Chapter 2
The GSH Distribution Family

and Skew Versions

Abstract The generalized secant hyperbolic (GSH) distribution denotes a popular
symmetric subclass of Perk’s family which was already introduced in 1932. It allows
for any kurtosis higher than 1.8 and, hence, admits both thin and fat tail behavior.
Under a slightly different parameterization, the GSH family was re-examined by [1]
who also derived additional properties. Based on the GSH family, there are three
different proposals in the literature—related to Fischer and Vaughan [2], Fischer
[3], and Vaughan [4]—how to additionally introduce skewness which are discussed
within this chapter.

Keywords Definition and properties + Perk’s distribution - Scale parameter split -
Esscher transformation - Vaughan’s skew version

2.1 Perk’s Distribution Family

Already in 1932, the British actuary Wilfred Perks [S]—being interested in gen-
eral functions for graduating life-table data—introduced a large class of probability
densities of the form

ap+aje™ +are X 4+ -+ aue™

f(x): b0+b1€_x +b2€_2x+"'+bne_nx

(2.1)

with parameters ag, ai, ..., am, bo, b1, ..., b, such that f is actually a probability
density. Settingm = 1,ap =0,a1 = landn =2,bp = 1,b1 =0,bp = 1,Eq.(2.1)
reduces to hyperbolic secant distribution:

2 e ¥ 1 1
7 l4+e2 7 coshx)’

M. J. Fischer, Generalized Hyperbolic Secant Distributions, 15
SpringerBriefs in Statistics, DOI: 10.1007/978-3-642-45138-6_2,
© The Author(s) 2014
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For by = by = 2, the logistic distribution is recovered. Slightly more generally,
Talacko [6] discussed specific distribution families withm =1, a9 = 0 and n = 2,
bo = by, i.e., densities of the form

aje c ce®
fx) = = = , xeR
by + bie* + bge—2x eX+k+e* XX 4 ke* +1
2.2)

where ¢ = aj/bg is a normalizing constant and k = b /by > —2 makes sure that
(2.2) is actually a density. For —2 < k < 2 but k # 0 replace k in (2.2) by 2 cos(})

with 0 < A < m. Talacko [6] calculated the corresponding characteristic functions
as follows:

. [ee) itxd o0 (it+1)xd
€(t) = E("Y) =c/ ¢ dax =c/ ¢ x
oo €+ 2cos(A) + e oo €2 4+ 2cos(M)er + 1

/oo e(it—i—])xdx / e(it-i—l)zdz

= C A n =C - n
o (ex + ezk)(ex + e—tk) c (ez + etk)(ez + e—tk)
T sinh(Ar) 7 sinh(A7)

©Sin(h) sinh(zr) A sinh(ri)

Note that from 1in2) % (t) = 1 we concluded that ¢ = Sm}\ﬂ For k > 2, replace A by
t—

i0,i.e. k by cos(if) = cosh(f) in order to obtain with a similar calculation

) = T §1n(9t) and ¢ — sinh(60)
6 sinh(mwt) 0

It took about 50 years until Talacko’s generalized secant hyperbolic (GSH) distribu-
tion was re-examined by Vaughan [1] under the slightly different parameterization

_ _ Jeos(m), —m<n=0,
k= k) = [cosh(n), n>0

and with scaling constant ¢ = c¢2(n7) such that zero mean and unit variance is
achieved:

exp(c2(n)x)
Jam = el - s ) + 2a(m explea(na) +1 (23)
c1(n)

) (cosh(ca(n)x) + a(n))

(2.4)

with

a(n) = cos(n), 20 = =5, e1(n) = ML ey (n) forp € (—7, 0],

a(n) = cosh(n), e2(n) = =4, ¢1(p) = D ey (5) forn > 0.
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Vaughan [1] also derived the cumulative distribution function, given by

1 exp(ca ()x)+cos(n)
1+ 3 arccot (_W) forn € (—m,0),

. _ exp(nx/«/g) _
F(-x’ 77) — 1+CXP(7UC/«/§) for n= O,
1-— %arccoth (—CXP(CZ(S'&)}(I)J)COS}](")) forn >0

and the inverse distribution function, given by

1 sin(nu)
) In (sin(n(?zu))) forn € (=m, 0),
Fol i = { Lin (1) for n =0,

1 sinh(nu)
G I (sinh(n(l—u))) forn > 0.

2.2 Properties of the GSH Family

The density from (2.3) is chosen so that the GSH variable has zero mean and unit
variance, the range of the “kurtosis parameter” n is € (—m, 00). Actually, Fischer and
Klein [16] proved that the 7 is a kurtosis parameter in the sense of van Zwet [7]. The
GSH distribution includes the logistic distribution (n = 0) and the hyperbolic secant
distribution (n = — 1 /2) as special cases and the uniform distribution on (—\/5 s \/5)
as limiting case for n — oo. Figure 2.1 displays different densities and log-density.
All densities are unimodal.

The moment-generating function also depends on 7 and is given by

5 sin(un/ca(m)) esc(um/ca(n))  forn € (=7, 0),
My n) = { VBucse(x/3u) forn =0,
% sinh(un/cy(n)) csc(um/ca(n)) forn > 0.

It also satisfies (see Vaughan [1], p. 222)

1+§ +iv 251:2:59,72“ + OW’) forn >0

establishing that Var(X) = 1, so that the kurtosis coefficient m4 = E(X?) is

2172952
S5m2—5n?2
2172 +49n%
5m2+5n%

forn € (—m, 0],

my

forn > 0.
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Fig. 2.1 GSH distribution: Log-density, density for different n € [—m, 5]

It is readily apparent that m4 decreases as 7 tends to oo and that m4 € (1.8, 00).
Vaughan [1] also states that there is a unique member of the GSH family that corre-
sponds to any given kurtosis for regular unimodal distributions:

Smy — 21 21—5
n= -7 [ T formy > 4.2 and g = 7| % for my < 4.2.
Smg — 9 Smg — 9

In particular, when n =7 then m4 =3, the kurtosis of a normal distribution. Note
also that if v denotes the degrees of freedom for a Student-t distribution with a given
(finite) kurtosis, then the parameter 1 in the GSH family with the same first four

moments is —74/(9 —v)/(v + 1) ford <v <9,0forv=9and 7 /(v —9)/(v + 1)

forv > 9.

2.3 Introducing Skewness by Splitting the Scale Parameter

The first skew version of Vaughan’s GSH distribution was proposed by Fischer and
Vaughan [2]. Application to unconditional and conditional financial return models
followed up with Fischer [8] and Palmitesta and Provasi [9]. The main idea of this
approach is to split the scale parameter of the GSH distribution into two parameters
representing the left and the right part across the expectation value. Note that this
idea was already used by Fernandez et al. [10] and Fernandez and Steel [11] in order
to design a skew Student-t distribution. Let I (x) denote the indicator function for
x on Ry and I (x) the indicator function for x on R_. It follows that
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Fig.2.2 SGSHI distribution: Effect of y for fixed n = 0.2 and y € [1, 10] (left panel) and n = 2.5
and y € [0.1, 1] (right panel)

2y _ +
fny) = pEY {fosuG/vim -1~ () + fosu(yxin) - 1T (x)}
_ 2a ( exp(cax/y) - 1™ (x) exp(cayx) - I (x) )
B Y+ % exp(2cox/y) +2aexp(cax/y) +1  exp(2cryx) + 2aexp(cayx) + 1

is a density function which is symmetric for y = 1, skewed to the right for y > 1
and skewed to the left for 0 < y < 1. The corresponding distribution will be termed
the skewed GSH distribution of type I (SGSH1) in the sequel. The effect of y on the
GSH density is illustrated in Fig. 2.2.

Following Fischer [3], both cumulative distribution function and quantile function
admit closed forms, namely

2y2 2 _1+42F,
Flxiny) = —5- '(FGSH(X/V)'I_(X)+(V * ZGSH(”))-IW)),

yr+1 2y

2

_ _ +1 _ 1 y+1 y—-1
F s, y) =y FLL T ah 7F1(.4 _ ;)I*.

(smy)=vy GSH(X 2,2 77) A(X)+V GSH \* ) 5 n)I,x)
with )
1, ifx < Z=
£ ]+ ’ + _ —
y}/ and I, (x) =1-1T,(x).

0, if x > m

I,(x)= ‘

Referring to Fernandez and Steel [11], the power moments of an SGSH1-variable Z
can be derived using the following calculation scheme:
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2y —r—1 r.r+1 . +yr o r
L (T ) with BY ) = [ fsm (0.
y2+1 0

E(Z") = ET(X")-
Evidently, E*(X") equals the 7-th power moment of the GSH distribution (which
can be obtained from the corresponding moment-generating function) divided by
two when r is even. For odd r and ¢ # 0, Palmitesta and Provasi [9] derive the
following expression!:

al'(r+1)

Er(x) =)
20£+1\/a2 —1

Lra
defining

1 1 >, xk
Lra= |G|l ——— )| - %11 ——— )|, where L (x) = —
e |: ™ ( \/a2—1+a) r (\/az—l—a)i| ' =1 k"

denotes the polylogarithmic function (see Lewin [12]) which is defined for x € C
and |x| < 1. Consequently, the first four power moments derive as

& 1 — 2 4 .2 1
Ez) = 1a( y)’ Rz =Y J/2+ ’
yeivar —1 14
(7% = $1%al =y +y' = y?)
y3esva? — 1
and 2 2 2 4
Bzt = Gl sen@O ) A+ vt —y2 —yo 4 yh

y*(572 + sgn(1)5n?)

Using the relationship between the centered and uncentered moments (e.g., Stuart
and Ord [13]), the derivation of the third and fourth standardized moments is tedious
but straightforward. As expected, both 1 and y determine the skewness and the
kurtosis. It should also be noted that all other higher moments exist.

2.4 Introducing Skewness by Means of the Esscher
Transformation

A second way to introduce skewness into Vaughan’s GSH distribution was recently
discussed by Fischer [3], who used the existence of the moment-generating function
to construct asymmetric densities by means of the so-called Esscher transformation.

1 We exclude the case 7 = 0, which corresponds to the logistic distribution and refers to Palmitesta
and Provasi [9], instead.
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Fig. 2.3 SGSH2 distribution: 4 for fixed n = 0.2 and & € [—1, 0] (left panel), and n = 2 and
h € [0, 1] (right panel)

Esscher transformation: Originally, this concept was a tool in actuarial sci-
ence suggested by Esscher [14], which was popularized by Gerber and Shiu
[15] who applied this concept to value derivative securities. Given a random
variable X with moment-generating function .#x (¢) and density fx(x), the
Esscher-transformed density with parameter /4 is defined by

f (x5 h) = exp(hx) f(x)/ A (h). (2.5)

Note that if X is Gaussian, the resulting Esscher-transformed variable is again
Gaussian (and thus symmetric) but with different scale and location. In contrast,
Esscher-transformations of symmetric non-Gaussian densities frequently pro-
duce asymmetric distributions, where 4 # 0 governs the amount of skewness,
and symmetry is obtained for 2 = 0.

Plugging (2.3) into (2.5), the Esscher-transformed GSH density for 4 % 0 derives as

sin(hm) sin(n) exp((h+1)x)
thSiI;(hl) ’ e)((E)}52xl))+)2cos(n) exp(x)+1 for —7 <7 <0,
. _ sin(hmw exp((h+1)x -
fin h) = A exp(2x)+2exp(x) 1 forn =0, (2.6)
sin(hz) sinh(n) exp((h+1)x)

7 sinh(hn) exp(2x)+2 cosh(n) exp(x)+1 for n= 0
and will be termed as skew GSH densities of type I, or briefly SGSH2 densities in
the sequel. Examples of SGSH2 densities are plotted in Fig.2.3.

Note that for —7 < 1 < 0 and & # 0 we can derive the corresponding moment-
generating function of a SGSH2 variable X,
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EeX) = /Oo sin(h) sin(n) exp((h +u + 1)x)

—oo msin(ht) exp(2x) + 2cos(n) exp(x) + 1 *

_sin((h + u)n) sin(hm) 7 sin((h 4+ u)m) sin(n) exp(((h + u) + )x)dx
~ sin((h + u)m) sin(hn) 7 sin((h + u)n)(exp(2x) + 2 cos(n) exp(x) + 1)
—00

_ sin((h + u)n) sin(hmw)
" sin((h + u)m) sin(hn)

Similar reformulations hold for n > 0 and we finally arrive at

(sin((h + u)n) sin(hm)) / (sin((h +u)m)sin(hn)) for —m <n <0,
M () =1 (h+uw) -sin(hr)) / (hsin((h + u)7)) for n =0,
(sinh((h 4 u)n) sin(hw)) / (sin((h + u)m) sinh(hn)) for n > 0.

All moments of the SGSH2 distribution exist. In particular, the first four power
moments are given by

ncot(hn) — mwcot(hmr) for —m <n <O,
E(X) =1 (1 — hmcot(hm))/h for n =0,
ncoth(hn) — m cot(hm) for n > 0,

72— 172 — 2nm cot(hn) cot(hm) + 272 cotz(hn) for —m <n <O,
E(X%) = { 72— 27/h - cot(hn) + 272 cot? (hr) for n =0,
n2 +72— 2nm coth(hn) cot(hw) + 272 cotz(hrr) for n >0,

—n3 cot(hn) + 317271 cot(hm) + 67;712 cot(hn) cotz(hn) + 377712 cot(hn)
—673 c0t3(h7t) — 573 cot(hm) for —7 <n <O,
E(X3) = { 672/h - cot®(hm) + 372/ h — 673 cot3 (hm) — 573 cot(hm)  for 5 =0,
3 coth(hn) — 3n%m cot(hr) + 6nm2 coth(hn) cot® (h) + 372 coth(hn)
—673 cot3 (hm) — 573 cot(hm) for n >0,

774 + 574 — 471371 coth(hn) cot(hm) + 127)2712 C0t2(h7t) + 6772712
72417713 coth(hn) cot? (hm) — 2077713 coth(hn) cot(hm)
+2474 cot4(hn) + 2874 cotz(hn) for —m7 <n<O.

5a% — 2473/ h - cot (hrr) — 2073 / h cot(hm) + 247 cot* (hr)
+287% cotz(hn) for n =0,

n* 4 574 + 4037 cot(hn) cot(hm) — 120272 cot? (hr) — 6n2 w2
—241;713 cot(hn) cot3(h7t) — 2077713 cot(hn) cot(hm) + 2474 cot4(h7r)
+2874 cotz(hn) for n >0,

E(X*) =
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Consequently, the variance of an SGSH2 variable is given by

72(1 + cot’(hm)) — n>(1 4+ cot?>(hn)) for —m <y <O,
Var(X) = § 721 + cot?(hm)) — 1/ h?, for =0,
72(1 + cot?(hn)) + n*(1 — coth®(hn)) for n > 0.

2.5 Vaughan’s Skew Extension

Recently, Vaughan [4] advocated skew-extended GSH (S-EGSH) distribution fami-
lies as a natural generalization of the GSH representative. For constants ¢ > h > 0,
k, wg > 0 and parameters a and b satisfying either wkb > a > 0 or 0 > a > wkb
Vaughan [4] discusses, e.g.,

exp(ax)

f(x) = Cl [(exp(bx) + C)k — hk]w

2.7)

with normalizing constant

-1
0

_ T+ j) .
Cy = b~ Mhe kB Ak — A ,
1 c ,E_o ()] kY B, k(j +w) —A)

where B(a, b) denotes the Beta function, . = a/b and k = h/c. The original GSH
family in (2.4) is recovered by setting

a=b=c(n), c=a®), h=yam)? -1, k=2, w=1

in (2.7). The corresponding cumulative function is given by

3520 PN By (G kG + @) — 2) ¢
FO) =Cl——= T o : for T(u) = ————
Zj=0 T"K"J B, k(j+ o) —A) exp(bu) + ¢

and where B, (a, b) denotes the incomplete Beta function. The above conditions on
the parameters ensure the densities are positive, and further that the distribution has
well-defined moment-generating functions, and hence all moments finite. They can
be expressed in terms of the Gamma function and its derivatives. For all S-EGSH
members there is a unique mode (Fig.2.4).
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Fig. 2.4 S-EGSH distribution: Densities witha = 1,C =4, h =1, k=2, w=1and b € [1, 2]
(left panel),anda =1, b=1,C =4, h =1,k =2 and w € [1, 6] (right panel)
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