CHAPTER 2

Mathematical preliminaries

The following sections acquaint the reader with some mathematical background for the
analytical part of this thesis. After the basic notations are given in Section 2.1, we will
present some standard and nonstandard techniques for variational problems and since
the presentation can, of course, not be comprehensive, we will refer to the monographs
in functional analysis for more details at the corresponding parts.

A short introduction to measures and spaces of functions of bounded variations with
values in a (possibly infinite dimensional) Banach space X is given in Section 2.2. These
spaces will appear as trajectory spaces in weak notions of system (1.1) in Chapter 6 and
Chapter 7. In particular, the space of SBV-functions defined on a time-interval and
with values in X is introduced.

In Section 2.3, we firstly define the notion of I'-convergence and summarize certain
inequalities in Sobolev spaces and compact embedding results due to Aubin and Lions
which are used in oder to obtain the proper convergence properties in the existence
proofs. Beyond that, we introduce a new variational method in Subsection 2.3.3 and
Subsection 2.3.4. More specifically, Lemma 2.3.19 gives in combination with an approx-
imation scheme presented in Lemma 2.3.18 a new tool to deal with coupled variational
inequalities arising from a weak formulation of the doubly nonlinear differential inclusion
in (1.1c).

The analytical approach in Chapter 6 and Chapter 7 to complete damage systems
requires certain spaces which do not seem to be well established in the mathematical
literature so far. It turns out that the displacement field in a weak formulation of (1.1)
exists only in a space-time local Sobolev space. This space is introduced in Section 2.4.
Moreover, for the degenerate limit we employ covering and representation results for
shrinking sets by families of Lipschitz domains which are proven in Section 2.4.
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2.1 Notation

In this work, we fix a bounded Lipschitz domain 2 C R" of dimension n and a time
constant 7' > 0. We assume that the material in the reference configuration is located in
Q. For the Dirichlet boundary I'p and the Neumann boundary 'y of 9f2, we adopt the
assumptions from [Berll], i.e., I'p and I'y are non-empty and relatively open sets in 92
with finitely many path-connected components such that TpNI'y = ) and T'pUT'y = 9.
Note that H"~(T'p) > 0). The following table provides an overview of some elementary
notation used in this thesis.

e Measures and sets:

L H n-dimensional Lebesque and Hausdorff measure

R, Ry [0,00), RU {400}

i n-dimensional unit sphere in R**1

Qr Qx(0,7)

B.(A) e-neighborhood of A C R"

Q:(x0) open cube with center xg € R™ and edge length 2¢,
ice., {z € R"||lz — 2olloc <&}

A, int(A), 0A closure, interior and boundary of A C R™

{v=0}, {v>0} level and super-level set of v, i.e., {x € Q| v(z) =0}

and {x € Q|v(z) > 0} for functions f € L*(R)
defined up to a set of measure 0 and defined uniquely
if v e WHP(Q), p > n, as WP(Q) — €(Q)

supp(v) support of a function v, i.e., {m | v(x) # 0}

e Spaces:
L(X) space of linear and continuous functions from X to X
Ck(Q; RY) space of k-times continuously differentiable functions

on the open set Q C R™ where the k-th derivatives can
be continuously extended to

eka(q;RY) space of k-times continuously differentiable functions
on the open set Q C R™ where the k-th derivatives are
Hélder continuous with exponent o and can be conti-

nuously extended to Q)
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Cr(Qr; RY)

Wme(Q;RY)

WL (Q), Wh(Q)

WE! (4 RY)

X*

space of k-times continuously differentiable functions
with respect to the spatial variable on the set Q x [0, 7]
where the k-th spatial derivatives can be continuously
extended to Qr

standard Sobolev space of m-times weakly differentiable
functions with weak derivatives in LP(Q;RY)

space of non-negative and non-positive Sobolev functions,
i.e., {C € WH(Q) ’C >0 a.e. inQ}

and {¢ € WH(Q) ’ (<0 ae inQ}

space of Sobolev functions vanishing on the Dirichlet
boundary I'p:

{C € Whr(Q; RM) }Q =0 on I'p in the sense of tmces}
dual space of the Banach space X

e Functions and operators:

Ty, In

A:B
() xrxx
[f1*
TRy

Ap
JEA f(x)dx
oJ

dE

*

p
diam(Q)

e Binary relations:
AccB

characteristic function and indicator function

X — Ry with respect to a subset A C X

Euclidean matriz product of A € R™™" gnd B € R™"
dual pairing of X* and X, abbr. (-,

non-negative part of f, i.e., max{0, f}

one-sided limits of f : I — X, I C R interval, i.e.,
FE(a) = lim, 4+ f(x)

p-Laplacian A, := div(|Vz[P~2V2)

mean value of f in A CR", i.e., L%(A) S f(z)da
subdifferential of a convex function J : X — Ry

i.e., 0J(x) = {a* | J(x) + (a*,y — ) < J(y) for all y}
Gateauz differential of a functional F: X — Y

Sobolev critical exponent 73’}) forn>p

n

diameter of a subset QQ C R™

fACB

We adopt the convention that for two given functions ¢,& € L'(0,T; W'P(Q)) with
p > n the inclusion {¢ = 0} D {{ = 0} is an abbreviation for {¢(t) = 0} D {£(¢) = 0}
for a.e. t € (0,T). Here, ((t),£(t) € C(Q) due to the embedding W1P(Q) — C(1Q).
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2.2 Vector measures and vector-valued functions of bounded
variations

In the beginning, we will review some basic definitions from the theory of vector measures
and standard Bochner spaces. For further readings on this topic, we would like to refer
to [Din02, CV02].

Let (X,]| - ||) be a Banach space and (5,%, ) be a measure space consisting of a
set S, a o-algebra over S and a positive measure p : ¥ — [0, +00]. The measure space
(S, X, p) is called finite if p(S) < oo. Furthermore, let m : ¥ — X be a Banach space
valued measure. We assume that all measures are o-additive (finitely additive measures
also studied in the literature; see [Din02, Chapter 1, §2.A]), i.e.,

u( U Ai) = Z,u (A;) for all pairwise disjoint sets A; € 3, i € N.
i€eN i€N

As usual, LP(S, pu; X) denotes the p-Bochner p-integrable functions with values in
X (p-essentially bounded for p = oo, respectively), cf. [Zei90, Chapter 23.2]. In the
following, we restrict ourselves to the case where S is a finite interval I C R. We write
LP(I; X) for LP(I, L% X). The subspace HY(I; X) C L*(I;X), q € N, indicates the
L?(I; X)-functions f which are g-times weakly differentiable with weak derivatives 0 f
in L2(I; X),s=1,...,q, ie.,

/If(t)aff(t) dt = (*1)8/1(3ff(t))§(t) dt for all & € G5°((0,T1).

The norm is given by || fllgo(r;x) := >oo—o 107 fllL2(1,x) (see [Zei90, Chapter 23.5]).

In the most literature, functions of bounded variations are usually considered with
values in R or in a finite dimensional vector space [AFP00]. We will give the definition of
BV and SBV-functions defined on a time-interval and with values in a Banach space X.
X-valued BV-functions are, for instance, also investigated in the monograph [Din66].

Definition 2.2.1 (BV-space of Banach space-valued functions)
The subspace BV (I; X) C LY(I; X) consists of functions f € L*(I; X) with the norm

essvary(f) == inf {var;(g) | g = f L'-a.e. in I} < +o0,

and
k—1

vary(f) := sup { S ONf i) —F(t)]x )tl <ty < ... <ty withty,ty,.. .ty €1 fork> 2}.
i=1

Since the weak derivatives of BV-functions are measures, we turn our attention to
X-valued measures. To proceed, we define the variation of the vector-valued measure m
as (cf. [Din02, Chapter 1, §2.A])

|m| := var(m) := sup {Z [lm (A x ‘ {4;} is a finite family of disjoint sets A; € E} .
i€l
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We say that m has finite variation if |m| < co. Furthermore, m is said to be absolutely
continuous with respect to p, abbr. m < p, if for all A € ¥ with u(A) = 0 we have
m(A) =0 (cf. [Din02, Chapter 1, §3.C]).

Now, let f € L'(I,; X) and B C I be measurable. we define the measures fu and
| B as follows:

(fu)(A) = / f(t) du(t) for measurable A C I,
A
(1| B)(A) :== u(AnN B) for measurable A C I.

For finite dimensional spaces X, there exists always a decomposition m = gu for a
function g € L*(S,; X), i.e., m(A) = [, gdu for all A € X, when m < p holds (see
[AFP00, Theorem 1.28]). In this case, we call g the Radon-Nikodym derivative. This
is, in general, not true when X is an infinite dimensional Banach space and, therefore,
motivates the subsequent definition.

Definition 2.2.2 (Radon-Nikodym property, cf. [Din02, Chapter 1, §2.G])

A Banach space X has the Radon-Nikodym property if for every finite measure space
(S,%, 1) and every measure m : X — X with finite variation |m| such that m < u there
exists a function g € L'(S, u; X) such that m = gy, i.e., m(A) = ngdu forall AeX.

Remark 2.2.3 Refiexive spaces and separable duals of Banach spaces are examples for
Banach spaces which possess the Radon-Nikodym property, see [Din02, Chapter 1, §2.G].

To every f € BV(I;X), we can choose a representant (also denoted by f) with
vary(f) < 4oco. Then the values f(t¥) := lim,_,= f(s) exist for all t+ € T (and are
independent of the representant) by adopting the convention f((infI)~) := f((inf I)")
and f((supI)") := f((supI)~). The functions f*(t) := f(t*) and f~(t) := f(t7) are
thus uniquely defined for every ¢ € I and do not coincide for at most countably many
points, i.e., in the jump discontinuity set J;. Furthermore, a regular measure df with
finite variation, i.e., |df|(I) < oo, and with values in X (also called differential measure)
can be assigned such that df((a,b]) = f+(b) — f*(a) for all a,b € T with a < b, cf.
[Din66, Chapter I1I, §17.2, Theorem 1].

If X exhibits the Radon-Nikodym property the differential measure decomposes into
df = f;tu for a positive Radon measure p and a function f;/z € LY (I, p; X) (see also
[MV87]). We call f a special function of bounded variations if df even decomposes into
an absolutely continuous part and a jump part. More precisely, we define the following
subspace (cf. [AFP00, Chapter 4.1]).

Definition 2.2.4 (SBVP-space of vector-valued functions)
The subspace SBV (I; X) C BV (I; X) of special functions of bounded variations is de-
fined as the space of functions f € BV (I; X) where the decomposition

df = LY+ (fF = f)HOLy (2.1)
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for an f' € LY(I;X) exists. Here, H° denotes the 0-dimensional Hausdor{f measure,
i.e., (2.1) reads as

af(4) = / Fwd S (e - @),
A teJ;NA

The function f' is called the absolutely continuous part of the differential measure and
we also write 0> f. If, additionally, 32 f € LP(I; X), p > 1, we write f € SBVP(I; X).

Theorem 2.2.5 (BV-chain rule [MV87, Theorem 3]) Let I C R be an interval, X
be a Banach space with the Radon-Nikodym property, f € BV (I; X) with df = fF'L,u for
a non-negative Radon measure p on I and f;L € LYMI,u; X). Moreover, let E: X — R
be continuously Fréchet-differentiable. Then E o f € BV (I;R) and d(E o f) admits as
density relative to p the function t — (0(t), f/,(t)), where 6 : I — X* is defined as

1
o(t) ;:/0 AB((1—r)f(t) +rftt))dr.

Corollary 2.2.6 Suppose f € SBV(0,T;X) and E : X — R is continuously Fréchet-
differentiable. Then Eo f € SBV(0,T) and for all0 <a<b<T:

b
d(EOf)((avbD=/(dE(f(S)),f’(S»der Y. (BUGET) - E(f(s7).
@ seJgN(a,b)]

Proof. We apply Theorem 2.2.5. By assumption, we obtain the decomposition df = f;“u
with p = £+ H°| J; and

bon @) ift € [0, 7]\ Jy,
Jul®) = {f(t*) —f(t7) ifte ;.

Applying Theorem 2.2.5 yields

A(E o f)((a.b]) = / (6(s). £1,(3)) dpa(s)

(a,b]

:/( b]<9(8)7f'(8)>dﬁl($)+ ST (00s), f(sT) = F(s7))

tEJfﬂ(a,b]

Since f(s%) = f(s7) = f(s) for L'~a.e. s € (a,b), the first term on the right hand side
becomes

e soaseo= | ([ ap - ns) 4t yan o) acke
= [ @B s
(a,b]
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where, as usual, ds := d£!(s). Furthermore, by the classical chain rule,

seJyN(a,b]

= 2 </01dE((1*T)f(57)+7’f(s+))dr,f(s+)7f(s*)>

seJgN(a,b]

2.3 Variational methods

2.3.1 TI'-convergence

In the following, we give the definition of I'-convergence and some basic properties taken
from [Bra06]. For further details, we also refer to the monograph [Mas93, Bra02]. The
complete damage approach in Chapter 6 as well as in Chapter 7 uses I'-convergence
methods to gain the energy estimate in the notion of weak solutions.

The definition of I'-convergence can be given in the case of topological spaces. To
this end, we fix a topological space (X,7) and consider a sequence of functionals {f.}
with f. : X — [—o0,+00], € € (0,1), as well as f : X — [—o00,+00]. We say that f;
I'-converges to the functional f: X — [—o00,+00] ase — 0T if for all z € X

f(z) = sup liminf inf f.(y) = sup limsup inf f.(y)
UeN(z) €70 yeU UeN(z) e—=0 YeEU
is fulfilled, where N(z) denotes the set of all neighborhoods U € T of  in X. In this

case, we write fe LN f.

For further studies, we switch to metric spaces (X, d). We obtain a more convenient
definition of I'-convergence in this case. Note that bounded subsets of Banach spaces
with separable duals are metrizable in the weak topology (see [AB07, Theorem 6.31]).

Theorem 2.3.1 (I'-convergence, cf. [Bra06, Theorem 2.1])
The following properties are equivalent:

(i) f- 5 f



16 2. Mathematical preliminaries

(i) f =T —liminf. o fo = — limsup,_,q fe with
' —liminf f.(x) := inf{liminf f.(z;) | 2. = x}
e—0 e—0

I' — limsup f.(z) := inf{limsup fe(z.) | 2. — z}.
e—0 e—0

(i1i) (a) liminf estimate. For every sequence x. — x in X, it holds
flz) < ligélf fe(@e).

(b) limsup estimate. There exists a sequence (so-called recovery sequence) xe — x

in X such that
f(z) > limsup f-(zc).

e—0

At this point, we would like to mention the fundamental theorem of I'-convergence which
emphasizes its importance in variational methods (cf. [Bra06, Theorem 2.10]).

Theorem 2.3.2 (Fundamental theorem of I'-convergence) Assume f. EN f- Fur-
thermore, let f. satisfy the following condition (equi-coercivity)

vVt € R, 3K C X compact, Ve € (0,1) : {f. <t} C K.
Then f has a minimum in X and mingex f(z) = im0 infrex fe(z).

In order to draw some further conclusions, we introduce the lower semi-continuous
envelope f : X — [—o00,+00] of a functional f as

() = liminf f(y).

Remark 2.3.3 We have the following properties (cf. [Bra06, Proposition 2.4 and Re-
mark 2.12]).

(i) If f. EN f then f is lower semi-continuous.
(i) If a sequence {fi}ren is monotonically decreasing, i.e., fri1 < fx for all k € N,
then the T'-limit exists and is given by T' — limg_o fr = infren fi-
2.3.2 Embedding theorems and inequalities

In the following, we give a short collection of some inequalities and compactness results
which are extensively used in the successive chapters.
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Theorem 2.3.4 (Sobolev embedding theorem)

(i) Into Sobolev spaces [Alt99, Chapter 8.9]. Let mi,ma,p1,p2 € R be constants with
m1>mo >0,1< p1,py < o0, m — pﬁl > mo — p%. Then, there exists the compact
embedding

Id - WP (Q) < W22 ().

In the limiting case my — pﬁl =mg— p% or my = ma, the embedding also exists and
18 continuous.

(i) Into Holder spaces [Alt99, Chapter 8.5]. Let m,p, k,a € R be constants withm > 1,

1<p<oo0,k>0,0<a<l m-— % > k + «. Then, there exists the compact
embedding

Id : W™P(Q) — CF(Q).
In the limiting case m — % =k + «, the embedding also exists and is continuous.

Theorem 2.3.5 (Poincaré’s inequalities)
Let p > 1. There exists a C > 0 such that:

(i) For functions with vanishing mean value [Zie89, Theorem 4.4.2].
|u —][ udzlPde < C/ |VulP dz for all u € WHP(Q).
Q Q Q

(i) For functions vanishing on a Dirichlet boundary of positive measure [Dob07, The-
orem 6.22].

/ lulP de < C / |VulP da for all u € WP ().
Q Q

Combining the Sobolev embedding theorem and the Poincaré’s inequalities, we obtain
the so-called Sobolev-Poincaré’s inequalities. For our analysis, we will use the following
versions.

Theorem 2.3.6 (Sobolev-Poincaré’s inequality)
Let 1 < p <mn. There exists a constant C > 0 such that

(i) for all rectangles @ C R™ and all u € WHP(Q):

(o o) (o) cmer

(ii) for all rectangles Q = [[i_i(ai,b;) € R™ and all u € W'P(Q) with u = 0 on
{(a:l, ces Tp—1san) e <a; <b, i=1,...,n— 1} C 0Q (in the sense of traces):

<]€9 |u|p*> . =C (][Q |Vu|”>; (diam@).
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Remark 2.3.7 Theorem 2.3.6 can be obtained by establishing the corresponding inequal-
ities on the unit cube (0,1)" (by applying Theorem 2.8.4 and Theorem 2.3.5) and then
using a scaling argument. It should be remarked that the case 1 < p < mn has been
considered by Sobolev [Sob38] while Nirenberg [Nir59] has studied the case p = 1.

Theorem 2.3.8 (Korn’s first inequality, cf. [Nef02])
There exists a C > 0 such that for all u € Wlllf(Q)

/(|u|2+ Vul?) dz < c/ le(u)? da,
Q Q
where €(u) is defined as 3(Vu + (Vu)b).

Theorem 2.3.9 (Aubin-Lions type embeddings, cf. [Sim86])
Let X C B CY be Banach spaces where X compactly embeds into B.

(i) For LP-spaces. Let a sequence {f} be bounded in LP(0,T; X) with 1 < p < oo and
the derivatives {0, f} be bounded in LP(0,T;Y). Then {fy} is relatively compact
in L?(0,T; B).

(ii) For C-spaces. Let a sequence { fr} be bounded in L>(0,T; X) and the derivatives
{8:f1.} be bounded in L?(0,T;Y). Then {fx} is relatively compact in C([0,T); B).
The following theorem is an adaption from [Gia83, Chapter V.1, Proposition 1.1].

Theorem 2.3.10 (Reverse Holder inequality, cf. [Gar00, Proposition 8.1])
Let @ CR™ be a cube, g € L{ (Q) for some q¢ > 1 and g > 0. Suppose that there exist

loc

a constant b > 0 and a function f € L] _(Q) with r > q and f > 0 such that

loc

q
][ gldz <b ][ gdx +][ fidx
Qr(zo) Q2r(z0) Q2r(z0)

for each zo € @ and all R > 0 with 2R < dist(z,0Q). Then g € Lj (Q) fors € [q,q+¢)
with some € > 0 and

1 1 1
5 q s
<][ q° dx) <c <][ g7 dx) + <][ fe dx)
Qr(z0) Q2r(z0) Q2r(z0)

for all zg € Q and R > 0 such that Qar(xo) C Q. The positive constants ¢,e > 0 depend
onb, g, n and r.

Theorem 2.3.11 (Conical Poincaré inequality, cf. [BK98, Corollary 2])
Suppose that Q@ C R"™ is a bounded and star-shaped domain, v > 0 and 1 < p < oo.
Then, there exists a constant C = C(2, p,7) > 0 such that

/ lw(z) — wop P8 (2) da < C / Vw(2)|P6" (z) da
Q Q
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for all w € C(2) where the 8" -weight wq s is given by

wq,er = /Qw(z)&%x) dz, d(z) := dist(z, 00Q).

Remark 2.3.12 By a density argument, the statement is, of course, also true for all
w € WHP(Q) which will be used in this paper.

The inclusion L>(0,T; WhP(Q)) N HY(0,T; L?(Q)) C €(Qr) for p > n follows from
Theorem 2.3.9 (ii). It can also be shown with the following generalized version of
Poincaré’s inequality.

Theorem 2.3.13 (Generalized Poincaré inequality, cf. [Alt99, Theorem 6.15])

Let M C WHP(Q; R™) be non-empty, convex and closed with 1 < p < oo. Furthermore,
M satisfies the property
ue M, a>0 = aue M.

Then the following statements are equivalent:

(i) There ezxists a ug € M and a constant Cy > 0 such that for all £ € R™
u+€&eM = |§| < Cp.
(i) There exists a constant C' > 0 such that for all w € M
HUHL})(Q;]RW) § CHVUHL;}(Q;RNLXH).
Proposition 2.3.14 Let p > n be a constant. Then
L0, T; WHP(2)) n H' (0, T; L*(9)) € €(Qr).
Proof. Let z € L0, T;W'P(Q)) n H'(0,T; L?(2)). We can choose a representative
such that z € C([0,T]; L?(Q2)) and 2(¢t) € WLP(Q) for all ¢ € [0,T]. By employing the
embedding W1P(Q) C €(Q) (note that p > n), we obtain a representant z : Qr — R
such that
z € €([0,T]; L*(Q)) and z(t) € €(Q) for all ¢ € [0,T]. (2.2)
Let (Tm,tm) € Qr be arbitrary with (z,,,tm) — (2,t) in Qr as m — co. We have

|2(2,t) = 2(Tm, tm)| < |2(2,1) — 2(2, t)| + |2(2, tm) — 2(Tim, )| -
Am Bm

Assume that A,, 4 0 as m — oco. Then, there exists a subsequence of {A,,} (also de-
noted by {A4,,}) such that limy, oo A, > 0. Using this subsequence, it holds z(-, t,,) —
z(-,t) in L?(Q) due to (2.2). We obtain again a subsequence (we omit the additional
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subscript) such that z(y,t,) — z(y,t) as m — oo for a.e. y € Q. Therefore, we can
choose ¥, — x in Q such that |2(ym,t) — 2(Ym, tm)| = 0 as m — oo. It follows

Ap < ‘Z(Z’J) - Z(ymat)‘ + |Z(ym7t) - Z(ymatm)‘ + |Z(ym>tm) - Z(l} tm)'
AL, AZ, A3,

The continuity of z(-,¢) due to (2.2) implies A}, — 0 as m — co. A2, converges to 0 by
the construction of {y;,}. To treat the term A3 , we apply the Poincaré inequality from
Theorem 2.3.13 with M := {u € WP(B;(qo)) | u(g0) = 0} and obtain

Hg”LP(Bl((IO)) < C”VQHLP(Bl(qo)) (2.3)
for all g € M, where g9 € R™, and C > 0 is independent of g and qy. Note that, due

to g € WP(By(qo)) € C(Bi(qo)), g is pointwise defined. By utilizing (2.3) and using a
scaling argument, we gain a C' > 0 such that for all £ > 0 and all g € W1P(B.(g)) with

g(qo0) = 0 it follows

HQHG(M) = Hg(g.)He(m) < Cllg(e)wre B (@0))
< ClleVg(e)|l Lo (B (a0))
p—n
=Ce 7 [Vl Lr(B.(q0))-

By setting gim(-) := 2(Um, tm) — 2(-, tm) and &, := 2|ym — |, we can estimate A3, in
the following way (note that g, (ym) = 0):

9 p—n
A% S gmlle@—gm) < Cem 7 1V9mllLo(se,, (ym))-

Since z € L°(0,T; WHP(Q)) N H'(0,T; L*(Q)), [IVgmll1r(B.,, (ym)) is bounded with re-
spect to m. In conclusion, A3, — 0 as m — co. Hence, we end up with a contradiction.
Therefore, A,, — 0 as m — oo.

The convergence By, — 0 as m — oo can be shown as for A3, — 0. O

Remark 2.3.15 The inclusion in Proposition 2.3.14 is a special version of a more gen-
eral compactness result in [Sim86, Corollary 5].

2.3.3 Approximations of W*(Q) and L4(0,T; W?(Q))-functions

This subsection presents an approximation method that can be used for passaging to the
limit of certain variational problems. To the author’s best knowledge, the main result
in this subsection (Lemma 2.3.18) has not been investigated in the literature. For more
details concerning the application, see step (iii) from the proof of Theorem 4.2.5.

Lemma 2.3.16 (Approximation of test functions) Let p > n and f,( € Wi’p(Q)
with {¢ = 0} D {f = 0}. Furthermore, let {far}men C Wi’p(Q) be a sequence with
fu — fin WP(Q) as M — oo. Then, there exist a sequence {Cur}aren C W}rP(Q) and
constants vyy >0, M € N, such that
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(i) Cur — € in WHP(Q) as M — oo,
(i3) Cr < ¢ in Q for all M € N,
(i41) vpCar < far in Q for all M € N.
Proof. We give the following proof.

e Without loss of generality, we may assume ¢ # 0 on Q. Otherwise, the statement
follows directly.

o Let {0x} be a sequence with 6, — 0T as k — oo and d, > 0. Define for every
k € N the approximation function (j € Wip (Q) as

G = [C = o™,
where []* stands for max{0, -}.

elet 0 <a<1-— % be a fixed constant. In the following, we use the compact
embedding
WiP(Q) — e%(Q)

due to Theorem 2.3.4 (ii). In particular, we obtain f, fan, GG € CY(Q) and
fu — fin C%%(Q) as M — co.

e Set the constant Ry, k € N, to
1/a
By i= (8/Ileoam) >0
e We obtain the inclusion
{Gk = 0} 29N Bg, ({¢ = 0}). (2.4)
Indeed, let x € QN Bp, ({¢ = 0}). Then, it follows dist(z, {¢ = 0}) < Ry. This

implies the existence of a y € {¢ = 0} with | — y| < R;. Now, we can estimate as
follows:

I¢(x)] =

(@) = S0 < [Clenmle = 91° < I€lleney ()" = b
=0

We end up with z € {Ek = 0}.
e Taking also the assumption {¢ = 0} D {f = 0} into account, we obtain

{G =0} 29N By, ({¢ = 0}) 221 Br,({f = 0}). (2.5)
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e Since ¢ # 0, it follows from {¢ = 0} D {f = 0} that f # 0. Thus, if &k is large
enough, we obtain Q \ Bg, ({f = 0}) # 0. By possibly modifying the sequence
{6r}, we may assume, without loss of generality, @\ Bg, ({f = 0}) # 0 for all
k e N.

e Let k € N be arbitrary and fixed for the moment. Since Q \ Bg, ({f = 0}) is a
compact set contained in {f > 0} (note that {f > 0} := {z € Q| f(x) > 0}), it
follows

= inf{f(z) [z € @\ B, ({f =0})} > 0.

Due to fyr — f in C(Q), there exists an M € N such that for all M > M:
fur = me/2 in Q\ B, ({f = 0}).
e Therefore, we find a strictly increasing sequence { My} C N such that for all £k € N:

f]w 2 77k/2 in ﬁ\BRk({f = 0}) for all M Z Mk. (26)

e For all M > My, we obtain ﬁkgk < far in Q with the constant
g, = i/ (2lI¢] Lo () > 0. (2.7)
Indeed, for z € QN B, ({f = 0}), we get z € {Cx = 0} by (2.5) and, therefore,

() = 0 < far(a).

In the case, z € 2\ By, ({f = 0}), we can use (2.7) and (2.6), and estimate as
follows:

s _@M
Gr() = 5 <1 zos ()

e The claim follows with {3y := 0 and v, :=1for M € {1,..., M;—1} and (jy == ng
and vy := 1y, for each M € {]\Jk7 cooy Mg — 1}, keN. (|

< fu(x).

Remark 2.3.17 We remark that {¢ = 0} 2 {f = 0} means in the context of Lemma
2.3.16 - B
{zreQ|((z) =0} 2 {z € Q| f(x) =0}

by using the embedding W'P(Q) — €(Q) (p > n).

Lemma 2.3.18 (Approximation of time-dependent test functions) Let p > n,
qg>1and f,¢ € LY0,T; W}rP(Q)) with {¢(t) = 0} D {f(t) = 0} for a.e. t € (0,T).
Furthermore, let {fum}men € L9(0,T; W}r’p(ﬂ)) be a sequence with fu(t) — f(t) in
WLP(Q) as M — oo for a.e. t € (0,T). Then, there erist a sequence {Cartpen C
L1(0,T; Wip(Q)) and constants vy > 0 such that
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(i) Car — € in LI(0, T; WHP(Q)) as M — oo,

(it) ¢ < ¢ a.e. in Qp for all M € N (in particular {¢y =0} D {¢ =0}),
(11t) varCa(t) < fau(t) in Q for a.e. t € (0,T) and for all M € N.
If, in addition, ¢ < f a.e. in Qp then condition (i) can be refined to

(111)° Cr < far a.e. in Qp for all M € N.

Proof. Let {x} with &, — 07 as k — oo and d; > 0 be a sequence and 0 < a < 1 — % be
a fixed constant. As in the proof of the previous lemma, we use the compact embedding
WiP(Q) — €%2(Q) in the following.

We construct the approximations (3 € L4(0, T} Wi’p (Q)), M €N, as follows:

M
() == 3" s, (DIC() - &7, (2.8)
k=1

where X 4x [0,T] — {0,1} is defined as the characteristic function of the measurable

set A'fw given by
k M i e
i )P\ <Ui:k+l PM) if k < M, 29)
v if k=M,
with
Pl = {t € [0.7]|Q\ Br (1£(1) = 0}) # 0

and far(t) > ne(1)/2 in @\ Br, o ({f(1) = o})}, (2.10)

where the functions Ry, : [0,7] — [0, 00] and 7, : [0,7] — [0, 00) are defined by

1/a
Ri(t) = ((Sk/HC(t)Heo,a(ﬁ)) , HC(t)H@o,a@) >0,

0, otherwise,
nk(t) = inf{f(t,2) |z € Q\ B ({f(t) = 0})}.

Note that Aﬁp 1 <k < M, are pairwise disjoint by construction.
We are going to prove that the construction of (as satisfies (i)-(iii).

(i) By the assumptions, it holds for a.e. ¢ € (0,T):
o fu(t) = f(t) in WHP(Q) as M — oo
o {C(t) =0} 2 {f(t) =0}
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Take such a ¢t and consider the case ((¢) # 0. Then, f(¢) # 0.

Let K € N be arbitrary but large enough such that Rx (t) > 0 is so small that we
have 0\ By (o ({f(£) = 0}) 0.

Since Q\ B, (1 ({ f(t) = 0}) is a compact set contained in {f(t) > 0} and far(t) —
f(t) in () as M — oo, we find an M € N such that

Fa(t) = ni(8)/2 in @\ Bry o ({f(t) = 0}) for all M > M.
In other words,
VK €N large enough, IM > K, VM > M : t € PE. (2.11)

A visualization of this statement is shown Figure 2.1 and, in particular, it implies
(see the definition of A%, in (2.9)):

VM €N large, 3K € {1,..., M} : l‘ePﬁ7
VM €N large: t € AR with kyr := max{k € {1,...,M}|t € P};}.  (2.12)

Next, we will prove that the properties (2.11) and (2.12) imply kp; — oo as

M — oo.
= |
Kyl |
Kg | |
Ks | &=
Kyl =l
Ks | el
Ko | =
K
-
L Yok L
My Mz Mg M3 My M

Figure 2.1: An ezample to illustrate statement (2.11): a filled box in this matrix at position
(M,K) € N x N indicates t € PL, otherwise t ¢ PK.
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e In fact, for every large K € N, we find an M > K such that ¢ € PE for all
M > M. Then, by using (2.12), we obtain for every M > M:

ky = max{k € {1,...,M}|t € P;} > K.
Consequently, kys — co as M — oo.

Thus &,, — 01 as M — oo.

Furthermore, t € Alf\j‘/ shows (s (t) = [C(t) — Ok,,|T for every large M € N by (2.8).
We end up with (y(t) — ¢(t) in WHP(Q) as K — co.

Taking also the estimate [[Ca(t)[lwir) < (IC(#)lw1p(oy (follows from (2.8)) for
all M and a.e. t into account, Lebesgue’s convergence theorem shows

T
[ 1600 = O 0yt 0 05 01— o

(ii) Property (ii) follows from (2.8) and that A%, k =1,..., M, are pairwise disjoint.

(iii) Let ¢ be as in (i). Since A%, k= 1,..., M, are pairwise disjoint, the definition in
(2.8) implies for every M € N one of the two alternatives:

* Cu(t) =0,
e there exists an k € {1,..., M} such that u(¢) = [C(t) — 6] and t € AX,.

In the first case, the estimate in (iii) is fulfilled for any value vas; > 0.

In the second case, we can argue as in the proof of Lemma 2.3.16. More precisely,
we obtain with the same argumentation

{Cu(t) = 0} = {[¢(t) — &]" = 0} 29N Br, ) ({f(t) = 0})
and, since t € P]’f/p we obtain

Sar(t) > me(t)/2 in @\ By, ) ({f(t) = 0}).

Now, (iii) is fulfilled with
vare = k() / (2[I¢(#) | Lo () > 0.
In the case ¢ < f, we use instead of (2.10) the set
Ply = {t € 0,71 1far (t) = FB)llegq < o }-

With a similar argumentation, {(ys} fulfills (i), (ii) and (iii)’. O
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2.3.4 Characterization of certain variational inequalities

Here, we present a technique of how one can drop a certain restriction on the space of
test functions for some types of variational inequalities. To the author’s best knowledge,
the result in this subsection has not been investigated in the literature. In combination
with the approximation technique in Subsection 2.3.3, we obtain a tool for establishing
coupled variational inequalities arising from (1.1c¢). For more details, see step (iv) from
the proof of Theorem 4.2.5.

In the following, the spelling “{f =0} D {z = 0} in an a.e. sense” means that there
exists a subset N C Q with £"(N) = 0 such that ({f =0} \ N) 2 ({z =0} \ N).

Lemma 2.3.19 Let p > n and let f € LP/P~D(Q;R?), g € LY(Q) and 2 € WiP(Q)
with f-Vz >0 ae. inQ and {f =0} D {z =0} in an a.e. sense. Furthermore, we
assume that

/ (f - V¢+gQ)de >0 for all ¢ € WHP(Q) with {¢ =0} 2 {z = 0}. (2.13)
Q
Then

/ (f V(+g¢)da > / [g]*Cdax for all ¢ € WHP(Q). (2.14)
Q {z=0}

Proof. We assume z # 0 in Q. Let ¢ € Wi’p(ﬂ) be a test function. If § > 0 is small
enough we obtain

O\ Bs({z = 0}) #0, (2.15)

since z € C(Q) due to the embedding W1P(Q) — €(Q). Then, we can define the
approximation (s € wh (Q) by

(s = max{(,—zHCHLongl} (2.16)
with the constant
Cs:=inf {z(z) |z € @\ Bs({z=0})}. (2.17)

It holds Cs > 0 due to z > 0, property (2.15) and the continuity of z. We consider the
following partition of Q:

Q=xjuxniux]
with
2§ =0\ Bs({z = 0}),

2§ = QN Bs({z = 0}) N{¢ < —2|[¢ )l L=C57},
2§ = QN Bs({z =0} N{¢ > —2[¢llL=C5'}.
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By the definition (2.16) with the constant (2.17), the sequence {(s}se(o,1) satisfies

z), ifzeXiux?,
Gloy = {0 Heenon
—2(@)||¢=C5, iz € B,

as well as (in an a.e. sense)

V(z), if z € R UXS,

Vés(a) = {—Vz(a:)”(”LooCl, if z € 3.

From (2.16) and ¢ < 0 in €, we infer that {¢s =0} D {2z =0} and

- tede > — dz = — — ) da.
LAF$JM (dz > A;:mgé z LAﬁﬂ}QK ) da

We calculate

. _ =+
| 7:9¢+ g as /{ e

:/Q(f-V(C—Ca)+g(C—C5))dz+/Q(f~vg;+g<5)dx—/{

>0 by (2.13)

2/Q(f-V(C—Cs)Jrg(C—Ca))dI—/ o(C — &) da

{z=0}

:/f~V(C—<a)dz+/ 9(C - G5) da
Q {z>0}

=/ f'V(C*Ccs)dUH/_f-V(C*Ca)der/ 9(C — Gs) da
wuxg D)} {z>0}

=0 by (2.19)

=/ dexf/ f~VC5dm+/ 9(C — ) da
=3 = {z>0}
| S ——

using (2.19)

>0 by assumption

/f-qux +/ 9(¢ — G5) de
=3 {z>0}

using {f=0}2{z=0} a.e. using (2.18)

/ f~V€dw+/ g(¢ — &) da
£\{z=0} £\{z=0}

The two terms on the right hand side can be treated as follows:

/ f-VCde + |~y / f-Vzdz+/ 9(C — G5)da
=3 %3 {2>0}

(2.18)

(2.19)

(2.20)

[9]*¢dx
0}

apply (2.20)

(2.21)



28 2. Mathematical preliminaries
The set {z = 0} is closed because z is continuous. Therefore, we obtain
(1 Bs({z=0}) ={z=0}
6>0
and, consequently,
() (Bs({z=0p\{z=0}) =0.
>0
The monotonicity of the measure £" yields £™(Bs({z = 0}) \ {z = 0}) — 0 as
§ — 0T. This implies
Lm(S3\ {2 =0}) < L"(Bs({z=0})\{z=10}) =0 (2.22)
and we end up with
/ f-V¢dzr —0 (2.23)
S5\ {z=0}
as d — 0T,
Since ¢ <0 and z > 0, it follows from the definition of s in (2.16) that ¢ < {5 < 0.
Therefore, (s is uniformly bounded in the L>°(2) norm and we can argue as follows
by taking (2.22) into account:
/ g(¢ = ¢)dz| < C lg|dz — 0 (2.24)
23\{z=0} S\ {z=0}
as d — 0T,
From (2.21) and (2.23) and (2.24), we infer the claim (2.14). O

Remark 2.3.20 Let us remark that we suppose {f = 0} D {z = 0} only in an a.e.
sense in Lemma 2.3.19.

2.4 Shrinking sets and admissible subsets

The aim of this section is to prove covering and representation results for shrinking sets
as well as to introduce local Sobolev spaces on shrinking sets. We call a space-time
subset G C Qg shrinking if G is relatively open in Q7 and G(s) C G(¢) holds whenever
0 <t < s <T. Here, the t-cut of G at time t € [0,7T], i.e., GN (Q x {t}), is denoted by
G(t) = {x € Q| (z,t) € G}.
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2.4.1 Covering and representation results

In the following, we are going to study shrinking sets G. They will appear in the analysis
of the complete damage systems in Chapter 6 and Chapter 7 as subsets of Q7 where
the damage is not complete. Due to the possibly bad smoothness property of G, we will
need to represent certain parts of G as a countable union of Lipschitz domains. In this
context, it is convenient to introduce the notion of fine representation and of admissible
subset.

Definition 2.4.1 (Fine representation) Let H C Q) be a relatively open subset. We
call a countable family {Uy} of open sets Uy CC H a fine representation for H if for
every © € H there exist an open set U C R™ with x € U and an k € N such that
(UNQ) CU.

Remark 2.4.2 See Figure 2.2 for an ezample. Note that HNOQ is not covered by {Uy}.

For a given relatively open subset of Q, we will be interested in the subsets where
every path-connected component is connected to the Dirichlet boundary I'p.

Definition 2.4.3 (Admissible subsets of ) with respect to I'p)

(i) Let F C Q be a relatively open subset and
Pp(z) :={y € F |z and y are connected by a path in F }

for x € F. We say that F is admissible with respect to the Dirichlet boundary I'p
if for every x € F the condition

H Y (Pp(z)NTp) >0

is fulfilled. Furthermore, Ary, (F) denotes the mazimal admissible subset of F' with
respect to I'p, t.e.,

Ar, (F) = U {G C F|G is admissible with respect to I'p} .

(ii) For a relatively open subset F C Qr, the set Ur, (F) is given by (Ar, (F))(t) ==
Ary, (F(1))-

In the remaining part of this subsection, we are going to prove certain covering and
representation results.

Lemma 2.4.4 (Finite covering) Let G C Qr be a relatively open subset and the se-
quence {t,,} containing T be dense in [0,T]. Furthermore, let {U;" }xen be a fine repre-
sentation for G(ty,) for every m € N. Then, for every compact set K C G there exist a
finite set I €N and values my, € N, k € I, such that K N Qp C Uper (U]:'A”C X (O,tmk)).
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Figure 2.2: Left: a fine representation for the relatively open subset H = (0,1) x (0,1] of
Q =[0,1] x [0,1]; Right: not a fine representation for H.

Proof. To every element p = (z,t) € K, we will construct a neighborhood 6, C Qr of pin
the subspace topology of 17 such that there exists k,m € N with ©,NQr C U x (0, t,,).
Then the claim follows by the Heine-Borel theorem.

Indeed, to every p = (z,t) € K there exists an € > 0 such that B.(p) NQr C G since
G C Qr is relatively open. Therefore, if t < T, (x,t,) € G for all m € N such that
t <tm < t+e. This implies (z,t,) € GN(Q x {tm}) = G(tm) X {tm}. Then, we find
p € G(tm) x J with J = [0,t,,). In the case t = T, it holds p € G(T) x J with J = [0, T.
Since {U]"}ren is a fine representation of G(ty,), let 6 > 0 such that Bs(z) N Q C U*
for some k € N. Finally, ©, := (Bs(z) N Q) x J is the required neighborhood of p. O

Lemma 2.4.5 (Partition of unity property) Let G, {t;,} and {U;*} be as in Lemma
2.4-4. Then, for every compact subset K C G there exist a finite set I C N, values
my €N, k € I and functions ¥y, € C°(Qr), k € I, such that

(1) KNQr CUper (U™ % (0,8m,)),
(ii) supp(vi) € U™ x [0, tm,],

(1) Y per¥r =1 on K.

Proof. We extend the family of open sets {V,} given by V" := U" x (0,ty,,,) in the
following way. Define

P = {{W,T} | W € R s open with W N Qg = U x (0, tmk)}.

We see that P is non-empty and every totally ordered subset of P has an upper bound
with respect to the ”<*“ ordering defined by

W < {W"Y & W C W for all k,m € N.
k k k k
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By Zorn’s lemma, we find a maximal element {f/km} It holds

ce | v (2.25)
k,meN
Assume that this condition fails. Because of G N Qr = Uy e V4", there exists a

p=(z,t) € GNO(Qr) with p & Uy pnen Vi

Let us consider the case ¢t < T. Since F' C Q7 is relatively open, we find an mg € N
with € G(tm,) and tpy, > t. By the fine representation property of {U;"}ren for
G(tm,), we find an open set U C R" with 2 € U and ko € N such that UNQ C U.

The family {W,:”} given by

W’m - Vkm Ul x (7007tm0) if k = kg and m = my,
o Vk-m else,
satisfies {ngn }e€Pand p € Uy men W,g" which contradicts the maximality property of

{Vi}.
In the case t = T, we also find kg, mg € N and an open set U C R™ with z € U such
that UNQ C U and ty,, = T The family {W;"} given by

— [VrUU xR if k=koand m =my,
ko= ‘7m
u else,

also contradicts the maximality of {Vkm} Therefore, (2.25) is proven.
Heine-Borel theorem yields
KclJvm
kel
for a finite set I C N and values m; € N, k € I. Together with a partition of unity
argument, we get functions 1y, € € (Q7) such that (i)-(iii) hold. a

If a relatively open set H C € is admissible with respect to I'p we can construct a
fine representation for H with Lipschitz domains in the following sense.

Lemma 2.4.6 (Lipschitz representation of admissible sets) Let H C Q be rela-
tively open and admissible with respect to I'p. Then, there exists a fine representation
{Un} for H such that

(i) Uy, is a Lipschitz domain for allm € N,
(ii) H" 10U, "Tp) >0 for allm € N.

Proof. We will sketch a possible construction for reader’s convenience.

We assume WLOG that H is path-connected because H can only have at most
countably many path-connected components and for each component we can apply the
construction below.
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Let us choose a reference point z¢g € I'p N H with the property
50" (9(Bo(w0) 12) NTp) > 0 for all = >0, (2.26)

which is possible since H" }(T'p N H) > 0. The relatively open subset D,, C Q for
m € N is defined as

Dy = H\ By /(@ \ H).

If m is large enough we have xg € Dy,
since H C () is relatively open. We
define

D!, :={x € Dy, |z is path-connected
to o in Dy, }.

Hence, we obtain an € > 0 such that
B:(zg) N Q C D), since D), is rela-
tively open in Q. In combination with
(2.26), this yields H"~1(0D},NTp) >
0. Because of D], cC H, there ex-
ists a Lipschitz domain U,, C ) with
D! C U, C H (eg. the part of
the boundary Uy, \ 99 of U,, can

be constructed by polygons such that Caption

OUy, fulfills the Lipschitz boundary [ Dirichlet boundary T, M boundary of Dy,
condition, see Figure 2.3). The family Il boundary of H Il toundary of Up,
{Up,} satisfies all the desired proper-

ties.

Figure 2.3: Visualization of the construction of
U, in 2D.
O

Corollary 2.4.7 Let G C Qr be a shrinking set where G(t) is admissible with respect
to I'p for all t € [0,T]. Furthermore, let {t;,} C [0,T] be a dense sequence containing
T.

Then, there exists a countable family {U]"}ren of Lipschitz domains UJ* CC G(tm,)
for each m € N such that

(i) H*HOUM™NTp) >0 for all m € N,
(ii) {Uj"}ken is a fine representation for G(ty,) for allm € N,

(iii) G =, G(tm) % [0, tm]-
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2.4.2 Local Sobolev spaces on shrinking sets

Given a shrinking set G, the space of local Sobolev functions on G which are of L?(HY)-type
will be introduce. This space will appear in weak formulations of the complete damage
approach in Chapter 6 and Chapter 7.

Definition 2.4.8 (Space-time local Sobolev functions) Let N € N, ¢ > 1 and
G C Qr be a shrinking set. Define

L{H

T loc(

G;RY) = {v LG — RN |Vt € (0,7], VU CC G(t) open :
(2.27)
olaon € L2(0,6 HIUSRY)) |

As usual, we set L?H

10c(G) = LEHT , (G R).

T loc
Remark 2.4.9 (i) Note that we do not demand that G is an open set.

G;RY) coincides

(G;RN) denotes the classical local L?-Lebesgue space

(i) Applying Lemma 2.4.5 (partition of unity) shows that L?H.
with L2 (G;RN), where L?

loc loc

on G given by

T loc(

L} (G;RY) = {U (G = RY | vly € LEV;RYN) for all open V cC G}.
This can be seen as follows. The inclusion
IOC(G RN) c L2HO loc(G; RN)

follows from Definition 2.4.8 since (U x (0,t)) cC G for every U cC G(t). Now,

letve LIHY 1OC(G;]RN) and V CC G be arbitrary. Furthermore, let {U;"} be as in

Corollary 2. 4 7.

By Lemma 2.4.5 applied to K =V, we find a finite covering {U{"™ x (0, tm, ) rer

of KN Qr. For each k € I, it holds U|U;"kx(0t ) € L2(0, t, s HO(U™ RY)) by
by,

(2.27). Using the partition of unity yields v|y € L*(V;RN). Thusv € L2 (G;RY).

(iii) At fized time points t € (0,T), we find v(t) € HY (G(t);RY).

Given v € L2HZ oo (G RY), we say that v = b on (I'p)7 N G if for every t € (0,7) and

every open set U CC G(t) with Lipschitz boundary
U(s) = b(s) on OU NT'p in the sense of traces for a.e. s € (0,t), (2.28)

is fulfilled with ¥ := v|yy (o4 € L*(0, 8 H'(U; RY)).

We write Vv for the weak derivative with respect to the spatial variable as well as
e(v) := §(Vu+(Vv)") for its symmetric part. The precise definition and characterization
of Vv can be found in the following proposition.
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Proposition 2.4.10 Let G C Qp be a shrinking subset and let {t,,} and {U*} be as in
Lemma 2.4.4. Furthermore, let v: G — RN be a function.

(a) The following statements are equivalent:
(7') CAS L%Hxl,lOC(G; RN)
(it) vlumx(0tm) € L0, ty; HY(URY)) for all kym € N
(iii) v € L2 (G;RN) and there exists a function g € L2 (G;RVN*™) such that

loc loc

/v-div(()dxdtz—/g:(dwdt (2.29)
G G

for all ¢ € CX(int(G); RV*™)
If one of these conditions is satisfied we write Vv := g and e(v) := 3(Vo+ (Vv)").

(b) Assume that each U]’ has a Lipschitz boundary. Then the following statements
are equivalent:

(i) v ="0 on the boundary Dy NG
(it) for every k,m € N, condition (2.28) is satisfied for U = U;" and t = t,,

Proof.

(a) (i)==(ii) and (iii)==-(i) are trivial.
(ii)==-(iii): Let the function §: G — RV*" be L™l a.e. defined as follows. For
each k,m € N, we set glym 1= gi" where gj" € L2(UT™ x (0, ); RV*1) is the weak
derivative of U\U):nx(o’tm). The function g is well-defined on G N Qr since

Gnar= J U x(0,tm)
k,meN

and 57,21 = Zi,:’;z on U,Z“ X (0,tm,) N U,’g? X (0,tm,) for all ki,ke,mi,mg € N
in an L"*lae. sense. Let t € (0,7] and U CC G(t) be open. By Lemma
2.4.4, U x (0,t) can be covered by finitely many sets U™ x (0,t,,). In particular,
Glux(og € L*(0,t; L2(U; RN*™)). Thus g € L (G;RN*™)).

loc
Let ¢ € €(int(G); RV*™). Applying Lemma 2.4.4 again, there exists a finite set
I C N such that supp(¢) € Uge; Up™ % (0,6m,) =: U. By a partition of unity
argument over U, (2.29) holds for g = g.

(b) (ii)==(i): Let ¢t € (0,T) and U CC G(t) be an arbitrary open subset. By Lemma
2.4.4, we find a finite set I C N such that U C Uke] U,’Cn’" and t,,, > t. The claim
follows. O
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