
Chapter 2
Error Tolerant Predictive Control Based
on Recurrent Neural Models

Petia Georgieva and Sebastião Feyo de Azevedo

Abstract This chapter is focused on developing a feasible model predictive
control (MPC) based on time dependent recurrent neural network (NN) models. A
modification of the classical regression neural models is proposed suitable for
prediction purposes. In order to reduce the computational complexity and to
improve the prediction ability of the neural model, optimization of the NN
structure (lag space selection, number of hidden nodes), pruning techniques and
identification strategies are discussed. Furthermore a computationally efficient
modification of the general nonlinear MPC is proposed termed Error Tolerant
MPC (ETMPC). The NN model is imbedded into the structure of the ETMPC and
extensively tested on a dynamic simulator of an industrial crystalizer. The results
demonstrate that the NN-based ETMPC relaxes the computational burden without
losing closed loop performance and can complement other solutions for feasible
industrial real time control.

2.1 Introduction

The concept of Model-based Predictive Control (MPC) was introduced in the
eighties [1]. It does not refer to a particular control method, instead it corresponds
to a general control framework [2]. MPC is known to be the most successful
advanced control approach in practical applications, representing a true alternative
to the classical Proportional Integral Derivative (PID) control. The main reasons
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for this are its potential i) to take directly into account the process input/output
constrains, ii) to consider multiple process objectives and iii) to control processes
with nonlinear time varying dynamics. The main difference between the existing
MPC configurations is in the model used to predict the future behavior of the
process or the implemented optimization procedure. The first industrial applica-
tions of MPC were based on linear models [3], later on successful applications of
nonlinear MPC (NMPC) [4] were also reported. Despite the recognized progress
of NMPC, its on-line implementation with predictions running on a large number
of nonlinear differential and algebraic equations (DAE), i.e. the first principles
process model, is a huge challenge. Such predictions may lead to feasibility
problems for processes with fast nonlinear dynamics (as for example chemical
crystallization/precipitation processes) [5] or can stuck into numerical problems as
stiffness or ill-conditioning. Moreover, in many cases development of first prin-
ciples models based on physical laws is difficult and time consuming [6].

Several suggestions have been made to deal with these problems ranging from
simple extension of Dynamic Matrix Control (DMC) based on successive linear-
ization of the nonlinear model to more elaborate techniques involving discreti-
zation of the model followed by solution via non-linear programming [7]. These
solutions are usually computationally very intensive, assuming unlimited com-
puting resources, which is only valid for high value products and industries with
state of the art control equipment.

MPC algorithms based on artificial Neural Network (NN) models are a
promising alternative that addresses also the above problems. Among various NN
structures, one-step ahead predictors where the neural model is trained non-
recurrently is the most typical option e.g., [8, 9]. However, if the neural models are
used for long range prediction (usually the case with MPC), the prediction error
will be propagated. Another option is to use a multi-model [10, 11]. For each
sampling instant within the prediction horizon an independent submodel is used,
thus the prediction error is not propagated. A third option is to use specialised
recurrent training algorithms for neural models [7, 12, 13], but they are signifi-
cantly more computationally demanding in comparison with one-step ahead pre-
dictor training, and the obtained models may be sensitive to noise.

The contribution of this chapter is twofold. First, it introduces a recurrent
multistep ahead predictive neural model where the past model predictions are
substituted by the process measurements and thus the prediction error is not
propagated. Secondly, in order to further improve the efficiency and reduce the
complexity of the control system a modification of the general NMPC is also
proposed, where the NMPC is executed only when the tracking error is outside a
pre-specified bound. Once the error converges towards the tolerance zone, the
NMPC is switched off and the control action is kept constant. The combination of
the proposed neural model and the introduced error tolerance (ET) in the opti-
mization represents a promising compromise between process performance and
computational complexity and can complement other suggestions in the literature
for feasible industrial real time control. This modification is termed NN-based
Error Tolerant Model Predictive Controller (NN ETMPC).
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2.2 Model Predictive Control Algorithms

Although individually different in form, the underlying idea of all MPC schemes
can be summarized as follows [14]: i) A dynamic model and on-line measurements
are used to predict the future process behavior; ii) On the basis of the process
output predictions over a prediction horizon (Hp), optimization is performed to find
a sequence of manipulated input moves over a control horizon (Hc) that minimizes
a chosen cost function while satisfying all given constrains; iii) Only the first of the
calculated input sequence is implemented and the whole optimization is repeated
at the next sampling time (see Fig. 2.1).

The on-line NMPC implementation has often a discrete form, where the exact
optimization is substituted by a discrete approximation [15]. The continuous time
t 2 [t0, tf] is divided into equally spaced time intervals, with discrete time steps
tk = t0 + kDt and k = 0, 1, …, N. At each consecutive sampling instant (k), a set of
future (k + p) control increments Du(k + p/k) = u(k + p/k) - u(k + p - 1/k) is
calculated

DuðkÞ ¼ Duðk=kÞ; Duðk þ 1=kÞ; . . .Duðk þ Hc � 1=kÞ½ � ð2:1Þ

The following quadratic cost function is typically used:

min
Du k=kð Þ;Du kþ1=kð Þ......Du kþHc�1=kð Þ

J ¼ k1

XHp

p¼1

e k þ p=kð Þð Þ2þk2

XHc

p¼1

Du k þ p=kð Þð Þ2

ð2:2Þ

where eðk þ p=kÞ ¼ ref ðk þ p=kÞ � ŷðk þ p=kÞ. Note that the first term in (2.2) is
related with the objective to minimize the deviation of the predicted values of the
output ŷðk þ p=kÞ from the respective reference ref (k + p/k) over the prediction
horizon. The second term penalizes excessive control increments. The prediction
horizon (Hp) is the number of future time steps over which the prediction errors are
minimized and the control horizon (Hc) is the number of future time steps over
which the control increments are minimized, Hp C Hc. It is assumed that the control
increments for sampling instants after the control horizon are zero (Du(k +
p/k) = 0, p C Hc). Parameters {k1, k2} 2 < C 0 determine the contribution of
each term of (2.2) and consider also the problem of different numerical ranges.

The cost function (2.2) has to be minimized subject to the following constraints:

umin� u k þ p=kð Þ� umax; p ¼ 0; 1; . . . Hc � 1 ð2:3Þ

Dumin�Du k þ p=kð Þ�Dumax; p ¼ 0; 1; . . . Hc � 1 ð2:4Þ

ymin� ŷðk þ p=kÞ� ymax; p ¼ 1; 2; . . . Hp ð2:5Þ

umin and umax are the lower and the upper bounds of the manipulated inputs,
while Dumin and Dumax are the limits of the manipulated input increments.
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Constraints (2.3–2.4) are usually related with actuator saturation or rate-of-change
restrictions, whereas constraints (2.5) are associated with operational limits
(ymin, ymax) such as equipment specifications and safety considerations. Only the
first element of the determined sequence (2.1) is actually applied to the process

uðkÞ ¼ Duðk=kÞ þ uðk � 1Þ ð2:6Þ

The general prediction equation for p = 1, 2, … Hp is

ŷðk þ p=kÞ ¼ ymðk þ p=kÞ þ distðkÞ ð2:7Þ

where quantities ym(k + p/k) are calculated from a dynamical model of the pro-
cess. The unmeasured disturbance dist(k) is estimated from

distðkÞ ¼ yðkÞ � ymðk=k � 1Þ ð2:8Þ

where y(k) is measured from the process and ym(k/k - 1)is calculated from the
dynamical model. dist(k) is assumed to be constant over the prediction horizon
dist(k + p/k) = dist(k), i = 1, … Hc.

MPC algorithms use an explicit dynamical model in order to predict the future
process behavior (Fig. 2.1). Therefore, the main issue to address is the choice of
the process model structure since it affects the performance and accuracy of the
control action. Models based on physical laws (first principles models) are usually
very precise, however not suitable for on-line control since they are complicated
and may lead to numerical problems. Linear models are approximations and a
good choice when the process nonlinearity is mild. However, when the process is
substantially nonlinear, data-based models as fuzzy and neural network structures
are gaining more popularity [10].

On Fig. 2.2 are summarized the most typical MPC algorithms. When the model
is linear and there are no constrains affecting the process, an analytical optimal
solution can be found in a closed form [2]. This is however an idealization, while
in practice the linear MPC is solved numerically at each sampling instant, by the
constrained quadratic programming (QP) optimization. When the model is non-
linear, then the optimization problem (2.2) is certainly not linear quadratic. It is
generally a nonconvex and even multimodal one. For such problems there are no

Optimization 
procedure 

Process model 
(NN or first 
principles model) 

Industrial 
Process 

model output 

ref   

process input process output

MPC
Fig. 2.1 Model based
predictive control (MPC)
scheme
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sufficiently fast and reliable numerical optimization procedures, i.e., procedures
yielding always an optimal point and within predefined time limit—as is required
in on-line control applications [13]. Therefore, many attempts have been made to
construct simplified (and generally suboptimal) nonlinear MPC algorithms
avoiding full on-line nonlinear optimization, first of all using model linearizations
or multiple linear models (for example fuzzy structures) [11]. On the other hand,
successful optimal MPC based on nonlinear optimization (MPC-NO) are mainly
those applying NN techniques. However, the MPC-NO algorithm with NN is still
computationally very demanding (nonconvex, local minima) and significantly
more powerful controllers are required especially for shorter sampling periods.

How to reduce the computational complexity of the nonlinear MPC is therefore
a pertinent problem. The contribution of this chapter is the combination of a
relaxed cost function (suboptimal optimization) and the specific time dependent
Recurrent Neural Network (RNN) structure in order to reduce the MPC compu-
tational burden.

2.3 Neural Dynamical Process Model

NNs became an established methodology for identification and control of non-
linear systems because they are universal approximators, have a relatively small
number of parameters and a simple structure. The NN-based control can be
approached in direct or indirect control framework. Direct neural control means

MPC 
algorithms 

Linear MPC 
with linear 
process model  

Nonlinear MPC 
with non linear 
process model  

Analytical
linear-
quadratic 
optimization 

Numerical
constrained 
QP 
optimization

Optimal
optimization 
with nonlinear 
process model 
(FFNN, RNN) 

Suboptimal
With process 
model 
linearization 

Suboptimal
optimization 
with RNN 
Model 1& 2 
(this paper) 

Fig. 2.2 MPC algorithms
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that the controller itself is a NN, while in the indirect neural control scheme, first a
NN is used to model the process to be controlled, and this model is then embedded
in the control structure [16]. The first approach consists of a number of methods
such as NN Inverse Control (known also as Adaptive Neural Control), NN Internal
Model Control (IMC), NN feedback linearization, NN feedforward control-
ler + conventional feedback controller [17]. The second approach is associated
with Direct adaptive control and NN-based MPC [18].

The main MPC approaches based on NN dynamical models can be briefly
summarized as:

(1) MPC in which the neural model is used directly, without any simplifications. The
control action is computed by a nonlinear optimisation routine, e.g., [15, 16].

(2) MPC in which the neural model is linearised on-line. At each sampling instant
the control action is computed by a QP routine, e.g., [10, 13].

(3) Approximate neural MPC in which the NN replaces the whole control algo-
rithm. The network generates the control actions [17].

(4) There are some specific versions of the above approaches termed stable neural
MPC [19], adaptive neural MPC [20], robust neural MPC [21].

All these algorithms use a one step ahead predictive structure for NN training,
while the MPC implementation of the trained neural model is as a multi step ahead
process predictor. This discrepancy may cause biased predictions and error
accumulation. We propose here to use the same structure for training and MPC
implementation by making changes of the classical regression neural structure.

The most typical NN regression models are inspired by the classical nonlinear
function approximation techniques [22].

2.3.1 NN Final Impulse Response (NNFIR) Model

ymðkÞ ¼ g uðk � sÞ; . . . uðk � s� nu þ 1Þ½ � ð2:9Þ

At each discrete moment k, the model output, ym(k), is a function only of nu past
process inputs u(k - s)…. u(k - s - nu + 1), s is the discrete time delay, s B nu.

2.3.2 NN Auto Regressive with eXogenous Input (NNARX)
Model

ymðkÞ ¼ g yðk � 1Þ; . . . yðk � nyÞ; uðk � sÞ; . . . uðk � s� nu þ 1Þ
� �

ð2:10Þ

The network input consists of nu past process (exogenous) inputs and ny past
process outputs y(k - 1)…. y(k - ny).
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2.3.3 NN Auto Regressive Moving Average with eXogenous
Input (NNARMAX) Model

ymðkÞ ¼ g yðk � 1Þ; . . . yðk � nyÞ; uðk � sÞ; . . . uðk � s� nu þ 1Þ; eðk � 1Þ; . . . eðk � neÞ
� �

ð2:11Þ

where e(k) = y(k) - ym(k).
The model output ym(k)is a function of nu past process inputs, ny past process

outputs and ne past errors between the process and the model output e(k - 1)…
e(k - ne).

2.3.4 NN Output Error (NNOE) Model

ymðkÞ ¼ g ymðk � 1Þ; . . . ymðk � nyÞ; uðk � sÞ; . . . uðk � s� nu þ 1Þ
� �

ð2:12Þ

The network input consists of nu past process inputs and ny past model outputs
ym(k - 1)… ym(k - ny).

NNFIR or NNARX models can be designed as a Feed Forward NN (FFNN),
while to build a NNARMAX or NNOE model, a Recurrent Neural Network
(RNN) with global feedback (network outputs are fed back as network inputs) is
required. RNNs are more adequate to approximate process dynamics since they
can encode the system real time memory and have usually a shorter lag space (ny

and nu) [23].
The output of any of the four NN models (A–D) can be computed as

ymðkÞ ¼ a0 þ
XH

j¼1

aju zjðkÞ
� �

ð2:13Þ

where H is the number of hidden nodes and u is the nonlinear activation function.
zj(k) is the sum of inputs of the ith hidden node. For a standard RNN

zjðkÞ ¼ bj0 þ
Xny

i¼1

bjiyðk � iÞ þ
Xnu

i¼1

cjiuðk � s� iþ 1Þ ð2:14Þ

{aj, bj-, cj-} 2 < are the hidden-to-output layer weights and the input-to-hidden
layer weights, respectively.

MPC requires multistep ahead predictions of the process outputs. If NNARX or
NNARMAX are used as predictive models, according to (2.10) and (2.11), future
process outputs (measurements) are necessary. For example, let ny = nu = 3,
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s = 1, Hp = 4, Hc = 2. Assuming NNARX model structure, at each sampling
moment k the following computations will be performed

ymðkÞ ¼ g y k � 1ð Þ; y k � 2ð Þ; y k � 3ð Þ; u k � 1ð Þ; u k � 2ð Þ; u k � 3ð Þ½ �
ymðk þ 1Þ ¼ g y kð Þ; y k � 1ð Þ; y k � 2ð Þ; u kð Þ; u k � 1ð Þ; u k � 2ð Þ½ �
ymðk þ 2Þ ¼ g y k þ 1ð Þ; y kð Þ; y k � 1ð Þ; u k þ 1ð Þ; u kð Þ; u k � 1ð Þ½ �
ymðk þ 3Þ ¼ g y k þ 2ð Þ; y k þ 1ð Þ; y kð Þ; u k þ 2ð Þ; u k þ 1ð Þ; u kð Þ½ �
ymðk þ 4Þ ¼ g y k þ 3ð Þ; y k þ 2ð Þ; y k þ 1ð Þ; u k þ 2ð ; u k þ 2ð Þ; u k þ 1ð Þ½ �

ð2:15Þ

In order to compute ym(k + 2), ym(k + 3), ym(k + 3) future process outputs
and future values of the control signal (i.e. the decision variables of the MPC
algorithm) are required. For NNARMAX model, future errors [y(k + p) -

ym(k + p)] are additionally required. Since future process measurements are not
available, the NNARX or NNARMAX can be used only for once step ahead
prediction where the neural model output is a function of the current and past
input-output process data.

The NNOE model (2.12) seems more adequate for multi-step ahead predictions
because it is a completely recurrent structure depending only on the process inputs
and the fed back model predictions:

ymðkÞ ¼ g ymðk � 1Þ; ymðk � 2Þ; ymðk � 3Þ; uðk � 1Þ; uðk � 2Þ; uðk � 3Þ½ �
ymðk þ 1Þ ¼ g ymðkÞ; ymðk � 1Þ; ymðk � 2Þ; uðkÞ; uðk � 1Þ; uðk � 2Þ½ �
ymðk þ 2Þ ¼ g ymðk þ 1Þ; ymðkÞ; ymðk � 1Þ; uðk þ 1Þ; uðkÞ; uðk � 1Þ½ �
ymðk þ 3Þ ¼ g ymðk þ 2Þ; ymðk þ 1Þ; ymðkÞ; uðk þ 2Þ; uðk þ 1Þ; uðkÞ½ �
ymðk þ 4Þ ¼ g½ymðk þ 3Þ; ymðk þ 2Þ; ymðk þ 1Þ; uðk þ 2; uðk þ 2Þ; uðk þ 1Þ�

ð2:16Þ

According to (2.16) the output of the NNOE model does not use process output
measurements. However, in case of model inaccuracies and under parameterization,
prediction errors can be accumulated and jeopardize the control system.

We propose here a predictive neural model that is a mixture of NNARX and
NNOE and substitute the past model outputs with past process measurements. In
the example above ym(k - 1), ym(k - 2), ym(k - 3) in (2.16) will be substituted
by y(k - 1), y(k - 2), y(k - 3). Then, the predictive form of (2.13) is

ymðk þ p=kÞ ¼ a0 þ
XH

j¼1

aj u zjðk þ p=kÞ
� �

ð2:17Þ

The proposed modification (Model 1) is comparatively studied with the NNOE
structure (Model 2).
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2.3.4.1 On-line Multistep Ahead Predictive Model1

zjðk þ p=kÞ ¼ bj0 þ
Xvar 1

i¼1

b1jiymðk � iþ p=kÞ ! future model predictions

þ
Xny�var1

i¼1

b2jiyðk � iÞ ! ðmeasuredðpastÞprocessoutputsÞ

þ
Xvar 2

i¼1

c1jiuðk � sþ 1� iþ p=kÞ ! ðfuture input signals)

þ
Xnu�var 2

i¼1

c2jiuðk � sþ 1� iÞ ! ðpast input signals)

ð2:18Þ

2.3.4.2 On-line Multistep Ahead Predictive Model 2 (NNOE)

zjðk þ p=kÞ ¼ bj0 þ
Xvar 1

i¼1

b1jiymðk � iþ p=kÞ ! future model predictions

þ
Xny�var 1

i¼1

b2jiyðk � iÞ ! ðpast model outputsÞ

þ
Xvar 2

i¼1

c1jiuðk � sþ 1� iþ p=kÞ ! ðfuture input signals)

þ
Xnu�var 2

i¼1

c2jiuðk � sþ 1� iÞ ! ðpast input signals)

ð2:19Þ

2.3.4.3 Neural Model Structure for Training and MPC
Implementation

The training stage of any of the regression models (A–D) is usually based on the
NN structure (2.13)–(2.14) where the objective is to minimize the Sum of the
Squared Errors (SSE)
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SSE ¼
X

k2data set

dðkÞ � ymðk=k � 1Þ½ �2 ð2:20Þ

ym(k/k - 1) denotes the output of the neural model for the current sampling
instant k calculated using signals up to the sampling instant k-1 and d(k) is the
process output collected during the identification experiment. Such training
ignores the multi step ahead predictive role of the model (2.17) in the MPC
framework. Due to the different neural model structures used for training and MPC
implementation, prediction errors are further propagated.

In order to overcome this problem, during the training of Models 1 and 2, we
use the same neural structure as the one used for prediction, Eqs. (2.18–2.19). The
network input is provided with the process inputs and outputs from the identifi-
cation experiments and the model predictions. A normalized form of (2.20) over
the prediction horizon is used as a cost function. It is denotes as the Relative Mean
Square (RMS) error

RMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PHp

p¼1
dðk þ pÞ � ymðk þ p=kÞð Þ2

PHp

p
dðk þ pÞð Þ2

vuuuuuut
;

where ym (k + p/k) denotes the predictions of the model output for the future
sampling instant k + p calculated at the current sampling instant k and d(k + p)is
the process output collected during the identification experiment.

2.4 Identification Experiments

Data for NN training was collected according to the following experiments.

2.4.1 Classical (one test) Identification Experiment

Inputs (ui) are generated as random signals. They are introduced to a dynamic
crystallizer simulator used for laboratory experiments [24] and the respective
process responses are recorded (yi). The neural Models 1 and 2 are trained with
data set { ui - ui,mean,yi - yi,mean}, where (ui,mean, yi,mean) are the respective mean
values of the collected input and output time series. This classical identification
experiment is illustrated in Fig. 2.3 (i = 1, 2).
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2.4.2 Double Test Identification

An alternative of the classical identification experiment was also studied. Prior to
the test with randomly generated inputs (ui), a test with constant inputs
u0i ¼ ui;mean

� �
is performed and the process reactions yi; y0i

� �
are recorded

(Fig. 2.4). Then the neural models are trained with data set ui � u0i; yi � y0i
	 


.
We expect that the second experiment has the potential to extract better the

process dynamics.

Remark In case reference input trajectories are available (for example as a result
of offline process design and optimization), the first test may be performed with
these trajectories instead of constant inputs.

2.5 Error Tolerant MPC

2.5.1 Problem Formulation

In order to further relax the computational burden, a modification of the general
NMPC problem (2.2), is proposed here with the following cost function

min
Duðk=kÞ;Duðkþ1=kÞ;...::DuðkþHc�1=kÞ

J ¼

k1

XHp

p¼1

eðk þ p=kÞð Þ2 þ k2

XHc

i¼1

Duðk þ p=kÞð Þ2

9
>>>=

>>>;
; if EP [ a; a 2 Rþ ð2:21Þ

where EP ¼ 1
Hp

XHp

p¼1

eðk þ p=kÞj j ð2:22Þ

Fig. 2.3 Classical (one test) identification experiment

2 Error Tolerant Predictive Control Based on Recurrent Neural Models 55



subject to the same constraints (2.3–2.5). With the cost function (2.21) the future
control actions are calculated as

uðk=kÞ ¼
u :

min
Duðk=kÞ;Duðkþ1=kÞ;...::DuðkþHc�1=kÞÞ½ �

J ¼

k1

XHp

p¼1

eðk þ p=kÞð Þ2 þ k2

XHc

p¼1

Duðk þ p=kÞð Þ2;EP[ a

8
>>><

>>>:

u� if EP� a

8
>>>>>>><

>>>>>>>:

ð2:23Þ

Equation (2.23) is a particular form of the general performance index defined by
(2.2). We denote it as an error tolerant (ET) MPC because the optimization is
performed only when the error function (EP) is above a predefined real value a.
When EP is inside the a-strip the control action is equal to u*, the last imple-
mented optimal control. The price to be paid is that the tracking is not achieved
asymptotically, but in a neighborhood of the reference. However, the a tolerance
can be arbitrarily small and is determined on a case by case basis, which suffices
for practical purposes. The error function in (2.22) is defined as the mean of the
errors between the predicted outputs and their reference values along the next Hp

steps.

Fig. 2.4 Double-test identification experiment
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2.5.2 Selection of MPC Parameters

a is a design parameter whose choice is decisive for achieving a reasonable
compromise between computational costs and tracking error. While a formal
procedure for selecting is not defined, the error tolerance is chosen based on
common sense consideration of ±1-±5 % error around the set-point.

The choice of Hp is related with the sampling period (Dt) of the digital control
implementation, which in its turn is a function of the settling time ts (the time
before entering into the 5 % around the set-point) of the closed loop system. As a
rule of thumb, it is suggested Dt to be chosen at least 10 times smaller than ts, [18].
Hence, the prediction horizon can be chosen as Hp ¼ Int ts

Dt

� �
. It is known that the

smaller the sampling time, the better is the reference trajectory tracking and dis-
turbance rejection. However, choosing a small sampling time yields a large pre-
diction horizon. In order to compute the optimal control input, the optimization
(2.2) is performed at each sampling time and requires large amount of computer
memory per iteration and fast communication and computation resources. Such
requirements are still unbearable for many industries with not-state-of-the-art
control equipment. The ETMPC introduced by (2.23) has the potential to reduce
the computational burden in such cases complementing other solutions in the
literature for feasible real time optimal control.

In the MPC control tests (Sect. 2.8) the design parameter k1 is set to 1, while the
choice of k2 is based on the following empirical expression

k2 ¼
emaxP=100

umax � uminð Þ2
ð2:24Þ

where P defines the desired contribution of the second term in (2.21)
(0 % B P B 100 %) and

emax ¼ max ref � ymaxð Þ2; ref � yminð Þ2
� �

ð2:25Þ

The intuition behind (2.24–2.25) is to compensate the magnitude orders of the
two terms of (2.21).

2.5.3 Normalized ETMPC

A normalized version of the cost function (2.21) was implemented in the
numerical tests
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min
Duðk=kÞ;Duðkþ1=kÞ;...::DuðkþHc�1=kÞ

J ¼ k1RMSþ k2ACE

if EP ¼ 1
Hp

RMS [ a; a 2 Rþ
ð2:26Þ

where the Relative Mean Square (RMS) error is

RMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PHp

p¼1
ref ðk þ p=kÞ � ŷðk þ p=kÞð Þ2

PHp

i¼1
ref ðk þ p=kÞð Þ2

vuuuuuut
ð2:27Þ

and the Average Control Effort (ACE)

ACE ¼

PHc

p¼1
Duðk þ p=kÞð Þ2

Hc
ð2:28Þ

The normalization prevents from abrupt changes of the cost function and makes
a balance between the two terms. The intuition behind is that RMS incorporates
the constraints that the controlled output should not deviate too far from the
reference values and ACE represent the assumption that the input variations are
sufficiently slow. The cost function in (2.26) is smoother and guarantees empiri-
cally the Bounded Input Bounded Output (BIBO) stability of the closed loop
system.

2.6 Sugar Crystallization Case Study

2.6.1 Process Description

Sugar production is characterized by strongly non-linear and non-stationary
dynamics and goes naturally through a sequence of relatively independent stages:
charging, concentration, seeding, setting the grain, crystallization, tightening and
discharge [24].

The feedback control policy is based on measurements of the flowrate, the
temperature, the pressure, the stirrer power and the supersaturation (by a refrac-
tometer). Measurements of these variables are usually available for a conventional
crystallizer.

Charging. During the first stage the crystallizer is fed with liquor until it covers
approximately 40 % of the vessel height. The process starts with vacuum pressure
of around 1 bar (equal to the atmospheric pressure) and reduces it up to 0.23 bar.
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When the vacuum pressure reaches 0.5 bar, the feed valve is completely open such
that the feed flowrate is kept at its maximum value. When the liquor covers 40 %
of the vessel height, the feed valve is closed and the vacuum pressure needs some
time to stabilize around the value of 0.23 bar before the concentration stage starts.

Concentration. The next phase is the concentration. The liquor is concentrated
by evaporation, under vacuum, until supersaturation reaches a predefined value
(typically 1.11). At this stage seed crystals are introduced into the pan to induce
the production of crystals. This is the beginning of the third (crystallisation) phase.

Crystallisation (main phase). In this phase as evaporation takes place further
liquor or water is added to the pan in order to guarantee crystal growth at a
controlled supersaturation level and to increase total contents of sugar in the pan.
Near to the end of this phase and for economical reasons, the liquor is replaced by
other juice of lower purity (termed syrup). The supersaturation is the main driving
force of this stage but the actual measured variable is the brix of the solution.
However, due to a straightforward relation between supersaturation and brix, the
supersaturation (S) is considered as the controlled process output.

Tightening. Once the pan is full the feeding is closed. The tightening stage
consists principally in waiting until the suspension reaches the reference consis-
tency, which corresponds to a volume fraction of crystals equal to 0.5. The stage is
over when the stirrer power reaches the maximum value of 50 A. The steam valve
is closed, the water pump of the barometric condenser and the stirrer are turned off.
Now the suspension is ready to be unloaded and centrifuged.

The different phases are comparatively independent process states. The crys-
tallization is the main stage responsible for the product quality quantified by the
average (in mass) crystal particle size (AM) at the end of the process and the final
coefficient of particle variation (CV). The present study is focused on defining an
efficient MPC only for the crystallization phase. Based on a set of industrial data
collected over normal white sugar production cycles, average values for the main
process variables were determined and summarised in Table 2.1. Table 2.2 con-
sists of the reference values and restrictions of the process quality variables
evaluated at the batch end. For more details with respect to the process see [25].

2.6.2 Crystallization Macro Model

The general phenomenological model of the fed-batch crystallization process
consists of mass, energy and population balances. While the mass and energy
balances are common expressions in many chemical process models, the popu-
lation balance is related with the crystallization phenomenon which is still an open
modelling problem.
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2.6.2.1 Mass Balance:

The mass of all participating solid and dissolved substances are included in a set of
conservation mass balance equations

_M ¼ f ðMðtÞ;FðtÞ;P1Þ; 0� t� tf ; Mð0Þ ¼ M0 ð2:29Þ

where M(t) 2 Rq and F(t) 2 Rm are the mass and the flow rate vectors, with q and
m dimensions respectively, and tf is the final batch time. P1 is the vector of
physical parameters as density, viscosity and purity.

2.6.2.2 Energy Balance:

The general energy (E) balance model is

_E ¼ f ðEðtÞ;MðtÞ;FðtÞ;P2Þ; 0� t� tf ; Eð0Þ ¼ E0 ð2:30Þ

where P2 incorporates the enthalpy terms and specific heat capacities derived as
functions of physical and thermodynamic properties.

Table 2.1 Process variables

Name Notation Average value Max value

Liquor/Syrup
feed flowrate

Ff 0.0057 m3/s 0.025 m3/s

Steam flowrate Fs 1.6 m3/s 2.75 kg/s
Feed temperature Tf 65 �C –
Steam temperature Ts 140 �C –
Brix of feed Bxf 0.7 –
Steam pressure Ps 2 bar –
Temperature of
massecuite

Tm 72.5 �C –

Vacuum pressure Pvac 0.25 bar 0.5 bar
Brix of the solution Bxsol 2 bar –
Stirring power W 25 A 50 A

Table 2.2 Hard constraints of process quality variables

Name Notation
tfinal–final time

Value

Average (in mass) crystal size AM(tfinal) 0.55–0.6 mm (ref.)
Coef. of variation CV(tfinal) below 32 %
Volume V(tfinal) 35 m3 (max)

S
Supersaturation 1.3 (max)
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2.6.2.3 Population Balance:

Mathematical representation of the crystallization rate can be achieved through
basic mass transfer considerations or by writing a population balance represented
by its moment equations [26]. Employing a population balance is generally pre-
ferred since it allows to take into account initial experimental distributions and,
most significantly, to consider complex mechanisms such as those of size dis-
persion and/or particle agglomeration/aggregation. Hence

_gi ¼ f gi tð Þ; ~B0;G; b
0

� �
; 0� t� tf ; i ¼ 0; 1; 2; . . . gið0Þ ¼ gi0 ð2:31Þ

where gi is the j-th moment of the mass-size particle distribution function, ~B0, G
and b0 are the kinetic variables nucleation rate, linear growth rate and the
agglomeration kernel, respectively. The process quality measures are derived as

AMðtÞ ¼ g1ðtÞ=g0ðtÞ ð2:32Þ

CVðtÞ ¼ g0ðtÞg2ðtÞ


g2

1ðtÞ � 1
� �1=2 ð2:33Þ

The control objective is to get a desired final average crystal size AM(tfinal)
= AMref = 0.55 and to minimize CV(tfinal).

2.7 Neural Model Identification

2.7.1 Identification Experiments

Based on the macro model (2.29–2.33), a dynamical process simulator was
developed [24]. It consists of mass, energy and population balances and was
extensively tuned with real data from two industrial units (Sugar refinery RAR.SA,
Portugal and Company 30 de Noviembre, Pinar del Río, Cuba). For all measured
process variables (the vacuum pressure, brix and temperature of the feed flow,
pressure and temperature of the steam), the simulator provides an option to
introduce industrial measurements, which serves as a natural source of disturbance
and noise. The results of the MPC tests are related with the Sugar refinery RAR.SA
plant.

Over the crystallization stage the controlled variable is the supersaturation (S).
The manipulated variables are the feed flow rate (Ff), during the first part of the
crystallization and latter on the steam flow rate (Fs). The open-loop input-output
process data were acquired either by available industrial measurements (batch 1, 2, 3)
or by generated inputs as random signals limited by maximum of 10 % around the
average values collected in Table 2.1. In both cases the sampling period is ts = 10 s.
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Data bases for NN training and testing were obtained according to the single or
double test experiments discussed in Sect. 2.4.

2.7.2 NN Structure Selection

In term of NN structure selection, the number of delayed signals (ny and nu) used
as regressors (lag space) and the number and type of hidden units need to be
determined.

2.7.2.1 Lag Space Selection

Insufficient lag space means that essential dynamics is not modeled. Too many
regressors imply overestimated model order. A procedure based on the Lipschitz
quotient is used to optimize the lag space, assuming that the process can be
represented accurately by a function that is reasonable smooth in the regressors. A
detailed description of this approach can be found in [13] and [27]. The procedure
is the following:

1. For a given choice of the lag space ny determine the Lipschitz quotients for all
combinations of input-output pairs

qij ¼
yNN

i ðkÞ � yNN
j ðkÞ

xiðkÞ � xjðkÞ

�����

�����; i 6¼ j; i; j ¼ 1; 2; . . .::N ð2:34Þ

where || specifies the Euclidian norm, i.e. the distance, N is the number of available
samples, xi(k) is one element of the input vector x(k)

yNNðkÞ ¼ g xðkÞ; h½ �; xðkÞ ¼ x1; x2; . . .:: xz½ � ð2:35Þ

The Lipschitz condition states that qij is always bounded if the function g is
continuous.
2. Select the p largest quotients, where p = 0.01 N 7 0.02 N
3. Evaluate the criterion

q ¼
Yp

i¼1

ffiffiffiffiffi
ny
p

q
ðnyÞ
i

 !1
p

ð2:36Þ

4. Repeat (1–3) for a number of different lag structures.
5. Plot the criterion q as a function of the lag space and select the optimal number

of regressors as the ‘‘knee point’’ of the curve.
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For the crystallization case

xðkÞ ¼ yðk � 1Þ; . . . yðk � nyÞ; uðk � sÞ; . . . uðk � s� nu þ 1Þ
� �

ð2:37Þ

The process is simplified by choosing ny = nu. The crystallization stage takes
about 45–50 min., with a sampling rate ts = 10 s., hence N & 300 samples and
p = 3 7 6. Based on the results depicted in Fig. 2.5, third order dynamical model
was defined.

2.7.2.2 Number of Hidden Nodes

The studied neural models have equal input arguments ny = nu = 3, s = 1, and
hyperbolic tangent neurons in the hidden layer. Table 2.3 summarized the results
with respect to neural model training and testing as a function of the number of
hidden nodes (H). Classical training algorithms have been tested: steepest descent
(SD), conjugate gradient (CG) [28] and Levenberg-Marquardt (LM) method [29].
In terms of RMS, the methods are similar, however the LM method converges
most rapidly. Hence, the LM training suits better for on-line neural model tuning
or periodical on-line model calibration.

More hidden nodes H (3, 4, 5, 6, 7), lower RMS for the training data, however
for H [ 6, the RMS for test data rapidly increases (overfitting problem). Therefore
H = 6 is chosen as a compromise between accuracy and complexity.

Fig. 2.5 Criterion (2.36) as a function of the lag space ny
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2.7.2.3 NN Pruning

Besides the number of regressors and the number of hidden nodes, the number of
connections among the neurons is also an important NN parameter. The Optimal
Brain Damage (OBD) pruning algorithm [30] is used to further improve the ratio
between accuracy and complexity

OBD determines the optimal network architecture by removing the superfluous
weights from the network in order to avoid the overfitting of the data by the NN.
The objective is to find a set of weights whose removing is likely to result in the
least change in RMS. The saliency Si of weight 0i is defined as a function of the

second-order derivative of the cost function with respect to #i
o2 RMS
o hið Þ2

� �

Si ¼
o2RMS

o hið Þ2
hið Þ2; i ¼ 1; 2; . . . nf g n ¼ ðny þ nu þ 1ÞH þ H þ 1 ð2:38Þ

where n is the total number of network weights and

# ¼ h1; h2; . . . hn½ � ¼ aj

	 

; bji

	 

; cjk

	 
� �
;

for j ¼ 0; . . . H; i ¼ 0; . . . ny; k ¼ 1; . . . nu

Table 2.3 The effect of the number of hidden nodes and the training algorithm on the accuracy
of the neural dynamical model

H No. of weights Training
method

RMS
training

RMS
test

3 19 SD 0.195 0.289
CG 0.189 0.296
LM 0.201 0.311

4 25 SD 0.087 0.134
CG 0.141 0.199
LM 0.109 0.220

5 31 SD 0.079 0.097
CG 0.056 0.261
LM 0.191 0.301

6 37 SD 0.068 0.091
CG 0.011 0.101
LM 0.026 0.099

7 43 SD 0.066 0.172
CG 0.009 0.391
LM 0.017 0.283
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The OBD pruning algorithm can be summarized as follows:

1. Train the fully connected NN
2. Compute the saliency (2.38) with respect to all weights
3. Eliminate the weight with the smallest saliency value
4. Retrain the NN
5. Stop if pruning leads to higher RMS
6. If not, go to step 2.

The NN started with 6 hidden nodes and 37 weights. After the OBD pruning
procedure, 14 weights were removed but the network predictions of the end-point
process quality measures AM_final and CV_final are still reliable (see Table 2.4).

2.8 NN ETMPC Control Tests

The NN-based MPC was tested on a dynamic crystallizer simulator [24]. The MPC
design parameters are summarized in Table 2.5. The NN MPC with the classical
cost function (2.2) and the Error Tolerant modifications (not normalized and
normalized NN ETMPC) with cost functions (2.21) and (2.26) respectively, are
compared with a PID controller designed in the following velocity form

Table 2.4 The effect of NN prunning on the final process quality measures

Method No
weights

AM_final (mm) (ref. 0.56) CV_final (%)

NN MPC 37
(before
pruning)

0.615 30.28
NN ETMPC 0.603 31.14
Normalized
NN ETMPC

0.573 29.36

NN MPC 23
(after
pruning)

0.637 30.26
NN ETMPC 0.636 30.42
Normalized
NN ETMPC

0.550 28.74

Table 2.5 MPC design parameters

ts (s) Dt (s) Hp Hc k2 Set- a-
Settling
time

Sampling
period

Prediction
horizon

Control
horizon

Weight point strip (1 %)

Control variable-feed flowrate Ff ; controlled variable-supersaturation S
40 4 10 4 0.1 1.15 0.01
PID: proportional gain kp = -0.5; integral time const si = 40; sd = 0
Control variable-feed flowrate Fs; controlled variable-supersaturation S
60 4 15 4 0.01 1.15 0.01
PID: proportional gain kp = 20; integral time const si = 40; sd = 0
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uðkÞ ¼ uðk � 1Þ þ Kp eðkÞ � eðk � 1Þð Þ þ Dt

si
� eðkÞ

�

þsd

Dt
� eðkÞ � 2 � eðk � 1Þ þ eðk � 2Þð Þ

� ð2:39Þ

The optimized PID parameters kp, si, sd are summarized in Table 2.5. The
tuning suggests that the derivative time constant is not necessary therefore sd = 0.

2.8.1 Set-Point Tracking

Time trajectories of the controlled and the manipulated variables only for the
crystallization stage are depicted in Figs. 2.6, 2.7, 2.8. During the first half of
the stage liquor is introduced into the pan and its flow rate (Ff) is the way to control

Fig. 2.6 Controlled variable (S-supersaturation), manipulated variables (Ff-feed flowrate), Fs-
steam flow rate. Dashed line—NN-Normalized ETMPC; Full line—NN-MPC

66 P. Georgieva and S. F. de Azevedo



the supersaturation around the set point. When the complete amount of liqueur is
added, the process is next controlled by the steam flow rate (Fs).

All MPC control loops show similar tracking performance. There results
demonstrate that the explicitly introduced error tolerance does not worsen the
output reference tracking. The price to be paid is that the (not normalized) NN
ETMPC needs longer time to enter into the a-strip, however, it is not the case with
the normalized NN ETMPC. The PID exhibits the worse tracking performance
(Fig. 2.8—full line) which is due to the inherent nonstationarity of the process,
while the PID parameters are tuned assuming stationary process parameters.

Fig. 2.7 Controlled variable (S-supersaturation), manipulated variables (Ff-feed flowrate), Fs-
steam flow rate. Dashed line—NN-Normalized ETMPC; Full line—NN-ETMPC
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2.8.2 Computational Time Reduction

The principal contribution of the NN-based Error Tolerant MPC is with respect to
the computational time reduction. Figures 2.9 and 2.10 depict the optimization
time per iteration over one production cycle, comparing the classical MPC
(Fig. 2.9a) with tree ETMPC alternatives: i) ETMPC with neural Model 1,
Eq. (2.18); ii) ETMPC with neural Model 2, Eq. (2.19); iii) Normalized ETMPC
with neural Model 1. The NN-based ETMPCs require significantly less time to
compute the feasible (sub) optimal control actions. The average CPU times per
iteration are summarized in Table 2.6. Note that they range from about
0.211–0.192 s for the classical MPC to 0.061–0.078 s for the Normalized NN-
ETMPC, assuming only 1 % error tolerance. In case the process tolerates higher
tracking imprecision the computational time can be further reduced.

Fig. 2.8 Controlled variable (S-supersaturation), manipulated variables (Ff-feed flowrate), (Fs-
steam flow rate). Dashed line—first principles model-Normalized ETMPC; Full line—PID
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2.8.3 Final Product Quality

For practical applications it is interesting to study the influence of the NN pre-
dictive models on the process final performance. Therefore, their prediction quality
is tested in the framework of the normalized NN ETMPC towards the principal
control objectives, namely how close is the average crystal size (AM_final) to the
desired value of 0.55 mm. and how variable is this size (CV_final) at the end of the
process. Tables 2.7 and 2.8 collect the performed tests. First (Table 2.7), Models 1

Fig. 2.9 Optimization time
per iteration. a NN-MPC
b NN (Model 1)-ETMPC

Fig. 2.10 Optimization time
per iteration. a NN (Model
2)-ETMPC; b Normalized
NN (Model 1)-ETMPC
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and 2 were trained with industrial data acquired over one, two or three in spec
batches. Increasing the training data influences the prediction quality mainly of
Model 1 whose structure depends directly on the process measurements. In case
less training data are available Model 2 exhibits better prediction ability. The
effect of the identification strategies discussed in Sect. 2.4 is studied assuming an
MPC controlled process with Model 1 predictions (Table 2.8). The double test
identification is less sensitive with respect to the nature of the training data
(generated signals or industrial measurements) and ends up with lower RMS.

2.9 Conclusions

The traditional position of many practitioners is still in favor of linear control
solutions. However, for significantly nonlinear processes, as for example in the
crystallization industry, the advantages of data-based process modeling,

Table 2.6 Average computational cost

Control
method

NN Model Average optim. time per iteration (S)

Normalized NN ETMPC Model 1/eq. (2.18) 0.061
Model 2/eq. (2.19) 0.078

NN ETMPC Model 1 0.093
Model 2 0.091

NN MPC Model 1 0.192
Model 2 0.211

Table 2.7 NN prediction quality in the framework of the normalized ETMPC

Model Training
data base

AM_final
(mm) (ref. 0.55)

CV_final
(%)

Model 1 1 batch (273 p.) 0.615 31.14
2 batches (551 p.) 0.592 30.93
3 batches (816 p.) 0.550 28.74

Model 2 1 batch (373 p.) 0.61 29.18
2 batches (551 p.) 0.575 32.06
3 batches (816 p.) 0.601 30.10

Table 2.8 Process model identification assuming model 1 structure

Identif. Training data
base

RMS
test

AM_fin (mm) (ref. 0.55) CV_final (%)

One test Generated signals 0.256 0.644 30.19
Industrial measurements 0.269 0.587 32.01

Double test Generated signals 0.097 0.591 29.06
Industrial measurements 0.102 0.550 28.74
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optimization and control are difficult to neglect. This chapter discusses the
application of NNs as predictive models in the framework of nonlinear model
based predictive control (MPC).

The proposed recurrent multistep ahead predictive neural model fits well to the
MPC objectives and guarantees the same performance as the traditional models
obtained from physical laws. Furthermore, the multi step ahead prediction role of
the model in the MPC framework is taken into account during the NN training.
These modifications, of the classical regression predictive models, reduce the
propagation of the prediction error and have the advantage to be a straightforward
modeling technology.

The second contribution of the present work is the heuristic modification of the
MPC, termed ETMPC, where the optimization is executed only when the tracking
error is above a predefined level. In applications where the tracking is allowed to
tolerate some margins, the suboptimal NN-based ETMPC control can relax sub-
stantially the computational burden. In the presence of limited computational
resources suboptimal control is often the compromise due to feasibility problems
or lack of solution (convergence) within the restricted time per iteration.

From a systems engineering point of view, the crystallization phenomena can
be found in a significant number of industrial processes (e.g. pharmaceutical
industry, precipitation, wastewater treatment). Therefore, the control solution
proposed for the present industrial case has the potential to be easily extended to
other processes.
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