Linear Spaces and Transformations

2.1 Vector Spaces

We showed in Sect. 1.3 that when F was a field, the n-fold product set /" had an
additional operation defined on it, which was induced from addition in F, so that
(F", +) became an abelian group with zero 0. Moreover we were able to define a
product - : F x F* — F" which takes («, x) to a new element of F”" called (ax).
Elements of F" are known as vectors, and elements of F as scalars. The properties
that we discovered in F" characterise a vector space. A vector space is also known
as a linear space.

Definition 2.1 A vector space (V,+) is an abelian additive group with zero 0,
together with a field (F, +, -) with zero 0 and identity 1. An element of V is called
a vector and an element of F a scalar. Moreover for any o € F,v € V there is a
scalar multiplication («, v) — av € V which satisfies the following properties:

V1. «a(v; +v) =av) +avy, forany o € F, v, 1 € V.

V2. (¢+pBv=av+ By, foranye, e F,veV.

V3. (aeB)v=«a(Bv),foranya, e F,veV.

V4. 1.-v=v,forl e F,andforanyv e V.

Call V a vector space over the field F. From the previous discussion the set 3"
becomes an abelian group (", +) under addition. We shall frequently

write
X1
X =
Xn
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Fig. 2.1 Vector addition

for a vector in ", where x1, ..., x, are called the coordinates of x. Vector addition
as in Fig. 2.1 is then defined by

X Y1 X1+ ¥
Xn Yn Xn + Yn

A vector space over ) is called a real vector space.

For example (23, +, -) is a field and so (2,)" is a vector space over the field Z,.
It may not be possible to represent each vector in a vector space by a list of coordi-
nates. For example, consider the set of all functions with domain X and image in .
Call this set R¥. If f, g € R¥, define f + g to be that function which maps x € X
to f(x) + g(x). Clearly there is a zero function 0 defined by 0(x) =0, and each f
has an inverse (— f) defined by (—f)(x) = —(f(x)). Finally for « € R, f € RX,
define af : X — R by («f)(x) =a(f(x)). Thus RX is a vector space over .

Definition 2.2 Let (V, +) be a vector space over a field, F. A subset V' of V is
called a vector subspace of V if and only if

1. vi,1ueV =v+veV/, and

2. faeFandveV thenav' eV’

Lemma 2.1 If (V,+) is a vector space with zero O and V' is a vector subspace,
then, for each v € V', the inverse (—v) € V', and 0 € V', so (V', +) is a subgroup
of (V,+).

Proof Suppose v € V'. Since F is a field, there is an identity 1, with additive inverse
—1.Butby V2,1 —DHv=1-v+(—1)v=0-v,since ] — 1 =0. Now (1 +0)v =
1-v+0-v,and s0 0-v =0. Thus (—1)v = (—v). Since V' is a vector subspace,
(—=Dv eV, and so (—v) € V'. But then v + (—v) =0,and so 0 € V'. O

From now on we shall simply write V for a vector space, and refer to the field
only on occasion.
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Definition 2.3 Let V' = {vy,...,v,} be a set of vectors in the vector space V.
A vector v is called a linear combination of the set V' iff v can be written in the
form

r
V= Z)\.ivi
i=1

where each A;,i =1,..., r belongs to the field F. The span of V', written Span(V")
is the set of vectors which are linear combinations of the set V'. If V” = Span(V"),
then V' is said to span V".

For example, suppose

(001

Since we can solve the equation

(5)=<(2)+#(})

for any (x, y) € %?, by setting o = %(2y —x)and 8 = %(Zx —y), itis clear that V'
is a span for R

Lemma 2.2 If V' is a finite set of vectors in the vector space, V, then Span(V') is
a vector subspace of V.

Proof We seek to show that for any «, 8 € F and any u, w € Span(V’), then au +
Bw € Span(V'). By definition, if V' = {vy,..., v}, then u = > ;_; n;v; and w =
> iy mivi, where n;, u; € Ffori=1,...,r.Butthenou+Bw=a) ._ niv +
B iy mivi =Y i_; Aivi, where A; = an; + Bu; € F, fori =1,...,r. Thus
au + Bw € Span(V’).

Note that, by this lemma, the zero vector 0 belongs to Span(V’). O

Definition 2.4 Let V' = {vy,..., v,} be a set of vectors in V. V' is called a frame
iff Z;zl a;jv; =0 implies that ¢; =0 fori =1, ..., r. (Here each «; belongs to the
field F.) In this case the set V' is called a linearly independent set. If V' is not a
frame, the vectors in V' are said to be linearly dependent. Say a vector is linearly
dependent on V' ={vy, ..., v} iff v € Span(V’).
Note that if V'’ is a frame, then
1. 0 ¢ V’since a0 =0 for every non-zero o € F.
2. IfveV’ then (—v) ¢ V’, otherwise 1-v + 1(—v) = 0 would belong to V',
contradicting (1).
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Lemma 2.3
1. V'isnot aframe iff there is some vector v € V' which is linearly dependent on
VA\{v}.

2. If V' is aframe, then any subset of V' is a frame.
3. IfV'spans V", but V' is not a frame, then there exists some vector v € V' such
that V""" = V'\{v} spans V" .

Proof Let V' ={vy, ..., v,} be the set of vectors in the vector space V.

1. Suppose V'’ is not a frame. Then there exists an equation Z;zl ajv; =
0, where, for at least one k, it is the case that ay # 0. But then v, =
—a—lk(Zj# «jv;). Let vp = v. Then v is linearly dependent on V'\{v}. On
the other hand suppose that vy, say, is linearly dependent on {vy, ..., v.}. Then

r r r
v = Yimpajvjandso 0= —vi+3 " sajv; =3 e;jv; whereo; = —1.
Since a1 # 0, V’ cannot be a frame.

2. Suppose V" is a subset of V’, but that V" is not a frame. For convenience let

V” ={vy, ..., vx} where k <r. Then there is a non-zero solution

k
Q#Zajvj.
j=1

Since V" is a subset of V', this implies that V’ cannot be a frame. Thus if V’
is a frame, so is any subset V"

3. Suppose that V' is not a frame, but that it spans V”. By part (1), there ex-
ists a vector vy, say, in V' such that v; belongs to Span(V'\{v{}). Thus

v = Z;'=2 ajv;. Since V' is a span for V", any vector v in V" can be written

)
v=>) Bjv;
j=1

=B <Z Oljl)j) +Z Bjv;.
j=2 j=2

Thus v is a linear combination of V’\{v;} and so V" = Span(V’\{v1}).
Let V" = V/\{v1} to complete the proof. O

Definition 2.5 A basis for a vector space V is a frame V' which spans V.
For example, we previously considered

v={G)-O))
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and showed that any vector in %> could be written as

x\ _[(2y—x 1 2x=y\ (2\ _ 1 2
(=) G)+ ) 0)=n () += ()
Thus V' is a span for %2. Moreover if (x, y) = (0,0) then A; =, =0 and so V'

is a frame. Hence V' is a basis for %2, If V/ = {vy, ..., v,} is a basis for a vector
space V then any vector v € V can be written

n
V= E ajvj
j=1

and the elements (a1, ..., a,) are known as the coordinates of the vector v, with
respect to the basis V'.
For example the natural basis for R" is the set V' = {ey, ..., e,} where ¢; =

©,...,1,...,0} with a 1 in the ith position.

Lemma 2.4 {ey,...,e,} is a basis for R".
Proof We can write any vector x in i" as {xq, ..., x,}. Clearly
X1 1 0
x=|: |=x1{0+-x
Xn ’ 1
Ifx=0thenx;=---=x,=0andso {ey, ..., e,} is a frame, as well as a span, and
thus a basis for Rh"”. O

However a single vector x will have different coordinates depending on the basis
chosen. For example the vector (x, y) has coordinates (x, y) in the basis {e1, e2} but

coordinates (h%, 2"%) with respect to the basis {(;), (?)}

Once the basis is chosen, the coordinates of any vector with respect to that basis
are unique. (]

Lemma 2.5 Suppose V' ={vy,...,v,} is a basis for V. Let v = Z?:l o;v;. Then
the coordinates (a1, ..., oy), with respect to the basis, are unique.

Proof If the coordinates were not unique then it would be possible to write v =
Yo Bivi =Y i ajv; with B; # o; for some i.
ButO=v—v=>37_ v — )/ Bivi=) i (i — Bi)vi.

Since V' is a frame, a; — B; =0 fori =1, ...,n. Thus o; = B; for all i, and so
the coordinates are unique. O
Note in particular that with respect to any basis {vy, ..., v,} for V, the unique

zero vector 0 always has coordinates (0, ..., 0).
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Definition 2.6 A space V is finitely generated iff there exists a span V’, for V,
which has a finite number of elements.

Lemma 2.6 If V is a finitely generated vector space, then it has a basis with a
finite number of elements.

Proof Since V is finitely generated, there is a finite set V| = {vy, ..., v,} which
spans V. If V; is a frame, then it is a basis. If V; is linearly dependent, then
by Lemma 2.3(3) there is a vector v € Vj, such that Span(V>) = V, where
Vo = Vi\{v}. Again if V; is a frame, then it is a basis. If there were no subset
V. ={v1, ..., vy—ry1} of V| which was a frame, then V| would have to be the empty
set, implying that V was an empty set. But this contradicts 0 € V. O

Lemma 2.7 IfV is a finitely generated vector space, and V1 is a frame, then there
is a basis V; for V which includes V.

Proof Let Vi = {vy,...,v}. If Span(V7) = V then Vj is a basis. So suppose
that Span(V7) # V. Then there exists an element v,4; € V which does not be-
long to Span(V7). We seek to show that V, = V] U {v,41} is a frame. Consider
0=ctr1Vr+1+ D g QiVj.

If 41 = 0, then the linear independence of V| implies that «; = 0, for i =
1,...,r. Thus V, is a frame. If o, 41 # 0, then

1 r
Ur+1 = — oiv; |.
Or+1 izl

But this implies that v,41 belongs to Span(V;) and therefore that V = Span(V7).
Thus V> is a frame. If V5 is a span for V, then it is a basis. If V5 is not a span, reiterate
this process. Since V is finitely generated, there must be some frame V,_,;1 =
{vi,..., vr, Vry1, ..., vy} which is a span, and thus a basis for V. [l

These two lemmas show that if V is a finitely generated vector space, and

{vi,..., vy} is a span then some subset {vy, ..., v,}, with n <m, is a basis. A basis
is a minimal span.
On the other hand if X = {vy,..., v} is a frame, but not a span, then elements

may be added to X in such a way as to preserve linear independence, until this
“superset” of X becomes a basis. Consequently a basis is a maximal frame. These
two results can be combined into one theorem.

Exchange Theorem Suppose that V is a finitely generated vector space. Let X =
{x1,...,x,} be aframe and Y = {y1, ..., y,} a span. Then there is some subset Y’

of Y such that X UY’ is a basis for V.

Proof By induction, let Xg = {x1,...,x5},foreachs =1,...,n,andlet Xo = ¢.
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We know already from Lemma 2.6 that there is some subset Y of Y such that
Xo U Yy is a basis for V. Suppose for some s < m, there is a subset ¥ of Y such
that X U Y, is a basis.

Let Yy = {y1,..., y:}. Now x541 ¢ Span(X; U Y;) since X U Y; is a basis. Thus

Xs4+1 = Zi arx; + Ztl Bivi. But X541 = {x1,...,x541} is a frame, since it is a
subset of X.

Thus at least one B8; # 0. Let Y1 = Y\{y;}, so ¥; ¢ Span(Xs41 U Ys41) and
$0 Xyr1 UYsp1={x1,...,x41}U{y1,...,¥j—1, Yj+1, ..., ¥} is a basis for V.

Thus if there is some subset Y of Y such that X; U Y is a basis, there is a subset
Y541 of Y such that X1 U Y is a basis.
By induction, there is a subset Y,, = Y’ of Y such that X, UY,,, =X UY  isa

basis. O
Corollary 2.8 If X = {x1,...,xu} is a frame in a vector space V, and Y =
{y1,..., Yn} is a span for V, then m <n.

Lemma 2.9 If'V is a finitely generated vector space, then any two bases have the
same number of vectors, where this number is called the dimension of V , and written

dim(V).

Proof Let X, Y be two bases with m, n number of elements. Consider X as a frame
and Y as a span. Thus m < n. However Y is also a frame and X a span. Thus n < m.
Hence m =n. O

If V' is a vector subspace of a finitely generated vector space V, then any basis
for V/ can be extended to give a basis for V. To see this, there must exist some finite
set V" ={vy, ..., v} of vectors all belonging to V' such that Span(V") = V'. Oth-
erwise V could not be finitely generated. As before eliminate members of V" until a
frame is obtained. This gives a basis for V’. Clearly dim(V”’) < dim(V'). Moreover if

V' has a basis V" = {vy, ..., v,} then further linear independent vectors belonging
to V\V’ can be added to V" to give a basis for V.
As we showed in Lemma 2.3, the vector space " has a basis {eq, ..., e,} con-

sisting of n elements. Thus dim (N") =n.

If V™ is a vector subspace of 1" of dimension m, where of course m < n, then
in a certain sense V" is identical to a copy of i through the origin 0. We make
this more explicit below.

2.2 Linear Transformations

In Chap. 1 we considered a morphism from the abelian group ()2, +) to itself.
A morphism between vector spaces is called a linear transformation.

Definition 2.7 Let V, U be two vector spaces of dimension n, m respectively, over
the same field F. Then a linear transformation T : V — U is a function from V to
U with domain V, such that
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1. foranyae F,anyveV,T(av)=a(T(v))
2. foranyvi,vp eV, T(vi+v) =T (1) + T (v2).

Note that a linear transformation is simply a morphism between (V,+) and
(U, +) which respects the operation of the field /. We shall show that any linear
transformation 7 can be represented by an array of the form

arl aln
M(T)=
am1 Amn

consisting of n x m elements in F. An array such as this is called an n by m (or
n x m) matrix. The set of n x m matrices we shall write as M (n, m).

2.2.1 Matrices

For convenience we shall consider finitely generated vector spaces over 0, so that
we restrict attention to linear transformations between 9" and 0™, for any integers
n and m. Now let V = {vy, ..., v,} be a basis for 8" and U = {uy, ..., u,,} a basis
for R,

Since V is a basis for 0", any vector x € i" can be written as x =3 }_, x;v;,
with coordinates (xq, ..., x,).

If T is a linear transformation, then T (xv; 4+ Bv2) = T(avy) + T(Bvy) =
oT (v1) + BT (vy). Therefore

T(x)= T(ijv]) = ijT(Uj)-
j=1 j=1

Since each T (v;) lies in %" we can write T (v;) = Yo a;jju;, where (a1, azj,
..., ayj) are the coordinates of T (v;) with respect to the basis U for )i".
Thus

n m m
T(x)= ij Zaijui = ZYi“i

j=1 =l i=1

where the ith coordinate, y;, of 7'(x) is equal to } ;_; a;;x;.
We obtain a set of linear equations:
Y1 =anxy +apxy +---apjxj +---apxy

Yi =ai1xy +apxy +---aijxXj +--QinXn

Ym = am1X1 +amaX2 + - amjxX; + - AmpXn-
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This set of equations is more conveniently written

all a,'j ... Adlp X1 Vi
a a a; by
row i il ij in J _ Yi
am1 amj e Amn Xn Ym
Jjth column

oras M(T)x =y, where M(T) is the n x m array whose ith row is (a;1, ..., ain)
and whose jth column is (ajj, ..., a;;). This matrix is commonly written as (a;;)
where it is understood thati = 1,...,mand j =1,...,n.

Note that the operation of M(T) on x is as follows: to obtain the ith coor-
dinate, y;, take the ith row vector (aii,...,a1,) and form the scalar product of
this with the column vector (x1, ..., x;), where this scalar product is defined to be

n
2 j=1GijXj. _ _

The coefficients of T (v;) with respect to the basis (41, ..., u,) are (aij, ..., am;)

and these turn up as the jth column of the matrix. Thus we could write the matrix
as

M(T) = (T(vl)...T(vj) ...T(v,,))
where T(v;) is the column of coordinates in 9%". Suppose now that W =
{wy, ..., wp} is a basis for ®? and S : R — NP is a linear transformation. Then

to represent S as a matrix with respect to the two sets of bases, U and W, for each
i=1,...,m, we need to know

p
S(i) ="y briw.

k=1

Then as before S is represented by the matrix

byt ... bii ... bim
M(S)= bki .
bpi o bpi ... bpm

where the ith column is the column of coordinates of S(u;) in RP.
We can compute the composition

(SoT): " 5 om S gir

The question is how should we compose the two matrices M (S) and M (T) so
that the result “corresponds” to the matrix M (S o T') which represents So T'.

First of all we show that S o T : R" — NP is a linear transformation, so that we
know that it can be represented by an (n x p) matrix.
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Lemma 2.10 If T : X" — X" and S : W™ — NP are linear transformations, then
SoT :N" — NP is a linear transformation.

Proof Consider «, 8 € N, vy, vy € R". Then

(S o T)(avi + fv2) = S[T (v + Bv2)]
= S(aT (v1) + BT (v2)) since T is linear
=aS(T(v1)) + BS(T(v2)) since S is linear
=a(SoT)(1)+ B(SoT)(v2).

Thus S o T is linear.
By the previous analysis, (S o T') can be represented by an (n x p) matrix whose
Jjth columnis (S o T)(v;). Thus

(SoTXW)zS(z:aUm>
i=1

a;ijS(u;i)

I
i

I
M§

p
aijj Z ki Wk

1

|
M~

m
<Z aijbk,-)wk.
i=l1

k=1

Thus the kth entry in the jth column of M(So T) is Z;"zl briaij.
Thus (S o T') can be represented by the matrix

“«~— n —
m . ..
M(SoT)=kthrow| """ doicy buaij ... »
Jjth column
The jth column in this matrix can be obtained more simply by operating the

matrix M (S) on the jth column vector T (v;) in the matrix M (T).
Thus M(SoT)= M (S)(T (v1))... M(S)(T (vy))) = M(S) o M(T).
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«~—n—
aijj
kth row of (bk1 e bii ... bim ) aij M TOWS
P rOws <— mcolumns —>
Qmj
Jjth column
— M(S) o M(T). -

Thus the “natural” method of matrix composition corresponds to the composition
of linear transformations.

Now let L(9", W) stand for the set of linear transformations from R” to N”. As
we have shown, if S, T belong to this set then S o T is also a linear transformation
from N" to R". Thus composition of functions (o) is a binary operation L(NR", R") x
L(R", R") — L(R", R").

Let M : L(N", R") — M(n, n) be the mapping which assigns to any linear trans-
formation 7 : " — NR”" the matrix M(T) as above. Note that M is dependent on
the choice of bases {v1, ..., v,} and {uy, ..., u,} for the domain and codomain, :".
There is in general no reason why these two bases should be the same.

Now let o be the method of matrix composition which we have just defined. Thus
the mapping M satisfies

M(SoT)=M(S)oM(T)

for any two linear transformations, S and 7. Suppose now that we are given a linear
transformation, T € L(N", N"). Clearly the matrix M(T) which represents 7 with
respect to the two bases is unique, and so M is a function.

On the other hand suppose that T, S are both represented by the same matrix
A = (ajj).

By definition 7'(vj) = S(vj) =Y ;- ajju; foreach j=1,...,n.

But then 7' (x) = S(x) for any x € ", and so T = S. Thus M is injective.

Moreover if A is any matrix, then it represents a linear transformation, and so M
is surjective. Thus we have a bijective morphism

M: (L(f}i", ?ﬁ"), o) — (M(n,n), o).

As we saw in the case of 2 x 2 matrices, the subset of non-singular matrices in
M (n, n) forms a group. We repeat the procedure for the more general case.

2.2.2 The Dimension Theorem
Let T : V — U be a linear transformation between the vector spaces V, U of di-

mension n, m respectively over a field . The transformation is characterised by
two subspaces, of V and U.
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Definition 2.8

1. the kernel of a transformation 7 : V — U isthe set Ker(T) ={x e V: T (x) =
0}in V.

2. The image of the transformation is the set Im(7) ={ye U :3 x € V s.t.
T(x)=y}.

Both these sets are vector subspaces of U, V respectively. To see this suppose
vy, v € Ker(T), and o, B € F. Then T (axvy 4 Bv2) =T (v1) + BT (v2) =0+
0=0. Hence xvy + Bvy € Ker(T).

If uq, up € Im(T) then there exists vy, vy € V such that T (v) = uy, T (v2) = ua.
But then

apr + Bur=aT (v) + BT (v2)
=T (avy + Bv2).
Since V is a vector space, «v] + Bvz € V and so au| + Buy € Im(T).
By the exchange theorem there exists a basis ki, ..., k,, for Ker(T), where p =

dimKer(T) and a basis uy,...,us for Im(T) where s = dim(Im(7)). Here p is
called the kernel rank of T, often written kr(T), and s is the rank of T, or rk(T).

The Dimension Theorem [If T : V — U is a linear transformation between vector
spaces over a field F, where dimension (V) # n, then the dimension of the kernel
and image of T satisfy the relation

dim(Im(T)) + dim(Ker(T)) =n.

Proof Let {uy,...,us} be abasis for Im(7T) and for eachi =1, ..., s, let v; be the
vector in V" such that T (v;) = u;.
Let v be any vector in V. Then

T (v) =Z aiu;, for T(v) € Im(T).

i=1

So

T =) T )

i=1

)
= T(Z ocivi), and
i=1
)
T(U — Z Ol,'U,') =0,
i=1

the zero vector in U, i.e., v — Zle a;v; € kernel T. Let {kq, ..., k,} be the basis
for Ker(T).
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Then v — Y }_ ajv; = Zj’zlﬂjkj, or v=>7i_,av + Zleﬂjkj. Thus
(v1,...,0s5,k1,...,kp) is a span for V.
Suppose we consider

s p
> wvi+ Y Bikj=0. (*)
i=1 j=1

Then, since T'(k;) =0for j=1,..., p,
K] )4 N P
T(Zaivi +Z,3jkj> = Z o; T (v;) +Z B;T(kj)
i=1 j=1 i=1 j=1
N N
= Z a;T(v;) = Zai”i =0.
i=1 i=1

Now {u;, ..., us} is a basis for Im(T"), and hence these vectors are linearly inde-
pendent. So o; =0,i =1, ..., s. Therefore (*) gives 25:1 Bjk; =0.

However {k1, ..., kp} is a basis for Ker(7') and therefore a frame, so 8; = 0 for
Jj=1,..., p.Hence {vy,...,v5,k1,...,kp} is a frame, and therefore a basis for V.
By the exchange theorem the dimension of V is the unique number of vectors in a
basis. Therefore s + p =n. U

Note that this theorem is true for general vector spaces. We specialise now to
vector spaces " and R,

Suppose {v1, ..., v,} is a basis for %". The coordinates of v; with respect to this
basis are (0, ..., 1,...,0) with 1 in the jth place. As we have noted the image of v,
under the transformation T can be represented by the jth column (a;j, ..., an;) in
the matrix M (T), with respect to the original basis (eq, ..., e;), say, for . Call
the n different column vectors of this matrix ay, ..., aj, ..., ay.

Then the equation M(T)(x) = y is identical to the equation Z’}zlx jaj =y
where x = (x1, ..., Xx,).

Clearly any vector y in the image of M(T) can be written as a linear com-
bination of the columns A = {ay, ..., a,}. Thus Span(A) = Im(M(T)). Suppose
now that A is not a frame. In this case a,, say, can be written as a linear com-
bination of {ai,...,a,-1}, iLe., Z;f:] kijaj =0 and ki, # 0. Then the vector
k1 = (k11, ..., k1,) satisfies M(T) (k1) = 0. Thus k; belongs to Ker(M(T)).

Eliminate a,, say, and proceed in this way. After p iterations we will have ob-
tained p kernel vectors {ki,...,k,} and the remaining column vectors {ay, ..
ay—p} will form a frame, and thus a basis for the image of M (T').

Consequently dim(Im(M(T))) =n — p =n — dim(Ker(M(T))). The number
of linearly independent columns in the matrix M (T) is called the rank of M(T),
and is clearly the dimension of the image of M(T). In particular if M{(T) and
M, (T) are two matrix representations with respect to different bases, of the linear
transformation 7', then rank M (T) = rank M»(T) = rank(T).

L)
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Thus rank(7') is an invariant, in the sense of being independent of the particular
bases chosen for " and R"™.

In the same way the kernel rank of 7' is an invariant; that is, for any matrix
representation M (T') of T we have kerrank(M (7)) = kerrank(T).

In general if y € Im(T"), xq satisfies T (xo) = y, and k belongs to the kernel, then

T(xo+k)=Tkx)+Tk)=y+0=y.

Thus if xo is a solution to the equation T (xg) = y, the point xo + k is also a
solution. More generally xo + Ker(T') = {xo + k : k € Ker(T)} will also be the set of
solutions. Thus for a particular y € Im(T'), T~ !(y) = {x : T (x) = y} = xo+ Ker(T).

By the dimension theorem dim Ker(7') = n — rank(7T'). Thus T_l(y) is a geo-
metric object of “dimension” dim Ker(7) = n — rank(7T').

We defined T to be injective iff T (xg) = T (x) implies xo = x. Thus T is injective
iff Ker(7') = {0}. In this case, if there is a solution to the equation 7 (xp) = y, then
this solution is unique.

Suppose that n < m, and that the n different column vectors of the matrix are
linearly independent. In this case rank(7') = n and so dim Ker(7') = 0. Thus T must
be injective. In particular if n < m then not every y € " belongs to the image of
T, and so not every equation 7 (x) = y has a solution. Suppose on the other hand
that n > m. In this case the maximum possible rank is m (since n vectors cannot be
linearly independent in R when n > m). If rank(7") = m, then there must exist a
kernel of dimension (n — m).

Moreover Im(7") = 9™, and so for every y € i" there exists a solution to this
equation 7' (x) = y. Thus T is surjective. However the solution is not unique, since
T~ !(y) = x + Ker(T) is of dimension (n — m) as before.

Suppose now that n = m, and that 7' : " — R" has maximal rank n. Then T is
both injective and surjective and thus an isomorphism. Indeed T will have an inverse
function T~!: " — R". Moreover T~ ! is linear. To see this note that if x| =
T=!(y1) and x, = T~!(y2) then T (x1) = y; and T (x2) = y2 so T (x1 + x2) = y1 +
ya. Thus 7= (y1 + y2) = x1 +x2 =T~ (y1) + T~ (y2). Moreover if x = T~ (ay)
then T (x) = ay. If a # 0, then éT(x) = T(éx) =yor éx = T_l(y). Hence x =
aT ! (y). Thus 7! (xy) = aT ! (»). Since T-! is linear it can be represented by
a matrix M(T’l). As we know M : (L(M*,N"),0) = (M(n,n), o) is a bijective
morphism, so M maps the identity linear transformation, Id, to the identity matrix

1 ... 0
Mad)=1=|: :
0 ... 1

When T is an isomorphism with inverse 7!, then the representation M (T ')
of T~1is [M(T)]~'. We now show how to compute the inverse matrix [M(T)]™"
of an isomorphism.
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2.2.3 The General Linear Group

To compute the inverse of an n x n matrix A, we define, by induction, the determi-
nant of A. For a 1 x 1 matrix (aj;) define det (A1) = a1, and for a 2 x 2 matrix

_ (an an _ _
A= (1121 azz) define det A = ajiax — aziai.

For an n x n matrix A define the (i, j)th cofactor to be the determinant of the
(n — 1) x (n — 1) matrix A(Z, j) obtained from A by removing the ith row and jth
column, then multiplying by (—1)!*/. Write this cofactor as A; . For example in
the 3 x 3 matrix, the cofactor in the (1, 1) position is

azy azj
A1 =det = a2a33 — A3a23.
asy asjz

The n x n matrix (A;;) is called the cofactor matrix.

The determinant of the n x n matrix A is then Z?:l ayjAj ;. The determinant is
also often written as |A|.

This procedure allows us to define the determinant of an n x n matrix. For ex-
ample if A = (a;;) is a 3 x 3 matrix, then

azx a3
asy  dasj

= a1 (axpazz — azazs) — az(aziazz — az1az3) + az(aziaz — azja).

azy a4z
asy  ass

azy  az

|Al =an
az; as

+ais

An alternative way of defining the determinant is as follows. A permutation of n
is abijection s : {1,...,n} — {1,..., n}, with degree d(s) the number of exchanges
needed to give the permutation.

Then |A| = ZS(—l)d(s)Hleais(i) =ajjaxasjz - - -+ - - - where the summation is
over all permutations. The two definitions are equivalent, and it can be shown that

n
|A| = Zaiinj (foranyi=1,...,n)
j=1

n
:Zaiinj (foranyj:l,...,n)
i=1

while
n
O:Zaiink if j £k
i=1

n
= Za,'jAkj if i ;ﬁ k.

j=1
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Thus

n
(aij) (Aj)' = <ZaijAkj>
=1
Al ... 0
= : | =1arn
0 ... |A]

Here (A jx)" is the n x n matrix obtained by transposing the rows and columns
of (Ajx). Now the matrix A1 satisfies A o A~! =1, and if A~! exists then it is
unique. Thus A~ = ﬁ(A,-j)f.

Suppose that the matrix A is non-singular, so |A| # 0. Then we can construct an
inverse matrix A~

Moreover if A(x) =y then y = A~ (x) which implies that A is both injective
and surjective. Thus rank(A) = n and the column vectors of A must be linearly
independent.

As we have noted, however, if A is not injective, with Ker(A) # {0}, then
rank(A) < n, and the column vectors of A must be linearly dependent. In this case
the inverse A~! is not a function and cannot therefore be represented by a matrix
and so we would expect |A| to be zero.

Lemma 2.11 [f A is an n X n matrix with rank(A) < n then |A| = 0.

Proof Let A’ be the matrix obtained from A by adding a multiple («) of the kth
column of A to the jth column of A. The jth column of A’ is therefore a; + aax.
This operation leaves the jth column of the cofactor matrix unchanged. Thus

A’ —zn:af.A--
- ijii
i=1

n
= Z(aij +aaik) Aij

i=1
n n
= Zaiinj +0lzaikAij
i=1 i=1
=|Al+0=]A|
Suppose now that the columns of A are linearly dependent, and that a; =
Zk?g ;jakay for example. Let A’ be the matrix obtained from A by substituting

d;=0=aj — ) . ;okay for the jth column.
By the above |A/|:Zl’<’:1alfjA,~j:O:|A|. O
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Suppose now that A, B are two non-singular matrices (a;;), (by;). The composi-
tion is then B o A = (}_/ | biiaij) with determinant

n m
BoAl=Y (-D'OT] O<Z bkia,-s(k))
s k=1 i=1

This expression can be shown to be equal to

n n
> 0O Taisw Y (DO T [ brsw = |BIIA] #0.
s i=1 s i=1

Hence the composition (B o A) has an inverse (B o A)~! givenby A~! o B~ L.

Now let (GL(N", :"), o) be the set of invertible linear transformations, with o
composition of functions, and let M*(n, n) be the set of non-singular n x n matrices.
Choice of bases {vi,...,v,}, {uy,...,u,} for the domain and codomain defines a
morphism

M : (GL(W", R"), o) — (M*(n,n), o).

Suppose now that T belongs to GL(R", R"*). As we have seen this is equivalent
to |M(T)| # 0, so the image of M is precisely M*(n, n). Moreover if |M(T)| #0
then |M(T~1)| = W and M(T~") belongs to M*(n,n). On the other hand if
S, T € GL(RW",M™) then S o T also has rankn, and has inverse T 1o 85! with
rankn.

The matrix M (S o T) representing T o S has inverse

M(T 'os™ )y =M(T ") oM(s)
-1 -1
=[M@D)] o [M©)] .
Thus M is an isomorphism between the two groups (GL(R",N",0)) and
(M*(n,n), o).

The group of invertible linear transformations is also called the general linear
group.

2.2.4 Change of Basis
Let L(N"™, N'™) stand for the set of linear transformations from R to NR™, and let
M (n, m) stand for the set of n x m matrices. We have seen that the choice of bases

for R", R™ defines a function.

M : L(R", R™) - M(n,m)
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which take a linear transformation 7 to its representation M (7). We now exam-
ine the relationship between two representations M1(T), M>(T) of a single linear
transformation.

Basis Change Theorem Let {vy,...,v,} and {uy,...,uy,} be bases for RN, R
respectively.

Let T be a linear transformation which is represented by a matrix A = (a;;)
with respect to these bases. If V' = {v|,...,v,},U" ={u), ..., u,,} are new bases

for W', R™ then T is represented by the matrix B= Q™' o Ao P, where P, Q are
respectively (n x n) and (m x m) invertible matrices.

Proof Foreach v, € V' ={v],..., v} letv, =Y i bixv; and by = (b, ..., bup).

Let P = (by,...,b,) where the kth column of P is the column of coordinates
of by. With respect to the new basis V', v; has coordinates ¢ = (0,...,1,...,0)
with a 1 in the kth place.

But then P (ex) = by the coordinates of v; with respect to V.

Thus P is the matrix that transforms coordinates with respect to V” into coordi-
nates with respect to V. Since V is a basis, the columns of P are linearly indepen-
dent, and so rank P = n, and P is invertible.

In the same way let u) = Y /- cixti, ck = (Clk, -, cmr) and Q = (c1, ..., Cm)
the matrix with columns of these coordinates.

Hence Q represents change of basis from U’ to U. Since Q is an invertible m x m
matrix it has inverse Q! which represents change of basis from U to U’.

Thus we have the diagram

W1t} = )
P 1 o' 110
{vi,...,v;l} LN {u’l,,u;n}

from which we see that the matrix B, representing the linear transformation 7 :
N" — R™ with respect to the new bases is given by B= Q0 ' o Ao P. O

Isomorphism Theorem Any linear transformation T : " — R of rank r can be
represented, by suitable choice of bases for X" and W™, by an n X m matrix

(Ir 0) where I, = <(1) (1)) is the (r x r) identity matrix.

0 0
In particular
1. ifn<mand T is injective then there is an isomorphism S : X" — R such
that SoT(x1,...,xp) = (X1,...,%x,,0,...,0) with (n — m) zero entries, for

any vector (x1, ..., x,) in RN"
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2. ifn>m and T is surjective then there are isomorphisms N : R" — R S :
R — R such that SoT o R(x1,...,xp) = (X1,..., Xm). If n =m, then S o
T o R is the identity isomorphism.

Proof Of necessity rank(7) =r < min(n, m). If r < n, let p =n — r and choose a
basis ki, ..., k, for Ker(T). Let V = {vy, ..., v,} be the original basis for i". By
the exchange theorem there exists » = (n — p) different members {vy, ..., v,} say
of V such that V' ={vi, ..., v, ki, ..., kp} is a basis for R".

Choose V' as the new basis for )", and let P be the basis change matrix
whose columns are the column vectors in V’. As in the proof of the dimen-

sion theorem the image of the vectors vy, ..., v,—, under T provide a basis for
the image of 7. Let U = {uy,...,u,} be the original basis of %". By the ex-
change theorem there exists some subset U’ = {u1, ..., u,,—,} of U such that U” =

{T(v1),...,T(vy),u1,...,un_,} form a basis for N". Note that T (vy), ..., T (v,)
are represented by the r linearly independent columns of the original matrix A rep-
resenting 7. Now let Q be the matrix whose columns are the members of U”. By
the basis change theorem, B = Q! 0 A o P, where B is the matrix representing T
with respect to these new bases. Thus we obtain

A
{U17"’7vn} H {ul""’um}

P 1 o'l

B
{vi,...,v,k1...} —> {T(vl)...T(vr),ul,...,um_,}.

With respect to these new bases, the matrix B representing 7" has the required form:
I, 0
(G o)
1. Ifn <m and T is injective then r = n. Hence P is the identity matrix, and so
B=0"'0A.
But Q! is an m x m invertible matrix, and thus represents an isomorphism
R — R", while

X1
X1\ _ (LN (X1 _
o()=(5) () =]~
0
Write a vector x = ZI"Z ( Xiv; as (x1, ..., Xp), and let S be the linear transfor-
mation N — R represented by the matrix Q‘l. Then So T(xy,...,xy) =

x1,...,x,,0,...,0).

2. Ifn>mandT is surjective then rank(7) = m, and dim Ker(7') = n — m. Thus
B=(,0)= Q_l oAo P.LetS, R be the linear transformations represented
by Q7! and P respectively.
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Then SoT o R(x1,...,Xxp) = (X1,...,Xp). f n=m then So T o R is the
identity transformation. 0

Suppose now that V, U are the two bases for ", " as in the basis theorem.
A linear transformation 7' : " — N is represented by a matrix M;(T") with
respect to these bases. If V/, U’ are two new bases, then T will be represented by
the matrix M>(T'), and by the basis theorem

My(T)=Q ' o Mi(T)o P

where Q, P are non-singular (m x m) and (n x n) matrices respectively. Since
M (T) and M, (T) represent the same linear transformation, they are in some sense
equivalent. We show this more formally.

Say the two matrices A, B € M (n,m) are similar iff there exist non singular
square matrices P € M*(n,n) and Q € M*(m, m) such that B= Q' o Ao P, and
in this case write B ~ A.

Lemma 2.12 The similarity relation (~) on M (n, m) is an equivalence relation.

Proof

1. To show that ~ is reflexive note that A = I,/ L' Ao, where I, I, are respec-
tively the (m x m) and (n x n) identity matrices.

2. To show that ~ is symmetric we need to show that B ~ A implies that A ~ B.
Suppose therefore that B= Q"' o Ao P.
Since Q € M*(m, m) it has inverse Q~! € M*(m, m).
Moreover (Q~1)"1o 0~' =1, and thus Q = (Q~")~!. Thus

QoBoP '=(QoQ ')oAo(PoP™!)
( -

A
(0] 1)_1 oBo (P_l).

Thus A ~ B.

3. To show ~ is transitive, we seek to show that C ~ B ~ A implies C ~ A.
Suppose therefore that C =R 'oBoSand B=Q 'oAo P, where R, Q €
M*(m,m) and S, P € M*(n, n). Then

C=(R"'oQ )oAdoPoS
=(QoR)'oAo(PoS).

Now (M*(m,m), o), (M*(n, n), o) are both groups and so Q o R € M*(m, m),
PoSeM*(n,n). Thus C ~ A. O
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The isomorphism theorem shows that if there is a linear transformation 7 :
RN —> R of rank r, then the (n x m) matrix M(T) which represents T, with
respect to some pair of the bases, is similar to an n x m matrix

(I 0\ .
B_<O 0) i.e., M(T)~ B.

If S is a second linear transformation of rank » then M;(S) ~ B.

By Lemma 2.12, M{(S) ~ M (T).

Suppose now that U’, V' are a second pair of bases for R", %" and let
M>(S), M>(T) represent S and T. Clearly M»(S) ~ M»(T).

Thus if S, T are linear transformations N — R" we may say that S, T are
equivalent iff for any choice of bases the matrices M (S), M (T) which represent
S, T are similar.

For any linear transformation 7" € L(R", ®™) let [T] be the equivalence class
{S e LW, R™) : § ~ T}. Alternatively a linear transformation S belongs to [T']
iff rank(S) = rank(T"). Consequently the equivalence relation partitions L (", )H'™)
into a finite number of distinct equivalence classes where each class is classified by
its rank, and the rank runs from 0 to min(nz, m).

2.2.5 Examples

Example 2.1 To illustrate the use of these procedures in the solution of linear equa-
tions, consider the case with n < m and the equation A(x) = y where

1 -1 2 ~1 0
5.0 3 1 5
A= 4 s | md =4[ »=]_;5
32 -1 1 5

To find Im(A), we first of all find Ker(A). The equation A(x) = 0 gives four
equations

X1 —x24+2x3=0
Sx1+0+3x3=0
—x1 —4x2 +5x3=0
3x1+2xp —x3=0

with solution £ = (x1, x2, x3) = (—3,7,5).

Thus Ker(A) D {Ak € N :re 9}. Hence dimIm(A) < 2. Clearly the first two
columns (aj,ap) of A are linearly independent and so dimIm(A) = 2. However
y2 = a1 + az. Thus a particular solution to the equation A(x) = y; is xo = (1, 1, 0).
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The full set of solutions to the equation is
x0+ Ker(A) = {(1,1,0) + A(—3,7,5) : & € %}.

To see whether y; € Im(A) we need only attempt to solve the equation y; = @a; +
Bas. This gives

—1l=a—-8

1 =5«
—l=—a—-48
1=3a+28.

From the first two equations o = % B = g, which is incompatible with the fourth
equation. Thus y; cannot belong to Im(A).

Example 2.2 Consider now an example of the case n > m, where

22 N U U B VS
A_<1 s 1 1).5}1 — %2,

Obviously the first two columns are linearly independent and so dimIm(A) > 2.
Let {a; :i =1, ...,5} be the five column vectors of the matrix and consider the

(1)-()-(4)-6)

Thus k1 = (1, —1, —1, 0, 0) belongs to Ker(A). On the other hand

2 1 1 0
(1)) ()=6)
Thus k» =(1,1,0,—3,0) and k3 = (1, 1, 0, 0, —3) both belong to Ker(A).
Consequently the rank of A has its maximal value of 2, while the kernel is three-
dimensional. Hence for any y € %i? there is a set of solutions of the form x( +

Span{ky, k2, k3} to the equation A(x) = y.
Change the bases of 9 and )2 to

1 0 1 1 1
0 1 —1 1 1
0], 0], -1, 01, 0
0 0 0 -3 0
0 0 0 0 -3
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and (f) , (;) respectively, then

10 1 1 1
> 1N'/210 01 1 |-t

B=(] , P RO B
00 0 -3 0

00 0 0 =3

12 —1\{2 1000y (10000
=3\-1 2 1 2000/)=\o1000)

Example 2.3 Consider the matrix

1 -1 0 0
5 0 0 0
O=1_; 4 1 o
32 01

Since |Q] =5 we can compute its inverse. The cofactor matrix (Q;;) of Q is

0 -5 =20 10
1 1 5 -5
0 0 5 0
0 0 0 5
and thus
0o L 00
_ 1 -1 L 0 o0
1_ % n.\ — 5
0 |Q|(Q,,) 4 1 10
2 -1 0 1

Example 2.4 Let T : %> — R* be the linear transformation represented by the ma-
trix A of Example 2.1, with respect to the standard bases for N3, N4, We seek to
change the bases so as to represent 7' by a diagonal matrix

=(" )

By Example 2.1, the kernel is spanned by (—3,7,5), and so we choose a new
basis
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with basis change matrix P = (e, e2, k). Note that |P| =5 and P is non-singular.
Thus {e}, ez, k} form a basis for %3. Now Im(A) is spanned by the first two columns
ai, ap, of A. Moreover A(e1) = ay and A(ep) = ap. Thus choose

1 -1 0 0

0 / O / 0

a) = _1 ) ay = _4 ) e3: 1 ) e4= 0
3 2 0 1

as the new basis for 4. Let 0 = (ay,ay, e’3, eg) be the basis change matrix. The

inverse 0! is computed in Example 2.3. Thus we have (B) = Q' o Ao P.
To check that this is indeed the case we compute:

0 + oo0\/1 1 2 L0 3
) -1 L oofl5 o0 3
R ] I B PO
2 -1 0 1)\3 2 -1
100
o 10
“ oo o0
000

as required.

23 Canonical Representation

When considering a linear transformation 7 : " — " it is frequently conve-
nient to change the basis of )" to a new basis V = {vy, ..., v,} such that T is now
represented by a matrix

My(T)=P ' oM(T)o P.
I 0

00
Under certain conditions however M>(T') can be written in a diagonal form

In this case it is generally not possible to obtain M>(7T) in the form ( ) as before.

MM 0
0 An
where A1, ..., A, are known as the eigenvalues.

More explicitly, a vector x is called an eigenvector of the matrix A iff there is a
solution to the equation A(x) = Ax where A is a real number. In this case, A is called
the eigenvalue associated with the eigenvector x. (Note that we assume x # 0.)
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2.3.1 Eigenvectors and Eigenvalues

Suppose that there are n linearly independent eigenvectors {x1, ..., x,} for A, where
(foreachi =1,...,n) A; is the eigenvalue associated with x;. Clearly the eigen-
vector x; belongs to Ker(A) iff A; = 0. If rank(A) = r then there would a subset
{x1,...,x,} of eigenvectors which form a basis for Im(A), while {x, ..., x,} form
a basis for . Now let QO be the (n x n) matrix representing a basis change from
the new basis to the original basis. That is to say the ith column, v;, of Q is the
coordinate of x; with respect to the original basis.
After transforming, the original becomes

M ... O
Q_IOAOQ: )\(r :/\,

where rank A =rank A =r.
In general we can perform this diagonalisation only if there are enough eigen-
vectors, as the following lemma indicates.

Lemma 2.13 If A is an n X n matrix, then there exists a non-singular matrix Q,
and a diagonal matrix A such that A = Q' AQ iff the eigenvectors of A form a
basis for N".

Proof
1. Suppose the eigenvectors form a basis, and let Q be the eigenvector matrix. By
definition, if v; is the ith column of Q, then A(v;) = A;v;, where }; is real. Thus

AQ = OA. Butsince {v], ..., v,} is a basis, Q! exists and so A= Q" 1AQ.
2. On the other hand if A = Q~'AQ, where Q is non-singular then AQ = QA.

But this is equivalent to A(vy) = A;v; fori =1, ..., n where A; is the ith diag-

onal entry in A, and v; is the ith column of Q.

Since Q is non-singular, the columns {vq, ..., v,} are linearly independent, and

thus the eigenvectors form a basis for R". g

If there are n distinct (real) eigenvalues then this gives a basis, and thus a diago-
nalisation.

Lemma 2.14 If {vy, ..., vy} are eigenvectors corresponding to distinct eigenval-
ues {\, ..., Am}, of a linear transformation T : R" — N, then {vy,..., vy} are
linearly independent.

Proof Since v is assumed to be an eigenvector, it is non-zero, and thus {v;} is a
linearly independent set. Proceed by induction.
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Suppose Vi = {v1, ..., v}, with kK < m, are linearly independent. Let vy be
another eigenvector and suppose

k+1

v= Zarvr =0.
r=1

Then 0="T(v) = >33} a,T () = Y2 arhvy.

If Ak4+1 =0, then A; #0 for i = 1,...,k and by the linear independence of
Vi,a; A =0, and thus a, =0forr=1, ..., k.

Suppose rx+1 # 0. Then

k+1 k+1
Ak+1V = Z)‘k—ﬁ—larvr = Zar)\rvr =0.
r=1 r=1

Thus er(:l()\k—i-l = Ap)arv, =0.
By the linear independence of Vi, (Ak4+1 — Ar)a, =0forr=1,... k.

But the eigenvalues are distinct and so @, =0, forr =1,... k.
Thus ag+1vk+1 =0and soa, =0,r =1,...,k+ 1. Hence
Vier ={v1, ..., k1), k<m,

is linearly independent.
By induction V,, is a linearly independent set. U

Having shown how the determination of the eigenvectors gives a diagonalisation,
we proceed to compute eigenvalues.

Consider again the equation A(x) = Ax. This is equivalent to the equation
A’(x) =0, where

ay — A ann Aain

o azl axp — X

danl pn — A

For this equation to have a non zero solution it is necessary and sufficient that
|A’| = 0. Thus we obtain a polynomial equation (called the characteristic equation)
of degree n in A, with n roots Ap, ..., A, not necessarily all real. In the 2 x 2 case
for example this equation is A> — A(a1] + a22) + (a11a22 — az1ar2) = 0. If the roots
of this equation are A, > then we obtain

A=A —Ar2) =A% — Ak + A2) + AlAa.
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Hence

AtAg = (ar1ax — azax) = |A|

AL+ A2 =aq +an.

The sum of the diagonal elements of a matrix is called the trace of A.Inthe 2 x 2
case therefore

AAy =A], A+ Ay =aj + apxp =trace(A).

In the 3 x 3 case we find

A =ADA = 22)(A —2A3)
=23 = A2(h1 4+ A2+ A3) + A0 A2 + A3+ A2ks) — AAoAs
=23 = A%(trace A) + A(A|1 + Az + A3z) — |A| =0,

where A;; is the ith diagonal cofactor of A. Suppose all the roots are non-zero (this
is equivalent to the non-singularity of the matrix A). Let

A 0 0
A=10 X O
0 0 X3

be the diagonal eigenvalue matrix, with | A | = A1 A2A3.
The cofactor matrix of A is then

AA3 0 0
0 AA3 0
0 0 AMA2

Thus we see that the sum of the diagonal cofactors of A and A are identical.
Moreover trace (A) = trace (A) and | A | = |A].

Now let ~ be the equivalence relation defined on L (9", f") by B ~ A iff there
exist basis change matrices P, Q and a diagonal matrix A such that

A=P'AP=0"'BO.

On the set of matrices which can be diagonalised, ~ is an equivalence relation,
and each class is characterised by n invariants, namely the trace, the determinant,
and (n — 2) other numbers involving the cofactors.



66 2 Linear Spaces and Transformations

2.3.2 Examples

Example 2.5 Let

The characteristic equation is

C-M[1=(=2-1]-1(=2) = (=20 = 1) =—-1(rA* =1 —2)
=—AA-=2)A+1)
=0.

Hence (A1, A2, A3) = (0,2, —1). Note that A; 4+ A + A3 =trace(A) =1 and
Mz =—-2=Ay + Axn + Ass.

Eigenvectors corresponding to these eigenvalues are

1 2 1
x1=|-11, x=1|1], x3=1| —1
1 1 2

Let P be the basis change matrix given by these three column vectors. The in-
verse can be readily computed, to give
-1 -1 2 1 -1 1 2 1 00 O

% o lo 1 1 -1 1 -1]=(0 2 o
% 3 1 2 0 2 1 1 2 0 0 -1

1
-1 1
plap=| 1

Suppose we now compute A2 = A o A : i3 — 3. This can easily be seen to be

2 3 1
2 1 -1
0 2 2

The characteristic function of A2 is (A3 — 52+ 4)) with roots w1 =0, uy =4,
u3 =1

In fact the eigenvectors of A? are X1, X2, X3, the same as A, but with eigenval-
ues )»%, A%, )%. In this case Im(a) = Im(A2?) is spanned by {x;, x3} and Ker(A) =
Ker(A2) has basis {x;}.

More generally consider a linear transformation A : " — R". Then if x is an
eigenvector with a non-zero eigenvalue A, A>(x) = A o A(x) = A[Ax] = A A(x) =
A2x, and so x € Im(A) N Im(A?).
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If there exist n distinct real roots to the characteristic equation of A, then a basis
consisting of eigenvectors can be found. Then A can be diagonalized, and Im(A) =
Im(A2), Ker(A) = Ker(A2).

Example 2.6 Let

3 -1 -1
A=\|1 3 -7
5 =3 1

Then Ker(A) has basis {(1, 2, 1)}, and Im(A) has basis {(3, 1, 5), (—1, 3, —=3)}. The
eigenvalues of A are 0, 0, 7. Since we cannot find three linearly independent eigen-
vectors, A cannot be diagonalised. Now

3 -3 3
A= -29 29 -29
17 =17 17

and thus Im(A?2) has basis {(3, —29, 17)}. Note that

3 3 -1
—29|==2(1]=-9( 3 | em@)
17 5 -3

and so Im(A42) is a subspace of Im(A).

Moreover Ker(A?) has basis {(1,2,1),(1,—1,0)} and so Ker(A) is a subspace
of Ker(A2).

This can be seen more generally. Suppose f : " — R is linear, and x € Ker(f).
Then f2(x) = f(f(x)) =0, and so x € Ker(f?). Thus Ker(f) C Ker(f2). On the
other hand if v € Im( f2) then there exists w € " such that f2(w) = v. But f(w) €
N and so f(f(w)) = v € Im(f). Thus Im(f2) C Im(f).

2.3.3 Symmetric Matrices and Quadratic Forms

Given two vectors x = (x1,...,Xx;) and y = (y1,...,y,) in R, let (x,y) =
Yo'y xiyi €% be the scalar product of x and y. Note that (Ax,y) = A{x,y) =
(x, Ay) for any real A. (We use (—, —) to distinguish the scalar product from a vec-
tor in 2. However the notations (x, y) or x - y are often used for scalar product.)

Ann x n matrix A = (a;;) may be regarded as a map A* : W" x R" — N, where
A*(x,y) = (x, A(y)).

A* is linear in both x and y and is called bilinear. By definition (x, A(y)) =
iy Yo xiaijy;.

Call an n x n matrix A symmetric iff A = A" where A" = (aj;) is obtained from
A by exchanging rows and columns.
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In this case (A(x),y) = 2?21(27:1 aji Xi)yj = Y i Z?lei ajjyj, since
aij =dajj for all i, ]
Hence (A(x), y) = (x, A(y)) for any x, y € )" whenever A is symmetric.

Lemma 2.15 If A is a symmetric n X n matrix, and x,y are eigenvectors of A
corresponding to distinct eigenvalues then (x,y) =0, i.e., x and y are orthogonal.

Proof Let A1 # X be the eigenvalues corresponding to the distinct eigenvectors
x,y. Now

(A, y)=(x, A())
= (A1x,y) = {x, A2y)
=A1{x,y) =2z2(x, y).

Here (A(x),y) = (x,A(y)) since A is symmetric. Moreover (x,\y) =
Z?lei (Ayi) = A{x,y). Thus (A1 — Ap){(x,y) =0.If A1 £ A then (x,y)=0. O

Lemma 2.16 [f there exist n distinct eigenvalues to a symmetric n X n matrix A,
then the eigenvectors X = {x1, ..., x,} form an orthogonal basis for R".

Proof Directly by Lemmas 2.14 and 2.15.
We may also give a brief direct proof of Lemma 2.16 by supposing that
Yo' aix; =0.But then for each j =1i,...,n,

0=(x;,0) =Y ailxj, xi) =a;j{x;,x;).

i=1

But since x; # 0, (x;,x;) > 0 and so o; = 0 for each j. Thus X is a frame. Since
the vectors in X are mutually orthogonal, X is an orthogonal basis for 9i".

For a symmetric matrix the roots of the characteristic equation will all be real.
To see this in the 2 x 2 case, consider the characteristic equation

(= AD( — A2) = A2 — Man1 + axn) = (a11a2 — az1a12).

. . —biAb2— . .
The roots of this equation are W with real roots iff b> — 4¢ > 0.
But this is equivalent to

(a11 +an)? —4aran — aan) = (a1 — an)* +4(a)* > 0,

since aljp =dany.

Both terms in this expression are non-negative, and so A, A, are real.

In the case of a symmetric matrix, A, let E;, be the set of eigenvectors associ-
ated with a particular eigenvalue, A, of A together with the zero vector. Suppose
X1, x3 belong to E,. Clearly A(x; +x2) = A(x1) + A(x2) = A(x] +x2) and so x| +
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xy € E;. If x € Ej, then A(ax) =aA(x) =a(Ax) = A(ax) and ax € E, for each
non-zero real number, «.

Since we also now suppose that for each eigenvalue, A, the eigenspace E; con-
tains 0, then E) will be a vector subspace of X". If A = 1| =--- = A, are repeated
roots of the characteristic equation, then, in fact, the eigenspace, E;, will be of di-
mension 7, and we can find r mutually orthogonal vectors in E;, forming a basis
for E;.

Suppose now that A is a symmetric n x n matrix. As we shall show we may write
A= P~'AP where P is the n x n basis change matrix whose columns are the n
linearly independent eigenvectors of A.

Now normalise each eigenvector x; by defining z; = m(xl j»---»Xnj) where
Ixill=,/> (xkj)2 = ,/{(xj, x;) is called the norm of x;.

Let O = (z1, ..., zy) be the n x n matrix whose columns consist of zy, ..., z,.
Now

211 21j  Zn

0'0=| 21 Znj
Zln Znn
Znl  Znj Znn
(z1,z1) --. (21,2n)
= | (z2,21)
(Zn, Zn)

since the (i, k)th entry in Q' Q is Y '_| ZriZrk = (i, 2k)-

. — (X Xk — 1 . — ]

But (zi,20) = (> Toel) = Tomimey &i» Xk) = 0 if i # k. On the other hand
(zi, zi) = ﬁ(xi,xi) =1, and Q'Q = I,, the n x n identity matrix. Thus Q' =
ol

Since {z1, ..., z,} are eigenvectors of A with real eigenvalues {11, ..., A,} we
obtain

M 0
A= oo | =040
0 0

where the last (n — r) columns of Q correspond to the kernel vectors of A.
When A is a symmetric n X n matrix the function A* : " x R"* — N given by
A*(x,y) = (x, A(y)) is called a quadratic form, and in matrix notation is given by

V1
(X1, ..., %) | aij
Yn
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Consider
A*(x,x) = (x, A(x))
={x, QA A'())
=(0'(x). A Q" (x)).
Now Q'(x) = (xi ..., x,) is the coordinate representation of the vector x with
respect to the new basis {z1, ..., z,} for W'. Thus
)\.1 x, r
A*(x,x):(x;,...,x,’l) A ( }):Zki(xi’)z.
0 Y i=1

Suppose that rank A = r and all eigenvalues of A are non-negative. In this case,
A*(x,x) = ZLl |)L,'|(x,‘)2 > 0. Moreover if x is a non-zero vector then Qf(x) # 0,
since Q' must have rank n.

Define the nullity of A* to be {x : A*(x, x) = 0}. Clearly if x is a non-zero vector
in Ker(A) then it is an eigenvector with eigenvalue 0. Thus the nullity of A* is a
vector subspace of %" of dimension at least n — r, where r = rank(A). If the nullity
of A* is {0} then call A* non-degenerate. If all eigenvalues of A are strictly positive
(so that A* is non-degenerate) then A*(x, x) > O for all non-zero x € R". In this
case A* is called positive definite. If all eigenvalues of A are non-negative but some
are zero, then A* is called positive semi-definite, and in this case A*(x,x) > 0,
for all x in a subspace of dimension r in R". Conversely if A* is non-degenerate
and all eigenvalues are strictly negative, then A* is called negative definite. If the
eigenvalues are non-positive, but some are zero, then A* is called negative semi-
definite.

The index of the quadratic form A* is the maximal dimension of the subspace
on which A* is negative definite. Therefore index (A*) is the number of strictly
negative eigenvalues of A.

When A has some eigenvalues which are strictly positive and some which are
strictly negative, then we call A* a saddle.

We have not as yet shown that a symmetric n x n matrix has n real roots to its
characteristic equation. We can show however that any (symmetric) quadratic form
can be diagonalised.

Let A= (a;;) and (x, A(x)) =Y}, Z'}-:l ajjxixj Ifa;;=0foralli=1,...,n
then it is possible to make a linear transformation of coordinates such that a;; # 0 for
some j. After relabelling coordinates we can take a1 # 0. In this case the quadratic
form can be written

(x, A(x)) = a11x12 +2a12x1x2, ...
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Here each y; is a linear combination of {x1, ..., x,}. Thus the transformation x —
P(x) =y is non-singular and has inverse Q say.
Letting x = Q(y) we see the quadratic form becomes

(x, A®) = (), Ao Q(»)
=(y, 0"AQ(y))
=(y,D(y)),

where D is a diagonal matrix with real diagonal entries («q, ..., «,). Note that
D = Q'"AQ and so rank(D) = rank(A) = r, say. Thus only r of the diagonal en-
tries may be non zero. Since the symmetric matrix, A, can be diagonalised, not only
are all its eigenvalues real, but its eigenvectors form a basis for :i". Consequently
A= P~'AP where P is the n x n basis change matrix whose columns are these
eigenvectors. Moreover, if X is an eigenvalue with multiplicity r (i.e., A occurs as
a root of the characteristic equation r times) then the eigenspace, E,, has dimen-
sion r. g

2.3.4 Examples

Example 2.7 To give an illustration of this procedure consider a matrix

b
I
— o o

0 1
1 0
0 0

representing the quadratic form x% + 2x1x3. Let

01 0 X1 21
Pix)y=11 0 0O x|l=12
1 0 1 X3 23

giving the quadratic form z% —2(z0 — %13)2 + %z% and

1 0 0 21 i
Pp@=10 1 3| |z2]=|»
0 0 1 23 y3
Then (x, A(x)) = (y, D(y)), where
1 0 0 ar 0 0
D=|0 -2 0]=|0 a O], and A=P/PiDP,P;.
0o 0 1 0 0 o3
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Consequently the matrix A can be diagonalised. A has characteristic equation
(1 —2)(A2 — 1) with eigenvalues 1, 1, —1.
Then normalized eigenvectors of A are

1 0 1
1 1
— o}, 1], = o |,
V2 \; 0 V2 \

corresponding to the eigenvalues 1, 1, —1.
Thus A* is a non-degenerate saddle of index 1. Let Q be the basis change matrix

1 1 0 1
— 10 2 0
V2 1 0 —1
Then
1 1 0 1 0 0 1 1 0 1 1 0 0
Q’AQ=§02O 010 02 O0]=101 0
1 0 -1 1 0 0 1 0 —1 0 0 -1
As a quadratic form
X1 X3
(1, x2,0)A [ x2 | = (e x0,x3) | 2 | = xixs + a3
X3 X1
We can also write this as
1 1 0 1 1 0 O 1 0 1 X1
(i, x2,x3)5 | 0 V2 0 01 0 0 V2 0 X2
1 0 -1 0 0 - 1 0 -1 X3
1 1 0 O X1+ x3
= —(x1 + x3,/2x2, X1 —)C3) 0 1 0 2x7
2
0 0 -1 X1 — X3

1
=5 +x9)’ +253 — (0 —x3)”,

Note that A is positive definite on the subspace {(x1, x2, x3) € N3 1 (x = x3))

spanned by the first two eigenvectors.
We can give a geometric interpretation of the behaviour of a matrix A with both

positive and negative eigenvalues. For example

()
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Fig.2.2 A translation LD
followed by a reflection ’ |

Ln

Translation by 3

_ A\ K — — — —

\
LN

reflection

has eigenvectors

() o=

corresponding to the eigenvalues 3, —1 respectively. Thus A maps the vector z;
to 3z; and z> to —z3. The second operation can be regarded as a reflection of the
vector z2 in the line {(x, y) : x — y = 0}, associated with the first eigenvalue. The
first operation z; — 3z is a translation of z; to 3z;. Consider now any point x € R2.
We can write x = az] + Bz2. Thus A(x) = 3wz; — Bz2. In other words A may be
decomposed into two operations: a translation in the direction z;, followed by a
reflection about z; as in Fig. 2.2.

24  Geometric Interpretation of a Linear Transformation

More generally suppose A has real roots to the characteristic equation and has eigen-
vectors {x1, ..., Xg, 21, ..., Zr, k1, ..., kp).

The first s vectors correspond to positive eigenvalues, the next ¢ vectors to nega-
tive eigenvalues, and the final p vectors belong to the kernel, with zero eigenvalues.

Then A may be described in the following way:

1. collapse the kernel vectors on to the image spanned by {x1, ..., x5, 21, ..., 2¢}-

2. translate each x; to A;x;.

3. reflect each z; to —z;, and then translate to — | u; | z; (where u; is the nega-
tive eigenvalue associated with z;).

These operations completely describe a symmetric matrix or a matrix, A, which
is diagonalisable. When A is non-symmetric then it is possible for A to have com-
plex roots.

For example consider the matrix

cosf —sinf
sinf cos6 J°
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Fig.2.3 A translation

followed by a rotation 2 (x-y), 2 (xty))

translation by 2 V2

(A _(xy), 1 (x+y))
V2 V2
rotation by 45°

x,y)

As we have seen this corresponds to a rotation by 6 in an anticlockwise direction
in the plane 9t2. To determine the eigenvalues, the characteristic equation is (cos 6 —
)2+ sin?6 = A2 — 21 cos O + (cos? O + sin26) = 0. But cos? 0 + sin6 = 1. Thus

20— ..
)»ZZCOSMZCOSQ:E isiné.

More generally a 2 x 2 matrix with complex roots may be regarded as a trans-
formation Ae’® where A corresponds to a translation by A and ¢! corresponds to
rotation by 6.

Example 2.8 Consider A = (3 77) with trace (A) = tr(A) =4 and |A| =8.

As we have seen the characteristic equation for A is (A2 — (trace A)) + |A] =0,

with roots TeA)E (gaceA)2_4|A|. Thus the roots are 2 + %«/ 16 -32=24+2i =
1 i s _ 1 _ o
2«/5[% + %] where cosf = sinf = 7 and so 6 = 45°. Thus

A <))c)> _)2\/§<xcos45 —ys1n45)'

xsin45 +ycos45

Consequently A first sends (x, y) by a translation to (Zﬁx, 2«/§y) and then
rotates this vector through an angle 45°.

More abstractly if A is an n x n matrix with two complex conjugate eigenvalues
(cosf +isinf), (cos6 —i sin@), then there exists a two dimensional eigenspace E 4
such that A(x) = Ae'? (x) for all x € Eg, where Ae'? (x) means rotate x by 6 within
Ey and then translate by A.

In some cases a linear transformation, A, can be given a canonical form in terms
of rotations, translations and reflections, together with a collapse onto the kernel.
What this means is that there exists a number of distinct eigenspaces

{E1,....,Ep, X1,..., X5, K}

where A maps
1. E;to E; by rotating any vector in E; through an angle 6;;
2. X to X by translating a vector x in X ; to A jx, for some non-zero real number
)\' ..
J»
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3. the kernel K to {0}.
In the case that the dimensions of these eigenspaces sum to n, then the canonical
form of the matrix A is

e’ 0 0
0O A O
0 0 O
where ¢'? consists of p different 2 x 2 matrices, and A is a diagonal s x s matrix,

while 0 is an (n —r) x (n — r) zero matrix, where r =rank(A) =2p + 5.

However, even when all the roots of the characteristic equation are real, it need
not be possible to obtain a diagonal, canonical form of the matrix.

To illustrate, in Example 2.6 it is easy to show that the eigenvalue A = 0 occurs
twice as a root of the characteristic equation for the non-symmetric matrix A, even
though the kernel is of dimension 1. The eigenvalue A = 7 occurs once. Moreover
the vector (3, —29, 17) clearly must be an eigenvector for A =7, and thus span the
image of AZ. However it is also clear that the vector (3, —29, 17) does not span the
image of A. Thus the eigenspace E7 does not provide a basis for the image of A,
and so the matrix A cannot be diagonalised.

However, as we have shown, for any symmetric matrix the dimensions of the
eigenspaces sum to n, and the matrix can be expressed in canonical, diagonal, form.

In Chap. 4 below we consider smooth functions and show that “locally” such a
function can be analysed in terms of the canonical form of a particular symmetric
matrix, known as the Hessian.
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