Chapter 2
A Time-Dependent Analysis of Mott’s Model

In this chapter we re-examine Mott’s problem introducing a precise definition of the
initial state and an explicit formulation of the assumptions on the physical parameters
of the model. Then we state the result in a time-dependent setting and we give
the details of the proof based on the analysis of some highly oscillatory integrals.
Furthermore, we consider a simpler system made of a particle interacting with just
one model-atom. We show that, under the given assumptions, the time evolution of
the wave function of the system takes the form already outlined by Mott, clarifying
the mechanism behind the validity of Mott’s result.

2.1 The Three-Particle Model Revisited

In this section we reconsider the three-particle model studied by Mott. We introduce
in particular: (i) a simplified Hamiltonian for the whole system, (ii) the initial state,
(iii) the assumptions on the physical parameters of the model.

(1) We consider a three-particle non relativistic, spinless quantum system in dimen-
sion three made of a particle with mass M (the a-particle) and two other parti-
cles with mass m which play the role of electrons in two model-atoms with
fixed nuclei. More precisely we describe such electrons as particles subject
to an attractive point interaction placed at fixed positions aj, a» € R>, with
0 < |ai| < laz|.

Furthermore, the interaction between the a-particle and each atom is given by
a two-body potential V. In the following, we shall always assume V to be suf-
ficiently regular, so that all the computations we shall perform in our analysis
make sense (e.g. one can choose V in the Schwartz space of smooth and rapidly
decreasing functions on R3).

We denote by R the position coordinate of the a-particle and by r 1, the position
coordinates of the two electrons. Therefore, the Hamiltonian of the system in
L2(R?) is written as

R. Figari and A. Teta, Quantum Dynamics of a Particle in a Tracking Chamber, 31
SpringerBriefs in Physics, DOI: 10.1007/978-3-642-40916-5_2,
© The Author(s) 2014



32

2 A Time-Dependent Analysis of Mott’s Model
H = Hy + \V| + \V>, H()Zh()—i-h?—i-h;/ (2.1.1)

where h¢ denotes the free Hamiltonian of the a-particle

h2
ho=——A 2.1.2
0 o DR ( )
and h}, v > 0, j = 1,2, is the point interaction Hamiltonian of strength

—(4my)~! placed at a j- The parameter A > 0 is a coupling constant and V/;
is the multiplication operator by

ViR,rj))=V@ " (R—r}), §>0 (2.1.3)

We have gathered in appendix A some basic facts on point interaction
Hamiltonians. For a more detailed treatment we refer to the monograph
(Albeverio et al. 2005).

Roughly speaking, the Hamiltonian h;y is a self adjoint operator in L% (R?) whose
domain consists of functions u sufficiently smooth for x # a; and satisfying
the following singular boundary condition at x = a;
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On smooth functions with compact support in R3\ {a ;) the operator h’; acts as

the free Hamiltonian. An important aspect is that h;’ is explicitly solvable, in the
sense that the spectrum is completely characterized
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where aac(h;f), O'SC(]’Z}), op (h}/) are, respectively, the absolutely continuous, the

JaC(h;y) = [01 OO), O—SC(h;/) = Vja o.p(h;)/) = {EO} ’ EO = -

singular continuous, and the pure point spectra of h; Moreover, the proper and
generalized eigenfunctions are
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(2.1.7)

The parameter  has the physical meaning of a scattering length and it charac-
terizes the effective range of the point interaction. From (2.1.6) it is also clear
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that  is a measure of the linear spread of the ground state, i.e., of the “effective
diameter” of the atoms. Furthermore, in the limit v — 0 the Hamiltonian hj
reduces to the free Hamiltonian.

The choice of point interaction Hamiltonian to modelize an atom is done for the
sake of simplicity. In fact, the presence of exactly one negative eigenvalue plus
an absolutely continuous spectrum coinciding with the positive real axis makes
such an Hamiltonian particularly suited for a simple but non trivial description
of a ionization process.

The unperturbed Hamiltonian Hj is obviously self-adjoint and bounded from
below in L2(R?). Moreover, the smoothness assumption on the interaction poten-
tial V guarantees that the perturbed Hamiltonian H is also self-adjoint and
bounded from below on the same domain of Hy. In particular this implies that
the dynamics generated by the Hamiltonian H is well defined.

The next step is to define the initial state for the whole system. We choose the
following product state

Wo(R, r1,r2) = p(R)C1(r1)2(ra) (2.1.8)

where (; are the bound states defined in (2.1.6) and ¢} is defined as follows. Let
us consider a wave packet localized in space around the origin with an average
momentum along the direction @ of the unit sphere S2. Integrating over S, one
obtains

V(R)=N f(o"'R) / di o RWR (2.1.9)
S

where N is a normalization constant, ¢ > 0, Py = Mvy > 0, f belongs to the
Schwartz space S (R3) with || f]] 123 = 1. For concreteness we choose

Jx |2

feo)y=nte" T (2.1.10)

but it will be clear in the following that the result of the analysis is independent
of the specific choice of f.

Formula (2.1.9) defines an initial state for the a-particle in the form of a spher-
ical wave concentrated in position around the origin with an isotropic average
momentum Py. Further details on such a state and on its free evolution are given
in appendix B.

The choice (2.1.8) for the wave function of the whole system at time zero corre-
sponds to the situation in which the two model-atoms are in their (unique) bound
state, the a-particle is described by the spherical wave (2.1.9) and no correlation
is assumed among the three particles.
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(iii) The last step is to specify the hypotheses on the physical parameters of the
model. We stress that such hypotheses are of crucial importance in order to cor-
rectly reproduce Mott’s result in the framework of a time-dependent analysis.
The assumptions are simply defined introducing the small parameter € > 0 and
setting the physical parameters as follows

h=e*, M=1, oc=¢ m=e¢, (2.1.11)

Note that the remaining free parameters of the model vy, |a1|, |az| are assumed to
be of order one for e — 0. The corresponding rescaled Hamiltonian becomes

H® = H§ + > Ve, H§ = hi + h5 + 15 (2.1.12)

where

54

W=~ Ar (2.1.13)

hj, Jj =1, 2, are the corresponding rescaled point interaction Hamiltonians and
VE=Vi+ V5, Vf(R, rj) = V(E’I(R — rj)) (2.1.14)

Analogously, the rescaled initial state of the system is

YG(R, r1,r2) = ¢ (R)(T(r1)¢5(r2) (2.1.15)
5 NE — ~ LvotR
VR = g (R) [t 2.1.16)
1
Grp=55CE 0 —ap) (2.1.17)

where Nz is the normalization constant, with
Em A = Ny = 2 (2.1.18)
e—0 47

(see appendix B). We also note that the energy of the ground state of the two atoms
now reads
Ejf=—= (2.1.19)

and the generalized eigenfunctions of hi are

¢5(r k) = e* e (r —aj). k) (2.1.20)
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We briefly comment on the physical meaning of the above scaling for e — 0. We
first note that the dimensionless quantity

h
Muvyo

(2.1.21)

is of order €, which means that the wavelength MLUO associated to the a-particle is
much smaller than the spatial localization o (high momentum regime). Analogously

the quantities

o ~y ) .
— L = j=12 (2.1.22)
la;] la;]

are of order ¢, i.e., the spatial localization of the a-particle, the “diameter” of the
atoms and the effective range of the interaction are much smaller than the macro-
scopic distance |a j|. Moreover, we note that the ionization energy Ep is of order
¢ and the coupling constant \ of order > while the initial kinetic energy of the
a-particle is of order one. This guarantees that the a-particle energy loss due to the
interaction with an atom is small (quasi-elastic regime) and the perturbative method
can be reasonably applied.

Furthermore, it is interesting to compare the characteristic times of the system.
We define, in particular, the classical flight times for j = 1, 2 as the time spent by a
classical particle, starting from the origin with velocity vy, to reach the atomin a;

;|
Tj = —— (2.1.23)
vo
the characteristic “period” of the atoms
h 2
T, = 2r— = 47 (2.1.24)
|Eol h

and the transit time, i.e., the time spent by the a-particle to travel the diameter of an
atom

7, = (2.1.25)
Vo
It turns out that T
%=0m (2.1.26)

a

i.e., the a-particle can “see” the internal structure of the atoms. Moreover,

2:0@ (2.1.27)

Tj
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which implies that 7; can be reasonably identified as the collision time of the a-
particle with the atom in a .

‘We conclude this section collecting some notation that will be used in the rest of
this chapter.

e x = (x1,x2,...,x,)isavectorin R", |x| the euclidean norm and x = %,x # 0,
the corresponding unit vector. The scalar product in R" is denoted by x - y.
o (x)=(+xP)!2 x eR"

e n = (ny,na,...,ny) is a vector in N¥ and, with an abuse of notation, |n| =
ny+ny+---+ng.
e || -, (-, -) are the norm and the scalar product in the Hilbert space of the whole

system under consideration.
e For a function f defined in R" we denote

Ikl

k
Drxy= —2
24 6x]1<‘ .. .8xlf"

J(x) (2.1.28)
with k € N" and |k| = ki + -+ + ky.

o WEIRM), withn, k € N, s > 0, is the weighted Sobolev space equipped with the
norm

e = D /dx<x>‘|D%f(x)| (2.1.29)

a,|al<k

e The Fourier transform in R? of a function f is

_ 1 ,
flg) = W/dx e MY f(x) (2.1.30)

e Finally C, Cy or C () denote generic positive constants (possibly depending on
k € Nand on ?).

2.2 Time-Dependent Formulation and Results

We are now in position to reformulate the problem in a full time-dependent setting. In
this entire analysis, we shall always assume the validity of the hypotheses made in the
previous section. As we already mentioned, under these conditions it is reasonable
to consider 71 and 7, defined in (2.1.23), as the collision times of the spherical
wave emerging from the origin with the first atom in a; and the second atom in a;
respectively. Therefore, since we are interested in the probability that both atom are
ionized, we shall fix

t>m (2.2.1)
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The wave function of the system at time ¢ is

.1 €
i5H

U ()5, Ust)=e = (2.2.2)
or, using Duhamel’s formula
t
Us()¥g = U5 (1) — i/dn Us(t —11) Ve UG (1) Y5 (2.2.3)
0

where Ug (t) denotes the free evolution

H;

Uity =e ' (2.2.4)

Following Mott’s original strategy, we shall limit our consideration to the second
order approximation W5 (¢) of the state U*® (t)\IJS which, iterating Duhamel’s formula
twice, is given by

(1) = Us () ¥5(1) (2.2.5)

where
R t t Ul
W5(r) = W5 — i/ dty U5 (—t) VEUG (1) Y —/a't1 U5 (—t) VUG (1 )/ dty UG (=) VEUG (12) WG
! ’ ’ (2.2.6)
Starting from W5 (¢), one can compute the relevant object of our analysis P5 (1), i.e.,

the probability that both atoms are ionized at time ¢ up to second order in perturbation
theory. In fact, applying Born’s rule, we have

P5 (1) = (fv; (1), E0,00) (h5) E(0,00) (h5) 5 (t)) (22.7)

where E g, 00) (hi) is the spectral projection on the interval (0, co) corresponding to
the Hamiltonian hi . Using the eigenfunction expansion theorem for hi (see appendix
A), such spectral projection is explicitly given by

(Eomoig) ) = [aksoio far G gy @28

for any g € L?(R3). Therefore, interchanging the integration in the variables r1,r>
with the one in k1,k>, we find

P5(1) =/dR drldrz\i'_i(t, R.ri,r2) - [dlidks ¢5(r1, k1) ¢5(ra, ka)

/ dridry §i(r}. k@3 (rh. k) W5 (1, R. 7} 1))
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2

= /dR dk, dk /dr1 dry 5(r1, k1) d5(ra, ko) W5 (R, 11,12, 1) (2.2.9)

Our aim is the characterization of P5(¢) for a fixed time > 7. As expected
from Mott’s argument, we find that such probability is essentially zero unless a; is
“almost aligned” with a; and the origin. The result is formulated in Theorems 2.2.1
and 2.2.2 below (see also Dell’ Antonio et al 2010). In particular, in Theorem 2.2.1
we consider the case in which the angle between a; and a5 is different from zero.

Theorem 2.2.1 Letus fix t > 7 and a; - ay < 1. Then for any k € N there exists
a constant Ci(t) > 0, independent of ¢, such that

—2k —k
P3() < Ck@ VI calar] [(1 - @) + (1 - imb) }52“ (2.2.10)
k

laz|

The estimate (2.2.10) shows that the ionization probability decays faster than any
power of & provided that the angle between a; and a5 is O(c”), with0 < 3 < 1.
The estimate gives no information if the angle between a;| and a; is proportional to
€, or smaller. This latter case is considered in Theorem 2.2.2 where the leading term
of the asymptotic expansion for € — 0 of the ionization probability is given.

Theorem 2.2.2 Let us fix t > 7 and @y - @, = cos x., where x. € [0, xo¢e],
x0 > 0. Then, at the leading order for ¢ — 0, we have

2
/dmdnz Fni,m, x, y1,¥2) (2.2.11)

6
5
Prt) ~ — 4/dxdy1dy2
vglail

where the function F is independent of £ and it can be explicitly computed
(see (2.4.64)).

The results expressed in Theorems 2.2.1, 2.2.2 can be understood on the basis of the
original physical argument given by Mott. In our time-dependent setting the argument
can be described as follows. At time zero the spherical wave starts to propagate in
the chamber and at time 7 it interacts with the atom in a;. If, as a result of the
interaction, such an atom is ionized then a localized wave packet emerges from a
with momentum along the direction Oaj. In order also to obtain ionization of the
atom in a; the localized wave packet must hit the atom in a, (at time 1) and this
can happen only if a, lies approximately on the line Oa;. We stress once again that
such physical behavior is far from being universal and that it depends strongly on
our assumptions on the physical parameters of the model.

The above heuristic argument will be made precise in a simpler model studied in
Sect.2.5.
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The proof of Theorems 2.2.1, 2.2.2 makes use of a representation formula for the
ionization probability P5 (¢) in terms of highly oscillatory integrals for ¢ — 0. Such

formula will be proved in the next section. Then in Sect.2.4 we prove the results
applying non-stationary and stationary phase methods to the above integrals.

2.3 Representation Formulas by Oscillatory Integrals

The aim of this section is to prove the following representation formula

N? . 2
P (1) = = /dxdyldyz|aizgi2(x,yl,y2,t)+a§1Q§1(x,yl,yz,t)| 23.D

where for/, j = 1,2, j # [ one has

c iy ai—Lty..
ajj=e sYrai—z Y (2.3.2)

G5 (6, 1, 920 1) /du/dzz/dn/dnd.scl,(zz,zl,n €, 31,y 1) et O @inAER LD

(2.3.3)
and

~ ~ 1% n
O (8, 12, 11,1, €) = voli- (X + 2m + nﬁ)—aj-n—al-£+3(1+|yj|2>+5(1+|y1|2)
_ (2.3.4)
Gij (12, 11,m, &) = g(0, ¥ g(&, y1) f (X + am + 1 §)e! 21118 (2.3.5)

Ot 1,1, = X (N+€) + 2 Inl +1 |£| +nmn-§ (23.6)
The function g in (2.3.5) is defined as follows

g€ y) = V(IEE, y) (23.7)
1 —i&x 0 0 3
hEy) = G5 [dxe ™ P@ @), LyeR (2.3.8)

To simplify the notation, on the r.h.s. of (2.3.4), (2.3.5), (2.3.6) we have omitted the
parametric dependence on x, y;, y,, f. In (2.3.1), (2.3.2), (2.3.3) we have denoted
by x, y1, ¥, the rescaled position of the c-particle and the rescaled momenta of the
electrons respectively.

The proof of (2.3.1) relies on the use of the eigenfunction expansion theorem for
the Hamiltonians with point interactions A5 and on the explicit form of the unitary
free propagator. The computation is rather long but straightforward and it is outlined
below for the sake of completeness.
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As a first step, we shall write the probability amplitude defined by
FE(R. k1. ka, 1) s/drldrm_i(n,klm_;(rz,kz)@;(R,rl,rz,r> (2.39)

(see the r.h.s. of (2.2.9)) in terms of the free propagator generated by 4. Using the
notation

Us(=0VUG () = Wi + W5(0), Wi =€ 20! 2P yse i =i
(2.3.10)

we rewrite the r.h.s. of (2.3.9) in the more convenient form
Fo(R. ki ky, 1) = /dm dry ¢5(r1, k)¢5 (ra, k) WG (R, r1, 1)

t —_— —_—
—i fan [ idra T R, k) (W5 00+ W5 00) W] R )

t %) _ _
— [ara dn fariar G B o (W5 20+ 00) 095 0 W5 00) w5 )R 1
o (2.3.11)

We observe that the operator Wf () acts non trivially only on the variables R and
r ;. Exploiting this fact and the orthogonality relation

/drczﬁ_j(r,k) Gry=0, j=12 (2.3.12)
we obtain
F=Fn+Fy (23.13)
andforl, j =1,2,j #1

n

t — —
Fr (R ke ko 1) = /odrzfodzl/drldrz 51 k)33 ko) (WS ()W )95 ) (R. 1. 2)
(2.3.14)

Letus fix I = 1, j = 2 and let us compute F7,. Due to the specific factorized
form of the initial state of the system, the action of Wy (#;) reduces to

€ € it e PhhG (i) kR
WEE)WE = ¢ 2 (5 el 270 (e iy Cl)e B (23.15)

and therefore

~ . JUE i Zpe i e S\ —i2hs iR ipe ee\ —i LR e
WS ()W ()G = 57 e 310 (1 2hy5G5) T3 0 (i) ) ey

(2.3.16)
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Using the eigenfunction expansion theorem for hi , one can explicitly write the action

. i L he
of the unitary group e' 2"/

(VR ) ) = e TE V7RG ) + /dk o/ SWE D2 (R, ) 65 (r, )

(2.3.17)
where
vf,o(R) = /dr VI(R,r)|(S ng(R, k)= /dr o, kyV(E (R =) (r)
(2.3.18)
We note that
/dr¢_§(r,k)( ih ;(V (R.)C5) )(r) = d%"k'zf/\js(R,k) (2.3.19)

The function \7/5 (R, k) can be more conveniently written as

VER k) = 53/2e’ik'“//dx P, @V (R —ap-x)= 53/2[""'“//015 (€, ck) erE R
(2.3.20)
where g(&, y) has been defined in (3.3.9). Using (2.3.16), (2.3.17) and (2.3.19) in
(2.3.14) we finally find

t 1% . N
.7:162(R,k1,k2,f) — /dtz/dtl e%g(t1+t2)+i§(t1|k1\2+t2|k2|2)
0 0

c1 e o _ihye N pe o _iNge
: (e’ TMOVEC kp)e M0 ZMOVE( ke ’szhoq/ﬁ)(R) (2.3.21)

The next point is to write the explicit form of the last term in parenthesis in (2.3.21).
Using (2.3.20) and the expression of the free propagator, we have

i%hg =i 2 hG e
e 2OV, ke ¢ ) (R)
— 83/26_“”'“1/(159(5, €k1)€_2a1'£( *Iz erE() —i 2h0¢5)(R)
= 2 ke / dE g(€, cky) et € FEPHEER e (R 4L o) (23.22)
and

(e TNV ke B i MV ke ”%6)(1@ (2.3.23)

— 536*”‘1'al*ik?az/dﬁd'r,g(n, Ekz)g(ﬁ, 5k1)
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i (2171211112 NN
o= Largrarm (3P IER o et <n+s>)¢g(R+€t2n+g1€)

Therefore, (2.3.21) can be written as
: : ! Lo ie 2 2
.7-—152(R kikot)= 536_’k"“‘_lkz'az/dtz/dtl 675(11+12)+l§(11\k1| +12k2|?)
0 0

'/dédn g(n. k) g (€, eky) e~ @ETarm

(2 2 R
i (B F e ron et 2 mto) V(R +cenm+en)  (2.3.24)

The last step is to introduce the explicit expression of 1)° (see (2.1.16)) in (2.3.24).
We obtain

. . torn
Fra(R. ko, 1y= £V AL (i e fan [dgan g, koo €. <k
S2 0 0

fET'R+0n+16€) ei[%|"|2+%|£|2+t2"'5+€71R'("+5)]

] eé[voﬂ'(671R+tzn+t1£)fa1~£fa2~7/+%(1+|5k||2)+’72(1+|5k2|2)]

(2.3.25)

Defining the rescaled variables x = e IR, y| = ¢k, y, = €ky, formula (2.3.25)
reduces to

Dex. ey ey ) = e PN a5, Ghh(x, ¥y ya 1) (2.3.26)

where o, and Gy are defined in (2.3.2), (2.3.3). A completely analogous computa-
tion can be done for 773,. Then, the representation formula (2.3.1) follows.

2.4 Proof of Mott’s Result

We start from the representation formula (2.3.1). The two terms gfj appearing in
(2.3.1) correspond to the possible “graphs” in the second order perturbative expan-
sion. In particular G}, corresponds to the graph in which the atom in a; is ionized
before the atom in @, and G5, to the opposite case.

Since we always assume |a;| < |az|, we expect that the contribution of G5, is
negligible. In fact, we shall see that the phase ®; has no critical points in the integra-
tion region and then, by standard integration by parts, we prove that the contribution
of the oscillatory integral G5, is proportional to ek, for any k € N (step (i)).
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The estimate of the term G{, is more delicate and we have to distinguish the non
aligned from the aligned case. It turns out that the phase ®1; has no critical points
in the first case and then the contribution of Gj, is proportional to ek, forany k € N.
This leads to the proof of Theorem 2.2.1 (step (ii)).

On the other hand, in the aligned case the phase ®;, has a manifold of critical
points parametrized by a vector in R?. By a careful application of the stationary
phase method to Gj,, we compute the leading term of the asymptotic expansion for
¢ — 0, and conclude the proof of Theorem 2.2.2 (step (iii)).

In the following we give the details of the proof of the above statements.

(i) Estimate of G5,.
The first point is to show that the gradient of phase ®;; with respect to the
variables 17, & doesn’t vanish in the integration region. Taking into account that
the phase is explicitly given by

~ 1) n
O21 =it (¥ +0om + 1§ —ar n—ar- €+ S+ Iy 1% + S+ 1y21%)

4.1
one has
3 2 2
009 009 R 2 R 2
V 2 = = —_ j—
oo k; |:( Ok ) +( & )} (vor2h = a1)” + (o — a2)
> g [(tz — )+ (h — 7'2)2] (2.4.2)

In the region {(#2, #1) € R? |0 <t <t, 0<t <t}therhs. of (2.4.2) takes
its minimum for t, = t; = # Then

2 2.2 2 2 2
v, VT Tl laz| lai|
V@ > > 2 —m)?=22(1-=) = 1—-—) (243
[Vne®21]” > 2(Tl 72) 5 ~ > o] ( )

Thus we have obtained the estimate

[Vipe®21] > Ay (2.4.4)
where @] a
ar aj

Ay = — (1 — —) (2.4.5)
V2 laz]

Note that our assumption |a1| < |ay| guarantees that Ay is a positive constant.

The estimate (2.4.4) allows to control G5, for ¢ — 0 using standard non
stationary phase methods (Fedoryuk 1971; Hormander 1983; Bleinstein and
Handelsman 1975). In fact, recalling the identity
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. Vb . Vb
ae? = —i div (e'b T a) +ie'? div (W a) (2.4.6)

and integrating by parts in the integral with respect to the variables { =
(C1y---5C6) = (1, m2, 173, &1, €2, §3) We have

t %) ;
G5 = ie/d'&/dtz/ dt1/d§“ (T¢G2y) ez92 (2.4.7)
52 0 0

where the operator T¢ acts as follows

1 6 00,1 0Gyy
TcGz] = 5 o0
|VC®21| i=1 3§/ C,/

(2.4.8)

We recall that ®5; is linear in {. As a consequence, only the derivatives of G
in (2.4.8) are functions of ¢. Therefore, the operator TX, k € N, is given by

1 007 1 007 10 m
k _ o221 n
TC Gy = |vc®21 |2k E (_8@ ) S 9Cs DC Goy (2.4.9)
m,|m|=k

Integrating by parts k times in (2.4.7) and using estimate (2.4.4) we have

13 15 i
(ia)k/zd'&/dtz/ dtl/dC(TCszl)eE(”)z‘
N 0 0

Ek t 2] m
<dr- dz2/0 dtl/dc D ‘DZGZI‘

k
21 /0 m,|m|=k

91

(2.4.10)

From (2.4.10) one obtains the following estimate of the L2-norm squared of
G51(x, y1, ¥2,1)

2,4 2%k
2 drete
/dde’1dJ’2|g§1| = N
21

1/2

2
X sup /dCdC’ /dxdyldy2( Z ‘D?Gzl‘)

Yy
1,11,0),0 m,|m|=k
1/2

2
/dxdyldyz( > ’DZL/GZI ]) 2.4.11)

m',|m'|=k

where we have interchanged the integration order and used the Schwartz
inequality.
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The next step is the estimate of the derivatives of G,1. We have

3 [peca]

m,|m|=k
<G Y IDygm.y)l X IDgg(€. )l D IDEf(x +nn+n8)
n,In|<k LIk p.lpI<k
k
> (x] + el + €D (24.12)
i=1
Note that

k k
D xl+tnl +11ED <D (Ix + tam + n€l + 2t |n) + 21€])

i=1 i=1

< Ck()(x + hn+n&kmkEr  (2.4.13)

for some positive Ci (). Then, recalling definition (3.3.9), we obtain the follow-
ing estimate of the derivatives of G

> [peca]

m,|m|=k

< Ce() )" D IDFV R D 1DV ©)] (x+0m + 116

n.|n|<k L=<k

> IDEf(x+nn+nul- D IDghn. y) D, |DhE, y)l

p.lpl=k q.lq1<k r.lri<k
(2.4.14)

Using (2.4.14), we then have (see (2.4.11))

|:/dxdy]dy2( Z

m,m|=k

172
D?Gm)ﬂ < G ()t ‘lele%V(n)Hé')k[ %202‘7(5»

. » 1/2 P 12 . 1/2
3 (/dx <x>2k\D;f(x)|2) > (/dylwﬁh(n,y,)ﬁ) Z(/dylegh(s,ymz)

p.IpI<k q,lq1<k r.lri<k
(2.4.15)

In order to estimate the last two terms in (2.4.15), we first note that

_ 4l . _
D%h(n, y) = # /dx e M X' x PP (o) V(. y) (2.4.16)
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where g1 + ¢2 + g3 = |q| (see definition (2.3.8)). As a consequence of the
eigenfunction expansion theorem for a point interaction Hamiltonian, we know
that the integral kernel ¢°(x, y) defines a bounded operator in L2(R?), with
norm less or equal to one. Hence

q
sup /dy |Dyh(n, )I> <

/dx P Co(x)|2 <C (2417
n

1
(2m)3

for some constant C > 0. Using (2.4.17) and the fact that the function f is a
gaussian, the estimate (2.4.15) reduces to

Jpanin( 3

m,|m|=k

1/2

2
D?Gzl‘):| < G () D 1DV ©F D IDgV (@)l

n.In|<k L=k

(2.4.18)
Taking into account of (2.4.18) and (2.4.11), we have

2% B B
Jaxanar |G = cuo) G [andean'ag ' 3 1057l @ 3 10¢7(@)
‘ ' n,ln <k L=k

) > IDEV )€ > 1DV )

n',|n'"|<k U\ <k

~ _ lay |\
= Cr IVI* ilaal k(1 — — ) &* (2.4.19)
Wi la|

where we have used the two definitions (2.1.29) and (2.4.5). The above estimate
concludes the proof of step (i).

Estimate of G{, in the non aligned case.
Here we consider the case @;-a; < 1. Without loss of generality, we fix

a;=(0,0,1), a; = (siny, 0, cos x) , x € (0, 7] (2.4.20)

and we define the following two subsets of S>

) = {u € S22 + 62 < sin? %} L G =S2\¢ 2.421)

Note thata; € C;, j = 1,2, but a; ¢ Cy, for j # k. Let us write G{, (see
(2.3.3)) as the sum of the two contributions from C; and C, i.e.
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12 = + g (2.4.22)

G/ = / dis / dt / dn /dnd§ Gy e®r (2.4.23)

where the phase ®1, is explicitly given by

~ 15} 5]
Op=vu- - (x+nn+né —a-n—a;-§{+ 5(1 +1yH + 5(1 + 13115
(2.4.24)

We represent a unit vector 4 € S2as = (sin @ cos ¢, sin @ sin ¢, cos #), 6 €
[0, 7], ¢ € [0, 27). Therefore for & € C; one has

U - @y = sinf cos ¢ siny + cosfcosxy < cos(y — ) < cos % (2.4.25)

and the gradient of ®1, with respect to the variable 7 satisfies

[Vn®12|” = v (tz +7 —20m0 &2) > v3 (t22+ —2b7 cos—)
= U% min (x2 + 722 —2Xx T cos X) = v(2)722 sin’ X > v(z)le 2 X
x>0 2 2 2
2 2
a ~ A
_ | 1' (1 —cosy) = %(1 —ay @) = A}, (2.4.26)

where A1, is a strictly positive constant. Analogously, for & € C, one has
A A X
u-a; = cosf < cos 5 (2.4.27)
and the gradient of ®, with respect to the variable £ satisfies
Ve®1|* = 03 (t12—|—7']2—2t17'111-f11) > A2, (2.4.28)

Using estimates (2.4.26), (2.4.28) and applying non stationary phase methods
along the same line of the previous case one can show that the contributions of
gf’z‘ and of gff can be made arbitrarily small for ¢ — 0. More precisely, one
can prove the estimate

—k
c 12 i — A A
/dxdyldy2|giz| < Gk VI ki lar] 2k(1—al~az) e (2429
k

Taking into account formulas (2.3.1), (2.4.19), (2.4.29) we conclude the proof
of Theorem 2.2.1.
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(iii) Analysis of Gi, in the aligned case.
Here we analyze Gi, in the case @;- @ = cos xe, with x. € [0, xo€l, xo >
0. It turns out that, in this case, the phase of the oscillatory integral g‘fz has
stationary points. This implies that the ionization probability P5(#) cannot be
made arbitrarily small fore — 0 and the leading term of its asymptotic expansion
in powers of € can be computed.

We fix the unit vectors ay, a; as follows
=(0,0,1), @ = (sin e, 0, cos xe) (2.4.30)

We also fix the angle 0y, 0 < 0y < %, and define the subset of S2

Co= @ e S0} + 03 < sin’ 90] (2.4.31)

Note that for ¢ sufficiently small one has a@;, a; € Cp. In order to characterize the
asymptotic behavior of G, fore — 0, we decompose G, in a “non-stationary part”
Giy' (corresponding to @ € % \ Co) and a “stationary part” G;5’ (corresponding to
o € Cp)

h=0n"+G65 (2.4.32)

Gy = / / dn / dn /dndg G5y ec® (2.4.33)
S1\Co
b= /du/dtg/dtl/dnd{? G5y e:® (2.4.34)

where

sin Y.

i 1 —cosx
Gi,=Gne™,  0.=- a2l + ——— laalms (2435

~ ~ 15 n
O = vix + o1 + n€)=alarln + a1 1§)+ - (Hy2 1)+ (Hyi1?) (24.36)

We shall analyze the asymptotic behavior of the two oscillatory integrals gf’z” and
Gi5 separately.

We first show that the phase ® has no stationary points in S \ Co and then the
contribution of G' is negligible for e — 0. For & € 52\ Cy we have —1 < i3 <
cos 6y and

Ve O = (vorada — lazldn)” + (vori @ — |ai )’

— 2 [tf L34 b= 2y (it + w}
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> v(2)|:t12 + t22 —|—7‘12 + T22 —2cosfy (11 + T2t2)i|

> v min |:x2 +y2 4 1% 4+ 13 —2cosf (11 x +7'2y)i|

x,y=0

= v} (7 + 73) sin® Oy = (la1|* + |az?) sin® Oy (2.4.37)

Ther.h.s. of (2.4.37) is a strictly positive constant. Then, proceeding as in the previous
cases, it is now possible to show that the contribution of G{3" is negligible for e — 0.
This means that the ionization probability in the aligned case can be written as

N? s
Pi(t) = g—i/dthd)’z |G15 (X, y1. ¥a. t)|2 + Ry (e) (2.4.38)

where Ri(€) = 0(%2) for any k € N.

Let us analyze gf;‘. It turns out that, for @ € Cp, the phase © has a manifold of
critical points in the integration region, parametrized by a vector in R?. Indeed, let
us fix the variables (1)1, 1) € R? as parameters and let us write Gy as follows

gy = / dmdna I (1, m2) (2.4.39)

G5, (q;m, i
) = [dg S2L) Lo (2.4.40)

Q  J1-pr—1?

where ¢ = (u, v, to, t1, 13, §) and

Q ={q = (u, v, 0, 11,13, €) | ,u2 + 12 < sin? O, 12 €10,¢], t1 €[0,12], 13 €R, €€ R3}
(2.4.41)
Note that in (2.4.41) we have represented the unit vector & € Cy in the form

= v, V1—p2 =02, (uv)eR? 2+ 17 <sin’by  (2.4.42)

By a direct computation, one can verify that for each value of the parameters
(1, 1m2) € R? the phase ©(q: 171, 172), ¢ € 2, has exactly one critical point given by

g0 = (0,0, 7, 71, 13, &7, €3, € (2.4.43)
where
1+ |y, X1+ 1 X2+ T2
R I B (N R L T
Vo 1 ial
1+ |y, ?
g= -1tk

2v0
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Moreover one has
0 _ 71 2 2 2
O" =0(qp;n1,m) = X3+ %(1 +yi19)+ %(1 + [y219) (2.4.45)

and
|D*0°| = |D70(q0: m. m)| = t*7} (2.4.46)

It is relevant that both the phase and the Hessian of the phase at the critical
point are strictly positive and do not depend on the parameters (11, 12). This fact
is crucial to apply the stationary phase theorem (Fedoryuk 1971; Hérmander 1983;
Bleinstein and Handelsman 1975) to the oscillatory integral Z¢ (1, 72) and to derive
its asymptotic expansion for e — 0.

However, we prefer a more elementary approach which, in our opinion, makes
both the proof and the result more transparent.

Using the specific form of the phase ® and an appropriate change of the integration
variables, we rewrite Z° (7, 1) in a more convenient form for the derivation of the
asymptotic expansion for ¢ — 0. More precisely, let us denote

p=Wv.r,t1), k=, 8) (2.4.47)

and let us represent the phase ® as

© = B(p;m,m) +A(p) -k (2.4.48)

where

15 n
B(p; n1, m2) = vopu(x1-+tm)+vov(xo+am)+voy/ 1 —p2 —v2 x3 +5(1+|y2|2>+5(1+|y1 %)

(2.4.49)
A(p) = 10 (IQ\/ l—uz—ljz — T2, U1, viy, 1+ 1—/b12—l/2 — 7']) (2.4.50)

Note that the critical point of the phase is (see (2.4.43), (2.4.44))

¢’ =" K0m), PP =0.0m.7),  Knm) =03.6.6,8)
(2.4.51)
With the above notation the oscillatory integral Z¢ (71, 12) can be written as

e tBpim.m)
/1 _MZ —12

where D is the domain of integration corresponding to the variables p and

(1, ) = / dp dk G55 (p, k; i, ) eEAP*(2.452)
D

G (p, ks m,m) = Gy, 11,1, &) (2.4.53)
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The next crucial point is the change of coordinates

p=>L.z (2.4.54)
defined by
W= U()E—lel, V= U()E—leg, t2=7'2+v£OZ3, 3] =7'1+v£0Z4 (2.4.55)
Hence
fB(L Z311,772)

/de Loz, sy, ) e ALk

z(zl +zz)

T, 1) = / dz \/

(2.4.56)
where D; is the domain of integration corresponding to the variables z

2 2
v V012 V071 Vo
D. = !Z eRr* 2 29 T <3< *(1‘ —7), T <4< ;(TZ—TIH‘ZS

(2.4.57)
We note that for ¢ — 0 one has L.z — po (see (2.4.51)) and D. — R*. Moreover
a Taylor expansion of A(L:z) and B(L:z; 1, 12) around € = 0 gives

A(L.z) =ez+ AP (z) (2.4.58)
B(L.z;m1,m) = ©° — k(1. m) - 2+ BP (251, ), (2.4.59)

where k%(;, 1) is defined in (2.4.51) and A?) (z), B® (z; 1, m) are explicitly

known functions of order £2 for £ — 0. Taking into account (2.4.58), (2.4.59), we
have

o~k )z LB @) ) )
(. m) = 5 /dz /dk G5y (Loz, ks i, ) €3 e5 A )k
2 2( +Zz)

(2.4.60)
A Taylor expansion of the integrand in the r.h.s. (2.4.60), together with an estimate
of the error done replacing the domain D, with R*, allows to obtain an expansion
of Z¢(ny, mp) for e — 0, with an explicitly computable remainder. This means that
the asymptotic expansion at any order in € can be derived in a rather straightforward
way (for an analogous computation see e.g. Finco and Teta 2011).
Here we are interested in the leading term for e — 0 of Z¢ (71, 72). From (2.4.60)
one immediately obtains
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4 .

-~ g i . . .

Ic(nl’ ,,72) ~ v47_2 eEOO/dz e—1k0(7]1,112)~z /dk G(l)z(LOZv k, 01, ,'72) elZ'k
01

@2m)*et g0
= A2 e GO (Y K0 (1, m); i, ) (2.4.61)
0T

where G?z = G7,le=0. From (2.4.61) and (2.4.39) we also have the leading term for
e— 00of G5

@my*et g
iy ~ et / dmdn G (p°. KOG, m); 1. 1) (2.4.62)
0’1

We recall that Q‘f’; is a function of x, y;, y, and . On the other hand, it is clear
from (2.4.62) that the leading term of gf;‘ for ¢ — 0 does not depend on ¢. Using
(2.4.62), (2.4.38) and restoring the dependence on x, y{, y,, we finally obtain the
leading term for ¢ — O of the ionization probability

2

6
- g
Pr) ~ Zarl /dXdyldh 47f3/d771d772 G (P, Ko (i, )i s s %, ¥4, ¥2)
0l¥1
e® 2
= 2la,* /dxdyldyz /dmdnz F(mu,m,x, y1,¥2) (2.4.63)
ol@1

where we have defined

Fni,m, %, 31, ¥2) =40 G (0 Ko, )i i mas Xy, y0) (2.4.64)

This concludes the proof of Theorem 2.2.2.

2.5 Asymptotic Dynamics in Presence of One Model-Atom

Let us consider a simpler model of a non relativistic quantum system made of only
two spinless particles in dimension three of masses M and m. The latter is bound by
an harmonic potential of frequency w around the equilibrium position a. The first
particle plays the role of the a-particle while the harmonically bounded particle plays
the role of an electron in a very simplified version of model-atom with fixed nucleus.
The interaction between the test particle and the harmonic oscillator is described, as
in the previous sections, by a smooth two-body potential V.

Denoting by R the position coordinate of the a-particle and by r the position
coordinate of the harmonic oscillator, the Hamiltonian of the system in L2(RY) is
given by

H=Hy+\V (2.5.1)
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where

1
Ho=ho+hy, ho= —mAR, hy = —%A, + gmwQ(r —a)?® (25.2)

A > 0is a coupling constant and V is the multiplication operator by
VR, r) =V YR -r)), §>0 (2.5.3)

We want to analyze the evolution of this system when the initial state is the same
as the one considered in the previous case, i.e., a product state of a spherical wave
for the a-particle and the ground state for the oscillator. Under the same kind of
assumptions made in Sect. 2.1, we shall describe the asymptotic form of the wave
function of the system for ¢ > 7, where 7 is the collision time

il (2.5.4)
L20)

and vy is the velocity of the a-particle. It turns out that such asymptotic form is
the sum of two terms, describing two rather different behaviors of the system. The
first term corresponds to the situation in which the oscillator remains in the ground
state and the a-particle is described by a (slightly deformed) spherical wave, freely
evolving in space. The second (smaller) term corresponds to the situation in which
the oscillator is in an excited state and the a-particle is described by the free evolution
of a wave packet, well concentrated in position and momentum, emerging from the
excited oscillator with an average momentum direction along the line joining the
origin with the center of the oscillator a.

This result is a rigorous version of the heuristic idea expressed by Mott in his
paper, explaining the outcome of Mott’s analysis in the three-particle model. Indeed,
according to the results outlined above, when a collision with the first atom produces
excitation the a-particle is localized around the atom and acquires a momentum with
direction aligned with Oa;. As a consequence, the second atom will be excited only
if it lies on the same line.

This section is devoted to give a quantitative description of the evolution of the
two-particle system wave function. In the next section we shall give a brief outline
of the proof. For a detailed analysis, in the general case of N harmonic oscillators,
we refer to (Recchia and Teta, 2013).

Let us consider the initial state

Yo(R, r) = (R)po(r) (2.5.5)

where 1) (R) is the spherical wave defined in (2.1.9) and ¢ is the ground state of the
harmonic oscillator centered in a. The eigenfunctions of the harmonic oscillator are
denoted by
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o) =7 o7 —a)), v = m—i s On(X) = By (1) Py (12) s (x3)
(2.5.6)
wheren = (n1,nz,n3) € N 3and ®n, 1s the Hermite function of order n . In particular
the ground state corresponds ton = 0 = (0, 0, 0).
We assume that the physical parameters characterizing the system have the same
order of magnitude considered in Sect.2.1. More precisely, we introduce once again
a small parameter € > 0 and fix

h=g? M =1 c=¢ m=¢& w=ec | §=¢ A=¢> (257)
Under this scaling the Hamiltonian becomes
H® = HS +<*V* (2.5.8)
where
_ - - e* 1 et 1 2
Hy = hg + h°, hS:—;AR, h®=¢~ |:—5A,+§(r—a) :| (2.5.9)
and
VER. 1) =V (a—l(R - r)) (2.5.10)
The rescaled initial state of the system is
U5(R, 1) = ¢5(R)<p6(r) (2.5.11)
1 _
Pa(r) = =0 (5 L — a)) neN (2.5.12)

and 1) has been defined in (2.1.16). We note that under this scaling the energy levels
of the harmonic oscillator are

3
EZ=5(|”|+§)’ |n| =ny +ny+n3 (2.5.13)

We are now ready to study the solution of the Schrédinger equation of the system
with initial datum Wg

4 e
zEZH

U1, U@t)=e (2.5.14)

for ¢t > 7. In particular we shall perform a perturbative analysis, computing the first
correction to the free evolution of the system
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6 £ 6 71 L HE
Uy (1), Us(t) =e 270 (2.5.15)
for e — 0. In order to formulate the result, we fix a reference frame such that
a=(0,0,1) (2.5.16)

and we introduce the following definition

Definition 2.1 Ler P* = P°(R, r) be the function

P°(R,r) = Z P;(R) @Z(r) (2.5.17)

where Py is the wave packet for the a-particle given by

(6 R R _ 1 _ 52 -
PiR) = PR, Ras R = 5 7 (2, 22, 0) e (o)
- - S - 9

19
(2.5.18)
2754 Cnprailis
s = i7;|2 p g (2.5.19)
i —~— ~ 1 2 3 |n
Fa) = Fav1, 2, 33) = ¢ 5 (0060-V) (—y—, -2_3 U)
T T T Vo
(2.5.20)
. nlT
z="Cc (2.5.21)
- 0
R |n]
v, =V — —¢€ (2.5.22)
n ”

The wave packet P; will be the crucial object emerging from our analysis. It
is written as the product of two different wave packets. The first one is a two-
dimensional wave packet in the variables Rp, R», belonging to a plane orthogonal
to the direction a, and it is well concentrated around the origin both in position
and momentum for ¢ — 0. The second one is a one-dimensional wave packet in
the variable Rz, i.e. the coordinate along the direction @. For ¢ — 0 such wave
packet is well concentrated in position around Z;; and in momentum around v;;. This
means that the whole wave packet P is concentrated in position around Z: a and
in momentum around v; @. As a consequence, its free evolution computed at time
r=rT

(e_i 2hy p;) (R) (2.5.23)

is a wave packet, localized in position around @ and in momentum around v;a. In
fact, from (2.5.21) and (2.5.22), the average position at ¢ = 7 is
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Z,

at+tviar=a (2.5.24)

S o

while the momentum is a conserved quantity for the free dynamics.

In conclusion, (2.5.23) is the precise expression of the wave packet described in
the introductory remarks of the section. Its role in the asymptotic evolution of the
wave function of the system is specified in the following theorem.

Theorem 2.5.2 Let us fixt > 7. Then there exists C(t) > 0, independent of ¢, such
that
U (VG = UV + > UG (1) PT + E°(1) (2.5.25)

where

IEF®) < C(t) € (2.5.26)

Let us briefly comment on the above result. Theorem 2.5.2 provides the required
approximate dynamics of the system for # > 7 and ¢ small. Using the expressions for
the free propagator Z/{g (1), the initial state \IIS and the function P¢, formula (2.5.25)
can be rewritten as

U OW5) (Rory = e 250 [ (7 21007) (R) + 22 (7 2M0RE ) (B ] i)

+ 2>k (e"'fz”é Pg) (R) @5, (r) + (1) (2.5.27)
n#0

In the previous formula the approximate wave function has been written as the sum
of two terms, corresponding to two different possible “histories” of the system. In
the first one, the oscillator remains in its ground state and the a-particle is described
by the sum

(e“' !*2’181/)6) (R) + &2 (e_i ah PQE) (R) (2.5.28)

i.e., the free evolution of the initial spherical wave slightly deformed by the free
evolution of the small wave packet PS5, emerging from the oscillator. The second
term is a sum over all possible excited states of the oscillator. Corresponding to each
term of the sum, the a-particle is described by £ times

(e"' a2k Pg) (R) (2.5.29)

i.e., the free evolution for t > 7 of the wave packet P;, n # 0. As we already
remarked, each wave packet emerges at 1 = 7 from the excited oscillator with
momentum v, a. Therefore, for ¢ > 7, the wave packet will be concentrated around
the uniform classical motion
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R(t)=a+ (vo - |:—| f—:) t—7a (2.5.30)
0

We also note that the wave packet P is produced by an elastic collision between
the a-particle with momentum vy (recall that M = 1) and the oscillator and therefore
its momentum is unaffected, i.e., US = vp. On the other hand, the wave packet P,
n # 0, is produced by a (weak) inelastic collision with an energy loss AE = ¢|n]|.
In this case, after the collision, the momentum of the a-particle is

g 2|n| In| 5
2l ——AE )= 1——25=v0——a+0(5) (2.5.31)
2 vg Vo

coinciding with vj, at first order in .

2.6 Outline of the Proof

The proof of Theorem 2.5.2 requires several intermediate steps. In this section we
describe only the line of reasoning, referring to (Recchia and Teta, 2013) for a detailed
proof.

We start with Duhamel’s formula to represent the solution of the Schrédinger
equation

t
U ()W = U (1) W — i/ods Ut — ) VU (5) W5 (2.6.1)

Iterating twice we obtain
U (DHYG = Us )Yy + Us ) I ()Y; + R (1) (2.6.2)

where we have denoted

t
I5(t) = —i / ds Us(—s) VEUS(s) (2.6.3)
0
t
RE(t) = UG (1) I ()W — i / ds US(t — ) VEUS ()T ()W (2.6.4)
0
t s
JE@t) = — / ds / do Ug(—s) VEUS (U (—a) VEUG (o) (2.6.5)
0 0

In order to isolate the relevant contribution coming from the term /¢ ()W for
€ — 0, it is convenient to introduce the “portion around &” of the initial spherical
wave
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UE(R) = !;/T f(a_lR) /C di e 0 R (2.6.6)
0

where Cp has been defined in (2.4.31), and correspondingly

W50(R, 1) = Y5 (R)¢g(r) (2.6.7)
Taking into account definition (2.6.7), we rewrite (2.6.2) as follows

U (WG = Us (DG + Us DIV + Us()I° (1) (W5 — W5 0) + RE(1)
(2.6.8)
In order to prove Theorem 2.5.2, one has to show that I‘f(t)\IJS)O = 2P 4 0()
and also that the last two terms of (2.6.8) are O (¢3).

The first step is to obtain convenient representation formulas for the relevant quan-
tities Ig(t)\llg’o, I (t) (Y5 — \IIS’O) and J°(¢)W;. This can be done following the
same line of reasoning of Sect.2.3. For each quantity we perform a series expansion
with respect to the eigenfunctions of the harmonic oscillator and we obtain formulas
for the expansion coefficients in terms of highly oscillatory integrals. Such repre-
sentation formulas allow to exploit stationary and non stationary phase methods to
characterize the asymptotic behavior of each quantity for ¢ — 0. In the case of
Ig(t)\lfao, we obtain

(Ie(t)\lfao) (ex,r) = ZI;(t, x)gofl(r) (2.6.9)
n
where
€ _ M . L0, (€, p0,53%)
Z.(t,x) = - =75 dudvds |d€ F (&, p, v, s;x) ec 1 (2.6.10)
- e / A -
PiEx+i g€’
Fall o 553) = —ees 00 S (5 50 26.11)
In.n (&) = Ga0m(©V () (26.12)
(&, v, 53 %) = —lal&tvo[pxrts )4+ (s &)+ 1 — 2 — 12 (x345€3) HHnls
(2.6.13)
and the integration region A is given by
A= {(u, v,s) € R? |u2 +12 <sin®bp, 0 < s < t} (2.6.14)

Analogous representations can be derived also for 7°(¢)(Wg — ‘IJS,O) and J° ().
The next step is to compute the asymptotic expansion of the oscillatory integral
Z;,(t, x) fore — 0.One can easily verify thatfor7 > 7 the phase ®,, in the oscillatory
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integral has exactly one, non degenerate, critical point in the integration region given
by (i, v, s) = z¢, € = £°, where

2=(0,0,71) &= (—x—l, 2 —M) (2.6.15)

As it was done in Sect.2.4, case (iii), we can directly compute the leading term
of the expansion using an elementary approach, essentially based on a change of
coordinates in the oscillatory integral. In fact, defining

A, v, 8) =g (,us, s,V 1—pu2—1v2s — 7') (2.6.16)

By (p, v, 85 X) = voxip 4 voxov + vox3y/ 1—p? —v? + |nls (2.6.17)
the phase can be represented as
O, (& v, s:%) = A, v, 5) - &+ Ba(p, v, 55 %) (2.6.18)

and the oscillatory integral is written as

Iz(t, Xx) = & /d,udl/ds eéBg(N,V’S?") /dé Fu(§, p,v,85x) eé"“(“’”’s)'g

ie52 |,
(2.6.19)
Let us introduce the following linear change of coordinates
(1, v, 8) = L(21,22,23) = L2 (2.6.20)
€ € €
w=—2z1, V=—22, S=T+ —23 (2.6.21)
voT voT Vo

Hence

No/e i . i .
T, (t, x) = iv?:; dz ¢ BulCezix) /ds Fy(€, Loz; x) e ALDE (2622)
0 €

where the integration region A. is given by

2,2
UnT U, U
A= {z € R |2 433 < 5 sin’ b, —g <3< ?O(t —T)] (2.6.23)

We note that, for ¢ — 0, one has £.z — z¢ and A, — R3. Let us expand A(L:z)
and B(L:z; x) around € = 0. One has

A(L.z) = ez + AP () (2.6.24)
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Bu(Loz; x) = vox3 + n|7 — £ - 2+ BP (z; x) (2.6.25)

where A?) (z) and Bffz) (z; x) are explicitly known functions of order O(¢?) for
€ — 0. Taking into account of (2.6.24) and (2.6.25), we write

ZE(Z x) = M\/; f(voxsﬂn\r)/dzeftﬁ‘ Z+t B2 (z; x)/dEF (€, Loz %) ol &+ L AP(z)
lUOT R
(2.6.26)

From the above expression it is now possible to derive the asymptotic expansion
for ¢ — 0, with an explicit remainder. In particular, we are interested in the leading
term and therefore we easily obtain

i) = e e 1z T fa R 007 0400
szT
_amfe
- zﬂla{ sostD F (€6, 2% x) + 05t x) (2.6.27)
where we have used Ny = (47)~ v and we have denoted by Q; (¢, x) the remainder.

The next point s to find the explicit expression for the leading term. From (2.6.11),
(2.6.12) and (2.6.15) we have

Fa€°, 2% %) = €13 E%, 06 F(x + 7€)

”;LT 71X]2+X2 X1 X2 ] |n|T —ilnl,
=e 0 e 2r gnO __3_?1_‘0_ f 0507 33— —
0
\n‘zT 2
i balr \_; lnl
= 20 Fp(x1,x0,0) T 4e 3o ) i (2.6.28)

where, in the last line, we have used (2.5.20) and (2.1.10). Substituting (2.6.28) in
(2.6.27) and using the Definition 2.5.1, we finally find

\/Eczfﬂ (x1, x2, 0) e_f( 3_%)2—’—1(”0—@5

e Pi(ex) + Q5 (t. x) (2.6.29)

I3(t, x)

As a result of the analysis performed above, we succeeded in isolating the first
non trivial correction to the free dynamics of the system. In particular, using (2.6.8),
(2.6.9) and (2.6.29), we can derive the following representation for the solution of
the Schrodinger equation

U (D5 = US(DHVG + €2 UG (1) PF + E(1) (2.6.30)

where the remainder £(¢) is explicitly given by
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£ = Us(H) D Q509 + Us(IF (1) (W5 — W5 o) + RE()  (2.631)

and Q7 (#) denotes the function implicitly defined in (2.6.27). The last technical, and
rather long, step of the proof is the estimate of the remainder. Using the representa-
tion formulas in terms of oscillatory integrals and repeated integration by parts (see
Recchia and Teta 2013 for details), one obtains estimate (2.5.26), concluding the
proof of Theorem 2.5.2.
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