
2Linear Spaces and Transformations

2.1 Vector Spaces

We showed in Sect. 1.3 that when F was a field, the n-fold product set Fn had an
additional operation defined on it, which was induced from addition in F , so that
(Fn,+) became an abelian group with zero 0. Moreover we were able to define a
product · : F × Fn → Fn which takes (α, x) to a new element of Fn called (αx).
Elements of Fn are known as vectors, and elements of F as scalars. The properties
that we discovered in Fn characterise a vector space. A vector space is also known
as a linear space.

Definition 2.1 A vector space (V ,+) is an abelian additive group with zero 0,
together with a field (F,+, ·) with zero 0 and identity 1. An element of V is called
a vector and an element of F a scalar. Moreover for any α ∈ F, v ∈ V there is a
scalar multiplication (α, v) → αv ∈ V which satisfies the following properties:
V1. α(v1 + v2) = αv1 + αv2, for any α ∈F, v1, v2 ∈ V .
V2. (α + β)v = αv + βv, for any α,β ∈ F, v ∈ V .
V3. (αβ)v = α(βv), for any α,β ∈F, v ∈ V .
V4. 1 · v = v, for 1 ∈F , and for any v ∈ V .
Call V a vector space over the field F . From the previous discussion the set �n

becomes an abelian group (�n,+) under addition. We shall frequently

write

x =
⎛
⎜⎝

x1
...

xn

⎞
⎟⎠
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Fig. 2.1 Vector addition

for a vector in �n, where x1, . . . , xn are called the coordinates of x. Vector addition
as in Fig. 2.1 is then defined by

x + y =
⎛
⎜⎝

x1
...

xn

⎞
⎟⎠ +

⎛
⎜⎝

y1
...

yn

⎞
⎟⎠ =

⎛
⎜⎝

x1 + y1
...

xn + yn

⎞
⎟⎠ .

A vector space over � is called a real vector space.

For example (Z2,+, ·) is a field and so (Z2)
n is a vector space over the field Z2.

It may not be possible to represent each vector in a vector space by a list of coordi-
nates. For example, consider the set of all functions with domain X and image in �.
Call this set �X . If f,g ∈ �X , define f + g to be that function which maps x ∈ X

to f (x) + g(x). Clearly there is a zero function 0 defined by 0(x) = 0, and each f

has an inverse (−f ) defined by (−f )(x) = −(f (x)). Finally for α ∈ �, f ∈ �X ,
define αf : X → � by (αf )(x) = α(f (x)). Thus �X is a vector space over �.

Definition 2.2 Let (V ,+) be a vector space over a field, F . A subset V ′ of V is
called a vector subspace of V if and only if
1. v1, v2 ∈ V ′ ⇒ v1 + v2 ∈ V ′, and
2. if α ∈ F and v ∈ V ′ then αv′ ∈ V ′.

Lemma 2.1 If (V ,+) is a vector space with zero 0 and V ′ is a vector subspace,
then, for each v ∈ V ′, the inverse (−v) ∈ V ′, and 0 ∈ V ′, so (V ′,+) is a subgroup
of (V ,+).

Proof Suppose v ∈ V ′. Since F is a field, there is an identity 1, with additive inverse
−1. But by V2, (1 − 1)v = 1 · v + (−1)v = 0 · v, since 1 − 1 = 0. Now (1 + 0)v =
1 · v + 0 · v, and so 0 · v = 0. Thus (−1)v = (−v). Since V ′ is a vector subspace,
(−1)v ∈ V ′, and so (−v) ∈ V ′. But then v + (−v) = 0, and so 0 ∈ V ′. �

From now on we shall simply write V for a vector space, and refer to the field
only on occasion.
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Definition 2.3 Let V ′ = {v1, . . . , vr} be a set of vectors in the vector space V .
A vector v is called a linear combination of the set V ′ iff v can be written in the
form

v =
r∑

i=1

λivi

where each λi, i = 1, . . . , r belongs to the field F . The span of V ′, written Span(V ′)
is the set of vectors which are linear combinations of the set V ′. If V ′′ = Span(V ′),
then V ′ is said to span V ′′.

For example, suppose

V ′ =
{(

1
2

)(
2
1

)}
.

Since we can solve the equation

(
x

y

)
= α

(
1
2

)
+ β

(
2
1

)

for any (x, y) ∈ �2, by setting α = 1
3 (2y − x) and β = 1

3 (2x − y), it is clear that V ′
is a span for �2.

Lemma 2.2 If V ′ is a finite set of vectors in the vector space, V , then Span(V ′) is
a vector subspace of V .

Proof We seek to show that for any α,β ∈ F and any u,w ∈ Span(V ′), then αu +
βw ∈ Span(V ′). By definition, if V ′ = {v1, . . . , vr}, then u = ∑r

i=1 ηivi and w =∑r
i=1 μivi , where ηi,μi ∈F for i = 1, . . . , r . But then αu + βw = α

∑r
i=1 ηivi +

β
∑r

i=1 μivi = ∑r
i=1 λivi , where λi = αηi + βμi ∈ F , for i = 1, . . . , r . Thus

αu + βw ∈ Span(V ′).
Note that, by this lemma, the zero vector 0 belongs to Span(V ′). �

Definition 2.4 Let V ′ = {v1, . . . , vr} be a set of vectors in V . V ′ is called a frame
iff

∑r
i=1 αivi = 0 implies that αi = 0 for i = 1, . . . , r . (Here each αi belongs to the

field F .) In this case the set V ′ is called a linearly independent set. If V ′ is not a
frame, the vectors in V ′ are said to be linearly dependent. Say a vector is linearly
dependent on V ′ = {v1, . . . , vr} iff v ∈ Span(V ′).

Note that if V ′ is a frame, then
1. 0 /∈ V ′ since α0 = 0 for every non-zero α ∈ F .
2. If v ∈ V ′ then (−v) /∈ V ′, otherwise 1 · v + 1(−v) = 0 would belong to V ′,

contradicting (1).
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Lemma 2.3
1. V ′ is not a frame iff there is some vector v ∈ V ′ which is linearly dependent on

V ′\{v}.
2. If V ′ is a frame, then any subset of V ′ is a frame.
3. If V ′ spans V ′′, but V ′ is not a frame, then there exists some vector v ∈ V ′ such

that V ′′′ = V ′\{v} spans V ′′.

Proof Let V ′ = {v1, . . . , vr} be the set of vectors in the vector space V .
1. Suppose V ′ is not a frame. Then there exists an equation

∑r
j=1 αjvj =

0, where, for at least one k, it is the case that αk �= 0. But then vk =
− 1

αk
(
∑

j �=k αj vj ). Let vk = v. Then v is linearly dependent on V ′\{v}. On
the other hand suppose that v1, say, is linearly dependent on {v2, . . . , vr}. Then
v1 = ∑r

j=2 αjvj , and so 0 = −v1 +∑r
j=2 αjvj = ∑r

j=1 αjvj where α1 = −1.
Since α1 �= 0,V ′ cannot be a frame.

2. Suppose V ′′ is a subset of V ′, but that V ′′ is not a frame. For convenience let
V ′′ = {v1, . . . , vk} where k ≤ r . Then there is a non-zero solution

0 �=
k∑

j=1

αjvj .

Since V ′′ is a subset of V ′, this implies that V ′ cannot be a frame. Thus if V ′
is a frame, so is any subset V ′′.

3. Suppose that V ′ is not a frame, but that it spans V ′′. By part (1), there ex-
ists a vector v1, say, in V ′ such that v1 belongs to Span(V ′\{v1}). Thus
v1 = ∑r

j=2 αjvj . Since V ′ is a span for V ′′, any vector v in V ′′ can be written

v =
r∑

j=1

βjvj

= β1

(
r∑

j=2

αjvj

)
+

r∑
j=2

βjvj .

Thus v is a linear combination of V ′\{v1} and so V ′′ = Span(V ′\{v1}).
Let V ′′′ = V ′\{v1} to complete the proof. �

Definition 2.5 A basis for a vector space V is a frame V ′ which spans V .
For example, we previously considered

V ′ =
{(

1
2

)
,

(
2
1

)}
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and showed that any vector in �2 could be written as
(

x

y

)
=

(
2y − x

3

)(
1
2

)
+

(
2x − y

3

)(
2
1

)
= λ1

(
1
2

)
+ λ2

(
2
1

)
.

Thus V ′ is a span for �2. Moreover if (x, y) = (0,0) then λ1 = λ2 = 0 and so V ′
is a frame. Hence V ′ is a basis for �2. If V ′ = {v1, . . . , vn} is a basis for a vector
space V then any vector v ∈ V can be written

v =
n∑

j=1

αjvj

and the elements (α1, . . . , αn) are known as the coordinates of the vector v, with
respect to the basis V ′.

For example the natural basis for �n is the set V ′ = {e1, . . . , en} where ei =
(0, . . . ,1, . . . ,0} with a 1 in the ith position.

Lemma 2.4 {e1, . . . , en} is a basis for �n.

Proof We can write any vector x in �n as {x1, . . . , xn}. Clearly

x =
⎛
⎜⎝

x1
...

xn

⎞
⎟⎠ = x1

⎛
⎝

1
0
·

⎞
⎠ + · · ·xn

⎛
⎜⎝

0
...

1

⎞
⎟⎠ .

If x = 0 then x1 = · · · = xn = 0 and so {e1, . . . , en} is a frame, as well as a span, and
thus a basis for �n. �

However a single vector x will have different coordinates depending on the basis
chosen. For example the vector (x, y) has coordinates (x, y) in the basis {e1, e2} but

coordinates (
2y−x

3 ,
2x−y

3 ) with respect to the basis
{( 1

2

)
,
( 2

1

)}
.

Once the basis is chosen, the coordinates of any vector with respect to that basis
are unique. �

Lemma 2.5 Suppose V ′ = {v1, . . . , vn} is a basis for V . Let v = ∑n
i=1 αivi . Then

the coordinates (α1, . . . , αn), with respect to the basis, are unique.

Proof If the coordinates were not unique then it would be possible to write v =∑n
i=1 βivi = ∑n

i=1 αivi with βi �= αi for some i.
But 0 = v − v = ∑n

i=1 αivi − ∑n
i=1 βivi = ∑n

i=1 (αi − βi)vi .
Since V ′ is a frame, αi − βi = 0 for i = 1, . . . , n. Thus αi = βi for all i, and so

the coordinates are unique. �

Note in particular that with respect to any basis {v1, . . . , vn} for V , the unique
zero vector 0 always has coordinates (0, . . . ,0).
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Definition 2.6 A space V is finitely generated iff there exists a span V ′, for V ,
which has a finite number of elements.

Lemma 2.6 If V is a finitely generated vector space, then it has a basis with a
finite number of elements.

Proof Since V is finitely generated, there is a finite set V1 = {v1, . . . , vn} which
spans V . If V1 is a frame, then it is a basis. If V1 is linearly dependent, then
by Lemma 2.3(3) there is a vector v ∈ V1, such that Span(V2) = V , where
V2 = V1\{v}. Again if V2 is a frame, then it is a basis. If there were no subset
Vr = {v1, . . . , vn−r+1} of V1 which was a frame, then V1 would have to be the empty
set, implying that V was an empty set. But this contradicts 0 ∈ V . �

Lemma 2.7 If V is a finitely generated vector space, and V1 is a frame, then there
is a basis V2 for V which includes V1.

Proof Let V1 = {v1, . . . , vr}. If Span(V1) = V then V1 is a basis. So suppose
that Span(V1) �= V . Then there exists an element vr+1 ∈ V which does not be-
long to Span(V1). We seek to show that V2 = V1 ∪ {vr+1} is a frame. Consider
0 = αr+1vr+1 + ∑r

i=1 αivi .
If αr+1 = 0, then the linear independence of V1 implies that αi = 0, for i =

1, . . . , r . Thus V2 is a frame. If αr+1 �= 0, then

vr+1 = − 1

αr+1

(
r∑

i=1

αivi

)
.

But this implies that vr+1 belongs to Span(V1) and therefore that V = Span(V1).
Thus V2 is a frame. If V2 is a span for V , then it is a basis. If V2 is not a span, reiterate
this process. Since V is finitely generated, there must be some frame Vn−r+1 =
{v1, . . . , vr , vr+1, . . . , vn} which is a span, and thus a basis for V . �

These two lemmas show that if V is a finitely generated vector space, and
{v1, . . . , vm} is a span then some subset {v1, . . . , vn}, with n ≤ m, is a basis. A basis
is a minimal span.

On the other hand if X = {v1, . . . , vr} is a frame, but not a span, then elements
may be added to X in such a way as to preserve linear independence, until this
“superset” of X becomes a basis. Consequently a basis is a maximal frame. These
two results can be combined into one theorem.

Exchange Theorem Suppose that V is a finitely generated vector space. Let X =
{x1, . . . , xn} be a frame and Y = {y1, . . . , yn} a span. Then there is some subset Y ′
of Y such that X ∪ Y ′ is a basis for V .

Proof By induction, let XS = {x1, . . . , xs}, for each s = 1, . . . , n, and let X0 = φ. �
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We know already from Lemma 2.6 that there is some subset Y0 of Y such that
X0 ∪ Y0 is a basis for V . Suppose for some s < m, there is a subset Ys of Y such
that Xs ∪ Ys is a basis.

Let Ys = {y1, . . . , yt }. Now xs+1 /∈ Span(Xs ∪ Ys) since Xs ∪ Ys is a basis. Thus
xs+1 = ∑s

1 α1x1 + ∑t
1 βiyi . But Xs+1 = {x1, . . . , xs+1} is a frame, since it is a

subset of X.
Thus at least one βj �= 0. Let Ys+1 = Ys\{yj }, so Yj /∈ Span(Xs+1 ∪ Ys+1) and

so Xs+1 ∪ Ys+1 = {x1, . . . , xs+1} ∪ {y1, . . . , yj−1, yj+1, . . . , yt } is a basis for V .
Thus if there is some subset Ys of Y such that Xs ∪ Ys is a basis, there is a subset

Ys+1 of Y such that Xs+1 ∪ Ys+1 is a basis.
By induction, there is a subset Ym = Y ′ of Y such that Xm ∪ Ym = X ∪ Y ′ is a

basis. �

Corollary 2.8 If X = {x1, . . . , xm} is a frame in a vector space V , and Y =
{y1, . . . , yn} is a span for V , then m ≤ n.

Lemma 2.9 If V is a finitely generated vector space, then any two bases have the
same number of vectors, where this number is called the dimension of V , and written
dim(V ).

Proof Let X,Y be two bases with m,n number of elements. Consider X as a frame
and Y as a span. Thus m ≤ n. However Y is also a frame and X a span. Thus n ≤ m.
Hence m = n. �

If V ′ is a vector subspace of a finitely generated vector space V , then any basis
for V ′ can be extended to give a basis for V . To see this, there must exist some finite
set V ′′ = {v1, . . . , vr} of vectors all belonging to V ′ such that Span(V ′′) = V ′. Oth-
erwise V could not be finitely generated. As before eliminate members of V ′′ until a
frame is obtained. This gives a basis for V ′. Clearly dim(V ′) ≤ dim(V ). Moreover if
V ′ has a basis V ′′′ = {v1, . . . , vr} then further linear independent vectors belonging
to V \V ′ can be added to V ′′′ to give a basis for V .

As we showed in Lemma 2.3, the vector space �n has a basis {e1, . . . , en} con-
sisting of n elements. Thus dim (�n) = n.

If V m is a vector subspace of �n of dimension m, where of course m ≤ n, then
in a certain sense V m is identical to a copy of �m through the origin 0. We make
this more explicit below.

2.2 Linear Transformations

In Chap. 1 we considered a morphism from the abelian group (�2,+) to itself.
A morphism between vector spaces is called a linear transformation.

Definition 2.7 Let V,U be two vector spaces of dimension n,m respectively, over
the same field F . Then a linear transformation T : V → U is a function from V to
U with domain V , such that
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1. for any a ∈ F , any v ∈ V,T (αv) = α(T (v))

2. for any v1, v2 ∈ V, T (v1 + v2) = T (v1) + T (v2).
Note that a linear transformation is simply a morphism between (V ,+) and

(U,+) which respects the operation of the field F . We shall show that any linear
transformation T can be represented by an array of the form

M(T ) =
⎛
⎜⎝

a11 a1n

...
...

...

am1 amn

⎞
⎟⎠

consisting of n × m elements in F . An array such as this is called an n by m (or
n × m) matrix. The set of n × m matrices we shall write as M(n,m).

2.2.1 Matrices

For convenience we shall consider finitely generated vector spaces over �, so that
we restrict attention to linear transformations between �n and �m, for any integers
n and m. Now let V = {v1, . . . , vn} be a basis for �n and U = {u1, . . . , um} a basis
for �m.

Since V is a basis for �n, any vector x ∈ �n can be written as x = ∑n
j=1 xjvj ,

with coordinates (x1, . . . , xn).
If T is a linear transformation, then T (αv1 + βv2) = T (αv1) + T (βv2) =

αT (v1) + βT (v2). Therefore

T (x) = T

(
n∑

j=1

xjvj

)
=

n∑
j=1

xjT (vj ).

Since each T (vj ) lies in �m we can write T (vj ) = ∑m
i=1 aijui , where (a1j , a2j ,

. . . , amj ) are the coordinates of T (vj ) with respect to the basis U for �m.
Thus

T (x) =
n∑

j=1

xj

m∑
i=1

aijui =
m∑

i=1

yiui

where the ith coordinate, yi , of T (x) is equal to
∑n

j=1 aij xj .
We obtain a set of linear equations:

y1 = a11x1 + a12x2 + · · ·a1j xj + · · ·a1nxn

...
...

yi = ai1x1 + ai2x2 + · · ·aij xj + · · ·ainxn

...
...

ym = am1x1 + am2x2 + · · ·amjxj + · · ·amnxn.
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This set of equations is more conveniently written

row i

⎛
⎜⎜⎜⎜⎜⎜⎝

a11 . . . aij . . . a1n

...

ai1 aij ain

...

am1 . . . amj . . . amn

⎞
⎟⎟⎟⎟⎟⎟⎠

j th column

⎛
⎜⎜⎜⎜⎜⎜⎝

x1
...

xj

...

xn

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

y1
...

yi

...

ym

⎞
⎟⎟⎟⎟⎟⎟⎠ .

or as M(T )x = y, where M(T ) is the n × m array whose ith row is (ai1, . . . , ain)

and whose j th column is (a1j , . . . , amj ). This matrix is commonly written as (aij )

where it is understood that i = 1, . . . ,m and j = 1, . . . , n.
Note that the operation of M(T ) on x is as follows: to obtain the ith coor-

dinate, yi , take the ith row vector (a11, . . . , a1n) and form the scalar product of
this with the column vector (x1, . . . , xn), where this scalar product is defined to be∑n

j=1 aij xj .
The coefficients of T (vj ) with respect to the basis (u1, . . . , um) are (a1j , . . . , amj )

and these turn up as the j th column of the matrix. Thus we could write the matrix
as

M(T ) = (
T (v1) . . . T (vj ) . . . T (vn)

)

where T (vj ) is the column of coordinates in �m. Suppose now that W =
{w1, . . . ,wp} is a basis for �p and S : �m → �p is a linear transformation. Then
to represent S as a matrix with respect to the two sets of bases, U and W , for each
i = 1, . . . ,m, we need to know

S(ui) =
p∑

k=1

bkiwk.

Then as before S is represented by the matrix

M(S) =
⎛
⎜⎝

b11 . . . b1i . . . b1m

... bki

...

bp1 . . . bpi . . . bpm

⎞
⎟⎠

where the ith column is the column of coordinates of S(ui) in �p .
We can compute the composition

(S ◦ T ) : �n T→ �m S→ �p.

The question is how should we compose the two matrices M(S) and M(T ) so
that the result “corresponds” to the matrix M(S ◦ T ) which represents S ◦ T .

First of all we show that S ◦ T : �n → �p is a linear transformation, so that we
know that it can be represented by an (n × p) matrix.
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Lemma 2.10 If T : �n → �m and S : �m → �p are linear transformations, then
S ◦ T : �n → �p is a linear transformation.

Proof Consider α,β ∈ �, v1, v2 ∈ �n. Then

(S ◦ T )(αv1 + βv2) = S
[
T (αv1 + βv2)

]

= S
(
αT (v1) + βT (v2)

)
since T is linear

= αS
(
T (v1)

) + βS
(
T (v2)

)
since S is linear

= α(S ◦ T )(v1) + β(S ◦ T )(v2).

Thus S ◦ T is linear.
By the previous analysis, (S ◦T ) can be represented by an (n×p) matrix whose

j th column is (S ◦ T )(vj ). Thus

(S ◦ T )(vj ) = S

(
m∑

i=1

aijui

)

=
m∑

i=1

aijS(ui)

=
m∑

i=1

aij

p∑
k=1

bkiwk

=
p∑

k=1

(
m∑

i=1

aij bki

)
wk.

Thus the kth entry in the j th column of M(S ◦ T ) is
∑m

i=1 bkiaij .
Thus (S ◦ T ) can be represented by the matrix

M(S ◦ T ) = kth row

⎛
⎜⎜⎝

←− n −→
. . .

∑m
i=1 bkiaij . . .

j th column

⎞
⎟⎟⎠p

The j th column in this matrix can be obtained more simply by operating the
matrix M(S) on the j th column vector T (vj ) in the matrix M(T ).

Thus M(S ◦ T ) = (M(S)(T (v1)) . . .M(S)(T (vn))) = M(S) ◦ M(T ).
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kth row of
p rows

(
bk1 . . . bki . . . bkm

←− m columns −→
)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

←− n −→
aij

...

aij

...

amj

j th column

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

m rows

= M(S) ◦ M(T ). �

Thus the “natural” method of matrix composition corresponds to the composition
of linear transformations.

Now let L(�n,�n) stand for the set of linear transformations from �n to �n. As
we have shown, if S,T belong to this set then S ◦ T is also a linear transformation
from �n to �n. Thus composition of functions (◦) is a binary operation L(�n,�n)×
L(�n,�n) → L(�n,�n).

Let M : L(�n,�n) → M(n,n) be the mapping which assigns to any linear trans-
formation T : �n → �n the matrix M(T ) as above. Note that M is dependent on
the choice of bases {v1, . . . , vn} and {u1, . . . , un} for the domain and codomain, �n.
There is in general no reason why these two bases should be the same.

Now let ◦ be the method of matrix composition which we have just defined. Thus
the mapping M satisfies

M(S ◦ T ) = M(S) ◦ M(T )

for any two linear transformations, S and T . Suppose now that we are given a linear
transformation, T ∈ L(�n,�n). Clearly the matrix M(T ) which represents T with
respect to the two bases is unique, and so M is a function.

On the other hand suppose that T ,S are both represented by the same matrix
A = (aij ).

By definition T (vj ) = S(vj ) = ∑m
i=1 aijui for each j = 1, . . . , n.

But then T (x) = S(x) for any x ∈ �n, and so T = S. Thus M is injective.
Moreover if A is any matrix, then it represents a linear transformation, and so M

is surjective. Thus we have a bijective morphism

M : (L(�n,�n
)
,◦) → (

M(n,n),◦)
.

As we saw in the case of 2 × 2 matrices, the subset of non-singular matrices in
M(n,n) forms a group. We repeat the procedure for the more general case.

2.2.2 The Dimension Theorem

Let T : V → U be a linear transformation between the vector spaces V,U of di-
mension n,m respectively over a field F . The transformation is characterised by
two subspaces, of V and U .
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Definition 2.8
1. the kernel of a transformation T : V → U is the set Ker(T ) = {x ∈ V : T (x) =

0} in V .
2. The image of the transformation is the set Im(T ) = {y ∈ U : ∃ x ∈ V s.t.

T (x) = y}.
Both these sets are vector subspaces of U,V respectively. To see this suppose
v1, v2 ∈ Ker(T ), and α,β ∈ F . Then T (αv1 + βv2) = αT (v1) + βT (v2) = 0 +
0 = 0. Hence αv1 + βv2 ∈ Ker(T ).

If u1, u2 ∈ Im(T ) then there exists v1, v2 ∈ V such that T (v1) = u1, T (v2) = u2.
But then

αμ1 + βμ2 = αT (v1) + βT (v2)

= T (αv1 + βv2).

Since V is a vector space, αv1 + βv2 ∈ V and so αu1 + βu2 ∈ Im(T ).
By the exchange theorem there exists a basis k1, . . . , kp for Ker(T ), where p =

dim Ker(T ) and a basis u1, . . . , us for Im(T ) where s = dim(Im(T )). Here p is
called the kernel rank of T , often written kr(T ), and s is the rank of T , or rk(T ).

The Dimension Theorem If T : V → U is a linear transformation between vector
spaces over a field F , where dimension (V ) �= n, then the dimension of the kernel
and image of T satisfy the relation

dim
(
Im(T )

) + dim
(
Ker(T )

) = n.

Proof Let {u1, . . . , us} be a basis for Im(T ) and for each i = 1, . . . , s, let vi be the
vector in V n such that T (vi) = ui .

Let v be any vector in V . Then

T (v) =
s∑

i=1

αiui, for T (v) ∈ Im(T ).

So

T (v) =
s∑

i=1

αiT (vi)

= T

(
s∑

i=1

αivi

)
, and

T

(
v −

s∑
i=1

αivi

)
= 0,

the zero vector in U , i.e., v − ∑s
i=1 αivi ∈ kernel T . Let {k1, . . . , kp} be the basis

for Ker(T ).
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Then v − ∑s
i=1 αivi = ∑p

j=1 βjkj , or v = ∑s
i=1 αivi + ∑p

j=1 βjkj . Thus
(v1, . . . , vs, k1, . . . , kp) is a span for V .

Suppose we consider

s∑
i=1

αivi +
p∑

j=1

βjkj = 0. (*)

Then, since T (kj ) = 0 for j = 1, . . . , p,

T

(
s∑

i=1

αivi +
p∑

j=1

βjkj

)
=

s∑
i=1

αiT (vi) +
p∑

j=1

βjT (kj )

=
s∑

i=1

αiT (vi) =
s∑

i=1

αiui = 0.

Now {ui, . . . , us} is a basis for Im(T ), and hence these vectors are linearly inde-
pendent. So αi = 0, i = 1, . . . , s. Therefore (*) gives

∑p

j=1 βjkj = 0.
However {k1, . . . , kp} is a basis for Ker(T ) and therefore a frame, so βj = 0 for

j = 1, . . . , p. Hence {v1, . . . , vs, k1, . . . , kp} is a frame, and therefore a basis for V .
By the exchange theorem the dimension of V is the unique number of vectors in a
basis. Therefore s + p = n. �

Note that this theorem is true for general vector spaces. We specialise now to
vector spaces �n and �m.

Suppose {v1, . . . , vn} is a basis for �n. The coordinates of vj with respect to this
basis are (0, . . . ,1, . . . ,0) with 1 in the j th place. As we have noted the image of vj

under the transformation T can be represented by the j th column (aij , . . . , amj ) in
the matrix M(T ), with respect to the original basis (e1, . . . , em), say, for �m. Call
the n different column vectors of this matrix a1, . . . , aj , . . . , an.

Then the equation M(T )(x) = y is identical to the equation
∑n

j=1 xjaj = y

where x = (x1, . . . , xn).
Clearly any vector y in the image of M(T ) can be written as a linear com-

bination of the columns A = {a1, . . . , an}. Thus Span(A) = Im(M(T )). Suppose
now that A is not a frame. In this case an, say, can be written as a linear com-
bination of {a1, . . . , an−1}, i.e.,

∑n
j=1 k1j aj = 0 and k1n �= 0. Then the vector

k1 = (k11, . . . , k1n) satisfies M(T )(k1) = 0. Thus k1 belongs to Ker(M(T )).
Eliminate an, say, and proceed in this way. After p iterations we will have ob-

tained p kernel vectors {k1, . . . , kp} and the remaining column vectors {a1, . . . ,

an−p} will form a frame, and thus a basis for the image of M(T ).
Consequently dim(Im(M(T ))) = n − p = n − dim(Ker(M(T ))). The number

of linearly independent columns in the matrix M(T ) is called the rank of M(T ),
and is clearly the dimension of the image of M(T ). In particular if M1(T ) and
M2(T ) are two matrix representations with respect to different bases, of the linear
transformation T , then rankM1(T ) = rankM2(T ) = rank(T ).
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Thus rank(T ) is an invariant, in the sense of being independent of the particular
bases chosen for �n and �m.

In the same way the kernel rank of T is an invariant; that is, for any matrix
representation M(T ) of T we have ker rank(M(T )) = ker rank(T ).

In general if y ∈ Im(T ), x0 satisfies T (x0) = y, and k belongs to the kernel, then

T (x0 + k) = T (x0) + T (k) = y + 0 = y.

Thus if x0 is a solution to the equation T (x0) = y, the point x0 + k is also a
solution. More generally x0 + Ker(T ) = {x0 + k : k ∈ Ker(T )} will also be the set of
solutions. Thus for a particular y ∈ Im(T ), T −1(y) = {x : T (x) = y} = x0 +Ker(T ).

By the dimension theorem dim Ker(T ) = n − rank(T ). Thus T −1(y) is a geo-
metric object of “dimension” dim Ker(T ) = n − rank(T ).

We defined T to be injective iff T (x0) = T (x) implies x0 = x. Thus T is injective
iff Ker(T ) = {0}. In this case, if there is a solution to the equation T (x0) = y, then
this solution is unique.

Suppose that n ≤ m, and that the n different column vectors of the matrix are
linearly independent. In this case rank(T ) = n and so dim Ker(T ) = 0. Thus T must
be injective. In particular if n < m then not every y ∈ �m belongs to the image of
T , and so not every equation T (x) = y has a solution. Suppose on the other hand
that n > m. In this case the maximum possible rank is m (since n vectors cannot be
linearly independent in �m when n > m). If rank(T ) = m, then there must exist a
kernel of dimension (n − m).

Moreover Im(T ) = �m, and so for every y ∈ �m there exists a solution to this
equation T (x) = y. Thus T is surjective. However the solution is not unique, since
T −1(y) = x + Ker(T ) is of dimension (n − m) as before.

Suppose now that n = m, and that T : �n → �n has maximal rank n. Then T is
both injective and surjective and thus an isomorphism. Indeed T will have an inverse
function T −1 : �n → �n. Moreover T −1 is linear. To see this note that if x1 =
T −1(y1) and x2 = T −1(y2) then T (x1) = y1 and T (x2) = y2 so T (x1 + x2) = y1 +
y2. Thus T −1(y1 + y2) = x1 + x2 = T −1(y1)+T −1(y2). Moreover if x = T −1(αy)

then T (x) = αy. If α �= 0, then 1
α
T (x) = T ( 1

α
x) = y or 1

α
x = T −1(y). Hence x =

αT −1(y). Thus T −1(αy) = αT −1(y). Since T −1 is linear it can be represented by
a matrix M(T −1). As we know M : (L(�n,�n),◦) → (M(n,n),◦) is a bijective
morphism, so M maps the identity linear transformation, Id, to the identity matrix

M(Id) = I =
⎛
⎜⎝

1 . . . 0
...

...

0 . . . 1

⎞
⎟⎠ .

When T is an isomorphism with inverse T −1, then the representation M(T −1)

of T −1 is [M(T )]−1. We now show how to compute the inverse matrix [M(T )]−1

of an isomorphism.
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2.2.3 The General Linear Group

To compute the inverse of an n × n matrix A, we define, by induction, the determi-
nant of A. For a 1 × 1 matrix (a11) define det (A11) = a11, and for a 2 × 2 matrix

A = (
a11 a12
a21 a22

)
define det A = a11a22 − a21a12.

For an n × n matrix A define the (i, j)th cofactor to be the determinant of the
(n − 1) × (n − 1) matrix A(i, j) obtained from A by removing the ith row and j th
column, then multiplying by (−1)i+j . Write this cofactor as Aij . For example in
the 3 × 3 matrix, the cofactor in the (1,1) position is

A11 = det

(
a22 a23
a32 a33

)
= a22a33 − a32a23.

The n × n matrix (Aij ) is called the cofactor matrix.
The determinant of the n × n matrix A is then

∑n
j=1 a1jA1j . The determinant is

also often written as |A|.
This procedure allows us to define the determinant of an n × n matrix. For ex-

ample if A = (aij ) is a 3 × 3 matrix, then

|A| = a11

∣∣∣∣
a22 a23
a32 a33

∣∣∣∣ − a12

∣∣∣∣
a21 a23
a31 a33

∣∣∣∣ + a13

∣∣∣∣
a21 a22
a31 a32

∣∣∣∣
= a11(a22a33 − a32a23) − a12(a21a33 − a31a23) + a13(a21a32 − a31a22).

An alternative way of defining the determinant is as follows. A permutation of n

is a bijection s : {1, . . . , n} → {1, . . . , n}, with degree d(s) the number of exchanges
needed to give the permutation.

Then |A| = ∑
s(−1)d(s)Πn

i=1ais(i) = a11a22a33 · · · + · · · where the summation is
over all permutations. The two definitions are equivalent, and it can be shown that

|A| =
n∑

j=1

aijAij (for any i = 1, . . . , n)

=
n∑

i=1

aijAij (for any j = 1, . . . , n)

while

0 =
n∑

i=1

aijAik if j �= k

=
n∑

j=1

aijAkj if i �= k.
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Thus

(aij ) (Ajk)
t =

(
n∑

j=1

aijAkj

)

=
⎛
⎜⎝

|A| . . . 0
...

...

0 . . . |A|

⎞
⎟⎠ = |A|I.

Here (Ajk)
t is the n × n matrix obtained by transposing the rows and columns

of (Ajk). Now the matrix A−1 satisfies A ◦ A−1 = I , and if A−1 exists then it is
unique. Thus A−1 = 1

|A| (Aij )
t .

Suppose that the matrix A is non-singular, so |A| �= 0. Then we can construct an
inverse matrix A−1.

Moreover if A(x) = y then y = A−1(x) which implies that A is both injective
and surjective. Thus rank(A) = n and the column vectors of A must be linearly
independent.

As we have noted, however, if A is not injective, with Ker(A) �= {0}, then
rank(A) < n, and the column vectors of A must be linearly dependent. In this case
the inverse A−1 is not a function and cannot therefore be represented by a matrix
and so we would expect |A| to be zero.

Lemma 2.11 If A is an n × n matrix with rank(A) < n then |A| = 0.

Proof Let A′ be the matrix obtained from A by adding a multiple (α) of the kth
column of A to the j th column of A. The j th column of A′ is therefore aj + αak .
This operation leaves the j th column of the cofactor matrix unchanged. Thus

∣∣A′∣∣ =
n∑

i=1

a′
ijAij

=
n∑

i=1

(aij + αaik)Aij

=
n∑

i=1

aijAij + α

n∑
i=1

aikAij

= |A| + 0 = |A|.

Suppose now that the columns of A are linearly dependent, and that aj =∑
k �=j αkak for example. Let A′ be the matrix obtained from A by substituting

a′
j = 0 = aj − ∑

k �=j αkak for the j th column.
By the above |A′| = ∑n

i=1 a′
ijAij = 0 = |A|. �
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Suppose now that A,B are two non-singular matrices (aij ), (bki). The composi-
tion is then B ◦ A = (

∑m
i=1 bkiaij ) with determinant

|B ◦ A| =
∑

s

(−1)d(s)

n∏
k=1

◦
(

m∑
i=1

bkiais(k)

)
.

This expression can be shown to be equal to

∑
s

(−1)d(s)
n∏

i=1

ais(i)

∑
s

(−1)d(s)
n∏

i=1

bks(k) = |B||A| �= 0.

Hence the composition (B ◦ A) has an inverse (B ◦ A)−1 given by A−1 ◦ B−1.
Now let (GL(�n,�n),◦) be the set of invertible linear transformations, with ◦

composition of functions, and let M∗(n,n) be the set of non-singular n×n matrices.
Choice of bases {v1, . . . , vn}, {u1, . . . , un} for the domain and codomain defines a
morphism

M : (GL
(�n,�n

)
,◦) → (

M∗(n,n),◦)
.

Suppose now that T belongs to GL(�n,�n). As we have seen this is equivalent
to |M(T )| �= 0, so the image of M is precisely M∗(n,n). Moreover if |M(T )| �= 0
then |M(T −1)| = 1

|M(T )| and M(T −1) belongs to M∗(n,n). On the other hand if

S,T ∈ GL(�n,�n) then S ◦ T also has rankn, and has inverse T −1 ◦ S−1 with
rankn.

The matrix M(S ◦ T ) representing T ◦ S has inverse

M
(
T −1 ◦ S−1) = M

(
T −1) ◦ M

(
S−1)

= [
M(T )

]−1 ◦ [
M(S)

]−1
.

Thus M is an isomorphism between the two groups (GL(�n,�n,◦)) and
(M∗(n,n),◦).

The group of invertible linear transformations is also called the general linear
group.

2.2.4 Change of Basis

Let L(�n,�m) stand for the set of linear transformations from �n to �m, and let
M(n,m) stand for the set of n × m matrices. We have seen that the choice of bases
for �n,�m defines a function.

M : L(�n,�m
) → M(n,m)
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which take a linear transformation T to its representation M(T ). We now exam-
ine the relationship between two representations M1(T ), M2(T ) of a single linear
transformation.

Basis Change Theorem Let {v1, . . . , vn} and {u1, . . . , um} be bases for �n,�m

respectively.
Let T be a linear transformation which is represented by a matrix A = (aij )

with respect to these bases. If V ′ = {v′
1, . . . , v

′
n},U ′ = {u′

1, . . . , u
′
m} are new bases

for �n,�m then T is represented by the matrix B = Q−1 ◦ A ◦ P , where P,Q are
respectively (n × n) and (m × m) invertible matrices.

Proof For each v′
k ∈ V ′ = {v′

1, . . . , v
′
n} let v′

k = ∑n
i=1 bikvi and bk = (b′

1k, . . . , bnk).
Let P = (b1, . . . , bn) where the kth column of P is the column of coordinates

of bk . With respect to the new basis V ′, v′
k has coordinates ek = (0, . . . ,1, . . . ,0)

with a 1 in the kth place.
But then P(ek) = bk the coordinates of v′

k with respect to V .
Thus P is the matrix that transforms coordinates with respect to V ′ into coordi-

nates with respect to V . Since V is a basis, the columns of P are linearly indepen-
dent, and so rankP = n, and P is invertible.

In the same way let u′
k = ∑m

i=1 cikui, ck = (c1k, . . . , cmk) and Q = (c1, . . . , cm)

the matrix with columns of these coordinates.
Hence Q represents change of basis from U ′ to U . Since Q is an invertible m×m

matrix it has inverse Q−1 which represents change of basis from U to U ′.
Thus we have the diagram

{v1, . . . , vn} A−→ {u1, . . . , um}

P ↑ Q−1 ↓ ↑ Q

{
v′

1, . . . , v
′
n

} B−→ {
u′

1, . . . , u
′
m

}

from which we see that the matrix B , representing the linear transformation T :
�n → �m with respect to the new bases is given by B = Q−1 ◦ A ◦ P . �

Isomorphism Theorem Any linear transformation T : �n → �m of rank r can be
represented, by suitable choice of bases for �n and �m, by an n × m matrix

(
Ir 0
0 0

)
where Ir =

(
1 0
0 1

)
is the (r × r) identity matrix.

In particular
1. if n < m and T is injective then there is an isomorphism S : �m → �m such

that S ◦ T (x1, . . . , xn) = (x1, . . . , xn,0, . . . ,0) with (n − m) zero entries, for
any vector (x1, . . . , xn) in �n
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2. if n ≥ m and T is surjective then there are isomorphisms � : �n → �n, S :
�m → �m such that S ◦ T ◦ R(x1, . . . , xn) = (x1, . . . , xm). If n = m, then S ◦
T ◦ R is the identity isomorphism.

Proof Of necessity rank(T ) = r ≤ min(n,m). If r < n, let p = n − r and choose a
basis k1, . . . , kp for Ker(T ). Let V = {v1, . . . , vn} be the original basis for �n. By
the exchange theorem there exists r = (n − p) different members {v1, . . . , vr} say
of V such that V ′ = {v1, . . . , vr , k1, . . . , kp} is a basis for �n.

Choose V ′ as the new basis for �n, and let P be the basis change matrix
whose columns are the column vectors in V ′. As in the proof of the dimen-
sion theorem the image of the vectors v1, . . . , vn−p under T provide a basis for
the image of T . Let U = {u1, . . . , um} be the original basis of �m. By the ex-
change theorem there exists some subset U ′ = {u1, . . . , um−r} of U such that U ′′ =
{T (v1), . . . , T (vr), u1, . . . , um−r} form a basis for �m. Note that T (v1), . . . , T (vr)

are represented by the r linearly independent columns of the original matrix A rep-
resenting T . Now let Q be the matrix whose columns are the members of U ′′. By
the basis change theorem, B = Q−1 ◦ A ◦ P , where B is the matrix representing T

with respect to these new bases. Thus we obtain

{v1, . . . , vn} A−→ {u1, . . . , um}

P ↑ Q−1 ↓

{v1, . . . , vr , k1 . . .} B−→ {
T (v1) . . . T (vr), u1, . . . , um−r

}
.

With respect to these new bases, the matrix B representing T has the required form:(
Ir 0
0 0

)
.

1. If n < m and T is injective then r = n. Hence P is the identity matrix, and so
B = Q−1 ◦ A.

But Q−1 is an m×m invertible matrix, and thus represents an isomorphism
�n −→ �n, while

B

(
x1
xn

)
=

(
In

0

)(
x1
xn

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

x1
...

xn

...

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Write a vector x = ∑n
i=1 xivi as (x1, . . . , xn), and let S be the linear transfor-

mation �m → �m represented by the matrix Q−1. Then S ◦ T (x1, . . . , xn) =
(x1, . . . , xn,0, . . . ,0).

2. If n ≥ m and T is surjective then rank(T ) = m, and dim Ker(T ) = n−m. Thus
B = (Im 0) = Q−1 ◦ A ◦ P . Let S,R be the linear transformations represented
by Q−1 and P respectively.
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Then S ◦ T ◦ R(x1, . . . , xn) = (x1, . . . , xm). If n = m then S ◦ T ◦ R is the
identity transformation. �

Suppose now that V,U are the two bases for �n,�m as in the basis theorem.
A linear transformation T : �n −→ �m is represented by a matrix M1(T ) with
respect to these bases. If V ′,U ′ are two new bases, then T will be represented by
the matrix M2(T ), and by the basis theorem

M2(T ) = Q−1 ◦ M1(T ) ◦ P

where Q,P are non-singular (m × m) and (n × n) matrices respectively. Since
M1(T ) and M2(T ) represent the same linear transformation, they are in some sense
equivalent. We show this more formally.

Say the two matrices A,B ∈ M(n,m) are similar iff there exist non singular
square matrices P ∈ M∗(n,n) and Q ∈ M∗(m,m) such that B = Q−1 ◦ A ◦ P , and
in this case write B ∼ A.

Lemma 2.12 The similarity relation (∼) on M(n,m) is an equivalence relation.

Proof
1. To show that ∼ is reflexive note that A = I−1

m ◦ A ◦ In where Im, In are respec-
tively the (m × m) and (n × n) identity matrices.

2. To show that ∼ is symmetric we need to show that B ∼ A implies that A ∼ B .
Suppose therefore that B = Q−1 ◦ A ◦ P .
Since Q ∈ M∗(m,m) it has inverse Q−1 ∈ M∗(m,m).
Moreover (Q−1)−1 ◦ Q−1 = Im, and thus Q = (Q−1)−1. Thus

Q ◦ B ◦ P −1 = (
Q ◦ Q−1) ◦ A ◦ (

P ◦ P −1)

= A

= (
Q−1)−1 ◦ B ◦ (

P −1).

Thus A ∼ B .
3. To show ∼ is transitive, we seek to show that C ∼ B ∼ A implies C ∼ A.

Suppose therefore that C = R−1 ◦ B ◦ S and B = Q−1 ◦ A ◦ P , where R,Q ∈
M∗(m,m) and S,P ∈ M∗(n,n). Then

C = (
R−1 ◦ Q−1) ◦ A ◦ P ◦ S

= (Q ◦ R)−1 ◦ A ◦ (P ◦ S).

Now (M∗(m,m),◦), (M∗(n,n),◦) are both groups and so Q◦R ∈ M∗(m,m),
P ◦ S ∈ M∗(n,n). Thus C ∼ A. �
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The isomorphism theorem shows that if there is a linear transformation T :
�n −→ �m of rank r , then the (n × m) matrix M1(T ) which represents T , with
respect to some pair of the bases, is similar to an n × m matrix

B =
(

Ir 0
0 0

)
i.e., M(T ) ∼ B.

If S is a second linear transformation of rank r then M1(S) ∼ B .
By Lemma 2.12, M1(S) ∼ M1(T ).
Suppose now that U ′,V ′ are a second pair of bases for �n,�m and let

M2(S),M2(T ) represent S and T . Clearly M2(S) ∼ M2(T ).
Thus if S,T are linear transformations �m −→ �n we may say that S,T are

equivalent iff for any choice of bases the matrices M(S),M(T ) which represent
S,T are similar.

For any linear transformation T ∈ L(�n,�m) let [T ] be the equivalence class
{S ∈ L(�n,�m) : S ∼ T }. Alternatively a linear transformation S belongs to [T ]
iff rank(S) = rank(T ). Consequently the equivalence relation partitions L(�n,�m)

into a finite number of distinct equivalence classes where each class is classified by
its rank, and the rank runs from 0 to min(n,m).

2.2.5 Examples

Example 2.1 To illustrate the use of these procedures in the solution of linear equa-
tions, consider the case with n < m and the equation A(x) = y where

A =

⎛
⎜⎜⎝

1 −1 2
5 0 3

−1 −4 5
3 2 −1

⎞
⎟⎟⎠ and y1 =

⎛
⎜⎜⎝

−1
1

−1
1

⎞
⎟⎟⎠ , y2 =

⎛
⎜⎜⎝

0
5

−5
5

⎞
⎟⎟⎠ .

To find Im(A), we first of all find Ker(A). The equation A(x) = 0 gives four
equations

x1 − x2 + 2x3 = 0

5x1 + 0 + 3x3 = 0

−x1 − 4x2 + 5x3 = 0

3x1 + 2x2 − x3 = 0

with solution k = (x1, x2, x3) = (−3,7,5).
Thus Ker(A) ⊃ {λk ∈ �3 : λ ∈ �}. Hence dim Im(A) ≤ 2. Clearly the first two

columns (a1, a2) of A are linearly independent and so dim Im(A) = 2. However
y2 = a1 + a2. Thus a particular solution to the equation A(x) = y2 is x0 = (1,1,0).



60 2 Linear Spaces and Transformations

The full set of solutions to the equation is

x0 + Ker(A) = {
(1,1,0) + λ(−3,7,5) : λ ∈ �}

.

To see whether y1 ∈ Im(A) we need only attempt to solve the equation y1 = αa1 +
βa2. This gives

−1 = α − β

1 = 5α

−1 = −α − 4β

1 = 3α + 2β.

From the first two equations α = 1
5 , β = 6

5 , which is incompatible with the fourth
equation. Thus y1 cannot belong to Im(A).

Example 2.2 Consider now an example of the case n > m, where

A =
(

2 1 1 1 1
1 2 −1 1 1

)
: �5 −→ �2.

Obviously the first two columns are linearly independent and so dim Im(A) ≥ 2.
Let {ai : i = 1, . . . ,5} be the five column vectors of the matrix and consider the
equation

(
2
1

)
−

(
1
2

)
−

(
1

−1

)
=

(
0
0

)
.

Thus k1 = (1,−1,−1,0,0) belongs to Ker(A). On the other hand

(
2
1

)
+

(
1
2

)
− 3

(
1
1

)
=

(
0
0

)
.

Thus k2 = (1,1,0,−3,0) and k3 = (1,1,0,0,−3) both belong to Ker(A).
Consequently the rank of A has its maximal value of 2, while the kernel is three-

dimensional. Hence for any y ∈ �2 there is a set of solutions of the form x0 +
Span{k1, k2, k3} to the equation A(x) = y.

Change the bases of �5 and �2 to

⎛
⎜⎜⎜⎜⎝

1
0
0
0
0

⎞
⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎝

0
1
0
0
0

⎞
⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎝

1
−1
−1
0
0

⎞
⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎝

1
1
0

−3
0

⎞
⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎝

1
1
0
0

−3

⎞
⎟⎟⎟⎟⎠
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and
( 2

1

)
,
( 1

2

)
respectively, then

B =
(

2 1
1 2

)−1 (
2 1 1 1 1
1 2 −1 1 1

)
⎛
⎜⎜⎜⎜⎝

1 0 1 1 1
0 1 −1 1 1
0 0 −1 0 0
0 0 0 −3 0
0 0 0 0 −3

⎞
⎟⎟⎟⎟⎠

= 1

3

(
2 −1

−1 2

) (
2 1 0 0 0
1 2 0 0 0

)
=

(
1 0 0 0 0
0 1 0 0 0

)
.

Example 2.3 Consider the matrix

Q =

⎛
⎜⎜⎝

1 −1 0 0
5 0 0 0

−1 −4 1 0
3 2 0 1

⎞
⎟⎟⎠ .

Since |Q| = 5 we can compute its inverse. The cofactor matrix (Qij ) of Q is

⎛
⎜⎜⎝

0 −5 −20 10
1 1 5 −5
0 0 5 0
0 0 0 5

⎞
⎟⎟⎠

and thus

Q−1 = 1

|Q| (Qij )
t =

⎛
⎜⎜⎝

0 1
5 0 0

−1 1
5 0 0

−4 1 1 0
2 −1 0 1

⎞
⎟⎟⎠ .

Example 2.4 Let T : �3 → �4 be the linear transformation represented by the ma-
trix A of Example 2.1, with respect to the standard bases for �3,�4. We seek to
change the bases so as to represent T by a diagonal matrix

B =
(

Ir

0

)
.

By Example 2.1, the kernel is spanned by (−3,7,5), and so we choose a new
basis

e1 =
⎛
⎝

1
0
0

⎞
⎠ , e2 =

⎛
⎝

0
1
0

⎞
⎠ , k =

⎛
⎝

−3
7
5

⎞
⎠
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with basis change matrix P = (e1, e2, k). Note that |P | = 5 and P is non-singular.
Thus {e1, e2, k} form a basis for �3. Now Im(A) is spanned by the first two columns
a1, a2, of A. Moreover A(e1) = a1 and A(e2) = a2. Thus choose

a1 =

⎛
⎜⎜⎝

1
5

−1
3

⎞
⎟⎟⎠ , a2 =

⎛
⎜⎜⎝

−1
0

−4
2

⎞
⎟⎟⎠ , e′

3 =

⎛
⎜⎜⎝

0
0
1
0

⎞
⎟⎟⎠ , e′

4 =

⎛
⎜⎜⎝

0
0
0
1

⎞
⎟⎟⎠

as the new basis for �4. Let Q = (a1, a2, e
′
3, e

′
4) be the basis change matrix. The

inverse Q−1 is computed in Example 2.3. Thus we have (B) = Q−1 ◦ A ◦ P .
To check that this is indeed the case we compute:

Q−1 ◦ A ◦ P =

⎛
⎜⎜⎝

0 1
5 0 0

−1 1
5 0 0

−4 1 1 0
2 −1 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 1 2
5 0 3

−1 −4 5
3 2 −1

⎞
⎟⎟⎠

⎛
⎝

1 0 −3
0 1 7
0 0 5

⎞
⎠

=

⎛
⎜⎜⎝

1 0 0
0 1 0
0 0 0
0 0 0

⎞
⎟⎟⎠

as required.

2.3 Canonical Representation

When considering a linear transformation T : �n −→ �n it is frequently conve-
nient to change the basis of �n to a new basis V = {v1, . . . , vn} such that T is now
represented by a matrix

M2(T ) = P −1 ◦ M1(T ) ◦ P.

In this case it is generally not possible to obtain M2(T ) in the form
(

Ir 0
0 0

)
as before.

Under certain conditions however M2(T ) can be written in a diagonal form

⎛
⎝

λ1 0
·

0 λn

⎞
⎠ ,

where λ1, . . . , λn are known as the eigenvalues.
More explicitly, a vector x is called an eigenvector of the matrix A iff there is a

solution to the equation A(x) = λx where λ is a real number. In this case, λ is called
the eigenvalue associated with the eigenvector x. (Note that we assume x �= 0.)
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2.3.1 Eigenvectors and Eigenvalues

Suppose that there are n linearly independent eigenvectors {x1, . . . , xn} for A, where
(for each i = 1, . . . , n) λi is the eigenvalue associated with xi . Clearly the eigen-
vector xi belongs to Ker(A) iff λi = 0. If rank(A) = r then there would a subset
{x1, . . . , xr} of eigenvectors which form a basis for Im(A), while {x1, . . . , xn} form
a basis for �n. Now let Q be the (n × n) matrix representing a basis change from
the new basis to the original basis. That is to say the ith column, vi , of Q is the
coordinate of xi with respect to the original basis.

After transforming, the original becomes

Q−1 ◦ A ◦ Q =
⎛
⎜⎝

λ1 . . . 0
... λr

...

0 0

⎞
⎟⎠ = ∧,

where rank∧ = rankA = r .
In general we can perform this diagonalisation only if there are enough eigen-

vectors, as the following lemma indicates.

Lemma 2.13 If A is an n × n matrix, then there exists a non-singular matrix Q,
and a diagonal matrix ∧ such that ∧ = Q−1AQ iff the eigenvectors of A form a
basis for �n.

Proof
1. Suppose the eigenvectors form a basis, and let Q be the eigenvector matrix. By

definition, if vi is the ith column of Q, then A(vi) = λivi , where λi is real. Thus
AQ = Q∧. But since {v1, . . . , vn} is a basis, Q−1 exists and so ∧ = Q−1AQ.

2. On the other hand if ∧ = Q−1AQ, where Q is non-singular then AQ = Q∧.
But this is equivalent to A(v1) = λivi for i = 1, . . . , n where λi is the ith diag-
onal entry in ∧, and vi is the ith column of Q.
Since Q is non-singular, the columns {v1, . . . , vn} are linearly independent, and
thus the eigenvectors form a basis for �n. �

If there are n distinct (real) eigenvalues then this gives a basis, and thus a diago-
nalisation.

Lemma 2.14 If {v1, . . . , vm} are eigenvectors corresponding to distinct eigenval-
ues {λ1, . . . , λm}, of a linear transformation T : �n → �n, then {v1, . . . , vm} are
linearly independent.

Proof Since v1 is assumed to be an eigenvector, it is non-zero, and thus {v1} is a
linearly independent set. Proceed by induction.
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Suppose Vk = {v1, . . . , vk}, with k < m, are linearly independent. Let vk+1 be
another eigenvector and suppose

v =
k+1∑
r=1

arvr = 0.

Then 0 = T (v) = ∑k+1
r=1 arT (vr) = ∑k+1

r=1 arλrvr .
If λk+1 = 0, then λi �= 0 for i = 1, . . . , k and by the linear independence of

Vk, arλr = 0, and thus ar = 0 for r = 1, . . . , k.
Suppose λk+1 �= 0. Then

λk+1v =
k+1∑
r=1

λk+1arvr =
k+1∑
r=1

arλrvr = 0.

Thus
∑k

r=1(λk+1 − λr)arvr = 0.
By the linear independence of Vk, (λk+1 − λr)ar = 0 for r = 1, . . . , k.
But the eigenvalues are distinct and so ar = 0, for r = 1, . . . , k.
Thus ak+1vk+1 = 0 and so ar = 0, r = 1, . . . , k + 1. Hence

Vk+1 = {v1, . . . , vk+1}, k < m,

is linearly independent.
By induction Vm is a linearly independent set. �

Having shown how the determination of the eigenvectors gives a diagonalisation,
we proceed to compute eigenvalues.

Consider again the equation A(x) = λx. This is equivalent to the equation
A′(x) = 0, where

A′ =

⎛
⎜⎜⎜⎝

a11 − λ a12 . . . a1n

a21 a22 − λ ·
...

...
...

...

an1 ann − λ

⎞
⎟⎟⎟⎠ .

For this equation to have a non zero solution it is necessary and sufficient that
|A′| = 0. Thus we obtain a polynomial equation (called the characteristic equation)
of degree n in λ, with n roots λ1, . . . , λn not necessarily all real. In the 2 × 2 case
for example this equation is λ2 − λ(a11 + a22) + (a11a22 − a21a12) = 0. If the roots
of this equation are λ1, λ2 then we obtain

(λ − λ1)(λ − λ2) = λ2 − λ(λ1 + λ2) + λ1λ2.
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Hence

λ1λ2 = (a11a22 − a21a22) = |A|
λ1 + λ2 = a11 + a22.

The sum of the diagonal elements of a matrix is called the trace of A. In the 2×2
case therefore

λ1λ2 = |A|, λ1 + λ2 = a11 + a22 = trace(A).

In the 3 × 3 case we find

(λ − λ1)(λ − λ2)(λ − λ3)

= λ3 − λ2(λ1 + λ2 + λ3) + λ(λ1λ2 + λ1λ3 + λ2λ3) − λ1λ2λ3

= λ3 − λ2(traceA) + λ(A11 + A22 + A33) − |A| = 0,

where Aii is the ith diagonal cofactor of A. Suppose all the roots are non-zero (this
is equivalent to the non-singularity of the matrix A). Let

∧ =
⎛
⎝

λ1 0 0
0 λ2 0
0 0 λ3

⎞
⎠

be the diagonal eigenvalue matrix, with | ∧ | = λ1λ2λ3.
The cofactor matrix of ∧ is then

⎛
⎝

λ2λ3 0 0
0 λ1λ3 0
0 0 λ1λ2

⎞
⎠ .

Thus we see that the sum of the diagonal cofactors of A and ∧ are identical.
Moreover trace (A) = trace (∧) and | ∧ | = |A|.

Now let ∼ be the equivalence relation defined on L(�n,�n) by B ∼ A iff there
exist basis change matrices P,Q and a diagonal matrix ∧ such that

∧ = P −1AP = Q−1BQ.

On the set of matrices which can be diagonalised, ∼ is an equivalence relation,
and each class is characterised by n invariants, namely the trace, the determinant,
and (n − 2) other numbers involving the cofactors.



66 2 Linear Spaces and Transformations

2.3.2 Examples

Example 2.5 Let

A =
⎛
⎝

2 1 −1
0 1 1
2 0 −2

⎞
⎠ .

The characteristic equation is

(2 − λ)
[
(1 − λ)(−2 − λ)

] − 1(−2) − (−2(1 − λ) = −λ
(
λ2 − λ − 2

)

= −λ(λ − 2)(λ + 1)

= 0.

Hence (λ1, λ2, λ3) = (0,2,−1). Note that λ1 + λ2 + λ3 = trace(A) = 1 and

λ2λ3 = −2 = A11 + A22 + A33.

Eigenvectors corresponding to these eigenvalues are

x1 =
⎛
⎝

1
−1
1

⎞
⎠ , x2 =

⎛
⎝

2
1
1

⎞
⎠ , x3 =

⎛
⎝

1
−1

2

⎞
⎠ .

Let P be the basis change matrix given by these three column vectors. The in-
verse can be readily computed, to give

P −1AP =
⎛
⎝

1 −1 −1
1
3

1
3 0

− 2
3

1
3 1

⎞
⎠

⎛
⎝

2 1 −1
0 1 1
2 0 2

⎞
⎠

⎛
⎝

1 2 1
−1 1 −1
1 1 2

⎞
⎠ =

⎛
⎝

0 0 0
0 2 0
0 0 −1

⎞
⎠ .

Suppose we now compute A2 = A ◦ A : �3 → �3. This can easily be seen to be

⎛
⎝

2 3 1
2 1 −1
0 2 2

⎞
⎠ .

The characteristic function of A2 is (λ3 − 5λ2 + 4λ) with roots μ1 = 0, μ2 = 4,
μ3 = 1.

In fact the eigenvectors of A2 are x1, x2, x3, the same as A, but with eigenval-
ues λ2

1, λ
2
2, λ

2
3. In this case Im(a) = Im(A2) is spanned by {x2, x3} and Ker(A) =

Ker(A2) has basis {x1}.
More generally consider a linear transformation A : �n → �n. Then if x is an

eigenvector with a non-zero eigenvalue λ,A2(x) = A ◦ A(x) = A[λx] = λA(x) =
λ2x, and so x ∈ Im(A) ∩ Im(A2).
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If there exist n distinct real roots to the characteristic equation of A, then a basis
consisting of eigenvectors can be found. Then A can be diagonalized, and Im(A) =
Im(A2), Ker(A) = Ker(A2).

Example 2.6 Let

A =
⎛
⎝

3 −1 −1
1 3 −7
5 −3 1

⎞
⎠

Then Ker(A) has basis {(1,2,1)}, and Im(A) has basis {(3,1,5), (−1,3,−3)}. The
eigenvalues of A are 0,0,7. Since we cannot find three linearly independent eigen-
vectors, A cannot be diagonalised. Now

A2 =
⎛
⎝

3 −3 3
−29 29 −29
17 −17 17

⎞
⎠

and thus Im(A2) has basis {(3,−29,17)}. Note that

⎛
⎝

3
−29
17

⎞
⎠ = −2

⎛
⎝

3
1
5

⎞
⎠ − 9

⎛
⎝

−1
3

−3

⎞
⎠ ∈ Im(A)

and so Im(A2) is a subspace of Im(A).
Moreover Ker(A2) has basis {(1,2,1), (1,−1,0)} and so Ker(A) is a subspace

of Ker(A2).
This can be seen more generally. Suppose f : �n → �n is linear, and x ∈ Ker(f ).

Then f 2(x) = f (f (x)) = 0, and so x ∈ Ker(f 2). Thus Ker(f ) ⊂ Ker(f 2). On the
other hand if v ∈ Im(f 2) then there exists w ∈ �n such that f 2(w) = v. But f (w) ∈
�n and so f (f (w)) = v ∈ Im(f ). Thus Im(f 2) ⊂ Im(f ).

2.3.3 Symmetric Matrices and Quadratic Forms

Given two vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in �n, let 〈x, y〉 =∑n
i=1 xiyi ∈ � be the scalar product of x and y. Note that 〈λx,y〉 = λ〈x, y〉 =

〈x,λy〉 for any real λ. (We use 〈−,−〉 to distinguish the scalar product from a vec-
tor in �2. However the notations (x, y) or x · y are often used for scalar product.)

An n × n matrix A = (aij ) may be regarded as a map A∗ : �n × �n → �, where
A∗(x, y) = 〈x,A(y)〉.

A∗ is linear in both x and y and is called bilinear. By definition 〈x,A(y)〉 =∑n
i=1

∑n
j=1 xiaij yj .

Call an n × n matrix A symmetric iff A = At where At = (aji) is obtained from
A by exchanging rows and columns.
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In this case 〈A(x), y〉 = ∑n
i=1(

∑n
j=1 aji xi)yj = ∑n

i=1
∑n

j=1 xi aij yj , since
aij = aji for all i, j .

Hence 〈A(x), y〉 = 〈x,A(y)〉 for any x, y ∈ �n whenever A is symmetric.

Lemma 2.15 If A is a symmetric n × n matrix, and x, y are eigenvectors of A

corresponding to distinct eigenvalues then 〈x, y〉 = 0, i.e., x and y are orthogonal.

Proof Let λ1 �= λ2 be the eigenvalues corresponding to the distinct eigenvectors
x, y. Now

〈
A(x), y

〉 = 〈
x,A(y)

〉

= 〈λ1x, y〉 = 〈x,λ2y〉
= λ1〈x, y〉 = λ2〈x, y〉.

Here 〈A(x), y〉 = 〈x,A(y)〉 since A is symmetric. Moreover 〈x,λy〉 =∑n
i=1 xi(λyi) = λ〈x, y〉. Thus (λ1 − λ2)〈x, y〉 = 0. If λ1 �= λ2 then 〈x, y〉 = 0. �

Lemma 2.16 If there exist n distinct eigenvalues to a symmetric n × n matrix A,
then the eigenvectors X = {x1, . . . , xn} form an orthogonal basis for �n.

Proof Directly by Lemmas 2.14 and 2.15.
We may also give a brief direct proof of Lemma 2.16 by supposing that∑n
i=1 αixi = 0. But then for each j = i, . . . , n,

0 = 〈xj ,0〉 =
n∑

i=1

αi〈xj , xi〉 = αj 〈xj , xj 〉.

But since xj �= 0, 〈xj , xj 〉 > 0 and so αj = 0 for each j . Thus X is a frame. Since
the vectors in X are mutually orthogonal, X is an orthogonal basis for �n.

For a symmetric matrix the roots of the characteristic equation will all be real.
To see this in the 2 × 2 case, consider the characteristic equation

(λ − λ1)(λ − λ2) = λ2 − λ(a11 + a22) = (a11a22 − a21a12).

The roots of this equation are −b+
√

b2−4c
2 with real roots iff b2 − 4c ≥ 0.

But this is equivalent to

(a11 + a22)
2 − 4(a11a22 − a21a12) = (a11 − a22)

2 + 4(a12)
2 ≥ 0,

since a12 = a21.
Both terms in this expression are non-negative, and so λ1, λ2 are real.
In the case of a symmetric matrix, A, let Eλ be the set of eigenvectors associ-

ated with a particular eigenvalue, λ, of A together with the zero vector. Suppose
x1, x2 belong to Eλ. Clearly A(x1 + x2) = A(x1)+A(x2) = λ(x1 + x2) and so x1 +
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x2 ∈ Eλ. If x ∈ Eλ, then A(αx) = αA(x) = α(λx) = λ(αx) and αx ∈ Eλ for each
non-zero real number, α.

Since we also now suppose that for each eigenvalue, λ, the eigenspace Eλ con-
tains 0, then Eλ will be a vector subspace of �n. If λ = λ1 = · · · = λr are repeated
roots of the characteristic equation, then, in fact, the eigenspace, Eλ, will be of di-
mension r , and we can find r mutually orthogonal vectors in Eλ, forming a basis
for Eλ.

Suppose now that A is a symmetric n×n matrix. As we shall show we may write
∧ = P −1AP where P is the n × n basis change matrix whose columns are the n

linearly independent eigenvectors of A.
Now normalise each eigenvector xj by defining zj = 1

‖xj ‖ (x1j , . . . , xnj ) where

‖xj‖ =
√∑

(xkj )2 = √〈xj , xj 〉 is called the norm of xj .
Let Q = (z1, . . . , zn) be the n × n matrix whose columns consist of z1, . . . , zn.

Now

QtQ =
⎛
⎝

z11 z21 zn1
z1j znj

z1n znn

⎞
⎠

⎛
⎜⎜⎜⎝

z11 z1j z1n

z21 z2j z2n

...
...

...

zn1 znj znn

⎞
⎟⎟⎟⎠

=
⎛
⎜⎝

〈z1, z1〉 . . . 〈z1, zn〉
〈z2, z1〉

... . . . 〈zn, zn〉

⎞
⎟⎠

since the (i, k)th entry in QtQ is
∑n

r=1 zrizrk = 〈zi, zk〉.
But (zi, zk) = 〈 xi‖xi‖ ,

xk‖xk‖ 〉 = 1
‖xi‖‖xk‖ 〈xi, xk〉 = 0 if i �= k. On the other hand

〈zi, zi〉 = 1
‖xi‖2 〈xi, xi〉 = 1, and QtQ = In, the n × n identity matrix. Thus Qt =

Q−1.
Since {z1, . . . , zn} are eigenvectors of A with real eigenvalues {λ1, . . . , λn} we

obtain

∧ =
⎛
⎝

λ1 0
λr

0 0

⎞
⎠ = QtAQ

where the last (n − r) columns of Q correspond to the kernel vectors of A.
When A is a symmetric n × n matrix the function A∗ : �n × �n → � given by

A∗(x, y) = 〈x,A(y)〉 is called a quadratic form, and in matrix notation is given by

(x1, . . . , xn)

⎛
⎝aij

⎞
⎠

⎛
⎝

y1

yn

⎞
⎠
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Consider

A∗(x, x) = 〈
x,A(x)

〉
= 〈

x,Q ∧ At(x)
〉

= 〈
Qt(x),∧ Qt(x)

〉
.

Now Qt(x) = (x′
1 . . . , x′

n) is the coordinate representation of the vector x with
respect to the new basis {z1, . . . , zn} for �n. Thus

A∗(x, x) = (
x′

1, . . . , x
′
n

)
⎛
⎝

λ1
λr

0

⎞
⎠

(
x′

1
x′
n

)
=

r∑
i=1

λi

(
x′
i

)2
.

Suppose that rankA = r and all eigenvalues of A are non-negative. In this case,
A∗(x, x) = ∑n

i=1 |λi |(xi)
2 ≥ 0. Moreover if x is a non-zero vector then Qt(x) �= 0,

since Qt must have rank n.
Define the nullity of A∗ to be {x : A∗(x, x) = 0}. Clearly if x is a non-zero vector

in Ker(A) then it is an eigenvector with eigenvalue 0. Thus the nullity of A∗ is a
vector subspace of �n of dimension at least n − r , where r = rank(A). If the nullity
of A∗ is {0} then call A∗ non-degenerate. If all eigenvalues of A are strictly positive
(so that A∗ is non-degenerate) then A∗(x, x) > 0 for all non-zero x ∈ �n. In this
case A∗ is called positive definite. If all eigenvalues of A are non-negative but some
are zero, then A∗ is called positive semi-definite, and in this case A∗(x, x) > 0,
for all x in a subspace of dimension r in �n. Conversely if A∗ is non-degenerate
and all eigenvalues are strictly negative, then A∗ is called negative definite. If the
eigenvalues are non-positive, but some are zero, then A∗ is called negative semi-
definite.

The index of the quadratic form A∗ is the maximal dimension of the subspace
on which A∗ is negative definite. Therefore index (A∗) is the number of strictly
negative eigenvalues of A.

When A has some eigenvalues which are strictly positive and some which are
strictly negative, then we call A∗ a saddle.

We have not as yet shown that a symmetric n × n matrix has n real roots to its
characteristic equation. We can show however that any (symmetric) quadratic form
can be diagonalised.

Let A = (aij ) and 〈x,A(x)〉 = ∑n
i=1

∑n
j=1 aij xixj . If aii = 0 for all i = 1, . . . , n

then it is possible to make a linear transformation of coordinates such that aij �= 0 for
some j . After relabelling coordinates we can take a11 �= 0. In this case the quadratic
form can be written

〈
x,A(x)

〉 = a11x
2
1 + 2a12x1x2, . . .

= a11

(
x1 + a12

a11
x2 · · ·

)2

+
(

a22 − a2
12

a11

2)
(x2 + · · ·)2 + · · ·

=
n∑

i=1

αiy
2
i .



2.3 Canonical Representation 71

Here each yi is a linear combination of {x1, . . . , xn}. Thus the transformation x →
P(x) = y is non-singular and has inverse Q say.

Letting x = Q(y) we see the quadratic form becomes

〈
x,A(x)

〉 = 〈
Q(y),A ◦ Q(y)

〉

= 〈
y,QtAQ(y)

〉

= 〈
y,D(y)

〉
,

where D is a diagonal matrix with real diagonal entries (α1, . . . , αn). Note that
D = QtAQ and so rank(D) = rank(A) = r , say. Thus only r of the diagonal en-
tries may be non zero. Since the symmetric matrix, A, can be diagonalised, not only
are all its eigenvalues real, but its eigenvectors form a basis for �n. Consequently
∧ = P −1AP where P is the n × n basis change matrix whose columns are these
eigenvectors. Moreover, if λ is an eigenvalue with multiplicity r (i.e., λ occurs as
a root of the characteristic equation r times) then the eigenspace, Eλ, has dimen-
sion r . �

2.3.4 Examples

Example 2.7 To give an illustration of this procedure consider a matrix

A =
⎛
⎝

0 0 1
0 1 0
1 0 0

⎞
⎠

representing the quadratic form x2
2 + 2x1x3. Let

P1(x) =
⎛
⎝

0 1 0
1 0 0
1 0 1

⎞
⎠

⎛
⎝

x1
x2
x3

⎞
⎠ =

⎛
⎝

z1
z2
z3

⎞
⎠

giving the quadratic form z2
1 − 2(z2 − 1

2z3)
2 + 1

2z2
3 and

P2(z) =
⎛
⎝

1 0 0
0 1 − 1

2
0 0 1

⎞
⎠

⎛
⎝

z1
z2
z3

⎞
⎠ =

⎛
⎝

y1
y2
y3

⎞
⎠ .

Then 〈x,A(x)〉 = 〈y,D(y)〉, where

D =
⎛
⎝

1 0 0
0 −2 0
0 0 1

2

⎞
⎠ =

⎛
⎝

α1 0 0
0 α2 0
0 0 α3

⎞
⎠ , and A = P t

1P t
2DP2P1.
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Consequently the matrix A can be diagonalised. A has characteristic equation
(1 − λ)(λ2 − 1) with eigenvalues 1, 1, −1.

Then normalized eigenvectors of A are

1√
2

⎛
⎝

1
0
1

⎞
⎠ ,

⎛
⎝

0
1
0

⎞
⎠ ,

1√
2

⎛
⎝

1
0

−1

⎞
⎠ ,

corresponding to the eigenvalues 1, 1, −1.
Thus A∗ is a non-degenerate saddle of index 1. Let Q be the basis change matrix

1√
2

⎛
⎝

1 0 1
0 2 0
1 0 −1

⎞
⎠ .

Then

QtAQ = 1

2

⎛
⎝

1 0 1
0 2 0
1 0 −1

⎞
⎠

⎛
⎝

0 0 1
0 1 0
1 0 0

⎞
⎠

⎛
⎝

1 0 1
0 2 0
1 0 −1

⎞
⎠ =

⎛
⎝

1 0 0
0 1 0
0 0 −1

⎞
⎠ .

As a quadratic form

(x1, x2, x3)A

⎛
⎝

x1
x2
x3

⎞
⎠ = (x1, x2, x3)

⎛
⎝

x3
x2
x1

⎞
⎠ = x1x3 + x2

2 .

We can also write this as

(x1, x2, x3)
1

2

⎛
⎝

1 0 1
0

√
2 0

1 0 −1

⎞
⎠

⎛
⎝

1 0 0
0 1 0
0 0 −1

⎞
⎠

⎛
⎝

1 0 1
0

√
2 0

1 0 −1

⎞
⎠

⎛
⎝

x1
x2
x3

⎞
⎠

= 1

2

(
x1 + x3,

√
2x2, x1 − x3

)
⎛
⎝

1 0 0
0 1 0
0 0 −1

⎞
⎠

⎛
⎝

x1 + x3√
2x2

x1 − x3

⎞
⎠

= 1

2
(x1 + x3)

2 + 2x2
2 − (x1 − x3)

2.

Note that A is positive definite on the subspace {(x1, x2, x3) ∈ �3 : (x1 = x3)}
spanned by the first two eigenvectors.

We can give a geometric interpretation of the behaviour of a matrix A with both
positive and negative eigenvalues. For example

A =
(

1 2
2 1

)
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Fig. 2.2 A translation
followed by a reflection

has eigenvectors

z1 =
(

1
1

)
z2 =

(
1

−1

)

corresponding to the eigenvalues 3, −1 respectively. Thus A maps the vector z1

to 3z1 and z2 to −z2. The second operation can be regarded as a reflection of the
vector z2 in the line {(x, y) : x − y = 0}, associated with the first eigenvalue. The
first operation z1 → 3z1 is a translation of z1 to 3z1. Consider now any point x ∈ �2.
We can write x = αz1 + βz2. Thus A(x) = 3αz1 − βz2. In other words A may be
decomposed into two operations: a translation in the direction z1, followed by a
reflection about z1 as in Fig. 2.2.

2.4 Geometric Interpretation of a Linear Transformation

More generally suppose A has real roots to the characteristic equation and has eigen-
vectors {x1, . . . , xs, z1, . . . , zt , k1, . . . , kp}.

The first s vectors correspond to positive eigenvalues, the next t vectors to nega-
tive eigenvalues, and the final p vectors belong to the kernel, with zero eigenvalues.

Then A may be described in the following way:
1. collapse the kernel vectors on to the image spanned by {x1, . . . , xs, z1, . . . , zt }.
2. translate each xi to λixi .
3. reflect each zj to −zj , and then translate to − | μj | zj (where μj is the nega-

tive eigenvalue associated with zj ).
These operations completely describe a symmetric matrix or a matrix, A, which

is diagonalisable. When A is non-symmetric then it is possible for A to have com-
plex roots.

For example consider the matrix

(
cos θ − sin θ

sin θ cos θ

)
.
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Fig. 2.3 A translation
followed by a rotation

As we have seen this corresponds to a rotation by θ in an anticlockwise direction
in the plane �2. To determine the eigenvalues, the characteristic equation is (cos θ −
λ)2 + sin2 θ = λ2 − 2λ cos θ + (cos2 θ + sin2 θ) = 0. But cos2 θ + sin2 θ = 1. Thus

λ = 2 cos θ ± 2
√

cos2 θ−1
2 = cos θ ± i sin θ .

More generally a 2 × 2 matrix with complex roots may be regarded as a trans-
formation λeiθ where λ corresponds to a translation by λ and eiθ corresponds to
rotation by θ .

Example 2.8 Consider A = ( 2 −2
2 2

)
with trace (A) = tr(A) = 4 and |A| = 8.

As we have seen the characteristic equation for A is (λ2 − (traceA)) + |A| = 0,

with roots trace(A)±
√

(traceA)2−4|A|
2 . Thus the roots are 2 ± 1

2

√
16 − 32 = 2 ± 2i =

2
√

2[ 1√
2

+ i√
2
] where cos θ = sin θ = 1√

2
and so θ = 45◦. Thus

A :
(

x

y

)
→ 2

√
2

(
x cos 45 −y sin 45
x sin 45 +y cos 45

)
.

Consequently A first sends (x, y) by a translation to (2
√

2x,2
√

2y) and then
rotates this vector through an angle 45◦.

More abstractly if A is an n × n matrix with two complex conjugate eigenvalues
(cos θ + i sin θ), (cos θ − i sin θ), then there exists a two dimensional eigenspace Eθ

such that A(x) = λeiθ (x) for all x ∈ Eθ , where λeiθ (x) means rotate x by θ within
Eθ and then translate by λ.

In some cases a linear transformation, A, can be given a canonical form in terms
of rotations, translations and reflections, together with a collapse onto the kernel.
What this means is that there exists a number of distinct eigenspaces

{E1, . . . ,Ep,X1, . . . ,Xs,K}

where A maps
1. Ej to Ej by rotating any vector in Ej through an angle θj ;
2. Xj to Xj by translating a vector x in Xj to λjx, for some non-zero real number

λj ;
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3. the kernel K to {0}.
In the case that the dimensions of these eigenspaces sum to n, then the canonical

form of the matrix A is
⎛
⎝

eiθ 0 0
0 ∧ 0
0 0 0

⎞
⎠

where eiθ consists of p different 2 × 2 matrices, and ∧ is a diagonal s × s matrix,
while 0 is an (n − r) × (n − r) zero matrix, where r = rank(A) = 2p + s.

However, even when all the roots of the characteristic equation are real, it need
not be possible to obtain a diagonal, canonical form of the matrix.

To illustrate, in Example 2.6 it is easy to show that the eigenvalue λ = 0 occurs
twice as a root of the characteristic equation for the non-symmetric matrix A, even
though the kernel is of dimension 1. The eigenvalue λ = 7 occurs once. Moreover
the vector (3,−29,17) clearly must be an eigenvector for λ = 7, and thus span the
image of A2. However it is also clear that the vector (3,−29,17) does not span the
image of A. Thus the eigenspace E7 does not provide a basis for the image of A,
and so the matrix A cannot be diagonalised.

However, as we have shown, for any symmetric matrix the dimensions of the
eigenspaces sum to n, and the matrix can be expressed in canonical, diagonal, form.

In Chap. 4 below we consider smooth functions and show that “locally” such a
function can be analysed in terms of the canonical form of a particular symmetric
matrix, known as the Hessian.
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