Chapter 2
High-Order Finite Volume Method

for the Compressible Flows

This chapter will introduce the basis framework of FVM and the governing equations
are the compressible Navier-Stokes equations. The k-exact reconstruction will be
specifically described since it is the key for FVM to achieve high-order accuracy.
To solve the viscous flows, a new simple yet an efficient scheme is proposed and
the viscous boundary conditions are considered through the constrained least-square
method. For faster convergence speed, the dual time stepping with LU-SGS iteration
is used for time integration. Also MPI parallelization is implemented in the program
for solving large-scale problems. For brevity, only the three-dimensional description
for the algorithms below is given below. Those two-dimensional descriptions being
distinct from three-dimensional ones are also presented.

2.1 The Framework of the Finite Volume Method

This section will describe the basis framework of cell-center finite volume method on
unstructured grids. The governing equations of compressible flows are the Navier-
Stokes equations,

U OF—F) 9(G=G) dH—H) _

— 0 (2.1)
ot ox ay 0z
where the conservative variables and inviscid flux vectors are
P ou pv ow
pu ou* +p puv puw
U=|pv |, F=| pw , G= pv2 +p |, H=| pww , (2.2)
pow puw pYw pw2 +p
E u(E +p) v(E +p) w(E + p)
and the viscous flux vectors are
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Fig. 2.1 The control volumes on two and three dimensions and the normal vector outwards

T
F, = {O, Tax> Tyxs Tovs UTax + VT + WTge + k% ,
or )T

G, = {0, Tays Tyys Tzys UTxy + VTyy + WTpy + k@} , (2.3)

oT
H, = {0, Tazs Tyzs Tzz> UTyz + VTyz + WTz + ka_z}

with the viscous stress

Tox = 20Uy + Ay + vy + wz), Txy = Tyx = Hv(uy + ),
Tyy = 2,uvy + AUy + vy + W), Tap = T = WUy + wy),
Tz = 20wz + Ay +vy +w2),  Tyr =Ty = p(v: +wy).

In the above equations, p denotes the density, (u, v, w) are the velocity vector, ©
is the dynamics viscosity, 7 is the temperature, E is the total energy and p is the
pressure satisfying

=P 11, (u2+v2+w2)
y—1 2
with a constant ratio of specific heat y = 1.4. According to the Stokes hypothesis,
one has A = —2/3. The heat conductivity is computed using k = c,u/Pr, where ¢,
is the specific heat at constant pressure and Pr is Prandtl number.
For the control volume shown in Fig. 2.1, integrate over the control volume and
get

d- 1
aU,-+S_z—?{Fn-ndS:o, F,=(F—F,,G— Gy, H—H,) (2.4)
i
Ay

where €; is the volume of cell i, n is the outward unit vector normal to the surface
0%2;, U, is the average for conservative variables on the control volume defined as
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Table 2.1 Number of Gaussian points on the triangle and tetrahedron

Order Triangle Quadrilateral

K=1 K=2 K=3 K=1 K=2 K=3
Surface integral 1 2 2 1 3 4
Volume integral 1 3 4 1 4 5

_ 1
U=— | U,y 2)dQ
i Qi/(y)
Q;

The surface integral on can be expressed as the summation of integrals on all faces,
ie.,

Np Np Ng
7{ F, -ndS=>" / FyondS~ > | D 0y (UR(xep). U (x¢.4)) - mSi

Yoy k=150, k=1 \¢=1

(2.5)
where the left and right states, U R UL, on the face can be obtained using the high-
order k-exact reconstruction in Sect.2.2, N is the number of faces for cell i. The
flux integral is computed using the Gaussian integration and Ng is the number of
Gaussian integration points. And the number of integration points for the surface
and volume integration on different shapes of control volume is shown in Table 2.1.
The numerical flux F is evaluated using the Riemann solver, for which the Roe and
HLL schemes are used in this thesis. The calculation for the viscous flux will be
introduced in Sect. 2.3.

2.2 The Time Integration Schemes

For the semi-discretization schemes of (2.4), the time integration scheme is needed to
update the cell average. In this chapter, the explicit time integration is first considered.
Specifically, the third- and fourth-order Runge-Kutta methods are chosen to agree
with the order of the spatial discretization. For the explicit time integration, the time
step of FVM is
Qi
At = CFL =, CFL <1
Zfeasz,- he Sy + ZAVJ‘S}'/Qi

where A, = |v-ny| + cis the spectral radius of the flux Jacobian matrix at the cell face,
cis the speed of sound and 2= ¥y RT, the diffusion coefficientis 1, = max(%‘, %) %.
The finite volume scheme (2.4) can be rewritten as the following semi-discretization
form
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_dU;
Qi—* = R() (2.6)

where the term on the right-hand side is

1
RU) = —= f{ F, -ndsS
l39,-

Then the third order explicit TVD Runge-Kutta methods for (2.6) can be written as

v =ur,
v =y© 4 2 ru)
i
3 1 At
U@ ="y 4 - (U“> + = .R(U(”)) , 2.7)
4 4 Qi
1 2 At
v =2v9+ 3 (U@) +5 -R(U(z))) :
i
and the fourth order Runge-Kutta method as
o -
v =0,
uh —y© 4 Alp (v?).
2Q;
v —y© 4 Alp (v?),
2Q;
At
U® =U0 + 2R (U<2>) , (2.8)
l
U® =y© 4 6A—g_2t (R(v@) +2r (V") +28 (V@) +R (U?)),

1

g =y,

The defect of the explicit time integration is that it is restricted by the CFL condition,
which makes the time step small. In simulating the engineering flows, the grids are
always refined near the regions of shock wave, boundary layers and strong vortex, etc.
In these situations, the global time step is very small and the explicit time integration
is not a good choice in efficiency. On the other hand, the implicit time integration can
break the limit of CFL condition. The much larger time step, theoretically speaking,
infinitely large for fully implicit scheme, can speed up the computation greatly. The
following section will show how to construct the LU-SGS implicit dual time-stepping
algorithm for the Navier-Stokes equations [1, 2].
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Use the semi-discretization scheme in (2.6) and have

ou! -
— - =RWUH/

Introduce the term of virtual time dU;/dt and use the second-order backward finite
difference scheme to discretize the physical time step (for convenience, the subscript
for cell i is omitted)

W A+9U - UM — g - U

ot At ( /S

where ¢ = 1/2. For the virtual time, first-order forward finite difference scheme is
used

Um+1 —_ym N (1 +¢)(Um+l _ Un) _ ¢(U” _ Un—l)

=R Un+l Q
A7 AL U™ )/

where m is the step for inner iteration. And the flux term on the right-hand side is

R(Un_H) =— z ;‘USU
JEN(D)

with N (i) being the face-neighbor cells of cell i. And the flux approximated using
the first-order Lax scheme is

A 1 . .
Fij=3 [Fi + Fj — (U — U] ,j € NG)

where 1;; is the spectral radius of the flux Jacobian matrix at the cell face shared by
cell i and j, .
Aj = e + Avs}/szi

Thus, the right-hand side term can be linearized as

oR

RWU"™ = R(WU™ + — AU
( ) " 30

S..

= R(U") + _Z EJ [(J(Ui, ny) + 1) AU;
JEN(®
+ (U, ny) = 1y) AU

Because each control volume is closed, for cell i we have
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Sij
> 5. n) AU = 0
JEN()

The final equation needed to solve is

= (1 (1+¢) Sji m
(5 + 20 2 el v

S
+ Z | ji (J(WUj, nip) — M) AU = R,

with the term on the right-hand side

(I+)WU" -U" — U} — Ufl_l)g—z_

R, = R(U") ~ —

To avoid the explicit computation of Jacobian matrix, the following approximation
is used
JAU ~ AF = F(U + AU) — F(U)

This kind of problem can be solved using the Lower-Upper Symmetric Gauss-
Seidel (LU-SGS) method described below.
Forward sweep:

S..
DAUM + > |2i| (JWU; ni) — |xji|) AU = R,
jeL()

Backward sweep:

S“
s+ 3 B0 - oty = -piaor
J t

where L(i) and U (i) represent the lower and upper face-neighbor elements with
respect to cell i, and the diagonal matrix is

= (1 (1+¢) Sji
DiZQi(AT ) Z}j | i

Usually the so-called re-order technique is used to speed up convergence on
unstructured grids [2], i.e., rearrange the cell numbering order so as to make the
index of face-neighbor cells close the central cell. Since our grids are generated
using the commercial software with reasonable numbering order, the re-order step
is not used.
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2.3 High-Order K-Exact Reconstruction

To calculate the left and right states on the faces, we need to reconstruct the dis-
tributions using the cell-average values, which is also the key of FVM to achieve
high-order accuracy. One of the pioneering work in this area is the FV scheme based
on the k-exact reconstruction, which was first proposed by Barth and Fredrichson
[3] and later was furthered improved to other applications by Delanaye and Liu [4],
Ollivier-Gooch [5, 6] and others. The k-exact reconstruction is of several important
properties, namely conservation of the mean, k-exactness and compact support [5,
6]. In this paper, the second-, third-, and fourth-order schemes will be studied which
are corresponding to k=1, 2, and 3. Then the conservation of the mean property
requires

Qli/ui(x) dQ2 = u; (2.9)
Q;

where u; is the exact cell average of u(x). Let the center of gravity for 2; be
X; = (x;,Vi,z). The mean preserving property can be automatically satisfied if
the reconstruction polynomial is expressed as:

DOF (k)
k+1)---(k+d
wi() =i+ Y ), DOF(k):( T krd) (2.10)
~ d!

where the zero-mean basis ¢j can be expressed as:
@1,i(X) =8xi, ¢2,i(X) = 8yi, ¢3,i(X) = 8z,
Pa.i(x) =827 — o7
¢5,i(%) = 8x;8y; — 8xiy;
96,i(X) =8x;0z; — 8x;8%;
97.(%) =8y} — 857 @.11)
¢8.,i(X) = 8y;8z — 8yidz;

¥9,i(X) = (Sziz — 5112

Sxi =x —xi, 8yi =y — ¥i, 62i = 2 — Zi,
with the moments defined as

8x" 8y = & [ (x —x)™ (v — yi)"™ (2 — z)"™ dxdy (2.12)
1 Ql
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Fig. 2.2 Two-dimensional
reconstruction stencils.
Second order, §; =

i, la, 2s, 3a; their order,

S; = {i, la, 2a, 3a, 1b, 2b,
..., 6b}; fourth order,

S; = {i, la, 2a, 3a, 1b, 2b,
<., 6D, 1c,2¢, -+, 6¢}.
Reprinted from Ref. [7],
Copyright 2012, with
permission from Elsevier

The property of k-exactness means that u;(X) reconstructs polynomials of degree k or
less exactly, which can be used to determine the coefficients uf In the neighborhood of
2;, there exists a degree k polynomial P(x) that approximates the exact solution u(x)
to O(h**1). Because of the k-exactness property of the solution, u;(x) reconstructs
P(x) exactly. Therefore, in the neighborhood of €2; represented by a local stencil S;,
we have

1 1
_—/ui(x) dQ = — /P(x) dQ =i + O(Hth), vjes; (2.13)
Q; Q;

Q; Q;

where £ is the length scale which can be chosen as the maximum radius of the circum-
circle of the control volumes, or just be simply defined as 4 = Q!/3 for non-distorted
element. Eq. (2.13) is a system of linear equations of the coefficients uf. To avoid
possible singularity, the number of cells in the stencil is required to be larger than
the number of unknowns which makes the system over-determined. This system is
solved using the method of least squares based on the singular value decomposition.

The left problem is the choosing for the reconstruction stencils S;. The compact
support property implies that the cells in the stencil will not be topologically far from
control volume €2;. To ensure the systematic and efficient implementation of the k-
exact reconstruction, the reconstruction stencil should be as compact as possible. In
the present paper, starting from €2;, we recursively add the direct face (Von Neu-
mann) neighbors of the cells that are already included in the reconstruction stencil
until there is sufficient number of cells in the stencil. Specifically speaking, starting
from the central cell as shown in Figs.2.2 and 2.3, we choose the face-neighbor
cells as the first reconstruction stencils, and then take them as the outer border to
choose face-neighbor cells as the second reconstruction stencils. The third and fourth
reconstruction can be chosen in a similar way.
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Fig. 2.3 Three-dimensional
reconstruction stencils

2.4 Evaluation of Viscous Flux in High-Order Accuracy

In the second-order FVM, we assume the linear distribution for the physical quanti-
ties, thus the gradient are constant inside every cell. The evaluation of viscous flux
is always first-order accurate, which is not adequate to compute the viscous flow
dominated by the boundary layer and vortex structures. In the high-order k-exact
reconstruction, the distribution of physical data can be also high order accuracy
and brings the possibility to compute the viscous flux in high-order accuracy. Now
few references talk about the high-order accuracy viscous flux evaluation. Olliver [5]
used the central difference like scheme to compute the viscous flux in the convective-
diffusive equation, and Titarev [8] used the same way to compute the viscous flux
in Navier-Stokes equations by carrying out the k-exact reconstruction for the terms
in viscous flux, such as the gradient of velocity and temperature. In the following
sections, we will provide a simple yet an efficient way to compute the viscous flux
for the Navier-Stokes equations. This method takes use of the original k-exact re-
construction for the conservative variables to compute the viscous flux directly, and
thus reduce the times of reconstruction greatly. The boundary conditions are applied
on the k-exact reconstructions through the constrained conditions, which are solved
using the constrained least-square methods.

2.4.1 The Viscous Flux Computation

To compute the viscous flux of the face, the gradients, dv; /0x;, 0T /0x;, are required to
be computed first. Since we only know the reconstructed polynomials of conservative
variables, these gradients on the face can be computed by the following two steps.
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First, the gradient of conservative variables is computed by simple arithmetic average
of the gradients on left and right sides, i.e.,

0 1 /0 0

9q _ _( qr(X) n CIR(X)) (2.14)
3)6/' 2 3)§ j 3)Cj

where g represents any component of the conservative variables U, L and R represent

left and right cells, respectively. Next, the required gradients are computed by some

simple partial operations.

i (% 00
axj — p2 (’0 0x; PVi axj )’

o, (2 _ L (,2u du 4 0pv o dpw w
= =D (ax,- 2 (“ oy T PUGy TVay T ovey Twag towas))s
T _ 1 (pdp _ pip

3)Cj - sz 3Xj axj' :

(2.15)
As the required gradients for the velocity and temperature are computed, the viscous
flux can be obtained by

Nf Nr Ng _
f{ F,-ndS=>" / F, ndS~ > (> w0Fy(Ukg). VU (X)) - nSk
Yy k=lyd,, k=1 \¢=1

And the values of conservative variables take the mean values on the face.

2.4.2 On the Implementation of Viscous Boundary Conditions

In this part we enforce the Dirichlet, Neumann-type boundary conditions by con-
straining the least-squares reconstruction in control volumes adjacent to the bound-
ary. The constrained conditions are the boundary conditions on the Gauss quadrature
points.

u(X)|Xg =Ug, § = 17 e 7Ng

where u; is the boundary condition of variable u on the quadrature points. Substitute
the reconstruction polynomial to the above formula and get

K

- I

u; + z u;pri(Xg) = utg
=1

By collecting the constrained condition equations, we have
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Cu,-:d
C = [pni(xe)]. d = [ug — it;] (2.16)
I=1, K. g=1-.N,

And in the k-exact reconstruction, we already have

Au;, =Db (2.17)

The problem becomes the over-determined system (2.17) with constrained con-
ditions (2.16), which can be solved using the constrained least-square method intro-
duced below. By introduce the Lagrange multiplier X, the constrained least-square
methods for solving the above equation are to make the following residual minimize

Ns K 2 Ng K
fZZ Za,-jx]-—b,- —Z)»i Zcijxj_di
=1 | =1

i=1 | j=1

where a;; and c¢;; are the components of A and C, b;, d; and x; are the components of
vector b, d and u;, Ns is the number of reconstruction stencils. Differentiations for
the residual f yields

a a
_f:O’—fZO, i:l’...’K’jzl’...’Ng
ax; 8Aj

and final equations for computed x, A becomes
2ATA —CT'|[u; | _[2ATD
C 0 rlT d
To save the computational effort, the inverse of left matrix and matrix A are stored.

Actually we only need matrix and vector multiplication operator to compute the
coefficients u;.

2.5 Parallelization for Large-Scale Computation

In the practical engineering applications, large-scale grids are required to make the
calculation more accurate, which always need to work on several computers simulta-
neously. In the computation, we need to divide the computational grids into partitions
and one process is responsible for one partition. The most challenge is the data ex-
change in the interfaces of partitions. Comparing to the second-order scheme, the
parallelization for the high-order FVM is more difficult since we need to create a
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Partition 1 Adjacent to 2 Adjacent to 3
Partition 2 Adjacent to 1 Adjacent to 3

3
v v

Adjacent to 1 Adjacent to 2

Partition 3

Fig. 2.4 Data transfer model for the parallel program

large set of virtual grids related to the adjacent partitions and transfer much larger
data on these regions.

First we use the METIS software [9] to divide the computational grids into several
partitions and obtain the partition index for each cell. To exchange data between
two adjacent partitions, virtual grids large enough are setup to store the data of
neighbor partitions. This is to make the interfacial cells work exactly as the inner
cells. According to the algorithms, the data exchange is required on the k-exact
reconstruction and flux evaluation. Especially the k-exact reconstruction needs data
on large stencils. With the partition information, the interfacial cells can be identified.
We create the virtual grids for the reconstruction stencils of the interfacial cells, which
are on different partitions from that of the interfacial cells.

With these virtual grids, data exchange must be carried on during the computation.
According to the numerical algorithm, the mean values of physical data are exchanged
before the k-exact reconstruction and the reconstruction polynomials are exchanged
to compute the left and right state used for the numerical flux evaluation. The data
exchange is realized using the Message Passing Interface (MPI) standard library. As
shown in Fig. 2.4, every partition is adjacent to several other partitions, thus the MPI
non-standard message transfer model is used, i.e., every partition firstly sends all
data to target partitions, then receive the data from other partitions and set the values
on the virtual grids.

2.6 Numerical Tests

This section will solve the two- and three-dimensional Navier-Stokes equations using
second- to fourth-order FVMs. The accuracy of high-order FVM will be validated
first, then a series of compressible viscous flows are used to verify the correctness of
the schemes.
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f

Fig.2.5 Computational grids (/eft) and initial conditions (right) for the two-dimensional convective
problem

2.6.1 Accuracy Validation

The following two standard tests are carried out to test the accuracy of the high-order
FVM.

2.6.1.1 Two-Dimensional Linear Convective Equation
The two-dimensional linear convective equation can be written as
ur+a-Vu=0

where a is the constant convective velocity taken as (1, 2) in this test. The convective
flux is calculated using the upwind schemes. The initial wave is taken as

up(x, y) = sin(2rx) sin(2wy)

The left picture of Fig.2.5 shows the computational grids on region [0, 1] x [0, 1]
with grid size h = 1/20. The boundaries are periodic. The right picture of Fig.2.5
shows the computational results of fourth order FVM at t = 1 on h = 1/40 grids,
which return to the initial values. A series of successive refined grids are used to
assess the accuracy of the high-order FVM, which are shown in Table 2.2. From this
table we can observe that all the second- to fourth-order schemes can achieve the
expected orders.
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Table 2.2 Accuracy test for

. . . Scheme Grid L1 error Order L error Order
the linear convective equation

2nd order  1/20 1.14E-02 4.63E-02
1/40 2.56E-03 2.16 1.16E-02 2
1/80 6.00E-04 2.09 2.80E-03  2.05
1/160  1.39E-04 2.11 8.07E-04 1.8
17320 3.55E-05 1.97 2.62E-04 1.62

3rd order  1/20 2.07E-02 3.73E-02
1/40 2.69E-03  2.95 4.81E-03 295
1/80 337E-04 299 6.01E-04 3

1/160  4.22E-05 3 7.50E-05 3
17320  5.27E-06 3 9.37E-06 3
4th order  1/20 1.26E-03 2.67E-03

1740  7.51E-05 4.06 1.56E-04 4.1
1/80  4.64E-06 4.02 9.33E-06 4.06
1/160  2.89E-07 4 5.71E-07 4.03
1/320  1.82E-08  3.99 3.57E-08 4

2.6.1.2 The Constructed Solutions for the Three-Dimensional Euler
and Navier-Stokes Equations

These two solutions are used to test the accuracy of the three-dimensional high-
order FVM. These are unsteady cases. Give an unsteady vector solutions U, (X, 1)
and substitute them into the right-hand side of the equations,

oU 0d(F—F 0(G—-G 0 (H — H,
WU I(F—F) (GG  9H—H) _
ot ox ay 0z

S.

Next we will define two sets of initial flow fields and the corresponding source terms,
for which the governing equations are the Euler and Navier-Stokes equations. The
computational grids are shown in Fig.2.6.

For the inviscid Euler equations, the exact solution and the corresponding source
terms are defined as

P 2 4+ Ag sin(wt — kx)
Ux,t) =V ]|]=10
p 2 4+ Ag sin(wt — kx)
and
S1 wAg cos(wt — Kx)
SH —kyAg cos(wt — Kkx)
S=15 | x,t)=| —kApcos(wt — kx)
Sa —k;Ag cos(wt — kx)
Ss —L_wAj cos(wt — kx)

y—1
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Fig. 2.6 The three-
dimensional computational
grids for accuracy test

Table 2.3 The accuracy test

. . Scheme Grid L1 error Order L error Order
for the three-dimensional

Euler equations 3rdorder 1/10  3.28E-03 9.84E-03
120 4.10E-04 3 1.26E-03  2.96
130 1.22E-04 3 371E-04  3.02
140 5.13E-05 3 1.56E-04 3
4thorder 1/10  2.15E-04 4.07E-04

1/20  4.27E-05  3.99 8.34E-05 391
1/30  1.35E-05 4.01 2.65E-05 3.99
1740 551E-06 4.01 1.08E-05  4.01

where the constant Ag = 1 and K = ky, ky, k;, ky = ky = k; = w = 2n. The
computational time is # = 0.25. The 3rd and 4th order FV schemes are used and the
error using L1 and Lo, are shown in Table 2.3, where we can find the convergence
speeds of errors can achieve the expected ones.

For the viscous flows, the exact solution are defined as

0 1
Ux,t)={v =10
P 2 + Ag sin(wt — kx)

with temperature
T =p/p =2+ Apsin(owt — kx)

where the constant Ag = 1 and K = ky, ky, k;, ky = ky = k; = o = 27. The
computational time is t = 0.25. The viscous viscosity is taken as & = 1 and Prantle
number as 1. The source terms are
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Table 2.4 The accuracy test for the three-dimensional Navier-Stokes equations

Scheme Grid L error Order Lo error Order
3rd order 1/10 3.68E-03 7.12E-03
120 7.00E-04 2.4 9.96E-04 2.84
1/30 2.87E-04 2.2 4.30E-04 2.07
1/40 1.57E-04 2.11 2.39E-04 2.05
4th order 1/10 4.68E-04 8.05E-04
1/20 9.92E-05 3.83 1.79E-04 371
1/30 3.03E-05 5.39 5.57E-05 5.23
1/40 1.18E-05 4.2 2.25E-05 4.07
0
—kyAg cos(wt — kx)
s = | —kyAocos(wt — kx)

—k;Ap cos(wt — kx)

i wAg cos(@! — kx) + keonduerdo sin(wr — kx) (k§ + K2 + kg)

The 3rd and 4th order FV schemes are used and the error using L; and L, are shown
in Table 2.4, where we can find the convergence speeds of errors can achieve the
expected ones.

2.6.2 The Flat Plate Boundary Layer

We consider the laminar boundary over an adiabatic flat plate at a free-stream Mach
number of 0.3 and a Reynolds number of 15,000 based on the free-stream velocity
and the length of the flat plate. The computation domain is [—0.03, 0.1] x [0., 0.03]
with 24,700 element, as shown in Fig.2.7. The flat plate lies from x = 0 to 0.1.

The second- to fourth-order FV schemes are used in the computation. The u&v
nondimensional velocities in the normal directions are shown in Fig.2.8, where we
can observe that the second- to fourth-order results can agree with the exact Blasius
solutions quite well. This test case validates the correctness of using the mean values
of conservative variables to compute the viscous flux and the constrained least-square
method to treat the viscous boundary conditions.

2.6.3 The Subsonic Flow Around NACA0012 Airfoil

This test case deals with a subsonic flow past a NACAO0012 airfoil at a Mach number
of 0.5, and an angle of attack 0, and a Reynolds number of 5,000 based on the
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Fig. 2.7 Regions and grids for the boundary layer plate

08}
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Fig. 2.8 The u and v velocity distribution in the normal directions

vplus
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Blasius solution
2nd order
3rd order
4th order

free-stream velocity and the chord length of the airfoil. An adiabatic wall is assumed

in this case. The computational grids are shown in Fig.2.9.

We use a well-tested second-order scheme to compute the pressure and skin
friction coefficient on a fine grids and take the results as the reference values. The
Mach number contour is shown in the right side of Fig.2.9. The 3rd and 4th order
schemes are used to compute the pressure and skin friction distributions. The results
are shown in Fig.2.10, where the coefficients can match the reference values quite

well.
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Fig. 2.10 Grid and Mach number contour for NACA0012

2.6.4 Sound Field Generated by the Flow Around a Circular
Cylinder

This test case concerns about the sound field generated by the unsteady Karmon street
vortex. We have the cylinder diameter d = 1, the Reynolds number based on the
cylinder diameter and free stream parameters Re = poolicod/hoo = 150 and the inlet
Mach number M, = 0.2. Since the pressure fluctuation computation requires high
accuracy numerical schemes, the 4th order FV scheme is used in the computation
where the curved boundary is approximated using 3rd order polynomials for each
segment. The grids are shown in the left of Fig.2.11 with 83,936 triangular grids.
The sound field caused by the Kdrmon street vortex is shown in the right of Fig.2.11,
which agrees with the results of Miiller [10] and Dumbser [11] quite well. And
the Mach contour in the vortex is shown in Fig.2.12. The historical lift and drag
coefficients are shown in Fig.2.13 and the corresponding Strouhal number can be
computed St = fd /Lo = 0.182, which agrees with the results of Miiller [10] and
Dumbser [11] St = 0.182 quite well.
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Fig. 2.11 Grid and Mach number contour for NACA0012

X

Fig. 2.12 The Mach contour line in the flow around cylinder
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Fig. 2.13 Grid and Mach number contour for NACA0012
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Fig. 2.14 The grids for computing viscous flows around sphere

Fig. 2.15 The Mach number contour with stream lines at z = 0 plane computed using 4th order
FVM

2.6.5 The Steady Viscous Flow Around the Sphere

To validate the correctness of high-order FVM in solving the three-dimensional
compressible flows, this section is to compute the steady viscous flow around the
sphere. The experimental and computational conditions are taken from reference [12,
13] for comparison. The Reynolds number based on the spherical diameter is 118
with the inlet Mach number 0.2535. The spherical diameter is 1 and the computational
region is combined by a half sphere of diameter 10 and a cylinder of height 25. The
computational grids are shown in Fig.2.14 with 458,915 tetrahedrons and 77,844
grid points. The mesh size near the sphere is taken as 4 = 0.04. The 3rd and 4th
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Fig. 2.16 The historical drag coefficients (/eft) and the skin friction coefficients (right, 6 is angle)

order FV schemes are used in the computations. The Mach number and stream lines
can be clearly observed in the wake of the sphere shown in Fig.2.15. And Fig.2.16
shows the converged drag coefficient C; = 1.01, which agrees with the results 1.0 in
Refs. [12, 13] quite well. Also the order-convergence skin friction coefficients using
the 3rd and 4th order FV schemes agree with the Ref. [12] well.

2.7 Conclusions

This chapter completes the framework of high-order finite volume schemes in solving
compressible Navier-Stokes equations. Based on the k-exact reconstruction, the high-
order quadrature on the faces is carried out using the Gaussian quadrature rules and
the FVM is generalized to high-order accuracy. To compute the diffusive flux in high-
order accuracy, the key element is the evaluation of the gradients on the face, which is
chosen to be the mean value of gradient of reconstruction polynomials on left and right
cells. This procedure is very efficient and does not bring in additional reconstruction
steps. Also we consider the viscous boundary condition by incorporating it into the
k-exact reconstruction step through the constrained least-square method. Two and
three-dimensional numerical results show that the high-order scheme can predict the
viscous flow accurately.
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