Chapter 2
Electromagnetics of Metals and
Theory Fundamentals

Abstract In this chapter, we focus on describing the classical electromagnetic
theory to expound the basic fundamentals of small discrete particles. With this
theory, we can finally derive the mechanism and property of plasmonic particles
like gold, silver, copper, etc. Here, we first lead in the Maxwell’s equations. They
will make it easier to understand the interaction of electromagnetism. Then, we
introduce some fundamental parameters, such as the refractive index and the rela-
tive parameters, to make the analysis clearly. These quantities will be used in the
simplest plane-wave solution and surface plasmon polariton (SPPS) equation
which are the intermediate processes that can lead us to the final answer. In order
to explain the mechanism clearly, we do not want to twist in the objective factor,
so the light we use here is a monochromatic parallel beam, and dipole excitation is
considered as the most important factor. And the light containing the general prop-
erties of optics can ignore plenty of special cases.

Keywords Maxwell’s equation * Plane wave ° Refractive index ¢ Relative
parameters ¢ Dipole excitation ¢ Adsorption and scattering

2.1 Maxwell’s Equations

In space, the physical electromagnetic field is generated by moving electrically
charged objects. When the objects move, the electric and magnetic fields change at
the same time. So, it can be easily realised that we can use these two vectors, £ and
B, to represent electromagnetic field, called the electric vector and the magnetic
induction, respectively.

As we know, when the charged objects move quickly, the charges can form the
electric current. It is naturally to deduce the electric current density j, the electric
displacement D, and the magnetic vector H. Unless otherwise stated, the particles
used here are noble metals.
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12 2 Electromagnetics of Metals and Theory Fundamentals

These are the original quantities that can finally derive Maxwell’s equations
with the space and time derivatives [1].

1, 4,
curl H— -D' = —j 2.1)
c c
1 /
cul E4+ -B' =0 2.2)
c
div D = 4mp 2.3)
divB=0 2.4)

It is worthwhile to note that the dot here shows differentiation with respect to time, and

the physical property of medium at any point is continuous. The constant ¢ in (2.1) and

(2.2) is the velocity of light in vacuum and is approximately equal to3 x 108 m/s.
From the derivation of (2.1), we can get [2]

1
divj = —Ediv D' 2.5)
Since div curl = 0, and use (2.3), we can get
dp
— +divj =0 .
o1 +divj (2.6)

When the charge is conserved at any point of the medium, it can be integrated
under the condition that Gauss’ theorem is fitted:

d
$/pdv+/j-nd5=0 2.7)

The first integral is taking place throughout the volume, and the second one is
bounded in the surface region, n denotes the unit outward normal. This equation
implies that the total charge

e = / pdV 2.8)

The total charge e in Eq. (2.8) contained within the domain can only increase on
account of the flow of electric current, and then, we can get

J:/j-ndS 2.9)

The situation introduced here is dependent on the condition that the field quanti-
ties are independent to time. If time is discontinuous, what will happen? It can be
imagined that the charged objects may move and appear anywhere. If there is no
current (j = 0), the field is called a static field; if current exists (j # 0), the field is
called a stationary field.

We use material equations (or constitutive relations) to define the relations of sub-
stances in the physical field. The relations that describe the behaviour of substances
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under the influence of the field are called material equations (or constitutive relations).
As we know, it is complicated and difficult to analyse. Here, we just discuss the rela-
tions when the field is time harmonic and the physical properties of it are independent
of location, direction, and angle. So, it is easy to form the relations [3, 4]:

Jj=o0E (2.10)
D =¢E (2.11)
B=uH (2.12)

Here, o is called the specific conductivity, ¢ is known as the dielectric constant (or
permittivity), and p is called the magnetic permeability.

2.2 The Wave Equation

In order to interpret the relationship between the field vectors and the differential
equations better, we focus our attention on the part where j = O and p = 0.

We put B from (2.2) into (2.12). After the deformation of the equation, it
gives [2]

1 1
curl (curl E> +—curl H =0 (2.13)
m c

Take the differential quotient to time of (2.1); substitute E for D using (2.11).
Then, it gives

1 £
curl | —curl E ) + —2E =0 (2.14)
n c

Be aware of the identities curl uv = u - curl v+ (grad ) x v and curl curl =
grad div — V2 (2.14) becomes [5]

V’E — SC—I;E” + (gard In p) x curl E — gard div E = 0 (2.15)

With the help of the identity, div uv = u - div v + v - grad u (2.3) becomes
e-divE+E-garde =0 (2.16)
After collating (2.15), it gives

V’E — S—l;E” + (gard In ) x curl E + gard(E - gard In £) =0 (2.17)
c

We can also get the similar answer if we substitute H for B using (2.12) and (2.13)
gives

V2H — gc—'l;H” + (gard In ¢) x curl H 4 gard(H - gard In 1) =0 (2.18)
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It is worth mentioning that if the medium is homogeneous, i.e. gard loge =
gardIn u = 0(2.17) and (2.18) become

2 g

\4 E—C—zE”zo (2.19)
2 lad

V°H — C—zH” =0 (2.20)

The equations prove that the electromagnetic waves surely exist, and they are
standard equations of wave motion. And we can get the velocity in the medium

c
Vv =
NG 2.21)
Compare (2.21) with n = §, we can get [6]
n= /e (2.22)

For the most transparent substance,  is practically equal to unity, n is the refractive
index. That is why we consider ¢ as a constant normally. When we take the atomic
structure of matter into account, € is not an immutable characteristic of the material.
It will be discussed in the next section.

2.3 Scattering from Inhomogeneous Media

Scattering is a physical process in which light is deflected haphazardly as a result
of collisions. Here, we shall confine our attention to the part that the relationship
between media and the incident wave is linear. When the physical property is time
independent, it is called static scattering.

At first, we will take two extreme media into consideration. One is conducting
medium, the other is nonconducting medium.

For the conducting one, we assume that it is not related to V, the space-depend-
ent part in Eq. (2.17) can be extracted from the complex electric field, deform it in
the monochromatic electromagnetic field, we can get [7]

V2E(r,w) + k*e(r,)E(r,w) + gard [E(r,») - gard In e(r,0)] =0 (2.23)

As we know, the medium is isotropic and nonmagnetic. So, the time-dependent
part can be defined as

E = Ege™ ' (2.24)
(Not to explain in the following analysis), substitute (2.24) for E in (2.23), we can

get
2
e=%(1+i2)
c gow (2.25)
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We define 1 + i 6(%0 as the complex permittivity &.(w). It establishes a relationship
between the specific conductivity and the dielectric constant. In order to get &, we
now introduce the free-electron gas (FEG) model. It is a special quantum mechan-
ics model that describes the property of Fermi systems in the ideal gas. It ignores
the interaction between centron and electron, electron and electron, and assumes
that the electrons can move freely in the background full of protons.

In the monochromatic electromagnetic field [8], motion of electrons can be shown as

mv = eE (2.26)
Compare with (2.24), we can get
—eE
V= - (2.27)
m w

Since j = nev, substitute j for v, it becomes

2
j=-"rp (2.28)
imw
The comparison of (2.10) and (2.28) gives
2
o=-2 (2.29)
imw
Put o into Eq. (2.25), we can get
2 w?
@) =1— —— = 1- -2 (2.30a)
Eomaw w
2 ne?
w, = — (2.30b)
eom

For the nonconducting one, we can also get the similar answer from Lorenz model
in the dielectric. The electron theory assumes that:

First, the charges in the atoms or molecules are spread in the surface under the
quasi-elastic force.

Second, dielectric will be polarised under the effect of incident light, following
forced vibration of charged particle.

Third, atomic nucleus is considered to be immobile, and the charges vibrate at
the inherent vibration frequency.

Since the restoring force f = —mw%r, we can easily infer the equation of elec-
tron forced vibration

mr’ = —eE — fr — gr’ (2.31)
Here, eE is the electric field force, fr is the quasi-elastic force, gr’ is the damp-

ing force. And we lead in two quantities, eigentone wo = /f / m, damping factor
Yy =./g / m, to make the equation easy to settle (2.31) becomes
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E e—iwt
P yr tadr =~ (2.32)
m

We then can get the solution of Eq. (2.32)

(_e) Eoe—iwt

(0§ — @?) —iyow

r(r) =

(2.33)

From the definition of the electric dipole moment and polarisation, we can get

p=gqr (2.34)
P = Np = —Ner (2.35)
Put (2.33) into (2.35), we can get
Ne*  Ege ™'
P=— (2.36)

m (0} — 0?) —iyw

Since p = gox E, then

P (a)2 2) iy w (2.37)

And the complex permittivity becomes [9]

1

(a)(z) —w?)—iyow (2.38)

gr(@) =1+ )

To sum up, we can make the Eq. (2.38) simply when w, >> wo, and this is the
famous Drude model

2

w
I (2.39)
gl‘(a)) 6()2 + l)/(!)

2.4 Localized Surface Plasmons

Localized surface plasmon resonance (LSPR) is different from surface polaritons,
which can exist not only in the boundary of dielectric and metal, but also in the
structures. LSPR frequency can be obtained by the Laplace equation.

Assuming that there is a metal particle in the vacuum, we can get its space
distribution of potential through Laplace equation [10]:

o o0
$1(r,0,0) = > anr'Yin®,9) 0<r<R

par (2.40a)
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Fig. 2.1 Different kinds of _
excitation q e

+q d +q e?

-q d -q
+q éa d
+q
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L=1 =2 L=3
o0 oo 1
$20,0,9) =D > bin - Ym®,9) 7> R (2.40b)
=0 m=—1

The boundary conditions: ¢ and si% are continuous when r = R. Sometimes we
will consider the fact that there are other kinds of excitation like quadrupole, octu-
pole, and so on (Fig. 2.1). We can also put them in the dipolar model. It shows

i 0.5

In this book, our conclusion is based on the simple quasi-static approximation. It
suggests that the particles we use here are much smaller than the wavelength of
light. Dipole excitation is the most important one [11].

In the electrostatic approach, we can change the form of (2.40a, b) due to the
azimuthal symmetry

10,0) =" [Ar + B~ *V] Py (cose) (242)

Here, Pi(cos®) are the Legendre polynomials of order 1, and 6 is the angle
between the position vector r at the line P and z-axis (Fig. 2.2).

In order to better understand the potentials, we excise (2.42) into ¢in and @our
defined as the function inside and outside the sphere, respectively, then we can
get [12]
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Fig. 2.2 Homogeneous
metal particle in an

electrostatic field P
Eo
4
El’ﬂ
o
$in(r,0) =Y Arr'Py(cos 0) (2.43a)
=0
o
Pout(r,0) =Y [Bzr’ + Czr‘(’“)} Py(cos 6) (2.43b)
=0

The boundary condition is r — 00, and then, the coefficient B; can be determined.
The requirement that ¢oy — —Eor cos8 as r — oo demands that B; = —E( and
B; = 0forl # 1. The remained A;, and C; are defined by » = a. The equality of the
normal components of the displacement field is

din ddout
— = —¢
os— . 08m o . (2.44)
And the equality of the tangential components of the electric field is
_1 0din _ _l ddout (2.45)
a or |,—, a or |,

The boundary mentioned before leads to A; = C; = 0 for [ # 1, and then, we can
calculate the evaluation of (2.43a, b)

3em
Oin = — Ry Eorcos (2.46a)
£ — &m 3¢0s 6
Gout = —Eorcosd + s 2Eman o (2.46b)
We can put the dipole moment p in (2.46b), it becomes
pr
Gour = —Eprcos + P (2.47)
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p = dnegemd ——om (2.48)
&+ 2em :
According to (2.36), we can get
_ 3 &—é&m
X =4na Ry (2.49)

We can get the same functional form as the Clausius—Mossotti relation. The
extinction cross section [13], Cex is easily calculated as the sum of the absorption
and scattering cross section via [2]

Cext = Cabs + Csca (2.50)

where Cyps and Cyc, are obtained from the polarisability x in (2.49), it gives

o, 87 4 ol e—ém 2
Coca = — = — _ 2.51
sca 67T|X| 3 ¢+ 26 ( a)
Cane = kim[x] = dmka’lm| =—" 2.51b
abs — X1= €+ 2em (2. )

When the size of particles is much smaller than the incident wavelength (a<<).),
the efficiency of absorption scales with a> and the scattering efficiency scales with
a®. Also, the cross sections in (2.51a, b) can be applied in the expression of dielec-
tric scatters. As Cseq & a®, and that is why we cannot see the small particles in the
camera like CCD, the background of scattering is too large to see small objects.
We can also see that both absorption and scattering are enhanced when dipole
excitation exists in the form of (2.51a, b). When we add a quasi-static limit in the
dielectric function ¢ = €1 + igs, Egs. (2.51a, b) becomes [14—16]

&2

Cext = 9g8r1n'5V—22
c (61 +2em)” + &5

(2.52)
Here, we know how to deal with a spherical nanoparticle. However, most of the
nanoparticles are not sphere, like ellipsoid or spheroid. If we suppose that the nan-
oparticle is an ellipsoid with axes a < b < ¢, then we can get % + ]y; + ié =1
So, the expression of x becomes
Ly - is called the depolarisation, which gives

Admabc(eay, — &m)

3em + 3Lx,y,z(8Au — &m)

L= 7y L (e 2.54
= 14 —1In
* e? 2e 1—e (2.54)

2 (2.55)

Xxyz = (2.53)
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It should be emphasised that the above equations are approximate calculation,
which is based on the electromagnetic interactions on the dipolar model situated
at the centres of each particle, other kinds of excitations like quadrupole, octupole
effects are ignored. The incident wave and media should also be considered as
linear. The subtle relationship between surface charges is still unclear, thus, the
exploring of the theory for surface plasmon resoance is crucial in understanding
the interaction between photons and electrons.
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