Chapter 2
Almost Convergence of Double Sequences

The notion of almost convergence for ordinary (single) sequences was given by
Lorentz [63], and for double sequences by Moricz and Rhoades [83]. In this chap-
ter, we discuss the notion of almost convergence and almost Cauchy for double
sequences. Some more related spaces for double sequences, associated sublinear
functionals, and various inclusion relations are also studied.

2.1 Introduction

A double sequence x = (x ) of real or complex numbers is said to be bounded if
[ Xlloo = sup; s lxjk| < o0. The space of all bounded double sequences is denoted
by M,,.

A double sequence x = (xj) is said to converge to the limit L in Pring-
sheim’s sense (shortly, P-convergent to L) [108] if for every ¢ > 0, there exists
an integer N such that |x;x — L| < & whenever j, k > N. In this case L is called
the P-limit of x. If, in addition, x € M,,, then x is said to be boundedly convergent
to L in Pringsheim’s sense (shortly, BP-convergent to L). The sets of P-convergent
and BP-convergent double sequences x = (x;;) will be denoted by C, and Cp,
respectively.

A double sequence x = (xji) is said to converge regularly to L (shortly,
R-convergent to L) if x € C;, and the limits x/ = limg xjx (j € N) and xk =
lim; xjx (k € N) exist. Note that, in this case, the limits lim;limg x;; and
limy lim x j; exist and are equal to the P-limit of x.

In general, for any notion of convergence v, the space of all v-convergent double
sequences will be denoted by C,, the space of all v-convergent to 0 double sequences
by C,0, and the limit of a v-convergent double sequence x by v-lim; x x jx, where
v e{P,BP,R}.

The idea of almost convergence for single sequences was introduced by Lorentz
[63], and for double sequences by Moricz and Rhoades [83].

M. Mursaleen, S.A. Mohiuddine, Convergence Methods for Double Sequences and 17
Applications, DOI 10.1007/978-81-322-1611-7_2, © Springer India 2014


http://dx.doi.org/10.1007/978-81-322-1611-7_2

18 2 Almost Convergence of Double Sequences

A double sequence x = (x i) of real numbers is said to be almost convergent to
alimit L if
m+p—1 n+q—1

Pq JZ’:" Z e

In this case, L is called the F-limit of x, and we shall denote by F the space of all
almost convergent double sequences, i.e.,

lim sup = 2.1

P4=>m n>0

F = {x =(xjr): lim "L’qut(x) — L| =0, uniformly in s, t],
p,q—>00
where

P 4q
Tpgst (X) = m 12—: ];ijrs,kﬂ-

Note that throughout the book, the notation lim for double sequences will represent
P-lim.

If m =n=11n (2.1), then we get the (C, 1, 1)-convergence, and in this case, we
write xj, — £(C, 1, 1), where £ = (C, 1, 1)-limx.

Recently, the concept of Banach limits for double sequences was defined in [101]
as follows.

A linear functional £ on M, is said to be a Banach limit if it has the following
properties:

(i) L(x)=0ifx >0 (.e., xjx >0 forall j,k),
(ii) L£(e) =1, where e = (ej;) with ejy =1 forall j, k, and
(iii) L£(S11x) = L(x) = L(S10%) = L(So1X),

where the shift operators So1, S19, and S1; are defined by

So1x = (xj,k+1), S10% = (Xj+1.,k)> S11x = (Xj41,k+1)-

Let B> be the set of all Banach limits on M,,. A double sequence x = (x jx) is said
to be almost convergent to a number L if L(x) = L for all £ € B;.

As in case of single sequences [63], Theorem 2.5 gives the equivalence of these
two definitions.

The idea of strong almost convergence for single sequences is due to Maddox
[64], and for double sequences, to Bagarir [12].

A double sequence x = (x jx) is said to be strongly almost convergent to a number
L if

P q
P- lim —————— x L|=0,
pg oo (p+1)(q+1 2 2 boprstss =

uniformly in s, ¢. By [F] we denote the space of all strongly almost convergent
double sequences. Note that [F] C F C M,,.
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In [26], Cunjalo introduced the idea of almost Cauchy for double sequences.
A double sequence x = (x i) is said to be almost Cauchy if for every € > 0, there
exits k € N such that

pi—lqi—1 p2—1lga—1
Z Zx/+r. ktty — —— Z Zx/+vz ktn| <€
P1Q1]0k0 PCI2]0k0

forall p1, p2,q1,q2 > k and (s1, 1), (s2,12) € N x N.

2.2 Some Auxiliary Results
Note that, in contrast to the single sequences, a P-convergent double sequence need
not be almost convergent. However, every bounded convergent double sequence is
almost convergent, and every almost convergent double sequence is also bounded,
i.e.,Cgp C F C M,, and each inclusion is proper.

We start with the following basic result.

Theorem 2.1 Let a double sequence x = (x jx) be BP-convergent to L. Then it is
almost convergent to L, but the converse is not true in general.

Proof For a given ¢ > 0, we choose N, M € N with
3 .
IXjk—L|<§ (j,k=N), (2.2)

and for N, there are pg, go € N such that pg > N, go > M, and

2(N + (M + 1D)||x]lco - % 2.3)

Poqo

Then, for s, € Nand p > po, g > qo, we obtain

1 s+p—1t+qg—1 s+p—1t+q—1
2 2 -t ==Y 2 b =L
pPq _ —
Jj=s j=s
g P45 ifs>N, t> M,
=

LN M
g 2 j=s k=t [Xjk = LI

ifs<N,t<M
1 s+p—1 t+q—1 ) ’ ’
+ P Zj:N-H Zk:M+1 lxjx — LI

ifs>N,t>M,

[NS]Ie)

IA

2g (N =5+ DM =1+ 1D2]x[loo

I . ifs<N,t<M,
+ﬁ(s+p—1—N)(t+q—1—M)§




20 2 Almost Convergence of Double Sequences
<e (by (2.2), (2.3) and the choice of pg, go and N, M).

Thus, x = (x ;) is almost convergent to L.
For converse, consider the double sequence x = (x ;) defined by

1 if j =k odd,
xjk=14 —1 if j=keven,

0 otherwise.

It is easy to see that x = (x ;) is almost convergent to zero but not P-convergent,
that is, Cpp & F. O

Theorem 2.2  Every almost convergent double sequence x = (x ji) is bounded, but
the converse is not true in general.

Proof Let x = (xj) € F and rp, go € N with

1 s+r—1t+qg—1

Y Y x|l (r=r0, g>qo, ands,t €N) (24)
rq

j=s k=t

be given. Then, for s, t € N, we have

s+ro—1 t4+qo—1 s+ro—1 t4+qo—1
bl =) 2 2 wie= 2 D i
j=s k=t j=s+1 k=t+1
s+ro—1 t4+qo—1 s+ro—1 t+qo—1
= Z Z (xjxk — L) — Z Z (xjx—L)+L
j=s k=t j=s+1 k=t+1

=(@ro+ D(go+1) +rogo+[L| by (2.4).

That is, x = (x;x) € M,.
For converse, let x = (xx) be defined as

001111 00O0O0O0OO0OO0OQO0
0 0 00 0 O0O0OO0OTO0OO 0
001111000O0O0OO0OO0OQO0

i.e., in each row, there is one 1, then two Os, then four 1s, then eight Os, then six-
teen 1s, etc.
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Now, for n, m odd, the sum of the first 2/ 2k elements will be at least (2]‘_1 +
2k=3y2J and so

1 v 2rm—tyom=3) 5
S Z“;xjki o =g

Similarly, for n, m even,

n m
zn(2m72+2m73) 3

z Rl e B

2nm et 2nm 8

ie.,x ¢ F,butx e M,. O

Theorem 2.3 Every double sequence x = (x i) is almost convergent if and only if
it is almost Cauchy.

Proof Let x = (x ) be almost convergent double sequence. Then, for every € > 0,
there exists k € N such that

p—1g-1

ijJrs k+t —
=0 k=0

J

for all p,q > k and (n, m) € N x N. Therefore,

-1 g1— p2—1 gq2—1
X e — X
Ly Z sk = = 3 3 Xyt
P14q1 20 k=0 p292 20 k=0
pi—1 qi—1 p2—1 q2—1
X — X
Z Z Jj+s1.k+t Z Z Jj4s2k+t —
PlCthkO PZCI2]Ok0
€ n €
< — - =
2 2

for all p1, p2,q1,92 > k and (s1, t1), (s2,2) € N x N. Hence, x = (x ) is almost
Cauchy.

Conversely, let x = (x ;) be almost Cauchy. Then, for every € > 0, there exists
k € N such that

n—lqi—1 r—l g1
E E X - E E x <<
Jtsi.k+t Jts2,k+12 B

plq]]OkO pquOko

for all p1, p2,q1,q2 > k and (s1, #1), (52, 12) € N x N. Taking s1 =2 =50 and ] =
. . . 1 -1 -1 .
t = to in the above equation, we obtain that (5 =525 3720 X s k+10) gy 18
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a Cauchy sequence and hence convergent. Let

p—1lg—1

P- lim X j+s0,k+t =1L.
RLSTD NI

Then, for every € > 0, there exists k; € N such that

—1g-1
X il
/+50k+t0 2
qu =0 k=0
for all p, g > kj. It follows that
p—lg-1
ek~ L
Jj=0k=0
p—1g—1 p—1g—1 p—1g—1
ZZ Xjtsk+t — szj+so k+tg szj-l—so kg —
j =0 k=0 ] =0 k=0 , =0 k=0
6+6
<-4+ =-=c¢€
2 2

for all p, ¢ > max(k, k1) and (n, m) € N x N. Hence, x is almost convergent to L. []

2.3 Some Related Spaces of Double Sequences

In this section we introduce the following spaces involving the idea of Banach limit
and almost convergence for double sequences. Such type of spaces for single se-
quences were studied by Das and Sahoo [31], and for double sequences by Mur-
saleen and Mohiuddine [100, 101].

Lete = (ejx) with e, = 1 for all j, k. Then

1 m n
wy = {x:(xjk):mpzoqzotpqs,(x —Le) — Qasm,n — 00,

uniformly in s, ¢, for some L },

1

mzz]tpqst(x Le)|—>0asm n— oo,

=0 g=0

[wa] = {X=(x]-k):

uniformly in s, ¢, for some L }
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1 m n
[W]2= {X :()Cjk) . m;;qumox —Le|) —> Oasm,n —> 00,

uniformly in s, #, for some L ],

00 o0
Wy =X = (xjk) : Z Z |dpqst - dp—l,q,s,t - dp,q—l,s,t +dp—l,q—1,s,t|
p=0¢=0

converges uniformly in s, t},
12)2 = {x = (xjk) :

o0 o0
SUPZ Z ldpgst — dp—1,g,5,t —dp.g—1,5,t +dp—1,g-1,51] <00,
s\t

" p=04=0
where
1 m n
dm,n,s,t = dm,n,s,t(x) = m Z qust(x)
p=04¢=0

and

do,0,5,¢(X) = 70,0,5,t = Xs.15 d_1,0,5,1(X) =T_1,0,5,1(X) =X5_1,
do,—1,5,1(x) =710, 1,5, (X) = X511, d_1,—1,5,0(X) =T_1,—1,5,0(X) = Xs—1,1-1.

By (C2,2), we denote the space of Cesaro summable double sequences of or-
der 2, which is defined by

l m n
m+=Dmn=+1 Z pr,q,o,o(x) —> Lasm,n —> 00 ¢,
m+Dn+1) Pt

(€2.2)= {x= (i) -

and by [C», 2], we denote the space of strongly Cesaro summable double sequences
of order 2, which is defined by

1 m n
[C2, 2] = {x = (.xjk) N m Z Z|Tp’q’0’0(x) — L} — O

p=0 g=0

asm,n—>oo}.
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Remark 2.4 1If [wy]-limx = L, that is,

1 m
I DD 2 2 Trast = LI —0

p=0 g=0

as m,n —> o0, uniformly in s, ¢, then

1 (AN T T
I — - S 0
(m+1)(n+1)22p+lzrjq” ‘—>
p=0 g=0 j=0
and
1 Y I T
S — - L 0.
CETEIP P e DI ‘_>
p=0 g=0 k=0

2.4 Associated Sublinear Functionals

Let G be any sublinear functional on M,,. We write {M,,, G} to denote the set of all
linear functionals F on M, such that F < G, i.e., F(x) < G(x) forall x = (x;) €
M,.

Now we define the following functionals on the space M,, of real bounded dou-
ble sequences:

m

l n
= 1. . ’
@ (x) %fflpsf? (mH)(nH);;)qusr(x)

l m n
x) = limsupsup —8M— . 0l
¥ (x) psup (m+1)("+1),§;)| past (X)

m,n

l m n
0(x) = limsupsup ———— . o).
(x) m,n p ”p m+Dn+1) pg(:) qgo pqst(| |)

§(x) = limsupsup Tpgs (x),
P St

n(x) = limsupsup Tpg. (1x1),
P.q st
where |x| = (|xjk|)‘??k:1.
It can be easily verified that each of the above functionals is finite, well defined,
and sublinear on M,,.
A sublinear functional G is said to generate Banach limits if F € {M,, G} is

a Banach limit, and it is said to dominate Banach limits if F € B, implies F €
(M., G}.
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In the following theorem, we characterize the space M, N w; in terms of the
sublinear functional ¢.

Theorem 2.5 We have the following:

(1) The sublinear functional ¢ both dominates and generates Banach limits, i.e.,
d(x)=&(x) forall x = (xj;) € M,.
(i) MyNwy={x=(xj) e My:¢(x)=—-¢(=x)} =F

Proof (i) By the definition of &, for given € > 0, there exist pg, go such that
Tpgst(X) <&(x) + €
for p > po, ¢ > qo and all s, ¢. This implies that
¢(x) <&(x)+e

forall x = (xx) € M,,. Since € is arbitrary, we have ¢ (x) < &(x) forall x = (xjx) €
M., and hence,

{Mu, ¢} C{My, §} =8> (2.5)

i.e., ¢ generates Banach limits.
Conversely, suppose that £ € B,. Since L is shift invariant, i.e., £(S11x) =
L(x) = L(S10x) = L(Sp1x), we have

q
L(x)= E(W Z ij+s,k+t>

j=0 k=0
= E(qust (x))

1 m n
:ﬁ(mzoqzﬁwm) 29

But it follows from the definition of ¢ that for given € > 0, there exist mg, ng such
that

1 m n
DT 2 2 s () < B e X
p=0 g=0
for m > mg, n > np and all s, ¢. Hence, by (2.7) and properties (i) and (ii) of Banach
limits, we have

m

1 n
E(mz prqst(x)> <£((¢(x)+€)e) =¢(x)+e (2.8)

p=0 g=0
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for m > mg, n > no and all s, ¢, where e is defined at the beginning of Sect. 2.3.
Since € was arbitrary, it follows from (2.6) and (2.8) that

L(x) <¢(x) forall x =(xj;) € M,.

Hence,
By Cc {M,, ¢}, 2.9)

that is, ¢ dominates Banach limits.
Combining (2.5) and (2.9), we get

{MIMS} = {Mu’ ¢}a

which implies that ¢ dominates and generates Banach limits and ¢ (x) = £(x) for
all x e M,,.

(ii) As a consequence of the Hahn—-Banach theorem, { M,,, ¢} is nonempty, and a
linear functional F' € {M,, ¢} is not necessarily uniquely defined at any particular
value of x. This is evident in the manner the linear functionals are constructed. But
in order that all the functionals {M,, ¢} coincide at x = (x i), it is necessary and
sufficient that

¢(x) = —p(—=x) (2.10)

and

11msupssutp T 1)(n D Z thqst(x)

m,n 0(10

=liminfsup — . . -
m.n s?(m—i—l)(n-;-]););) pgst (X). 2.11)
Equality (2.11) holds if and only if
1 m.n
m Z prqst(x) — L(say) asm,n — 00,

p=04¢=0

uniformly in s, ¢, and hence, x = (xjx) € wo N M, for all x = (xjx) € M,,, while
Eq. (2.10) is equivalent to

§(x) = —§(=x),
which holds if and only if x = (x ) € F. O

In the following theorem, we characterize the spaces [w2] N M, and [w], N M,
in terms of the sublinear functionals.
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Theorem 2.6 We have the following:
[w2]N M, = {x = (xjx): ¥ (x — Le) =0, for some L}

= {x: (xjx): F(x — Le) =0 for all F € {M,, ¥} for some L}.

Proof Without loss of generality, we assume that L = 0. Now, as in Theorem 2.5(ii),
as a consequence of the Hahn—Banach theorem, {M,,, ¥} is nonempty, and a linear
functional F € {M,, ¥} is not necessarily uniquely defined at any particular value
of x. In order that all the functionals {M,,, ¥} coincide at x = (x ), it is necessary
and sufficient that

¥ (x) =¥ (=x).

Hence, in general, the construction of the sublinear functional ¥ and the definition
of [w>] together suggest that x = (x %) € [wa] N M, if and only if

Y(x —Le)y=—y(Le—x). (2.12)
Since ¥ (x) = ¥ (—x), (2.12) reduces to
Y(x —Le)=0. (2.13)
Now, if F € {M,,, ¥}, then from (2.13) and from the linearity of F we have
F(x—Le)=0

Conversely, suppose that F(x — Le) =0 for all F € {M,, ¥} and hence, by the
Hahn-Banach theorem, there exists Fy € { M, ¥} such that Fy(x) = v (x). Hence,

0= Fy(x — Le) = ¥ (x — Le).

This completes the proof of the theorem. g

2.5 Some Basic Lemmas

In this section, we give some important lemmas, which will be used in the proofs of
our main results.

Lemma 2.7 (Abel’s transformation for double series)

q
Z VikWjk —Wjlk — Ujh+1 + Uj+1k+1)
1 k=1

Mm

~.
Il

p q

P4
Z Zujk(Allvjk) - Zuj,q+l (Atovjg) — Zup+l,k(A01 Upk) U pt1,g+1Vpg>

j=lk=1 j=1 k=1



28 2 Almost Convergence of Double Sequences

where

Apvjg =Vjg = Vj-14; A01Vpk = VUpk — Upk—1  and

AVjk =Vjg —Vj—1,k — Vjk—1+ Vj—1 k1.

Proof Abel’s transformation for single series is

m m
D ovilw Fuip)) =Y ui(Vi Fi-1) F 1 V- (2.14)
i=1 i=l

Now we prove Abel’s transformation for double series:

JZ)
ZZ VikWjk —Wjrlk — Ujk+1 +Uj+1k+1)
j=1k=1

q P

Z Zv,k(ujk —Ujt1,k) — Zv]k(u, k+1 — Ujt1 k+1)

k=1Lj=1 j=1

by using (2.14) we have

= Z Zujk(vjk —Vj—1,k) — Up+1,kVpk

k=1Lj=1
p
- Z"‘j,k-i-l (Wjk —Vj—1,k) + Upt1k+1Vpk
j=1
P q q q
= Z Zvjk(ujk —Ujk+1) — Zvj—l,k(ujk —Ujr+1) | — Zup+l,kvpk
j=1Lk=1 k=1 k=1
q
+ Zup+1,k+lvpk
k=1

and now again using (2.14), we get

P a q
=Z Zujk(vjk_Uj,kfl)_“j,qulqu—Zujk(vjfl,k_vjfl,kfl)
j=1Lk=1 k=1
q q

TUjGHIVj—1,q | — Zup—i-l,kvpk + Zup+1,kvp,k—1 +Up+1.q+1Vpg
k=1 k=1

p

P q
= Zzujk(vjk —Vjk—1—Vj-1,k T Vj-1k-1) — Zuj,q-i-lvjq
j=1k=1

j=1
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p q q
+ Zuj,Q+1 Vj—l,g — Z“pﬂ,kvpk + Z“pﬂ,kvp,kfl T Up41,g4+1Vpg
j:l k=1 k=1
q p q
= Z Zujk(Auvjk) - Z”j,qﬂ(Alovjq) - Zup+1,k(A01vpk)
j=1k=1 j=1 k=1
+ Upt1,g+1Vpg- U

Another form of Abel’s transformation for double series is given by Altay and
Bagar [4].

Lemma 2.8 [w;]-limx = L if and only if

(i) wy-limx =1L;
(i) % 1 ZZ=I |Ty(m,n,s,t) — L| — 0 (u, v —> o0) uniformly in s, t;
(iii) - Yo 1> | Ta(m,n,s,t) — L| —> 0 (u, v —> 00) uniformly in s, t;

uv

. 1

(IV) ﬁzz’l=l Zzzl|Tmnst+dmnst_Tl(msn’svt)_TZ(m,Vl,Sal)| O(M,U ?
o0) uniformly in s, t, where

1 " 1 "
d Th(m,n,s, t)= T, .
(m+1)pz_otpnst an 2(m,n,s,t) (n+1)q§) mqst

Ti(m,n,s, t)=

Proof Let [wy]-limx = L. Then, obviously, wz-limx = L. (ii) and (iii) follow im-
mediately from Remark 2.4. Now we have

1
M_U Z Z|Tmnxt + dmnst — Ti(m, n,s,1) — Ta(m, n,s, t)|

m=1n=1

TR
= E ZZ|Tmnst —L+dmnse —L—Ti(m,n,s,1) + L — TZ(manaS»t)+L|

m=1n=1

|
= E Z Z(lfmnst — L| + |dynst — L| + |T1 (m,n,s, t) — L|

m=1n=1

+ |T2(m,n,s, t) — L|)

— 0 as u, v —> 00, uniformly in s, ¢, since

(a) [wz]-limx = L implies that the first sum tends to zero;

(b) (i) and (iii) imply that the third and fourth sums tend to zero;

(¢) (i) implies that dy,;,5; —> L (m,n —> 00) uniformly in s, ¢, and so the second
sum tends to zero.
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Conversely, suppose that the conditions hold. We have

|
E ZZh’mnst —L|

m=1n=1

1 u v
= E Z Z‘Tmnst +dmnst - Tl(mvnvs’ t) - TZ(m,n,S,f)‘

m=1n=1

u v “ v
30D s = L+ 2 3 D[ TiGnns )~ L

m=1n=1 m=1n=1

u v
+ ul_v ZZ|T2(m,n,s,t) — L}

m=1n=1
—> 0 as u, v —> 00, uniformly in s, ¢. Il
Lemma 2.9 We have

Tiunst + dmnst — T1(m,n,s,t) — To(m,n, s, t)

- m”[dmnst - dm—l,n,s,t - dm,n—l,s,t + dm—l,n—l,s,t]~
Proof We shall use the equality

dmnst —Am—1,n,s,t — Umn—1,s,t +dm—1,n—1,s,t

|:(m+1)(n+1) 2 Z Fpast = m(n+l) Z Z”"f“]

p=0 ¢g=0

m n—1 m—1 n—1
|:(m+1)nzzqusz mn Z prq”] (2.15)

0 g=0 p=0 g=0

First, we solve the expression in the first bracket:

1 m n
[<m+ Dn+1) g;”’q" (n+ 1) Z Z ”’“’]

p=0 ¢g=0

1
ZM[Z< ZT”‘”’ - (m+1)zquvt>]

1 n |: m—1
— < Z MTpgst — Z qust]
mm+1)(n+1) s =
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1

- m Z|:( + Dmgst — Z rpqst:|

1 n

1 m
= 7’71(” T 1) CIZ:(:)|:quSl - (m n 1) pz:;)qus[]

1 n
~mn+ 1) Z Tmgst = m Z ZTPW

p=0 g=0
1 ~ 1
=< Z Tmgst — ~—Amnst -
mn+1) o m
For the expression in the second bracket, we have
m n—1 m—1 n—1
Z past — Z ZTMW
(m—i—l)npoqo mn 70 40
1 n—1[ 1 m m—1
= — —1{m Z Tpgst — m+1) Z Tpgst }:|
nqzo_m(m—i—l) =0 =0
—1r m—1
15 1
= - — Y M Tmgst — Z Tpgst }:|
nqzo_m(m—i—l) s
1 n—1[ 1 m
=- ——(m+ l)qust - Z Tpgst }:|
nqzo_m(m—i—l) pars
1 n—1 m n—1
S S
g=0 p=04¢=0
:m_nztmqvt Amn—1,51-

Substituting (2.16) and (2.17) into (2.15), we get

dmnst - dm—l,n,s,t - dm,n—l,s,t + dm—l,n—l,s,t

1 n n—1 1
=—— meqst meqst - _dmnyt + dm n—1,s,t
m(n+1) s q =

n—1

31

(2.16)

2.17)

mn(n +1) |: Z‘[mqﬁ (n+1) meqst] —(dmnst — dmn—1,5,1)
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1 n—1
= m |:”Tmnxt - Z Tigst
g=0
1 n
= m |:(n + DTynse — Z Tigst
q=0
1 1 < 1
= % |:‘Cmnsl - m qz(:)tmqsl:| - ;(dmnst - dm,n—l,s,t)'
‘We know that
1 m n
d, =
mnst (m T h(n+1) Z X_: Tpgst
p=0 g=0
p=0 ¢g=0
and
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1
:| - _(dmnst - dm,n—l,s,t)
m

1
j| - _(dmnst - dm,nfl,s,t)
m

1 m—1 n n
- m |: Z Z Tpgst + Z(:)qust:|
g=

1 m—1 n
dm—l,n,s,t = m Z Z‘qus;-

p=0¢=0

From (2.19) and (2.20) we have

Thus,

Also,

1 n

Ddynst — mdy, — =— .
(m + Ddpns: — mdy, 1,n,s,t (n_’_l)qumqst

(2.18) becomes

1 1
—[Tmnst — (m 4+ Ddypnst + mdmfl,n,s,t] — —(dmnst — dm,nfl,s,t)
mn m

1

(2.21) can be written as

d — d _ = — d .
I’I’l( mnst m l,n,s,t) (n T l) qZ: Timgst mnst

Similarly, we can write

n(dmnst — dm,n—l,s,t) =

1

L
m+1)

=0

E[Tmnsl — dinst — M(dmpst — dm—l,n,s,t) — n(dmnst — dm,n—l,s,t)]'

n

=0

m

E Tpnst — dmnst -

q=0

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)
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Using (2.23) and (2.24) in (2.22), we get

1 1 1
= o Tnnst + Amnst — m ];)Tpnst - m qzofmqst )

which implies that
Tmnst +dmnst — T (n) = T, (m) = mnldpypst — m—1,n,s,t —Am,n—1,s,t +dm—l,n—1,s,t]-

O

o0 o0
Lemma2.10  Let Vst = 3,7, 2 gy ldpgst — dp—1,g.510 — dpg—151 +
dp—l,q—l,s,tl- Then

anst - Vm,n+l,s,t - Vm—i—l,n,s,t + Vm+1,n+l,s,t

= |dmnst - dmfl,n,s,t - dm,nfl,s,t + dmfl,nfl,s,t|~
Proof We have

anst - Vm,n+l,s,t - Vm+l,n,s,t + Vm+1,n+1,s,t

o]

o0
= Z ldpgst — dp—1,q.5,t —dp,g—1,5,0 +dp—1,g—1,5.1
p=m q=n

oo o0

- Z Z |dpqst - dp—l,q,s,t - dp,q—l,s,t +dp—l,q—1,s,t|
p=nm g=n+1

oo XX

Z Z ldpgst —dp—1.q.5.0 —dp.g—1.50 +dp—1,4-1.5.1]
p=m+1qg=n

o0

o
+ Z Z |dpqst - dp—l,q,s,t - dp,q—l,s,t +dp—l,q—l,s,t|
p=m+1g=n+1

0o
= Z Z |dpqxt —dp—1l,q,s,t — dp,q—l,s,t +dp—1,q—1,s,t|
p=mL g=n —n+1

e ¢]

00
Z Z Z |dpqst_dp7]qst dqulst‘f'dpflq ]st|

p=m+1Lg=n g=n+l

00
E pnst p 1,n,s,t — dp,n—l,s,l + dp—l,n—l,s,t|

e ¢]

- Z |dpnst - dp—l,n,x,t - dp,n—l,s,t + dp—l,n—l,x,t|
p=m+1
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00 o)
= Z - Z |dpnst - dpfl,n,s,t - dp,nfl,s,t +dp71,n71,s,t|

p=m  p=m+l

= |dmnst - dm—l,n,s,t - dm,n—l,s,t + dm—l,n—l,s,t|' O

2.6 Inclusion Relations

We establish here some inclusion relations between the spaces defined in Sect. 2.3.
Theorem 2.11 We have the following inclusions with the limit preserved in each
case, while the reverse inclusions do not hold in general.

(1) wy C [wy] if conditions (ii) and (iii) of Lemma 2.8 hold.

(il) Wy C w.

Proof (i) We have to show that wy C [w3]. If x € Wy, then we have

oo o0

anst = Z Z |dpqst - dp—l,q,s,t —Up,g—1,s,t +dp—1,q—1,s,t| (225)
p=m q=n

—> 0 as m,n —> oo, uniformly in s, ¢, and
dpgs: —> L (say) as p,q —> oo uniformly in s, £,

that is, wp-limx = L.
In order to prove that x € [w;], it is enough to show that condition (iv) of
Lemma 2.8 holds. By Lemmas 2.9 and 2.10 we have

Tpgst + dpqst - TI(P, q,S, ) — Tz(l% q,S, r)
= pQ[dpqst - dpfl,q,s,t - dp,qfl,s,t + dpfl,qfl,s,t]

and

ldpgsi — dp—1,q.5,0 = dp.g—1,5.0 + dp—1,4—1,5.11
= Vpgst = Vpgt+t.s.0 = Votrigst + Vol g+is

so that
1 m n
% Z Z‘qust +dpqst —Ti(p,q,s,t) — Tr(p, Q5S’t)|
p=1 g=1

1 m n
= Z ZPCI[qust = Vgt = Votlgss + Vptrlgris.]

mn
p=1g=1
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using Lemma 2.7 for Abel’s transformation, we have

.l m n n m
~ mn DD Voast =m Y Vinrtgusa =1 ) Vol +mnVaiinsl s
p=1g=1 g=1 p=1

—> 0 as m,n —> oo, uniformly in s, ¢ (by 2.25). Hence, by Lemma 2.8, x € [w>].
(ii) Let x € w,. We have to show that

00 00
sup Z Z |dpqst - dp—l,q,s,t - dp,q—l,s,t + dp—l,q—l,s,t| <K,
s, t
p=0¢=0

where K is an absolute constant. As x € Wy, there exist integers pg, go such that

3 dpgsi —dp-1.gisi —dpg-tsi +Hdp-1g-150l < 1. foralls,t. (2.26)
P>po 4>490

Hence, it is left to show that, for fixed p, q,
|dpqst - dpfl,q,s,t - dp,qfl,x,t + dpfl,qfl,s,tl <K foralls,z.

From (2.26) we have that

Idpqst - dp—l,q,s,t - dp,q—l,s,t + dp—l,q—l,s,t| <1 (2.27)

for every fixed p > po, ¢ > qo and all s, ¢. Since

m(m + l)n(n + l)(dmnst - dm—l,n,s,t - dm,n—l,s,t + dm—l,n—l,s,t)
m n
= Z ZPQ(qust —Tp—l,q.5t — Tpg—1ls:t+ Tpfl,qfl,s,t)’ (2.28)
p=1 g=1

we have

mn[(m + 1) (n + 1) (dmnst — dm—1.n.5.6 — dmn—1,5.6 + dm—1,0-1,5.1)
—(m =10+ D(dn—1ns56 = dm-2.n.5.t — dm—1,n—1,5t T dm—-2,n-1,5.1)
—m+ 10— D(dnn-1s51—dm-1n-151 = Amn—-2,5.0 + dm—1,n-2,5.1)
+(m =D — D dmn-1.n-1,5.t — dm—2.n—1,5.t — dm—1,n—2,5,t + dm—2.1—2,5.1)]

n m
= Zq Z P(qust — Tp-l,q.5.t —Tpg—1s:t+ Tp—l,q—l,s,t)

g=1 Lp=1

m—1
- Z P(qust — Tp—1l,q.s.t — Tpg—1,s:t+ Tp—l,q—l,s,t)
p=1
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n—1 m

- Zq Z p(qust — Tp—l.g.s.t — Tpg—1lst+ fp—l,q—l,s,t)
g=1 Lp=I1
m—1

- Z p(qust — Tp—1,q,5,t — Tp,g—1,s,t + Tp—l,q—l,s,t)
p=1

n
= ZQ[m(fmqst — Tm—1,q,s,t — Tm,q—1,s,t + Tm—l,q—l,s,t)]

g=1
n—1

- ZQ[m(qust — Tm—1,q,5,t — Tm,q—1,s,t + Tm—l,q—l,x,t)]~
q=1

This implies that

(m + 1D)(n + D (dmnst — dm—1.n,5.0 — dmn—1.5.t + dm—1.n—15.1)
—(m =10+ D@n-1ns51—dm-2n5.t — dn—1n—1,5.t T dm—2.n—15.1)
—m+ 1D —Dmn-1st—dmn-1n-1s51—dmn—2s51+dn-1n-2s.1)
+m—1)n—Ddn-1n-1.56—dm-2n-151 —dm-1n-2.510 +dm—2.n-2.5.1)

= [Timnst — Tm—1,n,5,t — Tmn—1,5,t + Tmfl,nfl,s,t]- (2.29)
Using (2.27) and (2.29), we have that
| Trnst — Tm—1.n,5,t — Tm,n—1,5,t + Tm—l,n—l,s,t| <K(m,n) (2.30)

for every fixed m > pg, n > qo and all s, ¢, where K (m, n) is a constant depending
on m, n. Again, from the definition of t,,;; we obtain, similarly to (2.25),

Tmnst — Tm—1,n,5,t — Tmn—1,5,t + Tm—1,n—1,s,t

1 m n
= m(m + Dn(n + 1) Z Zuvau+s,v+t, (2.31)

u=1 v=1

so that

Am+s,n+t
=m+ D+ 1) (Tunst — Tm—1.n,5,t — Tm,n—1,s,t T Tm—l,n—l,s,t)
—(m—-1n+ 1)(Tm7],n,s,t — Tm—2n,5.t — Tm—1,n—1,5,t + Tm72,n71,x,t)
—(m+1n - 1)(fm,n—1,s,t — Tn—1,n—1,5,t — Tm,n—=2,5,t + Tm—l,n—2,s,t)

+(m—-1)(n— 1)(77m—1,n—1,s,t — Tm—2n—1,5,t — Tm—1,n—2,5,t + Tm—2,n—2,s,t)-
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Hence, it follows from (2.30) that, for any fixed m > pg and n > qo,
|amts.ntil < K(m,n) foralls,t. (2.32)

Now choose m =mqg+ 1, n =ng+ 1. Let

K =max{K (mo+ 1,n0+ 1), lai,ng+11, lamo+1.11 lazng+1l: lame+1.21, - -,

[
It follows from (2.32) that
layy| <K forallu,v

where K is independent of u, v. By (2.31) we have

|Tmnst — Tm—1.n.5.t — Tmn—1.5.t + Tm—1.n—1,51]| <K forallm,n,s,t. (2.33)
Also, from (2.28) and (2.33) we have

|dpqst _dp—l,q,s,t _dp,q—l,s,t +dp—l,q—l,s,t| =< K forall p.q,s,t. g

Theorem 2.12 We have the following proper inclusions with the limit preserved in
each case:

[F]1C[wly Clwa] Cwy C(Cr,2).
Proof Let x € [F] with [F]-limx = L, say. Then
rpq”(|x — Le|) —> 0 as p,qg —> oo, uniformlyin s, z.

This implies that

- Z erqs, —Le])—> 0 as p,q —> oo, uniformly ins, 7.
(m+1)(n+l) parpar

This proves that x € [w]; and [F]-limx = [w];-limx = L.
Since

1
(m+1n+1)

Z thqs,(x Le)| <

=04¢=0

B m Z Z‘qust(x —Le)|

p=0 g=0

<L S S (e Lel)
(m+ D+ 1) 2= &= O”q

this implies that [w], C [w;] C w; and

[w]z-limx = [wy]-limx = wy-limx = L.
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Since

m Z Z G-

converges uniformly in s, ¢ as m, n —> 00, we have the convergence for s =0 =1.
It follows that wy C (C», 2) and wy-limx = (Cy, 2)-limx = L. O

Example 2.13 [w], N M, G [wa] N M,,.
Let x = (x ) be defined by

Xjk = (=DF  forall Js

that is,
-1 1 -1 1
-1 1 -1 1
-1 1 -1 1
Then
l p
T x—0 _— X;
|pqst( )| (p+1)(q+1)20§ Jsk+t
1
= 1+ = uniformly for s, ¢.
(p+D@+1) p+1
Hence,
;Zth (X — 0)| - - Xn:;
(m+D(n+1) = =i —(m+1)(n+ (ot

m
B 1 in—i—l
S D+ g p+]

m

1 1
:(m—l—l)zp—i—l_)() as m — o0,
p=0

ie., x = (xji) € [wz2] N M,, and hence, by Theorem 2.5, x € F. But x ¢ [w], N
M, and hence x ¢ [F
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2.7 Exercises

1 Check whether the double sequence x = (x,;) defined by

S 1 if n and k are squares,
" =10 otherwise

is almost convergent or not. If yes, then what is its almost limit?
2 Show that the inclusion
[FICF
is proper.
3 Prove that
[whrN" M, = {x = (xjx) : 0(x — Le) =0 for some L}
= {x =(xjk): F(x — Le)=0forall F € {M,, 6} and some L}.
4 Prove that
[F1C [w2] Cwo

and

[wa]-limx = wy-limx = L.

5 Show that the inclusion

[w]2 C [w2]

is proper.
6 Prove the following proper inclusions:

[F1C [wlhNM, Clwa]NM, CF.
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