Hz, and
30 Hz, and shown in Figs. 2.3, 2.4, 2.5, respectively. From the above computations,
the discussions are carried out and conclusions are drawn as follows:
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Fig. 2.3 The magnitudes of
Er versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz

Fig. 2.4 The magnitudes of
Eθ versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz

Fig. 2.5 The magnitudes of
Hφ versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz
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• When the observation point is close to the antipole of the dipole source, the
multipath effects should be considered. The interference phenomenon is re-
sulted by the two waves traveling along the small and large circle paths. The
higher the operating frequency is, the more severely the field strength by the
interference fluctuates. The smaller the distance from the observation point to
the antipole, the more smoothing the field strength by the interference fluctu-
ates.

• With the decrease of the operating frequency, the magnitude of the compo-
nent Er , which is generated by a VED in the Earth–ionosphere cavity, be-
comes relatively “flat”. When the operating frequency is below 1 Hz, the mag-
nitude tends approximately to a constant at a distance larger than 1,000 km. In
the range below 50 Hz, only the quasi-TEM wave can propagate in the Earth–
ionosphere cavity. When ν → 0, we have Pν(cos (π − θ)) → 1, φ(ν, θ) → 1

νπ
.

Namely, the magnitude becomes stable, which varies little with the propaga-
tion distance. In what follows, we will attempt to give the physical expla-
nations as follows: In the range below 50 Hz, the wavelength is compara-
ble to the Earth’s circumference, and the electromagnetic wave in the Earth–
ionosphere cavity exists in the form of “stationary wave”. Furthermore, at the
frequency range below 1 Hz, the wavelengths can be a dozen or dozens of
the Earth’s circumference. This means that the phase differences at different
propagation paths are small, and the total field is approximately equal to the
sum of the electric fields with the same phases on different propagation paths.
Therefore, the interference phenomenon is gradually disappearing and the to-
tal field becomes stable in the zones which are far away from the source
point.

• Due to the spherically symmetry, the propagation characteristics of Eθ and Hφ

are also similar. Moreover, the magnitudes of the field components Eθ and Hφ

are equal to 0 at the antipole of the dipole source and decrease drastically in the
zone near the antipole.

2.3 SLF/ELF Field of VMD in the Earth–Ionosphere
Waveguide/Cavity

In practical applications, it is impossible to employ a VMD to generate TE waves
in SLF/ELF ranges. In order to investigate the electromagnetic waves generated by
an HED, it is necessary to analyze the propagation characteristics for both TM and
TE waves. It is well known that a VMD is a typical excitation source for TE waves.
In this section, we will examine the electromagnetic field of VMD in the Earth–
ionosphere waveguide or cavity.

If the excitation source in the preceding section is replaced by a VMD with its
moment M = I da, and da is the area of the loop, the non-zero components Eφ , Hr ,
and Hθ , which the TE waves radiated by a VMD, are represented in the following



34 2 Excitation and Propagation of SLF/ELF Waves

forms:

Eφ = − iωμ

r

∂

∂θ
(V r), (2.91)

Hr =
(

∂

∂r2
+ k2

)

(V r), (2.92)

Hθ = 1

r

∂2

∂θ∂r
(V r), (2.93)

where the potential function V satisfies the scalar Helmholtz equation,

(∇2 + k2)V = 0. (2.94)

The solution for V is represented in the form

V = 1

r
G(r)Φ(θ). (2.95)

In the same manner as in the preceding section, we obtain readily:

Φ(θ) = Pν

(

cos (π − θ)
)

, (2.96)

G(r) = A exp

[

−ik
∫ z

0

(

C2 + 2z

a
S2

)1/2

dz

]

+ B exp

[

ik
∫ z

0

(

C2 + 2z

a
S2

)1/2

dz

]

, (2.97)

where the relations between both the parameters S and C and the eigenvalue ν are
represented as follows:

S2 = ν(ν + 1)

k2a2
; C2 = 1 − S2. (2.98)

From the boundary conditions

Eφ

η1Hθ

∣

∣

∣

∣

r=a

= Δg,
Eφ

η1Hθ

∣

∣

∣

∣

r=a+h

= −Δi, (2.99)

we rewrite

1

V

∂V

∂r

∣

∣

∣

∣

r=a

= − ik

Δg

, (2.100)

1

V

∂V

∂r

∣

∣

∣

∣

r=a+h

= ik

Δi

. (2.101)
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Substituting Eq. (2.95) into Eqs. (2.100) and (2.101), the modal equation for TE
waves is obtained readily. It is

Rh
gRh

i exp

[

2ik
∫ h

0

(

C2
m + 2z

a
S2

n

)1/2

dz

]

= e2i(m−1)π, (2.102)

where

Rh
g = (

Cm − Δ−1
g

)(

Cm + Δ−1
g

)−1
, (2.103)

Rh
i = (

C′
m − Δ−1

i

)(

C′
m + Δ−1

i

)−1
, (2.104)

C′
m =

(

C2
m + 2h

a
S2

m

)1/2

≈ Cm. (2.105)

If Cm (m = 1,2,3, . . .) are the roots of the modal equation (2.102), the height-
gain functions Gm(z) can be represented in the following form:

Gm(z) = 1

(1 + Rh
g)

{

exp

[

−ik
∫ z

0

(

C2
m + 2t

a
S2

m

)1/2

dt

]

+ Rh
g exp

[

ik
∫ z

0

(

C2
m + 2t

a
S2

m

)1/2

dt

]}

. (2.106)

In SLF/ELF ranges, we find 1/Δg � Cm and 1/Δi � Cm. Then, the reflection
coefficients Rh

g and Rh
i can be simplified as follows:

Rh
g ≈ − exp(−2CmΔg), (2.107)

Rh
i ≈ − exp(−2CmΔi). (2.108)

By solving the modal equation (2.102), the roots Cm (m = 1,2,3, . . .) are ap-
proximated by

Cm ≈ mπ

kh

(

1 + i
Δg + Δi

kh

)−1

, (2.109)

Sm = (

1 − C2
m

)1/2
. (2.110)

Similar to those for TM waves, the different modes for TE waves are orthogonal
each other. Then, we obtain readily:

Nmμ =
∫ h

0
Gm(z)Gμ(z)dz = 0; when μ �= m, (2.111)
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and

Nmμ =
∫ h

0
Gm(z)Gμ(z)dz = lim

Sμ→Sm

G′
m(h)Gμ(h) − Gm(h)G′

μ(h)

k2(S2
m − S2

μ)

= −4Rh
gk2C′

m
∂H
∂Sm

− 2ikC′
m

∂Rh
g

∂Sm

2k2Sm(1 + Rh
g)2

− ik ∂C′
m

∂Sm
[exp (−2ikH) − (Rh

g)2 exp (2ikH)]
2k2Sm(1 + Rh

g)2
; when μ = m, (2.112)

where

H =
∫ h

0

(

C2
m + 2z

a
S2

m

)1/2

dz = a

3S2
m

(

C′
m

3 − C3
m

)

. (2.113)

After algebraic manipulation, the factor Nm is written in the following form:

Nm = 4Rh
g

(1 + Rh
g)2

aC′
m

3S4
m

{

C′
m

3 − C3
m + 3S2

m

2

[

C′
m

(

1 − 2h

a

)

− Cm

]}

− 2iC′
mΔg

kCm(1 + CmΔg)2(1 + Rh
g)2

+ i(1 − 2h
a

)[exp(−2ikH) − (Rh
g)2 exp(2ikH)]

2kC′
m(1 + Rh

g)2
. (2.114)

In SLF/ELF ranges, Rh
g is close to −1. Then, we have

1 + Rh
g = 2CmΔg

1 + CmΔg

. (2.115)

When Cm � 2h
a

, we get

C′
m

3 − C3
m + 3

2
S2

m

[

C′
m

(

1 − 2h

a

)

− Cm

]

≈ 3hS4
m

2aCm

. (2.116)

Then, the factor Nm can be simplified as follows:

Nm = − h

2Δ2
gC

2
m

[

1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(

1 + sin 2kCmh

2kCmh

)

− i
Δg

kh
(cos 2kCmh − 1)

]

. (2.117)
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By now, the potential function V can be written in the form of

V = 1

r

∞
∑

m=1

AmGm(z)Pν

(

cos (π − θ)
)

. (2.118)

Correspondingly, the component Eφ is expressed as follows:

Eφ = − iωμ

r

∞
∑

m

AmGm(z)
∂

∂θ
Pν

(

cos (π − θ)
)

. (2.119)

By multiplying the factor rGm(z)dz on both sides of Eq. (2.119), and integrating
from 0 to h for z, we have

−iωμAmNm

∂

∂θ
Pν

(

cos(π − θ)
) =

∫ h

0
rEφGm(z)dz. (2.120)

Close to the dipole source, we obtain readily:

lim
θ→0

2πrsθEφ(rs, θ) = iωμ0

∫∫

Hz(rs, θ)da = iωμ0δ(r − rs)I da, (2.121)

where the moment of the dipole source is I da, and da is the loop area. It is noted
that Eq. (2.120) is satisfied for any angle θ . Obviously, from Eq. (2.121), we have

lim
θ→0

∫ h

0
rEφGm(z)dz = iωμ0

2πθ
I daGm(zs). (2.122)

Thus, it follows that

Am = −I daGm(zs)

2πNm

lim
θ→0

{

θ
∂

∂θ
Pν

(

cos(π − θ)
)

}−1

. (2.123)

By using the following asymptotic formula in the case of θ → 0:

Pν

(

cos(π − θ)
) ≈ 2 sinνπ

π
ln θ, (2.124)

we have

lim
θ→0

θ
∂

∂θ
Pν

(

cos(π − θ)
) ≈ 2 sinνπ

π
. (2.125)

Thus, the coefficient Am can be determined readily. We write

Am = −I daGm(zs)

4 sinνπNm

. (2.126)
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The three non-zero components Eφ , Hr , and Hθ can be expressed in the follow-
ing forms:

Eφ = iωμ0I da

4r

∞
∑

m

Gm(zs)

sin(μπ)Nm

Gm(zr)
∂

∂θ
Pν

(

cos(π − θ)
)

, (2.127)

Hr = −I da

4r2

∑ ν(ν + 1)

sin(μπ)Nm

Gm(zs)Gm(zr)Pν

(

cos(π − θ)
)

, (2.128)

Hθ = −I da

4r

∑ Gm(zs)

sin(μπ)Nm

∂

∂z
Gm(zr)

∂

∂θ
Pν

(

cos(π − θ)
)

. (2.129)

For TE waves in SLF/ELF ranges, because of ν(ν + 1) = k2a2S2
m, in general

the factor Sm is a purity imaginary number. Thus the parameter ν + 1
2 is a complex

number with a large imaginary part. Then, in the case that the angle θ is not close
to 0 and π, we have

Pν(cos(π − θ))

sin(νπ)
≈ −

√

2

πkaSm sin θ
· exp

(

ikaSmθ + iπ

4

)

, (2.130)

∂Pν(cos(π − θ))

sin(νπ)∂θ
≈ −i

√

2kaSm

π sin θ
· exp

(

ikaSmθ + iπ

4

)

. (2.131)

The three non-zero components Eφ , Hr , and Hθ for TE waves can be written as
follows:

Eφ = −I dakη

h

√

1

λa sin θ

∞
∑

m=1

ΛmGm(zs)Gm(zr)S
1/2
m eikaSmθ+i π

4 , (2.132)

Hr = −I dak

h

√

1

λa sin θ

∞
∑

m=1

ΛmGm(zs)Gm(zr)S
3/2
m eikaSmθ+i π

4 , (2.133)

Hθ = − iI dak

h

√

1

λa sin θ

∞
∑

m=1

ΛmGm(zs)S
1/2
m

∂Gm(zr)

k∂z
eikaSmθ+i π

4 , (2.134)

where the excitation factor Λm for TE waves is defined by

Λm = Δ2
gC

2
m

[

1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(

1 + sin 2kCmh

2kCmh

)

−i
Δg

kh
(cos 2kCmh − 1)

]−1

. (2.135)

In general, in SLF/ELF ranges, the normalized surface impedance Δg is very
small, so that the excitation efficiency of VMD is very low.
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Fig. 2.6 The diagram for the
geometric relation between
the transmitting and receiving
antennas

2.4 SLF/ELF Field of HED in the Earth–Ionosphere
Waveguide/Cavity

In practical applications, a SLF/ELF radiation source is usually employed a hori-
zontal linear antenna. So that it is necessary to investigate SLF/ELF electromagnetic
field of an HED in the anisotropic Earth–ionosphere waveguide or cavity. In the pre-
ceding sections, the electromagnetic field of a VED and that of VMD are addressed,
respectively. The complete formulas can be derived for the electromagnetic field of
an HED in the presence of the Earth–ionosphere cavity by the reciprocity theorem
(Wait 1970; Galejs 1972a). It is stated that the voltage V2 excited in antenna 2 by
current I1 of antenna 1 is equal to the voltage V1 excited in antenna 1 by an identical
current I2 in antenna 2.

The geometry for a VED with its length dlve at z′
0 = zs and an HED with its

length dshe parallel to the x-axis at z0 = zr are illustrated in Fig. 2.6, where the
subscripts r and s refer to the observation point and dipole source, respectively. It
is known that the magnitude of the voltage V he excited in HED is maximum when
Eve

ρ′ is parallel to the x̂ axis (φ = 0 and π). Then, we have

V he = −Eve
ρ′

(

z′
0 = zs, z0 = zr

)

cosφ dshe, (2.136)

where the superscripts ve and he refer to the VEDs and HEDs, respectively. Simi-
larly, the magnitude of the voltage V ve in the VED is contributed by the field com-
ponent Ehe

z excited by the horizontal electric dipole. We write

V ve = Ehe
z

(

z0 = zs, z
′
0 = zr

)

dlve. (2.137)
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With dshe = dlve, from Eqs. (2.136) and (2.137), it follows that

Ehe
z

(

z0 = zs, z
′
0 = zr

) = −Eve
ρ′

(

z′
0 = zs, z0 = zr

)

cosφ. (2.138)

Next, we consider the geometry for a VMD with its loop area davm parallel to
the z′-axis at z′

0 = zs and an HED parallel to the x-axis at z0 = zr , which is shown
in Fig. 2.6. The magnitude of voltage in the HED V he by the VMD is represented
as follows:

V he = Evm
φ′

(

z′
0 = zs, z0 = zr

)

sinφ dshe, (2.139)

where the superscript vm refers to the VMD. The magnitude of voltage V vm in
the VMD is contributed by the component H he

z excited by the HED with the same
current. We write

V vm = iωμ0H
he
z

(

z0 = zs, z
′
0 = zr

)

davm. (2.140)

With V he = V vm, from Eqs. (2.139) and (2.140), it follows that

H he
z

(

z0 = zs, z
′
0 = zr

) = 1

iωμ0
Eφ

(

z′
0 = zs, z0 = zr

)

sinφ
dshe

davm . (2.141)

For spherical coordinates the z and ρ components are replaced by the r and θ

components, respectively. With Eq. (2.138), and considering that the sign should be
changed for θ derivatives when interchanging the coordinates of the receiver and
source, it follows that

Ehe
r (r, θ,φ) = − iI dsheη cosφ

2ha

×
∞
∑

n=0

Λe
nFn(zr)

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ
. (2.142)

Similarly, with the substitution of Eq. (2.132) into Eq. (2.141), it follows that

H he
r (r, θ,φ) = I dshe sinφ

2ha

∞
∑

m=1

Λh
mGm(zr)Gm(zs)

∂Pμ(cos(π − θ))

sinμπ∂θ
. (2.143)

Here Fn(z) and Gm(z) refer to the height-gain function for TMn wave and that for
TEm wave, respectively. The excitation factor Λe

n for TMn wave and the excitation
factor Λh

m for TEm wave are represented by (2.60) and (2.135), respectively. We
rewrite

Λe
n = 1

1 + sin 2kCnh
2kCnh

, (2.144)
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Λh
m = Δ2

gC
2
m

[

1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(

1 + sin 2kCmh

2kCmh

)

− i
Δg

kh
(cos 2kCmh − 1)

]−1

. (2.145)

From the expanded representations of Maxwell’s equations in the spherical co-
ordinate system, the components Eθ , Eφ , Hθ , and Hφ can be expressed in terms of
Er and Hr . We write

(

k2 + ∂2

∂r2

)

(r sin θHθ) = −iωε
∂

∂φ
Er + sin θ

∂2

∂θ∂r
Hr, (2.146)

(

k2 + ∂2

∂r2

)

(r sin θEφ) = ∂2

∂φ∂r
Er − iωμ0 sin θ

∂

∂θ
Hr, (2.147)

(

k2 + ∂2

∂r2

)

(r sin θHφ) = iωε0 sin θ
∂

∂θ
Er + ∂2

∂φ∂r
Hr, (2.148)

(

k2 + ∂2

∂r2

)

(r sin θEθ) = sin θ
∂2

∂θ∂r
Er + iωμ0

∂

∂φ
Hr. (2.149)

Taking into account the following relations:

(

∂2

∂r2
+ k2

)

Zn(z) = ν(ν + 1)

r2
Zn(z), (2.150)

the complete formulas for the components Ehe
θ , Ehe

φ , H he
θ , and H he

φ can be written
in the following forms:

H he
θ = I dshe sinφ

2ha

{

1

ka sin θ

∑

n

Λe
nS

−2
n Fn(zr )

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ

+ 1

ka

∑

m

Λh
mGm(zs)

S2
m

∂Gm(zr)

k∂z

∂2Pμ(cos(π − θ))

sinμπ∂2θ

}

, (2.151)

H he
φ = I dshe cosφ

2ha

{

1

ka

∑

n

Λe
nS

−2
n Fn(zr )

∂Fn(zs)

k∂z

∂2Pν(cos(π − θ))

sinνπ∂2θ

+ 1

ka sin θ

∑

m

Λh
mGm(zs)

S2
m

∂Gm(zr)

k∂z

∂Pμ(cos(π − θ))

sinμπ∂θ

}

, (2.152)

Ehe
θ = − iI dsheη cosφ

2ha

{

1

ka

∑

n

Λe
nS

−2
n

∂Fn(zr )

k∂z

∂Fn(zs)

k∂z

∂2Pν(cos(π − θ))

sinνπ∂θ2

− 1

ka sin θ

∑

m

Λh
mGm(zs)Gm(zr)S

−2
m

∂Pμ[cos(π − θ)]
sinμπ∂θ

}

, (2.153)
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Ehe
φ = iI dsheη

2ha
sinφ

{

1

ka sin θ

∑

n

Λe
nS

−2
n

∂Fn(zr )

k∂z

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ

− 1

ka

∑

m

Λh
mGm(zs)Gm(zr)S

−2
m

∂2Pμ(cos(π − θ))

sinμπ∂2θ

}

. (2.154)

In SLF/ELF ranges, the horizontal antenna is usually placed on the ground. Then,
we take zs = zr = 0, Fn(0) = Gm(0) = 1, ∂Fn(z)

k∂z
|z=0 = −iΔg , and ∂Gm(z)

k∂z
|z=0 =

− i
Δg

. We write

Ehe
r (a, θ,φ) = −I dsheηΔgs cosφ

2ha

∑

n

Λe
n

∂Pν(cos(π − θ))

sinνπ∂θ
, (2.155)

Ehe
θ (a, θ,φ) = − iI dsheη cosφ

2ha

{

−ΔgsΔgr

ka

∑

n

Λe
nS

−2
n

∂2Pν(cos(π − θ))

sinνπ∂θ2

− 1

ka sin θ

∑

m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ

}

, (2.156)

Ehe
φ (a, θ,φ) = iI dsheη sinφ

2ha

{

−ΔgrΔgs

ka sin θ

∑

n

Λe
nS

−2
n

∂Pν(cos(π − θ))

sinνπ∂θ

− 1

ka

∑

m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ2

}

, (2.157)

H he
r (a, θ,φ) = I dshe sinφ

2ha

∑

m

Λh
n

∂Pμ(cos(π − θ))

sinμπ∂θ
, (2.158)

H he
θ (a, θ,φ) = I dshe sinφ

2ha

{

−i
Δgs

ka sin θ

∑

n

Λe
nS

−2
n

∂Pν(cos(π − θ))

sinφπ∂θ

− i

kaΔgr

∑

m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ2

}

, (2.159)

H he
φ (a, θ,φ) = I dshe cosφ

2ha

{

− iΔgs

ka

∑

n

Λe
nS

−2
n

∂2Pμ(cos(π − θ))

sinvπ∂θ2

− i

ka sin θΔgr

∑

m

Λh
mS−2

m

∂Pμ(cos(π − θ))

sinμπ∂θ

}

. (2.160)

From the above six formulas for the field components, it is seen that field com-
ponents consist of both TM and TE modes. It is well known that only a TM0 wave
can propagate while the rest of the waves are evanescent, which play roles in the
far-field regions.
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At large distance between the observation point and the dipole source, the com-
ponents in the far-field regions are simplified as follows:

Ehe
r (a, θ,φ) = −I dsheηΔgs cosφ

2ha
Λe

0
∂Pν(cos(π − θ))

sinν0π∂θ
, (2.161)

Ehe
θ (a, θ,φ) = iI dsheηΔgs

2ha
Δgr cosφ

Λe
0

ka
S−2

0
∂2Pν0(cos(π − θ))

sinν0π∂2θ
, (2.162)

Ehe
φ (a, θ,φ) = − iI dsheη

2ha
sinφΔgsΔgr

Λe
0

ka sin θ
S−2

0
∂Pν0(cos(π − θ))

sinν0π∂θ
, (2.163)

H he
θ (a, θ,φ) = − iI dshe

2ha
Δgs

sinφ

ka sin θ
Λe

0S
−2
0

∂Pν0(cos(π − θ))

sinν0π∂θ
, (2.164)

H he
φ (a, θ,φ) = − iI dshe

2ha
Δgs

cosφ

ka
Λe

0S
−2
0

∂2Pν0(cos(π − θ))

sinν0π∂2θ
, (2.165)

where both Δgs and Δgr refer to the normalized surface impedances at the points
for the transmitting antenna and the receiving antenna, respectively. It is seen that
SLF/ELF field of an HED in the Earth–ionosphere waveguide or cavity is propor-
tional to the surface impedance at the source point. In order to improve the radiation
efficiency of the transmitting antenna, SLF/ELF antenna should be chosen to be lo-
cated at the region where the Earth’s surface has large surface impedance or low
conductivity.

At large distance between the dipole source and the observation point, and where
the observation point is not close to the antipole, for the range of f > 50 Hz, we have

Pν(cos(π − θ))

sinνπ
≈ −

√

2

π(ν + 0.5) sin θ
exp

[

i(ν + 0.5)θ + i
π

4

]

≈ −√
2(πkaSn sin θ)−1/2 exp

(

ikaSnθ + i
π

4

)

. (2.166)

Then, it follows that

∂Pν(cos(π − θ))

sinνπ∂θ
≈ −i

√

2kaSn

π sin θ
exp

(

ikaSnθ + i
π

4

)

, (2.167)

∂2Pν(cos(π − θ))

sinνπ∂2θ
≈

√

2

π sin θ
(kaSn)

3/2 exp

(

ikaSnθ + i
π

4

)

. (2.168)

Thus, we obtain readily:

Ehe
r (a, θ,φ) = iI dsheηΔgs cosφ

2ha

√

2

π sin θ

× (kaS0)
1
2 Λe

0 exp

(

ikaS0θ + i
π

4

)

, (2.169)
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Ehe
θ (a, θ,φ) = iI dsheηΔgs

2ha
Δgr cosφ

√

2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 exp

(

ikaS0θ + i
π

4

)

, (2.170)

Ehe
φ (a, θ,φ) = −I dsheη

2ha
sinφΔgsΔgr

√

2

π sin θ

× (ka)−
1
2 S

− 3
2

0 Λe
0

exp(ikaS0θ + iπ
4 )

ka sin θ
, (2.171)

H he
θ (a, θ,φ) = −I dshe

2ha
Δgs

sinφ

ka sin θ

√

2

π sin θ

× (ka)−
1
2 S

− 3
2

0 Λe
0 exp

(

ikaS0θ + i
π

4

)

, (2.172)

H he
φ (a, θ,φ) = − iI dshe

2ha
Δgs

√

2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 cosφ exp

(

ikaS0θ + i
π

4

)

. (2.173)

At small distance between the dipole source and the observation point, namely,
θ � 1, we have

Pν(cos(π − θ))

sinνπ
≈ −iH(1)

0

[(

ν + 1

2

)

θ

]

, (2.174)

∂Pν(cos(π − θ))

sinνπ∂θ
≈ i

(

ν + 1

2

)

H
(1)
1

[(

ν + 1

2

)

θ

]

, (2.175)

∂2Pν(cos(π − θ))

sinνπ∂2θ
≈ − i(ν + 1

2 )H
(1)
1 [(ν + 1

2 )θ ]
θ

. (2.176)

Then, the formulas for the components in the near-field regions are rewritten in the
following forms:

Ehe
r (a, θ,φ) = −I dsheηΔgs

2ha
cosφ ·

[

ika
∑

n

Λe
nSnH

(1)
1 (kaSnθ)

]

, (2.177)

Ehe
θ (a, θ,φ) = − iI dsheη

2ha
cosφ ·

[

iΔgsΔgr

θ

∑

n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

− i

sin θ

∑

m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]

, (2.178)
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Ehe
φ (a, θ,φ) = iI dsheη

2ha
sinφ ·

[

− iΔgsΔgr

sin θ

∑

n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

+ i

θ

∑

m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]

, (2.179)

H he
r (a, θ,φ) = iI dshe

2ha
sinφ ·

[

ka
∑

m

Λh
mSmH

(1)
1 (kaSmθ)

]

, (2.180)

H he
θ (a, θ,φ) = I dshe

2ha
sinφ

[

Δgs

sin θ

∑

n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

− 1

Δgr

∑

m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]

, (2.181)

H he
φ (a, θ,φ) = I dshe

2ha
cosφ

[

−Δgs

θ

∑

n

S−1
n Λe

nH
(1)
1 (kaSnθ)

+ 1

sin θΔgr

∑

m

Λh
mS−1

m H
(1)
1 (haSmθ)

]

. (2.182)

2.5 Effect of Phase Velocity and Attenuation Rate by Gradual
Inhomogeneous Anisotropic Ionosphere in SLF/ELF Ranges

In the above sections, the region of interest is treated as ideal homogeneous isotropic
spherical Earth–ionosphere cavity or waveguide. Under practical propagation con-
ditions, the electron density and collision frequency in the ionosphere vary as the
height, and the ionosphere is usually regarded as a gradient plasma. Because the
wavelengths of SLF/ELF waves are very long, the radio waves can penetrate into
the ionosphere deeply, even up to F2-layer. Therefore, it is necessary to consider the
effects on the attenuation and phase velocity by the ionospheric profile in SLF/ELF
ranges. In practical computations on the attenuation rate and phase velocity, the
ionosphere should be treated as a gradient layered plasma, while the effect by the
geomagnetic field should also be considered. Obviously, the reflection characteris-
tics of actual inhomogeneous anisotropic ionosphere can be equivalent to those of
a reflection boundary at a certain reference height with an equivalent impedance
matrix.

In SLF/ELF ranges, only the TM0 wave can propagate in the Earth–ionosphere
waveguide or cavity. Thus, it is only necessary to carry out the computations on the
attenuation rate and the phase velocity for the TM0 wave. With second-order spher-
ical approximation, the calculation accuracy for the modal equation can be guar-
anteed. Therefore, the modal equation of SLF/ELF waves in the Earth–ionosphere
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waveguide or cavity is obtained readily. It is
[(

1 + Rhe2ikH
) − C′Δ22

(

1 − Rhe2ikH
)]

× [

C′(1 − Rge2ikH
) + Δ11

(

1 + Rge2ikH
)]

+ C′Δ12Δ21
(

1 + Rge2ikH
)(

1 − Rhe2ikH
) = 0, (2.183)

where Δij (i, j = 1,2) refer to the elements of the normalized surface impedance
matrix of the ionosphere, which are satisfied to the following equation. We write

[

Eθ

Eφ

]

= η

[

Δ11Δ12

Δ21Δ22

][

Hθ

Hφ

]

. (2.184)

Then, the modal equation (2.183) can be rewritten in the form
(

1 − Rg‖R‖e2ik0H
)(

1 − Rh ⊥R⊥e2ik0H
)

− ‖R⊥ ⊥R‖RhRge4ik0H = 0, (2.185)

where

H =
∫ h

0

(

C2 + 2t

a
S2

)1/2

dt, (2.186)

Rg = C − Δg

C − Δg

, (2.187)

Rh = C − Δ−1
g

C + Δ−1
g

, (2.188)

C′ =
(

C2 + 2h

a
S2

)1/2

. (2.189)

It is noted that the relations between the reflection coefficient matrix and the nor-
malized surface impedance matrix are written as follows:

‖R‖ = (C′ − Δ11)(C
′Δ22 − 1) + C′Δ12Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.190)

‖R⊥ = −2C′Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.191)

⊥R‖ = −2C′Δ12

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.192)

⊥R⊥ = (C′ + Δ11)(1 + C′Δ22) − C′Δ12Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
. (2.193)



2.5 Effect of Attenuation and Phase Velocity by Ionosphere 47

Next, the procedures for solving the modal equation are addressed as follows:

(1) First we assume that the Earth and the ionosphere are simplified as homoge-
neous isotropic media with sharp boundaries. From Eqs. (2.38) and (2.39), the
roots (C0, S0) of the modal equation for TM0 wave can be obtained readily.
Then, we set the roots (C0, S0) as initial approximated values.

(2) With the root C0, the incident angle cosine C′ for the TM0 wave can be obtained
readily by Eq. (2.189).

(3) With the incident angle cosine C′, and the profiles for both ionospheric electron
density and collision frequency varying with the height, the equivalent surface
impedance matrix of the ionosphere can be computed easily.

(4) Substituting the parameters of the ionospheric surface impedance matrix into
the transcendental equation (2.183), the new incident angle cosine Ci = C0 +
�C can be obtained by using Newton’s iteration method with the initial value
C0.

(5) The first-order approximated parameter C′
i for the corresponding ionospheric

incident angle cosine can be solved by using Eq. (2.105) with the parameter Ci .
(6) Generally speaking, the ionospheric surface impedance matrix has little change

to the incident angle in SLF/ELF ranges, so that the iteration computation re-
peating the procedures 3 to 5 for two or three times is enough to guarantee the
accuracy.

With the roots of the modal equation, both the phase velocity and the attenuation
rate of the TM0 wave can be obtained readily:

c

vp

= ReS, (2.194)

α = 8.6858k ImS = 0.02895ω ImS (dB/1000 km). (2.195)

In SLF/ELF ranges, the ground surface impedance is much smaller than the iono-
spheric surface impedance. Evidently, the change of the ground conductivity has lit-
tle effect on the phase velocity and attenuation rate of the TM0 wave. In the practical
computation, the ground is usually idealized to the sea surface.

In order to compare quantitatively the effects of the phase velocity and the attenu-
ation rate by different ionosphere structure in SLF/ELF ranges, we choose the three
ionospheric models to carry out the numerical calculations. The first ionospheric
model is that of the ionosphere idealized as a homogeneous non-ideal plasma, for
which the equivalent conductivity is σ = 10−6 S/m. The second model is the refer-
ence structure of the lower ionosphere by the suggestions in the CCIR-895 report,
which is characterized by

N(z) = 1.43 × 107 · e−0.15H · e(β−0.15)(z−H), (2.196)

ν(z) = 1.816 × 1011 · e−0.15z. (2.197)

In the above formulas, N is the electron density in 1/cm3, ν is the electron col-
lision frequency in s−1, z is the height of the observation point in km, and H is the
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Table 2.1 The recommended values of H and β in mid-latitude regions

Summer Winter

Daytime β = 0.3, H = 70 β = 0.3, H = 72

Nighttime β = 0.0077f + 0.31, H = 87 β = 0.0077f + 0.31, H = 87

Fig. 2.7 For the international
reference ionosphere model,
the ionospheric electron
density varying as the height
in summer daytime and
winter nighttime

ionospheric reference height in km. The recommended values of H in km and β

in 1/km for mid-latitude regions are shown in Table 2.1. Here f is the operating
frequency in kHz.

The third model is the international reference ionosphere model, in which the
electron density profiles vary with the height in summer daytime and winter night-
time as shown in Fig. 2.7 (Rawer et al. 1978). The collision frequency varying with
the height is taken as Eq. (2.197) for the exponential model.

For the above three ionosphere models, following the computational method and
process addressed in this section, the modal equation for the SLF/ELF ranges is
solved readily, and the characteristic parameters of each mode can be calculated
easily. The attenuation rate on the sea surface versus the operating frequency for
the fundamental mode (TM0 mode or quasi-TEM mode) is computed for daytime
and shown in Fig. 2.8. In Fig. 2.9, the corresponding calculated results in nighttime
are given. The attenuation rates in nighttime on the sea surface versus the operating
frequency for TM1 and TE1 modes are computed and shown in Figs. 2.10 and 2.11,
respectively.

From the above computations, it is concluded as follows:

• In SLF/ELF ranges, the attenuation rate of the fundamental mode will increase
as the operating frequency increasing. However, the attenuation rate is very small
overall. Thus SLF/ELF waves can propagate to thousands kilometers or over ten
thousand kilometers away from the transmitter, even for any place in the Earth–
ionosphere waveguide or cavity.
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Fig. 2.8 The attenuation rate
in daytime versus the
operating frequency for the
fundamental mode

Fig. 2.9 The attenuation rate
in nighttime versus the
operating frequency for the
fundamental mode

Fig. 2.10 The attenuation
rate in nighttime versus the
operating frequency for the
TM1 mode
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Fig. 2.11 The attenuation
rate in nighttime versus the
operating frequency for the
TE1 mode

• The attenuation rates for the high-order modes in SLF/ELF ranges are very large,
generally several hundred dB/Mm. Thus, there only exists one propagating mode
in SLF/ELF ranges.

• For the three different ionospheric models, although the parameters for each order
modes are different from each other, the overall trends are consistent. In the case
that the observer is located on or near the Earth’s surface, it is acceptable to use a
relatively simple model in engineering.

• From the computed results, it is seen that the propagation loss of SLF/ELF waves
in daytime is larger than that in nighttime. It is resulted by the equivalent re-
flection height of the ionosphere in nighttime being higher than that in day-
time.

The attenuation rates of the fundamental mode versus the ground conductivity
are computed for the two different modes and shown in Fig. 2.12, respectively. It is
seen that the attenuation rates decrease with the Earth’s conductivity increasing, but
the changing amplitudes are not large. This is resulted by the fact that the higher the
ground conductivity is, the larger the reflections are, and the less the absorption loss
of SLF/ELF waves are.

It is noted that the effect by the geomagnetic field is not considered in the compu-
tations in Figs. 2.8–2.12. Namely, the ionosphere is regarded as a one-dimensionally
planar stratified isotropic plasma in the above computations. In lower frequency
ranges, it is necessary to consider the effects by the geomagnetic field, and the
ionosphere is regarded as an anisotropic plasma, which is characterized by using
a 3 × 3 matrix. Especially in SLF/ELF ranges, the electromagnetic waves in the
ionosphere will show significant anisotropic properties. In order to address the ef-
fects of the SLF/ELF wave propagation by the geomagnetic field, the computations
for the relative phase velocity versus the propagation direction are carried out at
f = 75 Hz and shown in Fig. 2.13. Similarly, with the same operating frequency,
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Fig. 2.12 The attenuation
rate in nighttime versus the
operating frequency for the
TEM mode

Fig. 2.13 The relative phase
velocity versus the propa-
gation direction at
f = 75 Hz

the computations for the attenuation rates versus the propagation direction are also
carried out and shown in Fig. 2.14. Magnitudes of the excitation factor for the funda-
mental mode versus the propagation direction are computed and shown in Fig. 2.15.
In the computations in Figs. 2.13–2.15, the ionosphere model is taken as the second
model as addressed in this section, the ionosphere reference height is H = 70 km,
the ground conductivity is taken as = 3 S/m, and the geomagnetic field is taken as
B0 = 0.5 × 10−4 T.

From the above computations, we conclude as follows:

• For the attenuation rate and phase velocity of the fundamental mode, there ex-
ist directional actions. Obviously, the attenuation rate propagating eastward is
smaller than that propagating westward, while the relative phase velocity propa-
gating eastward is also smaller than that propagating westward.
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Fig. 2.14 The attenuation
rates versus the propagation
direction at f = 75 Hz

Fig. 2.15 The excitation
factor for the fundamental
mode versus the propagation
direction at f = 80 Hz

• The attenuation rate and the phase velocity of the fundamental mode are affected
by the geomagnetic inclination angle Ω . When the angle Ω is larger, the attenu-
ation rate becomes larger, and the relative phase velocity is reduced correspond-
ingly. Meanwhile, the effects of the attenuation rates and the phase velocity by
the propagating direction are weakened.

• The attenuation rate and the phase velocity of the fundamental mode change
slowly with the propagation direction and the geomagnetic inclination angle.
Specifically, the effect of the attenuation rate is in the range of 0.1–0.4 dB/Mm,
while the effect of the relative phase velocity is in the range of 1 %–3 %. Thus,
the effects by the geomagnetic field are generally neglected.

• For the excitation factor of the fundamental mode, the effects by the geomagnetic
field, which are usually neglected, was not significant with respect to that of the
attenuation rate.
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2.6 SLF/ELF Fields of Ground-Based Horizontal Transmitting
Antenna

2.6.1 SLF Field in Far-Field Region

For practical ground-based SLF/ELF transmitting system, the transmitting antenna
is generally an electrode antenna with both grounded ends and low-level frame.
The antenna length is usually dozens of kilometers, even over 100 km. At large dis-
tance between the observation point and the transmitting antenna over 1,000 km, the
transmitting antenna can be taken as an HED. In this case, along the whole of the
propagating paths, both the ground and the ionosphere will be no longer homoge-
neous. Thus, the whole propagating path can be divided into several short uniform
paths, of which each uniform path is a homogeneous waveguide. For each section of
the Earth–ionosphere waveguide, the root S0 can be obtained by solving the modal
equation. The electromagnetic field in the Earth–ionosphere waveguide can be ob-
tained by using the WKB solution. When the higher-order modes are neglected in
the far-field region, the field components can be expressed in the following forms:

Er = iI dlηΔgs
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where S0(T ) and S0(R) represent the values of S0 on the source point and the ob-
servation point, respectively. Λe

0(T ) represents the excitation factor on the source
point, and both Δgr and Δgs represent the normalized surface impedance of the
ground and that of the sea surface, respectively.

We assume that the local time of the transmitting point and that of the receiving
point are in daytime and nighttime, respectively. Then, it is seen that the part of the
ionosphere of the propagating path is in daytime, while the other part is in nighttime.
The corresponding equivalent reflection height of the ionosphere in the circadian
boundaries of the day-and-night transition period, there will be an obvious mutation,
and there exists conversion between different modes. In the circadian boundaries
of the unevenly transition period, the mode conversion coefficient is expressed in
Eq. (2.203):

Snm =
∫ Hmin

0 Fd
n (z)Gn

m(z)dz
√

∫ H1
0 [Fd

n (z)]2 dz · ∫ H2
0 [Gd

n(z)]2 dz

, (2.203)

where Fd
n and Gn

m represent the height-gain function for the nth-order mode of
daytime and the mth-order mode of nighttime, respectively. H is the ionospheric
reference height, Hmin = min(H1,H2).

With the mode conversion, in the circadian transitional period, the analytical for-
mulas for SLF field components are obtained readily. We write
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Fig. 2.16 The radiation pattern of the horizontal magnetic field components Hφ excited by an
HED in East–West direction: I = 350 A, dl = 100 km, f = 80 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3
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where hd and hn represent the ionospheric reference height of the daytime and that
of the nighttime, respectively. Rd and Rn are the propagation distance of the daytime
and that of the nighttime, respectively. N and M represent the order of the wave
modes of the daytime and that of the nighttime, respectively.

Following the above method, when the ground conductivities and all parameters
of the ionosphere in the regions of the whole propagating paths are given, the dis-
tribution of the electromagnetic field on the Earth’s surface can be determined and
computed readily.

The radiation pattern of the horizontal magnetic field components Hφ and Hρ

excited by a horizontal line antenna, which is placed in East–West direction, are
shown in Figs. 2.16 and 2.17, respectively. In these computations, the antenna length
is dl = 100 km, the antenna current is assumed to be I = 350 A, the operating
frequency is f = 80 Hz, and the ground conductivity of the transmitting point and
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Fig. 2.17 The radiation pattern of the horizontal magnetic field components Hρ excited by an
HED in East–West direction: I = 350 A, dl = 100 km, f = 80 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3

that of the observation point are taken as σg(T ) = 0.2 × 10−3 S/m and σg(R) =
10−3 S/m, respectively.

From Figs. 2.16 and 2.17, we conclude as follows:

• There is obviously directionality for the SLF field components excited by a hor-
izontal line antenna. For the horizontal line antenna in the East–West direction,
the main radiation direction of the component Hφ is in the East–West direction,
while that of the component Hρ is in the North–South direction.

• At approximately the same propagating distance, the magnitude of the component
Hφ is much larger than that of the component Hρ .

• The attenuation rate for the wave propagating eastward is smaller than that for the
wave propagating westward, and considering the effects by the uneven ground
conductivities, the field strength of the antenna east is larger than that of the west.
Obviously, the radiation contour diagram is not completely symmetrical.

2.6.2 SLF Field in the Near-Field Region

In practice, the SLF/ELF transmitting antenna is fairly large in size. At small dis-
tances between the observation point and the transmitting antenna, especially the
distance being comparable to the actual antenna length, it is unsuitable that the
antenna is idealized as an HED. In this case, the transmitting antenna is usually
divided into many small segments, of which each segment is regarded as an HED,
and the total field can be understood as the superposition of the fields excited by
all these HEDs. The radiation pattern of the horizontal magnetic field components
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Fig. 2.18 The radiation pattern of the horizontal magnetic field components Hφ excited by an
HED in South–North direction: I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m,
and σg(R) = 10−3 S/m

Fig. 2.19 The radiation pattern of the horizontal magnetic field components Hρ excited by an
HED in South–North direction: I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m,
and σg(R) = 10−3 S/m

Hφ and Hρ excited by a horizontal line antenna with its length 80 km in South–
North direction are shown in Figs. 2.18 and 2.19, respectively. In these computa-
tions, we take I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3 S/m. From Figs. 2.16–2.19, it is seen that the radiation pattern in the
near-field region is significantly different from that in the far-field region.
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2.6.3 The Field in ELF Range and the Lower End of SLF Range

In the whole ELF range as well as the lower end of SLF range, the wavelength can be
compared with, even exceeds, the Earth’s circumference. At this time, for the eigen-
value ν of the zero-order TM wave, the condition of ν � 1 is no longer satisfied.
Thus the Legendre function of the first kind Pν(cos (π − θ)) should not be evaluated
by using the traditional asymptotic formula in Eq. (2.29). In Sect. 2.2.4, the numer-
ical integrated algorithm is proposed for evaluating the function Pν(cos (π − θ)).
Then, the field in ELF range and the lower end of SLF range generated by an HED
in the Earth–ionosphere cavity can be computed by using the new proposed algo-
rithm (Peng et al. 2013).

In the case of an HED, the analytical formulas for the electromagnetic field in
the Earth–ionosphere cavity have been obtained in Sect. 2.4. In these formulas, all

components are expressed in terms of ∂Pν(cos (π−θ))
∂θ

and ∂2Pν(cos (π−θ))

∂θ2 . In order to
evaluate accurately these components, it is necessary to give the new algorithm for

evaluating the functions ∂Pν(cos (π−θ))
∂θ

and ∂2Pν(cos (π−θ))

∂θ2 .
As mentioned in Sect. 2.4, we denote
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From the above equations, we obtain readily:
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With the substitutions of Eqs. (2.209)–(2.211) into Eqs. (2.155)–(2.160), we
readily derive the following. We write
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In these equations, the functions ∂Pμ(cos(π−θ))

∂θ
and ∂2Pμ(cos(π−θ))

∂θ2 can be computed
by using Eqs. (2.77), (2.210), and (2.211).

We assume that the unit HED is placed at θ = 0◦ in the direction of φT = 0◦ and
the operating frequency is taken as f = 10 Hz. As shown in Figs. 2.20 and 2.21,
with the orientation of the observation point φ = 0◦, the magnitudes of the com-
ponents Eθ and Hφ are computed by using the numerical integrated algorithm pro-
posed in this chapter and the traditional method (Bannister 1984), respectively. With
the orientation of the observation point φ = 90◦, similar computations are carried
out for the components Eφ and Hθ and also plotted in Figs. 2.20 and 2.21, respec-
tively.

From Figs. 2.20 and 2.21, it is seen that the computed results by using the two
methods are significantly different from each other in ELF range and the lower
end of SLF range (below 50 Hz). The traditional method by Bannister (1984) is
based on the assumption of ν � 0, so that it is only suitable for the SLF range.
Correspondingly, the results by using the traditional method is uncorrect for the
range below 50 Hz. In ELF range and the lower end of SLF range, the distributions
of the electromagnetic field on the ground can be evaluated accurately by using the
numerical integrated method proposed in this chapter.

We assume that the current moment of the transmitting antenna, which is placed
horizontally in the x̂ direction, is taken as 1 A·m, the ionospheric reference height
is 70 km, and the conductivities of the ground and the ionosphere are assumed as
σg = 10−3 S/m and σi = 10−5 S/m, respectively. The contour diagram of the tan-
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Fig. 2.20 The magnitudes of
the components Eθ in
dB·V/m at φ = 90◦ and Eφ in
dB·V/m at φ = 0◦ versus the
propagation distance:
f = 10 Hz, φT = 0◦

Fig. 2.21 The magnitudes of
the components Hφ in
dB·A/m at φ = 0◦ and Hφ in
dB·A/m at φ = 90◦ versus the
propagation distance:
f = 10 Hz, φT = 0◦

gential electric field and that of the tangential magnetic field at f = 1 Hz are shown
in Figs. 2.22 and 2.23, respectively. It is noted that all numbers in the above contour
diagrams indicate the field strength in dB. For the electric field, 1 V/m is corre-
sponded to 0 dB. For the magnetic field, 1 A/m is corresponded to 0 dB.

At the operating frequency below 2 Hz, the wavelength is much larger than the
Earth’s circumference, and the space between the Earth’s surface and the lower
boundary of the ionosphere is actually a concentric spherical shell. Obviously, the
eigenvalue ν is smaller than 1. With Eq. (836.7) in the mathematics handbook by
Gradshteyn and Ryzhik (1980), we write
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θ

2

)

. (2.218)
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Fig. 2.22 The contour
diagram of the tangential
electric field at f = 1 Hz

Fig. 2.23 The contour
diagram of the tangential
magnetic field at f = 1 Hz

When ν � 1, we have
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(
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If a first-order approximation is taken, we obtain readily:

1
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. (2.220)

Thus, at the operating frequency below 2 Hz, in the far-field region, the higher
modes attenuate rapidly, and the electromagnetic field excited by an HED essentially
satisfies the following conditions:

Eθ

cosφ
= − Eφ

sinφ
; Hθ

sinφ
= Hφ

cosφ
. (2.221)
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Then, the horizontal field components are expressed in the following forms:

Et = Eθ(θ̂ cosφ − φ̂ sinφ) = Eθ x̂, (2.222)

Ht = Hθ(θ̂ sinφ + φ̂ cosφ) = Hθ ŷ. (2.223)

Evidently, the horizontal electric field is essentially in the x̂ direction, while the
horizontal magnetic field is essentially in the ŷ direction. Furthermore, it is seen that
both the horizontal electric field and the horizontal magnetic field will not change
with the azimuth angle φ.

From Figs. 2.22 and 2.23, we conclude as follows:

• At the operating frequency below 2 Hz, except for the multimode region, which
the transmitting antenna is surrounded nearby, all curves in the contour diagrams
are approximately concentric circles. Namely, at the same distance away from the
transmitting antenna, the tangential components of the electromagnetic field are
essentially equal.

• At the operating frequency below 2 Hz, the direction of the tangential electric
field component is essentially the same as that of the current moment, while the
direction of the tangential magnetic field component is essentially perpendicular
to that of the current moment.

When the operating frequency increases, the condition of ν � 1 is no longer
satisfied. For example, at f = 10 Hz, the parameter ν is comparable to 1, ν ∼ 1.
The direction of the tangential electric field component is not completely the same
as that of the current moment, while the direction of the tangential magnetic field
component is not completely perpendicular to that of the current moment.
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