
Chapter 2
Supergravities in Four Dimensions

2.1 Superalgebras and Supermultiplets

Supersymmetry is a symmetry between bosons and fermions. In supersymmetric
theories bosons and fermions belong to supermultiplets and are related by supertrans-
formations. Supertransformations together with spacetime transformations such as
the Poincaré transformations form a superalgebra. There are various kinds of super-
algebras depending on the spacetime dimension, the spacetime symmetry and the
number of supersymmetries. In this section we discuss supermultiplets of the D = 4
super Poincaré algebra with the smallest number of supersymmetries.

The super Poincaré algebra consists of the generators of supertransformations
(supercharges) Qα and those of the Poincaré algebra, i.e., the translation generators
Pμ and the Lorentz generators Mμν(= −Mνμ). (We use α, β, . . . = 1, 2, 3, 4 for
spinor indices.) When it contains only one Majorana spinor supercharge, it is called
the N = 1 super Poincaré algebra, which we consider first. A Majorana spinor
ψ is a spinor satisfying the Majorana condition ψ = ψc, where ψc is the charge
conjugation of ψ defined by

ψc = Cψ̄T . (2.1)

Here, the charge conjugation matrix C is a 4 × 4 matrix satisfying

C−1γ μC = −γ μT , CT = −C, C†C = 1. (2.2)

The (anti)commutation relations of the N = 1 super Poincaré algebra are

[Mμν, Mρσ ] = −iηνρ Mμσ + iηνσ Mμρ + iημρ Mνσ − iημσ Mνρ,

[Mμν, Pρ] = −iηνρ Pμ + iημρ Pν, [Pμ, Pν] = 0,

[Mμν, Qα] = 1

2
i(γμν)α

β Qβ, [Pμ, Qα] = 0,

{Qα, Q̄β} = −2i (γ μ)α
β Pμ, (2.3)
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where ημν = diag(−1,+1,+1,+1) is the metric of flat Minkowski spacetime
and γ μν = γ [μγ ν] is the antisymmetrized product of gamma matrices defined in
Appendix B. The components of the supercharge Qα are fermionic generators and
satisfy anticommutation relations rather than commutation relations.

In supersymmetric theories a certain set of particle states with different spins
form a multiplet of the superalgebra called a supermultiplet. We can find possible
supermultiplets by studying irreducible representations of the super Poincaré algebra
for one particle states. From the fifth commutation relation of (2.3) we see that
all the states generated by acting Qα on a state in a supermultiplet have the same
eigenvalue pμ of the translation generator Pμ. Hence, all such states have the same
mass m = √−pμ pμ. To proceed we choose a representation of the gamma matrices

γ 0 = −i

(
0 1
1 0

)
, γ i = −i

(
0 σi

−σi 0

)
(i = 1, 2, 3), (2.4)

where σi are the 2 × 2 Pauli matrices

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.5)

In this representation the chirality matrix γ5 = i γ0γ1γ2γ3 is diagonal. The charge
conjugation matrix C and the Majorana spinor supercharge Q can be written as

C =
(
iσ2 0
0 −iσ2

)
, Q =

(
iσ2Q†T

Q

)
. (2.6)

We can choose the lower two components Q3, Q4 as independent components of
the supercharge.

Let us first consider supermultiplets of massless one particle states. In this case we
can choose a Lorentz frame in which themomentum eigenvalue is pμ = (E, 0, 0, E)

(E > 0). Then, only non-vanishing anticommutator of Qα (α = 3, 4) in (2.3) is

{Q3, (Q3)
†} = 4E . (2.7)

Since Q4 anticommutes with all the components of Q including Q4 itself, we can

assume Q4 = 0. If we define b = (4E)− 1
2 Q3, b† = (4E)− 1

2 Q†
3, they satisfy the

anticommutation relations of creation and annihilation operators of a fermion

{b, b†} = 1, {b, b} = 0, {b†, b†} = 0. (2.8)

Therefore, their representation space consists of two states

|h0〉 , b† |h0〉 , (2.9)



2.1 Superalgebras and Supermultiplets 19

where |h0〉 is a state with helicity h0 satisfying b |h0〉 = 0. From the fourth commu-
tation relation in (2.3) we find [M12, b†] = 1

2b†, which implies that b† has helicity
1
2 . Therefore, the states (2.9) have helicities (h0, h0 + 1

2 ). According to the CPT the-
orem, if a quantum field theory contains a state with helicity h, then it also contains a
state with helicity−h. Therefore, supermultiplets realized by a quantum field theory
are

(h0, h0 + 1
2 ) ⊕ (−h0 − 1

2 , −h0) (h0 = 0, 1
2 , 1, . . .). (2.10)

Massless supermultiplets often used in particle physics are

chiral multiplet: (0, 1
2 ) ⊕ (− 1

2 , 0),

massless vector multiplet: ( 12 , 1) ⊕ (−1, − 1
2 ),

supergravity multiplet: ( 32 , 2) ⊕ (−2, − 3
2 ). (2.11)

For massive one particle states with a mass m we can choose a Lorentz frame in
which the momentum eigenvalue is pμ = (m, 0, 0, 0). Then, the anticommutator of
the supercharge Qα (α = 3, 4) in (2.3) becomes

{Qα, (Qβ)†} = 2mδαβ. (2.12)

This implies that bα = (2m)− 1
2 Qα and b†α = (2m)− 1

2 Q†
α are two sets of creation and

annihilation operators of fermions. Therefore, their representation space consists of

|s0〉 , b†α |s0〉 , b†3b†4 |s0〉 . (2.13)

The state |s0〉 satisfies bα |s0〉 = 0 and collectively represents the 2s0 + 1 states of
spin s0. Since b†α has spin 1

2 as can be seen from the fourth commutation relation in
(2.3), the states (2.13) have spins

(s0 − 1
2 , s0, s0, s0 + 1

2 ) (s0 = 0, 1
2 , 1, . . .), (2.14)

where the s0 − 1
2 state is absent for s0 = 0. Massive supermultiplets often used are

chiral multiplet: (0, 0, 1
2 ),

massive vector multiplet: (0, 1
2 ,

1
2 , 1). (2.15)

We see that the numbers of bosonic states and fermionic states in a supermultiplet
are the same for both of massless and massive supermultiplets.
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2.2 Supersymmetric Field Theories

To construct a supersymmetric field theory one introduces supermultiplets of fields.
In globally supersymmetric theories one usually uses two kinds of supermultiplets:

vector multiplet: ( AI
μ, χ I , DI ) (I = 1, 2, . . . , dim G),

chiral multiplet: ( φi , ψ−i , Fi ) (i = 1, 2, . . . , n). (2.16)

The vector multiplet consists of vector fields AI
μ(x), Majorana spinor fields χ I (x)

and real scalar fields DI (x), which all belong to the adjoint representation of a gauge
group G. The chiral multiplet consists of complex scalar fields φi (x), Fi (x) andWeyl
spinor fields with negative chirality ψ−i (x) (γ5ψ−i = −ψ−i ), which all belong to a
certain n-dimensional representation of G. The fields DI and Fi are auxiliary fields,
which do not have physical degrees of freedom, and can be expressed in terms of
other fields by their field equations. To construct a supersymmetric Lagrangian for
these fields it is useful to use the superfield method, which we do not discuss here
(see, e.g., [16]).

As an example of supersymmetric field theories let us consider a theory consisting
of a chiral multiplet (φ, ψ−, F). A supersymmetric Lagrangian is

L = − ∂μφ∗∂μφ − ψ̄−γ μ∂μψ− + F∗F + W ′(φ)F + (W ′(φ))∗F∗

− 1

2
W ′′(φ)ψ̄+ψ− − 1

2
(W ′′(φ))∗ψ̄−ψ+, (2.17)

where the superpotential W (φ) is a holomorphic function of the complex scalar
field φ, and ψ+ = (ψ−)c is the charge conjugation of ψ− and has positive chirality
(γ5ψ+ = +ψ+). This Lagrangian is invariant up to total divergences under the
supertransformation

δQφ = 1

2
ε̄+ψ−, δQψ− = 1

2
γ με+∂μφ + 1

2
Fε−, δQ F = 1

2
ε̄−γ μ∂μψ−.

(2.18)
Therefore, the action obtained by integrating the Lagrangian over spacetime is invari-
ant. The transformation parameter ε = ε+ + ε− is a constant Majorana spinor and
ε± are its projections on the chirality eigenstates. Since the transformation parame-
ter is fermionic, the supertransformation exchanges the bosonic fields φ, F and the
fermionic fieldψ . For all the fields the commutator of two supertransformations with
parameters ε1 and ε2 becomes

[δQ(ε1), δQ(ε2)] = δP (ξ), ξμ = 1

4
ε̄2γ

με1, (2.19)

where δP (ξ) is the infinitesimal translation with a parameter ξμ. This commutation
relation corresponds to the last anticommutation relation in the super Poincaré algebra
(2.3).
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The field equation of the auxiliary field F derived from the Lagrangian (2.17) is
algebraic and can be used to express it in terms of the scalar field φ as F∗ = −W ′(φ).
Substituting this back into (2.17) we obtain a Lagrangian without the auxiliary field.
For instance, if we choose the superpotential W (φ) = 1

2mφ2 + 1
6λφ3, we obtain

L = − ∂μφ∗∂μφ − ψ̄−γ μ∂μψ− −
∣
∣
∣
∣mφ + 1

2
λφ2

∣
∣
∣
∣

2

− 1

2
(m + λφ)ψ̄+ψ− − 1

2
(m + λφ∗)ψ̄−ψ+. (2.20)

The fields φ and ψ− represent two spin 0 bosons and a spin 1
2 fermion with the same

mass m. They form a chiral multiplet (0, 0, 1
2 ) in (2.15). The coupling constants of

various interaction terms in (2.20) are related by supersymmetry. For instance, the
coupling constant of the |φ|4 coupling and that of the Yukawa coupling φψ̄+ψ− are
given by using the same λ. Substituting F∗ = −W ′(φ) into the first two equations in
(2.18) we obtain the supertransformation of φ andψ− without the auxiliary field. The
Lagrangian with the auxiliary field eliminated is still invariant up to total divergences
under this transformation. However, an extra term proportional to the field equation
of ψ− appears on the right-hand side of the commutation relation (2.19) for ψ−.
Thus, when the auxiliary field is eliminated, the commutator algebra closes only
on-shell, i.e., only if the field equation is used.

2.3 N = 1 Poincaré Supergravity

Supergravity is a field theory which has local supersymmetry. Since the transforma-
tion parameter of supersymmetry is a spinor εα , the gauge field of local supersymme-
try should beψμα(x)with a vector indexμ and a spinor index α. The transformation
law of this gauge field is δQψμα = ∂μεα + · · · , where the transformation parameter
εα(x) is an arbitrary function of spacetime coordinates xμ. Such a field ψμα(x) is
the Rarita–Schwinger field representing a spin 3

2 fermion (gravitino). Furthermore,
we need another gauge field. In globally supersymmetric theories the commutator of
two supertransformations generates a translation as in (2.19). Therefore, we expect
that the gauging of supersymmetry leads to the gauging of translation. Since the local
translation is the general coordinate transformation, we also need the gravitational
field eμ

a(x) as a gauge field. To summarize, supergravity is a theory which is invari-
ant under the local supersymmetry transformation as well as the general coordinate
transformation. It contains the gravitational field eμ

a(x) and the Rarita–Schwinger
fieldψμα(x). As we saw in Sect. 2.1, the supergravity multiplet for theN = 1 super
Poincaré algebra consists of the states with helicities ( 32 , 2) ⊕ (−2,− 3

2 ), which cor-
respond to a pair of fields (eμ

a(x), ψμα(x)). Hence, we expect that there exists a
supergravity theory which contains these two fields. Such a theory was indeed con-
structed in [2, 9, 10] and is called N = 1 Poincaré supergravity.



22 2 Supergravities in Four Dimensions

The field content of N = 1 Poincaré supergravity is a vierbein eμ
a(x) and a

Majorana Rarita–Schwinger field ψμ(x). As discussed in Chap. 1 the vierbein is
related to the metric as gμν = eμ

aeν
bηab, where ηab = diag(−1,+1,+1,+1) is the

flat Minkowski metric. The Rarita–Schwinger field satisfies the Majorana condition
ψc

μ = ψμ. The Lagrangian consists of the Einstein term and the Rarita–Schwinger
term as

L = eR̂ − 1

2
eψ̄μγ μνρ D̂νψρ, (2.21)

where e = det eμ
a , γ μ = γ aea

μ, and γ μνρ = γ [μγ νγ ρ] is the antisymmetrized
product of gamma matrices defined in Appendix B. The curvature and the covariant
derivative are defined by

R̂ = ea
μeb

ν R̂μν
ab,

R̂μν
ab = ∂μω̂ν

ab − ∂νω̂μ
ab + ω̂μ

a
cω̂ν

cb − ω̂ν
a

cω̂μ
cb,

D̂[νψρ] =
(

∂[ν + 1

4
ω̂[νabγab

)
ψρ]. (2.22)

The spin connection ω̂μ
ab used here is given by

ω̂μab = ωμab + 1

8

(
ψ̄aγμψb + ψ̄μγaψb − ψ̄μγbψa

)
, (2.23)

where ωμab is the spin connection without torsion given in (1.21). The spin connec-
tion (2.23) has a torsion depending on the Rarita–Schwinger field:

D̂μeν
a − D̂νeμ

a = 1

4
ψ̄μγ aψν. (2.24)

If one wishes, one can rewrite the Lagrangian using the torsionless spin connection
ωμab as

L = eR − 1

2
eψ̄μγ μνρ Dνψρ + (four-fermi terms), (2.25)

where R and Dν are defined by usingωμab. Explicit four-fermi terms have appeared.
The Lagrangian (2.21) is invariant up to total divergences under the general coor-

dinate transformation

δG(ξ)eμ
a = ξν∂νeμ

a + ∂μξνeν
a, δG(ξ)ψμ = ξν∂νψμ + ∂μξνψν, (2.26)

the local Lorentz transformation

δL(λ)eμ
a = −λa

beμ
b, δL(λ)ψμ = −1

4
λabγabψμ (2.27)

http://dx.doi.org/10.1007/978-4-431-54828-7_1
http://dx.doi.org/10.1007/978-4-431-54828-7_1
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and the N = 1 local supertransformation

δQ(ε)eμ
a = 1

4
ε̄γ aψμ, δQ(ε)ψμ = D̂με, (2.28)

where the transformationparameters ξμ(x),λab(x) (λab = −λba) and εα(x) (εc = ε)
are arbitrary infinitesimal functions of spacetime coordinates xμ. The invariance
under the first two bosonic transformations is manifest. The invariance under the
local supertransformation is shown in the next section. From (2.28) we can compute
the local supertransformation of the spin connection ω̂μab in (2.23).We see that terms
containing derivatives of the transformation parameter ∂με appear from δQωμab

but are canceled by the variation of the ψμ bilinear terms (see (2.40) below). In
general, quantities whose local supertransformation does not contain ∂με are called
supercovariant. We often put ˆ on supercovariant quantities.

The above local transformations satisfy the closed commutation relations

[δG(ξ1), δG(ξ2)] = δG(ξ2 · ∂ξ1 − ξ1 · ∂ξ2),

[δL(λ1), δL(λ2)] = δL([λ1, λ2]),
[δG(ξ), δL(λ)] = δL(−ξ · ∂λ),

[δG(ξ), δQ(ε)] = δQ(−ξ · ∂ε),

[δL(λ), δQ(ε)] = δQ( 14λ
abγabε),

[δQ(ε1), δQ(ε2)] = δG(ξ) + δL(λ) + δQ(ε), (2.29)

where the transformation parameters on the right-hand side of the last commutation
relation are

ξμ = 1

4
ε̄2γ

με1, λab = −ξμω̂μab, ε = −ξμψμ. (2.30)

We see that the commutator of two local supertransformations generates a general
coordinate transformation as we expected at the beginning of this section. The com-
mutation relations (2.29) except the last one can be easily shown. The last commuta-
tion relation is shown in the next section. To obtain the last commutation relation we
have to use the Rarita–Schwinger field equation derived from the Lagrangian (2.21).
In this sense the commutator algebra closes only on-shell. In the present theory it
is possible to close the commutator algebra off-shell by introducing an appropriate
set of auxiliary fields, which have no dynamical degrees of freedom [5, 12, 13]. A
formulation with an off-shell algebra is more convenient, although not indispensable,
when one fixes a gauge of the local symmetries and when one couples matter super-
multiplets. For general supergravities (those with highly extended supersymmetry
and/or in higher dimensions) such an off-shell formulation is not known.

This theory also has a global symmetry. The Lagrangian (2.21) is invariant under
the global chiral U (1) transformation
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δeμ
a = 0, δψμ = iΛγ5ψμ, (2.31)

where Λ is a constant infinitesimal transformation parameter. The transformation of
ψμ is consistent with the Majorana condition on ψμ.

The field equations derived from the Lagrangian (2.21) have a Minkowski space-
time solution eμ

a = δa
μ, ψμ = 0. This solution is preserved by the super Poincaré

transformations corresponding to the local symmetry transformations with the para-
meters ξμ(x) = aμ

νxν + bμ, λμ
ν(x) = aμ

ν , ε(x) = ε, where aμ
ν , bμ and ε are

constant. Dynamics of small fluctuations of the fields around this background is sub-
ject to the symmetry under these transformations. Substituting this solution and these
transformation parameters into (2.29) we find the commutation relations of the super
Poincaré algebra (2.3). In general, a supergravity which has a Minkowski spacetime
solution is called the Poincaré supergravity.

One can couple matter supermultiplets to the supergravity multiplet (eμ
a , ψμ).

Possible matter multiplets are the chiral multiplet (φi , ψ−i ) and the vector multiplet
(AI

μ, χ
I ), which we discussed in Sect. 2.2. For details of matter couplings see [8].

2.4 Local Supersymmetry of N = 1 Poincaré Supergravity

In this section we show the invariance of the action and the commutator algebra of
N = 1 Poincaré supergravity discussed in the previous section.We use the identities
for spinors and gamma matrices given in Appendix B.

2.4.1 Invariance of the Action

The Lagrangian (2.21) consists of two terms:

L = LE + LRS,

LE = e ea
μeb

ν R̂μν
ab = −1

4
εμνρσ εabcdeρ

ceσ
d R̂μν

ab,

LRS = −1

2
eea

μeb
νec

ρψ̄μγ abc D̂νψρ = 1

2
iεμνρσ ψ̄μγνγ5 D̂ρψσ , (2.32)

where εμνρσ and εabcd are the totally antisymmetric Levi-Civita symbols with com-
ponents ε0123 = +1 and ε0123 = −1 (see Appendix A), and γ5 = iγ0γ1γ2γ3 is the
chirality matrix. The Riemann tensor R̂μν

ab and the covariant derivative D̂μ depend
on the fields eμ

a ,ψμ only through the spin connection ω̂μab. The following observa-
tion is useful to show the invariance of the action. If we treat ω̂μab as an independent
field, the variation of the action with respective to it vanishes:

δ

δω̂μab

∫
d4x L (e, ψ, ω̂) = 0 (2.33)
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when (2.23) is substituted into (2.33) after the variation. To show this, it is convenient
to use the second forms ofLE andLRS in (2.32). Therefore, when we compute the
supertransformation of the Lagrangian, we need not consider the variation of the spin
connection.

Let us compute the variation of the Lagrangian (2.32) under the local supertrans-
formation (2.28). Using the first form of LE in (2.32) we find

δQLE = δQ(e ea
μeb

ν)R̂μν
ab

= −1

2
eε̄γ μψa

(
eb

ν R̂μν
ab − 1

2
eμ

a R̂

)
, (2.34)

while using the second form ofLRS in (2.32) we find

δQLRS = 1

2
iεμνρσ

(
D̂με̄γνγ5 D̂ρψσ + ψ̄μγνγ5 D̂ρ D̂σ ε

+ δQeν
a ψ̄μγaγ5 D̂ρψσ

)
. (2.35)

By partial integration, the first term of (2.35) becomes

− 1

2
iεμνρσ ε̄γνγ5 D̂μ D̂ρψσ − 1

2
iεμνρσ D̂μeν

a ε̄γaγ5 D̂ρψσ (2.36)

up to total divergences. By using (2.24), the Fierz identity (B.15) and the symmetry
properties (B.13) we find that the second term of (2.36) cancels the third term of
(2.35). Then, (2.35) becomes

δQLRS = −1

4
iεμνρσ ε̄γνγ5[D̂μ, D̂ρ]ψσ + 1

4
iεμνρσ ψ̄μγνγ5[D̂ρ, D̂σ ]ε

= 1

2
eε̄γ μψa

(
eb

ν R̂μν
ab − 1

2
eμ

a R̂

)
(2.37)

up to total divergences, where in the last equality we have used (1.30) and (B.13).
Thus, the variations ofLE andLRS cancel each other and the total Lagrangian (2.21)
is invariant under the local supertransformation (2.28) up to total divergences.

2.4.2 Commutator Algebra

Next let us show the commutation relation of two local supertransformations in
(2.29). We first consider the commutator acting on the vierbein

http://dx.doi.org/10.1007/978-4-431-54828-7_1
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[δQ(ε1), δQ(ε2)]eμ
a = δQ(ε1)

(
1

4
ε̄2γ

aψμ

)
− (1 ↔ 2)

= 1

4
ε̄2γ

a D̂με1 − 1

4
ε̄1γ

a D̂με2

= 1

4
D̂μ

(
ε̄2γ

aε1
)
, (2.38)

where we have used (B.13). Then, we obtain

[δQ(ε1), δQ(ε2)]eμ
a = D̂μ

(
ξνeν

a)

= ∂μξνeν
a + ξν D̂νeμ

a + ξν
(

D̂μeν
a − D̂νeμ

a
)

= ∂μξνeν
a + ξν∂νeμ

a + ξνω̂ν
a

beμ
b − 1

4
ξνψ̄νγ

aψμ

= [
δG(ξ) + δL(−ξ · ω̂) + δQ(−ξ · ψ)

]
eμ

a, (2.39)

where ξν = 1
4 ε̄2γ

νε1 and we have used (2.24). This shows the last commutation
relation in (2.29) for eμ

a . Similarly, we can compute the commutation relation for
ψμ. We need the supertransformation of the spin connection ω̂μab, which can be
obtained by applying δQ on both sides of (2.24) as

δQ(ε)ω̂μab = −1

8

(
ε̄γμψab − ε̄γaψbμ + ε̄γbψaμ

)
, (2.40)

where ψμν = D̂μψν − D̂νψμ. By using (2.40), (B.15) and (B.13) we obtain

[δQ(ε1), δQ(ε2)]ψμ = [
δG(ξ) + δL(−ξ · ω̂) + δQ(−ξ · ψ)

]
ψμ

+ 1

128
ε̄2γ

abε1
(
2γabμνR

ν − γabRμ − 2eμaRb
)

− 1

16
ξν

(
γνRμ + 2γμνλR

λ
)
, (2.41)

whereRν = γ νρσ ψρσ . The field equation of the Rarita–Schwinger field isRν = 0.
Therefore, the commutator algebra closes on-shell.

2.5 N = 1 Anti de Sitter Supergravity

We can construct a supergravity with a cosmological term [14]. The Lagrangian is

L = eR̂ − 1

2
eψ̄μγ μνρ D̂νψρ + 6m2e + 1

2
meψ̄μγ μνψν, (2.42)
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where m is a real constant parameter. The third term is the cosmological term.
Comparing with (1.2) in Chap. 1 we see that the cosmological constant is nega-
tive Λ = −3m2. The last term is a mass term of the Rarita–Schwinger field and is
proportional to the parameter m appearing in the cosmological term. When m = 0,
this theory reduces to the Poincaré supergravity in Sect. 2.3. A positive cosmological
constant corresponds to an imaginary m, for which the Rarita–Schwinger mass term
is not real. Therefore, a positive cosmological constant is not allowed.

The Lagrangian (2.42) is invariant up to total divergences under the general coor-
dinate transformation (2.26), the local Lorentz transformation (2.27) and theN = 1
local supertransformation

δQeμ
a = 1

4
ε̄γ aψμ, δQψμ = D̂με + 1

2
mγμε. (2.43)

The term proportional to m has been added to δQψμ. The commutator alge-
bra of the local transformations has the same form as (2.29) for m = 0 except
that the parameter of the local Lorentz transformation in (2.30) is replaced by
λab = −ξμω̂μab − 1

4mε̄2γabε1. To obtain the closed commutator algebra we have to
use the Rarita–Schwinger field equation derived from (2.42). Due to the mass term
of the Rarita–Schwinger field the Lagrangian is no longer invariant under the global
U (1) transformation (2.31).

Let us consider a classical solution of the field equations derived from the
Lagrangian (2.42). When ψμ = 0, the Rarita–Schwinger field equation is auto-
matically satisfied and the gravitational field equation becomes

Rμν = −3m2gμν. (2.44)

Minkowski spacetime eμ
a = δa

μ has Rμν = 0 and therefore does not satisfy this
equation. A solution of this equation is anti de Sitter (AdS) spacetime (see, e.g.,
[8] for details of AdS spacetime). The Riemann tensor of AdS spacetime can be
expressed by using the metric as

Rμνρσ = −m2 (
gμρgνσ − gμσ gνρ

)
(2.45)

and the Ricci tensor satisfies (2.44). The parameter m is called the inverse radius of
AdS spacetime. Supergravities which have an AdS spacetime solution are called anti
de Sitter (AdS) supergravities.

AdS spacetime has a large isometry SO(2, 3) in the same way as Minkowski
spacetime has the isometry of the Poincaré group. The dimensions of SO(2, 3)
and the Poincaré group are ten. In general, the dimension of the isometry group,
i.e., the number of independent Killing vectors, in D-dimensional spacetime is at
most 1

2 D(D + 1) (see, e.g., Chap.13 of [15]). Spacetime having an isometry of this
dimension is called maximally symmetric. Minkowski spacetime and AdS space-
time are maximally symmetric. Another maximally symmetric spacetime is de Sitter
spacetime, which is a solution of the Einstein equation with a positive cosmological
constant and has the isometry SO(1, 4). It is a general property of maximally sym-

http://dx.doi.org/10.1007/978-4-431-54828-7_1
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metric spacetimes that the Riemann tensor can be expressed in terms of the metric
as in (2.45). The coefficient on the right-hand side of (2.45) is zero for Minkowski
spacetime, positive for de Sitter spacetime and negative for AdS spacetime.

TheAdS spacetime solution has a global supersymmetry. For a solution of the field
equations to preserve supersymmetry, the supertransformation (2.43)must vanish for
that solution. When ψμ = 0, the supertransformation of eμ

a automatically vanishes.
Requiring δQψμ = 0 we obtain the condition

(
Dμ + 1

2
mγμ

)
ε = 0. (2.46)

This is a partial differential equation on the transformation parameter ε. Spinors ε

satisfying (2.46) are called Killing spinors. If Killing spinors exist, the solution is
supersymmetric. The consistency of (2.46) requires the integrability condition

0 =
[

Dμ + 1

2
mγμ, Dν + 1

2
mγν

]
ε

= 1

4

(
Rμν

ab + 2m2eμ
aeν

b
)

γabε. (2.47)

Using (2.45) we see that this condition is satisfied by AdS spacetime. Solutions
of (2.46) indeed exist and were explicitly constructed in [1]. Hence, the AdS solu-
tion has a global supersymmetry. The supertransformation with Killing spinors as
transformation parameters and the SO(2, 3) transformation together form a closed
superalgebra O Sp(1|4). This algebra is an analog of the super Poincaré algebra for
Minkowski spacetime and is called a super anti de Sitter (AdS) algebra. We will
discuss more general super AdS algebras in Sect. 3.5.

2.6 Extended Supersymmetries

So far we have consideredN = 1 supersymmetry, which contains a singleMajorana
spinor supercharge. More generally, we can consider N -extended supersymmetry
[11], which contains N Majorana spinor supercharges Qi (i = 1, 2, . . . ,N ). The
anticommutation relation of the supercharges of the N -extended super Poincaré
algebra is

{Qi
α, Q̄ jβ} = −2i (γ μ)α

β Pμδi j + δβ
αUi j + i(γ5)α

β V i j , (2.48)

where Ui j = −U ji , V i j = −V ji are generators called the central charges and
commute with all the generators of the algebra. Other commutation relations have
the same form as (2.3).

As in Sect. 2.1, we can find possible supermultiplets of this superalgebra. Let us
consider massless supermultiplets with vanishing central charges. In this case we can

http://dx.doi.org/10.1007/978-4-431-54828-7_3
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Table 2.1 Supergravity multiplets

h N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8

+2 1 1 1 1 1 1 1 1
+ 3

2 1 2 3 4 5 6 7 + 1 8
+1 1 3 6 10 15 + 1 21 + 7 28
+ 1

2 1 4 10 + 1 20 + 6 35 + 21 56
0 1 + 1 5 + 5 15 + 15 35 + 35 70
− 1

2 1 4 1 + 10 6 + 20 21 + 35 56
−1 1 3 6 10 1 + 15 7 + 21 28
− 3

2 1 2 3 4 5 6 1 + 7 8
−2 1 1 1 1 1 1 1 1

constructN pairs of creation and annihilation operators (bi , bi†) (i = 1, 2, . . . ,N )
satisfying the anticommutation relations of fermions. Therefore, a supermultiplet
contains the states

|h0〉 , bi† |h0〉 , bi†b j† |h0〉 , . . . , b1†b2† · · · bN † |h0〉 , (2.49)

where |h0〉 is a state with helicity h0 and satisfying bi |h0〉 = 0. Since bi† has helicity
1
2 , helicities of these states are

h = h0, h0 + 1
2 , h0 + 1, . . . , h0 + 1

2N . (2.50)

We see that for N > 8 all the supermultiplets contain states with helicity |h| >

2. However, consistent interacting field theories are not known when they contain
massless fields with helicity |h| > 2. As a consequence, N = 8 is the largest
supersymmetry that has been realized by field theories.

Supermultiplets which contain a graviton (h = ±2) and gravitinos (h = ± 3
2 )

are called supergravity multiplets. The numbers of states in supergravity multiplets
are listed in Table 2.1. Since the states with helicity h0 + 1

2n in (2.49) contain n
anticommuting bi†, the number of such states is N Cn . In Table 2.1 we have added
helicity flipped states required by the CPT theorem as in (2.10). Note that theN = 8
supergravity multiplet contains all the states required by the CPT theorem without
adding helicity flipped states. Note also that the N = 7 and N = 8 supergravity
multiplets contain the same states and are expected to give the same theory.

One can construct extended supergravities corresponding to the supergravity mul-
tiplets in Table 2.1. The field contents of such theories are summarized in Table 3.3.
Extended supergravities generically contain vector fields, spinor fields and scalar
fields in addition to the gravitational field and the Rarita–Schwinger fields. As we
mentioned above, field theories with N > 8 supersymmetry are not known, and
N = 8 supergravity is called the maximal supergravity.

http://dx.doi.org/10.1007/978-4-431-54828-7_3
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2.7 N = 2 Poincaré Supergravity

The simplest extended supergravity isN = 2 supergravity [4]. The field content is a
gravitational field eμ

a(x), a vector field Bμ(x) and two Majorana Rarita–Schwinger
fields ψ i

μ(x) (i = 1, 2). The Lagrangian is

L = eR̂ − 1

2
eψ̄ i

μγ μνρ D̂νψ
i
ρ − 1

4
eFμν Fμν

+ 1

16
eεi j ψ̄ i

μγ [μγρσ γ ν]ψ j
ν

(
Fρσ + F̂ρσ

)
, (2.51)

where Fμν = ∂μBν − ∂ν Bμ is the field strength of the U (1) gauge field Bμ and

F̂μν = Fμν − 1

2
εi j ψ̄ i

μψ j
ν (2.52)

is the supercovariant field strength. εi j is the antisymmetric symbolwith a component
ε12 = +1. The scalar curvature R̂ and the covariant derivative D̂μ are defined by
using the spin connection ω̂μab given by (2.23) with the replacements ψ̄aγμψb →
ψ̄ i

aγμψ i
b, etc. The covariant derivative does not contain a minimal coupling to the

U (1) gauge field Bμ. This means that the Rarita–Schwinger fields do not have a
non-zero U (1) charge. The coupling of the vector field and the Rarita–Schwinger
fields is given by the last term of (2.51), which is called the Pauli term.

The Lagrangian (2.51) is invariant up to total divergences under the general coor-
dinate transformation, the local Lorentz transformation and the U (1) gauge trans-
formation

δgeμ
a = 0, δg Bμ = ∂μζ, δgψ

i
μ = 0. (2.53)

It is also invariant under theN = 2 local supertransformation

δQeμ
a = 1

4
ε̄iγ aψ i

μ, δQ Bμ = 1

2
εi j ε̄iψ j

μ,

δQψ i
μ = D̂μεi − 1

8
εi jγ ρσ γμε j F̂ρσ , (2.54)

where the transformation parameters are two Majorana spinors εi (x) (i = 1, 2). The
commutation relation of two local supertransformations is

[δQ(ε1), δQ(ε2)] = δG(ξ) + δL(λ) + δg(ζ ) + δQ(ε), (2.55)

where the transformation parameters on the right-hand side are
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ξμ = 1

4
ε̄i
2γ

μεi
1 , λab = −ξμω̂μab + 1

16
εi j ε̄i

2γ[aγ μνγb]ε j
1 F̂μν,

ζ = 1

2
εi j ε̄i

2ε
j
1 − ξμBμ, εi = −ξμψ i

μ. (2.56)

To obtain (2.55) we have to use the Rarita–Schwinger field equation.
This theory is calledN = 2 Poincaré supergravity since its field equations have a

Minkowski spacetime solution eμ
a = δa

μ, Bμ = 0, ψ i
μ = 0. For this background the

commutator algebra of the local symmetry transformations reduces to the N = 2
super Poincaré algebra. The U (1) transformation δg(ζ ) on the right-hand side of
(2.55) corresponds to the central charge in (2.48).

Global U (2) Symmetry

This theory has a global U (2) symmetry in addition to the above local symmetries
[3]. This symmetry is an analog of the global U (1) symmetry (2.31) of the N = 1
theory. SU (2) in U (2) ∼ SU (2) × U (1) is a symmetry of the Lagrangian but the
remaining U (1) is a symmetry of the field equations.

The Lagrangian (2.51) is invariant under the global transformations with real
constant parameters �i j , Λi j satisfying �i j = −� j i , Λi j = Λ j i , Λi i = 0:

δeμ
a = 0, δBμ = 0, δψ i

μ =
(
�i j + iΛi jγ5

)
ψ j

μ. (2.57)

These transformations form the group SU (2). To see this, we decompose ψμ into
the chirality eigenstates ψ i

μ± = 1
2 (1 ± γ5)ψ

i
μ. The transformation of the positive

chirality component is δψ i
μ+ = (

�i j + iΛi j
)
ψ

j
μ+. The 2 × 2 matrix � + iΛ is a

traceless anti-hermitianmatrix and represents an infinitesimal SU (2) transformation.
The negative chirality component ψ i

μ− is the charge conjugation of ψ i
μ+.

This theory also has a global U (1) symmetry. This U (1) is not a symmetry of the
Lagrangian or the action but a symmetry of the field equations. The field equations
of the vector field can be written as

∂μ(e ∗Gμν) = 0, ∂μ(e ∗Fμν) = 0, (2.58)

where ∗ in ∗Fμν and ∗Gμν is the Hodge dual of second rank antisymmetric tensors
defined as

∗Fμν = 1

2
e−1εμνρσ Fρσ . (2.59)

∗Gμν in the first equation of (2.58) is defined by

∗Gμν = 2

e

∂L

∂ Fμν

= −Fμν + 1

4
εi j ψ̄ρiγ[ργ μνγσ ]ψσ j . (2.60)
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The first equation of (2.58) is the Euler equation derived from the Lagrangian, and
the second one is the Bianchi identity, which implies that Fμν can be expressed
by the potential Bμ. These two equations correspond to Maxwell’s equations of
electromagnetism. Since the two equations in (2.58) have the same form, they are
invariant under general linear transformations of (Fμν, Gμν). However, we should
note that Fμν and Gμν are not independent, but are related by (2.60). Taking account
of this relation the symmetry of (2.58) is the invariance under theU (1) transformation
with a real constant parameter Λ:

δeμ
a = 0, δ

(
Fμν

Gμν

)
=

(
0 Λ

−Λ 0

) (
Fμν

Gμν

)
, δψ i

μ = 1

2
iΛγ5ψ

i
μ. (2.61)

The definition of Gμν in (2.60) and the field equations of eμ
a , ψ i

μ are also invariant
under (2.61). The second equation in (2.61) represents an interchange of Fμν and
Gμν = ∗Fμν +· · · , i.e., an interchange of the electric field and the magnetic field. In
general, a symmetry which exchanges the field equation and the Bianchi identity as
in (2.61) is called the duality symmetry. The duality symmetry also appears in other
even-dimensional supergravities and plays a crucial role in applications to string
theory. We will discuss the duality symmetry in detail in Sect. 4.2.

Relation to the N = 1 Theory

The Lagrangian of N = 1 supergravity (2.21) can be obtained from that of N =
2 supergravity (2.51) by imposing the conditions Bμ = 0, ψ2

μ = 0. Under the
supertransformation with the parameter ε1 in (2.54) these conditions are preserved
and the remaining fields eμ

a , ψ1
μ transform as in the N = 1 transformation (2.28).

Thus, we have obtained theN = 1 theory from theN = 2 theory.
In general, we can obtain the N ′-extended theory from the N -extended theory

(N > N ′) by a truncation, i.e., by putting a certain set of the fields equal to zero. The
truncation must be consistent with the field equations and the supertransformation.
The field equations of the fields which we put to zero must be automatically satisfied.
Furthermore, theN ′-extended supertransformation of the fieldswhichwe put to zero
must automatically vanish.

2.8 N = 2 Anti de Sitter Supergravity

Wecan introduce a cosmological term toN = 2 supergravity [6, 7]. The Lagrangian
is

L = eR̂ + 6m2e − 1

2
eψ̄ i

μγ μνρ D̂νψ
i
ρ + 1

2
meψ̄ i

μγ μνψ i
ν

− 1

4
eFμν Fμν + 1

16
eεi j ψ̄ i

μγ [μγρσ γ ν]ψ j
ν

(
Fρσ + F̂ρσ

)
. (2.62)

http://dx.doi.org/10.1007/978-4-431-54828-7_4
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As in theN = 1 case the cosmological term with a negative cosmological constant
and the mass term of the Rarita–Schwinger fields are added. In addition to these
modifications the covariant derivative on the Rarita–Schwinger fields

D[μψ i
ν] =

(
∂[μ + 1

4
ω̂[μabγab

)
ψ i

ν] + 1

2
mεi j B[μψ

j
ν] (2.63)

contains a minimal coupling to the U (1) gauge field Bμ, which is not present in the
m = 0 theory. This corresponds to a gauging of an SO(2) subgroup of the global
symmetry U (2) (the �i j transformation in (2.57)) of the m = 0 theory. The gauge
coupling constant is g = 1

2m and is proportional to the parameter m appearing in the
cosmological term and the Rarita–Schwinger mass term.

This Lagrangian is invariant up to total divergences under the general coordinate
transformation, the local Lorentz transformation and the U (1) gauge transformation

δgeμ
a = 0, δg Bμ = ∂μζ, δgψ

i
μ = −1

2
mζεi jψ j

μ. (2.64)

It is also invariant under theN = 2 local supertransformation

δQeμ
a = 1

4
ε̄iγ aψ i

μ, δQ Bμ = 1

2
εi j ε̄iψ j

μ,

δQψ i = D̂μεi + 1

2
mγμεi − 1

8
εi jγ ρσ γμε j F̂ρσ . (2.65)

The covariant derivative on εi contains a minimal coupling to Bμ as in (2.63). The
commutation relation of two local supertransformations has the same form as (2.55).
The parameters on the right-hand side are the same as (2.56) except that the local
Lorentz transformation parameter has the additional term − 1

4mε̄2
iγabε

i
1. The global

U (2) symmetry of the m = 0 theory is broken by the coupling to the gauge field
since only U (1) part of U (2) was gauged.

This theory is calledN = 2 anti de Sitter (AdS) supergravity since its field equa-
tions have an AdS spacetime solution. It is also called N = 2 gauged supergravity
since it has the minimal coupling to the gauge field.

2.9 N ≥ 3 Supergravities

Similarly, N = 3, 4, 5, 6, 8 extended supergravities can be constructed. Let us
have a quick look at these theories.

N = 3 Poincaré supergravity is similar to the N = 2 theory. The field content
is a gravitational field, three Majorana Rarita–Schwinger fields, three vector fields
and a Majorana spinor field. The action is invariant under the general coordinate
transformation, the local Lorentz transformation, the U (1)3 gauge transformation
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and the N = 3 local supertransformation. The field equations are invariant under
the global U (3) transformation, which includes the duality transformation of the
vector fields.

One can also construct N = 3 gauged (AdS) supergravity. The Lagrangian has
a cosmological term and a mass term of the Rarita–Schwinger fields as in (2.42) of
theN = 1 theory. A new feature of theN = 3 theory is that the three vector fields
become the non-Abelian SO(3) Yang–Mills field. This corresponds to a gauging of
a subgroup SO(3) of the globalU (3) in the ungauged theory. The Rarita–Schwinger
fields have a minimal coupling to the Yang–Mills field. The gauge coupling constant
is g = 1

2m as in theN = 2 theory.
N ≥ 4 Poincaré supergravities contain scalar fields and are much different from

the N < 4 theories. The field content is a gravitational field, N Majorana Rarita–
Schwinger fields, 12N (N −1) vector fields and a certain number of scalar and spinor
fields. The scalar fields have non-polynomial interactions. The action is invariant
under the general coordinate transformation, the local Lorentz transformation, the

U (1)
1
2N (N −1) gauge transformation and the N local supertransformation.

A significant feature of theN ≥ 4 theories is a global symmetry of a non-compact
Lie group G. For instance, the N = 4 theory has a global G = SU (4) × SU (1, 1)
symmetry. This symmetry is an analog of U (N ) symmetry in theN ≤ 3 theories.
The U (1) subgroup of U (4) = SU (4)× U (1) is enlarged to the non-compact group
SU (1, 1). This G symmetry is a symmetry of the field equations since it contains
the duality transformation. In ordinary field theories like the standard theory of
particle physics the internal symmetry is a compact Lie group. However, N ≥ 4
supergravities can have a non-compact internal symmetry since they contain scalar
fields represented by a non-linear sigma model. The non-linear sigma model is a
theory of scalar fields which take values in a coset space G/H , where G is a Lie
group and H is a subgroup ofG. Originally, non-linear sigmamodelswere introduced
in order to describe massless Nambu–Goldstone bosons when a symmetry G is
spontaneously broken to H . In supergravities G is a non-compact group and H is
a maximal compact subgroup of G. We will discuss non-linear sigma models and
non-compact symmetries in Chap. 4.

One can also construct gauged supergravities forN ≥ 4, which contain minimal
couplings to the vector fields. The 1

2N (N − 1) vector fields in the theory become
the Yang–Mills field with the gauge group SO(N ), which is a subgroup of the
non-compact symmetry G of the ungauged theory. (It is also possible to gauge other
(non-compact) subgroup ofG.) TheLagrangian contains a potential termof the scalar
fields −g2eV (φ) and Yukawa couplings of the fermionic fields and the scalar fields
such as ge f (φ)ψ̄μγ μνψν . Here, g is the gauge coupling constant of the Yang–Mills
field. These terms effectively become a cosmological term and fermion mass terms
when the scalar fields have vacuum expectation values for which V (φ) and f (φ) are
non-zero. Then, the field equations have an AdS spacetime solution. We will discuss
gauged supergravities in Chap. 7.
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