Chapter 2
Tree-Level Techniques

In this chapter, we discuss techniques to compute tree-level scattering amplitudes.
Feynman rules allow one to write down any tree-level amplitude as a sum of all
Feynman diagrams contributing, as we did in the last chapter for the four-gluon am-
plitude. In practice, this straightforward approach can quickly become cumbersome,
as the number of Feynman diagrams typically grows factorially with the number of
external legs. To give an example: for the scattering of two gluons into n gluons the
number of contributing Feynman diagrams grows from 4 (n = 2), to 220 (n = 4), to
34,300 (n = 6) to an enormous 10,525,900 for n = 8 [1]. Moreover, one often finds
that the final answer is much simpler than the intermediate steps of the calculation.

Here, we will present techniques that exploit the reasons behind this simplicity.
Very powerful insights can be gained from thinking about tree-level amplitudes as
algebraic functions of the external momenta. As we will see, their analyticity proper-
ties under complex deformations of the momenta can be used to derive simple, yet
powerful recursion relations known as Britto-Cachazo-Feng-Witten (BCFW) on-
shell recursions. These recursion relations use as input on-shell amplitudes, so that
the gauge redundancy, which is partly responsible for the complexity of conven-
tional Feynman graph calculations, is absent.

We will also discuss in some detail the symmetry properties of tree-level scatter-
ing amplitudes, that is Poincaré symmetry and in the massless case the extension to
conformal symmetry. We then briefly introduce the concept of supersymmetry and
present the maximally supersymmetric gauge theory in four dimensions, namely
A =4 super Yang-Mills theory, which plays a distinguished role in the space of
all gauge theories. We discuss its scattering amplitudes, a supersymmetric variant of
the BCFW recursion and the extended superconformal symmetry, and discuss how
results for non-supersymmetric theories can be obtained from the supersymmetric
case.

2.1 Britto-Cachazo-Feng-Witten (BCFW) On-shell Recursion

The Britto-Cachazo-Feng-Witten (BCFW) recursion relations are an efficient way
to compute higher-point partial amplitudes from lower point ones. As we will see,
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36 2 Tree-Level Techniques

the mere knowledge of three-point amplitudes allows the construction of all higher
point amplitudes in a recursive fashion.

To begin with let us consider an n-gluon amplitude A,(py, ..., py). The key
to the BCFW recursion is to study how the amplitude behaves under a complex
deformation of the particle momenta preserving the on-shell conditions. For this we
perform the following complex shift of the helicity spinors for two neighboring legs
1 and n,

A = A1(2) = Al — Zha,
3 . 3 ~ (2.1)
An = An(2) = Ay + 201,

with z € C, and X; and A, are left inert. We denote the shifted quantities by a hat.
This corresponds to a complexification of momenta

P = P @) = (0 — 22) R,

. . - . (2.2)
Py = P5%(2) = Ay (O + z2)".
Importantly, the deformation preserves both overall momentum conservation and
the on-shell conditions,

PH2)=0,  p2@2)=0,  p1(2) + pa(x) = p1 + pa, (2.3)

and the z-deformed partial amplitude may be written as

CAGET N (Z pi) An(2). (24)

i=1

The BCFW recursion relations rely on an understanding of the behavior of the func-
tion A, (z) in the complex z plane. The derivation proceeds in three steps. First, the
locations of the poles of A,(z) are analyzed. Then, it is shown that the residues of
the poles correspond to products of lower-point tree amplitudes. Finally, the large z
behavior of A, (z) is determined.

What are the analytical properties in z of the deformed amplitude A, (z)? In or-
der to answer that question, it is helpful to think of A,(z) in terms of tree-level
Feynman diagrams that contribute to it. The sum of Feynman diagrams is gauge in-
variant. Therefore we can choose the Feynman gauge for the following discussion,
without loss of generality. It is clear that A, (z) is a rational function of the A;, ):i
and z. Moreover, A, (z = 0) can only have poles where the denominators of Feyn-
man propagators become zero. Given that the partial amplitudes are color-ordered,
the propagators take the form

1
(Pi + pisi -+ p)*

(2.5)

i.e. they are given by a sum of adjacent momenta. Cf. Fig. 1.4 for illustration. It
follows that the deformed amplitude A, (z) will only have simple poles in z of the
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P2 —z(n|P;|1]’

with the region momenta P; := p; 4+ p» + --- 4+ pi—1 and (n|P;|1] = A,,O(Pi“dild.
Note that any region momentum containing both p; and p, is independent of z, and
hence cannot contribute any poles. Therefore the only propagators that can produce
poles are the ones considered above.

We deduce that A, (z) has simple poles in z at positions

2

P
p = L Vie[3,n-—1]. 2.7)
(n|Pi|1]

We also need to know what the residues at the poles are. In fact tree-level amplitudes
have universal factorization properties when propagators go on-shell. This is easy to
see from Feynman diagrams. The on-shell propagator splits the Feynman diagrams
into two parts, or clusters. One can convince oneself that each cluster contains all
Feynman diagrams that would be required to compute a scattering amplitude. Put
differently the propagator going on-shell can be represented as inserting a complete
set of all on-shell states. In conclusion, near the pole z p; the amplitude A, (z) factor-
izes into a product of lower-point amplitudes, which we refer to as “left” and “right”
amplitudes AL and AR, respectively (see Fig. 2.1),

-1
z—zp, (n|P|1]

lim A,(z) =
Z—>zp;

> o At(izp).2,....i—1,=P*zp))
N

x AR(P(zp),iy...,n— 1,i(zp)). (2.8)

The key point is that the internal propagator goes on-shell, so that one has a product
of on-shell subamplitudes AL and AR. The sum over s in Eq. (2.8) runs over all
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possible on-shell states propagating between AL and A® and § = —s. In general
this will depend on the field content of the theory under consideration. For gluons it
becomes a sum over the helicities s = {+1, —1}.

The emergence of this sum may be justified with the following argument. When
an internal gluon propagator goes on-shell, P = 0, the tree-level amplitude will
factorize as

2__
P24, 55 —iMl (i — L =P ME P ), (2.9)

where M, ﬁ /R are lower-point amplitudes with the polarization vector on the £ P leg

stripped off. Without loss of generality let us parametrize the on-shell momentum
four-vector as P* = E(1,0,0, 1) and the gluon polarization vectors as

1
elf = E(O’ 1, +i,0). (2.10)

A straightforward calculation yields

L R LR LasR
> elimbeMf = MM+ MpME, 2.11)
s=+,—
while the transversality of the amplitude P* M, ,f R_p implies MOL /R _ M3L /R _ .
Adding this zero to the above Eq. (2.11) yields
—iMn" MY =i(M] M+ My ME + MM — M§ME)
=i Y elMLelME
s=+,—
=i AL, i =1, =P)AR(PS i, ), (2.12)
s=+,—

as stated in Eq. (2.8). We note that the same argument would also go through if
we were to put an internal fermion propagator on-shell. Then the numerator of the
“cut” propagator reads (|P)[P| + | P]{P]), which immediately introduces the sum
over fermion helicities =1/2. For a scalar propagator put on-shell, finally, there is
no helicity sum and Eq. (2.8) is obvious.

Returning to our discussion, we can now use complex analysis to construct
An(z = 0) from the knowledge of the poles of A,(z). Consider the function
A, (2)/z. It behaves as

. An(2)
lim =

z=>zp 7

- ZAS(ZP.)LAE(ZP.) (2.13)
Z_ZPi - L i Pi2 R i/



2.1 Britto-Cachazo-Feng-Witten (BCFW) On-shell Recursion 39

. . O O

Fig. 2.2 Pulling the initial circle C¢ off to infinity in Eq. (2.16)

with the abbreviations
Ay (zp) = AF(1(zp).2.....i — 1, —P*(zp)). (2.14)
A%(zp) = AR(P*(zp) iy ...on— 1,7i(zp)). (2.15)

Of course we are interested in the original amplitude A, = A, (z = 0). Using the
residue theorem it may be written as

dz A(2)
Ay =A,z=0)= 2__
Co &L Z
n—1 1 .
=y ZASL(ZP,.)?AjR(zPi) + Res(z = 00). (2.16)
i=2 s i

Here Cjy is a small circle around the origin at z = 0 not embracing any of the poles
zp;. To reach the final expression we have pulled this circle off to infinity capturing
all the poles z p, in the complex plane, now encircled in the opposite orientation, see
Fig. 2.2. If A,(z) — 0 as z — oo we can drop the residue at z = oo (also called
boundary term). As we show presently, this is the case for gauge theories, under
certain conditions. Assuming this for now we arrive at the BCFW recursion rela-
tion [2]:

n—1
1 -
An = ZZA‘Z<ZPi>pA‘§e(ZPi). (2.17)
i=2 s i

The following comments are in order. We chose neighboring legs 1and to perform
the complex shifts. One may generalize to non-adjacent legs. In that case, there are
typically more BCFW diagrams to consider. In general, different BCFW deforma-
tions lead to equivalent representations of the same amplitude. The equivalence may
not always be easy to see analytically. Multi-line shifts involving more than two legs
have also been considered in the literature [3].
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Fig. 2.3 Maximal z scaling of an individual Feynman diagram contributing to A, (z)

In order to complete the derivation of the BCFW recursion (2.17), we need to
determine the large z behavior of A,(z). To have 9§oo %% = 0 we need that
A, (z) vanishes as 7 — o0.

In order to estimate the large z behavior of generic tree-level amplitudes we per-
form an analysis based on Feynman graphs. There are three sources for z depen-
dence: the denominators of the propagators, the interaction vertices, and the polar-
ization vectors.

Consider a generic graph contributing to the tree-level n-gluon amplitude (1 and
n are assumed to be neighbors). As one can see from Fig. 2.3 the z dependence
occurs only along the path from 1 to . Along this path, each three-gluon vertex,
being linear in the momenta, contributes a factor of z at most, four-gluon vertices
contribute 1, and propagators behave as 1/z.

We can derive an upper bound by considering the least favorable case. This is
when the line 1 to / contains only three-valent vertices. In that case it is easy to see
that the graph behaves as ~ z.

Finally, there is an additional z-dependence arising from polarization vectors at
legs 1 and n:

eroi g M L e MR

= , 2.18
G@u) 2 o @MY

8+O(6! — _\/_M ~7z 870“5[ ﬁﬂ ~ ! (219)
" (Anttn) ! [n(@Dpn] - 2

Therefore, taking all sources of z dependence into account, we conclude that indi-
vidual graphs scale at worst as

A(TTA7) ~ =, A(lTaY) ~z, (2.20)

A(l7a7)~z,  A(l7aT)~ 2 (2.21)
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This shows that the (4+—)-shift has the desired falloff properties that allow to drop
the boundary term at infinity in the BCFW formula. By cyclicity it is always possible
to find a {i+ i~} pair. In fact, the above bound is too Conservative. One can show [4]
that the (++) and (——)-shifts also lead to an overall 1 scaling once the sum over
all Feynman graphs is performed, as the terms scaling as z or 1 cancel out. Only the
(—+)-shift gives a non-vanishing Res(z = 00) in general.

So far we have discussed the recursion for pure gluon amplitudes. In fact the ar-
guments used to reach Eq. (2.16) go through for an arbitrary quantum field theory.
However, the vanishing of the residue at infinity may not. For example one might
consider a seemingly simple scalar ¢*-theory. Here it is easy to convince oneself
that the residue at infinity will not vanish. For two neighboring shifted legs in the
¢* there are always diagrams contributing to the amplitude in which 1 and 7 are
connected via a single ¢*-vertex. As the external legs have no polarization degrees
of freedom such a Feynman diagram will not depend on z. There is no chance of a
cancellation either, as all other diagrams in which 1 and 7 are connected by more
than one vertex vanish z — oo. Thus the amplitude A, (z) for a scalar field theory
will not vanish for z — oo. In a sense the apparent simplicity of ¢* theory at the
level of the Feynman rules is misleading, as this theory does not give rise to a sim-
ple on-shell recursion relation. The ¢*-theory is often used as a testing ground for
quantum field theory. Here we see a first hint that, from the on-shell perspective,
Yang-Mills theory is actually simpler.

Example As an example of the general result above, consider for concreteness the
four-gluon amplitude derived in Eq. (1.130) Under a (——)-shift, we have

IV 4
A7) = 1) = 1) ~1em

Ag(17,2%,3% - — = —
(12)(23)(34)(41)  (12)(23)34)(41) 2

where we have used

@1y W2 4y = 41y — 244y = (41). (2.23)

This is in line with the claim that the actual z-scaling of the (——) and (4++) shifts
is better than estimated in Eq. (2.20). On the other hand, under a (—+) shift, the
amplitude behaves as

1= o— 3+ 4+ (i2)* 3
ag(im27,30 4 = —2 3 (224)
(12)(23)(34)(41)

This is consistent with the general bounds derived above.

We will now proceed by explaining an important subtlety concerning three-point
amplitudes. This will complete all prerequisites for using the BCFW recursion rela-
tions, and we will then derive the n-point MHV amplitudes as a first example.
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2.2 The Gluon Three-Point Amplitude

In order to use the BCFW recursion relations derived above we need to understand
the starting point of the recursion, in other words the ‘smallest’ or atomistic ampli-
tudes. It may be slightly surprising that these are certain three-particle amplitudes.
As we discuss presently, their definition is somewhat peculiar due to the constraints
imposed by the on-shell conditions and momentum conservation.

In fact, for real null momenta there are no three-point amplitudes, since

pl'+ py +py =0 implies pi-pr=py-p3=p3-p1 =0. (2.25)

All Mandelstam invariants vanish and there are no other Lorentz scalars an ampli-
tude could depend on

pi-rj=0 <« (ij)lji]=0. (2.26)

The situation is different for complex momenta p; € C. In this case the helicity
spinors X; and X are independent, and the conditions p; - p; = 0 can be solved either
by (ij) =0Vi, j=1,2,3orby [ij]=0Vi, j =1,2, 3. Hence either A{ oc 1] 0<A‘3"
(collinear left-handed spinors) or )N\‘f o )Ng o Xg‘ (collinear right-handed spinors)
solve the constraints p; - p; = 0. The two choices correspond to the three-gluon
MHV3 and MHV; amplitudes, respectively. They are given by

AMHV(i— )= (ij)*
3 ’ (12)(23)(31)° + (2.27)
[12]=[23]1=[31] =0,

and

___ 74
AYHV (it ) = _L’
[12][23][31] - (2.28)
(12) = (23) = 31) =0,
+

respectively. These three-point amplitudes can of course be straightforwardly read
off from the color-ordered Feynman rules. Alternatively, one can argue that these are
the only functional forms compatible with the helicity assignments of the external
particles and the vanishing of the [ij] and (ij), respectively, up to a free constant
which is identified with the coupling constant [5]. Let us illustrate this point for
the MHV3 amplitude. Without loss of generality we can take the negative helicity
states to be i = 1, j = 2. From the kinematical discussion above it is clear that
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the amplitude can depend only on the variables (12), (23) and (31). The helicity
assignment implies

hp AYHY = —AMEV O p AMAY = AMAY (2.29)
where we recall that the helicity generator was defined as

1 d 1-. 0
By = — =A% — + —A%—. (2.30)

These equations fix the answer to be (12)3/((23)(31)), up to the overall normaliza-
tion.

In summary, we have arrived at a remarkable result. Via the BCFW recursion
we can produce all n-gluon tree amplitudes from the three-point amplitude. The
structure of the latter follows solely from kinematical considerations, i.e. helicity
assignments and momentum conservation. In particular, the explicit form of the
four-gluon vertex in Yang-Mills theory is not needed!

Exercise 2.1 (Three-Point Amplitudes from Color-Ordered Feynman Rules)

Verify the expressions for the three-point MHV amplitude of Eq. (2.27) and the
three-point anti-MHV amplitude of Eq. (2.28) by an explicit calculation using the
color-ordered Feynman rules of Chap. 1, given in Table 1.4.

2.3 An Example: MHV Amplitudes

Having established the BCFW recursion relations, we will now give a simple yet
non-trivial example, and derive the formula for n-point MHV amplitudes with arbi-
trary multiplicity .

For simplicity, but without loss of generality, let us assume that the negative
helicity gluons are at positions 1 and n. Then, by the discussion above we will
obtain a valid BCFW relation without boundary term if we shift the momenta p;
and pj, as in Eq. (2.1), as this corresponds to a (——)-shift.

We then have to consider all BCFW diagrams that can contribute to this channel,
see Fig. 2.4. There are two possible helicity assignments for the internal propagator,
(—+) and (4+—). As we will see presently, this imposes further constraints on the
BCFW diagrams. In the (4+—) case, Ay has only one negative helicity gluon. As
we saw in Sect. 1.12, such an amplitude vanishes unless it has three external legs.
This leads us to draw the first BCFW diagram shown in Fig. 2.4. Likewise, the
(—+) helicity assignment leads to a zero term unless only three legs enter Ag.
However, there is an additional subtlety. In fact, with the MHV3 amplitude on the
right the three-point condition An O Ap_i implies (in — 1) = (nn — 1) =0, i.e. the
collinearity of p, and p,,_1. For generic external momenta, which is the case we are
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Fig. 2.4 The BCFW recursion for an MHV,, amplitude

interested in, this collinearity is not fulfilled and therefore this contribution vanishes,
since the amplitude on the right does. Therefore, we are left with only one BCFW
diagram, the first one on the RHS of Fig. 2.4.

Let us now prove the formula for MHV amplitudes by induction. We want to
prove that

4
A (= 17) = L. (2.31)
(12) -+ (n1)
We already know that this formula is true for n = 3, see Eq. (2.27) (and also for
n =4, from the Feynman graph calculation of Sect. 1.12). Therefore we only need
to prove the inductive step.
We will also need the formula for the three-point MHV amplitude that was given
in Eq. (2.28). In the BCFW channel that we are considering, we have

p2
(n| P11

Pt =pl'+ pl, (2.32)

and hence

2
om0 _ a2 03
WP~ n2)21]  (2)
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The amplitudes Ay and Ag are given by the induction assumption

_ _ P13
Ap =AYV (17,27, - PT) :-%, (2.34)
) [12][(=P)1]
A B—\3
Ap =AMIV(P= 3T 4%, . - DT, A7) = nb) (2.35)

(P3)(34) - ((n — i)
Then, using |—Ap] = —[ip] and |=Ap) = +|Ap), and

[1%] = [1%], (%) = (nx), mP)[P2] = (n1)[12] = (n1)[12],  (2.36)

(P14 p)?=(12)[211,  (3P)[P1]=(32)[21] = (32)[21], (2.37)
we find
. 1 Ao (n1)3[1213 o (nn?
For+ 2 T T I2211B2)[211(12)(34) - ((n — Dn)  (12)--- (n])’
(2.38)

in perfect agreement with Eq. (2.31). This completes the inductive proof of
Eq. (2.31).

Exercise 2.2 (The 6-Gluon Split-Helicity NMHV Amplitude)
Determine the first non-trivial next-to-maximally-helicity-violating (NMHV)
amplitude
Age(1+,2%,37,47,57,67)

from the BCFW recursion relation and our knowledge of the MHV amplitudes.
Consider a shift of the two helicity states 17 and 6~ and show that

6 33 1
Agee(1+,2+,3+,4_,5_,6_): (6] p1213] .
(61)(12)[34][451[5|p1612) (P6 + P1 + P2)
(4] psel17? 1

" (23) (34 [161[651(5| p1612) (p5 + pe + p1)?’

where pij=pit+pj-

2.4 Factorization Properties of Tree-Level Amplitudes

As we have already seen in the derivation of the BCFW recursion relations, the an-
alytic structure of tree-level amplitudes is governed by propagator poles and their
residues. The residues are given by lower-point tree-level amplitudes. Here we sum-
marize these properties.
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2.4.1 Factorization on Multi-Particle Poles

Partial or color-ordered amplitudes can have poles when region momenta P; ; :=
Di + pix1+ -+ pj go on shell. Then the amplitude factorizes according to

At n)NZAL A )PLZAR(P**,jJrl,...,i—l). (2.39)
ij

We call this a two-particle pole if the region momentum P; ; is formed by two
external momenta, and multi-particle pole otherwise.

2.4.2 Absence of Multi-Particle Poles in MHV Amplitudes

Multi-gluon amplitudes will in general have multi-particle poles. However, MHV
amplitudes are special, and in fact, they only have two-particle poles. The reason
is the following. Consider the general factorization formula Eq. (2.39). In a fac-
torization of an MHV amplitude there are only three negative helicity legs (corre-
sponding to the two external negative helicities, and one for the internal on-shell
propagator) that are distributed over two partial amplitudes. However, we saw in the
previous chapter that A,(1%,2%, ..., n") =0 (for n > 3). Therefore, this is always
zero unless one partial amplitude is a three-particle amplitude, and this corresponds
to a two-particle pole. In fact we have seen this principle at work in the previous
Sect. 2.3. Here the BCFW recursion for MHV,, amplitudes reduced to a single term
with a MHV3 amplitude on the left-hand-side, as a consequence of the absence of
multi-particle poles.

2.4.3 Collinear Limits

A special case of the factorization formula (2.39) occurs for j =i+ 1, when we have
a two-particle singularity. In fact, since the factorization involves a three-particle
amplitude, such a pole can only occur for collinear external momenta. We already
know from Sect. 2.2 that this is very subtle. For real momenta, the limiting configu-
ration is p; ~ pi+1, which we may parameterize by p; = zP and pjy1 =1 —2)P
with the total collinear momentum P = p; + p;4+1. It is convenient to write the
null-momenta p; and p; in terms of spinors P = A pAp associated to P. We then
have A; = \/zAp, A; = /ZAp, and similarly for p; | with z replaced by 1 — z. If
in addition z — 1 (or z — 0), we have a soft limit, where the four-momentum of
one of the external momenta goes to zero. Tree (and loop-level) amplitudes possess
important factorization properties with universal features in collinear as well as in
soft limits. We will discuss the tree-level case here (the same analysis also applies
to loop integrands).
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i illi+1 4
i+1

Fig. 2.5 Factorization in the collinear limit of legs i and i + 1 where S denotes the splitting
function Split™$ (z,i,i + 1)

i+1

An analysis based on Feynman diagrams shows that tree-level amplitudes have a
universal (singular) behavior in the collinear limit. It is governed by splitting func-
tions,

AR (ML G+ DM L)
it > Splt™F (2, ii + DA (.., P L), (2.40)
A==

see Fig. 2.5. The splitting amplitude depends on the helicities of the collinear gluons
but is independent of the helicities of the other legs not participating in the collinear
limit. This is known as the universality of the splitting functions. We have (see [6]
and references therein)

Split"™**(z,a™,b7) =0, (2.41)
Split™¢(z,a™,b™) = m, (2.42)
Split™¢(z,a™,b7) = —ﬁ, (2.43)
Split™® (2.~ b+) = —%ﬁab]. (2.44)

The remaining splitting amplitudes may be obtained from the ones above by parity,

SPLit™ e 5 (z,a™, b™) = =Split"§ (z, @™, b*) | 1y 1 (2.45)

We shall now derive these expressions from the MHV amplitudes.

2.4.3.1 Example: Collinear Limits of the Five-Point MHV Amplitude

Let us test the above splitting functions using the example of a five-point MHV
amplitude,
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tree (1= A— 2t 4+ =4\ _ (12)*
AS*(17.27.37.47.57) = (12)(23)(34)(45)(51) (2:46)
4115 1 (12)4

2.47
T 0 =o@5) " (12)(23)(3P)(P1) (2.47)

= Split™®(z, 4, 5F) x AY(17,27,3%, P¥), (2.48)

where we parametrized the collinear limit by

)\4 :ﬁ)\p, A.S = 1— Z)\p, (249)
ra=7hp,  hs=+1—zhkp. (2.50)

Indeed agreement with Eq. (2.42) is found. Similarly, we can take the collinear limit
in a (+—) channel. We have

2 4
tree (1— A— A+ 44+ =+) 2I3 Z L (1P)
AT 20304050 = =S T TP @S B1) @51

= Split™®(z,27,3%) x A (17, P~,4%,5%) (2.52)

from which we deduce

2
:tree - 5+ z
Split}**(z,a™, b )_—z(l—z)(am' (2.53)

Converting this to Split"™(z,a™, b~) via the parity transformation Eq. (2.45) re-

covers Eq. (2.43). In order to check Eq. (2.44) we consider the collinear limit in a
(—+)-channel

o si (1—2)? o
Atee(1= o= 3+ 4+ 5T 2L T piee(p- 9— 3+ g4+ 2.54
5°( ) oD ( ) @354
—

Splitee (z,5+,1-)

yielding Eq. (2.44) via parity. In order to check the vanishing of Eq. (2.41) one has
to study the collinear factorization of the 6-point MHV amplitude with the helicity
distributions AZ*°(17,27,3%,4%,5%,6T) along the legs 5 and 6.

2.4.4 Soft Limit

One speaks of the soft limit of an external gluon when its energy vanishes. This
is equivalent to sending the on-shell four-momentum k; of the gluon leg s to zero.



2.4  Factorization Properties of Tree-Level Amplitudes 49

This limit also leads to a factorization and has universal features,

ps—0
i s — x Soft™(a, s, b),
* b * b
AT a,sE b, ) S Soft (a, T B)ATS (L ab,.. ). (2.55)

The factorized function depends on the momenta and helicities of the soft gluon and
the momenta of the color-ordered neighbors a and b. It is independent, however, of
the helicities and particle types of the neighboring legs. From considering the soft
limit of an MHV amplitude one easily establishes

{ab)

Soft'"™ (a, s, b) = ———. 2.56
oft™**(a. 5. b) (as) (sb) (2.56)
Via parity in analogy to Eq. (2.45) we have
_ [ab]
Soft"™(a, s, b) = — . 2.57
oft™ (@57 ) =~ i 7

The factorization properties under collinear and soft limits may be used to test ob-
tained results for their consistency. For example, the 6-gluon split-helicity amplitude
Atﬁree(ﬁ, 2%,3%,47,57,6%7) has to factorize into a soft function and the 5-point
MHYV amplitude when its legs 4, 5 or 6 are taken soft. It is instructive to work this
out in detail for the leg 4.

In Exercise 2.1 the 6-gluon split-helicity amplitude was computed using the
BCFW recursion, with the result

Agee(1+,21,37,47,57,67)
_ (6lp12/31° 1
(61)(12)[341[451[5|p16/2) (s + p1 + p2)?

(4] pse| 173 1
(23)(34)[16][651[5] p1612) (ps + pe + p1)?’

where p;j :=p; + p;. (2.58)

+

Taking the soft limit on leg 4, i.e. [4) — 0, we see that the second term in the above
formula vanishes, while the first term develops the expected pole of Soft"™¢(3,4~, 5)
from (2.57)

Alree 42)0 _ [35] 6lp1 + P2|3]3 1 (2.59)
6 [34][45] (61)(12)[531[5|p1 + P6|2) (p6 + p1 + p2)? '
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Using momentum conservation pj 4+ p2 + p3 + ps + pe = 0 for the limiting kine-
matics one has

(61p1 + p213] = —(65)[53], [51p1 + pel2) = —[531(32),

5 (2.60)
(ps + p1 + p2)” = (35)[53].
Plugging this into Eq. (2.59), canceling out factors of [53], one arrives at
56)°
Atree % Softtree (3.47.5) S L
(12)(23)(35)(61)
= Soft"™*°(3,47, 5) AL (17,2%,3%,57,6"7), (2.61)

which is the correct factorized result of Eq. (2.55).

Exercise 2.3 (The Vanishing Splitting Function Split{**(z,a™, bT))
Show by studying the factorization properties of the six-point MHV-amplitude
Agee(17,27,3%,4%,5%,67) in the collinear limit 5 || 6 that

Split*(z,a™, b™) =0.

Exercise 2.4 (Soft Limit of 6-Gluon Split-Helicity Amplitude)

Check the consistency of the 6-gluon split-helicity amplitude of Eq. (2.58) with
the soft limit of leg 5. In contrast to the discussion in Sect. 2.4.4, this tests both
terms contributing to the amplitude in Eq. (2.58).

Exercise 2.5 (A gqggg Amplitude from Collinear and Soft Limits)
In Chap. 1 we established the following color-ordered gggg amplitudes involv-
ing a massless quark and anti-quark using color-ordered Feynman rules:

Ay(17.27.37.47) =0, (2.62)
A (1‘7’2q’3 47 = (12)(23)(34)(41) (2.63)

Use these and the discussed splitting and soft factorization properties for gluonic
legs to make a sophisticated guess for the five-point single quark-line tree ampli-
tude Af{"’e(l ~,2F .37, 4% 5%, Check your guess against all known factorization

b q b
properties.
Can you generalize your guess to the partial amplitudes A}**(1;, 25,3%,...,n")
and AU (17, 25,37, 4%, ....n )2

2.5 On-shell Recursion for Amplitudes with Massive Particles

So far our discussion focused on massless amplitudes, mostly involving gluons and
massless fermions. Of course amplitudes with massive particles are of great rele-
vance as well and on-shell recursions have also been developed for this case. Let us
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then briefly discuss tree-level scattering amplitudes of n particles, some of which
(but not all) are allowed to be massive

An(P1, P2y Pn)s  PE=m? (2.64)

Concretely, we consider gauge theory amplitudes involving at least two massless
gluons, which we moreover take to be neighboring for simplicity of the discussion,
say pf = p,zl = 0. Let us now see how the BCFW on-shell recursion derived in
Sect. 2.1 may be generalized to gauge theory amplitudes with massive particles. We
closely follow reference [7] in our exposition.

As before we consider a complex shift of the null gluon momenta at positions 1
and n by a parameter z € C

p1(z) = p1 —zIm)[1],
Pn(z) = pu +zln)[1], (2.65)
Pi(z) = Pi — zm)[1],

where P; = p1 + --- + pi—1 with i € [3,n — 1] is the sum of adjacent momenta
from 1 to i — 1 which featured in the BCFW recursion relation of Eq. (2.17). In
fact, the arguments leading to the BCFW recursion relation are very general and are
applicable to a generic quantum field theory. They were obtained by thinking about
the poles of the deformed amplitude A(z) as an analytic function in z which arise
whenever an internal propagator associated to the momentum Pi(z) goes on-shell.
This reasoning does not change in the massive case, i.e. when ﬁiz (z) = m>. The pole
then reads in generalization of Eq. (2.6) as

1 1
Pi@—m} (L@ +prt-+pi)?—my,
N 1
(Pi + pist + oo+ pu(2)? —m3,
1

= : 2.66
P2 —m3, —z(n|Pi|1] (2:60)

1

where m p, is the mass of the associated particle going on-shell. The location of the
pole is then simply shifted to

2 2
zp=M VieB.n—1] (2.67)
! (n| P11 " ' ' )

generalizing Eq. (2.7) to the massive case. Using again the theorem that the sum of
residues of the rational function A(z)/z on the Riemann sphere is zero, one imme-
diately arrives at the on-shell recursion relation for amplitudes including massive
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particles

n—1
An(loom)y =YY" Ar(1zp). 2. i = 1, =P°zp)) 55—
i=2 s Pi —Mp,

x Ap(P*(zp).i,....n — 1,A(zp,)) + Res(z =00).  (2.68)

where the sum over s is over all contributing states and the legs 1 and n are massless.
Of course this formula is only of use if one can show that the residue at infinity
vanishes. This turns out to be the case if the gluon helicities of the shifted legs are
not of the (—, +) type as before, i.e. the statement is

Res(z=00)=0 iff (h1,hp) =(+,-), (+, +), (=, —), (2.69)

see [7] for a derivation. This concludes our discussion of the massive on-shell re-
cursion.

Let us now study as an example four point amplitudes involving gluons and mas-
sive scalars.

Example (Amplitudes with Gluons and Massive Scalars) We consider a theory of a
massive complex scalar field coupled to gauge theory. Concretely, we want to eval-
uate the four-point amplitude involving two neighboring gluons of positive helicity

A4(1+,2¢,3¢;,4+). (2.70)

The scalars have mass m?. In fact this amplitude vanishes in the massless limit
m = 0, similar to the vanishing of the above amplitude when the scalars are replaced
by massless fermions, as was shown in chapter one. This is related to a hidden
supersymmetry of massless gauge theory amplitudes to be discussed soon. In fact
amplitudes of the above type are of interest even in massless theories at the one-
loop level. There the need to regulate divergences leads one to consider internal
particles propagating in D =4 — 2¢ dimensions, as we shall discuss in detail in the
next chapter. A massless particle in D dimensions may be alternatively viewed as
a massive one in four dimension and hence the above amplitude becomes relevant
here. This will be used later on in Sect. 3.5.3.

Returning to our concrete example we employ the massive on-shell recursion of
Eq. (2.68). Only a single channel contributes

~ A 1 .
+ o4t — + i} g4t
All that is needed are—again—the atomistic (¢g¢)-amplitudes. These follow from
the color ordered Feynman vertices of two scalars of mass m and momenta /1, [2,
and a single gluon with momentum p
_ i
V(I pt ) = —2(11‘ —15), (2.72)
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Fig. 2.6 Color ordered Feynman rules for a massive complex scalar field

where the + or — index for the scalars denotes a scalar or anti-scalar state respec-
tively, see Fig. 2.6. Contracting this with the positive helicity gluon polarization of
Eq. (1.82) one obtains the on-shell three-point amplitudes

As(lF, ptn) = ‘glhlp] _ As(I7, p*. 1), (2.73)
{gp)
where the last relation follows by reflection. Note that here g is the arbitrary null
reference momentum of the gluon leg related to the local gauge invariance of the
theory. By similar arguments one establishes the three point amplitudes involving a
negative helicity gluon

(pllilq]
[rq]

As(lf. pm. ) = =As(l7. p~.1). (2.74)
An alert reader might object at this point that there appears to be a serious problem
with these amplitudes, as they explicitly depend on the reference momentum gq.
How should one be able to build all scattering amplitudes in this theory on such
an arbitrariness? In fact, the amplitudes of Eqs. (2.73) and (2.74) are independent
of the choice of g. This is seen as follows. Taking |g) and |p) as a basis in Weyl
spinor space we may parametrize an arbitrary reference spinor different from |g) as
lg"y = alq) + B|p). Clearly Eq. (2.73) is invariant under rescalings of the reference
spinor, thus without loss of generality we may parameterize |¢') = |q) + y|p) or
infinitesimally 8, |q) o | p). This entails that the amplitude Eq. (2.73) changes under
a variation of the reference spinor as

(pllilp]
XX —m— =

84A3(li|—’p+’l2_) <qp>

0, (2.75)

where the vanishing follows from (p|l/{|p] =2p - I; =0, which is a consequence of
the three point kinematics

L+p?=B - 1L-p=0 aslP=05=m?p>=0. (2.76)
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Fig. 2.7 On-shell recursion 2 35
for the massive

Ag(17,24,35,4%) g

amplitude. All external \ ,/
momenta are outgoing,
P runs from right to left

1+ 2+

Coming back to the recursive construction of the amplitude Eq. (2.70) we then have
(cf. Fig. 2.7)

Aq(1F,24.35,47) = A3(— Py, 17, 2) S A3(35.47, Py)

1
P_m?
(@IPI11 1 (qalpsld]
(1) Pr—m? (qd)

(2.77)

Here q1/4 denote the reference momenta of the gluon legs 1 and 4. Things are sim-
plified considerably with the gauge choice

A

q1 = p4, qa = p1. (2.78)
Noting that |i] =|1] and |21) = |4) we then have

(qilP|11= (4| P|1]1= (4|P[11= —(&|ps|1],  (q11) = (41) = (41)

L . 1 (2.79)
(q4|p314] = (1] p3|4], (q44) = (14) = (14).
Plugging these into the above we find
4| p3|11(1| ps|4
Ay = (41 p3|1](1|p3|4] (2.80)

(14)2[(p1 + p2)* —m?]

The numerator may be simplified with a trace identity to

@ps 113 1p3f31 = 3 Tehupsfips)
=2(2(p3 - pa)(p3 - P1) — P3(P1 - ). (2.81)
In fact p3 - ps = 0, which follows from momentum conservation
PP=(p3+p)* = mP=2p3-pa+pi = p3-pa=0. (2.82)

Putting everything together we arrive at the compact expression for the four-point
amplitude

m?[14]
(14)[(p1 + p2)? —m?]’
which indeed vanishes in the massless limit as promised.

A4(1+, 2¢, 3(13, 4+) =

(2.83)
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Exercise 2.6 (Four Point Scalar-Gluon Scattering)
Find the four-point massive-scalar-gluon amplitude

Ag(17,24,35,47),

with one positive and one negative gluon using the above recursive techniques.

2.6 Poincaré and Conformal Symmetry

We now turn to a more conceptual yet important subject: the question how the global
symmetries of a gauge field theory manifest themselves at the level of scattering
amplitudes. This has proven to be a very rich subject in particular at tree-level.
The symmetries of the scattering amplitudes may be grouped into obvious and less
obvious symmetries.

The obvious symmetries are the Poincaré transformations under which scattering
amplitudes should be invariant. As we are working in the spinor helicity formulation
of momentum space the momentum generator p®® is represented by a multiplicative
operator

n
P = AR, (2.84)
i=1
and the amplitude <7, should obey
P (ki 1) = 0. (2.85)

This is in fact true in the distributional sense of

pé(p) =0, (2.86)

thanks to the momentum conserving delta-function present in each amplitude
Ay (i 1) =8O (Zpi)An(xi,m (2.87)
i

The Lorentz generators in the helicity spinor basis come in two pairs of symmetric
rank-two tensors mqg and m, 5 originating from the projections M (01, ap = map
and M"Y (0,1, 4 = Mg, see Appendix B for conventions. They are first order dif-
ferential operators in helicity spinor space,

n n
Map =D didipy,  Mas= D hi@dp): (2.88)
i=l i=1
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where 0;, := ax“’ Oig = % and rp) == %(i’aﬁ + rgy) denotes symmetrization

with unit weight. The invariance of .7, (A;, ):,') under Lorentz-transformations
Mgy (hi i) =0 =Tz, (ki i) (2.89)

is manifest, as it is an immediate consequence of the proper contraction of all Weyl
indices within .7, i.e. the fact that the spinor brackets (ij) and [ij] are invariant
under mqg and I For example,

map (jk) = Zx,(a A My =X jahap — X jphia + (@ < B) = (2.90)
i=1

Let us now discuss the less obvious symmetries of <7, (%;, ):,'). Classical Yang-
Mills theory is invariant under a larger symmetry group than the four-dimensional
Poincaré group: Due to the absence of dimensionful parameters in the theory (the
coupling g is dimensionless) pure Yang-Mills theory or massless QCD is invariant
under a scale transformation

x* — k7IxH, respectively pH — kph. (2.91)

The scale transformations of the momenta are generated by the dilatation operator d,
whose representation in spinor helicity variables acting on amplitudes is

d= Z( A% Big + A a,a+do> do € R, (2.92)

reflecting the dilatation weight 1/2 of the A; and Xl-, re. [d, i]= %)»i and [d, ):,'] =
%)Z,-. The constant dy is undetermined at this point. It may be fixed by requiring
invariance of the MHV amplitudes

v _ g (3, )Gl
=0 (,Z”l)<12>-~-<n1>' 259

The dilatation operator d of Eq. (2.92) simply measures the weight in units of mass
of the amplitude it acts on plus ndy

d.cty, = ([ + ndo) . (2.94)
We note the weights [§® (p)] = —4, [(As1;)*] =4 and [W] = —n, hence
ddMV = (—4 4+ 4 —n + ndy) 7MY, (2.95)

which vanishes for the choice dp = 1. One easily checks the invariance under dilata-
tions of the ¢g gg-amplitude of Eq. (1.132) and of the MHV,, amplitudes as well.
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There is a further symmetry of scale invariant theories, namely the special con-
formal transformations k. This is a less obvious symmetry generator realized in
terms of a second order differential operator in the spinor variables,

n
koo = ) diadia. (2.96)

Together with the Poincaré and dilatation generators the set { pai, Kag, Mag, Mg & d}
generate the conformal group in four dimensions, SO(2, 4).

Let us now prove the invariance of the MHV amplitudes under special conformal
transformations. As the only dependence of %MHV on the conjugate spinors A;
resides in the momentum conserving delta-function we have

MHV . 0 0
ke 7y Z aE p7e

_Z ( Pﬂﬂ< 0 8(4)( ))AMHV)
AT \ 9r% \ap BB

d 3 8 0
= BB 5@ MHV
[ (v + " s S

( (4)( )AMHV)

35 (p) MY
( pﬁa ) Z i a)\a (297)
The last term may be rewritten as follows. First, we note the relation
n n 1
Z;)»,-aa,-ﬁ = Z;)»i(aa,'ﬁ) + Eé‘aﬁ Z)\,l}/aiy, (2.98)
1= 1= 1

which follows from decomposing the 1.h.s. in a symmetric and anti-symmetric piece.
The first term on the right-hand-side is the Lorentz generator myg which we already
know annihilates AnMHV. The remaining term yields

n
9
DM 770 A = 55 > Wos AN = 4 — ANV (2.99)
i i

Hence Eq. (2.97) turns into

3 ;99
ko A MYV = [(4 o + pPP 555 5 aﬁ) <4>(p)}A})4HV. (2.100)

Indeed in a distributional sense we have

;99 9
L - s§@ — 5@ 2.101
P i 5 et )= =455 80 ), (2.101)
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which one sees by integrating the second derivative expression against a test func-
tion F(p),

; 99
d*pF(p)pPP — —— 5@
/ pF(p)p 9pP% et ()

I 9 e B
—/d p([apﬂd F(p)}%a + [apaﬂ' F(P):|28d>

:4/d4p[al%np)}5<4>(p). (2.102)

This proves the vanishing of kg M,,MHV, as claimed.

Summarizing, we have constructed a representation of the conformal group
whose generators are represented by differential operators of degree one (mqg,
Mg 4 d), of degree two (kys ) and as a multiplicative operator (pyg) in an n-particle
helicity spinor space. This representation is natural as amplitudes are functions in
this space. All the generators leave the scattering amplitudes invariant. We have
verified this explicitly for the MHV amplitudes. The representation obeys the com-
mutation relations of the conformal algebra so(2, 4)

[d. p*]=p"*.  [d.kea)=—kea.  [d.map]l=0=1[d, g1,
. : : . (2.103)
[ka pPP] = 8880d + mo sl +7iaP st

plus the Poincaré commutators discussed in Sect. 1.1.

The origin of this helicity spinor space representation becomes clear if one looks
at the more familiar representation of the conformal group in configuration space
x# which reads (9, := %)

M, =i(x, 0, — x,0,), Py =—id,,
(2.104)
D =—ix"9,, K,=i xzﬁu—2xﬂx”81,).

A Fourier transform [ d*xe'P* 0'(x, d;) brings this representation into momentum
space, which in turn can be mapped to the helicity spinor representation discussed
in Sect. 1.6. From this point of view it is clear why p®® becomes a multiplication
operator and k. a second order derivative operator in momentum space.

Summary: Conformal Generators Here we collect the generators of the confor-
mal algebra. For simplicity of notation, we write their single-particle action.

P =R kag = Bada,

1 L
Map = wlp) =5 (halp +Apda),  Mgp=Aadp). (2.105)

1 1~
d= Ekaaa + E)xaad + 1.
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The helicity generator is given by h = —%)\“ 0y + %5\‘5‘ dg. It commutes with all
generators of the conformal algebra.

Exercise 2.7 (Conformal Algebra)
Show that the representation constructed in the above Eq. (2.105) indeed obeys
the commutation relations of the conformal algebra given in Eq. (2.103).

Exercise 2.8 (Inversion and Special Conformal Transformations)
The generator K, of Eq. (2.104) generates infinitesimal special conformal trans-
formations. A finite special conformal transformation is given by

x* — atx? )
Kt xt -y = =120 xtaia a™ : transformation parameter. (2.106)
— 44 - X a

An intuition on the character of these transformations may be found by noting that
the action of K* may be also written as K* = I P*[, i.e. an inversion [/ x* = ’;—Z
followed by a translation by a* followed by another inversion. Show that K* =

I P*] is equivalent to Eq. (2.106).

2.7 ./ =4 Super Yang-Mills Theory

So far we have mostly discussed pure Yang-Mills theory or massless QCD. Our ex-
ternal states were either gluons (A = 1) or quarks (h = £1/2). However, a renor-
malizable quantum field theory in four dimensions could also contain scalar fields
with helicity 7 = 0. Of course the Higgs is an example for an elementary scalar par-
ticle realized in Nature. In particular if we continue to insist on conformal symmetry
at tree-level, i.e. the absence of any dimensionful quantity in the bare Lagrangian of
the theory, then the only allowed terms for a massless scalar in the Lagrangian are
quartic.

Interestingly, irrespective of the details of the content and couplings of the
fermionic and scalar matter fields in a gauge theory, the n-gluon tree level am-
plitudes are identical to the pure Yang-Mills theory ones. This is the case because
scalars and fermions interact with each other and the gauge field via vertices of the

ok

wfw ¢2<9 A
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Fig. 2.8 Tree-level and one-loop examples for a gauge field theory coupled to scalars and
fermions: at tree-level a scalar of fermion line always has to exit the diagram

Hence in a tree-level diagram with only external gluon legs, scalars or fermions
cannot appear: they are always produced in pairs from gluon lines and thus have to
exit the diagram at tree-level, see Fig. 2.8. Thus as long as one is interested in pure
gluon amplitudes at tree-level' one may assemble the matter content of the gauge
theory according to one’s preference. It then proves useful to maximize the amount
of symmetries of the theory in this choice. There is a distinguished and very special
gauge theory which surpasses all others in its remarkable properties: it is the maxi-
mally supersymmetric Yang-Mills theory or .#” = 4 super Yang-Mills theory, which
we now introduce. It may be thought of as a supersymmetric version of QCD.

Supersymmetry is a very attractive concept in elementary particle physics albeit
not yet discovered in Nature. It proposes a symmetry between fermionic and bosonic
fields generated by Grassmann odd supersymmetry generators leading to a graded
(supersymmetric) extension of the Poincaré algebra. In its simplest (.4 = 1) gauge
theoretical version there is one super-partner to every gluon Aj;: the spin 1/2 gluino
¥§ . Indeed, the supersymmetry of gauge field theories can be extended to a maximal
degree of four (.# = 4 supersymmetry):> one then has four gluinos Yo, (A=
1,2, 3, 4) as the super-partners to the gluon field Af,. Closure of the supersymmetry
algebra requires the additional presence of six real scalar fields ¢p¢48 = —¢p®B4 In
total the field content of the .4~ = 4 super Yang-Mills theory (we consider again the
SU(N) gauge group) is

A/‘i: gluona:l,...,Nz—l,
a Pt dgluinosa,a=1,2;A=1,2,3,4,
pAB: 6 scalars antisymmetric in AB.

For the scalars and gluinos we have the complex conjugation properties

. 1 .
(6%)" =an=eancod ™, (Vga) =V (2.107)

'One can also show that QCD tree-level amplitudes with quarks and gluons can be deduced from
their supersymmetric cousins, at least for up to four quark-antiquark pairs.

2In fact one may extend beyond .# = 4 supersymmetries at the prize of leaving the realm of
renormalizable quantum field theories. This leads to supergravity with a graviton and gravitinos in
the spectrum. The maximally extended supersymmetric model is then ./” = 8 supergravity.
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The extended supersymmetry also forces all fields to transform in the adjoint rep-
resentation, distinguishing the gluinos from the quarks, which transform in the fun-
damental representation. Nevertheless, this difference is not visible at the level of
color-ordered amplitudes where all gauge group dependences have been stripped
off. The .#" =4 super Yang-Mills action reads

1 1 1
S=—— [ d'x Tr(—ZF,fv — (Du¢as) D' ¢"" = S(gan, dcpl[¢"”, 6]
&ym

+ il/_f(?ﬁgaDﬂwaA - %wﬁ[d’AB, Vag] — %1/_/;\ [paB. 1/76[3]). (2.108)

Its form is uniquely fixed by the .4 = 4 supersymmetry. For a review and more
details, see Ref. [8]. There are only two tunable parameters: the gauge coupling
gym and the rank N of the gauge group SU(N). Notably in .4 = 4 super Yang-
Mills the gauge coupling gym is not renormalized at the quantum level, i.e. the
theory is ultraviolet finite. In other words, the conformal symmetry at tree-level
survives the quantization process without anomalies, and we have an interacting
four dimensional quantum conformal field theory.

In fact this does not imply that there are no divergences arising in scattering
amplitudes and correlation functions in this theory: radiative corrections to scat-
tering amplitudes suffer from infrared (IR) divergences, just as in QCD, but are
free of ultraviolet (UV) divergences reflecting the non-renormalization of the cou-
pling constant.> Also composite gauge invariant operators, such as Tr(¢app“8),
are renormalized in order to cure their inherent short-distance UV divergences. This
induces anomalous scaling dimensions which are non-trivial functions of gym.

It may be said that .4 = 4 super Yang-Mills is the interacting four dimensional
quantum field theory with the largest amount of symmetry: maximally extended
supersymmetry, quantum conformal symmetry and local SU(N) gauge invariance.

We shall be interested in tree-level and loop-level color-ordered amplitudes in
this highly symmetric quantum field theory, which we shall analyze in the following.

2.7.1 On-shell Superspace and Superfields

In a supersymmetric theory the on-shell degrees of freedom are balanced between
bosons and fermions. In the .4 = 4 super Yang-Mills (SYM) model we have 8
bosonic and 8 fermionic on-shell degrees of freedom, which may be grouped in
Table 2.1.

3Depending on the formalism used, the elementary fields may need to be renormalized.
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Table 2.1 The .#" = 4 super Yang-Mills on-shell field content

Field Bosons Fermions

g+ 8- SaB ga g
Name gluon scalar gluino anti-gluino
Helicity +1 —1 0 +1/2 —-1/2
Degrees of freedom 1 1 6 4 4
SU(4) g representation singlet anti-symmetric (6) fundamental (4) anti-fund (4)

This 4" =4 SYM on-shell multiplet may be assembled into one on-shell super-
field @ upon introducing the Grassmann odd parameter n* with A =1,2, 3,4

A~ 1 A_B
D(p,n) =g+(p)+n gA(p)+5n n°Sap(p)

1 = 1
+ 5 10 eancng® () + gntn®n“nPeancog-(p). (2109)
If we assign the helicity 4 = 1/2 to the Grassmann variable n* then the on-shell su-
perfield @ () carries uniform helicity 42 = 1. This extends our definition Eq. (1.75)
for the helicity operator & to the supersymmetric case

1 B
h=[=2"0 + 3% +0"0a], 04 (2.110)

=W’

with 2@ (n) = @ (n). The introduced superspace {A%, 2 n“} is chiral in the follow-
ing sense: the complex conjugate of n is not part of the superspace: (n4) = 4.

It is natural to consider color ordered superamplitudes in .4/* =4 SYM whose ex-
ternal legs are parametrized by a point in super-momentum space A; := {A;, Aj, i}
associated to an on-shell superfield @ (A;), i.e.

AL ALm A2, A2, 12
2'naimnn 2,,,,1,1,,,1,1],,71
A (s dismi}) = (@O, A, ) -+ @ oy Ay 1)). (2.111)

This prescription packages all possible component field amplitudes involving glu-
ons, gluinos and scalars as external states into a single object. The component level
amplitudes may then be extracted from a known A, ({A;, 5\,-, ni}) upon expanding it
in the Grassmann odd niA variables.
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For example, the expansion of the 775‘1 -polynomial of A, (A;) will contain terms
such as

. 1
) ) (=, =+, ...+ with i} .= —eapconinPninl,
4! (2.112)

(1D eacpensn¥nEnf o (—, 8%, 85, +, ..., +).
Here <, denotes the resulting component field amplitudes, in this example two
MHYV amplitudes, namely a pure gluon and a gluon-gg amplitude. We also stress
the property
hiA,(1,...,n)=A,1,...,n),

| B ) (2.113)
hizi[—kf‘aia+k?3id+ni aiA], Vi=1,...,n,

which holds ‘locally’ for each individual leg. This is a consequence of the uniform
helicity 1 of any on-shell superfield @ ().

2.7.2 Superconformal Symmetry

The .4 = 4 supersymmetry transformations are generated by the operators ¢4 and
g% - By definition their anti-commutator yields the translation operator

{q°*. a3} =85, (2.114)

which is the key commutation relation of supersymmetry: The supersymmetry trans-
formation may be thought of as the ‘square-root’ of the translation. As p®¥ = A%)%
the natural representation of the supersymmetry generators in our on-shell super-
space then is

¢t =21, G =2 — 2.115)

manifestly obeying Eq. (2.114). This representation enables us to read off the super-
symmetry g-transformations of the on-shell components of the superfield @ (p, n)

8@ (p,n) = Eau(q** @ (p, m)), (2.116)
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with the Grassmann odd transformation parameter &,4. The respective left- and
right-hand sides of this equation then take the form

3P (p,m)

A ~ 1 A B
=848+ +M 3qu(p)+5n n°84Sap(p)

1 - 1
+ anAanCSABCD(ngD(P) + ZUAUBUCUDSABCDng—(P),

2117
Ean(¢*@(p, 1) (@117

o
= £y ALY (nAg+ +n%nPgp + 5nAanCSBc

A B _C_D

1 =g
+n"n"n " n &pcpe& )-

3!

This result implies the g-variations of the component on-shell fields by comparing
the left-hand and right-hand side of Eq. (2.116)

8,8+ =0, 8q84 =—(EaM)g+, 8;Sap=—{EaM)gB + (EBL)ga,

N ABCD A (2.118)
8484 =¢ (68A)Scp, 8g8-=—(ar)&".
With the same method one establishes the g-variations
858+ = [1E"]2a. 8384 = [A€8]Spa,
3;8aB = SABCD[igc](g:’D, (2.119)

535t =—[1EVe-. g =0,

with the Grassmann odd parameter & g‘.

Having established the supersymmetry generators, let us now discuss the remain-
ing generators of the superconformal symmetry algebra. In addition to the known
Lorentz symmetry generators meqg and nig s, discussed in Sect. 2.6, one now has an
additional global SU(4) R-symmetry generated by r4 g which acts as an internal
rotation in the n? space

1 0
VAB=7IA33—Z5§77CBC, 04 = A
n (2.120)
Mg = A0p), mdﬁ‘ = i(déﬁ‘).
In the conformal sector the generator of special conformal transformations of
Sect. 2.6

kog = 0004 (2.121)
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is augmented by two superconformal symmetry generators sy 4 and Eg? which arise
from the commutators

(koo a4 ] = 8055, 54 =n"da.

. . (2.122)
[kocd,éfi] :8§SQA5 SoA = 00 04-
The complete super-conformal symmetry algebra reads
{g*. a5} =85 {s0a.50} =8fkac.
aA 1
{q°*. spp} =m®pdy +85r s + 5ﬂ53(d +o),
(2.123)

. . ) 1.
—& -B A B s
{Q,‘Z,sﬁ } =m" 305 — (Sgr A+ 550.‘5A(d —0),
[p** spal =854, [p**.55] =854,
with the dilatation generator and central charge
1 =4 1 y
d=[M"0+2%0%+1], =149 =A% —n"92) =1—h. (2.124)

While ¢ commutes with all generators of the above algebra, d measures their weight
in momentum units. Also note that the central charge vanishes on super-amplitudes
ciA, (A;) = 0 locally for every leg as a consequence of Eq. (2.113). Together with
the conformal algebra

ko PPP] = 8E85d +mo 9] +malsf,

[d.p**]=p*,  [d kea]l=—kea,  [c.%]=0,

(2.125)

and the Ponicaré algebra this constitutes the super-conformal psu(2, 2|4) symmetry
algebra. Super-amplitudes are invariant under all these generators.

2.7.3 Super-amplitudes, and Extraction of Components

The super-amplitudes are invariant under the superconformal symmetry algebra
psu(2, 2|4) discussed above. As before the symmetry generators acting on n-leg
super-amplitudes are given by the sum of the single-particle representations

n n
=3 A, Z,\“nl C GG =) M. ete. (2126)
i=1 i=1
and we have the conservation of total charges in the sense of

{Pad’d,kadamaﬂ’maﬂyrAB;q 7qA5S0[Aa aa }OAYI—O (2127)
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Note that only p** and ¢®4 act multiplicatively, whereas the set of generators
{d, myg, my, s rig: ég‘, Ef ; h;} are first order differential operators, while k.4 and
sqa are second order differential operator in the variables {A7, X?‘, nlf“}.

The invariance under the multiplicatively represented operators p*® and ¢4

then requires the general form of the super-amplitudes to be (for n > 3)

D (p)s®(q)

(120(23) — fu) A0, (2.128)

Ay hiy i) =

enforcing the p and g conservation through delta functions. In the above the analytic
function P, is arbitrary and we took out the MH V-like numerator factor (12) - - - (n1)
from the definition of P,. This is a pure convention.

Due to the su(4) R-symmetry P, (A;, /N\,-, ;) has an n-expansion of the form

PaGhihiomy= PO + PP+ PP 44 PO

4 4 + ¢ (2.129)
MHV NMHV N2MHV MHV

where P,,(l) ~ 0 (n'), which corresponds directly to the indicated helicity classifica-
tion. We shall see shortly that P,fo) =1.
As we encounter them for the first time, let us briefly discuss the formalism of

Grassmann odd delta-functions. For a single real Grassmann odd variable 6 we have
the integration rules

)
/d9~9=1, /d9~1=0, thus /d&éﬁ. (2.130)

Indeed 5(6) = 6 as one sees upon integrating against a test-function F(0) = Fo +
0 F;

/d08(9 —6p)F(0) = /d@(@ —6p)(Fo+0F)) = / dO(—0pFy + 0(Fo + 6o F1)
= Fy+6pF = F(6y). (2.131)
We also note the integral representation

8(6 — 0y) = / dfedO—b0) (2.132)

The eight-dimensional delta function in Eq. (2.128) refers to the explicit expression

n 4 n
8®(q) =8 (Zm?) =[1TI (ZAE’”?) ~ 6(n®). (2.133)

i=1 a=1A=1 \i=1
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Hence, A, has an n-expansion starting at order %, which in turn implies that large
classes of component-field amplitudes vanish. In particular we see that

Alo=0 = "1+ 2%, .. ) =0
from 1 term, (2.134)
Aglp=0 = &M"(17,2%, ... ") =0

from EABCDnﬁnfgnfnlD term, (2.135)

n—2

= I (14,24,37,...,n7) =0

from SABCDn‘f\nfgnzcnzD term, (2.136)
5502
88g + 5= a2+ +) —
= (1§A,2§A,3 yoee,nT)=0
from eapcpnfnZnSn? term. (2.137)

Moreover note that due to the su(4) R-symmetry of the super-amplitudes the 7n-
expansion of A, is an expansion in powers of 1*. These results carry over to the
following vanishing tree-amplitudes in massless QCD

dgP(1E 2% 3", at) =0, (2.138)

%‘};?_2(1;, 2F =D G+ DT, ) =0, (2.139)
reproducing the results of Sect. 1.11 based on an explicit evaluation of the color-
ordered Feynman graphs. As promised we now understand this vanishing as follow-
ing from a hidden supersymmetry for QCD tree-amplitudes with external gluon legs
and up to one quark-anti-quark line. We also see the vanishing of the scalar-gluon
amplitudes when all gluons have positive helicity, as shown for n =4 in Sect. 2.5.

The alert reader may object that there could be internal scalar contributions to the
AN = 4 tree-amplitudes which would invalidate the equivalence to massless QCD-
trees. However, scalars may only be exchanged between gluino lines at tree-level
due to the absence of a $ AA interaction in the theory. Hence, as long as there is
only one gluino line running through the tree-diagram with otherwise external gluon
legs, there can be no intermediate scalar exchange. In fact, this property generalizes
to an arbitrary number of gluino lines, as long as they are all of the same flavor: the
N =4 Yukawa vertices of Eq. (2.108) are of the type ¥4 ¥ppA8 or YAY*Bp,p
respectively. These clearly vanish for A = B. In this sense massless QCD at tree-
level is effectively .4#” = 1 supersymmetric.

The component amplitudes can be extracted in an elegant way by carrying out
integrations over the Grassmann parameters. The latter are always localized thanks
to corresponding Grassmann delta functions in the amplitudes, such that in general
extracting component amplitudes from superamplitudes amounts to linear algebra.
We will see examples of this in exercises at the end of this chapter.
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2.7.4 Super BCFW-Recursion

We now want to construct a super-amplitude formulation of the BCFW-recursion
relations generalizing the results of Sect. 2.1. Such a recursion should exist as the
super-amplitudes merely represent a packaging of component field amplitudes with
the help of the Grassmann odd 7;’s and the component field amplitudes do enjoy a
BCFW-recursion relation. For the derivation of the BCFW-recursion in Sect. 2.1 we
considered the complex shifts of the helicity spinors at neighboring legs 1 and n

~ ~ N . (2.140)
An = Ap+27h1 = Ay
Recall that this shift preserves the total momentum
P1—> ﬁ] = )"15\1 - Z)\nxl’ Pn — ﬁn = )\nin + ZA’I‘lj"'la
= P1+Pn=pi1+ P (2.141)

For the super-amplitude it is natural to consider an additional z-dependent shift
in the niA variables at leg positions 1 and n. The question is which one to take.
Again the guideline is the conservation of ‘super-momentum’ ¢4 of the superam-
plitude g%4 = Y A niA whose leg 1 and n components transform under the shifts
Eq. (2.140) as

et — g8 = (0 — A,
) ) (2.142)
gy = @y = nfln-

with so far unspecified shifted 7; and j,. The unique choice to preserve total g** is

Mm=n1, fn=nn+2zn1,
= GG =gt g2 (2.143)

The derivation of the super-BCFW recursion then follows the same steps as in
Sect. 2.1: the unshifted super-amplitude A, (z = 0) results from the knowledge of
the poles of A,(z) in the complex plane where the amplitude factorizes into a left
AL and right AR part. The super-recursion relation reads

n—1
An(l,... n) = Z/d‘*nﬁiAiL(i(zP,.), 2,..,i—1,-P@p))
i=3

1 ; X
X Szhiipa(P@r)doon = 1Lii(zp)) +Res(z = 00),

i

(2.144)
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where the A, entering this formula are the super-amplitudes with stripped-off

bosonic delta-functions 8 (p). The fermionic delta-functions of Eq. (2.128) re-
main included. Moreover we have

i(ZP,-)Z{)A\I(ZP,v),XI,UI}, Azp) = (A1s Ans fin)s

Pi(zp) :{)\ﬁi’xﬁi’nﬁi}’ —ﬁi(ZPi)Z{—Kpi,X,si,n;},
2
ip = Pi s Pi:p1+p2+...+pi_l’ (2145)
(n| Pi|1]

i—1 n—1
Aﬁi~ﬁi 23»1(2)5\1 + Z)»j):j = —ijij — knin(z).
Jj=2 Jj=i

Note that in the super BCFW-recursion the sum over intermediate states present in
the ordinary BCFW-recursion of Eq. (2.16) is now elegantly replaced by an integral
over np,. What remains to be shown is the vanishing of the residue at z = co.

The key point here is the observation quoted in Sect. 2.1 based on [4] that a shift
with a (11, n") gluon helicity configurations has a falloff as 1/z for z — oco. How
can we relate this to the super-amplitude case? The fact that the super-amplitude
is also invariant under the supersymmetry ¢, i.e. (jf“An = 0 with (jf“ =¥ 0y,
may be used to set two arbitrary 1;’s to zero. This is seen as follows: a finite g-
transformation acts as a translation in n;-space

it — nft + [E40], (2.146)

where érf is the associated Grassmann odd transformation parameter. The special
choice

A 5\16177;14 _indn?

EN = = (2.147)

sets 11 and n, to zero, as [$A5\1|n] = —nﬁn. In fact the shifts of Egs. (2.140), (2.143)
leave the parameter So.f‘ invariant

i]'ﬁA—in'T}A )lednA—)N\no‘ﬂ’]A
A alin o'l n 1 A
. = = = AP 2.148

Thus by using this finite g-supersymmetry transformation we can relate the z-
dependence of the full superamplitude to that of its component with a (17, n™)
positive gluon helicity configuration. The later is known to vanish as 1/z for z go-
ing to infinity. This then proves the 1/z falloff for the full super-amplitude and the
vanishing of the residuum at infinity of Eq. (2.144) for any two neighboring legs in
A,(1,...,n).
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2.7.5 Three-Point Super-amplitudes

As before the seed for solving the recursion are the 3-point super-amplitudes. As in
the pure Yang-Mills case we have a MHV3 and MHV3 super-amplitude character-
ized by either [ij] =0 or (ij) =0for i, j =1, 2, 3, respectively.

Up to a proportionality constant the 3-point MHV super-amplitude is uniquely
determined. It must have the form A%’IHV ~ 8@ (p)8®(q). The 3-point kinematics
[ij1=0but (ij) #0 Vi, j € {1, 2,3} along with the local helicity requirement /; o
Az = A3, Vi, uniquely leads via Eq. (2.124) to the result

AMAY _ W

3T (12)(23)(31) (2.149)

Its cousin, the MHV3 super-amplitude follows from parity and a Fourier transforma-
tion in n-space. This is seen as follows: conjugating the MHV amplitude Eq. (2.149)
we have

AMAV RO
MHV _ (8)
A= [12]123][3 1] Z Ailli (2.150)

As we are dealing with a chiral on-shell superspace initially {A;, A;, 7;} we need to
Fourier transform this result back to n-space, i.e. we have the relation

3
AYHY = / (Hd4ﬁi)ei iz i MV (2.151)
i=1

It is instructive to perform this integral.
For this we need the following identity (to be shown in Exercise 2.9)

8(a)8(b)
5@ ()J"a N u“b) _ { o] for a, b Grassmann even, (2.152)

8(a)é(b){(Au) for a, b Grassmann odd

which is a consequence of the linear independence of the two-vectors A% and u“.
Using this one shows that

23 31
5® (;AUH,A> — [12]4@ <m . %m)g(m <,72A _ %%A) (2.153)

Inserting this expression in Eq. (2.151) and performing the 77 and 7, integrals via
the delta functions yields
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3
i=1

i=1
[23] [31]
— (1214 A A
- 11_[ ( TERIRETET )
=8D([121n5 + 2310 + [311n8),  (2.154)
where we have also used the integral representation for the Grassmann odd delta

function of Eq. (2.132). In summary, we find the final expression for the MHV3
amplitude

ANV _ 881213 + [231m + [311n2)
3 - .

(2.155)
[12](23](31]

At first sight it is surprising that for this amplitude the invariance under g super-
symmetry does not require the §® (¢) factor as claimed in Eq. (2.128) for n > 3.
The reason lies in the special kinematics of the MHV; amplitude where (ij)=0
requires all A; to be parallel. Therefore ¢ factorizes into g4 = A% Fn 7 for suitable
Ar and nr. Hence g-invariance only demands a factor of 8@ (nF) which is what we
indeed found in Eq. (2.155).

Exercise 2.9 (Super Delta Function Manipulations)
Prove the following relations for the helicity spinors A and p

8(a)d(b)

59 (3% + pob) = | 1041
8(a)é(b){Au) for a, b Grassmann odd.

for a, b Grassmann even,

Use this to show that

®) o A 454 @A) @ (4 _ B 4
8 (Zk ) (12)76 ( (12>n3 1) n5 (12)173 ,

which we used in its complex conjugated version in the derivation of the AéVIHV
amplitude above.

2.7.6 Solving the Super-BCFW Recursion: MHV Case

If one decomposes the super-BCFW recursion into contributions of different Grass-
mann degrees, i.e. decomposes the super-amplitudes into their various N”MHV
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Fig. 2.9 Classification of AT
amplitudes according to
helicity violating level k and
number of external legs 7.
Every black dot denotes an
N¥MHV,, (super-)amplitude.
The three-point amplitudes
are special. The recursion
relations can be solved
iteratively in n and k, as
explained in the main text

parts as in Eq. (2.129), one obtains a recursion of the form

d*
AEI’MHV:/ P’72P AMHV( p)ANMHV (1

p—1ln—1

d n 2 m (p—m—1)
> / 00 NSV () AN MY 2 (2156)
m=0i=4

The reason for this decomposition lies in the fact that the total n-count on the left-
hand-side, 7*7*8, has to equal the n-count on the right-hand-side. Due to the Grass-
mann integral | d*np the combined n-count of the integrand AL - AR has to be by
four larger than the left-hand-side. Note that we have not included a term where
the left subamplitude is A%’IHV. This cannot happen since AQAHV(I, 2, %) implies the

vanishing of the square bracket [12]. In the left subamplitude A; is unshifted and
hence [12] = 0 implies (p1 + pg)2 = 0, which is a restriction on the kinematics not
generally true. In consequence such a term does not contribute to the recursion re-
lation as there is no solution to the on-shell conditions for this channel for generic
external momenta. Similarly, the right sub-amplitude may never be Ag/"'w.

This form of the super-BCFW recursion (2.156) leads to the following itera-
tive structure: the MHV,, super-amplitudes follow from the lower-point MHV .,
and the MHV3 super-amplitudes. The NMHYV,, super-amplitudes arise from the
NMHV,,_;, MHV,_, and MHV3. An iterative solution of the NNMHV super-
amplitudes requires the knowledge of the NMHV, MHV and MHV3 superampli-
tudes etc. See Fig. 2.9 for illustration.

To start this iteration we look at the MHV sector. We already know the form of
the MHV super-amplitude by lifting the result of the MHV amplitude at component
level to superspace

> 39 (p)s® (g)
MHV o Y. oy —
An (Aiy Aiymi) = (12><23><n1) (2.157)
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Let us nevertheless rederive this formula from the super-BCFW recursion for the
4-point case. For n =4 and p =0 Eq. (2.156) only has one term and simply reads

44 —
AMHY — / pnzP AYY (2 p) ATV (2p)

_ / d*np 8D 12, P1+mlP11+np[12D8® (hpnp + h3ns + Aafla)

P? [12][2P][P1](P3)(34)(4P)
(2.158)
We use the 8§ -function to localize np
1 . .
np = —ﬁ(m[ﬂ’] + nz[Pl])- (2.159)

Inserting this into the §®-function and using momentum conservation yields

As R R
§® (—[1—;(:71[210] +mlP11) + A3ns + A4ﬁ4>

hsk s=hidg+Aok A [21]+ Aama21
prp=hihiio 28(S)<— 1l ][;1‘2] 22 ]+A3n3+)»4ﬁ4>=5(8)(4),

(2.160)

recovering the expected g-preserving delta-function. Note that in the last step there
is a cancelation of the z p dependent terms in il N1 + Aafa = A1n1 + Aang. In the fol-
lowing, we will often perform similar calculations using the Grassmann delta func-
tions. In this way, the intermediate state sums, which in this formalism are given
by Grassmann integrals, can be trivially performed, and this considerably stream-
lines the computations. All that remains are the bosonic factors which we group as
follows

1y 1 1
——l12] —— .
P [121(34) [2P1(4 P) [P11(P3)

(2.161)

Here the second term arises from pulling the factor [12] out of the § @)_fermionic
delta function. Using momentum conservation | P]{P| = [1]{1| + |2](2| we have

[2P1(4P) = [211(41) = [211(41),  [P1I(P3)=[211(23),  P?=(12)[21],
(2.162)
which enables one to bring the expression in (2.161) into the form

1 1 1 1 1
_ 1214 = . 2.163
P2[ ] [12](34) [2P1(4P) [P1](P3)  (12){(23)(34)(41) ( )

This proves Eq. (2.157) for n = 4. The proof for general n-point MHV superampli-
tudes works analogously.
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2.7.7 Solving the Super-BCFW Recursion: NMHYV Case

Finally let us solve the recursion for the NMHYV case closely following the approach
of [9]. The general recursion formula Eq. (2.156) for p = 1 reads

AEIMHV — / /d4ﬂPAMHV(ZP)ANMHV(ZP)

n—1 d*p
+ Z/ P—z‘/d“ np A @p) AN (2p)
i=4 i
=A+ B, (2.164)
resulting in a homogeneous term A and an inhomogeneous term B.
The inhomogeneous term may be straightforwardly computed from the known

MHYV amplitudes. Writing the Grassmann delta function coming from the left
A%V[HV (zp) in the following way,

i—1
§® (/A\lm + Z)‘./”J - )»pl.nP,-)

j=2
— (1 B)*s@® (Z <}JA.) nj _’7P>5(4) (771 +Z P ) (2.165)

the integration over np, may be performed straightforwardly. In this way, we obtain
the following contribution to the n-point NMHV amplitude:

5@ (p)s® (q) "

=" Ry.0i. 2.166
H;l:](jj T 1> o n;2i ( )

Here R,.s; (called R-invariant because of its properties under dual superconformal
symmetry, cf. Chap. 4) is given by

(SS - 1)(” - )8(4)(Er;st)

1
X2 (P55 [1) (P15 |t — 1) (711X |8) (7 Xeg s — 1)

Rr;st = s (2.167)

where

Xab := Pa + Pa+1+ -+ + Pp—1, Oab :=qa +qat1+---+qp—1, (2.168)

are the dual variables or region momenta which will play a more prominent rdle in
chapter four. The Grassmann odd quantity =, in the above is given by

Erist = (r|XpsXst10rr) + (r|xre X5 |0sr) - (2.169)
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In the following we will often deal with the quantity 5., for 1 <s <t <n. Itis
instructive to switch from the dual 6; to the n;,

n—1 n—1
B = (] [xmxs, Dl + ke Y Ii)m}, (2.170)
i=t i=s

to see that &, is independent of 1, and n;. Alternatively, using the & ®(q) present
in all physical amplitudes to rewrite the sums we can obtain

t—1 s—1

8%(q) B = =6 (g) (] [xnsxﬂ > 1)+ xuexes Y |i>nl}, 2.171)

i=1 i=1

such that the only dependence on n,_1 and 7, on the L.h.s. of (2.171) is contained
in8®(g).

Moreover, it is useful to realize that terms like (r|x,sx|t) in (2.167) and similar
terms in (2.169) can always be written as

(rlxrsxse|t) = (rlxr 415X 1), (2.172)

such that it is clear that they only depend explicitly on A,, but not on A,.
Finally note that the superamplitude must have cyclic symmetry. This implies

8P (@) Rs.20 = 8™ () R1:35 = 8® (@) Raia1 = 8® (@) R3.50 = 8® (q) Rac13.

(2.173)
This is just the first example of a general identity for n points
59D Ry =8%@)D Ry (2.174)
s,t s,t

where the sum goes over all values of s, such that r, s, ¢ (or r’, s, t) are ordered
cyclically with r and s (or " and s) and s and ¢ separated by at least two.

Let us first analyze the 5-point NMHV amplitude. This is a somewhat trivial
case as for five points, NMHVs = MHV5, and therefore we could simply obtain
the NMHV s amplitude from a Grassmann Fourier transform of the known MHV5
amplitude similar to the way we obtained the MHV3 amplitude above. Nevertheless
it is instructive to evaluate the recursion (2.164) in this case.

One immediately concludes that only the second term in (2.164) contributes,
because there is no four-point NMHYV amplitude. Hence for five points, the complete
amplitude is given by the inhomogeneous term (2.166), i.e.

v _ 30080

(2.175)
[T Gj+1)

Moving on to the general NMHV,, case it can be seen that there is a general pattern
of how the n-point solution is generated from the (n — 1)-point one. We therefore
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postulate that the ansatz

5@ (p)S(S)(q)
ANMHV _ AMHV NMHY _ _© 2P)0 "Ag) Ry 2.176
" no Dty 2= R 2179

2<s<t<n-—1

solves the supersymmetric BCFW-recursion. In this expression it is assumed that
s and ¢ are separated by at least two. We can verify that Eq. (2.176) is correct for
n =35 by comparing to Eq. (2.175).

We now prove (2.176) by induction. Let us assume that the form (2.176) is valid
for n — 1 points. Then it follows from the cyclicity of superamplitudes that (2.174)
is also true for n — 1 points. Now, we notice that AHNE/IlHV (zp) in the homogeneous
term, A on the RHS of (2.164), only involves the quantities R, _1.;; where the first
subscript is always equal to n — 1. Cyclic symmetry allows us to insert AyﬂHV (zp)
into (2.164) in our favorite orientation. It is convenient to insert it such that the legs
{1,2,3,...,n— 1} of ANMHV (2 1 are identified with the legs {P, 3,4, ..., n} in the
recursion relation

d*p T . )
A:/?/d“nﬁAyHV(zp)Ag“ﬂV%,l(P,3,...,n). (2.177)

After carrying out this change of labels in AnNE/IlHV (zp) is clear from Egs. (2.170)
and (2.172) that the obtained Ry, does not depend on 7. Indeed the range of n-
dependence is only {13, ..., n,—1}. When the lower summation variable attains its
minimum value, there is an explicit dependence on the spinor (P|. However, due
to the three-point kinematics, this spinor is proportional to (2| and since it appears
homogeneously in R with degree zero it can simply be replaced by (2|. Thus we
find

S® (p)s®
A= (PIT@) > R (2.178)

I+

We see that (2.166) is just the missing first term (for s = 2) to complete (2.178) to
the ansatz (2.176) for n points, i.e.

3<s<t<n-—1

89 (p)s®(q) 3

A4 B=ANMHY _ & PO D)
" [Ti=i G+ 1)

Ruge- (2.179)

2<s<t<n—1

This completes the inductive proof for the general NMHV super-amplitude.

In fact it is possible to completely solve the super-BCFW recursion and write
down an exact analytic expression of all tree super-amplitudes in .4~ = 4 super
Yang-Mills [9].

Exercise 2.10 (The n-Point MHV Superamplitude and Component Amplitudes)
Use the super-BCFW recursion to prove the MHV super-amplitude formula at n-
points. Use this to establish the four point gluino-quark component field amplitudes
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ot 3 4ty g B2
o (2.180)

L e S b Y C)) B ——

Ad12. 25,35 4) = =0 Dy

What follows from this result for the 4-point single-flavor massless QCD tree-level
amplitudes with one and two quark lines?

Exercise 2.11 (Extraction of Split-Helicity Gluon Amplitudes from NMHV Super-
amplitude)

Start from the formula for the n-point NMHV superamplitude. As a compo-
nent in its n expansion, it contains all pure Yang-Mills gluon amplitudes with 3
minus-helicity and (n — 3) plus-helicity gluons. Here we focus on the so-called
split-helicity gluon amplitudes, where the negative helicity gluons are adjacent. It is
found in the superamplitude in the following way,

MY = () (=) ()
x AT, 0= ', (n =", (n—=D",n7 )+, (2.181)

where the dots denote other terms in the n expansion. A convenient way to project
out the amplitude that we are interested in is

A(Y, ..., =3", =27, (n—D",n")
= [ @t [ dtnacs [ dtnr. (2.182)

Carry out the Grassmann integrals in (2.182).

e Hint 1: Write the super momentum conserving Grassmann delta function as

5 (g2) = (n — 1n 45(4)(% 1+Z n—ln )
(n — 1i)
) (nn n Z " ) (2.183)

e Hint 2: Use the cyclic symmetry of the NMHYV superamplitude in order to write
it in a form where the dependence on the relevant n’s is simple. Different choices
of the representation of sznNMHV will lead to equivalent answers, but may differ
e.g. in the number of terms.

The solution to this exercise can be found in Sect. 8 of Ref. [9].
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2.8 References and Further Reading

In Sect. 2.1 we introduced recursion relations enabling the construction of higher-
point tree-level amplitudes from lower-point ones using exclusively on-shell data.
The described formalism based on a two leg shift is due to Britto, Cachazo, Feng and
Witten from 2005 [2, 10]. It is the most efficient technique in a number of recursion
relation families.

The factorization properties of scattering amplitudes into sub-amplitudes dis-
cussed in Sect. 2.4 are a direct consequence of the color-ordered Feynman rules.
The universality of the soft limit was shown by Berends and Giele [11] based on
their off-shell recursion relation [12] discussed below. The universality of the fac-
torization on multi-particle poles and collinear limits may also be explained via the
point-like limit of string theory amplitudes, see [1].

Our discussion of the conformal invariance of gluon scattering amplitudes of
Sect. 2.5 follows the paper of Witten [13].

The .4/ = 4 super Yang-Mills (SYM) theory introduced in Sect. 2.6 was first
written down in 1976 [14, 15], its finiteness properties were analyzed in the early
1980s [16—18] and the concept of super-amplitudes in an on-shell chiral superspace
goes back to Nair [19] who wrote down the MHV n-point super amplitudes. The
supersymmetrized version of the BCFW recursion discussed in Chap. 2.6 was de-
rived in [20] and a related construction was given in [21, 22]. The complete analytic
solution of the super BCFW recursion was achieved in 2008 in [9] giving compact
analytical formulae for all tree-amplitudes in .#" =4 SYM. This analytic solution
was subsequently used to generate all tree-level QCD amplitudes with up to four
massless quark-anti-quark pairs and an arbitrary number of gluons [23] including
an implementation of the formulas in Mathematica.

In fact, recursive techniques for the construction of tree-level amplitudes existed
before the BCFW-recursion discussed in these notes. In 1988 Berends and Giele
introduced an off-shell recursion [12] using as building blocks color ordered ampli-
tudes with one off-shell leg. This method is also highly efficient and easily imple-
mented in numerical applications. For a pedagogical introduction to the method see
e.g. Chap. 3 of [24].

An alternative and purely on-shell recursion in gauge theories is the Cachazo,
Svrcek and Witten MHV vertex expansion from 2004 [25]. This CSW or MHV ver-
tex expansion uses as building blocks exclusively MHV n-point amplitudes. Here
all N’MHV amplitudes may be represented as on-shell diagrams with MHV am-
plitudes as vertices. Although it was historically not developed in this way, it may
be viewed as a particular form of the BCFW recursions, where one shifts several
external momenta in a specific way [26]. See also [3] for the supersymmetric case.

Furthermore a series of papers established a Lagrangian formulation of the MHV-
vertex expansion [27-31]. Here field redefinitions and suitable gauge choices refor-
mulate the (super) Yang-Mills theory as a model with MHV vertices of arbitrary
multiplicity whose Feynman rules yield the CSW expansion. A good overview to
the MHV vertex expansion at tree and loop-level is given in [32].
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The recursive techniques discussed here can be generalized to scattering ampli-
tudes with massive particles as we briefly discussed. Here the spinor helicity formal-
ism may be extended to massive momenta by representing them as the sum of two
null momenta. Concretely one introduces a reference null-momenta g and writes
pf‘ = pii + %q“ with a null pii. This decomposition ensures pi2 = ml.z, for a
full exposition of this construction see [33]. The analogue of the BCFW recursion
relation for amplitudes with massive particles was discussed in [7, 34]. An analogue
of the CSW vertex expansion also exists in the massive case [35, 36].

Finally, in these notes we have focused on pure Yang-Mills and on maximally
supersymmetric Yang-Mills theory. A detailed account of on-shell superspace tech-
niques for theories with .4~ < 4 supersymmetry is given in [37].
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