Chapter 2
Robust Static Output Feedback H,, Control

Abstract This chapter will focus on robust static output feedback H, control design
for linear systems with polytopic uncertainties and norm bounded uncertainties.
First, new H,, performance analysis criterions are proposed for the systems by an
LMI decoupling approach. Then, sufficient conditions for designing static output
feedback Hy, controllers are given in terms of solutions to a set of linear matrix
inequalities (LMIs). In contrast to the existing methods for designing the static output
feedback H, controllers, the input matrices and output matrices of the considered
systems are allowed to have uncertainties. Moreover, theoretical proof is given to
show that the proposed design conditions include the existing results as special cases.
Simulation examples are provided to show the effectiveness of the proposed design
method.

Keywords Uncertain linear systems - Static output feedback + Hy, controllers -
Linear matrix inequalities (LMIs)

2.1 With Time-Invariant Polytopic Uncertainties

2.1.1 Discrete-Time Systems

Consider a linear discrete-time system with time-invariant polytopic uncertainties
described by state-space equations

x(k+1) = A@@)x (k) + BO)u(k) + E@)w(k),
z(k) = C1(0)x(k) + DO)u(k) + F(O)w(k)), (2.1)
yk)y = Ca0)x(k) + HO)w(k),

where x (k) € Z" is the state variable, u(k) € Z™ is the control input, w(k) € %/ is
the noise signal that is assumed to be the arbitrary signal in 5[ 0, 00), z(k) € Z#1
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18 2 Robust Static Output Feedback

is the controlled output variable, y (k) € Z” is the measurement output. The matrices
A(0), B@), E@), C1(0), D@B), F@©), C2(0), and H(0) are constant matrices
of appropriate dimensions and belong to the following uncertainty polytope [4]:

Q={[A®), B(H), E@©), C1(0), D©®), F(©), C2(0), H(®) ]

d 4 (2.2)
= > 6;[ Ai, Bi, Ei, Cii, Di, F;, Cyi, H; ], >.6; =1, 6; > 0}.
i=1 i=1
Our aim is to design a static output feedback controller
u(k) = Ky(k), (2.3)

such that the resulting following closed-loop system (2.4) is robustly stable or simul-
taneously meets Ho, performance bound requirement.

x(k+1) = (A®) + BO)KC2(0))x(k) + (E(©) + BO)K H(6))w(k),

dk) = (C16) + DOKCyO)x (k) + (FO) + DOKHO)wk). >P

2.1.1.1 Case A: D) =0

First, based on the parameter-dependent Lyapunov function approach, the Hy, perfor-
mance analysis problem of the closed-loop system (2.4) with D(6) = 0 is concerned.
A new H, performance analysis criterion is given, which will play a key role in static
output feedback H, controller design. The following preliminary lemma is needed
to prove our results.

Lemma 2.1 Consider the closed-loop system (2.4) with D(0) = 0 and give a scalar
y > 0. Then the system is asymptotically stable with the H, performance y if there
exist matrices P(0), G(0), and K such that the following matrix inequality holds

—P(0) * * *
0 —y2I * *
GO)AWB)+G@O)BO)KC(0) GO)EW®O)+ GO)BO)KH@O) “(@©O) =
C1(0) F@©) 0 -1
<0,
(2.5)

where 9(0) = —G(0) — GT (8) + P ().

Proof Construct a parameter-dependent Lyapunov function as
Vk) = xT(k)P©®)x(k), P@©®) > 0. (2.6)
The difference of V (k) can be given by

Vk+1) —VKk) =xTk+ 1DHPO)xk + 1) —xT (k)P ©O)x(k). (2.7)
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From (2.7) and recalling (2.4) with D(6) = 0, it can be verified that
Vk+1) — V() + 2T (k)zk) — y2wT (yw(k)
=xT(k+ DPO)xk+ 1) — xT (k) P(O)x (k) + zT (k)z(k) — y*wT (k)w(k)
T
= (A + BOKC20))x(0) + (E©) + BOKH©O)wk)) P(©)
x ((A(e) + BO)KC2(0))x (k) + (E©) + B(O)KH(O))w(k))

—xT () PO)x (k) + (CLO)x (k) + F@O)wk)) (C10)x (k) + FO)w(k))
—y2wT (yw(k)

=¢T (k) ([ A®) + BO)KC2(0) E©®) + B(G)KH(G)]T
x P©)] A®) + BO)KC2(6) E(©)+ B(O)KH ()]
—P®) 0
+[cio FO][Ci0) FO)]+ [ 0( ) _yzl} )e o,
(2.8)
where ¢ (k) = |::v((i))i|
Thus, V(k + 1) — V&) + 2T (k)z(k) — ysz(k)w(k) < 0 for any ¢ (k) # 0 if
[A®) + BO)KC2(0) E©)+ BO)KH®)]"
x P(O)[ A®) + BO)KC2(0) E(©)+ B(O)KH ()]

C (2.9)
+[ C1(6) F(@)]T[cl(e) F(@)]—|—|: 1:)(6) _Szl}<0.

By using Schur complement to (2.9), we have

—P(®) * * *
0 —y21 * *
A@O) + BOKCy(0) E©)+BOKH®O —P-l@) « | =0 &0
C1(9) F(0) 0 -1
I *x % *
Pre- and post-multiplying (2.10) by | ° L * * | and its tran
e- and post-multiplying (2. Y 1o o G@O) a S transpose,
00 0 I

respectively, we verify that (2.10) is equivalen

=3

to the following matrix inequality:

—P@©®) * * %
0 —)/21 * % 0
G@O)AO)+ GO)BO)KCr(0) G@O)E®)+ G@O)BO)KH@O) A = =
C1(0) F(9) 0 -1
(2.11)

where A = —G(O)P~10)GT (0).
Note that —(G(6) — P(8))" P~1(6)(G(6) — P(6)) <0, P(6) > 0 implies that
—GOP1O)GT(O) < —G®) — GT(9) + P(#), then, the inequality (2.11) can
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be verified by (2.5). If the condition (2.5) is satisfied, we have V(k + 1) — V (k) +
2L (k)z(k) — y*wT (k)w(k) < 0 for any ¢ (k) # 0, which implies that

V(o0) = V(0) + D 2" (k)ztk) = > w (kyw(k) < 0.

k=0 k=0

With zero initial condition ¥(0) = 0 and V(c0) > 0, we obtain Z/fo:o 72T (k)
z2(k) < y? Z,in wT (k)yw(k) for any nonzero w(k) € I>[0, oc). Thus, the proof is
completed. (]

In order to obtain LMI-based conditions for designing static output feedback Hy,
controllers, the existing results [3, 5] have to impose some constraints on the system
matrices, which require that the input (or output) matrix B(6) (or Cy (9)) is fixed
(is without uncertainties i.e., B(®) = B and C2(8) = C3) and B (Cy) is of full
column (low) rank. Obviously, those results are limited and cannot be applied to
general control systems. In our study, the constraints on the input and output matrices
have been avoided. Thus, our results have more advantages than the ones in [3, 5].

Remark 2.1 1Tt is noted that the results given by [6] are only applicable to that the
system input matrix (or output matrix) is with time-varying polytopic uncertainties
for linear systems. See Remark 2.6 for details.

In this following, a new Hy, performance analysis criterion is presented in the
following theorem.

Theorem 2.1 Consider the closed-loop system (2.4) with D(@) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the H~, performance y
if exist matrices P(0), G(0), J(0), M, N, V,and U, scalar B such that the following
matrix inequality holds

—P(0) * * * ok *
0 —y21 * * ok *
GO)AWB) + MVC2(0) GOVEO)+MVH®O) 9@)+JO) % *  *
C1(0) F () 0 SO
NVCy(0) NV H () 0 0 *
0 0 0 0 % —%
<0,
(2.12)
where

40) =—-G@®)— G () + P(@H),
¥, =—-BNU - BUTNT,
Y = G(O)B®O) — MU.

Proof We are about to prove the conclusion using Lemma 2.1. Obviously, the matrix
inequality (2.5) can be rewritten as follows:
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—P(6) * % * 0
0 —y2I * * 0
GOAG) GOE® %0 x |T|cwose) |K[C2©® HE 0 0]
Ci1(0) F(0) 0 —I 0
0 T
T T 0
+[C) HO) 0 0] K G©)B®) <0. (2.13)
0

By defining UK = V and considering matrices M and N, where U and N are
nonsingular without loss of generality, we have

—P() * *x ok 0
0 —y2I * * 0
GOAO) GOE®) 9©) * | T|G60o)BO) K[ C26) HE) 0 0]
C1(0) F(0) 0 —I 0
0 T
+[C20) H© 0 0] KT 0
G(0)B(H)
0
—P(6) * * *
0 —y21 * *
G(O)A®©O) GOE®B) 9©) *
C1(9) F(9) 0 -1
0
0 —1a7—1
+l cosey |V N NV[C2(0) H®) 0 0]
0
0 T
T T T =T /=T 0
+[C0) HO) 0 0] VINTNTU G©)B®)
0
—P(©®) * * *
0 —y21 * *
GO)A®B) GOE®) 90) =
C1(0) F(9) 0 —I
0
0

+ UT'NTINV[C20) H®) 0 0]

G)B(O) — MU
0
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0 T
+[ @) HE) 0 0] VINTNTTUTT G(@)B(é(’))—MU
0
0 0"
+ 1\04 V[C20) H®) 0 0]1+[C2(6) H®) 0 O]TVT 131
0 0
—P(6) * * *
0 —y21 * *
GO)A®) +MVCr(0) GOE®)+MVH®) 90) *
C1(0) F(0) 0 -1
0
0 -1
1 coysey—mu |V N NV[C2(0) H®) 0 0]
0
0 T
+[c0) HEO) 0 0] VINTNTUT G(@)B(g)—MU <0.
0
(2.14)
Based on Lemma 1.3, for a positive matrix J(6) one gives
0
0 -1
ooy —mu |V N NV[C2(6) H®) 0 0]
0
0 T
# [0 #6) 0 OFVINTNTUT | G )y
0

O~ O O

(G@)B®) — MUY UT'NT'NV[ C20) H©®) 0 0]

+[c6) HO) 0 0]'VIN'NTUT(G®6)B®6) — MU)"

O ~NO O
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T

IA

J(0)

O~ O
O ~O O

+[Ca0) H®) 0 O]TVTNTN’TU’T(G(G)B(G)—MU)TJ’I(Q)

x (G@)B©O)— MU)U'NT'NV[ C2(0) H®) 0 0] (2.15)

Then, (2.14) holds if the following condition is satisfied:

—P(@©) * * * 0 017
0 —y2I * * 0 0
GO)AWB) +MVCr(0) GOEWBO)+MVH®O) 90) x | T I J(©) I
C1(0) F@©) 0 I 0 0

+[ a0 HO) 0 0] VINTN-TUT(G®)B®) — MU)" T71(6)
x (GO)BO) - MU)UT'NTINV[ C26) H@®) 0 0] <0.
(2.16)

Without loss of generality, we assume that matrix G (6) B(6) — MU is of full rank.
By Schur complement to (2.16), which leads to

—P(©) * " %
0 —y21 * * ok
GO)A@B)+MVCr(0) GO)EW®@)+MVH®B) %O)+JO) * =
C1(0) F(0) 0 By
NVCy(6) NVH(®) 0 0 &
—P () * * * %
0 —y21 * * %
=| GOA®B)+MVCr(0) GEO)E®B)+MVH®O) %9O)+JOB) = * | <0,
C1(0) F(6) 0 -1 *
NV Cy(0) NVH(@®) 0 0 &,
(2.17)
where
—1
B = —(N_TU_T(G(G)B(O) — Mu)TJ—l(G(e)B(e) — MU)U—IN—I) ,

By = —NU((G(G)B(G) — mMU) I GO)BO) - MU))_lUTNT.

For a scalar f, note that —(V — Q)0 (V — BQ)T <0, Q > 0 implies that
—vVOo'vT < -V — BVT 4+ B2Q. Then, one has
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—1
g = —NU((G(@)B(G) —MU) 171 (G6)B®) — MU)) UTNT
< —BNU — BUTNT + B*(G(©)B(®) — Mu)TJ*‘(e)(G(e)B(e) — MU)
= E3.
(2.18)
Then, (2.17) can be guaranteed by
—P () * * * ok
0 —y2I * * %
GO)AB) +MVCr(6) GOVE®B)+MVH®O) 4O)+J@O) * * | <O.
C1(0) F(9) 0 -1 x
NVCy(0) NV H(@) 0 0 E3
(2.19)

Applying Schur complement to (2.19) yields (2.12). Thus, the proof is comp-
lete. (]

Remark 2.2 In the proof of Theorem 2.1, it should be noted that the procedure
from (2.16) to (2.17) needs a constraint condition, which requires that the matrix
G(@)B(0) — MU is of full rank. When the matrix G(0)B(8) — MU is of full rank,
we can know that the matrix (G(G) B(0) —MU) Tyt (G (0)B(@O)— MU) isinvertible.
In fact, the constraint condition is not necessary. For the matrix inequality (2.16), by
using Lemma 1.4 with

—P@®) * * *

T — 0 —y2I * *
T GOAB)+MVCy©®) GOE®)+MVH®) 96O)+J0B) * |’

C1(0) F©) 0 —1

A=U"'N"INV[C(0) H(®) 0 0],
L=NU,

P = (G©O)B®) — MU)" J=16)(G(©6)B(©O) — MU),
we can also obtain the following matrix condition (2.19).

By the LMI decoupling approach, the appearance of crossing terms between G (6)
and K has been avoided in (2.12), it enables us to obtain strict LMI conditions for
designing static output feedback H, controllers.

In this following, based on the analysis result in Theorem 2.1, we proposed
sufficient conditions for designing the static output feedback H,, controller in the
form of (2.3), that is, to compute the gains K in (2.3) such that the closed-loop system
(2.4) with D(0) = 0 is asymptotically stable with the prescribed H, performance
y. As can be seen from (2.12), the appearance of crossing terms has been avoided, it
makes the LMI formulation of design conditions easier. Of course, in order to obtain
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LMI-based design conditions, the analysis criterion in Theorem 2.1 dependent on
the premise that is the matrix parameters M, N and scalar parameter 8 should be
known, it may lead to conservative design. However, when the system input matrices
are with time-invariant polytopic uncertainties, the new condition given by Theorem
2.1 is undoubtedly effective for dealing with this case.

When the input matrix is with polytopic uncertainties and not full column rank, we
choose M = B(f) and N = [ in (2.12). Then, the corresponding design condition
is given in the following theorem.

Theorem 2.2 Consider the closed-loop system (2.4) with D(0) = 0 and give scalars
y > 0. Then the system is asymptotically stable with the H, performance y if, for
known scalar B, exist matrices U, V, Pj, Jj, and Gj, j =1, 2, ..., r such that
the following matrix inequalities hold

—P; * * * * *
0 —y21 * * * *
G;A; +B;VCy G;E;+B;VH; ¥4 +J; * *
Cy; F; 0 I % « | <0
VCyi V H; 0 0 —pBU-BUT «
0 0 0 0 GiBi—BU —4
i=1,2, ..., r
_ (2.20)
_Pj * * * * *
0 —y21 * * * *
GjA; +B;VCy; GjE; + B;iVH; gj-l—./j * * *
C],‘ F, 0 —1 * *
VCyj VH, 0 0 —BU-BUT =«
].
i 0 0 0 0 G;B; — B;U —/3—’2_
—P; * * * * *
0 —yzl * * * *
GiAj—I-BjVCQi GiEj+BjVHi %4-][ * * *
Cyj F; 0 -1 * * <0,
VCo; VH; 0 0 —BU-BUT «
Ji
0 0 0 0 G;B; — B;U 52
i j=1,2,...,r i<}/,
2.21)

where §; = =G — G]T- + P;.
Furthermore, the static output feedback H, controller gain matrix in (2.3) can
be given by
K=U"'v. (2.22)
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Proof First, in this case, the matrix inequality (2.12) becomes

—P () * * *

* *
0 —y21 * % ok *
GO)A®©B) + BO)VC2(0) GOVE®) + BOVH®@) 90)+J©O) * * *
C1(9) F@©) 0 —I x *
VCy(0) VH(Q@) 0 0 *
0 0 0 0 %~
<0,
(2.23)
where

¥ =-BU —BUT,
¥, =G()BO) — BO)U.
From Theorem 2.1, we know that the prescribed Hy, performance y can be

ensured if there exist matrices P(6), J(0), and G (0) satisfying (2.23). Now, assume
that the aforementioned matrices have the following form:

p
PO)= > 0;P;, P;>0, j=12 ...,r
j=1
r
G@O) = X 6;G;. (224
j=1
r
j=1

Then, inequality (2.23) is equivalent to

—P; * * * * *
0 —y21 * * * *
U GjAi +BiVCy; GE;+BVH; ¥+ J; * * *
ZZGI‘@]' Cyi Fi 0 —1 * *
i=lj=1 V Gy VH; 0 0 —pU—-BUT «
J.
0 0 0 0 GjBi—BU - B—’z
—P; * * * * *
0 —y2I * * * *
B r 0'2 GiAi + BiVCy G;Ei+B;iVH; %+ J; * * *
- Z ! Cyi F; 0 —1I * *
i=l VCy VH 0 0 —BU-BUT =«
0 0 0 0 G,B—-BU - ;7

r r
+ 220,0]-

i=1i<j
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—Pj * * * * *
0 —y21 * * * *
GjAi +BiVCy; GE;+BiVH; ¥+ J; * * *
X Cli Fi 0 -1 k *
VCyj VH; 0 0 —pU-BUT x
0 0 0 0 GB-BU -%
B —P; * * * * *
0 —y2I * * * *
G,‘Aj-i-BjVCQ; G,‘Ej-i-BjVH,' G+ J; x * *
+ Cyj F; 0 —1 * * <0
VCo; V H; 0 0 —-pBU-BUT «
i 0 0 0 0 GiB-BU —%
(2.25)
If LMIs (2.20) and (2.21) are satisfied, the inequality (2.25) holds. (I

Remark 2.3 Theorem 2.2 presents a new condition for designing static output
feedback H, controllers for discrete-time linear systems with time-invariant poly-
topic uncertainties which is of LMIs and can be effectively solved via LMI Control
Toolbox [7].

In Theorem 2.2, a significant result is proposed to design static output feedback
H controllers for uncertain discrete-time linear systems. The new result overcomes
the deficiencies of the existing ones, it is able to handle this case that the system
input matrices are nonfixed. In addition to this, the proposed result can give less
conservative design than the existing LMI methods. In order to clarify this issue
thoroughly, in the following, we consider the same system input matrix with [3, 5]
as B(0) = B (B is of full column rank). In this case, three Hy, performance analysis
conclusions with different values of matrices M and N are given based on Theorem
2.1. The first conclusion chooses M = B and N = BT B in Theorem 2.1, the second

chooses M = [(I)] R1, where Rj is a known matrix parameter and Y B = (I) and

N = I in Theorem 2.1, while the third chooses M = Y7 |:(I):| , YB = |:(I):| and
N = I in Theorem 2.1.

Remark 2.4 Here, there is a description of this matrix Y. Because of this matrix B is

full column rank, there exist a nonsingular matrix Y such that Y B = |:é ] . It should
be noted that for each matrix B, the corresponding Y generally is not unique. A
special Y can be obtained by the following formula:

y— [(BTB)_IBT:| 7

BTJ_T

where BT denotes an orthogonal basis for the null space of BT .
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Theorem 2.3 Consider the closed-loop system (2.4) with D(0) = 0 and B(6) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hyo performance vy if exist matrices P(0), G(0), J(0), V, and U,
scalar B such that the following matrix inequality holds

—P(©H) * * * % *
0 —y2I * * % *
G(O)A@O) + BVCy(0) GO)EW®O)+BVH®) “4©O)+JO) * = *
C1(0) F(0) 0 —I *
BT BVCy(6) BTBVH(©®) 0 0 ¥ =
0 0 0 0 % - %
<0,
(2.26)
where

40)=—-G(@O) —GT®)+ P©O),
1 =-BBTBU —pUT(BTB)T,
¥ =G(@®)B - BU.

Theorem 2.4 Consider the closed-loop system (2.4) with D(0) = 0 and B(6) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hoo performance y if exist matrices P(0), G(0), J(0), V, Ry, and
U, scalar B such that the following matrix inequality holds
B —P®)

0

G(O)A®) + [é] R1VCy(0)

C1(0)
VCa(0)
0

*
—7/21
GO)E@©) + |:(1):| RIVH(®) 40)+J@O) x

F(9) 0 -1 * *
VH®) 0 0 —pU — pUT *

0 0 0 G(@)B—[(I):|R1U —%

*

k
<0,

(2.27)
where 9(0) = —G(0) — GT(0) + P(0).

Theorem 2.5 Consider the closed-loop system (2.4) with D(0) = 0 and B(6) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hx, performance y if exist matrices P(0), G(), J(0), M, N, V,
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and U, scalar B such that the following matrix inequality holds

—P(0) * * *
0 —y2I * ok
G(G)A(G)—f—YT[(I)]VCQ(B) G(@)E(G)—i—YT[(I)]VH(G) E % % *
C1(9) F@©) 0 —I =* *
Vo (0) VH®) 0 0 = =
i 0 0 0 0 % — %P |
<0,
(2.28)
where

-G(©®) — G (6) + P©®) + J (),

]
Il

¥, =—BU - BUT,

p3)

T I
G@O)B-Y |:0:| U.

Based on the three Hy, performance analysis conclusions, the corresponding static
output feedback H, controller design results are given in the following corollaries.

Corollary 2.1 Consider the closed-loop system (2.4) with D(0) = Oand B(f) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hx, performance y if, for known scalar B, exist matrices U, V, Pj,

Jj,and Gj, j =1, 2, ..., r such that the following matrix inequalities hold
—P; * * * * *
0 —y2I * * * *
GiAi+BVCy G;E;+BVH; ¥ +J = * *
Cii F; 0 —1 * * <0,
BTBV Cy; BTBVH; 0 0 boF *
0 0 0 0 GB-BU —4
i=1,2, ..., r,
(2.29)
—Pj * * * * *
0 —y21 * * * *
GjAi+BVCy GE;+BVH; 9+ J; % * *
Cii F; 0 -1 * *
BTBVCy; BTBVH; 0 0 % *
j.
0 0 0 0 GB-BU -3
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—P; * * * * *
0 —y21 * * * *
GiAj+BVCy; G;Ej+BVH; % +J; * * * 0
Cyj F; 0 -1 * * =Y
BT BV Cy; BT BV H; 0 0 P *
Ji
0 0 0 0 G;B—BU - 7

iLj=1,2, ..., i<j (230

where

9j=~-G;—G] + Pj,

¥ =—-BBTBU — pUT(BTB)T.

Furthermore, the static output feedback H, controller gain matrix in (2.3) is
given by (2.22).

Corollary 2.2 Consider the closed-loop system (2.4) with D(6) = O and B(f) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hy, performance y if, for known matrix Ry and scalar B, exist
matrices U, V, P;, Jj, and Gj, j =1, 2, ..., r such that the following matrix
inequalities hold

In;; <0, i=1,2, ..., r, (2.31)
M +M; <0,i<j, i, j=1,2, ..., 1 (2.32)
with
_ P
0
1
M = GjAi+| o [ RIVCa
Cii
VCyi
— 0 _
k k k k k
_VZI * * * *
1
GjEi+|:Oi|R1VH,' gj—i-]j * * *
F; —1I *
VH; 0 0 —BU-BUT «
0 0 0 %, _ %
and
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1
3j=G;B - I:OiIRlU.

31

Furthermore, the static output feedback H, controller gain matrix in (2.3) is

given by (2.22).

Corollary 2.3 Consider the closed-loop system (2.4) with D(60) = 0 and B(f) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hoo performance vy if, for known scalar B, exist matrices U, V, Pj,

Jj,and Gj, j =1, 2, ..., r suchthat the following matrix inequalities hold
_ _p N _
0 —y2I
GiAi+YT [(I)]vcz,- G,-E,-—i—YT[(I)]VHi G+ J; % % *
Cii F; —1 * *
Vi VH; 0 0 —BU-BUT «
L 0 0 0 0 Yy — g
<0,i=1,2,...,1 (2.33)
i —Pj * x ]
0 —y2I *
T 1 T 1 g
GjA,'-i—Y 0 V(o GjE,‘-i-Y 0 V H; j+-]j * * *
Cii F; 0 -1 * *
VCyj VH; 0 0 —pU-BUT «
i 0 0 0 0 5j - %
r —P; * * * * * ]
0 —y2I * * * *
N GiAj+YT[(I)]vczj GiEj+YT|:é]VHj G+ J; x * *
Cyj F; 0 —1I * *
VCy V H; —BU - BUT  «
i 0 0 Toi —
<0,i, j=1,2, ..., i<}, (2.34)

where

T
gj:—Gj—Gj + P;,

|

EzszjB—YT[

1
0

Furthermore, the static output feedback H~o controller gain matrix in (2.3) is
given by (2.22).



32 2 Robust Static Output Feedback

In order to show the contrasts between the existing static output feedback Hy,
control results and the proposed ones, we also recall the following existing results,
which can directly be obtained from [3] and [6].

Lemma 2.2 Consider the closed-loop system (2.4) with D(0) = 0 and B(f) = B
(B is of full column rank). For a given scalar y > 0, the system is asymptotically
stable with the Hx, performance y if exist matrices P and N such that the following
matrix equations hold

A

—P * * %
)
.0 v *, <0,i=1,2, ..., (235
PA;+BNCy; PE;+BNH, —P x
Cii F; 0 —1I
PB = BU. (2.36)
Remark 2.5 By regulating P(f) = P and using matrix inequality congruence
I * *x %
. 0 I % =x .. . . .
property with 00 P x , the matrix inequality (2.10) is equivalent to
00 0 I
—P * * %
2
.9 N L rlcoi=12 ... n
PA;+ PBKCy PE;+PBKH, —P =«
Cii F; 0 —1I
(2.37)

By considering the condition (2.36) and defining a new variable N = UK, it can
be known that LMIs (2.35) can guarantee the negative-definiteness of (2.37).

In addition to this, it should be noted that the single quadratic Lyapunov function
approach had been used to ensure the matrix condition (2.36) in Lemma 2.2.

Remark 2.6 Obviously, the condition in Lemma 2.2 can be relaxed further with
introducing a slack matrix variables G. In this case, (2.35) and (2.36) become, respec-
tively, as follows:

—ﬁ * * *
2
0 vl s T <0i=12 .,
GA; + BNCy GE;+BNH;, —G-G' +P x
Cii F 0 1
(2.38)
GB = BU. (2.39)

Lemma 2.3 Consider the closed-loop system (2.4) with D(0) = 0and B(0) = B (B
is of full column rank). For a given scalar y > 0, the system is asymptotically stable
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with the Hoo, performance y if exist matrices L, 13]-, andR;, j=1, 2, ..., rsuch
that the following matrix equations hold

—P; * * *
0 —)/21 * *
L L 5 <0,
RiYAi+|:O]C2i R,YEH—[O]H,- —RY - RV + P« (2.40)
Cyi F; 0 —1
i=1,2,...,r,
_ﬁ. *
J
0 —)/21
A L L T . 5
RjY i+ 0 Co; RjYEi-i- 0 H; —RjY—(RjY) +Pj *
Cii F; 0 -1
_ﬁi * * *
0 —y21 * *
+ L L A <0,
RiYA./+|:0j|C2j RiYEj+|:0i|Hj —R,’Y—(R,'Y)T-i—Pi *
Cyj F; 0 -1
L j=12 ..., rni<]
(2.41)
Ri Ry
R; = |: 0 Ry’ =1, 2, , T, (2.42)

where Y B = [(I)]

Remark 2.7 Define P(0) = 13(9), L = R K and use matrix inequality congruence

I * *
0 7 * *
property with 0 0 i O;R;Y * for the matrix inequality (2.10), the LMIs
j=1
0 0 0 1

(2.40) and (2.41) can derived easily.

Remark 2.8 This design condition given in Lemma 2.3 is a simple extension of
the results given in [6] for discrete-time linear system with time-invariant polytopic
uncertainties. In fact, [6] is concerned with the problem of designing robust static
output feedback controllers for discrete-time linear systems with time-varying poly-
topic uncertainties. The proposed technique in [6] is applicable for linear systems
with the time-varying polytopic uncertainties, which may simultaneously emerge
on system output and input matrices (nonfixed). However, it should be noted that



34 2 Robust Static Output Feedback

this results in [6] are not enough to be used directly for system output or input
matrices with time-invariant polytopic uncertainties. This is because in the product
d 1
terms R;;Y; (D QVPU)*](Rini)T, YiB; = |:0
v=1
allow v = i or v = j. Therefore, in Lemma 2.3, we assume that the system input
matrix B(6) is fixed, it leads to the matrix Y is also fixed.

, i, j=1,2, ..., r,itdoes not

In addition to these two conditions given in Lemmas 2.2 and 2.3, which can
directly be obtained from [3] and [6], the other significant result should be mentioned.
The mentioned result is given is based on the study in [5] and [8].

Lemma 2.4 Consider the closed-loop system (2.4) with D(@) = 0and B(0) = B (B
is of full column rank). For a given scalar y > 0, the system is asymptotically stable
with the Ho performance y if exist matrices L, Q;, and Rj, j =1, 2, ..., r
such that the following matrix equations hold

—-0; * * *
0 —yzl * *
R,-YAiY’]+|:16]C2iY’I RiYE,-—i—[I(;]Hi ~ R —RI +0; = <0,
cy~! Fi 0 1
i=1,2,....r
(2.43)
_Qj *
0 —y21
A -1 L — L T
RjY iY =+ 0 CQIY R]YEI—F 0 Hl _Rj_Rj+Qj *
cy! F; 0 -1
—0; *
0 —y21 *
+ _ _ L <0,
RiYAjY 1_|_|:Oi|C21Y RiYEj+[O]Hj —Ri—RiT-i—Qi *
Cyy~! Fj 0 ~1
i, j=1,2,...,r i<},
(2.44)
| Rt O R R2j _
Rj = |: 0 sz] or Rj = |: 0 Ry ,i=1, 2, T, (2.45)

where Y B = |:]i|

Proof In fact, the design result presented in Lemma 2.4 is an extension, which puts
the dynamic output feedback H, controllers design method given in [8] to robust
static output feedback Hy, controller design for linear discrete-time system with
time-invariant polytopic uncertainties.
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Consider the matrix inequality (2.10), pre- and post-multiplying it by M and its
transpose, respectively, we have:

-y Tpeyr-! * * *
0 —y2I * *
YA@)Y ™! +YBKC,(0)Y™' YE®)+YBKH®) —YPl@yT « |~ 0.
ciy~! F(6) 0 —1I
(2.46)
YT % % x
0 I x x
where M = 0 0 Y =
0O 0 0 I
1 % * *
Again, pre- and post-multiplying it by 0 1 x and its transpose
’ 0 0 RO = ’
00 0 I
respectively, it follows that:
Y TPy ! =« * *
0 —y2I * *
Azl Ayp  —ROYPOYTIRT©O) » | 0. (4D
COY' F@O 0 -1

where
A3z = RO)YABO)Y '+ ROYBKC,(O)Y !,

A3 = R(O)YE®) + R(O)YBKH ().
Basedonafact —R(@)(Y P~ (@) YT)RT (0) < —R©®)—RT(0)+ Y TP@O)Y™!

and defining Y Tpoy! = Q(#), we can obtain the matrix inequality (2.48) to
verify (2.47)

—00)  » ) .
0 _V21 * *

A3zl A3z —R©®) — RT(0)+ Q) x <0. (2.48)
ClOY F©) 0 5

In order to solve the controller design problem, we partition matrices Q(6) and
R(0) as

-
QO)=>0;0;, 0;>0, j=1,2, ..., r
j=1
Ri Ry;

r R 0 .
R(O) = 9‘R~,R»=[ } orR~=|: ],]:1, 2, ... n
El L0 Ry TTLO0 Ry
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By substituting the corresponding partitioned parts into (2.48), the matrix inequal-
ity is equivalent to

—Qj * * *
ror —)/21 * %
0,0, L L
El]% 10 RijiY‘1+|:O]C2iY‘1 RjYEi+|:0]Hi —Rj—RT+0; =
Cy™! F; 0 —I
< 0.
(2.50)

Choosing a new variable L = R K, it is observed that the LMIs (2.43) and (2.44)
can guarantee the negative-definiteness of (2.50). ]

Remark 2.9 1t should be pointed out that the result given in Lemma 2.4 can also
obtain by using a linear transformation approach. Consider the linear transformation
on the system state

x(k) = Yx(k), (2.51)

where Y B = |:1

0 i| , then we can obtain the following transformed closed-loop uncer-

tain system:

Yx(k+1) = Y(A®) + BKC2(0))Y 'Yx(k) + Y(E©®) + BKH(®))w(k),
z(k) = C1(O)Y~'Yx(k) + F(O)w(k).
(2.52)
ie.,

fk+1) = (YA@O)Y '+ YBKCr(0)Y ') X(k) + (YE(O) + YBK H(9)) w(k),
z(k) = C1OY'x k) + FO)W(k).
(2.53)
Choose the Lyapunov matrix as Y-TpP®)Y~!, P®) > 0, then we can obtain
easily the Hy, performance analysis conclusion (2.46).

In what follows, we will study the relationships among the proposed results and
the LMI conditions in Lemmas 2.2-2.4. The following theorem shows that the results
suggested herein include the ones given by [3, 5, 6, 8] as special cases, it is helpful to
obtain a conclusion that the new results are less conservative than the existing LMI
conditions for designing static output feedback H, controllers.

Theorem 2.6 If the condition given in Lemma 2.2 holds, the condition in Corollary
2.1 also holds.

Proof If (2.35) and (2.36) 1n Lemma 2.2 are satisfied, which imply that PB =
BU (PB BU = 0) and P > 0. Since the matrix B is of full column rank, we
have BT BU + UT (BT B)T = BT PB+ BT PB > 0. Then there exist large enough
B > 0 and small enough p > 0 such that the following matrix inequalities hold
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A

—P * R 0 x * x
0 —y2I EE S n 0 0 % =
PA; + BNCy PE,+BNH, —P % | |00 1 «
Cii F; 0 —I 0000
2.54
+L(BTBN[Cy H 0 01) @2.54)
x(BTBU + UT(B"B)" — p(PB — BU)' L1(PB — BU))™
x(BTBN[Cy H;y 0 0])<0,i=1,2 ..., r
By defining G; = P; = P, Ji=pl, j=1,2, ..., r,V = N and apply-
ing Schur complement, the inequalities (2.29) and (2.30) in Corollary 2.1 can be
obtained. ]

Theorem 2.7 Ifthe condition given in Lemma 2.3 holds, the condition in Corollary
2.2 also holds.

Proof First, from YB = [(I)],we can know that
_ Sy 1 . R sz 1
wra=r; o] =[5 ][0
R _ ! .
_[0]_[0}&,]_1,2,...,}’,

1
0

(2.55)

i.e.,
RjYB—[ }Rlzo,jzl, 2, ..., T (2.56)

On the other hand, the matrix inequalities (2.40) and (2.41) in Lemma 2.3 can be
rewritten as follows:

A

_Pi * * *
0 —y2I * *
1 1 ~

RiYAi+|:Oi|LC2,' RiYEi—|—|:0:|LHi —RiY—(RiY)T+Pi *
Cii F; 0 -1

- Ai

0

— 1 .
RiYA; + 0 RiR| LCy

Cii
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* * *
—y2I * *
R,~YE+[(I)i|R1R1_1LH,' CRY R+ B o« | =0
F; 0 —1
i=1,2, ...,
(2.57)
and
_ﬁj % * *
0 —y2I * *
1 1 A
RjYAi+|:0i|LC2,- RjYEi—l—[O}LHi —RjY—RNT+P; x
Cii F; 0 —1
_[31. * * *
—y2I * *
+ 1 1 T A
R,‘YAj—i- 0 LC2]‘ R,‘YEj—i- 0 LHj —RY —(R;Y) +P x
Cij F; 0 —1
—P
R;YA; + 0 RiR| "LCy;
Cii
*
—y2I * *
RjYEi—i-[(I)}RlRl_lLH,' —R;)Y —(R;V)T + P;
F; -1
— I
0
+ 1 _
R,'YAj+[O]R1R11LC2j
Cij
* * *
_y2]
I —1 T A <0,
R,'YEj—i- 0 R1R1 LHj —RY —(RY) + P x
F; 0 —1
i, j=1,2, ..., ri<j. (258
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Note that if the above condition is satisfied, which implies that R;Y + (R;Y S

0, j=1, 2, ..., r. Because of the matrix B is of full column rank, we only can
know that

T
B"R;YB+ B"Y'R] B =B"R; [(1)] + [(I)} R B

T T
R R 1 1 (2.59)
— RpT 1 1 _ pT T
_ B [0}[0} B—5 [0:|R1+R1 M B
=BTYBR +RIBTY'B >0, j=1,2, ..., .
However, we are not sure that Ry + RIT > 0.

Combining (2.55)—(2.58), then there exist large enough 8 > 0 and small enough
o > 0 such that the following matrix inequality holds:

_ﬁ[
1 —1
RiYAi+|:0i|R1R1 LCQ,’
Cui
* % «
_7/21 * *
F; 0 7
0 % % x
0 0 % =x _ T
210 0 1 «|TF(RITLICH H 0 0])
0000
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% *
% *
—R;Y — (R +P;
0 |
* *
* *

—RY - RV + P
0 —1

(RT'L1Cy+Cyj Hi+H; 0 01)"

40
k
—)/21
1 _
R,~YE,~+[O}R1R11LH,-
F;
_p
+ I »
RiYAj+|:O RiR, LC2]'
C]j
*
1 ~1
RiYEj+|:O:|R]R1 LHj
Fj
0 * *x x
42 0 0 % =* +l
Ploor «|"g
00 0O
x 41—/3(R~YB— Ir yrye—|1! R)T
J 0 1 1 O 1

—1
I 1 -1
xﬁ](R_iYB—[O]Rl +R,vYB—|:O}R1)) (R7'L[Cyi+Cyj Hi+H; 0 0])

<0,i, j=1,2, ..., i<].

(2.61)

By definingG; = R;Y, Pj=P;, Jj=pl,j=1,2, ..., ,V=R'L,U =
I and applying Schur complement, the inequalities (2.31) and (2.32) in Corollary

2.2 can be obtained.

O

Theorem 2.8 If the condition given in Lemma 2.4 holds, the condition in Corollary

2.3 also holds.

Proof First, pre- and post-multiplying (2.43) and (2.44) and by

and its transpose, respectively, we have

YT

T

O~ ¥ %
~ % % %

*
0 7
0 O
0 0
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-YTo;y * * %
0 —)/21 * %k
T |1 T |1 <0,
Y'"RYA; +Y 0 LCy Y'RYE; +7Y 0 LH; ; x
Cyi F; 0 —I
i=1,2, ..., (2.62)
—YTQjY * * ok
0 —y2I
YTR;YA; +YT [(I)]chi YT'R,YE; + YT [(ﬂLHi Q; *
Cii F; 0 —1I
—0i * *
0 —y2I *
+ YTRYA; +YT [é]chj YIRYE; +YT [é}LHj o « | =0
Cij F; 0 -1
i, j=1,2,...,ri<}],
(2.63)

where Q; = —YTR]-Y - YTRJTY + YTQjY. Obviously, these LMIs imply that
R+ Rl > 0.

On the other hand, from (2.45) and YB = [(I)], one can be given

YTR,»YB=YT[I§)1] =yT [(ﬂRl, ji=1,2, ..., r (2.64)

Similar to the proof of Theorem 2.6, by choosing G; = YT R;Y, P; = YT Q,Y,
Ji=wpl,j=1 2, ..., r,V = L, U = Ry and applying Schur comple-
ment, the inequalities (2.62) and (2.63) generate (2.33) and (2.34) in Corollary 2.3,
respectively. (]

2.1.1.2 CaseB: H#) =0

For this case, Lemma 2.1 is changed as the following lemma.

Lemma 2.5 Consider the closed-loop system (2.4) with H(0) = 0 and give a scalar
y > 0. Then the system is asymptotically stable with the H~, performance y if there
exist matrices P(0), G(0), and K such that the following matrix inequality holds:
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—-G(0) — GT(6) + P©) ¢ * *
0 s x o (6s)
AB)GO)+ BO)KC2(0)G(®O) E@B) —PO) = ' ’
C1G(®)+ DO)KC(0)G(O) F(©) 0 -1
Proof Choose a parameter-dependent Lyapunov function to be
Vk) =x" k)P~ O)x(k), P©®) > 0. (2.66)

Similar to the proof Lemma 2.1, the Hy, performance of closed-loop system (2.4)
with H(0) = 0 can be guaranteed by the following matrix inequality:

-P~1®) * * *
0 —y2I * *
A@)+ BO)KC(6) E@B) —P@O) = <0 (2.67)
C1(0) + DO)KC2(0) F(0) 0 -1
GT®) » * x
S 0 I x x .
Pre- and post-multiplying (2.67) by 0 0 I x and its transpose,
0 00 1
respectively, we have:
—GTOP1O)G®) s * *
0 | * *
A@)G(O)+ BO)KC2(0)G(O) E@©) —P@O) <0 (2.68)
C1G@)+ DO)KC2(0)G(O) F(O) 0 -1
Obviously, the inequality (2.68) can be ensured by (2.65). (I

Based on Lemma 2.5, the following theorem proposes another form of Hs
performance analysis criterion.

Theorem 2.9 Consider the closed-loop system (2.4) with H(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hx, performance y
if exist matrices M, N, U, L, P(0), G(0), and J(0), scalar B such that the following
matrix inequality holds

“(0) * * * * *

0 —y2I * * * *
AB)GO) + BO)LM E®) —P@®) * * %
C1(0)G(0) + DO)LM F(H) 0 I % <0,

0 0 NTLTBT@) NTLTDT@®) =; «

0 0 0 0 z, —19

(2.69)
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where
g0)=—-G0O)—GT®)+ P®)+ J(©),

¥ =-BUN—-BNTUT,
¥ = (C0)GO) —UM)T .

Proof Rewrite matrix inequality (2.65) in the following form:

—-GO) -G O+ P®H) =« * *
0 —y21 * *
AO)G(9) E® —P@O *
C1(0)G(0) FO® 0 —I
0 o 7"
0 T,T 0
+1 B K[ C20)G®) 0 0 0]+[C2(0)G®) 0 0 0] K Boy | <°
D(®) D(®)
(2.70)

Let us define KU = L and consider two matrix M and N, where the matrices U
and N are nonsingular, from (2.70), we have

Q) * * * 0
0 —y21 * * 0 =1
AOG®O) E@) —P@O) + || BEy |FNNTU [C20)G®) 0 0 0]
Ci()G®) FO) 0  —I D(®)
0 T
+[ @GO 0 0 0] UTNTNTLT B?@) <0.
D(®)
(2.71)
where Q) = —G(©®) — GT(6) + P(6).
Furthermore, one gives
Q(0) * * * 0
0 —)/2] * * 0 —1,,—1 _
AO)GO) E@) —P@) « || B@y [EVNTU [C20)GO)—UM 00 0]
Ci(0)G®) F@O) 0 —I D(®)

0 T

0
B(0)
D)

+[c@®Ge)-um 0 0 0]'UTTNTNTLT
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T

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

Tl Boym o 0o o|T|BEOLM 0 0 0

DO)LM 0 0 0 DO)LM 0 0 0
—-GO)-GTO)+ PO = x %
. 0 2 % *
AO)G®) + BO)LM E@®) —P©®) *

Ci@0)G@O)+DO)LM F@O) 0 I

0
0 I
+ B(®) LNNT'UT'[ C2)G@O)—UM 0 0 0]
D)
0 T
o 0
+[c6Ge) -UuM 0 0 0]'UTTNTINTLT sy | <0 @72
D)

By Lemma 1.3 with a positive matrix J(6), one can be given

0
0 -1
By | LNV UTHC0)6O) —UuM)IT 0 0 0]
D(®)
0 T
+171 0 0 017 (C2@®G®) —UuM) U TNTNTLT B(()G)
D(®)
1 0
0 0 B — -1
=] |/O0 00 0]+ o | LNNTU (C20)G©O) —UM)JT " (6)
0 D)
0 T
ST 0
x (C20)G©®) —UuM) U TNTNTLT .
D(9)
1 0
10 0 - -1
=l |/O01 00 01+] por,n [NTU (C20)G(O) —UM)J ' (6)
0 D(®)LN
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T

0
. T,—T x/—T 0
x (C20)G©®) —UM) U™'N B(O)LN (2.73)
D@)LN
Then, the inequality (2.72) holds if the following inequality is satisfied:
4(0) * * * 0
O —)/21 k k + O N_IU_I
AB)GO)+ BO)LM E@®) —P(@©6) * B@®)LN
CiGOe)+Db@O)LM F@®) 0 -—I D@®)LN
0 T
- T T e 0
x(C20)G(0) —UM)J~1(0)(C20)G®) —UM) UTN-T BoyLN| =%
D@O)LN
(2.74)

where ¢4(0) is defined in (2.69).
Without loss of generality, we assume that matrix C2(0)G(#) — UM is of full
rank. Applying Schur complement to (2.74) yields

4(9) * * * *

0 —y2I * * *
ABO)G®)+ BO)LM E@®) —P(®) s x | <0,
C1(0)G®) + D@O)LM F () 0 —1I *

0 0 NTLTBT@®) NTLTDT®)

(2.75)

1
where 1 = ~NTUT ((C2)G©) = UM) I~ ©)(C20)G(®) ~ UM)") UN.
At the same time, one can be known that

~NTUT((C20)G®) = UM) I~ 0)(C20)G () — U M>T)71U N

< —BUN — BNTUT + B*(C2(0)G(0) — UM)J ' (6)(C2(0)G () — UM)T
= Q.

(2.76)
The above result (2.76) implies that the inequality (2.75) can be verified by

“4(0) * * * *

0 —y2I * * *
AO)GO)+ BO)LM E@) —P(H) * * < 0.
Ci1(0)G(®) + DO)LM F(®) 0 —1I *

0 0 NTLTBT@) NTLTDT@®) @

(2.77)

By using Schur complement, the inequality (2.77) becomes (2.69). (I
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In the following, we consider several combinations about the known matrices M
and N to design static output feedback H, controllers.

[A: M = C5(9) and N = I, the output matrix is with polytopic uncertainties
B: M =Cyand N = C,CY
or the output matrix is

C:M=S8;[1 0](S;is known)and N = I } fixed and

or of full row rank

D:M=[1 0]TT and N =1
(2.78)

where CoT =[1 O].

Remark 2.10 As Remark 2.4, there is a description of this matrix 7. Because of
this matrix C; is full row rank, there exist a nonsingular matrix 7" such that C,T =
[ 7 0] It should be noted that for each matrix C», the corresponding T generally
is not unique. A special T’ can be obtained by the following formula:

T=[clceh™ o,

where Cj‘ denotes an orthogonal basis for the null space of C».

For the cases A-D, the H, performance analysis condition (2.69) are rewritten
as follows, respectively

A:
9(0) * * * * *
0 —y2I * * * *
A0)G(0) + B(O)LC2(0) E®) —P(©) * * *
C1(0)G(0) + D(O)LCH(H) F(O) 0 -1 * * <0,
0 0 LTBT®) LTDT@®) —BU—BUT «
0 0 0 0 P —’ﬁ—ﬁ)
(2.79)
where 5 = (C20)G(6) — UC2(9))" .
B:
“4(0) * * * * *
0 —yzl * * * *
A®)G®) + BO)LC, E(0) —P®) * %
C1(0)G(0) + D(O)LCy F(6) 0 -1 % <0,
0 0 (CCHTLTBT () (C,CDHTLTDT () =) =
0 0 0 0 T — %

(2.80)
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where
T = —pUCC] — B(CCHTUT,

% = (C2G6) —UCy)" .

4(0)

0
A®)G®) + BOLS;[I 0]
C1(0)G(®) + DO)LS;[I 0]

0
0
k k k k k
—y21 * * * *
E®) —-P@©O) * * *
FO 0 iy % « | <0
0 LTBT@®) L"DT@®) —-pU-BUT «
0 0 0 A — 42
(2.81)
where A = (C2G(0) —USi[1 0])".
D:
i “4(0) * * * * x ]
0 —yzl * * * *
AO)GO)+BOL[T 01TT E®) —P®) * -
OGO +DO)LIT 01T F@O) 0 -1 - <0,
0 o LTBT@®) LTDT®) ¥, =«
0 0 0 0 b —%
- T (2.82)
where

T =—-pU - pUT,
% = (GG —ur1 0117’

Based on these analysis conditions (2.79-2.82), the corresponding design results
are given in the following corollaries.

Corollary 2.4 Consider the closed-loop system (2.4) with H(0) = 0 and C2(0) =
C> (Cy is of full row rank). For a given scalar y > 0, the system is asymptotically
stable with the Hoo performance y if, for known scalar B, exist matrices U, L, Pj,
Jj,and Gj, j =1, 2, ..., r suchthat the following matrix inequalities hold
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-G -Gl +P+J x * * * *
0 —yzl * * * *
A;G; + B;LC»; E; —P; * * *
CiiGi+D;LCyi F, 0  —I % « | <0
0 0 L"B! L"D] —pU-BUT *
0 0 0 0  (C2G;i —UCHT — %
i=1,2, ..., r
(2.83)
_—Gj—GjT-+Pj+JJ~ * * * * x
0 . * * *
AiGj —i—BjLCzi E; —Pj * * *
Ci1iGj + DjLCy; F; 0 —1 * *
0 0 LTBJ.T LTD/T —-BU —pUT *
i 0 0 0 0 (CuG;—UCHT -4 |
—Gi—GiT—I—Pi—I—Ji * * * * *
0 —y21 * * * *
AjG; + BiLCy; E; -P * * *
t| CijGi+DiLCy;  Fj 0 —I % % <0,
0 o L'Bl' LTpl -pu-pUT s
0 0 0 0 (C2jGi —UCHT ~— %
i, j=1,2, ..., ri<].
(2.84)

Furthermore, the static output feedback Hxo controller gain matrix in (2.3) is given by
K=LU"L (2.85)
Corollary 2.5 Consider the closed-loop system (2.4) with H(0) = 0 and C2(0) =

C> (Cy is of full row rank). For a given scalar y > 0, the system is asymptotically
stable with the Ho, performance vy if, for known scalar B, exist matrices U, L, P;j,

Jj,and Gj, j =1, 2, ..., r such that the following matrix inequalities hold
—Gi—GiT‘FPi‘FJi * * * * *
0 —yzl * * * *
A;G; + B;LC, E; —P; * * *
C;G; + Di{LC,  F; 0 —1 « x| <0
0 0 (CcHTLTBI (c,c)HTLTDl Ay
0 0 0 0 - %
i=1,2, ..., r
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_—Gj—Gf+Pj+]j * * * * *
0 —y21 * * * *
AiGj—i—Bl'LCQ Ei —Pj * E *
C1iG;+ D;LCy F; 0 -1 * *
0 0 (CcHTLTBI (c,cHTLTDI Ap
JA
i 0 0 0 0 Ayj — FJZ_
~Gi— Gl + P+ * x * £ % ]
0 —y21 * * * *
AjG; + BjLC, j —P; * * *
+ C1jGi+D;LCy Fj 0 —1 * * <0,
0 0 (CQCZT)TLTBJ.T (czczT)TLTDjT N
Ji
0 0 0 0 Noi =4
L j=12, ..., i<}
(2.87)
where

Ay =—BUCCy - B(CC)HTUT,
Arj = (C2Gj —UCY)T.

Furthermore, the static output feedback H, controller gain matrix in (2.3) is
given by (2.85).

Corollary 2.6 Consider the closed-loop system (2.4) with H(0) = 0 and C2(0) =
Ca (Cy is of full row rank). For a given scalar y > 0, the system is asymptotically
stable with the H, performance y if, for known matrix S1 and scalar B, exist matrices

U,V,Pj,Jj,and G, j =1, 2, ..., rsuchthat the following matrix inequalities
hold
—Gi—GiT+Pi+Ji * * * * *
0 —y21 * * * *
A;Gi+BiLS)[I 0] E —P % % % .
CiiGi+DiLS;[I 01 F, 0 -1 * =« |<0i=L2..mrm
0 0 LTBI' LTDI w; =«
0 0 0 0 Wy —%
(2.88)
__Gj—GJT+Pj+Jj * * * x x|
0 et B * * *
AiGj+B;LS[1I 0] E; —P; * * *
CiiGj+D;LS[1 0] F 0 —1 * *
0 0 L"B! LD w; =«
i 0 0 0 0 Wy -
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—Gl'—Gl-T+Pj+Ji * * *

*k *k
0 . * * *
A;jGi+ B;LS[1 0] E; —P; * * *
tlc,G+bpjLsi(1 o1 F, o -1 x « |<0
0 0 L'B] L'D] Wi =«
0 0 0 0 Wy —%
i j=1,2, ..., i<]j
(2.89)
where

T
Ui = (GG —USI[1 0]) .
Furthermore, the static output feedback H, controller gain matrix in (2.3) is
given by (2.85).

Corollary 2.7 Consider the closed-loop system (2.4) with H(0) = 0 and C2(0) =
C> (Cy is of full row rank). For a given scalar y > 0, the system is asymptotically
stable with the Hy, performance y if, for known scalar B, exist matrices U, V, Pj,

Jj,and Gj, j =1, 2, ..., r suchthat the following matrix inequalities hold
-Gi =Gl +P+1J =« * * * *

0 —y21 * * * *
A;G;+B,L[I 01TT E; —P * * *
CiiGi+D;iL[I 01T F 0  —I * « | <0

0 o LTBI' LTD! —pU —pUT *

T .
0 0 0 0 (CGi—urr 0JrT)" 2%
i=1,2,...,r,
(2.90)
—Gj—GjT-i-Pj-i-Jj * * * * *

0 e * * *
AiG;+B,L[I 01TT E -P; * *
CiG;+D;L[I 0I1TT F, 0 —1 * *

0 0 LTBI LTD] —pU — BUT *

T Jj

0 0 0 0 (&Gj-ul1 01T")" -2

-G -Gl + P+ * * * * *

0 2 o« * * *
AjGi+BL[I 01TT E; -P  * * *

*|lcGi+p;L11 01T F; 0 —I * « | <0,
0 0 LTBI L"D! —pU — pUT *
0 0 0 0 (GG-ULl 0rT) —4
i, j=1,2, ..., ri<]j.
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Furthermore, the static output feedback H, controller gain matrix in (2.3) is
given by (2.85).

For the case H (0)=0, we also make a comparison with the existing results to reflect
advantage of the proposed results. With H (6)=0, several existing design conditions
can be described by the following lemmas.

Lemma 2.6 Consider the closed-loop system (2.4) with H(6) = 0 and C>(0) = C»
(C3 is of full row rank). For a given scalar y > 0, the system is asymptotically stable
with the Hy performance y if exist matrices P and N such that the following matrix
equations hold

-p * * ok
0 —y21 * %

. . 0,i=1,2 ... 2.92
AP+BNC, E —P « |T0 T 000l (252)
Ci,P+D;NC, F, 0 —I

C,P=UC,. (2.93)

Lemma 2.7 Consider the closed-loop system (2.4) with H(0) = 0 and C2(0) = C;
(C» is of full row rank). For a given scalar y > 0, the system is asymptotically stable
with the Hy, performance y if exist matrices L1, ISj, and Sj, j =12, ..., r
such that the following matrix equations hold

TS —(TSHT + P = *
2,2
0 YLk okl g i 2 (2.94)
*

A;TS;+B; [L; 0] E; —P;
C,TS;+D;[ Ly 0] F; 0 -1

*
*

~TS; —(TSHT +P; % % =x

0 e
A;TS;+Bi[Ly 0] E —P; x
CuTS;j+Di[L1 0] F; 0o -1

TS —(TSHT + P % % =«

2
0 vl * <0,1i, j=1, 2, , 1<,
AjTSi+Bj [L; O] Ej —P; %
Ci,TS;+D;j[Ly O] F; 0 —1
(2.95)
_| S 0 _
S; [S2j SSj:| , j=1, 2, , T, (2.96)

where CoT =[1 0].
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Lemma 2.8 Consider the closed-loop system (2.4) with H(0) = 0 and C>(0) = C3
(C3 is of full row rank). For a given scalar y > 0, the system is asymptotically stable
with the Hy, performance y if exist matrices Ly, Pj, and S;, j =1, 2, ..., r
such that the following matrix equations hold

—Sl-—Sl.T+Q,- * * *
0 —y2I * *
=1, 2, ...
T-VATS +T-'B, [L; 0] T-'E, —0; s | =% 1=1 2 r
CiiTS;+D; [ Ly 0] F; 0 -1
(2.97)
_S-/'_SJ'T"'Qf * * *
0 —y2I * *
TIATS; +T7'B; [Ly 0] T7'E; —Q; =
C,TS;+D;[Ly O] F; 0 —1
_Si_SiT"FQi * * *
0 — 2 * * .
Tl AT T B (L 0] TUE; —g x | SO B =l 2 i<y
C]jTSi-i-Dj[Ll 0] Fj 0 —1
(2.98)
S0 S0 .
Sj—|:0 53]:| or Sj—|:S2j S3j:|’]_l’ 2, ..., T, (2.99)

where CoT =1 0].

Remark 2.11 The design conditions given in Lemmas 2.6 and 2.7 can directly be
obtained from [3] and [6], respectively. And the condition in Lemma 2.8 can be
derived by applying the homologous matrix inequality technique with Lemma 2.4
or consider a linear transformation on the system state as x(k) = T-x(k), with
C,T=[I 0]

Similar to the Case A (D(O) = 0), the following theorems show also that the
proposed results include the ones given by Lemmas as special cases.

Theorem 2.10 [fthe condition given in Lemma 2.6 hold, the condition in Corollary
2.5 also holds.

Proof If (2. 92) and (2.93) in Lemma 2.6 are satisfied, which implies that C,
P = UCy, P > 0. Since the matrix C, is of full row rank, we have UC2C2

C2C2 Ul = C2PC2 + C2PC2 > (. Then there exist large enough 8 > 0 and small
enough p > 0 such that the LMIs (2.86) and (2.87) hold. O

Theorem 2.11 [fthe condition given in Lemma 2.7 hold, the condition in Corollary
2.6 also holds.
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Proof First, the LMIs (2.94) and (2.95) in Lemma 2.7 can be rewritten as follows:

—TSi —(TSHT + P x % =«
0 —y2I %

ATSi+BL[I 0] E; —P %

C,TS;+D;L1[I 0] F; 0 —I

—TS; —(TS)HT + B; ok %
0 v % % )
— A~ 0, = 1, 27 ceey 1y
ATS; + BLiST'S (1 0] B —P o« |~ g

CiTSi+DiLiS;'Si [I 01 F; 0 —I

(2.100)
and
~TS; —(TSHT +P; = * %

0 —y2I * *
ATS;+BiLi[I 01 E —TS;—(TS)T +P;
CiuTS;+DiLi[I 0] F 0 —1

—TS; — (TSHT + 13,~ * * *

0 —y2I * *
AjTS,'—{-BjL][] 0] Ej —TS,‘—(TSZ')T—{-ISI' *
CijTSi+D;Li[I 0] F; 0 —1

—~TS; —(TSHT + P k%
_ 0 V2 o« %
AiTS; + B,LiS{'SI[T 0] E —P;
CiTS;+DiLi1S;'Si[1 01 F 0 —I
—TS; — (TS)T + P, %k x
1,2
0 R Y (2.101)

T ATS +BiLSTIS (1 01 E; —B s

CuTS;+ D;LiS;'Si[1 01 F; 0 —I
i j=1,2, ..., i<]

If the above condition is satisfied, which implies that T'S; + (T'S j)T > 0,
j=1,2, ..., r.Because C, is of full row rank, we have
CoTS;+TTS])C; = CaTS;Cy +CoS]TTCy
=[1 0]18;C; +CSI[1 0]
=[$ 01C]+CaAsSi 0]



54 2 Robust Static Output Feedback

=811 01ct+crr1 o1's!
=81l +ortclsl >0, j=1,2, ..., r (2.102)

However, we are not sure that S; + SlT > 0.
On the other hand, from C,T = [ 1 0 ], we can know that

CTS;=[1 018,

PR (2.103)
=171 o1| 2! =[S 0]=8[I 01, j=12, ..., r
Szj S3j

Then there exist large enough f > 0 and small enough p > 0 such that the
following matrix inequality holds:

TS —(TSHT + P, * * %
0 21
ATS; +BiLiS7'Si [ 01 Ei —P
CiTSi+DiLiS;'Si[1 01 F 0 —I

+3(@is;hTo o B DI )’ (2.104)

OO O~
SO O *
SO ¥ ¥
O % ¥ ¥

1 !
x (21 =p(ears;—si 11 0)si(Crsi—sit1 o))

< ((LispHTro o BT DIy <o0,i=1,2, ... r,
—~TS; —(TSHT + P €k %
0 —2 % %
ATS; +BiLiST'S [ 0] Ei —Pj
CyTS; +DiLiS7'Si [1 01 F 0 —I
—TS; —(TSHT + P, ok ok
n 0 v % %
AjTS; + B;LiS;'S1[1 01 E; —P x
C;TSi+D;LiS;'$i [1 0] F; 0 —I
I *x x x
2000 5 L L s 0 0 BT+ BT D47
2000 0 0 5| @S i +Bj D +Djl)
0000
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1
x (41 = B(C2TSi = SI 11 01+ CaTS; =S [ 01)1
0

-1
X (CoTS; = S1[1 01+ CTS;—Si[1 0])T)

x ((LisyHTro o Bf+B] DI +DI 1) <0.i<ji j=1.2 ...~
(2.105)

By defining L = L1S;', U =1, G; = TS;, P; = Pj, J; = pl, j =
1, 2, ..., r, and applying Schur complement, the LMIs (2.88) and (2.89) in Corol-
lary 2.6 can be obtained. O

Theorem 2.12 [fthe condition given in Lemma 2.8 holds, the condition in Corollary
2.7 also holds.

T % x x
. 0 I % =* .
Proof Pre- and post-multiplying (2.97) and (2.98) and by 00 T = and its
00 0 I
transpose, respectively, we have
78517 —1ST'TT + 7O, 7T & * *
0 - )/21 * * .
ATSTT +BL 1 01T B —1orT s | SO iTh 2
c;TS;TT +p; LI 01TT  F 0 -1
(2.106)
~T8;T" —TS]T" +TQ;T" * *
0 — 2 * *
A TS;TT +B;Ly [I 0]TT E; -TQ;T"
CuTS;,TT +D; LilI 0]TT F 0 -1
=T8T —TS'TT + TQ,TT % * * (2.107)
n 0 | * * 1 _o
A;TSTT +B;Li[1 01TT  E; —TQTT % ’
C\,;TSTT +D; LilI 0]TT F; 0 —1I
i, j=1, 2, , 1< .
Obviously, these LMIs imply that S + SlT > 0.
From (2.99) and C,T =[ 1 0], we have
CTS;TT =[1 018,77 =[S 01TT =811 01TT, j=1,2, ...,
(2.108)

Similar to the proof of Theorem 2.11, by choosing G ; = TSjTT, Jj=pl, Pj=
TQjTT, j=1,2, ..., r,L=L1, U= S8 and applying Schur complement, the
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inequalities (2.107) and (2.108) can be changed into (2.90) and (2.91) in Corollary
2.7, respectively. O

2.1.1.3 Several Further Studies

A: Application of Lemma 1.5

The proposed design results in Sects.2.1.1.1 and 2.1.1.2 can further be relaxed
by using LMI technique in Lemma 1.5, which adds more slack matrix variables. To
mention a few:
For Theorem 2.2:

Theorem 2.13 Consider the closed-loop system (2.4) with D(0) = 0 and give
scalars y > 0. Then the system is asymptotically stable with the Hy, performance

y if, for known scalar B, exist matrices U, V, P;, J;, G;, j =1, 2, ..., r,
’f'ﬁ, i=1, 2, ..., r, and 'ATji, i, j=1,2, ..., r, i < j such that the
following matrix inequalities hold
—P; * * * * *
0 —y21 * * * *
GiA; +B;VCy G;E;+B;VH;, 9 +J; x* * * .
Cii F; 0 —1 * * < Tij,
VCy; V H; 0 0 —pU-—-pUT «
0 0 0 0 G;B—BU - g—f
i=,2,...,1
(2.109)
B —P; * * * * x
0 —y2I * * * *
GjA,'—G—BiVCzj GjEi—I—BiVHj gi+li * * *
Cy; F; 0 —1 * *
VCyj VH; 0 0 —pU-BUT «
J.
i 0 0 0 0 GjBi—BU — ﬂ—fz i
_Pi % ES * ES %
0 —y2I * * * *
GiAj+BjVCy G;E;+B;VH; ¥+ J; * * *
Clj Fj 0 —1 * *
VCyi V H; 0 0 —pU-BUT «
0 0 0 0 GiBj—BU ~—
<Y+ i j=12 ... ri<j

(2.110)
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?1] * *
Y1 Yoo ... %

. . ) <0, (2.111)
Y Yo ... T

where 9; = =G — GJT + P;.
Furthermore, the static output feedback Hx, controller gain matrix in (2.3) is
given by (2.22).

For Corollary 2.2:

Theorem 2.14 Consider the closed-loop system (2.4) with D(0) = 0 and give
scalars y > 0. Then the system is asymptotically stable with the Hs, performance

y if, for known scalar B, exist matrices U, V, P;, J;, G, j =1, 2, ..., r,
Yi,-, i=1, 2, ..., r andf/i, i, j=1,2, ..., r, i < j such that the
following matrix inequalities hold
O <Y, i=1,2, ..., r (2.112)
Hij+Hji<’in+iji,i<j, i, j=,2, ..., (2.113)
“Ar“ R
Yo1 Yoo ...
. ) <0, (2.114)
le i‘rZ cee i‘rr
with
_ _p,
0
GiA; + ! RV Cy;
Hij _ Jjai 0 1 2i
Cii
VCy
i 0
* * * * T
1
GjE,'+|:O:|R1VHi gj‘i‘-]j * ok *
F; 0 —I % *
V H; 0 0 >
J.
0 0 0 X —ﬂ—fz_
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and

gj =-G; —G?+P',
¥ =-pU - pUT,

X, =G;B - |:(I)j| R U.

Furthermore, the static output feedback Hs, controller gain matrix in (2.3) is
given by (2.22).

Of course, the relaxed characteristic of Lemma 1.5 can also be applied to the
existing design results. To Lemma 2.3 as an example, we have

Lemma 2.9 Consider the closed-loop system (2.4) with D(0) = 0 and give a scalar
y > 0. Then the system is asymptotically stable with the Ho performance y if

exist matrices L, Pj, R;, j =1, 2, ..., r, Yy, i =1, 2, ..., r, and
Yji, i, j=1,2, ..., r, i < jsuch that the following matrix equations hold
—135 * * *
0 —y2I * *

L L A Yii,
RiYAi+[0}c2i R,-YE1~+[O]H1~ “RY RV + B o | T
Cii F; 0 —1

i=1,2, ..., r
(2.115)
—ﬁj * * *
0 —y2] * *
RjYAi+|:é]C2i RjYE,'~|-[8i|H,’ —RjY—(RjY)T~I—ﬁj *
Cii F; 0 -1
—131» * * *
0 —)/21 * *
. T
* RiYAj""[S]CZj RiYE/“L[g]H/ —RY— RN+ B o | T
Cij Fj 0 =1
i, j=1,2, ..., ri<]}],
(2.116)
Tll * *
T21 Tzz %
. . . <0, (2.117)

T Yo ... Yo
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| Rt Ry .
R]_[O R3J,]_1, 2, .. T (2.118)

Next, we will study the relationship between the proposed results and the existing
ones under considering the relaxed characteristic of Lemma 1.5 (i.e., Theorem 2.14
and Lemma 2.9).

Theorem 2.15 [fthe condition given in Lemma 2.9 holds, the condition in Theorem
2.14 also holds.

Proof The LMIs (2.115) and (2.116) in Lemma 2.9 can be rewritten as follows:

—13,- * * *
0 —yzl * *
L L . - <0,
R,~YA,~+[O}C21 R,-YEi—f—[O}Hi —RY -RT + P « "
Cyi F; 0 -1
i=1,2,...,r,
(2.119)
—P * *
0 -yl *
R_iYAf+[6]C2i R_,-YE,~+[6]Hi —RY — R + B
Cii F; 0
_]3[ * *
0 —y2I * * " T
" RfYA./+[6]C2.i RiYE.i+[6]Hi —RY RV + B« |7 T i
Cyj F; 0 —1I
<0,4, j=1,2, ..., ri<]j.
(2.120)

Recall (2.56), if the LMIs (2.119) and (2.120) are satisfied, then there exist large
enough 8 > 0 and small enough p > 0 such that

_ T
Qi +p +%(R11L[C2i Hi 0 0])

S oo O
SO O ¥
O~ ¥ ¥
S ¥ % ¥

e
x (21 - ,B(R,-YB - [é} Rl)T %I(R,-YB - [([)} Rl))

x(R7€'L[Cy Hi 0 01) =7y <0,i=1,2,...,r
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and
0 * % x*
0 0 % =x* _
i+Qi+20| o o o | THERILICH+Cy Hi+H 0 0))]
0000
1 I T, I
X(4I—ﬂ(RjYB—[O]R1 +RiYB—[0]R1) EI(RjYB—[O}Rl

-1
I _
+R,-YB—[O]R1)) (R; 1L[C2i+C2j Hi+H; 0 0])—Y; -7l

ji <0,
i j=1,2,...,ni<j
(2.122)
with
B
0
Qi = I 3
Y RjYA,-+[O} 1Ry 'LCy;
Cii
k * *
_VZI * *
RjYEi+|:(I):|R1R11LHi —R;Y —(R;jV)T + P; %

F; 0 -1

Using Schur complement to (2.121) and (2.122) yields, respectively, it follows as:

0 * *x %
00
Qitelo o }k : =i * *
00O00O0 <0,i=1,2, ..., r,
R]_lL[Czi H; 0 0] —p1 — Bl *
1 I
i 0 R,-YB—[O]Rl —g%_
(2.123)
and
0 * % x%
00 % x
Q5j+Qji+20| o o 7 & - Yji—Y};
00O0O0
RllL[Czl'-i-Cz] H; + H; 0 0]
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B3 k
—BI — BI — BI — BI * <0,
I I
RjYB—[0:|R1+RiYB—|:O:|R1 —22—5
i, j=1,2,...,ri<].

(2.124)

If the above LMIs (2.123) and (2.124) are satisfied, then there exists a small
enough o > 0 such that

0 % *x x
00 % x
R ¥ *
0000 Tii o * *
<! 0 —ol *
R7'L1Cy H 0 01 —pI—§I * 0 0 —ol
1 I
I 0 RiYB—[O]Rl —2—2_
i=1, 2, A
(2.125)
r 0 % % T
0 0 % =x
jTiF2 g g g * *
0000
RI'L[Cy+Cyj Hi+H; 0 0] —BI — Bl —BI—BI *
0 RvB—|1|Ri+rRYB—|!|R 2L
J - 0 l+ i - 0 1 - /32
Tj,‘ ko T}; *
<] 0 0 x|+ 0 0 %], 4 j=1,2 ....,ri<]j.
0 00 0 0
(2.126)

Let us consider the following matrix:
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(Y o« % % % % % % % * ok ok
0 —ol =« * * * * * * * * *
0 0 —ol =« * * * * * * * *
Ty O 0 Ty x* * * ok * * * *
0 O 0 0 —ol = * * * * * *
0 O 0 0 0 —ol = * * * * *
Mm=| Tn 0 0 T3 O 0 Y33 = * * * *
0 0 0O 0 O 0 0 —ol =x * * *
0 0 0O 0 O 0O 0 0 —oI * * *
Y1 0 Yo O 0 T3 O 0o - Yy x* *
0 0 0O 0 O 0O 0 O 0O -+ 0 —0ol =«

| 0 O 0O 0 O 0O 0 O o --- 0 0 —ol

(2.127)
By applying the technique of elementary transformation of matrix, the matrix IT
can be transformed as follows:

T % ok - ok ok %k % ok -ee % * %
o1 T2 x --+ % x * * ¥ ek * *
Y31 Y32 Y33 -+ % % % %  * * x %
Yr1 Y2 Y3 oo T % * * * * * *

0O 0 O -0 —ol =« * * * * *
= 0O 0 O -0 0 —ol =« * * * *
0O 0 O -0 0 0 —ol =« * * *
0 0 O -0 0 0 0 —ol * * *
0 -0 0 0 0 0 -~ —ol =% *
o 0 o0 --0 O 0 0 0O -+ 0 —ol =«
. 0 0 0 ---0 O 0 0 o --- 0 0 —ol

(2.128)
If the inequality (2.117) is satisfied, which leads to I' < 0, i.e, IT < 0. Let us
define

Ti,‘ * k
Yi=| 0 —oI x |,i=1,2,...,r
0 0 —ol
(2.129)
YTii * %
Ti=| 0 0 %|,i,j=1,2...,ri<]
0 00

and unite (2.125) and (2.126), the LMIs (2.112)-(2.114) in Theorem 2.14 can be
obtained by defining G; = R;Y, Pj = P;, Jj =pl,j=1,2, ...,V = R{'L,
andU = 1. O
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B: Application of Lemma 1.6

When D(6) = 0, let us recollect the following H, performance analysis criterion
[ A®) + BO)KC2(0) E@©)+ B(O)KH(©) ]T
xP(@O)[ A() + B@O)KC2(0) E®)+ BO)KH(®) | (2.130)

slao rolTao ol 4P %] <o

By using Lemma 1.6 with

T=[ci® F©O][C1® F(e)]+[_%(9) _321]

A=[A®)+B@O)KC20) E@®)+BOKH®) ],
P = P(9),

and introducing two auxiliary parameter-dependent matrix variables G (6) and M (0),
the matrix inequality (2.130) can be guaranteed by

Qi "
[92 -G®) - GT ) + P(@)] <0. (2.131)

where

Q =[Ci16) F®)'[Ci1®) FO)]+ [_%(9) _321}

+[ A®) + BO)KC2(6) E©®) + BOKH®)]" M7 (6)
+M©O)[ A®) + BO)KC2(0) E®) + BO)KH®)],

Qo =-MT©O)+GO)| A©B) + BO)KC2(0) E@©)+ BO)KH®)].
. S©) . o
By defining M (6) = 0 and applying Schur complement to (2.131), it yields

Dy * * *

(OB —y21 * *
@y, Dy GO) * <0, (2.132)

cCi) F@EO) 0 -—-I
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where
D1y =—P@O)+SO)AO) + SO)BO)KC2(0)

+AT©)ST©®) + T ©)KT BT (9)ST (0),
dy = ET©)ST0)+ HT(0)KT BT (0)ST(0),
@31 =—ST(0) + G(O)A®) + G(O)BO)K C2(6),
®3 =GO)EW®)+GO)BO)KH(®),
G©0)=—-G®)— G (©®)+ P®).
Remark 2.12 Compared with the condition (2.5), the Hy, performance analysis
criterion (2.132) is more relaxed. In fact, when M (#) = 0, the condition (2.132)

reduces to (2.5) of Lemma 2.1 that implies that the condition (2.5) is a special case
of (2.132).

Next, we derive new static output feedback H, controller design results based
on the Hy, performance analysis criterion (2.132).
Obviously, the matrix inequality (2.132) is equivalent to

Q ¢ % % S()B(H)
ET©6)ST(0) —y2I S 0 K
—ST0)+ GO)ABO) GOE®) 90) * G(6)B()
C1(0) F(6) 0 -1 0
s©B®) "

0

x[C26) HE) 0 0]+[Ca6) HEO) 0 0] K" coBe | <O
0

(2.133)

where @ = —P(0) + S(0)AB) + AT (0)ST ().
By defining UK = V and considering matrices M, R, and N, where U and N
are nonsingular without loss of generality, we have

r 2 £ 2] [S©BO)
fST]f@)(i)SG((ae))A(a) G_(g)é(g) ;(Q)I + G(Q)OB(Q) U-'NTINV
C1(0) F©&) 0 I 0
s@B©O) 7"
x[C20) HE) 0 0]+[C20) HE) 0 0] VINTNTUT G(a)OB(e)

0
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Q * * *
_ ET(©0)S"(0) A x s
—ST©)+ GO)A®) GOIE®) 9(©O) *
C1(6) F () 0 —I
S(©)B(®) — RU
0 a1
| coypoy—mu |V N NV[C2(0) H®) 0 0]
0
S©)B@©) —RrU 7"
T —T— 0
+[C200) H®) 0 O] VININ-TU-T GO)B@O) — MU
0
R R
+ 1\04 V[ C26) H®) 0 01+[C20) H® 0 0] VT A04
0 0
I1 * * *
| ET®ST©®) +HT©VIRT —y?I *
T =STO)+ GOAW®) + MVC2(0) GO)E®)+ MVH®) 90) *
Ci1(®) F(6) 0 —I
0
+ 0 U'NTINV[C20) H®) 0 0]
G©)B(9) — MU 2
0
0 T
T T 0
+[C20) H®) 0 0] VINTN-TU-T G©)B©) — MU
0
S(@©)B(©) — RU
+ 8 UT'NTINV[C20) H®) 0 0]
0
S@)B@®) - RU "
+[c0) H®) 0 0] VININ-TU-T 8 <0,

0

(2.134)
where IT = —P(0) + S(O)A©®) + AT(0)ST () + RVC2(0) + CT (©)VTRT.
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By Lemma 1.3, for two positive matrices J(0) and X (9), we have

0
G(G)B(g)—MU UTINTINV[C0) H®) 0 0]
0
0 T
r Ty 0
Hleo 1O 0 0FVININTUT 66 56) - mu
0

~

IA

J(©)

O~ O O
O ~O O

+[C20) H®) 0 o]TVTNTN*TU*T(G(e)B(e)—MU)Trl(e)

x (G®)B®) — MU)U™'N"INV[ C2(0) H®) 0 0],
(2.135)
and

S@)B®) — RU
0
0
0

U'NTINV[C20) H®) 0 0]

s@B@)— RU"

+[Ca0) H® 0 0] VINTNTU-T 8
0
I Il
0 0
=0 lX®1
0 0

+[Ca0) H®) 0 0] VINTNTUT(S®6)B®O) — RU) X~1(6)

x (S@)B®) — RU)UT'NTINV[ C2(0) H(®) 0 0].
(2.136)
Based on (2.135) and (2.136), we can use the following matrix inequality to ensure
(2.134):
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m+ X(@6) * * *
ET@)sT©) +HT 0 VT RT —y2I * *
—ST @)+ GO)AWB) + MVCy(0) GOVEW®)+MVH®B) 90)+J0O) *
C1(0) F(0) 0 —1

+[Ca0) H®O 0 o]TVTNTN—TU—T(G(e)B(e)—MU)TJ—‘(e)
x (G®)B®O) — MU)UTNTINV[ C26) H@©®) 0 0]

+[c6) HO) 0 0] VINTNTU-T(50)B6) — RU)" Xx~'(6)

[
(
[
x (S@)B®) — RU)UTINTINV[ C26) H®) 0 0] <0. (2.137)

Follow the same procedure of Theorem 2.1, strictly, the final Hy, performance
analysis criterion is summarized by

[T+ X(6) * * x ok ok * *
Oy —y21 * * ok ok * *
O3] O3 GO +JO) x *x x* * *
C1(0) F(0) 0 —I * % * *
NVCy(8) NVH®) 0 0 3 % % <0,
NVC2(6) NVH () 0 0 0 =3 =« %
0 0 0 0 % 0 -4 o«
0 0 0 0 0 % o X9
) (2.138)

where

02 = ET©)ST ) + HT 0)VT R,
O3 = —ST () + GO)AB) + MV C2(0),
O3 = GO)E®) + MVH(6),

¥, =—BNU — BUTNT,

) =GH)BO) — MU,

¥3=-nNU —nUTNT,

¥4 = S(0)B(H) — RU.

Remark 2.13 1In fact, the Hy, performance analysis criterion (2.138) can be relaxed

further by adding another matrix variable N. Let us rewrite the matrix inequality
(2.133) as follows:

Q * * *
ET6)sT (9) —y21 %
—STO)+GO)A®B) GOE®) ¥4O) *
) F () 0 -1
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0 0 T
0 T,T 0
| 6©)B®) K[ Ca(6) H®) 0 0]+[C2(6) HEO) 0 0] K G©)B®)
.0 0
" S(0)B(0) NOYIONE
+ g K[ C2(0) H®) 0 0]+][Ca(6) H®) O O]TKT 8
0 0
Q * * *
ET(6)sT0) —21 « %
—ST@O)+GO)A®B) GOE®) “©H) =
C1(0) F () 0 -1
0
0 —1y—1
+ GO)B®) UT'NT'NV[Ca(6) H®H) 0 0]
0
0 T
T T T n—T =T 0
+[C20) HO) 0 O] VIN'NT'U G©)B®)
0
S(0)B(0)
+ 8 UTINTINV[C0) H®) 0 0]
0
NOYIONE
+[c0) HO) 0 o) VINTNTy-T 8
0

Then, the Hy, performance analysis criterion (2.138) becomes

[T+ X (0) * * * ok % * *
©21 —y2I * %k ok * *
O3 O3 GO)+J@O) * * * * *

Ci1(0) F@©) 0 —I % % * *
NVCy(6) NVH() 0 0 X = * * <0,
NVC12(6) NVH(®) 0 0 0 %3 =« *

0 0 0 » 0 — % *
0 0 0 0 %, 0 - %_

with 3 = —yNU — nUT NT.
Based on (2.138), the static output feedback Hy, controller design result is given
in the following theorem.
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Theorem 2.16 Consider the closed-loop system (2.4) with D(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hy, performance y
if, for known matrices M, N, R and scalar B, n, exist matrices U, V, P;, J;, and

Gj, j=1, 2, ..., rsuch that the following matrix inequalities hold
A,’l‘ < O, i = 1, 2, A (2139)
Ajj+Aji <0, i<j, i, j=1,2,...,7 (2.140)
with
T An * * % * * * * ]
Ay =y % % * * * *
A3z Az A3z % * x % %
Cii F; 0 -1 * x % *
Aijj=| NVCy NVH; 0 0 —BNU-BU'NT « x «x ;
].
0 0 0 0 GjBi — MU - ﬂ—fz * *
NVCy NVH; O 0 0 0 gy o ox
0 0 0 0 0 0 8 —F
and
A =—Pj+§;A; + AiTSJ-T + RV o + Cgl-VTRT + Xj,

Ay =E[S] +H' V'R,
Azp=—S] +GjAi + MVCy,
Ax» = GE; + MVH,,

A3 =—-G;—GT +Pj+ 1,
3=-nNU —nqU" N,
4=S;B; — RU.

o] 0]

Furthermore, the static output feedback H~o controller gain matrix in (2.3) is
given by (2.22).

C: An Extended Study for the Case D(0) # 0and H(0) # 0

Approach 1:
In this case, the condition (2.5) is replaced to
—P(®) * * ok
0 —y2I * %

G(O)A®) + GO)BOIKC2(0) GO)E®) +GOBOKH®O) A *
SO)C1(0)+ SO)DO)KCr(0) SOF@O)+SO)DO)KH@B) 0 Ay
(2.141)
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where
Al =—-GO)+GT@®)+ P©O),

Ay =—-SO)+ST®O) +1.

By considering a similar process with the condition (2.138), we can obtain the
following H, performance analysis criterion:

r —P@©) * * * * * * * 7]
0 —y21 * * * * * *
®31 O3 ®33 * * * * *
O41 40 0 Oy * * * *
NVCy@®) NVH@®) 0 0 —pBNU-BUTNT « * * <0,
NVCy(@) NVH@®) O 0 0 33 * *
0 0 0 0 GOBO-MU 0 -— % *
0 0 0 0 0 5 o0 X0

7
(2.142)

where
O31 = GO)AO) + MV C,(0),

O3

GO)E®)+ MVH@O),

O35 = —G(0) — GT(0) + P(0) + J (0),

O41 = S(O)C1(0) + RVC2(0),

O = SO)FO)+ RVH(®),

Ou =—S©O)— ST ©O)+1+X(©O),

Y3 = —nNU —nUTNT,

s = S@®)D®)— RU.
Theorem 2.17 Consider the closed-loop system (2.4) and give a scalar y > Q.
Then the system is asymptotically stable with the Hx, performance y if, for known
matrices M, N, R and scalars B, n, exist matrices U, V, P;, J;, S;, X;, and

Gj, j=1, 2, ..., rsuch that the following matrix inequalities hold

A <0,i=1,2,...,r, (2.143)

Aij+Aji <0, i<j, i, j=1,2,...,1 (2.144)
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with
r —P; * * * * * * * ]
0 —yQI * * * * * *
A3 A3 A3z % * * * *
Aygq Agp 0 A * * * *
Aijj=| NVCy NVH;, 0 0 —BNU-BUTNT * * * ;
NVCy NVH, 0 0 0 T3 * *
0 0 0 0 GjBi — MU 0 —F
0 0 0 0 0 S;Di—RU 0 -2
L 72
and

A3 = GjA; + MV Cy,
A3 =GE; + MVH;,

T
A3 =—-G;—G; +Pj+J;,
Aq1 = §;C1; + RV,

T
A44=—Sj—Sj +I+Xj,
Ayp = S;jF; + RV H;,

Y3 =-—nNU —qUTNT.

Furthermore, the static output feedback H, controller gain matrix in (2.3) is
given by (2.22).

Approach 2:
Let us consider (2.65) with H(0) # 0, it follows that

—G@©®)—GT(®) + P(®) * * *

0 —S®) — ST®) + ;—21 * *

AB)GO)+ B(O)KCL,(0)GO) EMO)SO)+ BO)KH@B)SH) — P@H) =
Ci1(0)G(0) + D(O)KC2(0)G () F©)S®)+ DO)KH(@®)S®) 0 —I

< 0.
(2.145)

By defining K = LU ! and adding a nonsingular matrix N, the matrix inequality
(2.145) can be rewritten as the following form:

—G) —GT )+ P(©®) * * *
0 —S50) — ST ®) + %1 * *
AO)G(6) E©)S(0) — P(O) x*

C1(0)G(©0) F(0)S(0) 0 -1



72 2 Robust Static Output Feedback

0
0 -1
+ B(®) LNNT'UT'[ C20)G®) H©®)S®) 0 0] (2.146)
D(6)
0 T
+ QOGO HEOsE) 0 o UTNTNTLT B <o
D(6)

Considering two matrices M and R, from (2.146), we have

—G(©) - G (©) + P(©®) x %
0 —50) —sT@®) + ﬁl * *
AB)G®) + BOLM  E@)S©O)+ BO)LR —P®H) *
C1G®) + DO)LM  F(6)S©®)+ D@O)LR 0 -
0
0 —1y—1 _ _
+ B®) LNNT'UTH C20)G(O) —UM H()SO)—UR 0 0]
D(0)
0 T
+[ 0G0 —uM H©O)SO) —~UR 0 0] UTN-TNTLT B‘()e) <o0.
D(®)
(2.147)
Then, we can give the following H., performance analysis criterion:
_fll k k * * k % * ]
0 TI'» * * * ok * *
l:31 f32 — P(@) * * * * *
1:41 1:‘42 0 —1 * * * *
0 0 NTLTBT®) NTLTDT®) %, *  « % <0,
0 0 NTLTBT@®) NTLTDT®) 0 X, =« *
0 0 0 0 23 0 —% *
0 0 0 0 S
- (2.148)

where
T =-G@O) -G (0)+ PO)+J©),

- 1
I =-50)—ST0)+ ﬁz +X(0),
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T3 = A®)G () + BO)LM,
T3 = E(0)S(6) + BO)LR,
Ty = C1(0)G(©O) + DO)LM,
Ty = F(0)S(6) + DO)LR,
¥ =—-BUN — gNTUT,

¥ =—ngUN —yNTUT,

53 = (C20)G6) —UM)",

S, = (H©)S©O) - UR)".

Theorem 2.18 Consider the closed-loop system (2.4) and give a scalary > 0. Then
the system is asymptotically stable with the Ho, performance y if, for known matrices
M, N, R and scalar B, n, exist matrices U, L, P;, Jj,and G, j=1,2, ..., r
such that the following matrix inequalities hold

Ajj<0,i=1,2, ..., (2.149)
Aij+Aji <0, i<ji, j=12...,r (2.150)
with
T = * * * % * * *
0 I'p * * E * * *
I';p T’ — P(H) * * ok * * *
'y T'pp 0 —1 * ok * * *
Ao | O 0 NTLTBI NTLTDI 5 %« %
Y 0 0 NTLTBI NTL™D] 0 = =« x x|’
0 0 0 0 5 0 —% %
0 0 0 0 0 % 0 — % %
L0 T 0 0 0 0 0 0 —yp2r
and

F'in=-G; —G§+Pj+J',
[ =-§; —S]T—i—Xj,
I'31=A;G; + BiLM,

I'3p =E;S; + B/LR,

I'yy =C1uGj+ DiLM,

Ly = F;S; + D;LR,
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¥, =—-BUN —BNTUT,
¥ =-nUN —yNTUT,
%3 = (C2iGj —UM)T,
¥y = (HiS; —UR)".

Furthermore, the static output feedback H, controller gain matrix in (2.3) is given
by (2.85).

2.1.2 Continuous-Time Systems

Consider the following continuous-time linear systems system with polytopic

uncertainties
x(t) = A@)x(t) + B(@)u(t) + E@)w(t),

z2(t) = C1(0)x(t) + DO)u(t) + FO)w(?), (2.151)

y(t) = C20)x(t) + HO)w(2),

where x (1) € %" is the state variable, u(t) € %™ is the control input, w(r) € % is

the noise signal that is assumed to be the arbitrary signal in L,[0, 00), z(t) € %4

is the controlled output variable, y(t) € Z? is the measurement output. The system

matrices A(0), B(0), E©), C1(8), D(#), F(08), C2(0), and H(0) belong to (2.2).
Here, we consider the following static output feedback H, controller

u(t) = Ky(t). (2.152)
By substituting (2.152) to (2.151), the closed-loop system is given by

x(1) = (A0) + BO)KC2(0))x(1) + (E©®) + BO)K H(0))w(t),
(2.153)
2(1) = (C1(0) + DO)K C2(0))x(t) + (F(6) + DO)K H(6))w(t).

2.1.2.1 Case A: D) =0

First, we will study new H, performance analysis criterions for the continuous-time
closed-loop system (2.153) with D(8) = 0. In this following, a basic lemma is given.

Theorem 2.19 Consider the closed-loop system (2.153) with D(6) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the H~o performance y
if exist matrices P(0), G(0), X(0), and K such that the following matrix inequality
holds
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~G(®) - GT®) x ok x
(A®) + BOIYKC20)) GT 0)+ P(O) —2P©O)+X(©O) *  * -
(E®) + BOKH®) GT (6) 0 —2 o« %
0 C1(0) F@O) -1 *
GT®) 0 0 0 —X®©®
< 0.
(2.154)
Proof Construct a parameter-dependent Lyapunov function as
V() =xT(t)PO)x(t), P©®) > 0. (2.155)
The derivative of V (¢) can be given by
V()= xT () PO)x(@) + xT (1) P©O)x (). (2.156)

Then, we have
V() + 2T (1)z(t) — y*wT (Hw(t)

=T P@O)x(t) +xT O P@)x () + T (t)z(t) — y*wT ()w(t)
T
= ((A® + BOKC0)x(t) + (E©) + BOKH@)wn)) POX(0)
+xT(t)P(9)((A(9) + BO)KC2(0))x(1) + (E©) + B(G)KH(Q))w(t))

+(C1Ox(0) + FOWD)T (C1Ox(1) + FOWD) — 2w (0)w(r)

., . Q * x(1)
=[xT@®) wh@)] |:(E(9) + B(Q)KH(@))TP(Q) - )’21:| [W(t)]

[T wo [ci@e) F©) ] [Cr®) F(e)]["(”]

w(t)
(2.157)
where @ = P(6)(A©) + B(O)KC2(0)) + (A(®) + B(G)KCQ(Q))TP(G).
If the following inequality
¢ * c10) F@) |"[c10) F@)]<0
(E®) + BOKHO) PO 21 +[C® FOT[C1©® FO <0,
(2.158)

holds, we have V(1) + 2" (1)2(1) — y*w" ()w(r) < 0 for any [fvitt;] # 0.
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By using Schur complement, (2.158) leads to

Q * *
(E(9)+B(9)KH(9))TP(9) —y2I % | <0. (2.159)
C1(0) F@®) —I

Then, based on Lemma 1.7 with considering a parameter-dependent matrix X (6)
and V = G(0), the matrix inequality (2.159). can be guarantee by (2.154). If the
matrix inequality (2.154) is satisfied, we have V (1) + e (t)e(r) — y°w! ()w(r) < 0

for any [fvg ﬂ 0, which implies that

V(c0) — V(0) + /OO el (He(t)dr — ;/2/00 wl (Ow(t)dt < 0.
0 0

With zero initial condition x(0) = O and V (c0) > 0, we obtain fooo el He(t)dt <
y2 fooo wT(t)w(t)dt for any nonzero w(t) € L»[0, o0). Thus, the proof is com-
pleted. O

Based on the discussion in Theorem 2.19, we introduce our main results on
H, performance analysis for the continuous-time closed-loop system (2.153) with
D(0) = 0. Obviously, the matrix inequality (2.154) is equivalent to

-G®) - GT(®) * % %
T T G(©0)B(©0)
ATOGT )+ P©®) —2PO)+X(©O) *  * * 0
ET©)G"©) 0 2o« x|+ 0
0 C1(0) FO) —1 x 0
GT®) 0 0 0 —X®©® 0
GoB@E) "
0
xK[0 C2(0) H®) 0 0]+[0 C2(6) H®) 0 O]TKT 0 <0.
0
0
(2.160)

Then, by following the same derivation with Theorem 2.1, we give the following
H, performance analysis criterion:

Theorem 2.20 Consider the closed-loop system (2.153) with D(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the H~, performance y
if exist matrices P(0), G(@), X (), J(0), M, N, V, and U, scalar B such that the
following matrix inequality holds
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E11 * * * * * *
By —2PO)+ X(©®) * * * * *
E31 0 —yzl * * * *
0 C1(0) F(0) -1 * * * <0,

GT ) 0 0 0 —X@©O) * *
0 NVC,(0) NVH@®) 0 0 A *

| 0 0 0 0 0 Ay —Z8
(2.161)

where

Ei=-GO) -G (O) +J ),
B = AT@O)GT@O)+ PO)+ClO)VIMT,
By =ET©)GTO)+HTO)VIMT,
A1 = —BNU — BUTNT,
Ay =G@O)B()— MU.
By the analysis condition (2.161), the corresponding static output feedback H,
controller design result is given in the following theorem.

Theorem 2.21 Consider the closed-loop system (2.153) with D(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hoo performance
y if, for known matrices M, N and scalar B, exist matrices U, L, P;, Jj, and

Gj, j=1, 2, ..., rsuch that the following matrix inequalities hold
Yii<0,i=1,2, ..., r (2.162)
Yij+Y<0,i<j i, j=12 ....r (2.163)
with _ _
Y11 * * * * * *
To1 —2Pj+X; = * * * *
T31 0 . * * *
Tij = 0 Cli Fi -1 * * % ,
Gl 0 0 0 —X; %
0 NVCy; NVH; 0 D *
].
i 0 0 0 0 0 &, - ﬂ—’z_
and

Yiu=-G; -G+,

Yo =A G| + P+ CpvIM",
Yy =E/ G} + H'VIM",

®; = —BNU — BUTNT,
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&, =GB —MU.

Furthermore, the static output feedback H, controller gain matrix in (2.3) is given
by (2.22).

2.1.2.2 CaseB: H#) =0

In this case, by choosing a parameter-dependent Lyapunov function as V(¢) =
T 0~ @)x(t), 0@©) > 0 and using Lemma 1.8, the basic lemma is given as
follows.

Lemma 2.10 Consider the closed-loop system (2.153) with H(6) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the H~ performance y
if exist matrices Q(0), G(0), X (0), and K such that the following matrix inequality
holds

r —G©) - GT®) * * * *
(A(®) + BOKC2(0)GO) + Q) —200)+X(©®) *  * *
0 ET(6) v % ok
(C1(0) + DO)K C2(8))G(6) 0 FO) —1 =
L G©) 0 0 0 —X(®
T —G©) - GT®) * * * x ]
0
AO)GO)+0©O) —200)+X(O) = * * 50)
= 0 ET(0) 21 o« % |+| 0
D(0)
C1(0)G() 0 FO) —1 x 0
L G©) 0 0 0 —X()._
0 T
B(9)
xK[C20)G(@©®) 0 0 0 0]1+[C20)G®) 0 0 0 017kT| 0 <0.
D)
0
(2.164)

By applying the same process with Theorem 2.9, we obtain anew H, performance
analysis criterion for the continuous-time closed-loop system with H () = 0, which
is given in the following theorem.

Theorem 2.22 Consider the closed-loop system (2.153) with H(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hx, performance y
if exist matrices M, N, U, L, Q(0), G(0), X(0), and J(0), scalar B such that the
Jfollowing matrix inequality holds
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M Q11 * * * * * * 7]
Q1 —200)+XO) * * * * *
0 ET () —y21 * * * *
Q41 0 F©) -1 * * * <0,
G(0) 0 0 0 —-X(@@) =* *
0 NTLTBT (6) 0 NI'LTDT@®) 0 = =*
0 0 0 0 0o £ -8
(2.165)
where

Qi =-GO) -GTO)+J©®),

Q1 = AWB)G®) + BO)LM + Q(9),
Q41 = C1(0)G(0) + D(O)LM,

¥ =—-BUN —BNTUT,

5 = (C20)GO) —UuM)".

Further, we have the following design result:

Theorem 2.23 Consider the closed-loop system (2.153) with H(0) = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hx, performance y
if, for known matrices M, N and scalar B, exist matrices U, L, Q;, X;, J;, and

Gj, j=1, 2, ,..., rsuchthat the following matrix inequalities hold
Aij<0,i=1,2,...,r, (2.166)
ANij+Aji<0,i<j, i, j=1,2,...,r (2.167)
with
MW * * * * * *
Wy —2Q§+ Xj * * * *
0 E; —y21 * * * *
Aij — | W4 0 F; —1 * * * i
G] 0 0 0 —Xj *k *k
0 NTLTB! 0o NTLTDPI o —pUN-pNTUT «
0 0 0 0 0 (CuGj-um)" - %
where

Vi =-G; -G +Jj,
Uy =A;Gj+ B,LM + Qj,
Wy = C]iGj + D;LM.
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Furthermore, the static output feedback Hso controller gain matrix in (2.3) is
given by (2.85).

Remark 2.14 Here, we discuss briefly the application of Lemma 1.9 to design static
output feedback H,, controllers for the continuous-time closed-loop system (2.153).
Let us rewrite the Hy, performance analysis condition (2.158) as

[ng)} [ A(6) + BO)KC2(6) E©)+ BOYKH®) ]

ro)]"
+ [A(0) + B(O)KC2(0) E(9)+B(0)KH(0)]T[ 0 ]
+[cie) FO)]'[Ci1®) F(G)]+[8 _;’:21}<0. (2.168)

By using Lemma 1.9 with

T 0 *
T=[Ci6) FO)] [C16) F(9)]+[0 —yzl}’
A= [ A)+ BO)KCr(0) E@®)+ BO)KH(9) ],
| P@)
<[]

and Schur complement, we see that the matrix inequality (2.167) can be verified by

[8 _;21]+M(9)A+ATMT(9) s *
[PO) 0]—MT®)+G@OHA —GO)-GT@®H) = <0, (2169
[Ci1(6) F@©)] 0 —1
where A = [ A@)+ B(O)KCr(0) E(©O)+ B(O)KH(0) ]
Now, select M (0) = [SE)G) :| Thus, (2.168) is equivalent to
Qi * * *
Q21 —y21 * * 0
Q1 GOVE®)+ GO)BOKH®O) —GO)—GT®) * =
C1(9) F(9) 0 -1
(2.170)

where

Q11 = SO)A®B) + SO)BO)KC20) + AT 0)ST (0) + T 0)KkT BT (9)ST (9),
Q1 =ET©)STO)+ HTO0)KTBT (6)ST (6),
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Q31 = P©O) — ST(0)+ GO)A®©B) + GO)BO)K C2(6).

Then, the remaining discussion can reference Theorem 2.16, and it is omitted.

Remark 2.15 For the case D(6) # 0and H (8) # 0, we can apply the following two
H performance analysis criterions to design static output feedback H, controllers,
which are obtained easily from (2.161) and (2.165).

E11 * * * * * % * *

Byl —2PO)+ X(©O) * * * * ok * *

E31 0 —y21 * * * ok * *

0 Eqn E43 E44 * * ok * *

GT) 0 0 0 —X®O * x = # “0

0 NVC,(®) NVH®) 0 0 A * * * ’

0 NVCy(0) NVH@®) O 0 0 Ajz * *

0 0 0 0 0 A0 -9

0 0 0 0 0 0 Ap, 0o WO

L n?
(2.171)
where E11, 21, E31, A1, and Ay are defined in (2.161), and
Eq2 = S(0)C1(8) + RV C2(0),
Esp3=8SO)F@®)+ RVH(@®),
B4y =—80)—ST©O)+1+W(®),
Az =—nyNU —nqUTNT,
Ay = SO)D(O) — RU.
and
M Q1 * * * * * % * * x|
Q1 —200)+XO) =* * * E * * *

0 Q32 Q33 * * * % * * *
Q41 0 Q43 -1 * ko ok * * *
G(9) 0 0 0 -X0) * x * * *

0 NTLTBT@®) o NTLTDT®O) 0 = % = s *

0 NTLTBT®) o NTLTDT®H) 0 0 =3 =« * *

0 0 0 0 0 ¥ 0 % %

0 0 0 0 0 0 4 0 —Vz(f) *

L 0 0 I 0 0 0 0 0 0 —y2I
<0,
(2.172)

where Q11, Q21, 241, X1, and X, are defined in (2.165), and

Q3 =STOET©) + RTLTBT (9),
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Q33 = —S©0) — ST(0) + W (),
Q43 = F(0)S(0) + D@O)LR,
Y3 =-nUN —yNTUT,

% = (H@6)S6) — UR)".

Remark 2.16 In the above study, either discrete-time or continuous-time, the
proposed Hy, performance analysis conditions are given are based on Lemma 1.3
with a matrix J(6) > 0 (or another X (6) > 0). In fact, we can use Lemma 1.10 to
displace the application of Lemma 1.3. The displacement avoids the appearance of
the auxiliary matrix variable J(6) > 0 (or another X () > 0), which reduces the
dimension of LMIs in those design conditions. To the case of the closed-loop system
(2.153) with D(#) = 0 as an example, we rewrite the matrix inequality (2.160) as
follows:

—-G©) - GT(6) * % X
ATOGTO) +C7OVIMT +06) —200)+X®) * *  x
ET@o)GT o)+ HT (0)vTMmT 0 2 % *
0 C1(0) FO) —1
GT®) 0 0 0 —X@©
G(0)B(O) — MU
0
+ 0 UTINTINV[O Ca6) HH) 0 0]
0
0
GO)B®) — MU
0
+[0 ) H® 0 0] VINTN-Ty-T 0 <0.
0
0
(2.173)
Now, for (2.173), we use Lemma 1.10 with
—-G®) —GT®) * * * *
ATO)GT(0)+ Q0) —200)+X(©®) *  =* *
T = ET®)GT ) 0 —v2I * ,
0 C1(0) FO) —1 x
GT ) 0 0 0 —X©

A=U"'NT'NV[O C20) H®) 0 0],

" G(©)BO) — MU
0

0
0
0
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S=NU.
Then, a new Hy, performance analysis condition can obtained.

—-G©®) - GT®) * * %

* *
I —2000)+ X(©) * * * *
ET©®)cT®)+ HT o) v MT 0 2 % %
0 C10) FO) -1 x =« |<0
GT®) 0 0 0 —X(©®) *
B(G(©6)B(O) — MU)T NVCy(®) NVH@®) 0 0 I,
(2.174)

where
= AT@O)GT©®) + cTOVIMT + Q(0),

I, = —-BNU — BUTNT.

From the Hy, performance analysis result (2.174), it can easily be known that the
corresponding static output feedback H, controllers design conditions are of LMISs.

2.2 With Norm Bounded Uncertainties

To keep things simple, we just study discrete-time systems in this section. Consider
the following linear discrete-time dynamic model with time-varying norm bounded
uncertainties:

x(k+1) = (A+ AA)x(k) + (B + AB)u(k) + (E + AE)w(k),
zk) = (Cy+ ACDx(k) + (D + AD)u(k) + (F + AF)w(k),  (2.175)
yk)y = (Co+ AC)x(k) + (H + AH)w(k),

where x (k) € Z" is the state variable, u(k) € %™ is the control input, w(k) € Z/
is the noise signal that is assumed to be the arbitrary signal in /5[ 0, 00), z(k) € #1
is the controlled output variable, y(k) € Z” is the measurement output. A € Z"*",
B e "M E e ", C, e #1", D € B F € 1<), C, € #P*", and
H e %P>/ are system matrices. AA, AB, AE, ACy, AD, AF, ACy,and AH are
uncertainties formulated as [10]

Ap = XaAk)Ya, Ap = XpA(k)Yp,
Ap = XgAWK)YE, Act = Xc1AKk)Ycr,
Ap = XpAKk)Yp, Ap = XpA()Yr, (2.176)

Aca = X2 A(K) Y2, Ay =XuAk)Yy,
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AT ()Ak) < 1.
The model (2.175) is inferred as follows:

x(k+1) = Aax(k) + Bau(k) + Eaw(k),

z(k) = Ciax(k) + Dau(k) + Faw(k), 2.177)
y(k) = Coax(k) + Haw(k),
where
Apr=A+ AA, Br =B + AB,
Ex=FE+ AE, Cia =C1 4+ ACy,
Dar =D+ AD, Fn =F + AF,
Con = Cr + AC,, Hx = H + AH.

In this section, the following static output feedback controller will be designed
utk) = Ky(k) = K(CZAx(k) + HAw(k)). (2.178)

where K is the controller gain.
Substituting (2.178) into (2.177) yields the following closed-loop system:

x(k+1) = (Aa + BAKCop)x(k) + (Ea + BAK Ha)w(k),
(2.179)
z(k) = (C1a + DAKCop)x(k) + (Fa + DAK Hp)w(k).

Remark 2.17 Similar to the research on robust static output feedback Hy, control
design for linear systems with polytopic uncertainties, most of the literature claim
that the system input or output matrix should be without uncertainties. In this study,
the requirement is not necessary.

In this following, we will develop new LMI conditions to design the static output
feedback Hy, controller in the form of (2.178) such that the resulting closed-loop
system (2.179) meets an Hy, performance bound requirement. For frugality, we just
consider the case D = 0. First, anew H, performance analysis criterion is presented
in the following theorem.

Theorem 2.24 Consider the closed-loop system (2.179) with D = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hy, performance y
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if exist matrices P, G, J, M, N, V, and U, scalar 8 such that the following matrix
inequality holds

—P * * * ok *
0 —)/21 * * ok *
GAA+MVCyn GEA+MVHyN, —G-Gl4+P+J x * x
Cia Fp 0 -1 x * <0,
NVCoa NV Hp 0 0 % *
0 0 0 0 %, -4
- "(2.180)

where
¥ =—BNU — BUTNT,

Y, = GBx — MU.

Proof Follow (2.12) with the Lyapunov matrix P, the inequality (2.180) can be
obtained easily. O

In this following, based on the analysis result in Theorem 2.24, we proposed
sufficient conditions for designing the static output feedback H, controller in the
form of (2.178). First, separate the certain terms and uncertain terms in (2.180), we
have

Q4+ Ag <0, (2.181)
with
Q
r _P * * * * * ]
0 —yzl * * * *
GA+MVC, GE+MVH —-G-GT+P+J « * *
= Cy F 0 -1 * *
NVC, NVH 0 0 —BNU-BUTNT «
L 0 0 0 0 GB - MU ﬁiz
and
B 0 * * ok % %]
0 0 * ok % *
A GApA+MVAcy GAgRp+MVAg 0 x % *
@ Act Afp 0 0 =« *
NV Aca NVAy 0 0 0 =«
L 0 0 0 0 GAp 0]

=A+AT+B+BT+E+ET+C\+CT+F+FT+ G+ CI+H+HT,
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where
-0 - - 0 -
0 0
A+ AT = Gé“ AKI[Ys 0 0 0 0 01+[Y4 0 0 0 0 01"AT®) Gé(f‘
0 0
L 0 L 0 |
- 0 - - 0 -
0 0
B+ BT = 8 AKIO 0 0 0 Yz 014[0 0 0 0 Yz 017AT k) g
0 0
LGXp | LGXp
- 0 - - 0 -
0 0
E+ET = G(};E AK[O Yz 0 0 0 0]+[0 Yz 0 0 0 0]7AT(k) Gé(E
0 0
L o L 0 |
ro 0
0 0
C+CT = XO AU Ycr 00 0 0 0]+[Ycr 0 0 0 0 017AT (k) XO
Cl1 Cl1
0 0
L o 0
0 0 T
0 0
Fo, AT 0 T AT 0
F+Fl =] 1AG®IO Yr 0.0 0 0]+[0 Yr 0 0 0 0J7A (k) ,
F F
0 0
L O 0
éz-l—ézT
0 o 7"
0 0
- MVOXC2 A Yea 0 0 0 0 0]4[Ye2 0 0 0 0 017AT (k) MVOXCZ
NVXca NVXc2
0 0
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H+HT
0 0
0 0
_ M‘Z)X” AKIO Yy 0 0 0 0]14[0 Yy 0 0 0 017AT (k) M‘gx”
NVXy NVXy
0 0

From Lemma 1.11 for positive scalars €4, €5, €, c1, €F, €C2, and €y, we can
know that

0 0
0 0
A+AT§i GXa || GXa +ealYsa 0 0 0 0 017[Y4s O 00O O],
EA 0 0
0 0
. O - . 0 -
(2.182)
o 1 o 1"
0 0
~ =T 1 0 0 T
B+BT < — +e5[0 0 0 0 Yg 01770 0 0 0 Yz O],
EB 0 0
0 0
L GXp | LGXp |
(2.183)
o 7 o 77
0 0
E+ET§i GXp || GXg +eg[0 Y 0 0 0 017[0 Yz 0 0 0 0],
x| O 0
0 0
. 0 - - O -
(2.184)
0 o 1"
0 0
= ~T 0 0 T
Ci+C <= — +ecilYer 00 0O O [Yer O O O O O],
ect1 | Xci Xci
0 0
0 0

(2.185)
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0 0
0 0
- T 0 0 T
F4+F < — + er[0 Y O O O O1'[O Y O O O O],
er | XF XF
0 0
0 0
(2.186)
0 0 T
0 0
éﬁé{si MVOX“ MVOXCZ +ecalYe2 0000 01 [Ye, 000 0 0],
£c2
NVXer || NVXes
0 0
(2.187)
0 o 77
0 0
H+HTSEL M\ng M‘E)X” 4 enl0 Yy 000 017[0 Y4 0 0 0 O],
H
NVXy || Nvxy
0 0
(2.188)

So far, the design result can be summarized in the following theorem.

Theorem 2.25 Consider the closed-loop system (2.179) with D = 0 and give a
scalar y > 0. Then the system is asymptotically stable with the Hoo performance
y if, for known matrix M, N and scalar B, there exist matrices U, P, G, and L,
scalars €4, €B, €E, €C1, €F, £C2, and ey such that the following LMI holds

M11 *
<0, 2.189
[le Mzz] ( )
where
Aq * * * * *
0 Ay * * * *
GA+MVCy, GE+MVH —-G-Gl+P+J x * *
My = Ci F 0 -1 * * ’
NVC, NVH 0 0 As *
0 0 0 0 GB—MU —-%
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Al =—P+eaVIYa4ec1YE Yer +ecaV Yoo,
Ay = —)/21 +8EY£YE +8FY;YF +EHY£YH,

As=—BNU — BUTNT + egvlvp,

bexer
0

XLGT

0 X

0 X

xLvim?t o xIL,vINT

xtvim®™ o XxLvINT

TAT
beNei

My =

NSNS o <@

1

coococococo

S OO OO oo
=~
cococoo

[eNeNeNeNe)

My =

2

[eNeNeNoNeNel

~
~
™
OQ*****
M % K K X K ¥

Furthermore, the static output feedback H~o controller gain matrix in (2.178) can
be given by (2.22).

Remark 2.18 When the system input or output matrices are without uncertainties,
we can also get several different forms of LMI-based design conditions for the closed-
loop system (2.179). Similar to the polytopic uncertainties, in contrast to the existing
LMI conditions for designing the robust static output feedback H, controllers, the
improvement of the our results over the existing ones can shown by strict theoretical
proof. A related study has been made in our preliminary work for uncertain discrete-
time T-S fuzzy systems [2].

Remark 2.19 The used LMI decoupling approach brings new results for robust static
output feedback H., controllers design of uncertain linear systems. It is necessary to
mention that when g is known parameter, the proposed design conditions are of LMIs
that can be easily and effectively solved via LMI control toolbox [7]. Due to  is free
parameter, the problem is then how to find the optimal value of § in order to minimize
the Hy, performance bound. One way to address the search issue is to first solve the
feasibility problem of the corresponding LMI conditions using LMI control toolbox
and obtain a set of initial scalar parameters. Then, applying a numerical optimization
algorithm, such as the program “fminsearch” in the optimization toolbox of Matlab,
a locally convergent solution to the problem is obtained. In [9], the algorithm has
been used and proved to be effective.
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2.3 Numerical Examples

2.3.1 Example 1

To show the less conservativeness of the presented design result on robust static
output feedback H, controller design, a simulation example is given with different
design methods. For simplicity, here we only consider Corollary 2.1 and Lemma 2.2.
Let us consider the uncertain system (2.1) with

1.1 08 —047 08 0.1 0
Aj=|-05 04 05 |, Ay=|-03 0.1 06|,
12 L1 08 | 12 -1 11
0 1
Bi=B,=B=|2 -1/,
0 13 |
Ch=[-10 2], Cn=[-06 02 1],
Dy =D; =0,
Fi =03, P =-04,
(2.190)
-1 12 1 08 1 1
C21_[0 -3 1]’ sz:[ () 12]’

For the system (2.190), since the system input matrix is fixed, the conditions in
Corollary 2.1 and Lemma 2.2 are applicable for designing robust static output feed-
back H, controllers. Now applying two conditions to design static output feedback
H, controllers such that y is minimized.

By (2.35) and (2.36), the minimum H, performances yin = 11.4687. However,
apply (2.29) and (2.30) with 8 = 6.16, we can find the minimum H, performance
Ymin = 7.0441. From this comparison, it can be seen that the design condition in
Corollary 2.1 is much less conservative than the existing result in Lemma 2.2.

2.3.2 Example 2

In this example, to show the effectiveness of the proposed design approach, a
static output feedback H,, control problem of the following discrete-time system
is considered
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xtk+1)=(A+ AA)x (k) + (B+ AB)u(k) + Ew(k),

z(k) = Cix(k) + Du(k) + Fw(k), (2.191)
y(k) = (C2 + AC2)x(k),
with
2.3 0.5 1
S R ]
E:[(l)] Cr=1-1 1]
D=0, F =2,
C=[1 0],
0.3
XA:[—O.1j|’ Ya=[0.1 0217,
0.1
XB=|:O.21|’ Yp = —0.3,
Xco =—0.1, Yoo =103 0.2].

We need to note that the system input matrix and output matrices in the system
(2.191) have uncertainties. As a result, the existing approaches in [3, 5, 6, 8] fail
to design the static output feedback H, controller for this example. However, the
proposed design condition in Theorem 2.25 is feasible to find a static output feed-
back controller to stabilize the system (2.191) with the Hy, performance index. For
example, by using the MATLAB toolbox to solve LMI (2.189) in Theorem 2.25 with
B =534, M = B, N = 1, minimum H, performances ymin = 4.3174 is obtained.

On the other hand, by LMI (2.189) in Theorem 2.25 with y = 4.3174, the
following computational results are obtained

U = 6.8776, V = —15.7883. (2.192)

Substituting U and V in to (2.22), the static output feedback H,, controller gain
matrix can be given as follows:

K = —2.2956. (2.193)
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Fig. 2.1 State trajectories of 3
the closed-loop systems x.(K)
1
2 L
- %K)
1t
0
1t
2t
-3 I I
0 10 20

Fig. 2.2 System control
signal u (k) 4t

4t

-6

We assume the disturbance w(k) as the following:

sin(k), 30 <k <50,
w(k) = (2.194)
0, elsewhere.

Under the initial conditions x(0) = [0 0 ]%, using the static output feedback
controller gain (2.193) with A(k) = sin?(k), k =1, 2, ... , the state response
of the system (2.191) is shown in Fig. 2.1. The control signal u (k) is depicted in
Fig. 2.2, it is able tostabilize the system with the H,, performance 4.3174. The ratio
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Fig. 2.3 The ratio of 35

o) 00

> 2T k)zk)/ 2 wT (kyw(k)

k=0 k=0
3r |

251 |

2 ! . .
20 40 60 80 100

o o0
of | > zT(k)z(k)/ > wT (k)w(k) can show the influence of the disturbance w(k)
k=0 k=0
on the controlled output z(k), and the plot of the ratio is shown in Fig.2.3. It can be
seen that the ratio tends to a constant value 2.9716, which is less than the prescribed
value, i.e., 4.3174. From Figs. 2.1, 2.2, 2.3, it can been seen the H, performance is
guaranteed for the system with the designed static output feedback H, controller.

2.4 Conclusion

In this chapter, the robust static output feedback H,, control problem for the both
discrete-time and continuous-time uncertain systems has been studied. Sufficient
conditions for designing static output feedback Hy, controllers have been given
based on an LMI decoupling approach. The design conditions are presented in the
form of LMIs. In contrast to existing LMI methods for robust static output feedback
H controllers design of the uncertain linear systems, the proposed results not only
allow the system input and output matrices to have uncertainties, but it can provide
less conservative design. Numerical examples show the advantage of the proposed
design method.
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