Chapter 2
Matrix Transformations

The theory of matrix transformations deals with establishing necessary and sufficient
conditions on the entries of a matrix to map a sequence space X into a sequence space
Y. This is a natural generalization of the problem to characterize all summability
methods given by infinite matrices that preserve convergence.

If A is an infinite matrix with complex entries a, (1, k € N), then we may write
A = (ayy) instead of A = (ank)szo. Also, we write A, for the sequence in the nth
row of A, ie., A, = (ank),fio for every n € N. In addition, if x = (x;) € w, then
we define the A-transform of x as the sequence Ax = (An(x))ff:o, where

o0
An(x) =D amxi (n € N)
k=0

provided the series on the right converges for each n € N. Further, the sequence x is
said to be A-summable to the complex number £ if A,(x) — £ (n — 00); we shall
write x — £(A) where £ is called the A- limit of x.

Let X and Y be subsets of w and A an infinite matrix. Then, we say that A defines
a matrix mapping from X into Y if Ax exists and isin Y forevery x € X. By (X, Y),
we denote the class of all infinite matrices that map X into Y. Thus, A € (X, Y) if
and only if A, € X” foralln € Nand Ax € Y forall x € X.

The study of sequence spaces is much more profitable when we consider them
equipped with certain topologies. In this chapter, we shall study various duals of
some sequence spaces and characterize several matrix classes (c.f. [1-3]).

2.1 Continuous Duals

Let X and Y be normed linear spaces. Then, B(X, Y) denotes the set of all bounded
linear operators L: X — Y. If Y is complete, then B(X, Y) is a Banach space

with the operator norm defined by ||L|| = sup ||L(x)| for all L € B(X,Y).
xeSx
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34 2 Matrix Transformations

By X' = B(X,C), we denote the continuous dual of X, that is, the set of all
continuous linear functionals on X. If X is a Banach space, then we write X* for X’
with its norm given by || || = sup | f(x)| forall f € X’.

XESX
We shall write X* >~ Y if Y is the continuous dual of X, i.e. X* is isomorphically

isometric to Y.

Theorem 2.1 ([3, pp. 92]) £} =~ L.

Proof Let f e £7. Since ¢® is a Schauder basis for £1, each x = (x;) € £; can be
represented as x = Zxke(k). Let f € E’f and define oy = f (e®). Then, for every
k

x = (xx) € £

fO) =D f(e®) =" xa. @.1)
k k
Let us define x = (xi) by

= sgn ay, k = n,
=17o, k #n.

Then ||x|| < 1 and f(x) = |a,| by (2.1). Therefore
laa | < I1fIHIxN < 1A

which implies that & = («;) € €& and

lolloo = 1A 2.2)

Conversely, let & = (a;) be given such that & € €. Define T: £] — £ by
Tf =u = (f(e®)). Clearly, T is linear and from (2.1), if 7f = 0 then f = 0,
i.e., T is one-one. To prove T is onto, define f: €1 — Kby f(x) = D cuxx,
x = (xx) € £1. Then f is linear, and

=D lux] < (st;p|ak|)(z |xk|) = llelloollxllt < Mlx]1,
k k

where M = sup; |ax|. Hence f is bounded and f € £}. Thus T is onto. Finally, by
(2.1) we get

FI <D Txfe®)) < (sgp If(e("))l) (Z |Xk|) = (slip If(e(k))l) Ix1l
k k
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which implies that
£l < st;p|f<e<k>>| = llallso- (2.3)

Combining (2.2) and (2.3), we have || f|| = |lallcc = IITf|loo- Therefore, T is an
isometric isomorphism from E’f onto £, that is, Ff >~ loo.
This completes the proof of the theorem.

Theorem 2.2 ([3, pp. 92]) ¢* >~ ¢.

Proof To prove our theorem we have to show that ¢* is isometrically isomorphism
to 1. Let f € ¢* . Since (e, e1, €3, . ..) is a basis for ¢, any element x = (x,) € ¢
can be written as

x=te+ > (- 0e®, L= lim .
k

Therefore

f) =Lf(@)+ D (i — 0 f(e"), forallxec.
k
Define x = (x¢) by

o s fEe®) 1<k <n,
k 0, k > n.

Then x € cg, ||x|| = 1 and

1F@ =D 1F ) < II£].

k=1
Hence the series

> fe®)

k
is absolutely convergent.
Put
f) =at+> ax. 2.4)
k

where

a=fle)— Y fe®), a=fe").
k

We have
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|f0)l < (|a| + Z|ak|) [BY/I
k

since | lim x| < ||x||o0. Therefore

LA < lal + D lal.
k

Also, we have
[f ) < (IS for [[x]lec = 1.
For any r > 1, define x = (x,) by

__|sgna,, 1 <n<r,
"7 lsgna, n>r.

Then x € ¢, ||x]l0o = I, limx,, = sgn a and so by (2.4), we have

r oo
asgna —+ E ap sgn a, + E ap sgna
n=1 n=r+1

r o0
|al +Z|an| + Z a, sgna

n=1 n=r+1

Lf 0] =

Since a = (a,) € £, we obtain

o0
Z ar — 0 (r > 00).
n=r+1

Therefore letting r — oo in (2.7), we get

lal + > lan| < 1£1-
n

Combining (2.5) and (2.8), we derive the equality

LIl = lal + > lanl.

= £l by (2.6).

2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Let T: ¢* — £ be defined by T(f) = (a, ay, az, ...). Then by (2.9), we have

IT(HNI = lal +lai] + laz| +--- = [ 1.

T (f)l1 is the £1-norm. Thus T is norm preserving. Clearly 7T is surjective and
linear, and so T is isometrically isomorphism whence ¢* >~ ¢.
This completes the proof.

Remark 2.1 The dual of ¢ can also be identified with £;.

In the next theorem, we deal with the dual of £~ . It is to be noted that its dual is
totally different from other sequence spaces. To deal with, we first introduce some
notations and definitions (c.f. [1]).

Definition 2.1 Foranon-empty set X, let R denote aring of subsets of X. The symbol
og (E € R) denotes a partition Ey, ..., E, of E suchthat E; € R, E; N E; = 0/,
U!_,E; = E. By acharge pon R, we mean a K-valued finitely additive set function
with |u(E)| < oo for each E € R, and triplet (X, R, u) is called a charged space;
further (X, R, p) is called a completely charged space, if X € R and |u(x)| < oo.
Let ba(X, R) denote the space of all charges on a ring R, equipped with the norm

n
Il = sup sup D |u(E).
EeR 0E i—1

If X € R, then

lpall = sup D |u(Ei)].

ox %
X =1

Note that ba(X, R) is a Banach space with || x4].
Let ¢oo denote the class of all subsets of N. Then, ba(N, ¢,) is a Banach space
with the norm

Il = sup D" [(Ep)].

oN %
N =1

Definition 2.2 For a partition oy := {E;:1 < i < N}, choose arbitrary points
n; € E; and let

N
fo=flonina, ... onn) =D f)u(E)).

i=1

If the net (f,) converges in K, say to I, then f is said to be u—integrable over X,
where f: X — K is y -measurable and bounded, and I = [ fdp.
Note that
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‘/fdu' = Suglf(X)ISHPZIu(Ei)I < llul Sugl.f(X)l

o .
X =1

and if X is a normed space and f € X*, then

iz

For our convenience, we will write M for ba(N, ¢), i.e., the space of bonded
finitely additive set functions (or measures) i defined on subsets of the set of positive
integers N. It is to be remarked that the continuous dual of £, is not isomorphic to
a sequence spaces ([3, Example 6.4.8, pp. 93-94]. This can be attributed to the fact
that £, has no Schauder basis (it is not separable).

< A N-pel-

Theorem 2.3 ([1, Theorem 7.22; pp. 130]) Let F: L}, — M be such that

F(P) = s wp(E) = fxp), E € oo (2.10)
FUP) = fur fu) =/xdu, X € lo, @.11)
N

Then F is isometric isomorphism from £}, onto M and

IEOI=1fIl, f €.

Proof Let 1y be defined as in (2.10) and f € £5,. Then ur is a complete charge on
¢oo and so there is a map F: £, — M.If F(f) = 0, then by (2.10), f = 0. Thus
F is injective. Let x € M. Then for each x € £, the integral fN xdy exists and so
it defines a linear functional f, on £x.

< llpllsup [x @] = flgll-llx ]l

| fu0)] = ‘/xdu
N

i>1
this implies that || f,|| < |||, and hence
fu €ty (2.12)
i.e., F is surjective.
Choose a oy := {E1, E2, ..., Ey} for € > 0 such that

N
D ED > lusl — e

i=1
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where p1yp = F(f), f € £},. Define x € £ by

pny(E;) .

———— ifne E;and ur(E;) #0,
2o =1 lpp(Ep)] PR

0 ifn € E; and 1/ (E;) = 0,

Then ||x]lco < 1 and

N N
f@x) = / xdpy = / xdpy =D g ()
i=1

izlE,-

which implies that
n
1A= 1f] = Zluf(Ei)l = sl —e
i=1

Hence || F(f)|l < |If|l. Now each f corresponds to some p = F(f), and so by

CAD, I = IEWUOI-
Therefore ||F(f)|| = | f]l. Finally we have that the dual of £, is M whose

elements have the representation fN du.
The proof is complete.

Remark 2.2 Note that the dual of bs is also M.

2.2 Kothe-Toeplitz Duals

For any two sequences x and y, let xy = (xxyr)7e ;. If z = (zx)2 ;| is any sequence
and Y any subset of w, then we shall write
zfl*Y:z{xew:zxeY}.

Definition 2.3 Let X be a sequence space. Then

X% = {a € w: Z|akxk| < oo for all x EX]

k
=G0,

xeX
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k

= ﬂ (x_1 *cs),

xeX

X7 .= ’a € w: Zakxk converges for all x € X]

and

n

Z apXxy

X7 = [a € w: sup
k=1

n

= ﬂ (x_1 * bs)

xeX

< oo for all x EX}

are called the Kothe—Toeplitz dual (or a-dual), generalized Kothe-Toeplitz (or (3-
dual), and bounded dual (or y-dual) of X, respectively.

Theorem 2.4 ([2, Theorem 2.5.3]) We have

(i) €, =c5 =c" =4y,
(i) £f = Lleo.

Proof (i) Leta € £1 and x € £o. Then ||x||oc = supy |xx| < oo. Therefore

D laexe] < (sup b)) D laxl = [Ixlloo D lax| < oo,
k
k

k k

i.e.,a et . Hence {; C £5,.
Conversely, let a € £5,. Then > lagxk| < 0o, since x = ¢ € Lo,
k

D larxil =D lax| < o0,
k k

this implies that a € £;. Hence, £5, C ¢;.
Therefore £5, = ¢;. similarly, we can prove cj = ¢ = {;.
(ii) Leta € €o and x € £;. Then D, |xx| < co. Now, we have
k

D lawxi] < llalloo Y x| < o0,
k k

and hence a € £{. Therefore £, C £7.
Conversely, suppose that a € £{. Therefore

Z|akxk| < oo forall x € £.
k
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Leta ¢ £. Then there exists a strictly increasing sequence (n;) with |a,, | > i 3If
we define x = (x,) by

= i_2,n=ni, i=1,2,...
"0, n#n,

then x € £; but D |agxi| = co. Thus a & £7" and s0 £{ C Loo.
Hence £{" = £, and this completes the proof.

Theorem 2.5 ([2, Theorem 2.5.4]) Let 1 < p, g < oo, with p‘1 + q_1 = 1. Then
& =4e,.
p q

Proof Suppose that a € £} and x € £;. Then > lagxi| < oo forall x € £,,. Also
leta ¢ £,. Then we can find a sequence n; < ny < --- such that

lan |7 > K>, k=1,2,....
Take

| Vaw.n=nr, k=12,...
Tn = 0, n # ng.

Then x € £, but
Z'akxk| = Z|ank||dnk|71 =1+1+. =00
k k

Hence contradiction. Therefore a € ¢, and £ € {4.
Conversely, suppose that x € £, and a € £,. Then by Holder’s inequality

1/q 1/p
> larxi| < (Z |ak|‘f) (Z |xk|P) = llallgllxll, < oo,
k k k

and soa € E%. Therefore £, C Zg.
Hence ¢ = £, and the proof is complete.

Theorem 2.6 ([2, Theorem 2.5.9]) cs“ = bv® = by = bs“ = (.

Proof We prove the case cs® = €1, and the rest can be obtained similarly.
Letx € cs and a € £;. Then

D laexi] < llxllos D lax] < oo,
k k
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where

n

2.

k=1

llxllps = sup
n

Therefore a € cs®, and we get £1 C cs®.
Conversely, let a € ¢s® \ £1. Then to every positive integer i we can find an odd
n; withn; < n;j41 and

ni+1

Dl =2, i=1.2,....

ni+1
Define

o (=D*2712 ni <k <njy1,i>1
=1o, otherwise.

Then x = (xx) € cs but > |agxk| = oo. This contradicts that ¢ € c¢s“, and so
cs® C {y.

Hence cs“ = ¢; and we finish the proof.
Remark 2.3 Note that w™ = ¢ and ¢® = w.

Theorem 2.7 ([2, Theorem 2.5.6]) We have

Q) €2 =c) =c" =1,
i) £ = to

Proof (i) We prove the case cg = {1, and the other statements can be proved similarly.

Leta € cg . Then > apx; converges for every x € co. To show a € £, suppose
that a & £1. Then we can find a sequence n| < ny < --- such that

lan, | >k, k=1,2,....
Put
Vay, k=nr, k=172,...
Xp =

0, k # ng.

Then x € ¢q but

Zakxk=2ankizl+1+...
k k dn

k

diverges to oo.
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This contradiction shows that we must have a € £1, and so cg C .
Conversely, suppose that x € cp and a € £;. Then

S

k

< IIxlloo D lax| < oo.

k

This implies that a € cg, andso ¢; C c‘g.

Hence cg ={.

(i) Leta € E? . Then >, axx; converges for every x € £1. We have to show that
a € {. For, we may define

fu¥) =D arxy
k=1

which for each n is clearly a bounded linear functional on ¢;. By hypothesis there
exists lim,, f,,(x) = Zk arxry = f(x), say, for every x € £;. Banach—Steinhaus
theorem yields

|FOI < Mllxll =M D> |xil.
k

Now put

sgna,, k=n
Xp =
0, k # n.

Then ||x|| = 1 and f(x) = |a,| < M, n = 1,2,.... Therefore a € {4, and
0] <l
Conversely, leta € £ and x € £1. Now

Z agXxy

k

=< llallcllx|l1 < 0.

Therefore a € K? and so £ C Z‘f .

Hence Ef = {~o. This completes the proof.

Theorem 2.8 ([2, Theorem 2.5.6 (a)]) Let | < p,q < oo, with p~' + ¢~ ! = 1.
Then £ = ¢,.

Proof 1Tt is similar to that of Theorem 2.5.

Theorem 2.9 ([3, Theorem 7.3.5]) (i) ¢s” = bv, (i) bv? = cs, (iii) bvg = bs,
(iv) bs® = buy.
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Proof We prove here (i), the other statements can be proved similarly.

Leta = (ax) € cs” and z = (z¢) € co. Then the sequence x = (xi) defined
by xx = zx — zk—1, k > 1, where zop = 0, belongs to c¢s. Therefore, >, arx
converges, but

n n—1
D G —z-Da =D zklar — ax-1) + znan
k=1 k=1

anda € cs? C Zf =l (since cs D £1) imply that

oo oo
D@ —aDa =Y zklar — arp).
k=1

k=1

Hence (ax — ax+1)k € cg = ¢y = {1,1.e, a € bv. Therefore csP < bu.

Conversely, let a € bv. Then (ax — ax+1)x € £1. Further, if x € cs, the sequence
(wn),wn = X jp_y Xk,n > 1,isanelementof c. Asc¢® = ¢y, the series Y- | wi(ak —
ap+1) is absolutely convergent. Also, we have

n n—1
D (@ —weDak|< | D] wilar — arn) [ Hlwnan — W 1am].
k=m k=m

As (wy) € cand (ax) € bv C c, the right-hand side of the above inequality converges
to zero as m, n — 0o. Hence the series

Z(wk — Wk—1)a or Zaka

k k

converges and so bv C cs?. Thus cs® = bv.
The proof is complete.

Theorem 2.10 ([2, Theorem 2.5.7]) We have
(i) o =cy=c"=1¢,
(i) €] = Lo,
(i) €}, = £,.
These statements can be proved on the same lines as « -, 3-duals.
Theorem 2.11 ([2, Theorem 2.5.12]) (i) ¢s” = bv, (ii) bv? = bs, (iii) bvg = bs,
@iv) bs” = bv.
Proof We prove (i) only, the other parts can be proved along similar lines.
By Theorem 2.9, we have bv C cs? and since ¢s” C ¢s7, so bv C ¢s?. We need

to show that ¢s”7 C bv. Leta € ¢s7 and z € ¢p . Then for the sequence (wy,) € cs
defined by w, = z, — zp—1,n > 1, 2, = 0, we can find a constant K > 0 such that
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n

pIC

k=1

< K foralln > 1.

Since (z,,) € copand (ay) € ¢s”7 C €, there exists aconstant M such that |a,z,| < M
foralln > 1. Now

n n+1
> alar — axy )| | D2k — zk-Dak|+zn1ani1| < K + M.
k=1 k=1

Hence (ar — ax+1) € cg = {1 (by Theorem 2.10), i.e., (ax) € bv. Therefore
cs7 = bv.

Remark 2.4 (i) ¢ C X* c X" c X7, for any X € w.
(ii) If for any two set X, Y € w

XcCY, thenY' c X',

where T = «, 8 or 7.
(iii) X777 = X7,

Definition 2.4 Let X be a sequence space. Then, X is called

(a) Normal or solid if y € X whenever |yx| < |x¢|, kK > 1, for some x € X. Note
that X is normal if and only if £, X C X.

(b) Monotone if and only if MyX C X, where My = sp{A}, A is the set of all
sequences of zeros and ones.

(c) t-Perfect sequence space if and only if X™" = X, where ¥ = a, 3, 7. a-perfect
sequence space is known as a Kothe space or simply a perfect space.

Example 2.1 (i) c is not monotone and hence not normal, since (1,0, 1,0,...) € c.
(ii) ¢o is normal but not perfect, since cj = £{ = L.
(iii)) My is monotone but not normal, since we can find {1/n} ¢ M, although
1/n <1forn>1l,and (1,1,1,...) € Mp.

(iv) The spaces ¢, w, £, (1 < p < 00) and £ all are perfect.

Theorem 2.12 ([1, 4]) Let X be a sequence space. Then

1) X = Xﬂ, if X is monotone,
(i) X* = X7, if X is normal.

Proof (i) Leta € X” and so a € (MpX)?, since X is monotone. Thus Dk AkXk Yk
converges for each y € Mo and x € X. In particular D, arx; is a convergent
subseries and thus >, |axxx| < oo for each x € X. Hence a € X%, i.e., XP c xe.
Finally we have X = X", since X* ¢ X”.
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(ii) Let a € X7. Then

< oo forallx € X.

n
DI

k=1

sup
n

Observe that

(ka) € X foranyx € X.
Ag Xk

Hence D>, |xxyx| < oo for each x € X, so that a € X ie, X7 C X“ But
X C X7, sothat X = X7, where xj denotes the canonical preimage of xi.
This completes the proof.

Theorem 2.13 ([3, Theorem 7.2.7]) Let X D ¢ be an FK space. Then X° = X7 if
X has AD.

Proof Letu € X7 and define f, (x) = > ;_, uxx forx € X. Then { f,} is pointwise
bounded, hence equicontinuous. Since lim,, f,(x) exists for all x € ¢, it must exist
forall x € X, ie,u € X’ Hence X? C XY. The reverse inclusion X* C X7 is
trivial, so finally X = X7. The proof is complete.

Theorem 2.14 ([5, Theorem 1.34]) Let X D ¢ be an FK space. Then there is a
linear one-to-one map T: X® — X', and we denote this by X" C X'. If X has AK,
then T is onto.

Proof We define the map T on X as follows. Forevery a € X7 let T,: X — X' be
defined by (7,)(x) = > oo akxi forall x € X. Since a € X7, the series >k Ak Xk
converges for all x € X, and obviously, 7, is linear. Further, since X is an F K space,
T, € X' foreacha € X”. Therefore T: X” — X'. Further it is easy to see that T is
linear.

To show that T is one-to-one, we assume a, b € X B with T, = Tp. This means
(T)(x) = (Tp)(x) for all x € X. Since ¢ C X, we may choose x = e® for each k
and obtain (7,)(e®) = a; = by = (T)(e®) fork = 1.2....,and soa = b.

Now we assume that X has AK and f € X'. Weputay = f(e®)fork =1,2,....
Let x € X be given. Thenx = > 72, xre® | since X has AK and f € X’ implies

f) =D "xfe®) = axi = (Tu)(x).
k=1 k=1

As x € X was arbitrary and the series converges, a € X” and f = T,. This shows
that T is onto X’ and completes the proof.
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2.3 Other Duals

For the sake of completeness, we also include here some other type of duals. But
our emphasis is given on continuous duals and §-duals because of their applications
toward matrix transformations, in particular 5-duals are very helpful to study the
convergence of the series > © Ank Xy, that is, for the existence of the A-transformed
sequence.

Definition 2.5 Let X be a sequence space. Then X is called symmetric if x, =
(x5,) € X whenever x € X and o € 7, where 7 is the set of all permutations of N,
i.e., one-to-one and onto maps of N.

Definition 2.6 Let X be a sequence space. Then

X0 = [a € w: Z|akxak| < oo forall x eXandaew]
k

= () (o * £1)

xeX
ogET

is called the symmetric dual (or §-dual) of X.
The functional dual(or f-dual) of X is defined as

X7 = ((ge™): gex').
If X is a K space then ¢ C X/.

Note that ¢ C X° C X?.

Theorem 2.15 ([1, Proposition 2.7]) For a sequence space X, X* = X° if X is
symmetric.

Proof Let X be symmetric and a € X®. Thenforeachx € X ando € 7, x,-1 € X,

so that
z |akxo—1)| = z las(jyxj| < o0
k J

and thus x € X9, i.e., X* C X°. Hence X = X9.

Remark 2.5 Tt might be expected from X c X' that X is contained in X//, but
this is not the case in general (see following example). However, X ¢ X// if X is a
BK space with AD.

Example 2.2 Let X = co @ z with z € €. Then X is a BK space, X/ = ¢, and
X/ =, 50X ¢ X/,

Now, the question arises whether f — (f(e®)), f € X’ gives an isomorphism
from X’ to X/ so that we can identify X’ and X/ In general, it does not work (see
example below), however, we have the following result about X/ .
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Theorem 2.16 ([3, Theorem 7.2.10 and 7.2.12]) If X D ¢ is an FK space, then

(i) the map q: X' — x/ given by q(f) = (f(e(k)))lfio is onto. Moreover, if
T: X? — X' denotes the map of Theorem 2.14, then g(Ta) = a foralla € X”.
(i) X' = X/, that is, the map q of Part (1) is one-to-one if and only if X has AD.

Proof (i) Leta € X/ be given. Then there is f € X’ such that ay = (f(e*)) for all
k, and so g(a) = (f(e(k))),fio = a, which shows that ¢ is onto.

Now let a € X” be given. We put f = Ta € X’ and obtain ¢(Ta) = g(f) =
(fEONEy = (Ta) NP2, = (@i, = a.

(ii) First we assume that X has AD. Then ¢(f) = 0 implies f = 0 on ¢, hence
f =0, since X has AD. This shows that g is one—to—one.

Conversely we assume that X does not have A D. By the Hahn—Banach theorem,
there exists an f € X’ with f # 0 and f = 0 on ¢. Then we have ¢(f) = 0, and ¢
is not one—to—one.

This completes the proof.

Example 2.3 We have ¢ = ¢/ = £;. The map T of Theorem 2.14 is not onto. We
consider lim € X'. If there were a € X/ with lima = Z,fio aixy, then it would
follow that a; = lim e¢® hence limx = 0 forall x € ¢, contradicting lime = 1.
Also the map ¢: X’ — X/ of Theorem 2.16 is not onto, since ¢ (lim) = 0.

Theorem 2.17 ([3, Theorem 7.2.4 & 7.2.6]) (a) Let X D ¢ be an F K space. Then
we have XI = (clx(¢))7.

(b) Let X, Y D ¢ be FK spaces. If X C Y then X/ > Y/, If X is closed in Y
then X = v/,

Proof (a) We write Z = clx (¢). First, we assume thata € X/, thatis, a, = f(e™)
(n=0,1,...) for some f € X'. We write g = f |z for the restriction of f to Z .
Then a, = g(e™) foralln =0,1,...,g€ Z andsoa € Z/.

Conversely, let a € Z, then a, = g(e(”)) (n = 0,1,) for some g € Z'. By the
Hahn-Banach theorem, g can be extended to f € X', and we have a, = f(e™) for
n=0,1,... . hencea € X/.

(b) We assume thata € Y/. Then a,, = f(e(”)) (n=0,1,...)forsome f € Y.
Since X C Y, we have g = f |x € X' by Theorem 1.7. If X is closed in Y , then
the F K topologies are the same by Theorem 1.7, and we obtain X I = (clx (gb))f =
(cly(¢)) = Y/ from Part (a).

This completes the proof.

2.4 Multiplier Spaces

Definition 2.7 Let X and Y be subsets of w. The set

Z=MX,Y)= ﬂx_l*Yzz{aEw:axeY forall x € X}

xeX
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is called the multiplier space of X and Y.
In the special cases, M (X, 1) = X%, M(X,cs) = X% and M(X, bs) = X".

Theorem 2.18 ([5, Lemma 1.25]) Let X, Y, Z C w and {X,;: n € A} be any collec-
tion of subsets of w, where A is an arbitrary index set. Then
HXCcMMX,Y)Y)
() X C Z implies M(Z,Y) C M(X,Y),
() M(X,Y)=MMM(X,Y),Y),Y),
(iv) M(Upea Xy, Y) = NyeaM (X5, Y),
W)Y C Z implies M(X,Y) Cc M(X, Z)

Proof (i) If x € X, then ax € Y for alla € M(X,Y), and consequently x €
M((M(X,Y),Y).

()LetX Cc Z.Ifa e M(Z,Y),thenax € Y forall x € Z, hence ax € Y for all
x e X,since X C Z.Thusa e M(X,7Y).

(iii) We apply (i) with X replaced by M (X, Y) to obtain

MX,Y)CMMM(X,Y),Y),Y).

Conversely, by (i), X C M(M((X,Y),Y), and so (ii) with Z = M(M((X,Y),Y)
yields M(M(M (X, Y),Y),Y) C M(X,Y).

(iv) First X, C U,ea X, for all € A implies

M(U X, Y)C () M(X,.Y) by part (ii).

neA neA

Conversely, if a € NyeaM(X,),Y), thena € M(X,,Y) forall n € A, and so we
have ax € Y forall € A and for all x € X,;. This implies ax € Y forall x € U;ea,
hence a € M(Uyca Xy, Y). Thus NyeaM (X, Y) C M(Upea Xy, V).

(v) It is trivial.

As an immediate consequence of the above theorem we have

Corollary 2.19 If { denotes «, 3 or vy, then
() X C X, (i) X C Y implies YT C X7, (iii) X7 = X', (iv) (UyeaX,)" =
Nyea X,
neAdy

Example 2.4 We have
(1) M(co, ¢) = loo, (i) M(c, ) = ¢, (ii1) M (lc, €) = Co.

Proof (1) If a € £, then ax € ¢ for all x € cg, and so £, C M(cq, ¢). Conversely,
let a ¢ f~. Then there is a subsequence (akj);?';o of the sequence a such that

lak;| > j + 1forall j =0, 1,.... We define the sequence x by

(—1)/ Jay; for k =k;

0 for k #k; (2.13)

Xp =
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for j = 0,1,.... Then x € ¢p and ag;Xk; = (—l)j forall j = 0,1,..., hence
ax ¢ c. This gives M (cp, ¢) C lwo.

(i) Ifa € ¢, thenax € cforall x € ¢, and so c C M(c, ¢). Conversely, let x ¢ c.
Then we have a ¢ M(c, c) ,since e € c and ae = a ¢ c. Hence M (c, ¢) C c.

(iii) If a € cp, then ax € c forall x € £+, and so c9 C M (£, ¢). Conversely,
let a ¢ co. Then there is a real number » > 0 and a subsequence (ak )"o o of the
sequence a such that |ag;| > b forall j =0, 1,.... We define the sequence X asin
(2.13). Then x € £ and ag;xx; = (—1)/ forj =0,1,...,hencea ¢ M({, C).
This shows M (€, ¢) C co and completes the proof.

Example 2.5 Let + denote any of the symbols «, 3 or 7. Then w’ = ¢, ¢" = w,

ch=ct=tlo =1, 0] = o, and £}, = £, (1 < p < 00; ¢ = p/(p — 1)).

Theorem 2.20 ([3, Theorem 7.2.7, p. 106]) Let X D ¢ be an FK space.

(a) We have X7 c X/
(b) If X has AK then X° = X7 .

Proof Leta € X”. We define the linear functional f by f(x) = > oo axxy for all
x € X.Then f € X', and we have f(e(”)) = a, forall n, hence a € X/. Thus

X% cx/. (2.14)

(b) Now suppose that X has AK, and ¢ € X/. Let x € X be given. Then
x = Droo xre® | since X has AK, and since f € X', we have f(x) =
S oxkf(e®) = 30 xxax, hence a € XP. Thus X/ < X”, which together
with (2.14) gives X’ = X/,

(a) First we observe that ¢ C X implies X7 C (QS) by Theorem 2.18 (ii).
Furthermore, we have (¢)? = (¢)? c (¢)/ = X/ by Theorem 2.13, (2.14) and
Theorem 2.17 (a). Thus we have shown X7 C X/.

This completes the proof.

It turns out that the multiplier spaces and the functional duals of BK spaces are
again BK spaces. These results do not extend to F K spaces, in general.

Theorem 2.21 ([5, Theorem 1.30]) Let X D ¢ and Y be BK spaces. Then Z =
M(X,Y) isa BK space with || z ||= sup,cg, || xz || forz € Z.

Proof Let || . || x and || . ||y denote the BK norms of X and Y. Every z € Z defines
a diagonal matrix map z: X — Y where Z(x) = xz = (xx2x)2, for all x € X, and
then Z € B(X;Y) (since (X;Y) C B(X;Y) which is proved in the next chapter).
This embeds Z in B(X, Y), for if 2 = 0 then (2(¢"™), = z, = 0 for all n, hence
z=0.

To see that the coordinates are continuous, we fix n and put u = 1/ || e™ | x
and v =|| ¢™ ||y . Then we have || ue™ ||x= 1 and uv | z, |= u || z,.e™ |y=
wll ez ly=Il ez ly<ll z |l -

Now we have to show that Z is a closed subspace of the Banach space B(X, Y).
Let (2(’”))310:0 be a sequence in B(X, Y) with 2™ — T € B(X,Y) (m — 00). For
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every fixed x € X, we obtain 2™ (x) — T(x) € Y (m — 00), and since Y is a
BK space, this implies xkzl((m) = "™ () — (T(x))x (m — o0) for every fixed
k. If we choose x = ¢® then we obtain z,((m) = 1 = (T(e®));. Thus we have
xkzlgm) — I and xkzlgm) — (T (x))r (m — o0), hence T(x) = xt,andso T = t.
This shows that Z is closed.

This completes the proof.

We obtain as an immediate consequence of Theorem 2.21 the following corollary.

Corollary 2.22 The «-, 8-, and ~y-duals of a BK space X are BK spaces with
I alla=ll @ llx.a= supyes, | ax 1= sup,es, (X720 | axxx |) for all a € X,
and || a |p=Il @ llx,p= supyesy || @ llos= Supyesy (Sup, | 2 ko arxx |) for all
a € XP, X7. Furthermore, X" is a closed subspace of X".

Proof The first part is an immediate consequence of Theorem 2.21. Since the BK
norms on X and X7 are the same and X” C X7 by Remark 2.4 (i), the second part
follows from Theorem 1.7.

Remark 2.6 Let X be any of the spaces £oo, ¢, co, and £, (1 < p < 00). Then,
the norms || . |xs, I . II%. I - llx.o @and || . ||x,5 are equivalent on X”, where

la lI%= supyes, | 2020 ax | -
Remark 2.7 Theorem 2.21 fails to hold for F K spaces, in general.

Example 2.6 The space w is an FK space, and w® = w® = w? = ¢, but ¢ has no
Fréchet metric.
We give the following result without proof.

Theorem 2.23 ([3], Theorem 7.2.14, p. 108) Let X D ¢ be BK space. Then X/ is
a BK space.

Theorem 2.24 ([3], Theorem 7.2.15, p. 108) Let X D ¢ be BK space. Then X171 >
clx (¢). Hence, if X has AD, then X C x/7.

Proof First we have to show ¢ C X/ in order for X/7 to be meaningful. This is true
because P, € X’ for all kK where Pr(x) = xx (x € X) since X is a BK space, and
q(Py) = e® (Theorem 2.16 (i)). Since the second part is equivalent to the first part
by Theorem 2.17 (b), we assume that X has AD and have to show X C X fr.

Let x € X be given. We define the functional f: X’ — C by f(v)) = 1 (x)
for all ¢» € X’. Then we have | f(1)) |=| ¥(x) |<|| ¢ |||l x ||, and consequently
f e X".Letq: X' — X/ be the map of Theorem 2.16 (i) which is an isomorphism
by Theorem 2.16 (ii), since X has AK . Thus the inverse map ¢ ~': X/ — X’ exists.
We define the map g: X/ — C by g(b) = (x) (b € X/) where x = ¢~ (b). It
follows that

| gb) [=1 @) =] f@) 1T I =l £ g™ @ <l £ g b I,
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and the Open Mapping Theorem yields | ¢~! ||< 1. Thus we have g € (X/)'.
Finally it follows that x; = Px(x) = g(g(Py)) = g(e®) for all k, hence x € X/7
Thus we have X C X//.

This completes the proof.

Remark 2.8 The condition that X has AD is not necessary for X C X/ in general.
For example, in Example 2.2, X does not have AD.

2.5 Matrix Classes of Some FK and BK Spaces

In this section, we apply the results of the theory of F' K and B K spaces to characterize
the matrix classes.

Let (X, d) be a metric space, § > 0, and x9 € X. Then, we write Bs[xg] =
{x € X:d(x, xg) < 0} for the closed ball of radius § with its center in xo. If X C w
is a linear metric space and a € w, then we write

o0
lali=laljx= sup |D ax| (2.15)
xeBslxol 1

provided the expression on the right-hand side exists and is finite which is the case
whenever a € X7 ; if X is a normed space, we write

o
la %= sup | D" awx | (2.16)
xeSx k=0

where Sy is the unit sphere in X.
Let A be an infinite matrix, D a positive real, and X an F K space. Then, we put

M:;,D(X, £oo) =sup || Ay ”*D
n

and, if X is a BK space, then we write

M3(X, €oo) = sup || Ap ||
n

Remark 2.9 Letl < p < ocandg = p/(p—l).Then,wehaveﬁgO =cf = cg ={

and Zg = {4. Furthermore, let X denote any of the spaces £, ¢, g, 1, 0r £ p- Then,
we have || a |}=ll a |Ixs foralla € XP, where || . || x5 is the natural norm on the
dual space X7

Now we give here results on matrix transformations using the theory of F K and
BK spaces.
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Theorem 2.25 ([6, Theorem 5]) An F K space X contains £ if and only if
fe®: k=012, | @.17)

is a bounded subset of X.

Proof Let X contain £1. Then the inclusion map ¢: £; — X is continuous. Since
{e®:k=0,1,2,...} is bounded in £, it is bounded in X.

Conversely, suppose that (2.17) holds. Let x = (xx) € £1 and let g be a continuous
seminorm on X. Then

n n
. (zxke(@) < el ate®),
k=m k=m

Since x = (xx) € {1, ie., Z,‘:O:O | xx | is convergent, we have

S xk 1 qe®) — 0(m,n — oo). Thus (ZZ;(I) xke(")) is a Cauchy sequence
n

convergent to x in X. Moreover, x € X since X is complete. Hence £; C X.

This completes the proof.
We derive the following corollary:

Corollary 2.26 Let A = (anx) be an infinite matrix and X an FK space. Then,
A € (L1, X) if and only if the columns of A belong to X and form a bounded subset
of X.

Now from this corollary, we easily deduce the following classical results of sum-
mability theory.

If we put X = ¢, then we get:

Corollary 2.27 A € (£, ¢) if and only if (i) sup,, . | ank |< 00, and (ii) lim, an
exists for all k.
If we put X = ¢4, then we get:

Corollary 2.28 A € (£1, £1) if and only if supy D", | ank |< 00.
If we put X = £, then we get:

Corollary 2.29 A € (€1, €,) ifand only if supy (3, | ank 1P )V/P < oco.
If we put X = £ then we get:

Corollary 2.30 A € (£1, €o) if and only if sup, x| ank |< 00.
The following result is one of the most important in matrix transformations:

Theorem 2.31 [3, Theorem 4.2.8] Any matrix map between FK spaces is
continuous.

Proof Let X and Y be FK spaces, A € (X, Y) and the map f4: X — C be defined
by fa(x) = Ax forall x € X . Since the maps P, o f4: X — C are continuous for
all n € Ny by Theorem 1.6, the linear map f4 is continuous by Corollary 1.5.

This completes the proof.
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Theorem 2.32 [5, Theorem 1.23(b)] Let X be an FK space. Then, we have A €
(X, o) if and only if

| A lI5=supllA.ll; < oo for somed > 0, (2.18)
n

where A, = (ank)io | denotes the sequence in the n-th row of the matrix A.

Proof First, we assume that (2.18) is satisfied. Then the series A, (x) converge for
all x € Bs[0] and for all n, and Ax € ¢ for all x € Bs[0]. Since Bs[0] is absorbing
by Remark 1.3, we conclude that the series A, (x) converge for all n and all x € X,
and Ax € o forall x € X, ie., A € (X, lx).

Conversely, suppose that A € (X, € ). Then the map La: X — £ defined
by La(x) = Ax for all x € X is continuous by Theorem 2.31. Hence there exist a
neighborhood U of 0in X andareal § > Osuchthat Bs[0] C U and || LA(x) |leo< 1
for all x € X. This implies (2.18).

This completes the proof.

Theorem 2.33 [7, Theorem 3.20] Let X and Y be BK spaces. Then, we have

() (X,Y) C B(X,Y), that is, every matrix A € (X,Y) defines an operator
LaeB(X,Y)by La(x) = Axforallx € X.

() If X has AK, then B(X,Y) C (X, Y), that is, for every operator L € B(X,Y)
there exists a matrix A € (X, Y) such that L(x) = Ax forall x € X.

(©) A € (X, Lso) if and only if

| Allx,ey=sup |l Ay Ix<o00. (2.19)
n

if A € (X, ), then
A llx,e)=Il Lall . (2.20)

Proof (a) This is Theorem 2.31.

(b)Let L: X — Y be a continuous linear operator. We write L,, = P, o L foralln
andputa,, = L, (e®) foralln and k. Letx = (xk),fil be given. Since X has AK, we
have x = Z,fi 1 xke(k), and since Y is a BK space, it follows that L, is continuous
linear functional on X for all n. Hence we obtain L, (x) = Z,fil xxLn(e®) =
> ey ankxk = Ap(x) for all n, and so L(x) = Ax.

(c) This follows immediately from Theorem 2.32 and the definitionof || A [|(x,¢,.)-

That is, if X is a BK space, then L4 € B(X, Y) implies

[ A(x) lloo=sup | Ay (x) |=Il La(X) lloo=Il La |

forallx € X with || x ||[= 1. Thus | A,,(x) |<|| L4 || for all n and for all x € X with
|| x [|[=1, and, by the definition of the norm || A ||(x,¢,.)s
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A llx,eor=sup Il Ap X<l La | (2.21)
n

Further, given € > 0, thereis x € X with || x ||= 1, || AX) llco>|l L4 || —€/2, and
there is n(x) € No with | A,y (x) | =]l A(x) lloo —€/2, consequently | Ay (x) |
>|| La || —¢. Therefore || A ||(x,e0)= sup, || An %>l La || —¢. Since e > 0
was arbitrary, || A ||(x ¢,)> |l La || which together with (2.21) gives || A ||(x,¢.)=
I Lall.

This completes the proof.

Theorem 2.34 [3, 8.3.6 and 8.3.7, pp. 123] We have

(a) Let Y and Y1 be F K spaces with Y1 a closed subspace of Y. If (b(k));:io isa
Schauder basis for X, then A € (X, Y1) ifand only if A € (X,Y) and Ab®) ¢y,
forallk € N.

(b) Let X be an FK space, X1 =X ®e={x1=x+Xde:x € X, \€Cl,andY
be a linear subspace of w. Then A € (X1,Y) ifandonly if A € (X,Y) and Ae € Y.

Proof (a) The necessity of the conditions for A € (X, Y1) is trivial.

Conversely, if A € (X, Y), then Ly € B(X,Y). Since Y] is a closed subspace of
Y, the FK metrics of Y; and Y are the same by Theorem 1.7. Consequently, if S is
any subset in Y1, then, for its closures closy, (S) and closY\y1 (S) with respect to the
metrics dy, and dy|yl , we have

closy, (S) = closY|Y1 (S). (2.22)

Letx € Xand E = {30 Mb®:m € No, M € C (k=0,1,2,...)} denote
the span of {b®): k = 0,1,2,...}. Since L, (b®) € Y| forall k = 0,1, ... and
the metrics dy, and dY\yl are equivalent, the map L,j,: (X,dx) — (Y1,dy,) is
continuous. Further, since (b(k)),fozo is a basis of X, we have E = X. Therefore, by
(2.22) and the continuity of L 4, we have

La(X) = La(E) = closy, (Lajz (E)) = closyjy, (Lajz(E)) C closy}, (Y1) = Y1.

Hence A € (X, Y71).

(b) First, we assume A € (X1, Y).Then X C X implies A € (X, Y),ande € X
implies Ae € Y.

Conversely, we assume A € (X,Y) and Ae € Y. Let x; € X be given. Then
there are x € X and A € C such that x; = x + Ae, and it follows that Ax; =
A(x 4+ Xe) = Ax + NAe € Y.

This completes the proof.

Theorem 2.35 Let X O ¢ bea BK space. Then, A € (X, £1) ifand onlyif A, € X?
foralln € N and

*

<. (2.23)
X

> 4
neN

sup
NeF
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If A € (X, {£1), then
IAllx.e) < LAl < 411All(x.01)> (2.24)

where
1Allx.e) = sup || D Anllk.

NeF  ,enN
and F denotes the collection of all non-empty and finite subsets of N.

Proof For (2.23), we refer to [8].
To show (2.24), let A € (X, ¢1) and m € Ny be given. Then, for all N C
{1,2,...,m}and forallx € X with || x ||=1,

| D An@) 12D | An(@) | (LAl
n=0

neN

and this implies that
IAllx.e) < ILall- (2.25)

Furthermore, given € > 0, there is x € X with || x ||= 1 such that

oo

9

A = EO [ An(x) [Z ILall = 3
n=

and there is an integer m (x) such that

m(x)

> 1 Ano) 2 1A = 5.

n=0

Consequently
m(x)

D1 An(x) 1= ILall —&.

n=0
By Lemma 3.9 of [5],

m(x)

4 max A, (x > A,(x) |= ILall — &,
[Ndo’mm(x)}|% n( >|}_Z| n(x) 1= LAl

n=0

and so 4[| All(x,e;) = lILall — €. Since € > 0 was arbitrary, we have 4.||A||(x,¢,) >
IIL 4] which together with (2.25) this yields (2.24).

This completes the proof.

Consequently we have the following:
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Corollary 2.36 We have (co, £1) = (¢, £1) = (oo, £1). Further, A € (co, £1) if and

only if
o
sup ank| | < oo.

kekK

Remark 2.10 Since the BK spaces cq and c are closed subspaces of £, the matrix
classes (X, cp) and (X, c¢) can be characterized by combining Theorem 2.33 (c) and
Theorem 2.34 (a), where X is a BK space with Schauder basis. On the other hand,
we may note that if X, in Theorem 2.33 (c) or Theorem 2.34 (a), is any of the classical
sequence spaces, then any of (2.19), (2.20), or (2.23) implies the condition ‘A, € X B
for all n € N’ by Remark 2.9. Thus, this condition is redundant in such cases. Also,
if X is a BK space with AK, then we obtain the following result which is immediate
by Propositions 3.2 and 3.3 of [9].

Theorem 2.37 Let X be a BK space with AK. Then, we have

(a) A € (X, £xo) if and only if (2.19) holds.

(b) A € (X, ¢) ifand only if (2.19) and limy,— oo a,i exists for every k € N, hold.
(c) A € (X, co) if and only if (2.19) and limy,— o0 anr = 0 forall k € N, hold.
(d) A € (X, £y1) if and only if (2.23) holds.

2.6 Conservative, Regular, and Schur Matrices

Remark 2.11 The results of the previous sections yield the characterizations of the
classes (X, Y) where X and Y are any of the spaces £, (1 < p < 00), cp, ¢ with the
exceptions of (£, £,) where both p, r # 1, oo (the characterizations are unknown),
and of ({0, ¢) (Schur’s theorem) and (€, cg) for which no functional analytic proofs
seem to be known. The class (£,, £,) was characterized in [10].

Definition 2.8 A matrix A is called a conservative matrix if Ax € c forall x € c.
If in addition lim Ax = lim x for all x € ¢, then A is called a regular matrix. The
class of conservative matrices will be denoted by (c, ¢) and of regular matrices by
(c,c; P)or(c, C)reg-

A matrix A is called a Schur matrix or coercive matrix if Ax € cforall x € £o.
The class of Schur matrices will be denoted by (¢, €).

The well-known Siverman—Toeplitz conditions for the regularity of A are (c.f. [2,
11, 12]):

D 1| A Nl to0)=SUPy Dpep | @nk 1< 00,

(i1) lim,,— 5o anx = 0 exists for every k, and

(i) limy— 00 D pog dnk = 1.

Next, two results concern the transpose A7 of a matrix A which shall be very
useful in obtaining some matrix characterizations.
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Theorem 2.38 [3, Theorem 8.3.8, pp. 124 | Let X be an FK space and Y be any
set of sequences. If A € (X, Y) then AT € (Y?, X-f). If X and Y are BK spaces
and YP has AD then we have AT € (Y7, clyys (X9).

Proof Let A € (X,Y) and z € Y be given. We define the functional f: X — C by
fx) = Z,?io ZnAn(x) (x € X). Since X is an FK space, Ax € Y by assumption
and z € Y”, we have f € X’ by Theorem 1.6. Furthermore it follows that f (e®)) =
> Zndnk for all k, hence ATz € X7, ie, AT e (YP, x7).

Now we assume that X and ¥ are BK spaces and Y has AD. Then Y7 c X/
by Theorem 2.20 (a), and X/ isa BK space by Theorem 2.23. Also clyr (XP) is
a closed subspace of X/. Since A € (X,Y), we have A, = (ani)iey € X7 for all

n, but ATe®™ = (Zcf’:o ajke;.k)),‘:ozo = (ank)jey = An € X7 for all n. So we have

AT € (Y7, clys(X®)) by Theorem 2.34 (a).
This completes the proof.

Theorem 2.39 [3, Theorem 8.3.9, pp. 124 | Let X and Z be BK spaces with AK
and Y = ZP. Then we have (X,Y) = (XPP,Y); furthermore A € (X,Y) if and
only if AT € (Z, XP).

Proof Since X is a BK space with AK , X is a BK space by Corollary 2.22, and
X? = X/ by Theorem 2.20 (b).

First we assume A € (X, Y). Then it follows by Theorem 2.38 and since Z b5z
that AT e (Y?, XP) = (277, x5 c (z, xP).

Conversely, if AT ¢ (Z,X ﬂ) then it follows by Theorem 2.38 and since X BB 5 X
that A € (Xﬂﬂ, Zﬁ) C (X, Zg) = (X, Y). This proves the second part.

To prove the first part, we first observe that X C X BB implies (X P8 Yy c (X, 7).

Conversely we assume A € (X, Y). Then we have AT e (Z, XP) as proved
above, and Theorem 2.38 implies A = ATT e (X8, 7%) = (X0, v).

This completes the proof.

Theorem 2.40 [7, Example 5.4] (a) We have (cp, lx) = (€, o) = (oo, Lo)s
Sfurthermore A € (boo, Loo) = B(loo, Leo) if and only if

o0
1A lltes,tay=5up D, | @ni |< o0. (2.26)
" k=0
If A is in any of the above classes then || Lo [|=|l A |l(¢u,t00)-

(b) We have A € (co, c) if and only if (2.26) holds and

lim a,x = o exists for every k. (2.27)
n—oo

If A € (co, c) then

o0
lim Ay (x) = ;ankxk. (2.28)
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(c) A € (co, co) if and only if (2.26) and (2.27) with oy = 0 for all k hold.

Proof (a) We have A € (cq, £~) if and only if (2.26) holds by Theorem 2.33, and
since cg = ¢ and ¢ and ¢ are norm isomorphic.

Furthermore c¢p C ¢ C £o implies (cg, loo) D (¢, o) DO (Uoo,€xo). Also
(co, loo) = (cgﬂ, ) = (Lo, €oo) by the first part of Theorem 2.39. Also for all
x € £oo, We have

I AG) lea <IN A oo o) I X 1

i.e., A is a bounded linear operator. The last part is obvious from Theorem 2.33.

(b) Since c is a closed subspace of £, the characterization of the class (co, ¢) is
an immediate consequence of Theorem 2.34 (a) and Part (a).

Now we assume A € (co,c) and write | A [[=]l A |[(¢s,ts), fOr short. Let
m be a given non-negative integer. Then it follows from (2.27) and (2.26) that
Do | ak 1= limy00 D4 | ank I<II A || . Since m was arbitrary, we have
(Olk)lgio € £,

(0.¢] o
Dolawl<l Al and > Jouxg <Al xllo forallx ec. (229)
k=0 k=0

Now let x € cg and € > 0 be given. Then we can choose an integer k() such that
| xk |<e/@ || A| +1) for all k > k(¢), and by (2.27) we can choose and integer
n(e) such that 35) | anx — g || xx |< /2. Letn > n(e). Then (2.26) and (2.29)
imply

oo k(e) 00
| An(@) = D e 12D lam—ox [+ D (am |+ ox )| x|
k=0 k=0 k=k(e)+1

o0 o0
€ € e €
<t ————O lan|+D lax D < -+5=e
5 4”A”+1(k=0| nk | k=0| k1) >t3
Hence (2.28) holds.

(c) It directly follows from Part (b).
This completes the proof.

Theorem 2.41 [7, Example 5.5] We have (£1, 1) = B(£1,£1) and A € (£1, £1) if
and only if

o0
I A ller.e0y=sup D | ank |< oc. (2.30)
k n=0
If A is in any of the classes above then || L ||=Il A |l¢,.¢,) -

Proof Since ¢1 has AK, Theorem 2.33 (b) yields the first part.
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We apply the second part of Theorem 2.39 with X = ¢1, Z = cp, BK spaces
with AK,and Y = 78 = {1 to obtain A € (£1, £1) if and only if AT e (oo, o)
by Theorem 2.40 (a), this is the case if and only if (2.30) is satisfied.

Furthermore, if A € (£, £1) then

o0 o oo o0
I LaG) lley= D" 1 D amexa 1<I DD lamxk 11 A lleyenll x Ih

n=0 k=0 k=0 n=0

implies || La 1<l A li¢er,e;) - Also La € B(£y,£1) implies || La(x) [1=
I Ax 1<l La Il x |l;, and it follows from || ¢® |;= 1 for all k that
I A leren= supg 202 | anc |= supy | LX) 1<l La | . Hence
Il Lall=ll Alle,e) -

This completes the proof.

Theorem 2.42 (Kojima—Schur) [2, Theorem 3.3.3] (a) A is conservative, i.e., A €
(c, ¢) if and only if (2.26) and (2.27) hold, and

o0

Tim > au = acexists. (2.31)
k=0

If A € (c,c) and x € c then

o0 o0
nlgrolo A,(x) = (a — ; ak) kll)n;o Xr + kZO QX (2.32)

(b) (Silverman—Toeplitz) A is regular, i.e., A € (c,c; P) if and only if (2.26),
(2.27), and (2.31) hold with oy = 0 (k =0, 1,2, ...) and o = 1. In this case A is
also known as the Toeplitz matrix.

Remark 2.12 The characterization of the class (c, ¢) is an immediate consequence
of Theorem 2.40 (a), and Theorem 2.34 (a) and (b). But we prove here something
more as follows:

Theorem 2.43 [7, Theorem 6.11] We have L € B(c, c) if and only if there exists a
matrix A € (co, ¢) and a sequence b € £, With

o0
nli)rréo (b,, + Zank) = (v exists (2.33)
k=0

such that
L(x)=>b lim x; + Ax forall x € c. (2.34)
k— 00
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Furthermore, we have

o
1L |I= sup(| bul+ > | am |). (2.35)

k=0

Proof First we assume that L € B(c,c). We write L, = P,oL (n = 0,1,...)
where P, is the n'" coordinate with P, (x) = x, (x € w). Since c is a BK space, we
have L, € c¢* for all n,

o0
L (x) = by lim xi + Zankxk (x €¢) (2.36)
k=0
with
o
by = Lp(e) — ZLn(e(k)) and apx = Lp(e®) fork=0,1,....
k=0
and -
I Lo 1=l ba |+ lank | - (2.37)
k=0

Now (2.36) yields (2.34). Since L(xg) = Axg for all xo, we have A € (co, ¢), and
so || A ||=sup, > poy | ank |< oo by Theorem 2.40 (b). Also L(e) = b + Ae
implies (2.33), and we obtain | b [|co=<| L(e) |looc + || A ||, thatis, b € {.
Consequently we have C = sup, (| b, | +Z,fi0 | ank |) < 00. Now || L(X) |lco=
sup, | by iMoo Xk + 3520 ankxk 1< (5up, (| by | + 3520 | anic D) | x llog< 00
implies || L ||< C. We also have | L, (x) |<|| L(x) |loo < || L || forall x € B, and
all n, and sosup,, || L, ||= C <|| L ||. Thus (2.35) is proved.

Conversely we assume that A € (co, ¢) and b € £ satisfy (2.33). Since A €
(co,c) and b € £ , we obtain C < oo by (2.26), and so L € B(c, £x). Finally
let x € ¢ be given and limy_, o xy = &£. Then we have x — e € ¢g, L,(x) =
bp€+ D020 ankXi = (by + D pe anik)€ + Ap(x — Ee) for all n, and it follows from
(2.33) and A € (co, ¢) that lim,, L, (x) exists. Since x € ¢ was arbitrary, we have
L € B(c,c).

This completes the proof.

First we state the following lemma which is needed in proving Schur’s theorem.
To the best of our knowledge it seems that the functional analytic proof of Schur’s
theorem does not exist yet.

Lemma 2.44 [2, Theorem 3.3.7] Let B = (bui)n.x be an infinite matrix such that
Dk | buk |< oo for each n and 3 ) | bpi |— 0 (n — 00). Then > | bux |

converges uniformly in n.

Proof > i | bux |— 0 (n — oo) implies that D", | buyx |< oo forn > N(e).
Since Zk | bug |< oo for 0 < n < N(e), there exists m = M (e, n) such that
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2 k>m | buk |< oo for all n, which means that > | by | converges uniformly in
n.
This completes the proof.

Theorem 2.45 (Schur) [2, Theorem 3.3.8] A € (£, ¢) if and only if (2.27) holds
and
Z | buk | converges uniformly in 7. (2.38)
k

Proof Suppose that the conditions (2.27) and (2.38) hold, and x € €. Then,
>k ankXr is absolutely and uniformly convergent in n € N. Hence, > anxx —
>k Xk (n — 00) which gives that A € ({, €).

Conversely, suppose that A € (£, ¢) and x € c. Then necessity of (2.27) follows
easily by taking x = e for each k. Define b = anx — oy for all k, n € N. Since
> lar < 00, (32 bukxr)n converges whenever x = (xi) € £oo. Now if we can
show that this implies

lim Z | bk |= 0, (2.39)
k

then by using Lemma 2.44, we shall get the desired result. Suppose to the contrary
that lim,, >, | buk |# 0. Then, it follows that lim,, >, | bux |=1 > 0 through some
subsequence of the positive integers. Also we have b,y — 0 as m — oo for each
k € N. Hence we may determine m (1) such that

| D7 1 bk | =1 1< 1/2 and b1 < 1/2.
k

Since D | 1),k |< 0o we may choose k(2) > 1 such that

o]

> bmuykl<1/2.

k=k(2)+1

It follows that
k()

1D bmay | =L 1< 1/2.

k=2

For our convenience we use the notation ZZ: » | bk |= B(m, p, q).

Now we choose m(2) > m(1l) such that | B(m(2),1,00) — [ |< [/10 and
B(m(2),1,k(2)) < 1/10. Then choose k(3) > k(2) such that | B(m(2),k(3) +
1,00) — [ |< [/10. It follows that | B(m(2),k(2) + 1,k3)) — [ |< 31/10. Con-
tinuing in this way and find m(1) < m(2) < ---, 1 = k(1) < k(2) < --- such
that

B(m(r), 1,k(r)) <1/10
B(m(r),k(r+1)+1,00) <1/10 (2.40)
| Bm(r),k(r) + 1, k(r +1)) =1 |< 3L/10
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Let us define x = (xx) € £ such that | x ||[= 1 by
0, ifk=1,
= | (=D"sgn(bmry k), ifk(r) <k <k(r+1), (2.41)

forr = 1,2, .... Then write >, by xXk as >+ > 5+ > 3, Where >, is over
1 <k <k(),2,isoverk(r) <k <k(r+1)and > ,isoverk > k(r +1) . It
follows immediately from (2.40) with the sequence x given by (2.41) that

| D by — (=1L |< 1/2.
k

Consequently, it is clear that the sequence Bx = (D, buxxy) is not a Cauchy
sequence and so is not convergent. Thus we have proved that Bx is not conver-
gent for all x € £, which contradicts the fact that A € (£, ¢). Hence, (2.39) must
hold. Now, it follows by Lemma 2.44 that >, | b,k | converges uniformly in 7.
Therefore, >, | ank |= D ¢ | buk + ax | converges uniformly in n.

This completes the proof.

We get the following corollary:

Corollary 2.46 A € (Y, co) if and only if

lim > 1 buk 1= 0. (2.42)
k

Definition 2.9 The characteristic x(A) of amatrix A = (anx) € (c, ¢) is defined by
0=t S - 3 (1m0

which is a multiplicative linear functional. The numbers lim,_, ~ anr and
lim, o0 > 4 ank are called the characteristic numbers of A. A matrix A is called
coregular if x(A) # 0 and is called conull if x(A) = 0.

Remark 2.13 The Silverman—Toeplitz theorem yields for a regular matrix A that
X (A) = 1 which leads us to the fact that regular matrices form a subset of coregular
matrices. One can easily see for a Schur matrix A that xy(A) = 0 which says us that
coercive matrices form a subset of conull matrices. Hence, we have the following
result which is known as Steinhaus’s theorem.

Theorem 2.47 (Steinhaus) [2, Theorem 3.3.14] For every regular matrix A, there
is a bounded sequence which is not summable by A.

Proof We assume that a matrix A € (c,c; P) N (£so, ¢). Then it follows from
Theorem 2.42 (b) and Theorem 2.45 that 1 = lim,,—, o0 D g tnk = > peo (liMy—s 00
ank) = 0, a contradiction.
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This completes the proof.
We observe the following application of Corollary 2.46.

Theorem 2.48 [12, Corollary, pp. 225] Weak and strong convergence coincide in £1.

Proof We assume that the sequence (x(”));'f’=0 is weakly convergent to x in {1, that
is, | f(x™) — f(x) |=> 0 (n — oo) for every f € £%. Since £} and £ are
norm isomorphic, to every f € £} there corresponds a sequence a € £o, such that
f(y) = Z/?io ay yr. We define the matrix B = (b,lk);‘lf’kzo by bk = x,i”) —xi (n, k =
0,1,...). Then we have f(x™) — f(x) = 32 ax(x\" —x1) = 32 buxay — 0
(n — oo) forall a € €, thatis, B € (£, cp), and it follows from Corollary 2.46
that [| x® — x [li= 3520 1 ¥ = xp |= 3220 | buk |— 0 (n — ).
This completes the proof.

2.7 Matrix Transformations for Matrix Domains

In this section, we characterize the classes (X, Y7) and (X, Y|7)) for triangles 7.

Theorem 2.49 [5, Theorem 3.8] Let T be a triangle.

(a) Then, for arbitrary subsets X and Y of w, A € (X, Yr) if and only if B =
TAe (X,Y).

®)If X and Y are BK spaces and A € (X, Y1), then

I Lall=ILzl. (2.43)

Proof (a) It is straightforward, recall that Ax € Y7 if and only if Bx = (TA)x =
T(Ax) eY.
(b) Let A € (X, Y7). Since Y is a BK space and T a triangle, Y7 is a BK space
with
Iy Iy = TO) lly (v € Yr), (2.44)

by Theorem 1.11. Therefore A is continuous by Theorem 2.31 and

I Lall=sup{ll Lax) lly; = | x =1} =sup{ll A) ly;: |l x [l=1} < oo.
(2.45)
Further, since B is continuous, we have

I Lp lI=sup{ll Lz(x) lly: [l x [I=1} =sup{ll B(x) lly: |l x =1} < oo.
(2.46)
Let x € X. Since A,, € XB foralln = 0,1,..., we have x € wy. Further 7,, € ¢
(n=0,1,...), since T is a triangle. Hence B(x) = (T A)(x) = T(A(x)) (cf. [3,
Theorem 1.4.4]), and (2.43) follows from (2.44)—(2.46).
This completes the proof.
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For the characterization of the class (X, Y[r]), we need the following lemma due
to Peyerimhoff [13].

Lemma 2.50 Letag,ay,...,a, € C. Then
n
Z|ak |<4. max |Zak|
Nc{0,1,....n
k=0 keN
Proof First we consider the case for agp,ai,...,a, € R. Put Nt = [k €

{0,1,...,n}:ar >0}and N~ ={k € {0, 1, ...,n}: ax < 0}. Then
= <
Z|ak| [ D el D al=2 max > acl.  (247)
keN+ keN— keN

Now let ag, ay,...,a, € C. Weputay = ax + i8¢ (k = 0,1,...,n). For any
N c {0,1,...,n}, let us write

=D o, =D B an=xn+iyn =D a

keN keN keN
Now we choose subsets N,, N;, and N, of {0, 1, ..., n} such that
X = max xn |, - |= max , |z = max z .
[ XN, | NC{O,I,...,n}l N Tyw; | Nepax lynv | TN, | Neax lzn |
Then, forall N C {0,1,...,n}, wehave | xy, |, | yn;, I< | zn, | and | xn, | +

| yn; 1= 2| zn, |. Therefore, by (2.47),

Z|ak|< Dl +1 D 1B I=2Uxn, [+ 1 yw D

keN+ keN—

<4.|zy, |=4. max E ag | .
Nc{0,1,...,n}
keN

This completes the proof.

Theorem 2.51 [5, Theorem 3.10] Let A be an infinite matrix and B a positive
triangle. For eachm € Ny, let Ny, be a subset of the set {0, 1, ...,n}, N = (Nm);fzo
the sequence of the subsets Ny, and N the set of all such sequences N. Furthermore,
for each N € N, define the matrix sV = SN(A) by snﬁ]k = ZneNm bmnank (m, k =
0, 1,...). Then, for arbitrary subsets X of w and any normal set Y of sequences,
A € (X, Yp)) if and only if SN(A) € (X, Y) for all sequences N € N.

Proof Assume that A € (X, Y{)). Then A, € X’ (n =0, 1, ...) implies SV € X"
forallmandall N € N.Foreachx € X,weputy = B(| A(x) |). Then A(x) € Y;p),
thatis, y € Y, and
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| Sy (x) |<|Zsmkxk = > bngankxk 1<l ym | (m=0,1,..)

neN,, k=0

for all N € N together imply SV (x) € Y for all N € N, since Y is normal. Hence
SN e (X,Y)forall N € N.

Conversely, let SV e (X, Y) for all N e /\f Then SY e X” for all m and for
all N € N, in particular, for N = (m)m —0> S = bumAm € X?, hence A,, € X,
since by, # 0. Further, let x € X be given. For everym =0, 1, ..., choose the set
N < {0,...,} such that

D bunAn() =l max by Ay(x) |
Ny, c{0,1,....m}

m

neN,(,,O)

Then, by Lemma 2.50, we have

(]
| ym 1241 D bunAn(x) =41 SN () |
neN,ﬁ,o)

Hence by hypothesis, SV ()(x) € Y, and the normality of Y implies y =
B(| A(x) |) € Y, thatis, A € (X, Y|p)).
This completes the proof.

Lemma 2.52 ([14, Lemma 28]) Let X be an F K space with AK and Z = X1. We
write R = S' for the transpose of S. Then, we have

X1)" ¢ (XP)k.

Theorem 2.53 ([14, Theorem 29]) (a) Let X be an F K space with AK and Z = X7.
We write R = S' for the transpose of S. Then, a € (X7)” if and only if

ae (XMgand W € (X, co), (2.48)

where the matrix W is defined by

o0
ajsji, (0 <k <m),
Wk = jgm I (m:(),l,z,)

0, (k > m).
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Moreover, if a € (XT)*‘? then, we have

> az =D R@Ti(2) (2.49)

k=0

forall z € Z, where Ry(a) = Z?ik ajsj.
(b) The statement of Part (a) also holds when X = { .

Theorem 2.54 ([14, Remark 30]) We have a € (c7)” ifand only if a € (£1)g and
W € (c, ¢). Moreover, ifa € (cT)ﬂ, then we have

o0 o0
> @z =D R@)Ti(z) — o forall z € cr, (2.50)
k=0 k=0

where & = limg_, o0 Tk (2) and o = limy, 00 D 4 Wink-

Theorem 2.55 ([14, Theorem 31]) (a) Let X be an FK space with AK , Y be an
arbitrary subset of w, and T be a triangle and R = S!. Then, A € (X7, Y) if and
only th € (X Y)and W™ e (X, co) foralln =0, 1, ..., where A is the matrix
with the rows A, = R(A,) forn =0,1, ..., and the tnangles W are defined by

(")
Wiy = Z anjS jk-
=m

Moreover, if A € (X1, 7Y) then,
A(z) = A(T(z)) forallz e Z = Xr. (2.51)

(b) The statement of Part (a) also holds for X = {.

Proof (a) First, we assume A € (Z,Y). Then, A, € 7P for all n, hence W™ ¢
(X, co) and An e X for all n by Theorem 2.53. Let x € X be given, hence
z=8x) =T '(x) € Z Since A, € Z" implies A, (z) = A,,(T(z)) = An(x)
for all n by (2.49), and A(z) € Y for all z € Z implies A(x) = A(z) € Y. Hence
A € (X, Y) and (2.51) holds.

Conversely, we assume = (X,Y) and W® € (X, co) for all n. Then, we
have A, € X” for all n, and this and W™ ¢ (X, cp) together imply A, € zP
by Theorem 2.53. Now, let z € Z be given, hence x = T'(z) € X, and again we
have A, (z) = An(x) for all n by (2.49), and A(x) € Y for all x € X implies
A(z) = A(x) € Y. Hence we have A € (X, Y).

(b) It is obvious from Part (a) and the proof of Theorem 2.53.

This completes the proof.
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Theorem 2.56 [14, Remark 32] Let Y be a linear subspace of w. Then, we have
A € (ct,7Y) if and only if

Ae(c,Y) and W® € (c,c) foralln (2.52)
and
m
A(e) — (an)nep € Y, where o, = mli_r)nooz wr(:z for all n. (2.53)

k=0
Moreover, if A € (ct, Y) then, we have

A(z) = A(T(2)) — ()22, forall z € cp, where & = lim 7). (254)

Proof First we assume A € (cr, Y). Then, it follows that A € ((co)r,Y) and so
Ac (co, Y) by Theorem 2.53. Also by Theorem 2.54, A, € (cr)ﬁ for all n implies
W™ € (¢, ¢) for all n. Furthermore, we obtain (2.53) from (2.50). If A € (c7,Y),
then (2.54) is an immediate consequence of (2.50).

Conversely, we assume that the conditions in (2.52) and (2.53) are satisfied. Then,
An = R(A,) € cg =L and WP € (¢, ¢) together imply A, € (cr)ﬁ by Theorem
2.54. Let z € cr be given. Then, we have x = T(z) € c¢. We put x@® = x — e,
where & = limy_, oo x¢. Then, x(©) € ¢( and it follows from (2.50) that

A@ = AT @) - (@iZy =A™ +¢(A© - (@niy) e

since A € (co,Y), A(e) — (ap)i2y € Y and Y is a linear space.
This completes the proof.
Analogous to Theorem 2.49 (b) we give the operator norm for A € (X7, 7).

Theorem 2.57 [14, Theorem 33] Let T be a triangle. Let X and Y be BK spaces
and X have AK. If A € (X7,7), then

I Lall=IlL (2.55)

Al
where A is the matrix defined in Theorem 2.55.

Proof Suppose that A € (Xr,Y). Since X is a BK space, so is Z = X7 with
the norm || . ||z=| T(.) || by [3, Theorem 4.3.12, p. 63]. This also means that
x € Bx(0, 1) if and only if z = S(x) € Bz(0, 1). Since matrix maps between BK
spaces are continuous, it follows that L4 € B(Z,Y), and so L; € B(X,Y) by
Theorem 2.55. We have by (2.51)
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ILil= sup [Lix) = sup [ Ax) |
xeBx (0,1) xeBx (0,1)
= sup [A@) = sup [ La@) [I=]lLall
2€B2(0,1) z2€Bz(0,1)
which yields (2.55).

This completes the proof.

Exercises

1. Prove that E;‘, >~ {4, i.e., the continuous dual of £, is £, for 1 < p < o0,
plHg =1

2. Show that (i) c¢s* >~ bv, (ii) bv™* >~ bs.

3. Show that (i) I'* = A, (ii)) A® =T, where

.= [x € w: lim |x,|"/" = O},
n

A= [x € w: sup |x,|'/" < oo] .
n
4. Prove (i) bv” = cs, (ii) bvj = bs, and (iii) bs” = buy.
5. Show that mg = ¢1 = mg = mg, where my = sp{E}, E is the set of sequences
of zeros and ones.
6. Show that P® = ¢y, PP =cs, P7 = bs, where

P :={x € w: xg41 = xx, k = 0, for some kg € N}.

7. Show that (i) mg = M, (ii) I'" = A, (iii)) P* =£; K.
. Show that I" and A are perfect .
9. If X D ¢ is an FK space, then show that X/ = () and () = X/ by virtue
of f— (f(e®)).
10. Let (X, ||.]lx) and (Y, ||.|ly) be BK spaces with X D ¢and Z = M (X, Y). Then
prove that Z is a BK space with ||.|| defined by

oo

Izl = llzIly = sup{llxzlly: llxllx = 1}

forallz € Z.

11. Prove that Z,fi | Xk Yk converges, whenever Z,fil Xy has abounded partial sums,
if and only if (yx) € bv N ¢p.

12. Let 1 < p < oo and suppose that A € (£1,£1) N (£xo, €oo). Then show that
Ae Uy, Lp).
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13.

14.
15.
16.
17.
18.

19.

20.

2 Matrix Transformations

Prove that

@ (c,c; P) C (£oo, £oo)s
(b) lxo, ©) C (c, 0),
(©) (¢, ¢; P) C (co, co)-

Show that (¢, ¢; P) N (£xo, c) = 0.

Prove that every matrix in (£, ¢) is conull.

Prove that the Cesaro matrix of order r is a Toeplitz (regular) matrix if r > 0.
Prove that the Euler matrix of order r is a Toeplitz (regular) matrix.

Prove that the Riesz matrix R’ is a Toeplitz matrix if and only if 7, — 0
(n — 00).

Prove that the Norlund matrix N7 is a Toeplitz matrix if and only if % — 0
(n — 0).

Prove that the Borel matrix B = (bnk);’szl which is defined by b, = e~k /k!
is a Toeplitz matrix.
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