Chapter 2
Supergravities in Four Dimensions

2.1 Superalgebras and Supermultiplets

Supersymmetry is a symmetry between bosons and fermions. In supersymmetric
theories bosons and fermions belong to supermultiplets and are related by supertrans-
formations. Supertransformations together with spacetime transformations such as
the Poincaré transformations form a superalgebra. There are various kinds of super-
algebras depending on the spacetime dimension, the spacetime symmetry and the
number of supersymmetries. In this section we discuss supermultiplets of the D = 4
super Poincaré algebra with the smallest number of supersymmetries.

The super Poincaré algebra consists of the generators of supertransformations
(supercharges) Q, and those of the Poincaré algebra, i.e., the translation generators
P, and the Lorentz generators M,,,(= —M,,). Weuse o, B,... = 1,2,3,4 for
spinor indices.) When it contains only one Majorana spinor supercharge, it is called
the .4 = 1 super Poincaré algebra, which we consider first. A Majorana spinor
Y is a spinor satisfying the Majorana condition ¥ = ¢, where ¢ is the charge
conjugation of ¥ defined by

ve=Cyl. (2.1)

Here, the charge conjugation matrix C is a 4 x 4 matrix satisfying
clyrc=—y*T, cT=-c, cic=1. (2.2)
The (anti)commutation relations of the .4~ = 1 super Poincaré algebra are

[Muw Mpo] = —iﬂva;m + invaMup +i77,u,0Mvc7 - inp,(erpa
[M/J.w Pp]=—invaM+i77uva, [P/u P, =0,

1.
(M, Qul = Si(vu)a” O, [P Qul =0,
(Qa. 0F} = =21 (y)a” Py, (2.3)
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18 2 Supergravities in Four Dimensions

where n,, = diag(—1, +1, 41, +1) is the metric of flat Minkowski spacetime
and y*” = ylty"] is the antisymmetrized product of gamma matrices defined in
Appendix B. The components of the supercharge Q, are fermionic generators and
satisfy anticommutation relations rather than commutation relations.

In supersymmetric theories a certain set of particle states with different spins
form a multiplet of the superalgebra called a supermultiplet. We can find possible
supermultiplets by studying irreducible representations of the super Poincaré algebra
for one particle states. From the fifth commutation relation of (2.3) we see that
all the states generated by acting Q, on a state in a supermultiplet have the same
eigenvalue p, of the translation generator P,. Hence, all such states have the same
mass m = ,/—p, p*. To proceed we choose a representation of the gamma matrices

0_ 01 i 0 g; .
y - 1(10)1 V - 1(_0i 0) (l_ ]1273)7 (2'4)

where o; are the 2 x 2 Pauli matrices

oq:(?é),oz:(?gj,(ﬁ:(éjﬁ). (2.5)

In this representation the chirality matrix ys = iyoy1)2Yy3 is diagonal. The charge
conjugation matrix C and the Majorana spinor supercharge Q can be written as

_fio2 O _ (i 0T
C‘(O—m)’ Q_( o ). (2.6)

We can choose the lower two components O3, Q4 as independent components of
the supercharge.

Let us first consider supermultiplets of massless one particle states. In this case we
can choose a Lorentz frame in which the momentum eigenvalue is p* = (E, 0, 0, E)
(E > 0). Then, only non-vanishing anticommutator of Q, (o« = 3, 4) in (2.3) is

{03, (03)7) = 4E. 2.7)

Since Q4 anticommutes with all the components of Q including Q4 itself, we can
i 1 .

assume Q4 = 0. If we define b = 4E)"2Q3,b" = (4E)"2 Q;, they satisfy the

anticommutation relations of creation and annihilation operators of a fermion

.oy =1, {bby=0, (p'.b7)=0. (2.8)
Therefore, their representation space consists of two states

lho),  b"lho), (2.9)
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where |hg) is a state with helicity hg satisfying b |hg) = 0. From the fourth commu-
tation relation in (2.3) we find [M1, 7] = 157, which implies that »' has helicity
%. Therefore, the states (2.9) have helicities (g, ho + %). According to the CPT the-
orem, if a quantum field theory contains a state with helicity 4, then it also contains a
state with helicity —h. Therefore, supermultiplets realized by a quantum field theory
are

(ho, ho+3) ® (—ho— 3. —ho)  (ho=0, 5, 1,...). (2.10)
Massless supermultiplets often used in particle physics are

chiral multiplet: (0, ) & (—3, 0),
massless vector multiplet: (%, ) &® (-1, —%),
supergravity multiplet: (%, 2)® (-2, —%). (2.11)
For massive one particle states with a mass m we can choose a Lorentz frame in

which the momentum eigenvalue is p#* = (m, 0, 0, 0). Then, the anticommutator of
the supercharge Qo (o = 3, 4) in (2.3) becomes

{Qu, (0p)7} = 2m8ap. 2.12)

S _1 _1 .
This implies that b, = (2m)~2 Q4 and bg = (2m)"2 Q]; are two sets of creation and
annihilation operators of fermions. Therefore, their representation space consists of

Is0), by 1so), bibylso). (2.13)

The state |sq) satisfies by |sg) = 0 and collectively represents the 2sg + 1 states of

spin sp. Since b/, has spin % as can be seen from the fourth commutation relation in

(2.3), the states (2.13) have spins
(so— 3. 50, s0. s0+ %) (50=0, 3, 1,...), (2.14)
where the so — % state is absent for so = 0. Massive supermultiplets often used are

chiral multiplet: (0, 0, 3),

1
2
massive vector multiplet: (0O, % % 1). (2.15)

We see that the numbers of bosonic states and fermionic states in a supermultiplet
are the same for both of massless and massive supermultiplets.
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2.2 Supersymmetric Field Theories

To construct a supersymmetric field theory one introduces supermultiplets of fields.
In globally supersymmetric theories one usually uses two kinds of supermultiplets:

vector multiplet: (A/,., x'. D') (I=1,2,...,dimG),

chiral multiplet: (¢;, v—;, F;) (i =1,2,...,n). (2.16)

The vector multiplet consists of vector fields AL (x), Majorana spinor fields x (x)
and real scalar fields D' (x), which all belong to the adjoint representation of a gauge
group G. The chiral multiplet consists of complex scalar fields ¢; (x), F; (x) and Weyl
spinor fields with negative chirality ¥_; (x) (ys¥_; = —y_;), which all belong to a
certain n-dimensional representation of G. The fields D! and F; are auxiliary fields,
which do not have physical degrees of freedom, and can be expressed in terms of
other fields by their field equations. To construct a supersymmetric Lagrangian for
these fields it is useful to use the superfield method, which we do not discuss here
(see, e.g., [16]).

As an example of supersymmetric field theories let us consider a theory consisting
of a chiral multiplet (¢, Y¥_, F). A supersymmetric Lagrangian is

L= —0,0""p —Y_y" o y_ + F*F+ W (@) F + (W (¢)*F*
1 _ 1 _
— W@y — S W @) V-V, (2.17)

where the superpotential W(¢) is a holomorphic function of the complex scalar
field ¢, and ¥4 = ()¢ is the charge conjugation of ¥_ and has positive chirality
(ys¥+ = +y4). This Lagrangian is invariant up to total divergences under the
supertransformation

Spp = %54_1//_, So¥— = %y“s+3u¢ + %Fe_, SoF = %E_yl‘auw_.

(2.18)
Therefore, the action obtained by integrating the Lagrangian over spacetime is invari-
ant. The transformation parameter ¢ = ¢4 + ¢_ is a constant Majorana spinor and
€4 are its projections on the chirality eigenstates. Since the transformation parame-
ter is fermionic, the supertransformation exchanges the bosonic fields ¢, F' and the
fermionic field ¥ . For all the fields the commutator of two supertransformations with
parameters €1 and & becomes

1
[8o(e1),80(e2)] = 6p(5), &/ = 1527”81, (2.19)

where 8 p (€) is the infinitesimal translation with a parameter £. This commutation
relation corresponds to the last anticommutation relation in the super Poincaré algebra
(2.3).
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The field equation of the auxiliary field F derived from the Lagrangian (2.17) is
algebraic and can be used to express it in terms of the scalar field ¢ as F* = —W'(¢).
Substituting this back into (2.17) we obtain a Lagrangian without the auxiliary field.
For instance, if we choose the superpotential W (¢) = %mq&z + %A¢3, we obtain

_ 1 2
L= — 0," " —y_yro, v — ’mqﬁ + sz

1 - 1 _
= SOn APV — S+ 2PV (2.20)

The fields ¢ and 1_ represent two spin 0 bosons and a spin % fermion with the same
mass m. They form a chiral multiplet (0, 0, %) in (2.15). The coupling constants of
various interaction terms in (2.20) are related by supersymmetry. For instance, the
coupling constant of the |¢|* coupling and that of the Yukawa coupling ¢y y_ are
given by using the same A. Substituting F* = —W’(¢) into the first two equations in
(2.18) we obtain the supertransformation of ¢ and ¥_ without the auxiliary field. The
Lagrangian with the auxiliary field eliminated is still invariant up to total divergences
under this transformation. However, an extra term proportional to the field equation
of y_ appears on the right-hand side of the commutation relation (2.19) for ¥_.
Thus, when the auxiliary field is eliminated, the commutator algebra closes only
on-shell, i.e., only if the field equation is used.

2.3 ./ =1 Poincaré Supergravity

Supergravity is a field theory which has local supersymmetry. Since the transforma-
tion parameter of supersymmetry is a spinor &4, the gauge field of local supersymme-
try should be v, (x) with a vector index p and a spinor index «. The transformation
law of this gauge field is g V,¢ = 0, &« + - - -, where the transformation parameter
€4 (x) is an arbitrary function of spacetime coordinates x*. Such a field ¥, (x) is
the Rarita—Schwinger field representing a spin % fermion (gravitino). Furthermore,
we need another gauge field. In globally supersymmetric theories the commutator of
two supertransformations generates a translation as in (2.19). Therefore, we expect
that the gauging of supersymmetry leads to the gauging of translation. Since the local
translation is the general coordinate transformation, we also need the gravitational
field e;,“ (x) as a gauge field. To summarize, supergravity is a theory which is invari-
ant under the local supersymmetry transformation as well as the general coordinate
transformation. It contains the gravitational field e, “ (x) and the Rarita—Schwinger
field ¥, (x). As we saw in Sect. 2.1, the supergravity multiplet for the 4" = 1 super
Poincaré algebra consists of the states with helicities (%, 2) @ (-2, —%), which cor-
respond to a pair of fields (e, *(x), Y.« (x)). Hence, we expect that there exists a
supergravity theory which contains these two fields. Such a theory was indeed con-
structed in [2, 9, 10] and is called .#” = 1 Poincaré supergravity.
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The field content of .4~ = 1 Poincaré supergravity is a vierbein e, “(x) and a
Majorana Rarita—Schwinger field v, (x). As discussed in Chap. 1 the vierbein is
related to the metric as g, = e,ﬂevbnab, where 4, = diag(—1, +1, +1, +1) is the
flat Minkowski metric. The Rarita—Schwinger field satisfies the Majorana condition
¥, = Y. The Lagrangian consists of the Einstein term and the Rarita-Schwinger
term as

~ 1 - ~
L =R~ Sepuy"” Do, 2.21)

where e = dete,”, y* = y%e,", and y*"? = yltyVyrl s the antisymmetrized
product of gamma matrices defined in Appendix B. The curvature and the covariant
derivative are defined by

A

R = ea“eb”R,w“b,

]’élwab — 811,62)1)“}7 _ av&)uab + C?);Lacé)va _ é)vacd)uch’
. 1.
Dprp) = (3[v + Zw[v”b Vab) V) (2.22)
The spin connection c?),ﬂb used here is given by
A 1 - - -
Dpab = Wpab + g (Wa Yu¥p + Yuvals — wquWa) ) (2.23)

where w45 is the spin connection without torsion given in (1.21). The spin connec-
tion (2.23) has a torsion depending on the Rarita—Schwinger field:

A ~ 1-
Dye,* — Dye,“ = Zwﬂy“wu. (2.24)

If one wishes, one can rewrite the Lagrangian using the torsionless spin connection
®pab S

1 -
¥ =eR — EewuylLUpDvl/fp + (four-fermi terms), (2.25)

where R and D, are defined by using w,,5. Explicit four-fermi terms have appeared.
The Lagrangian (2.21) is invariant up to total divergences under the general coor-
dinate transformation

S ()en =&"0ve, " + 0,6, SgE)Yu =E Y + 08"y, (2.26)

the local Lorentz transformation

1
SLOe, = —2pe,l, SO, = —ZA“”MW (2.27)
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and the .#” = 1 local supertransformation

1_ R
So(e)e, = Zey“wﬂ, So(e)y, = Dye, (2.28)

where the transformation parameters £ (x), Agp (x) (Agp = —Apg)and ey (x) (€€ = ¢)
are arbitrary infinitesimal functions of spacetime coordinates x*. The invariance
under the first two bosonic transformations is manifest. The invariance under the
local supertransformation is shown in the next section. From (2.28) we can compute
the local supertransformation of the spin connection @,,4p in (2.23). We see that terms
containing derivatives of the transformation parameter d,& appear from dgwyap
but are canceled by the variation of the i, bilinear terms (see (2.40) below). In
general, quantities whose local supertransformation does not contain 9,.¢ are called
supercovariant. We often put ~ on supercovariant quantities.
The above local transformations satisfy the closed commutation relations

[66(§1), 86 (62)] = 8 (&2 - 981 — &1 - 062),
[6L(A1), 8L (A2)] = S ([A1, 22D),
[66(8), 8L (M)] = 3dL(=§ - ),
[66(8), 8¢ (e)] = 8g(—& - d¢),
[8L.(1), 80()] = 80 (A" Yape),
[Sp(e1), 8g(e2)] = 3G (5) +L(A) + 8g(e), (2.29)

where the transformation parameters on the right-hand side of the last commutation
relation are

1_ N
g = Z£2V“81, rap = —EMOpuap, €= —E"Yy. (2.30)

We see that the commutator of two local supertransformations generates a general
coordinate transformation as we expected at the beginning of this section. The com-
mutation relations (2.29) except the last one can be easily shown. The last commuta-
tion relation is shown in the next section. To obtain the last commutation relation we
have to use the Rarita—Schwinger field equation derived from the Lagrangian (2.21).
In this sense the commutator algebra closes only on-shell. In the present theory it
is possible to close the commutator algebra off-shell by introducing an appropriate
set of auxiliary fields, which have no dynamical degrees of freedom [5, 12, 13]. A
formulation with an off-shell algebra is more convenient, although not indispensable,
when one fixes a gauge of the local symmetries and when one couples matter super-
multiplets. For general supergravities (those with highly extended supersymmetry
and/or in higher dimensions) such an off-shell formulation is not known.

This theory also has a global symmetry. The Lagrangian (2.21) is invariant under
the global chiral U (1) transformation
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e, =0, Sy, =iAys,, (2.31)

where A is a constant infinitesimal transformation parameter. The transformation of
Y, is consistent with the Majorana condition on v,.

The field equations derived from the Lagrangian (2.21) have a Minkowski space-
time solution e, = &7, ¥, = 0. This solution is preserved by the super Poincaré
transformations corresponding to the local symmetry transformations with the para-
meters £#(x) = at*,xV + b*, M, (x) = a*y, e(x) = e, where a**,, b* and ¢ are
constant. Dynamics of small fluctuations of the fields around this background is sub-
ject to the symmetry under these transformations. Substituting this solution and these
transformation parameters into (2.29) we find the commutation relations of the super
Poincaré algebra (2.3). In general, a supergravity which has a Minkowski spacetime
solution is called the Poincaré supergravity.

One can couple matter supermultiplets to the supergravity multiplet (e, “, ¥,,).
Possible matter multiplets are the chiral multiplet (¢;, ¥_;) and the vector multiplet
(AL, x1), which we discussed in Sect. 2.2. For details of matter couplings see [8].

2.4 Local Supersymmetry of ./~ = 1 Poincaré Supergravity

In this section we show the invariance of the action and the commutator algebra of
A = 1Poincaré supergravity discussed in the previous section. We use the identities
for spinors and gamma matrices given in Appendix B.

2.4.1 Invariance of the Action

The Lagrangian (2.21) consists of two terms:

L = L8+ Lis,

~ 1 ~
XE —e eauebv leab — _ZglwpogabcdepceadRuvahv
1 , , 1. _ .
Lrs = —zeea“eb”ecpllfﬂyabcDulﬂp = EISMUPUWMyVVSD,OI/IUs (2.32)

where £#"P? and &,pc4 are the totally antisymmetric Levi-Civita symbols with com-
ponents 9123 — 41 and gg123 = —1 (see Appendix A), and ys = iygy1y2y3 is the
chirality matrix. The Riemann tensor R,,,%® and the covariant derivative D,, depend
on the fields e, %, ¥,, only through the spin connection 5. The following observa-
tion is useful to show the invariance of the action. If we treat @45 as an independent
field, the variation of the action with respective to it vanishes:

8

86);mb

/ d*x L(e,y, &) =0 (2.33)
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when (2.23) is substituted into (2.33) after the variation. To show this, it is convenient
to use the second forms of % and Zgs in (2.32). Therefore, when we compute the
supertransformation of the Lagrangian, we need not consider the variation of the spin
connection.
Let us compute the variation of the Lagrangian (2.32) under the local supertrans-
formation (2.28). Using the first form of %% in (2.32) we find
SQZE = (SQ(e eauehv)klwab
1 A 1 A
- —Eeéy"wa (eb”R,w“b — Ee,ﬂR) , (2.34)

while using the second form of Zgs in (2.32) we find

8o Lrs = %ie‘””" (ﬁﬂéyuysﬁp% + VurysD,Doe
+8gey” %yays[)p%). (2.35)
By partial integration, the first term of (2.35) becomes
1. VPO = A A 1. VP A a= A
— 518 EnYsDuDoVs — 518 Dye, eyaysDys (2.36)

up to total divergences. By using (2.24), the Fierz identity (B.15) and the symmetry
properties (B.13) we find that the second term of (2.36) cancels the third term of
(2.35). Then, (2.35) becomes

1. _ A oA 1. - A
80Lrs = —ZISMW’UWWS[DM» DylYs + ZIEWWWMVUVS[D» Dg e
1 % vp ab 1 ap
= Eesy Yalep' Run™ — zeﬂ R (2.37)

up to total divergences, where in the last equality we have used (1.30) and (B.13).
Thus, the variations of £ and ‘ZRrs cancel each other and the total Lagrangian (2.21)
is invariant under the local supertransformation (2.28) up to total divergences.

2.4.2 Commutator Algebra

Next let us show the commutation relation of two local supertransformations in
(2.29). We first consider the commutator acting on the vierbein
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1

[Bo(e1), 8o(e2)le, = So(er) (Zézy‘ll/fu) —(1<2

A

_ A 1_
ey*Dyer — Zely“Duez

Dy (827%1) (2.38)

FNN -

where we have used (B.13). Then, we obtain

[80(21). 80 (e2)lep® = Dy (§"e,)
=0, + é”ﬁve,ﬂ + &Y (ﬁﬂev” - ﬁveu“)
) 1,
= 0u€" eV + 8" 0ven + £ pe” — LIy Y
=[66(5) +8L(—& - @) + 8o(—& - )] e, (2.39)
where &V = %ézy”sl and we have used (2.24). This shows the last commutation
relation in (2.29) for ¢,“. Similarly, we can compute the commutation relation for

Y. We need the supertransformation of the spin connection c?),mb, which can be
obtained by applying 8¢ on both sides of (2.24) as

R . _ _
So(&)wpap = _g (Sy,uwgb — EVaVbp + Sybwap,) > (2.40)

where ¥, = D, ¥, — Dy, By using (2.40), (B.15) and (B.13) we obtain
[8o(e1), 80Dy = [86(5) +8L(=§ - &) + 80 (=& - V)] ¥y
+ 1;—8527/‘”’81 (2Vabyv 2" — Yab Ry — 210 %)
- % £ (WP + 2Vun#") | (2.41)

where Z¥ = y"P° ¥, . The field equation of the Rarita—Schwinger field is #” = 0.
Therefore, the commutator algebra closes on-shell.

2.5 4 =1 Anti de Sitter Supergravity
We can construct a supergravity with a cosmological term [14]. The Lagrangian is

L1 - . 1 -
¥ =eR — Eel/funDuwp + 6m%e + Emewﬂywwv, (2.42)
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where m is a real constant parameter. The third term is the cosmological term.
Comparing with (1.2) in Chap. 1 we see that the cosmological constant is nega-
tive A = —3m?. The last term is a mass term of the Rarita—Schwinger field and is
proportional to the parameter m appearing in the cosmological term. When m = 0,
this theory reduces to the Poincaré supergravity in Sect. 2.3. A positive cosmological
constant corresponds to an imaginary m, for which the Rarita—Schwinger mass term
is not real. Therefore, a positive cosmological constant is not allowed.

The Lagrangian (2.42) is invariant up to total divergences under the general coor-
dinate transformation (2.26), the local Lorentz transformation (2.27) and the .4 = 1
local supertransformation

1_ A 1
Spe, ' = Zey“dfﬂ, So¥u = Due+ Emyus. (2.43)

The term proportional to m has been added to §pv,,. The commutator alge-
bra of the local transformations has the same form as (2.29) for m = 0 except
that the parameter of the local Lorentz transformation in (2.30) is replaced by
hap = —EHDpap — %méz Yab€1- To obtain the closed commutator algebra we have to
use the Rarita—Schwinger field equation derived from (2.42). Due to the mass term
of the Rarita—Schwinger field the Lagrangian is no longer invariant under the global
U (1) transformation (2.31).

Let us consider a classical solution of the field equations derived from the
Lagrangian (2.42). When v, = 0, the Rarita—Schwinger field equation is auto-
matically satisfied and the gravitational field equation becomes

Ry = —3m*g,,. (2.44)

Minkowski spacetime ¢,* = &7 has R,, = 0 and therefore does not satisfy this
equation. A solution of this equation is anti de Sitter (AdS) spacetime (see, e.g.,
[8] for details of AdS spacetime). The Riemann tensor of AdS spacetime can be
expressed by using the metric as

R;/.vp(r = _m2 (gp.pgurr - g/urgvp) (2.45)

and the Ricci tensor satisfies (2.44). The parameter m is called the inverse radius of
AdS spacetime. Supergravities which have an AdS spacetime solution are called anti
de Sitter (AdS) supergravities.

AdS spacetime has a large isometry SO (2, 3) in the same way as Minkowski
spacetime has the isometry of the Poincaré group. The dimensions of SO (2, 3)
and the Poincaré group are ten. In general, the dimension of the isometry group,
i.e., the number of independent Killing vectors, in D-dimensional spacetime is at
most %D(D + 1) (see, e.g., Chap.13 of [15]). Spacetime having an isometry of this
dimension is called maximally symmetric. Minkowski spacetime and AdS space-
time are maximally symmetric. Another maximally symmetric spacetime is de Sitter
spacetime, which is a solution of the Einstein equation with a positive cosmological
constant and has the isometry SO(1, 4). It is a general property of maximally sym-
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metric spacetimes that the Riemann tensor can be expressed in terms of the metric
as in (2.45). The coefficient on the right-hand side of (2.45) is zero for Minkowski
spacetime, positive for de Sitter spacetime and negative for AdS spacetime.

The AdS spacetime solution has a global supersymmetry. For a solution of the field
equations to preserve supersymmetry, the supertransformation (2.43) must vanish for
that solution. When v, = 0, the supertransformation of ¢,* automatically vanishes.
Requiring 6, = 0 we obtain the condition

1
(Du + zmyu) e =0. (2.46)

This is a partial differential equation on the transformation parameter €. Spinors ¢
satisfying (2.46) are called Killing spinors. If Killing spinors exist, the solution is
supersymmetric. The consistency of (2.46) requires the integrability condition

1 1
0= |:D/L + Emyﬂ, D, + Emyv:| &

1
=5 (R,w”b + 2m2e,/‘eub) Vabé. (2.47)

Using (2.45) we see that this condition is satisfied by AdS spacetime. Solutions
of (2.46) indeed exist and were explicitly constructed in [1]. Hence, the AdS solu-
tion has a global supersymmetry. The supertransformation with Killing spinors as
transformation parameters and the SO (2, 3) transformation together form a closed
superalgebra O Sp(1]4). This algebra is an analog of the super Poincaré algebra for
Minkowski spacetime and is called a super anti de Sitter (AdS) algebra. We will
discuss more general super AdS algebras in Sect. 3.5.

2.6 Extended Supersymmetries

So far we have considered .#” = 1 supersymmetry, which contains a single Majorana
spinor supercharge. More generally, we can consider .4 -extended supersymmetry
[11], which contains .#" Majorana spinor supercharges Q' (i = 1,2, ..., .4"). The
anticommutation relation of the supercharges of the ./ -extended super Poincaré
algebra is

(0L, 07P) = —2i (y")oP PusY + 85U +i(ys5)aP VY, (2.48)

where U = —UJ!, Vi) = —VJi are generators called the central charges and
commute with all the generators of the algebra. Other commutation relations have
the same form as (2.3).

As in Sect. 2.1, we can find possible supermultiplets of this superalgebra. Let us
consider massless supermultiplets with vanishing central charges. In this case we can
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Table 2.1 Supergravity multiplets

h N =1 N =2 N =3 N =4 N =5 N =6 N =T N =8
+2 1 1 1 1 1 1 1 1

+3 1 2 3 4 5 6 7+1 8

+1 1 3 6 10 1541 21+7 28

+1 1 4 10+1 2046  35+21 56

0 141 545 15+ 15 35435 70
-1 1 4 1410 6420 21435 56

—1 1 3 6 10 1+15 7421 28

-3 1 2 3 4 5 6 147 8

-2 1 1 1 1 1 1 1 1
construct .4 pairs of creation and annihilation operators LY =1,2,...,.4)

satisfying the anticommutation relations of fermions. Therefore, a supermultiplet
contains the states

lhoy, BT Iho), BB |Ro)y, ..., bYTBPT b T Ry, (2.49)

where |ho) is a state with helicity 4 and satisfying b’ |hg) = 0. Since b T has helicity
%, helicities of these states are

h=ho, ho+ %, ho+1,..., ho+ 3N (2.50)

We see that for .4~ > 8 all the supermultiplets contain states with helicity |h| >
2. However, consistent interacting field theories are not known when they contain
massless fields with helicity |2| > 2. As a consequence, .4 = 8 is the largest
supersymmetry that has been realized by field theories.

Supermultiplets which contain a graviton (h = =£2) and gravitinos (h = :l:%)
are called supergravity multiplets. The numbers of states in supergravity multiplets
are listed in Table 2.1. Since the states with helicity /¢ + %n in (2.49) contain n
anticommuting b'T, the number of such states is _Cp.In Table 2.1 we have added
helicity flipped states required by the CPT theorem as in (2.10). Note that the .4~ = 8
supergravity multiplet contains all the states required by the CPT theorem without
adding helicity flipped states. Note also that the .4#* = 7 and ./ = 8 supergravity
multiplets contain the same states and are expected to give the same theory.

One can construct extended supergravities corresponding to the supergravity mul-
tiplets in Table 2.1. The field contents of such theories are summarized in Table 3.3.
Extended supergravities generically contain vector fields, spinor fields and scalar
fields in addition to the gravitational field and the Rarita—Schwinger fields. As we
mentioned above, field theories with .4~ > 8 supersymmetry are not known, and
N = 8 supergravity is called the maximal supergravity.
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2.7 /" = 2 Poincaré Supergravity

The simplest extended supergravity is .4~ = 2 supergravity [4]. The field content is a
gravitatipnal field e,,“ (x), a vector field B, (x) and two Majorana Rarita—Schwinger
fields W;L(x) (i =1, 2). The Lagrangian is

~ 1 - A 1
¥ =eR— EewLy““pDvwg — ZeF,wF“”

1 L . ~
+ ces iy eyl (FP7 + £07) 251)

where F, = 0, B, — 9, B, is the field strength of the U (1) gauge field B,, and

A

Fyuy = —lsi-il/}" v (2.52)
py = S Ty nw¥v .

is the supercovariant field strength. 8’/ is the antisymmetric symbol with a component
¢'2 = +41. The scalar curvature R and the covariant derivative D are defined by
using the spin connection @, given by (2.23) with the replacements Va Yulp —
1/_/; Vi 1//;, etc. The covariant derivative does not contain a minimal coupling to the
U(1) gauge field B,,. This means that the Rarita—Schwinger fields do not have a
non-zero U (1) charge. The coupling of the vector field and the Rarita—Schwinger
fields is given by the last term of (2.51), which is called the Pauli term.
The Lagrangian (2.51) is invariant up to total divergences under the general coor-
dinate transformation, the local Lorentz transformation and the U (1) gauge trans-
formation

Sgeu =0, 8B, =0,L, 8,0, =0. (2.53)

It is also invariant under the .4 = 2 local supertransformation

1_. . 1 ... .
8Qeﬂa=Z‘§lyaw;u SQB/-LZEEUEII//]’

>

. . 1 .. N
Sy, = Dye' — §8”V”"m8’ Fpo, (2.54)

where the transformation parameters are two Majorana spinors &' (x) (i = 1, 2). The
commutation relation of two local supertransformations is

[8o(e1), 80(e2)] =86 (§) +8L(X) + 84(8) 4 80(e), (2.55)

where the transformation parameters on the right-hand side are
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1._. , R 1 .. . o
g = Zgéyﬂgll s Aab = _suwuab + Eguglzyluyﬂuyblgf Fu,
1 ... . .
.= 58’18’28{ —EFBy, & =—E"y,. (2.56)

To obtain (2.55) we have to use the Rarita—Schwinger field equation.

This theory is called .#” = 2 Poincaré supergravity since its field equations have a
Minkowski spacetime solution e, = 6,‘1, B, =0, ‘”;ix = 0. For this background the
commutator algebra of the local symmetry transformations reduces to the .4 = 2
super Poincaré algebra. The U (1) transformation d4(¢) on the right-hand side of
(2.55) corresponds to the central charge in (2.48).

Global U (2) Symmetry

This theory has a global U (2) symmetry in addition to the above local symmetries
[3]. This symmetry is an analog of the global U (1) symmetry (2.31) of the 4" =1
theory. SU(2) in U(2) ~ SU(2) x U(1) is a symmetry of the Lagrangian but the
remaining U (1) is a symmetry of the field equations.

The Lagrangian (2.51) is invariant under the global transformations with real
constant parameters S Al satisfying Y =3I AT = AT Al = 0:

Se =0, 8B, =0, 8y = (2” + iAij5) vl (2.57)

These transformations form the group SU(2). To see this, we decompose 1/, into
the chirality eigenstates 1//;& = %(1 + )@)WL. The transformation of the positive
chirality component is 51//;;_‘_ = (Ei«i + iAi-/) 1/fi+. The 2 x 2 matrix £ +iAisa
traceless anti-hermitian matrix and represents an infinitesimal SU (2) transformation.
The negative chirality component v, is the charge conjugation of ¥/ . .

This theory also has a global U (1) symmetry. This U (1) is not a symmetry of the
Lagrangian or the action but a symmetry of the field equations. The field equations
of the vector field can be written as

9 (exG"") =0, B, (exF"") =0, (2.58)

where * in x F*¥ and *G"" is the Hodge dual of second rank antisymmetric tensors
defined as

1
*FHY = Ee_le’“p”Fpg. (2.59)

xGMY in the first equation of (2.58) is defined by

_20%
e dF,,

*GMY

| .
=—F" 4 Ze”W” Yip Y ve1 . (2.60)
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The first equation of (2.58) is the Euler equation derived from the Lagrangian, and
the second one is the Bianchi identity, which implies that F},, can be expressed
by the potential B,. These two equations correspond to Maxwell’s equations of
electromagnetism. Since the two equations in (2.58) have the same form, they are
invariant under general linear transformations of (F,,, G,). However, we should
note that F;, and G, are not independent, but are related by (2.60). Taking account
of this relation the symmetry of (2.58) is the invariance under the U (1) transformation
with a real constant parameter A:

F 0 A F ; 1 ;
3e, =0, § ) = L I V! ' 2.61
* (G,U-V> (_A O) (GIW) WM 21 Vslﬁﬂ ( )

The definition of G, in (2.60) and the field equations of ¢, ¢, l/f/i are also invariant
under (2.61). The second equation in (2.61) represents an interchange of F,,, and
Gy = *F,,+- -+, i.e., aninterchange of the electric field and the magnetic field. In
general, a symmetry which exchanges the field equation and the Bianchi identity as
in (2.61) is called the duality symmetry. The duality symmetry also appears in other
even-dimensional supergravities and plays a crucial role in applications to string
theory. We will discuss the duality symmetry in detail in Sect. 4.2.

Relation to the .4#” = 1 Theory

The Lagrangian of .4 = 1 supergravity (2.21) can be obtained from that of .4 =
2 supergravity (2.51) by imposing the conditions B, = 0, WZ = 0. Under the
supertransformation with the parameter ¢! in (2.54) these conditions are preserved
and the remaining fields e,,?, Ip,ll,L transform as in the .4~ = 1 transformation (2.28).
Thus, we have obtained the .4 = 1 theory from the .4~ = 2 theory.

In general, we can obtain the .#”-extended theory from the .4 -extended theory
(A > A")by atruncation, i.e., by putting a certain set of the fields equal to zero. The
truncation must be consistent with the field equations and the supertransformation.
The field equations of the fields which we put to zero must be automatically satisfied.
Furthermore, the .4”'-extended supertransformation of the fields which we put to zero
must automatically vanish.

2.8 4 = 2 Anti de Sitter Supergravity

We can introduce a cosmological term to .4~ = 2 supergravity [6, 7]. The Lagrangian
is

A 1 -. ~ . 1 _. .
& =eR+6mPe— EeWLy““pDqu + EmewLy“”lﬂL

1 T . )
— g Fw F" & e Uiy ey Y] (F'O” n F""’) .62
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As in the .4 = 1 case the cosmological term with a negative cosmological constant
and the mass term of the Rarita—Schwinger fields are added. In addition to these
modifications the covariant derivative on the Rarita—Schwinger fields

; 1. ) 1 .. .

contains a minimal coupling to the U (1) gauge field B,,, which is not present in the
m = 0 theory. This corresponds to a gauging of an SO (2) subgroup of the global
symmetry U (2) (the %/ transformation in (2.57)) of the m = 0 theory. The gauge
coupling constantis g = %m and is proportional to the parameter m appearing in the
cosmological term and the Rarita—Schwinger mass term.

This Lagrangian is invariant up to total divergences under the general coordinate
transformation, the local Lorentz transformation and the U (1) gauge transformation

. 1 L
Sen’ =0. 8yBy = 0,0, Squ, = —>meey. (2.64)

It is also invariant under the .4 = 2 local supertransformation
a_ VYo ai U iji i
3Qeﬂ =Z<‘3V v, 3QB,L=§8]8 I/fj,

Sy = ﬁﬂsi + %myuai — %si-/y""’yﬂs-/ ﬁpg. (2.65)
The covariant derivative on &' contains a minimal coupling to B, as in (2.63). The
commutation relation of two local supertransformations has the same form as (2.55).
The parameters on the right-hand side are the same as (2.56) except that the local
Lorentz transformation parameter has the additional term — %ms’zi yabs‘i . The global
U (2) symmetry of the m = 0O theory is broken by the coupling to the gauge field
since only U (1) part of U (2) was gauged.

This theory is called .4 = 2 anti de Sitter (AdS) supergravity since its field equa-
tions have an AdS spacetime solution. It is also called .4 = 2 gauged supergravity
since it has the minimal coupling to the gauge field.

2.9 _# > 3 Supergravities

Similarly, 4" = 3, 4, 5, 6, 8 extended supergravities can be constructed. Let us
have a quick look at these theories.

A = 3 Poincaré supergravity is similar to the ./~ = 2 theory. The field content
is a gravitational field, three Majorana Rarita—Schwinger fields, three vector fields
and a Majorana spinor field. The action is invariant under the general coordinate
transformation, the local Lorentz transformation, the U (1)> gauge transformation
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and the .4~ = 3 local supertransformation. The field equations are invariant under
the global U (3) transformation, which includes the duality transformation of the
vector fields.

One can also construct .4 = 3 gauged (AdS) supergravity. The Lagrangian has
a cosmological term and a mass term of the Rarita—Schwinger fields as in (2.42) of
the .4/~ = 1 theory. A new feature of the .4~ = 3 theory is that the three vector fields
become the non-Abelian SO (3) Yang—Mills field. This corresponds to a gauging of
asubgroup SO (3) of the global U (3) in the ungauged theory. The Rarita—Schwinger
fields have a minimal coupling to the Yang—Mills field. The gauge coupling constant
isg= %m as in the ./ = 2 theory.

A > 4 Poincaré supergravities contain scalar fields and are much different from
the .4~ < 4 theories. The field content is a gravitational field, .#” Majorana Rarita—
Schwinger fields, %JV (A —1) vector fields and a certain number of scalar and spinor
fields. The scalar fields have non-polynomial interactions. The action is invariant
under the general coordinate transformation, the local Lorentz transformation, the

U (1)%‘/1/ = gauge transformation and the .4 local supertransformation.

Asignificant feature of the ./ > 4 theories is a global symmetry of a non-compact
Lie group G. For instance, the .4~ = 4 theory has a global G = SU(4) x SU(1, 1)
symmetry. This symmetry is an analog of U (.#") symmetry in the .4~ < 3 theories.
The U (1) subgroup of U (4) = SU(4) x U(1) is enlarged to the non-compact group
SU(1, 1). This G symmetry is a symmetry of the field equations since it contains
the duality transformation. In ordinary field theories like the standard theory of
particle physics the internal symmetry is a compact Lie group. However, .4~ > 4
supergravities can have a non-compact internal symmetry since they contain scalar
fields represented by a non-linear sigma model. The non-linear sigma model is a
theory of scalar fields which take values in a coset space G/H, where G is a Lie
group and H is asubgroup of G. Originally, non-linear sigma models were introduced
in order to describe massless Nambu—Goldstone bosons when a symmetry G is
spontaneously broken to H. In supergravities G is a non-compact group and H is
a maximal compact subgroup of G. We will discuss non-linear sigma models and
non-compact symmetries in Chap. 4.

One can also construct gauged supergravities for .4~ > 4, which contain minimal
couplings to the vector fields. The %JV (A — 1) vector fields in the theory become
the Yang-Mills field with the gauge group SO(./"), which is a subgroup of the
non-compact symmetry G of the ungauged theory. (It is also possible to gauge other
(non-compact) subgroup of G.) The Lagrangian contains a potential term of the scalar
fields —g?eV (¢) and Yukawa couplings of the fermionic fields and the scalar fields
such as gef (¢) &My’“’wu. Here, g is the gauge coupling constant of the Yang—Mills
field. These terms effectively become a cosmological term and fermion mass terms
when the scalar fields have vacuum expectation values for which V (¢) and f(¢) are
non-zero. Then, the field equations have an AdS spacetime solution. We will discuss
gauged supergravities in Chap. 7.
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