Chapter 1
Lévy Processes and Their Characteristics

Abstract We give an introductory review of Lévy processes and their properties with
emphasis on subordinators and spectrally positive Lévy processes. The a-potentials
of these processes are given. Results on the times of first exit of such processes are
discussed. Several examples of such processes are given.

Keywords Lévy processes - The Lévy-Itd decomposition formula - Scale
functions + Subordinators - Spectrally positive Lévy processes - Killed processes *
First exit times + Brownian motion + Gamma processes * Stable processes

1.1 Lévy Processes

Definition 1.1 A stochastic process X = {X;, r > 0} is said to be a Lévy process if
the following hold:

(1) It has right continuous sample paths with left limits.
(i) X has stationary increments, i.e., for every s, t > 0, the distribution of X, ¢ —
X, is independent of ¢.
(ii1) X hasindependentincrements,i.e., foreverys, s > 0, X,4;— X, isindependent
of (Xy,u <t).

Thatis to say, a Lévy process is a process with stationary and independent increments
whose sample paths are right continuous with left-hand limits.

Any Lévy process X enjoys the following property: For all ¢+ > 0

E[e0%1] = £!©),

The function @ is known as the characteristic function of the process X, it has the
form

0%b
i0d — N +/[exp(i€x) — 1 —ifxIjjx)<n]v(dx), (1.1)
R
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2 1 Lévy Processes and Their Characteristics

where d € R, b € Ry and v is a measure on R satisfying v({0}) = O, fR,(x2 A
DHr(dx) < oo.

The measure v is called the Lévy measure, it characterizes the size and frequency
of the jumps. If this measure is infinite, then the process has an infinite number of
jumps of every small sizes in any small interval.

Definition 1.2 A Lévy process is said to be of bounded variation if » = 0 and
Jr(x | ADr(dx) < oo.

For such processes, the characteristic function is of the form
®(®) =iab + / [exp(ifx) — 1]v(dx), (1.2)
R

where a = d — f{|x\<1}XV(dx)'

1.2 The Lévy-It6 Decomposition

The Lévy-Ité decomposition identify any Lévy process as the sum of four independent
processes, it is stated as follows:

Theorem 1.3 Givenanyd € R,b € R and measure v on R satisfying v({0}) = 0,
fR(l A xP)v(dx) < oo, there exists a probability space (2, F, P) on which a Lévy
process X is defined. Furthermore, for eacht € R

thdt+Bt+/

xM(ds, dx) +/ x(M —m)(ds, dx),
[0,e]x{|x|>1}

[0, 1]x{]x|=<1}

where M is a Poisson random measure on Ry x Ry with mean measure m(ds, dx) =
dsv(dx) and f(x2 A Dv(dx) < oo. Furthermore, B = {B; : t > 0} is a Brownian
motion with zero mean and variance coefficient b, and d is called the drift term.

The above theorem implies that the jump random measure defined, for any A €
o(R4+ x Ro), by
M(A) =" Tals, X5 — X),

s>0

is a Poisson random measure on R4 X Ry with mean measure m(ds, dx) = dsv(dx),
and f (x2A1)v(dx) < oo. Furthermore, the process X is the sum of four independent

ONCNE ) (1 @ _ o
processes X, X, X, and X, where X is a constant drift, X is a Brownian motion with

3
zero mean and variance coefficient b, X is a compound Poisson process with arrival
LNENILACED)

rateequalto (| x |> 1), jump magnitude distribution function F (dx) = T
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“
and X is a pure jump martingale that has countably many jumps over every finite

interval; these jumps are of magnitude less than one almost surely The characteristic

(OREINE) @ ORNE)
exponents of X, X, X, and X (denoted by ¢,p,p and gp, respectively) are as

follows:

(1

50 = iod

@ 9219
9 s

(0 = >

o) = / (exp(ifx) — D(dx),
{lx|=1}

(é?)(z) / (exp(ifx) — 1 — iOx)v(dx).
{lxl<1}

1.3 The Strong Markov Property for Lévy Processes

Definition 1.4 For any stopping time 7 with respect to [ , the sigma algebra
generated by T is defined as follows:

Fr={ACQ:AN{T <t} € Ft e R}

The next theorem illustrates that the stationarity and the independence of the incre-
ments of Lévy processes hold even if the starting time in the increment is a stopping
time, instead of being fixed.

Theorem 1.5 Let L = {L;,t € R.} be a Lévy processes. For any stopping time T
with respect to F o and for any # € R, we define

Yt:LT-H‘_LT-

Then, on the event {T < oo}, the process Y has the same distribution as the process
L and is independent of F 7.

Proof Since the indicator function of any event can be approximated by a sequence
of bounded continuous function, it suffices to show that, form = 1,2, ...,¢1, ..., t;,y €
R, every bounded continuous function f : R™ :— R,and every A € F 1

EManr <o} f Yy, s Y5, )1 = P(ANAT < oo E[f(Lyy, ., Lg,)].

From Theorem 10 in the Appendix, it suffices to show that the above identity
holds for m = 2, and f = fj f> where f; , f : R :(— R are bounded continuous
functions
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Foreveryn = 1,2, ..., we define
k
=2 Sl re k)
k>1
For every n = 1,2, ..., t € R4, we define Y = Lpny; — Lpn. It is known

that 7" | T, as n 1 oo almost surely. Since the process L is right continuous,
J1and f> are continuous functions, it follows that f;(¥;') — fi(Y,) almost surely,
asn — 00,1 = 1, 2. Using the bounded convergence theorem we have

n]LrI;oE[IAO{T"<oo}f1(Ytrll)fZ(Yg)] = Elanr <o} f1(Y1) f2(Ys,)]

For simplicity, for k = 1,2,..., we will denote the set {k_n1 <T< 2%} by Ag. For

A € F 7, we write

E[Manirn <o} f1(Y1) f2(Y])]
= ELQ Loafilly o —Le)foly,, — L)l

k>1
= ELELD Laoa il gy = L) oL gy = L) | F 4]
k>1
= E[ D Tana ELA(Ly) fo(Ly)]]
k>1

= P(AN{T" < co))E[fi(L,) fo(L,)],

where the third equation follows since the process L has stationary independent
increments and since, fork = 1,2, ..., and A € F 7 theevent ANA; € F « . Our
2n

assertion is proved by letting n — 00, in both sides of the last equation above. W

The following shows that every Lévy process is a strong Markov process in the
sense described in the Appendix.

Corollary 1.6 Let L be a Lévy process, then L is a strong Markov process.

Proof Let T be an arbitrary stopping time, we need to show that, for each t € R
and every bounded function f,

E[f(Lix7) | FT1 =E[f(Lis+7) | LT].

Let the process Y = {Y;,t € R} be as defined in the previous theorem. Observe
that L,y7 = Y; + L7, hence E[f(L;+7) | Fr] = E[f(Ys + L7)) | F 7]. From the
above theorem Y; has the same distribution as the L; and is independent of f 7.
Thus, E[f(Li+1) | Frl= ELf(Ys + L7)) | Lt]1= E[f(L: + L7)) | LT], L{
is independent fro L7. But, given L7, the random variable L; + L7 has the same
distribution as L;; 7 and our assertion is proven. H
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1.4 Subordinators

Definition 1.7 A Lévy process is called a subordinator if its sample paths are
increasing.

From Theorem 1.3 it follows that, for each t € R4

X =(t+ / xM(ds, dx),
[0,¢) xRy
where ( > 0, and M is a Poisson random measure on R; x R4 with mean
measure m(ds, dx) = dsv(dx), and [;°(x A Dv(dx) < oco.

For such processes we have, for all § > 0,
E[e™X]=¢", (1.3)

where
D(O) = O+ / (1 = e ™ )u(dx),
0

and ¢ > 0 is the drift term.
The function v is called the Laplace exponent of the subordinator. It follows that
every subordinator is of bounded variation.

We now mention some examples of subordinators.
Example 1 Compound Poisson processes. A subordinator X with finite Lévy
measure is called a compound Poisson process with a positive drift. In this case,
v(dx) = AF(dx), where A > 0, F is the distribution function with support R, and
the corresponding Poisson random measure M is finite. Let T = (7,,,n = 1,2, ...)

be a sequence of independent identically distributed exponential random variables,
with mean % Forne Ni,letS, =T+ ---+ T, So = 0, then, for every r € R+

X, =(t+ Z Xn10,1(Sn)
n

where {X,,, n = 1, 2, ...} is asequence of independent positive identically distributed
random variables with distribution function F, and independent of 7.

In this case,

(@) = 0¢ + )\/00(1 — e Y F(dx). (1.4)
0

Assuming ¢ = 0, and that F has a density f, then the probability transition
function of this process is as follows:
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o0
— )

pltxy) = ZOE MO p00(y —x),  y>x
’ ’ - n=|

0, y=ux,

where £ is the nth convolution of f with itself.

Example 2 [nverse Brownian motion. A subordinator X with Lévy measure of the

form
2

1 —X b
dx) = )
v = s P ()
is called inverse Brownian process.
In this case,
1
Y(0) = 0¢ + ;(\/2902 + u? — ). (1.5)

If ( =0, then, for t,x,y € R, the probability transition function of the process X
is as follows:

t exp{—LO=0=Iy
plt,x,y) = 1 o/2r(y—x)> 2(y—x)0% D
0, y < x.

[S]

In this case, EX| = ﬁ and Var(X;) = ;77

Example 3 Gamma processes. A subordinator X with Lévy measure
@
v(dx) = —exp(—xf)dx, x>0
X

where «, 8 > 0, is called a gamma process.
It follows that
P(@) =60+ aln(l+6/0). (1.6)

Furthermore, if ( = 0, its probability transition function is of the form

pat

pt,x,y) = F(at)e_(y_xm (y—0"l y>x
0, y <x.

In this case, the mean term (E (X )) and the variance term (V (X)) are equal to
o/ and o/ 52, respectively.

Example 4 Stable processes with stability parameter (3, 3 € (0, 1). A subordinator
X with Lévy measure
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B
V(dX)ZF(l——ﬁ)xﬁ"‘l x>0

is called a stable process with stability parameter /3.
In this case

W) =0 +6, (1.7)

and E[X,;] = oo, forall t > 0.

We will discuss stable processes in general and the case when the index 5 € (1, 2)
in Sect. 1.6 of this chapter.

Example 5 Generalized stable processes with stability parameter 3, 5 € (0, 1). A
subordinator X with Lévy measure

ﬁe—/\x
v(dx) = mdx x,A>0
is called a generalized stable subordinator.
It is easily seen that
i}
P(O) =0C+ O+ N =X, (1.8)

and E[X] = ¢+ AL

1.5 Spectrally Positive Processes

Definition 1.8 A non-subordinator is said to be spectrally positive (negative) if it
has no negative (positive) jumps.

A
For any spectrally positive process L, we let L = — L, throughout. It is clear that
A
L is spectrally positive if and only if the process L is spectrally negative.

From (1.1), it follows that, for each § € R, the Laplace transform E [e‘aL')]
exists, furthermore,
E[e™"')] = O,

where
9202 o0 P
o) = —db + — —/0 (1 =™ —Oxlix<ryv(dx). (1.9)

The term d € R is the drift term, 0> € Ry is the variance of the Brownian motion

o0
and v is a positive measure on [0, 00), v({0}) = 0, and f(x2 A Dr(dx) < 0.
0
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The function ¢ is known as the Laplace exponent of the spectrally positive process.
The following gives some properties of the Laplace component above:

Lemma 1.9 Let ¢ be as defined in (1.9). Then
) ¢0) =0.

(i1) ¢ is a convex function in its argument.

@iii) If d)/ (04) > 0, then ¢ is strictly increasing on R .

(iv) If gb/ (04+) < 0, then there exists 8* > 0 such that ¢(6) < 0if § < 6*, and
¢(#) > 0 and increasing if 0 > 6*.

(vi) lim ¢(0) =
0— 00

Proof (i) This follows immediately from the definition of ¢.

(ii))  From the definition of ¢, it follows that gb// (0) has the same sign as E [e=0L1]
E[L% e_eLl] — (E[Lle_aLl ])2. The fact that this term is positive, is easily seen
from Holder inequality. This establishes the assertion.

(iii)  This assertion also follows from (ii) above.

(iv)  This assertion also follows from (i) and (ii) above.

(vi)  Since the process L is spectrally positive, then there exists a t € (0, 00) such
that P{L; < 0} > 0. For such a ¢, 0 — E[e_eL’] > E[e_(’L’, L; < 0]. The
assertion follows by letting  — oo, in the last inequality. |

It is clear that, qbl (0+) = —E[L; ]. For a € R4, we define n(a) = ng_l(a), i.e,

n(a) = sup{f : ¢(0) = a}, (1.10)

oo
Itis seen that n(0) = Oifand only E[L; ] < 0. Notethat, E(L; ) = f xv(dx)+d.
1
Furthermore, 11m L, = oo if and only if E(L;) > 0, and 11m Ll = —oo if and

only if E[L ] < 0 Also, if E(L; ) =0, then L oscillates from —00 to 00.

A version of the following theorem is given in Theorem 1 of [1], itis also included
in Theorem 8 p. 194 of [2].

Theorem 1.10 Let X be a spectrally positive process, with Laplace exponent ¢,
and 7 is as defined in (1.10). Then, there exists an absolutely continuous increasing
function W such that,

*© 79x _
/0 Wx)dx = ¢(9) 0 > n(0). (1.11)

Definition 1.11 For any spectrally positive process with Laplace component ¢ and
for a > 0, the a-scale function W*: R — Ry, W%(x) = 0 forevery x < 0, and
on [0, co) it is defined as the unique continuous increasing function such that

o0 ]
—0x yy7 () —
/0 e "W (x)dx = 5@ —o’ 0 > n(a). (1.12)
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The existence of W@ and its relation to W above is established as follows. Since
0 > n(a) if and only if ¢(0) > «, then we have

1 1 1

50 —a 60 1—a/e0)
1

= > af 1kt
=500

- Zak[/oo e W o) lax
k>0 0

— Zak /00 e—@x W*(k+l)(x)dx,
k=0 0

where fork=1, 2, ..., W*®) is the kth convolution of W with itself. Note that, since
W is increasing

W (x) = /X Wx — y)W(y)dy
0

X 2

By induction on £, it follows that for k > 1,
xk
W*(k-l—l)(x) < F(W (X))k+l.

Hence, for each x € R, the series | oA W**+D (x) converges. Using Fubini’s
k>0
Theorem we have

Zak /OO e WD (xydx = /00 e 0% Zak WD () dx.
0 0

k=0 k=0
From the uniqueness of the Laplace transform, we have, for a > 0
o
W) =" ok wr D (x), (1.13)
k=0

If a spectrally positive Lévy process has bounded variation, then using (1.2) it
follows that

() = o — /Oo(l — e ™yu(dx). (1.14)
0
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where

(= xv(dx) —d > 0. (1.15)
{lx[<1}

In this case, we can write, for each t > 0
X =Y —(t
where the process Y is a subordinator with drift term equal to zero,
Lemma 1.12 Let X be a spectrally positive process. Then, for each a > 0

(@) W) = % if and only if X is of bounded variation, where ( is given in (1.15).
(b) W@ (0) = 0if and only if X is of unbounded variation.

Proof (a) From the initial value theorem for the Laplace transform, and (1.12) we
have

o0
W@ ©0) = lim O W (x)dx
#—o00 Jo

0— o0 (;5(9) -«
= m S

Since, for x, 0 € R4 and 6 large enough, (1 — e’e") <@x Al <0OxAnl),
using the fact that fooo (x A Do(dx) < oo, (1.14) and the Lebesgue dominated
convergence theorem, we have

1
W) = -
) c

if and only if X is of bounded variation.
(b) The assertion that W(® Q) = 0 if the process L is of unbounded variation
follows, since in this case and from the definition of ¢, limg_, o qﬁ(@% =01

Furthermore, (see Lemma 8.2 of [3]), W@ is right and left differentiable on
(0, 00). By Wia) (x), we will denote the right derivative of W@ in x.

The adjoint a-scale function associated with W(® (denoted by Z(®) is defined
as follows:

Definition 1.13 For o > 0, the adjoint a-scale function AN Ry — [1,00) is
defined as
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X
ZO%) =1+a / W (y)dy.
0

Lemma 1.14 Fora > 0

® ()
n(a) x
W@ (x) ~ /e— ,as x — 00.
¢ (n(a))
(b) -
n(a) x
Z@(x) ~ L ,as x — o0,
n(@)¢ (n(a) )

% (@)

11

(1.16)

(1.17)

(1.18)

Proof (a) LetW (x) = e "W (@ (x), then from (1.12) we have, for 6 € R,

© —OX‘:'{/((I) d 1
f et e

From the final-value theorem of the Laplace transform we have

lim W (x) = lim G~ W (x)dx
X—>00 0—0 /o
. 0
= hrn—
0—-00(0 + n(e)) —
. 0
= lim
-0 (0 + n(a)) — ¢(n(r))
. 1
)
Hence,
ev)(zx) X
W (x) ~ —— asx — 0.
¢ (n(@))

(b) From (1.16) and (1.17), it follows that as x — oo, for @ > 0

aW @ (x) .«
W@y — n)’

hence

el(@) x

ZWx)y~ ——— asx
n(a@e (n(c) )

—> OQ.

Z (x)

S W)



12 1 Lévy Processes and Their Characteristics

1.6 Examples of Spectrally Positive Processes

Example 1 Brownian Motion. The Brownian motion with mean . € R, variance
term o2, is an example of spectrally positive Lévy processes, where v(Ry) = 0.

From (1.1) we have, that for 8 > 0, ¢(0) = —ub + %. It follows that, for o > 0,

n(a) = —‘zij Foreachtr € R4, x, y € R, the transition probability function
of this process is given as follows:
I (v —x — r)?
plt,x,y) = exp { }-
V2rbt 202
Let § = /2a0? + 2, then
() 2 /uc/(r2 : 2
W'Y (x) = 56 sinh (xd/07%),
Z@(x) = "/7 (cosh(xd/o?) — %sinh(x5/02)) (1.19)

Example 2 Stable processes with stability parameter 8 € (1,2). A Lévy process
X is called stable process with stability parameter 5 > 0, if its Lévy measure has
support [0, oo) and for each r > 0, X; has the same distribution as t4/0 x 1. When
6 € (0, 1), the process X is a subordinator with no drift, as discussed in Example 4
of Sect. 1.4. Here we will deal with the case where 3 € (1, 2), in this case the process
is spectrally positive. Let X be such a process, it follows that for z, 6 > 0,

Ele? X1 = E[e0 """ X1,
Since the left-hand side of the above equation is equal to ¢’?® | then we must have

E[e=0 1" X1] = (190)

Clearly ¢(0) = C6”, is the solution of the last equation. Since lim ¢(f) = oo,
o0—>0
(Lemma 1.9 (vi)), the constant C must be greater than zero. In summary

$(0) = o, (1.20)

C > 0. In this case, the Lévy measure is of the form

a

I/(dx) = W,

(1.21)

where a is a positive real number.
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It follows that, for all ¥ > 0, E[X;] = O and the value of the term d in (1.9) is

o0
equal — [ xv(dx). Furthermore,
1

() = /oo(e—"x — 1+ Ox)v(dx). (1.22)
0

If C in (1.20) is taken to be 1, then the constant a in (1.21) is found to be ﬁ
In this case,

Z@(x) = Ey(ox”) (1.23)
W@ (x) = Bx 7 E(ax?), (1.24)
where, forv > 0, E, (x) = > xK/T(1 + vk) is the Mittag—Leffler function. (see
k>0
(3], p. 233)

The process X jumps upwards only and creeps downwards (in the sense that, for
every negative x, P{X ;- = x} = 1, where T is the first time the process X hits

x from above). Furthermore, ¢ = 0, and fooo (x A Dv(dx) = oo, thus X is of
unbounded variation.

Example 3 Spectrally positive processes of bounded variation. Assume that X is
a spectrally positive process of bounded variation, with Laplace exponent given in
(1.14). Let p = fooo xv(dx) and assume that ;4 < oo. For every x € R;, we let

v(x) = v((x, 00)), define the probability density function f(x) = E(%)), F(x) as
the distribution function corresponding to f, and p = % which is assumed to be p
less than one. From (1.14), we have

o(0) = ¢0— / Oo(l — e "yu(dx)
0
= (6 — 9/00 e D (x)dx.
0

Thus,

1 1
PO0) <Ol —p [5° e f(x)dx]

! /°° 0 i )
[ e— X pnfn (X)d.x
§9 0 n=0

[ I S
= - e 7 PPFY (x)dx.
btz
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Since, p < 1, then n(0) = 0, thus

*© 0x 1
e""Wx)dx = ——,0 > 0.
/0 0l ()
Thus, we must have
1 o
Wx) = - Zp"F<">(x). (1.25)
¢ n=0

The following are three examples of spectrally positive processes of bounded
variation.

Example 4 Spectrally positive processes of bounded variation with a gamma sub-
ordinator. If X is a spectrally positive process with gamma subordinator, then from
(1.14), for each r > 0,

Xi =Y — (1,

¢ > 0, and the process Y is a gamma process with drift term equal to zero, and
parameters «, 3 > 0, in the sense described in Example 3 of Sect. 1.4.

In this case the Laplace exponent of the process X is given as follows:
¢0) = (0 — aln (1 +05). (1.26)

Note that, u = E[Y|] = af < oo. Then, assuming that a8 < (, the scale

function W is computed using (1.25), where p = “Tﬁ, and, for x > 0, E(x) =

[ Sexp(=y/B)dy, F(x) =[5, v)dy/ap.

Example 5 Spectrally positive processes of bounded variation with a stable subor-
dinator. From Example 4 of Sect. 1.4, for 8 € (0, 1), it follows that

¢(0) =0¢—0, (1.27)
¢> 0.

1
In this case n(0) = C(ﬂj), 1 = o0o. Thus, we cannot apply (1.25) to compute the
scale function. However, when ( = 1, then from (1.11) and (1.27), we have

) ! ()
/ e Wkx)dx = =, 0> 7T
0 o—0
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It can be shown that the solution of the last equation above is

w ' x 7 128
(X)_Z 1—ﬂ(T), (1.28)

where, for v > 0, E (x) is the Mittag—Leffler function with parameter v, which is
defined in Example 2 of this section.

Example 6 Spectrally positive processes of bounded variation with a generalized
stable subordinator. Let X be a spectrally positive process, with generalized stable
subordinator. From Example 5 of Sect. 1.4 and (1.14), the Laplace exponent of X
is of the form ,

B(0) =0C — O+ N+ N\, (1.29)

where 6 € (0,1),( > 0,and A > 0.

In this case, p = A1 o o, Assuming that A1 < ¢, we can use (1.25)

to compute the scale function W, with the following ingredients: p = % and
/\lfﬁ 00 =AY
F'(x) = =] fx ;@ﬁdy.

1.7 The Compensation Formula

For a proof of the following theorem the reader should consult [4], also see Chapter
II of [5].

Theorem 1.15 Let X be a Lévy process, defined on a probability space (€2, P). Let
M be a random measure on (Rt x Rp). Then, M is a Poisson random measure with
mean measure dsv(dx) if and only if

El / Gy f(x)M(ds. dx)] = EI / Gy f (x)dsv(dx)],

[0,£)x Ro [0,1) X Rg

for each ¢t € Ry, for every positive measurable function f on Ry, and every [
predictable process (Gy).

The following is an extension of the above theorem.

Theorem 1.16 Let g(¢, x, w) be such that

(i) x — g(t, x, w) is a positive bounded measurable function, and
(i) t — g(t, x, w) is predictable with respect to F ;.

Then, For each t € R, we have
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E / g(s,x)M(ds,dx) | = E / g(s, x)dsv(dx)

[0,£)x Ro [0,£)x Ro

Proof We use the monotone class theorem. Take F to be the class of functions for
which the above equation holds. Let E = {g(s, x) : g(s, x) = G, f, wheref: R —
R is a measurable function, and (Gy) is f ; — predictable}. From Theorem 1.15,
we have 7 D E. Itisclear that F is a vector space that contains the constant functions
and, by the monotone convergence theorem, is closed under taking monotone limits
of functions. From Theorem 10 of the appendix F contains every bounded o (E)
measurable function. But o(E) is nothing but the sigma algebra generated by func-
tions satisfying conditions (i) and (ii) of this theorem. Thus the class of all functions
g satisfying the assumptions of this theorem are in F, this finishes the proof. |

1.8 Non-homogeneous Lévy Processes

The classes of Lévy processes dealt with thus far are known as “homogeneous Lévy
processes”’. Nonhomogeneous Lévy processes are encountered in practice. More than
one definition of such processes are found in the literature. The following definition
of such processes is suitable for our purposes.

A nonhomogeneous subordinator has the same properties as the homogeneous
subordinator with the exception that the increments are not stationary. In this case,
we have that, foreach ¢,6 > 0

Ele X =exp(—0A@) — / (1 — e ")n(ds, dx)), (1.30)
[0,£]1x Ry

where n(ds, dx) = A(ds)v(dx), fooo(x A v(dx) < 0o, A is an arbitrary positive
measure on Ry with 0 < A[0, t] < co forevery ¢t > 0, and A(0) = 0. We assume
that the function t — A(t) = A[O, t] is continuous. It follows that a stochastic
process X is a nonhomogeneous subordinator, if and only if, forevery t € Ry, X; =
YA(r), where the process ¥ is a homogeneous subordinator, and A is as defined
above.

In the same manner we define a nonhomogeneous Lévy process as a stochastic
process L, for every t € Ry, L; = Ya(r), where Y is homogeneous Lévy process,
and A is as defined above. In this case we have

E[®H1] — exp f[o,t]xR[exp(iﬁx) —1- i0x21{|x|<1}]A(ds)v(dx) (131)
+ifaA(t) — LEA@) ’ ’

where [, (x2 A Du(dx) < oo.
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1.9 Potentials

We begin by defining the a-potential measure R*(x, .).

Definition 1.17 Let X be a stochastic process with state space S. For x € S, any
Borelset A C S,and o > 0

o0 o0
R%(x, A) = E, / e ix,caydt = / Py(x, Aye™d1. (1.32)
0 0

Since every bounded measurable function can be approximated by a sequence of
simple functions, from the bounded convergence theorem, and (1.32) it follows that
for every bounded measurable function f on S

R f(x) = Ex/O e f(Xndt =/O SR (x, dy). (1.33)

We note that if X is a Lévy process, then R*(x, dy) = R%(0,dy — x). We will
denote R*(0, dy) by R*(dy) throughout.

Lemma 1.18 Let X be a subordinator, with Laplace exponent ¥ given in (1.3), then
R%(dy) is obtained by inverting the function m with respect to 6.

Proof Forf > 0,let f(x) =e %%, x >0, in (1.33). Then,
o
R £(0) = E/ e e 0Xigy
0

o0
/ e~ Ele~ "X ]dt
0

o0
= / e~ gy
0

1
a+Po)’

where the second equation above follows from Fubini’s theorem. The assertion fol-
lows, since for f(x) = e~ , R £(0) = [;* e ®R(dy). R

Corollary 1.19 Let X be a compound Poisson process with no drift, rate A, and

jump distribution function F whose support is R. For a > 0, let F,, = MLQF , for

n=,1,..F ((f) is the nth convolution of F, FO is the Dirac measure do(x), and
we write F" (dy) instead of d F" (y). Then, for each y > 0,

R(dy) = z F(dy). (1.34)

n>0

(+ )
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Proof Let the function f be as defined in the proof of Lemma 1.18. Note that
a—9p@O = a+ [Tl —e™Fdx) =a+ A=A [ e " Fdx) = (o +
N(1— [° e % Fo(dx)). Thus,

1

a+1(0)
1 1

(a+N) (1= [;° e~ F(dx))

Rf(0) =

The result is immediate from Lemma 1.18 upon inverting the right-hand side of
the last equation with respect to 6. |

Corollary 1.20 Assume that X is an inverse Gaussian process, as defined in
Example 2 of Sect. 1.4. Let ¢ be the density function of the standard normal random
variable, and erfc be the well-known complimentary error functions. Then R® is
absolutely continuous with respect to the Lebesgue measure on R4, for y € R4

R%(dy) = r®(y)dy,

where

o — ao? a0 ac? —
F0) = TeIo) (e U e (30 (139)
g

VY ore
Proof Let f be as defined in the proof of Lemma 1.18, then from (1.5) we have
0_2
ao? + (V2002 + 12 — p}

Our assertion is proven using Lemma 1.18 and inverting the right-hand side of (1.36)
with respectto 6. W

R f(0) =

(1.36)

We now introduce the so-called killed process.

Definition 1.21 Let L be Lévy process and 7 be a stopping time. For # > 0, let
Xy ={Lit <71} (1.37)

The process X is obtained by killing the process L at time 7.

Let X be the process defined in (1.37) then, for every Borel set A contained in the
state space of X, ¢ € R, the probability transition function of this process is given
as follows:

P(x,A) =P (L, e At <T}

and for each o € R its a-potential is defined as follows:
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o0 T
U“(x, A) :/ P (x, A)e_wdt = Ex/ e_atI{LteA}dt. (1.38)
0 0

For A € Ry, we define
T\ =inf{t : L, = A} (1.39)

If the stopping time 7 in (1.37) is taken to 7", then the state space of the process X
is [0, M) if it is a subordinate and (—oo, M) if it is spectrally positive.

Lemma 1.22 Assume that the process L is a subordinator, and the process X is
obtained by killing L at T/\Jr . For any Borel set A C [0, \), let R*(x, A) be as
defined in (1.32), and U“(x, A) be as defined in (1.38). Then, for x € [0, \)

U“(x, A) =R%x, A). (1.40)

Proof Write

00
Ua(x’ A) = Ex/o e_atI{L,eA,t<T/\+}dt

00
= Ex/ | _ dt
0 {L;eA,,L;<)\}

00
= Ex/ e_O‘II{L,eA}dt
0

= R%x, A),

where the second equation above follows from the definition of 7', the third equa-

tion follows since, for each t > 0, Ijt = L, almost everywhere and A C [0, \).
Furthermore, the last equation follows from (1.32). B

As an application of the above result we have the following.

Theorem 1.23 Let X be a positive compound Poisson process as defined in Example
1 of Sect.1.4. For o > 0, let R be as given in (1.34). For x > 0, let v(x) =

v([x, 00)) =)\I;(x), where F =1 — F. Then forany A > 0, v > A\, u < A

E{e ™ Xyt > v, Xpi_ < u) =/ v(v — Y)RO(dy). (1.41)

A A (O,M]
Proof Forn=1,2,.,letY, = X+ -+ X,, Yo = 0. Note that, forn =0, 1, ..,
Y, is the value of the compound Poison process at time S, = time of the nth jump
of the process X. Let N be the renewal process associated with {Y,,,n = 0, 1, .},
ie. Ny = sup{n : ¥, < x}. Furthermore, forn = 1, 2, ..., S, is a gamma random

variable with mean n/)\. We write
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E{e™oT\ | X Xpr < u)
e s T;’ > v, T;’— su

oo
=D Ele™™ Yot > v, Ye <u, Ny = &)
k=0

o0
= ZE[eiQS"“, Yit1 > v, Y < u}
k=0

o
=D Ele” ™ Y+ Xpp1 > v, Y <ul
k=0

E[e—aSH]’ Xir1 > v — Yy, Yy <uj

M

~
Il
=}

E[e5i+1] P{Xj41 > v — y}P{¥} € dy}

M

n=0 (0.u]
o0 A _

=3 (g / Fv—y)P(Y; € dy)
Z Ata [0,u]

I
> <9

_ o0
A+a/[o,v] =y D F @y

nk=0

Y / F(u— y)R*(dy)
[0,v]
=/ 2(v — )R (dy).
[0,u]

where the second equation follows since for every k = 0,1,..., v > A\, u < A,

{Yr+1 > v, Y <u} C {N) = k}, and the fifth equation follows since fork = 0, 1, ..,
the random variable S is independent of Xy and Y. B

We conclude this section by computing the potential for spectrally positive
processes. We start by computing the potential of a spectrally positive process
killed at time Tj\'. First, we let X be a spectrally positive Lévy process, and as
AN

usual we define X = —X. Foranya € R, welet T, = inf{t > 0 : X; < a},
A A

TrH=inf{t>0:X, >a},and T, =inf{t >0: X, <a}.

Lemma 1.24 Let X be a spectrally positive process, with a-scale function W ().

(1)
For o > 0,a < Athe a-potential (U®) of the process X killed attime 7' = T; AT,
is absolutely continuous with respect to the Lebesgue measure on (a, A) and a version
of its density is given by
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WO —a)

)
a W@\ -y
e,y = WO )

— WYy —x), x,ye(@N. (142

Proof For any Borel set A C (a, \)

) T;'/\ T,
U%x, A) = Ex/ e_ml{heA}dt
0

T, ATH,
= E_x/ efml A dt
0 {1re—A}

ToATT ., o
= E)\fx e « I A dt
0 {I,er—A}

WO\ —a—y)
= @ — - @ 77 _ (o) _
- /()\—A) WA =0 W@\ —a) W (y = x)ldy,

where the last equation follows from Theorem 8.7 of [3], this establishes our assertion.
[ |

Corollary 1.25 Let X be a spectrally positive Lévy process, with a-scale function
W @ For o > 0 the a-potential (U®) of the process killed at time TI is absolutely
continuous with respect to the Lebesgue measure on (—oo, A) and a version of its
density is given by

u(x,y) = WO = x)e” @M@ Wy —x) x,y € (oo, ). (1.43)

Proof The proof follows from (1.42) by letting a — —oo and since from (1.18),

fora > 0, W@ (x) ~ e ¥

F e x> ool

Corollary 1.26 Let X be a spectrally positive Lévy process, with a-scale function
W (@ For o > 0 the a-potential (R®) is absolutely continuous with respect to the
Lebesgue measure on (—o0, 00) and a version of its density is given by

e~ =y)m(@)

o) W nxyel-oo00. (144

ri(x,y) =

Proof The proof follows from (1.43) by letting A — oo and since, for « > 0,

W(Q) ()\ _ )C) o (@ (A—x)

; as A — oo.
¢ (n() )

The following is well known (see (8.8) of [3]), whose proof is outside the scope
of this book and is omitted.
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Lemma 1.27 Let )/} be a spectrally negative Lévy process, T, and T be the times
of first hitting level a from above and below, respectively. Then, for x < a and
a € R+,

w (@ (x)

—aT; - +7 _
Eyle Ty > T 1= W)’

(1.45)
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