Chapter 2
Mathematical Construction Methods

Abstract This chapter presents some representative mathematical methods that are
commonly used in the construction of orthogonal arrays and covering arrays, as well
as some bounds on the size of such arrays.

As we mentioned in Chap. 1, combinatorial testing is closely related to combinatorics,
which is a branch of mathematics. For an introduction to combinatorial theory and
combinatorial designs, see [3, 5]. Mathematicians have obtained many results in this
field. Some of them can be used to construct combinatorial designs directly. Mathe-
matical methods, in particular product or recursive constructions, can be employed
to build large instances of orthogonal arrays and covering arrays. However, many of
these methods are applicable only in specific cases.

2.1 Mathematical Methods for Constructing
Orthogonal Arrays

As a combinatorial design with beautiful balancing property, the orthogonal array
has long been the interest of mathematicians. There are many mathematical results
about OA, either dealing with construction or proving its nonexistence given some
parameters. For simplicity, here we just review a few ones that are easy to understand.

2.1.1 Juxaposition

Theorem 2.1 Ifan OA(N', s} -s2-- - sk, t) andan OA(N", s\ sy - - - si, t) both exist,
and ISV—,/ = 1;7—,7, then an OA(N" + N, (s +s{) - 52+ - - Sk, 1) exists.
1 1
The proof of this theorem is trivial. Given an OA(N’,s| - s2-- -5, 1) and an
OA(N", s{/ - 82 - -+ Sk, t), we just need to relabel the elements in the first column of

one array, and put it underneath the other array. Obviously the resulting array is an
OA(N" + N", (s] +s7) - 52+ -5k, 1).
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Fig. 2.1 Transform an (010000 [00]0000
OA(8,4-2%2) toan 01111 001111
0A(8, 2%, 2) by splitting 110011 010011
111100 01/1100
200101 100101
21010 101010
30110 110110
31001 11/1001

2.1.2 Splitting
Theorem 2.2 [fan OA(N, (pxs)-s2 - - - Sk, t) exists, thenan OA(N, p-s-s2 + - S, t)
also exists.

For each elementi € {0, 1,..., p x s — 1},letv =imods, u = (i —v)/s. Then
split the first column of OA(N, (p x ) - 53 - - - Sk, t) into two columns by replacing
element i with two elements u and v. The resulting array isan OA(N, p-s-s2 - - - Sk, t).
For example, we can construct an OA(8, 20, 2) from an OA(S, 4 - 24, 2) by splitting
the first column, as illustrated in Fig.2.1.

2.1.3 Hadamard Construction

Ann x n (=1, 1)-matrix H, is an Hadamard matrix if H, HnT =nl.

Example 2.1 The matrix

1 1 1 1

1 1-1-1

Ae=147_1 1.

1—-1-1 1

is an Hadamard matrix because:

1 1 1 1 1 1 1 1 4000
1 1-1-1 o 1 1-1—-1} 0400
1 -1 1-1 1-1 1—-1] 10040
1—-1-1 1 1-1-1 1 0004

Theorem 2.3 When an Hadamard matrix of order n > 4 exists, an OA(2n, 2", 3)
and an OA(8n, 22"=% . 42, 3) exist.

Due to space limitation, we just elaborate the first case. Suppose H, is an Hadamard

matrix of order n (n > 4), then _ngn is an OA(2n, 2", 3). Figure2.2 shows an

OA(8, 24, 3) constructed with the Hadamard matrix Hy in the above example. By
convention, we replace the element ‘—1’ with ‘0’.
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Fig. 2.2 Construct an

0OA(8, 2%, 3) from an 1 1 1 1 1111
Hadamard matrix of order 4 I 1-1-1 1100
1 -1 1-1 1010
I -1-1 1 1001
-1 -1-1-1 0000
-1-1 1 1 0011
-1 1-1 1 0101
-1 1 1-1 0110

2.1.4 Zero-Sum Construction

Theorem 2.4 Suppose Z; is the additive group of integers modulo s. For each of the
st t-tuples over Zg, form a row vector of length t + 1 by adjoining in the last column
the negative of the sum of the elements in the first t columns. Use these vectors to
form an s' x (t + 1) array, and the array is an OA(s', s'T1, 1).

Example 2.2 Assume that we would like to construct an OA(16, 25, 4). Firstly, we
enumerate all tuples of length 4 over the set {0, 1}, i.e., the 16 vectors ranging from
(0,0,0,0) to (1, 1, 1, 1). Secondly, for each vector we add an extra element in the
end, so that the sum of all elements is divisible by 2. For instance, (0, 0, 0, 0) is
extended to (0, 0,0, 0, 0), and (0, 1, 1, 1) is extended to (0, 1, 1, 1, 1). Finally, all
these vectors are used as row vectors to form the target array, as Fig. 2.3 illustrates.

2.1.5 Construction from Mutually Orthogonal Latin Squares

Theorem 2.5 There exist k mutually orthogonal Latin squares of order n (k-
MOLS(n)) if and only if there exists an OA(n®,n*+22).

Fig. 2.3 OA(16,2%,4) 00000
00011
00101
00110
01001
01010
01100
01111
10001
10010
10100
10111
11000
11011
11101
11110



20 2 Mathematical Construction Methods

Fig. 2.4 Construct an 0000
0A(9, 3%, 2) from 0111
2-MOLS(3) 0222

Suppose that {LS; - - - LSk} is a set of kK mutually orthogonal Latin squares of order
n,and LSy (i, j) denotes the element in the ith row, jth column of LS. For each
combinationofi and j (0 <i <n—1,0 < j <n—1), we form a (k 4 2)-tuple
(i, j, LS1(, j), ..., LSk(, j)). Then we use these tuples as row vectors to form a
matrix. Obviously the resulting matrix is an OA(nz, nkt2 2).

Example 2.3 In Fig.2.4, the matrix on the right is an OA(9, 34, 2) constructed from
the 2-MOLS(3) on the left. The first column represents the row indices of 2-MOLS(3);
the second column represents the column indices of 2-MOLS(3); the third column
contains the elements in the first latin square, and the last column contains the ele-
ments in the second latin square.

2.2 Mathematical Methods for Constructing Covering Arrays

A covering array is optimal if it has the smallest possible number N of rows. As
mentioned in Chap. 1, this smallest number is called the covering array number
(CAN). Formally, CAN(d; - d> - - - di, t) = min{N|3CA(N,d; - da - - - di, t)}. CAN
is a vital attribute of covering arrays. It serves as the lower bound of the size of the
test suite. CAN can always be obtained as the by-product of the construction of CAs.

2.2.1 Simple Constructions

2.2.1.1 Column-Collapsing

Given a CA(N,d; ---d; - - - di, t), if we delete an arbitrary column i, we will get a
CA(N,dy---di—1-diy1---di,1). So

CAN(d; ---di—1 -diy1---di,t) < CAN(dy ---d; -~ - di, 1).
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2.2.1.2 Symbol-Collapsing

GivenaCA(N,d; ---d; - - - dy, t), if we replace a symbol v in the ith column with any
symbolinthisset{0, 1, ..., d;—1} other than v itself, we will geta CA(N, dy - - - (d; —
1)---d,t).So

CAN(;---(di = 1)---dy,t) <CAN(d; ---d; - - dk, ).

2.2.1.3 Derivation

Givena CA(N,d; ---d; - - - di, t), if we select a symbol v from the ith column, then
extract the rows with a symbol v on the ith column, and finally delete the ith column,
we will get a CA(M,dy---di—1 - di+1---dx,t — 1), where M is no less than the
product of the r — 1 largest levels (excluding d;). And we have

di x CAN(dy ---di—y -dijy1---di,t —1) <CAN(d;---d; ---di, 1).

2.2.1.4 Juxaposition

Givena CA(N',d| -dy---di,t) anda CA(N",dY - dy - - - d, t), we can construct a
CA(N' + N",(d] +dY) - dy---dj, 1) by relabeling the symbols in the first column
of one CA and putting it underneath the other.

In particular, we can construct a CA({N, €dy - d> - - - dy, t) from a CA(N, d; -
dy---dy, 1), sowe have

CANWd, -dy---dy,t)) <€ -CAN( - dp---dy,1).
For example, it is not difficult to find an instance of CA(25, 52413297 2). Then

we can produce a CA(100, 102413227, 2) by applying juxaposition twice. Obviously
this result is optimal.

2.2.2 Recursive Constructions

For many combinatorial objects, we can use mathematical results to produce large
objects from smaller ones. In this subsection, we briefly describe some of the results
for covering arrays.
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aj; ap - ag|an dip - ap |c-lan ap - ag

ay] axp - ay |ay axp - axy |-c-lasy axn - ay
N rows :

ay1 any -+ Ak |any ana ccc ang|-cc|ant ana st ang

biy by -+ by |bp b1y --- bia || b1y b - by

byt bar -+ bay | b by -+ by |-+| by boy oo+ by
M rows : : :

by bmy -+ by |byma by - b || b bye -+ by

Fig.2.5 The product of A® B (Reprinted with permission from [9]. Copyright 2008, Elsevier Inc.)

Fig. 2.6 CAN + (v —1)- W

M. v, 3) B B™
B B™
B B!

2.2.2.1 Strength-2 Covering Arrays

For strength + = 2 (i.e., pairwise testing), Stevens and Mendelsohn proved the
following theorem [8]:

Theorem 2.6 (Products of Strength-2 CAs) If a CA(N, vk, 2) and a CA(M,v*, 2)
both exist, then a CA(N + M, Ve, 2) also exists.

Let A = (a;;) be CA(N, vk, 2) and B = (b;j) be CA(M, v, 2). Then the (N +
M) x k€ array C = (c;j) = A ® B inFig.2.5is a CA(N + M, *,2).

Similarly, there are product methods for pairwise mixed covering arrays. For
details, see [4]. The methods can be used recursively.

2.2.2.2 Strength-3 Covering Arrays

For covering arrays of strength 3, Chateauneuf and Kreher proved the following
theorem [1]:

Theorem 2.7 Ifa CA(N, V¥, 3) and a CA(M, V¥, 2) both exist, then a CA(N + (v —
1H)-M, vk 3) also exists.

Suppose A is a CA(N, v, 3), and B is a CA(M, vk, 2). Let {z/|l <i <v—1}
be the cyclic group of permutations generated by # = (0, 1,...,v — 1). In other
words, 7' is a bijection that maps symbol s to (s + i) mod v. Let B™ be the matrix
obtained by applying the permutation 7z’ to B. Then a CA(N + (v — 1) - M, v?k, 3)
can be constructed in the way illustrated in Fig.2.6.
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Fig. 2.7 Product 0000{0000

Constructéon for 1111|1111
CA(13,2°,3

(13,2°,3) 0000 10011001

D 1010(1010

1001 0000 0101{0101

1010 0111 1100(1100

0101 1011 0011[0011

1100 1101 01100110

0011 1110 0000[1 111

0110 B=CA(5,24,2) 0111{1000

4 10110100

A=CA(8,2%,3) 1101[0010

11100001

Example 2.4 Suppose we are given two covering arrays, A isa CA(8, 2%, 3) and B is
a CA(5, 2%, 2). Since v = 2, we have only one permutation 7!, whichis 71(0) = 1
and 7'(1) = 0. So B™ is actually obtained by permuting symbol ‘0’ and ‘1’ in B.
‘We can form a CA(13, 28, 3) with A, B and B”l, as shown in Fig.2.7.

2.2.2.3 Covering Arrays of Arbitrary Strength

For covering arrays of arbitrary strength, we have the following theorem [1]:

Theorem 2.8 If a CA(N, vk, t) and a CA(M, wk, t) both exist, then a CA(NM,
(vw)*, t) also exists.

Suppose A is a CA(N, vk, t), and B is a CA(M, wk, t). We construct a series of
N x k matrices C; with entries C;(i, j) =< A(, j), B(l, j) >, where 1 <i < N,
1 < j <k,and 1 <[ < M. Using these matrices, we form an NM x k matrix
C =I[Ci,...,Cp]". Obviously C is a CA(NM, (vw)*, 1).

2.2.3 Construction Based on Difference Covering Arrays

A difference covering array, or a DCA(k, n; v) is an n X k array (d;;) with entries
from an Abelian group G of order v, such that for any two distinct columns / and £,
the difference list

81 ={duy — din, doy — oy, ..., dni — dup}

contains every element of G at least once.

Example 2.5 The array in Fig.2.8 is a DCA(4, 3; 2) over Z; [10].
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2.2.3.1 Strength-2 Covering Arrays

In [2], Colbourn showed that CAs of strength 2 can be easily constructed with DCAs.

Theorem 2.9 [f there exists a DCA(k, n; v), then there exists a CA(nv, vk, 2).

Given a DCA(k, n; v) (d;;) over the Abelian group G of order v. For each row vector
(dit,dia, ..., dix) (1 <i=<n)
and each element u € G, we construct a row vector
((dir +w), (diz +u), ..., (dix +u)).

These n x v row vectors form a CA(nv, vk, 2).

Example 2.6 From the DCA(4, 3; 2) in Fig. 2.8, we can construct a CA(6, 24.2)in
Fig.2.9 using this method. Since the DCA is over Z,, each row vector in the DCA
would produce two row vectors in the CA by adding ‘0’ and ‘1’ respectively.

2.2.3.2 Strength-3 Covering Arrays

In [6], Ji and Yin proposed two constructive methods to build covering arrays of
strength 3 based on DCAs. For simplicity we only introduce the first one.

Theorem 2.10 [fthere exists a DCA(4, n; v), then there exists a CA(nvz, v, 3).

Given a DCA(4, n; v) (d;;) over the Abelian group G of order v. For each row vector
(di1,di2, di3, dig) (1 <i <n),

we construct a series of row vectors

Fig. 2.8 DCA(4,3;2) 0000
0101
0011
Fig. 2.9 Construct a 0000
CA(6,2%,2) from a 0101
DCA(4, 3;2) 0011

—_ = =
—_ O =

o=~
SO =
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Fig. 2.10 Construct a 00000
CA(12,23,3) from a 01010
DCA4, 3;2) 00110

where u, ¢ € G. These nv

00111
01101
00001
11110
10100
11000
11001

—_—
—_ O
—_ O
—_
—_—

R(i,u,e) = ((di1+u),(dip+u),d3z+u+e),(ds+u+e,e),

2 row vectors form a CA(nvZ, v, 3).

Example 2.7 From the DCA(4, 3; 2) in Fig.2.8, we can construct a CA(12, 25, 3)
in Fig.2.10 using this method. Each row vector in the DCA would produce four row
vectors in the CA since there are four value combinations of u and e.

There are also constructive methods to produce CAs of higher strength from

DCAs. For example, CAs of strength 5 can be built with the methods in [7].
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