
Chapter 2
Matrix Transformations

The theory of matrix transformations deals with establishing necessary and sufficient
conditions on the entries of amatrix tomap a sequence space X into a sequence space
Y. This is a natural generalization of the problem to characterize all summability
methods given by infinite matrices that preserve convergence.

If A is an infinite matrix with complex entries ank (n, k ∈ N), then we may write
A = (ank) instead of A = (ank)

∞
n,k=0. Also, we write An for the sequence in the nth

row of A, i.e., An = (ank)
∞
k=0 for every n ∈ N. In addition, if x = (xk) ∈ w, then

we define the A-transform of x as the sequence Ax = (An(x))∞n=0, where

An(x) =
∞∑

k=0

ank xk (n ∈ N)

provided the series on the right converges for each n ∈ N. Further, the sequence x is
said to be A-summable to the complex number � if An(x) → � (n → ∞); we shall
write x → �(A) where � is called the A- limit of x .

Let X and Y be subsets ofw and A an infinite matrix. Then, we say that A defines
a matrix mapping from X into Y if Ax exists and is in Y for every x ∈ X . By (X, Y ),
we denote the class of all infinite matrices that map X into Y . Thus, A ∈ (X, Y ) if
and only if An ∈ Xβ for all n ∈ N and Ax ∈ Y for all x ∈ X.

The study of sequence spaces is much more profitable when we consider them
equipped with certain topologies. In this chapter, we shall study various duals of
some sequence spaces and characterize several matrix classes (c.f. [1–3]).

2.1 Continuous Duals

Let X and Y be normed linear spaces. Then, B(X, Y ) denotes the set of all bounded
linear operators L: X → Y . If Y is complete, then B(X, Y ) is a Banach space
with the operator norm defined by ‖L‖ = sup

x∈SX

‖L(x)‖ for all L ∈ B(X, Y ).
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34 2 Matrix Transformations

By X ′ = B(X, C), we denote the continuous dual of X , that is, the set of all
continuous linear functionals on X . If X is a Banach space, then we write X∗ for X ′
with its norm given by ‖ f ‖ = sup

x∈SX

| f (x)| for all f ∈ X ′.

We shall write X∗ � Y if Y is the continuous dual of X , i.e. X∗ is isomorphically
isometric to Y .

Theorem 2.1 ([3, pp. 92]) �∗
1 � �∞.

Proof Let f ∈ �∗
1. Since e(k) is a Schauder basis for �1, each x = (xk) ∈ �1 can be

represented as x = ∑
k

xke(k). Let f ∈ �∗
1 and define αk = f (e(k)). Then, for every

x = (xk) ∈ �1

f (x) =
∑

k

xk f (e(k)) =
∑

k

xkαk . (2.1)

Let us define x = (xk) by

xk =
{
sgn αn, k = n,

0, k 	= n.

Then ‖x‖ ≤ 1 and f (x) = |αn| by (2.1). Therefore

|αn| ≤ ‖ f ‖‖x‖ ≤ ‖ f ‖

which implies that α = (αn) ∈ �∞ and

‖α‖∞ ≤ ‖ f ‖. (2.2)

Conversely, let α = (αn) be given such that α ∈ �∞. Define T : �∗
1 → �∞ by

T f = u = ( f (e(k))). Clearly, T is linear and from (2.1), if T f = 0 then f = 0,
i.e., T is one-one. To prove T is onto, define f : �1 → K by f (x) = ∑

k αk xk,

x = (xk) ∈ �1. Then f is linear, and

| f (x)| ≤
∑

k

|αk xk | ≤ (sup
k

|αk |)
(

∑

k

|xk |
)

= ‖α‖∞‖x‖1 ≤ M‖x‖1,

where M = supk |αk |. Hence f is bounded and f ∈ �∗
1. Thus T is onto. Finally, by

(2.1) we get

| f (x)| ≤
∑

k

| xk f (e(k))| ≤
(
sup

k
| f (e(k))|

) (
∑

k

|xk |
)

=
(
sup

k
| f (e(k))|

)
‖x‖1
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which implies that
‖ f ‖ ≤ sup

k
| f (e(k))| = ‖α‖∞. (2.3)

Combining (2.2) and (2.3), we have ‖ f ‖ = ‖α‖∞ = ‖T f ‖∞. Therefore, T is an
isometric isomorphism from �∗

1 onto �∞, that is, �∗
1 � �∞.

This completes the proof of the theorem.

Theorem 2.2 ([3, pp. 92]) c∗ � �1.

Proof To prove our theorem we have to show that c∗ is isometrically isomorphism
to �1. Let f ∈ c∗ . Since (e, e1, e2, . . .) is a basis for c, any element x = (xn) ∈ c
can be written as

x = �e +
∑

k

(xk − �)e(k), � = lim
n

xn .

Therefore

f (x) = � f (e) +
∑

k

(xk − �) f (e(k)), for all x ∈ c.

Define x = (xk) by

xk =
{
sgn f (e(k)), 1 ≤ k ≤ n,

0, k > n.

Then x ∈ c0, ‖x‖ = 1 and

| f (x)| =
n∑

k=1

| f (e(k))| ≤ ‖ f ‖.

Hence the series ∑

k

f (e(k))

is absolutely convergent.
Put

f (x) = a� +
∑

k

ak xk, (2.4)

where

a = f (e) −
∑

k

f (e(k)), ak = f (e(k)).

We have
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| f (x)| ≤
(

|a| +
∑

k

|ak |
)

‖x‖∞,

since | lim xn| ≤ ‖x‖∞. Therefore

‖ f ‖ ≤ |a| +
∑

k

|ak |. (2.5)

Also, we have

| f (x)| ≤ ‖ f ‖ for ‖x‖∞ = 1. (2.6)

For any r ≥ 1, define x = (xn) by

xn =
{
sgn an, 1 ≤ n ≤ r,
sgn a, n > r.

Then x ∈ c, ‖x‖∞ = 1, lim xn = sgn a and so by (2.4), we have

| f (x)| =
∣∣∣∣a sgn a +

r∑

n=1

an sgn an +
∞∑

n=r+1

an sgn a

∣∣∣∣

=
∣∣∣∣|a| +

r∑

n=1

|an| +
∞∑

n=r+1

an sgn a

∣∣∣∣≤ ‖ f ‖ by (2.6). (2.7)

Since a = (an) ∈ �1, we obtain

∞∑

n=r+1

ak → 0 (r → ∞).

Therefore letting r → ∞ in (2.7), we get

|a| +
∑

n

|an| ≤ ‖ f ‖. (2.8)

Combining (2.5) and (2.8), we derive the equality

‖ f ‖ = |a| +
∑

n

|an|. (2.9)
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Let T : c∗ → �1 be defined by T ( f ) = (a, a1, a2, . . .). Then by (2.9), we have

‖T ( f )‖1 = |a| + |a1| + |a2| + · · · = ‖ f ‖.

‖T ( f )‖1 is the �1-norm. Thus T is norm preserving. Clearly T is surjective and
linear, and so T is isometrically isomorphism whence c∗ � �1.

This completes the proof.

Remark 2.1 The dual of c0 can also be identified with �1.
In the next theorem, we deal with the dual of �∞ . It is to be noted that its dual is

totally different from other sequence spaces. To deal with, we first introduce some
notations and definitions (c.f. [1]).

Definition 2.1 For anon-empty set X , let R denote a ringof subsets of X . The symbol
σE (E ∈ R) denotes a partition E1, . . . , En of E such that Ei ∈ R, Ei ∩ E j = ∅,
∪n

i=1Ei = E . By a charge μ on R, we mean a K-valued finitely additive set function
with |μ(E)| < ∞ for each E ∈ R, and triplet (X, R,μ) is called a charged space;
further (X, R,μ) is called a completely charged space, if X ∈ R and |μ(x)| < ∞.
Let ba(X, R) denote the space of all charges on a ring R, equipped with the norm

‖μ‖ = sup
E∈R

sup
σE

n∑

i=1

|μ(Ei )|.

If X ∈ R, then

‖μ‖ = sup
σX

n∑

i=1

|μ(Ei )|.

Note that ba(X, R) is a Banach space with ‖μ‖.
Let φ∞ denote the class of all subsets of N. Then, ba(N,φ∞) is a Banach space

with the norm

‖μ‖ = sup
σN

n∑

i=1

|μ(Ei )|.

Definition 2.2 For a partition σX := {Ei : 1 ≤ i ≤ N }, choose arbitrary points
ni ∈ Ei and let

fσ = f (σ;n1, n2, . . . , nN ) =
N∑

i=1

f (ni )μ(Ei ).

If the net ( fσ) converges in K, say to I , then f is said to be μ−integrable over X ,
where f : X → K is μ -measurable and bounded, and I = ∫

f dμ.
Note that



38 2 Matrix Transformations

∣∣∣∣
∫

f dμ

∣∣∣∣ ≤ sup
x∈X

| f (x)| sup
σX

n∑

i=1

|μ(Ei )| ≤ ‖μ‖ sup
x∈X

| f (x)|

and if X is a normed space and f ∈ X∗, then
∣∣∣∣
∫

f dμ

∣∣∣∣ ≤ ‖ f ‖.‖μ‖.

For our convenience, we will write M for ba(N,φ∞), i.e., the space of bonded
finitely additive set functions (or measures) μ defined on subsets of the set of positive
integers N. It is to be remarked that the continuous dual of �∞ is not isomorphic to
a sequence spaces ([3, Example 6.4.8, pp. 93-94]. This can be attributed to the fact
that �∞ has no Schauder basis (it is not separable).

Theorem 2.3 ([1, Theorem 7.22; pp. 130]) Let F : �∗∞ → M be such that

F( f ) = μ f , μ f (E) = f (χE ), E ∈ φ∞, (2.10)

F−1( f ) = fμ, fμ(x) =
∫

N

xdμ, x ∈ �∞. (2.11)

Then F is isometric isomorphism from �∗∞ onto M and

‖F( f )‖ = ‖ f ‖, f ∈ �∗∞.

Proof Let μ f be defined as in (2.10) and f ∈ �∗∞. Then μF is a complete charge on
φ∞ and so there is a map F : �∗∞ → M. If F( f ) = 0, then by (2.10), f = 0. Thus
F is injective. Let μ ∈ M. Then for each x ∈ �∞, the integral

∫
N

xdμ exists and so
it defines a linear functional fμ on �∞.

| fμ(x)| =
∣∣∣∣
∫

N

xdμ

∣∣∣∣≤ ‖μ‖ sup
i≥1

|x(i)| = ‖μ‖.‖x‖

this implies that ‖ fμ‖ ≤ ‖μ‖, and hence

fμ ∈ �∗∞ (2.12)

i.e., F is surjective.
Choose a σN := {E1, E2, . . . , EN } for ε > 0 such that

N∑

i=1

|μ f (Ei )| > ‖μ f ‖ − ε,
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where μ f = F( f ), f ∈ �∗∞. Define x ∈ �∞ by

xn =

⎧
⎪⎨

⎪⎩

μ f (Ei )

|μ f (Ei )| if n ∈ Ei and μ f (Ei ) 	= 0,

0 if n ∈ Ei and μ f (Ei ) = 0.

Then ‖x‖∞ ≤ 1 and

f (x) =
∫

xdμ f =
N∑

i=1

∫

Ei

xdμ f =
N∑

i=1

|μ f (Ei )|

which implies that

‖ f ‖ ≥ | f (x)| ≥
n∑

i=1

|μ f (Ei )| ≥ ‖μ f ‖ − ε.

Hence ‖F( f )‖ ≤ ‖ f ‖. Now each f corresponds to some μ = F( f ), and so by
(2.12), ‖ f ‖ ≤ ‖F( f )‖.

Therefore ‖F( f )‖ = ‖ f ‖. Finally we have that the dual of �∞ is M whose
elements have the representation

∫
N
dμ.

The proof is complete.

Remark 2.2 Note that the dual of bs is alsoM.

2.2 Köthe–Toeplitz Duals

For any two sequences x and y, let xy = (xk yk)
∞
k=1. If z = (zk)

∞
k=1 is any sequence

and Y any subset of ω, then we shall write

z−1 ∗ Y := {x ∈ ω: zx ∈ Y } .

Definition 2.3 Let X be a sequence space. Then

Xα :=
{

a ∈ ω:
∑

k

|ak xk | < ∞ for all x ∈ X

}

:=
⋂

x∈X

(x−1 ∗ �1),
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Xβ :=
{

a ∈ ω:
∑

k

ak xk converges for all x ∈ X

}

:=
⋂

x∈X

(x−1 ∗ cs),

and

Xγ :=
{

a ∈ ω: sup
n

∣∣∣∣
n∑

k=1

ak xk

∣∣∣∣< ∞ for all x ∈ X

}

:=
⋂

x∈X

(x−1 ∗ bs)

are called the Köthe–Toeplitz dual (or α-dual), generalized Köthe–Toeplitz (or β-
dual), and boundeddual (or γ-dual) of X , respectively.

Theorem 2.4 ([2, Theorem 2.5.3]) We have

(i) �α∞ = cα
0 = cα = �1,

(ii) �α
1 = �∞.

Proof (i) Let a ∈ �1 and x ∈ �∞. Then ‖x‖∞ = supk |xk | < ∞. Therefore

∑

k

|ak xk | ≤ (sup
k

|xk |)
∑

k

|ak | = ‖x‖∞
∑

k

|ak | < ∞,

i.e., a ∈ �α∞. Hence �1 ⊆ �α∞.
Conversely, let a ∈ �α∞. Then

∑
k

|ak xk | < ∞, since x = e ∈ �∞,

∑

k

|ak xk | =
∑

k

|ak | < ∞,

this implies that a ∈ �1. Hence, �α∞ ⊆ �1.
Therefore �α∞ = �1. similarly, we can prove cα

0 = cα = �1.
(ii) Let a ∈ �∞ and x ∈ �1. Then

∑
k

|xk | < ∞. Now, we have

∑

k

|ak xk | ≤ ‖a‖∞
∑

k

|xk | < ∞,

and hence a ∈ �α
1 . Therefore �∞ ⊆ �α

1 .
Conversely, suppose that a ∈ �α

1 . Therefore

∑

k

|ak xk | < ∞ for all x ∈ �1.
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Let a 	∈ �∞. Then there exists a strictly increasing sequence (ni ) with |ani | > i3. If
we define x = (xn) by

xn =
{

i−2, n = ni , i = 1, 2, . . .
0, n 	= ni ,

then x ∈ �1 but
∑

k |ak xk | = ∞. Thus a 	∈ �α
1 and so �α

1 ⊆ �∞.
Hence �α

1 = �∞ and this completes the proof.

Theorem 2.5 ([2, Theorem 2.5.4]) Let 1 < p, q < ∞, with p−1 + q−1 = 1. Then
�α

p = �q .

Proof Suppose that a ∈ �α
p and x ∈ �q . Then

∑
k |ak xk | < ∞ for all x ∈ �p. Also

let a 	∈ �q . Then we can find a sequence n1 < n2 < · · · such that

|ank |q > k2, k = 1, 2, . . . .

Take

xn =
{
1/ank , n = nk, k = 1, 2, . . .
0, n 	= nk .

Then x ∈ �p but

∑

k

|ak xk | =
∑

k

|ank ||ank |−1 = 1 + 1 + · · · = ∞.

Hence contradiction. Therefore a ∈ �q and �α
p ⊆ �q .

Conversely, suppose that x ∈ �p and a ∈ �q . Then by Hölder’s inequality

∑

k

|ak xk | ≤
(∑

k

|ak |q
)1/q(∑

k

|xk |p
)1/p

= ‖a‖q‖x‖p < ∞,

and so a ∈ �α
p. Therefore �q ⊆ �α

p.
Hence �α

p = �q and the proof is complete.

Theorem 2.6 ([2, Theorem 2.5.9]) csα = bvα = bvα
0 = bsα = �1.

Proof We prove the case csα = �1, and the rest can be obtained similarly.
Let x ∈ cs and a ∈ �1. Then

∑

k

|ak xk | ≤ ‖x‖bs

∑

k

|ak | < ∞,
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where

‖x‖bs = sup
n

∣∣∣∣
n∑

k=1

xk

∣∣∣∣.

Therefore a ∈ csα, and we get �1 ⊆ csα.
Conversely, let a ∈ csα \ �1. Then to every positive integer i we can find an odd

ni with ni < ni+1 and
ni+1∑

ni +1

|ak | > 2i , i = 1, 2, . . . .

Define

xk =
{

(−1)k2−i/2, ni < k ≤ ni+1, i ≥ 1
0, otherwise.

Then x = (xk) ∈ cs but
∑

k |ak xk | = ∞. This contradicts that a ∈ csα, and so
csα ⊆ �1.

Hence csα = �1 and we finish the proof.

Remark 2.3 Note that ωα = φ and φα = ω.

Theorem 2.7 ([2, Theorem 2.5.6]) We have

(i) �
β∞ = cβ

0 = cβ = �1,

(ii) �
β
1 = �∞.

Proof (i)Weprove the case cβ
0 = �1, and the other statements canbeproved similarly.

Let a ∈ cβ
0 . Then

∑
ak xk converges for every x ∈ c0. To show a ∈ �1, suppose

that a 	∈ �1. Then we can find a sequence n1 < n2 < · · · such that

|ank | > k, k = 1, 2, . . . .

Put

xk =
⎧
⎨

⎩

1/ank , k = nk, k = 1, 2, . . .

0, k 	= nk .

Then x ∈ c0 but

∑

k

ak xk =
∑

k

ank

1

ank

= 1 + 1 + · · ·

diverges to ∞.
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This contradiction shows that we must have a ∈ �1, and so cβ
0 ⊆ �1.

Conversely, suppose that x ∈ c0 and a ∈ �1. Then

∣∣∣∣
∑

k

ak xk

∣∣∣∣≤ ‖x‖∞
∑

k

|ak | < ∞.

This implies that a ∈ cβ
0 , and so �1 ⊆ cβ

0 .

Hence cβ
0 = �1.

(ii) Let a ∈ �
β
1 . Then

∑
k ak xk converges for every x ∈ �1. We have to show that

a ∈ �∞. For, we may define

fn(x) =
n∑

k=1

ak xk

which for each n is clearly a bounded linear functional on �1. By hypothesis there
exists limn fn(x) = ∑

k ak xk = f (x), say, for every x ∈ �1. Banach–Steinhaus
theorem yields

| f (x)| ≤ M‖x‖1 = M
∑

k

|xk |.

Now put

xk =
⎧
⎨

⎩

sgn an, k = n

0, k 	= n.

Then ‖x‖ = 1 and f (x) = |an| ≤ M, n = 1, 2, . . .. Therefore a ∈ �∞, and
�
β
1 ⊆ �∞.
Conversely, let a ∈ �∞ and x ∈ �1. Now

∣∣∣∣
∑

k

ak xk

∣∣∣∣≤ ‖a‖∞‖x‖1 < ∞.

Therefore a ∈ �
β
1 and so �∞ ⊆ �

β
1 .

Hence �
β
1 = �∞. This completes the proof.

Theorem 2.8 ([2, Theorem 2.5.6 (a)]) Let 1 < p, q < ∞, with p−1 + q−1 = 1.
Then �

β
p = �q .

Proof It is similar to that of Theorem 2.5.

Theorem 2.9 ([3, Theorem 7.3.5]) (i) csβ = bv, (ii) bvβ = cs, (iii) bv
β
0 = bs,

(iv) bsβ = bv0.
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Proof We prove here (i), the other statements can be proved similarly.
Let a = (ak) ∈ csβ and z = (zk) ∈ c0. Then the sequence x = (xk) defined

by xk = zk − zk−1, k ≥ 1, where z0 = 0, belongs to cs. Therefore,
∑

k ak xk

converges, but

n∑

k=1

(zk − zk−1)ak =
n−1∑

k=1

zk(ak − ak−1) + znan

and a ∈ csβ ⊂ �
β
1 = �∞ (since cs ⊃ �1) imply that

∞∑

k=1

(zk − zk−1)ak =
∞∑

k=1

zk(ak − ak+1).

Hence (ak − ak+1)k ∈ cβ
0 = cα

0 = �1, i.e., a ∈ bv. Therefore csβ ⊆ bv.
Conversely, let a ∈ bv. Then (ak − ak+1)k ∈ �1. Further, if x ∈ cs, the sequence

(ωn),ωn = ∑n
k=1 xk , n ≥ 1, is an element of c. As cα = �1, the series

∑∞
k=1 ωk(ak −

ak+1) is absolutely convergent. Also, we have

∣∣∣∣
n∑

k=m

(ωk − ωk−1)ak

∣∣∣∣≤
∣∣∣∣

n−1∑

k=m

ωk(ak − ak+1)

∣∣∣∣+|ωnan − ωm−1am |.

As (ωk) ∈ c and (ak) ∈ bv ⊂ c, the right-hand side of the above inequality converges
to zero as m, n → ∞. Hence the series

∑

k

(ωk − ωk−1)ak or
∑

k

ak xk

converges and so bv ⊆ csβ . Thus csβ = bv.
The proof is complete.

Theorem 2.10 ([2, Theorem 2.5.7]) We have

(i) �
γ∞ = cγ

0 = cγ = �1,

(ii) �
γ
1 = �∞,

(iii) �
γ
p = �q .

These statements can be proved on the same lines as α -, β-duals.

Theorem 2.11 ([2, Theorem 2.5.12]) (i) csγ = bv, (ii) bvγ = bs, (iii) bv
γ
0 = bs,

(iv) bsγ = bv.

Proof We prove (i) only, the other parts can be proved along similar lines.
By Theorem 2.9, we have bv ⊂ csβ and since csβ ⊂ csγ , so bv ⊂ csγ . We need

to show that csγ ⊂ bv. Let a ∈ csγ and z ∈ c0 . Then for the sequence (ωn) ∈ cs
defined by ωn = zn − zn−1, n ≥ 1, zo = 0, we can find a constant K > 0 such that
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∣∣∣∣
n∑

k=1

akωk

∣∣∣∣≤ K for all n ≥ 1.

Since (zn) ∈ c0 and (an) ∈ csγ ⊂ �∞, there exists a constant M such that |anzn| ≤ M
for all n ≥ 1. Now

∣∣∣∣
n∑

k=1

zk(ak − ak+1)

∣∣∣∣≤
∣∣∣∣
n+1∑

k=1

(zk − zk−1)ak

∣∣∣∣+|zn+1an+1| ≤ K + M.

Hence (ak − ak+1) ∈ cγ
0 = �1 (by Theorem 2.10), i.e., (ak) ∈ bv. Therefore

csγ = bv.

Remark 2.4 (i) φ ⊂ Xα ⊂ Xβ ⊂ Xγ , for any X ∈ ω.
(ii) If for any two set X, Y ∈ ω

X ⊂ Y, then Y † ⊂ X†,

where † = α,β or γ.
(iii) X††† = X†.

Definition 2.4 Let X be a sequence space. Then, X is called
(a) Normal or solid if y ∈ X whenever |yk | ≤ |xk |, k ≥ 1, for some x ∈ X . Note

that X is normal if and only if �∞ X ⊂ X .
(b) Monotone if and only if M0X ⊂ X , where M0 = sp{A} , A is the set of all

sequences of zeros and ones.
(c) †-Perfect sequence space if and only if X†† = X , where † = α,β, γ.α-perfect

sequence space is known as a Köthe space or simply a perfect space.

Example 2.1 (i) c is not monotone and hence not normal, since (1, 0, 1, 0, . . .) 	∈ c.
(ii) c0 is normal but not perfect, since cαα

0 = �α
1 = �∞.

(iii) M0 is monotone but not normal, since we can find {1/n} 	∈ M0 although
1/n ≤ 1 for n ≥ 1, and (1, 1, 1, . . .) ∈ M0.

(iv) The spaces φ,ω, �p (1 ≤ p < ∞) and �∞ all are perfect.

Theorem 2.12 ([1, 4]) Let X be a sequence space. Then

(i) Xα = Xβ , if X is monotone,
(ii) Xα = Xγ , if X is normal.

Proof (i) Let a ∈ Xβ and so a ∈ (M0X)β , since X is monotone. Thus
∑

k ak xk yk

converges for each y ∈ M0 and x ∈ X . In particular
∑

k ak xk is a convergent
subseries and thus

∑
k |ak xk | < ∞ for each x ∈ X . Hence a ∈ Xα, i.e., Xβ ⊂ Xα.

Finally we have Xα = Xβ , since Xα ⊂ Xβ .
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(ii) Let a ∈ Xγ . Then

sup
n

∣∣∣∣
n∑

k=1

ak xk

∣∣∣∣< ∞ for all x ∈ X.

Observe that
(

āk x̄k

ak xk
xk

)
∈ X for any x ∈ X.

Hence
∑

k |xk yk | < ∞ for each x ∈ X , so that a ∈ Xα, i.e., Xγ ⊂ Xα. But
Xα ⊂ Xγ , so that Xα = Xγ , where x̄k denotes the canonical preimage of xk .

This completes the proof.

Theorem 2.13 ([3, Theorem 7.2.7]) Let X ⊃ φ be an F K space. Then Xβ = Xγ if
X has AD.

Proof Let u ∈ Xγ and define fn(x) = ∑n
k=1 uk xk for x ∈ X . Then { fn} is pointwise

bounded, hence equicontinuous. Since limn fn(x) exists for all x ∈ φ, it must exist
for all x ∈ X , i.e., u ∈ Xβ . Hence Xγ ⊂ Xβ . The reverse inclusion Xβ ⊂ Xγ is
trivial, so finally Xβ = Xγ . The proof is complete.

Theorem 2.14 ([5, Theorem 1.34]) Let X ⊃ φ be an F K space. Then there is a
linear one-to-one map T : Xβ → X ′, and we denote this by Xβ ⊂ X ′. If X has AK ,
then T is onto.

Proof We define the map T on Xβ as follows. For every a ∈ Xβ , let Ta : X → X ′ be
defined by (Ta)(x) = ∑∞

k=1 ak xk for all x ∈ X . Since a ∈ Xβ , the series
∑

k ak xk

converges for all x ∈ X , and obviously, Ta is linear. Further, since X is an F K space,
Ta ∈ X ′ for each a ∈ Xβ . Therefore T : Xβ → X ′. Further it is easy to see that T is
linear.

To show that T is one-to-one, we assume a, b ∈ Xβ with Ta = Tb. This means
(Ta)(x) = (Tb)(x) for all x ∈ X . Since φ ⊂ X , we may choose x = e(k) for each k
and obtain (Ta)(e(k)) = ak = bk = (Tb)(e(k)) for k = 1.2. . . ., and so a = b.

Nowwe assume that X has AK and f ∈ X ′.We put ak = f (e(k)) for k = 1, 2, . . ..
Let x ∈ X be given. Then x = ∑∞

k=1 xke(k), since X has AK and f ∈ X ′ implies

f (x) =
∞∑

k=1

xk f (e(k)) =
∞∑

k=1

ak xk = (Ta)(x).

As x ∈ X was arbitrary and the series converges, a ∈ Xβ and f = Ta . This shows
that T is onto X ′ and completes the proof.
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2.3 Other Duals

For the sake of completeness, we also include here some other type of duals. But
our emphasis is given on continuous duals and β-duals because of their applications
toward matrix transformations, in particular β-duals are very helpful to study the
convergence of the series

∑
k ank xk , that is, for the existence of the A-transformed

sequence.

Definition 2.5 Let X be a sequence space. Then X is called symmetric if xσ =
(xσk ) ∈ X whenever x ∈ X and σ ∈ π, where π is the set of all permutations of N,
i.e., one-to-one and onto maps of N.

Definition 2.6 Let X be a sequence space. Then

X δ :=
{

a ∈ ω:
∑

k

|ak xσk | < ∞ for all x ∈ X and σ ∈ π

}

:=
⋂

x∈X
σ∈π

(xσ ∗ �1)

is called the symmetric dual (or δ-dual) of X .
The functional dual(or f -dual) of X is defined as

X f := {(g(e(k))): g ∈ X ′}.

If X is a K space then φ ⊂ X f .
Note that φ ⊂ X δ ⊂ Xα.

Theorem 2.15 ([1, Proposition 2.7]) For a sequence space X, Xα = X δ if X is
symmetric.

Proof Let X be symmetric and a ∈ Xα. Then for each x ∈ X and σ ∈ π, xσ−1 ∈ X ,
so that ∑

k

|ak xσ−1(k)| =
∑

j

|aσ( j)x j | < ∞

and thus x ∈ X δ , i.e., Xα ⊂ X δ . Hence Xα = X δ .

Remark 2.5 It might be expected from X ⊂ X†† that X is contained in X f f , but
this is not the case in general (see following example). However, X ⊂ X f f if X is a
BK space with AD.

Example 2.2 Let X = c0 ⊕ z with z ∈ �∞. Then X is a BK space, X f = �1 and
X f f = �∞, so X � X f f .

Now, the question arises whether f → ( f (e(k))), f ∈ X ′ gives an isomorphism
from X ′ to X f so that we can identify X ′ and X f . In general, it does not work (see
example below), however, we have the following result about X f .



48 2 Matrix Transformations

Theorem 2.16 ([3, Theorem 7.2.10 and 7.2.12]) If X ⊃ φ is an F K space, then

(i) the map q: X ′ → X f given by q( f ) = ( f (e(k)))∞k=0 is onto. Moreover, if
T : Xβ → X ′ denotes the map of Theorem 2.14, then q(T a) = a for all a ∈ Xβ .

(ii) X ′ ∼= X f , that is, the map q of Part (i) is one-to-one if and only if X has AD.

Proof (i) Let a ∈ X f be given. Then there is f ∈ X ′ such that ak = ( f (ek)) for all
k, and so q(a) = ( f (e(k)))∞k=0 = a, which shows that q is onto.

Now let a ∈ Xβ be given. We put f = T a ∈ X ′ and obtain q(T a) = q( f ) =
( f (e(k)))∞k=0 = ((T a)(e(k)))∞k=0 = (ak)

∞
k=0 = a.

(ii) First we assume that X has AD. Then q( f ) = 0 implies f = 0 on φ, hence
f = 0, since X has AD. This shows that q is one–to–one.
Conversely we assume that X does not have AD. By the Hahn–Banach theorem,

there exists an f ∈ X ′ with f 	= 0 and f = 0 on φ. Then we have q( f ) = 0, and q
is not one–to–one.

This completes the proof.

Example 2.3 We have cβ = c f = �1. The map T of Theorem 2.14 is not onto. We
consider lim ∈ X ′. If there were a ∈ X f with lim a = ∑∞

k=0 ak xk , then it would
follow that ak = lim e(k), hence lim x = 0 for all x ∈ c , contradicting lim e = 1.
Also the map q: X ′ → X f of Theorem 2.16 is not onto, since q(lim) = 0.

Theorem 2.17 ([3, Theorem 7.2.4 & 7.2.6]) (a) Let X ⊃ φ be an F K space. Then
we have X f = (clX (φ)) f .

(b) Let X, Y ⊃ φ be F K spaces. If X ⊂ Y then X f ⊃ Y f . If X is closed in Y
then X f = Y f .

Proof (a) We write Z = clX (φ). First, we assume that a ∈ X f , that is, an = f (e(n))

(n = 0, 1, . . .) for some f ∈ X ′. We write g = f |Z for the restriction of f to Z .
Then an = g(e(n)) for all n = 0, 1, . . ., g ∈ Z ′ and so a ∈ Z f .

Conversely, let a ∈ Z , then an = g(e(n)) (n = 0, 1, ) for some g ∈ Z ′. By the
Hahn–Banach theorem, g can be extended to f ∈ X ′, and we have an = f (e(n)) for
n = 0, 1, . . ., hence a ∈ X f .

(b) We assume that a ∈ Y f . Then an = f (e(n)) (n = 0, 1, . . .) for some f ∈ Y ′.
Since X ⊂ Y , we have g = f |X ∈ X ′ by Theorem 1.7. If X is closed in Y , then
the F K topologies are the same by Theorem 1.7, and we obtain X f = (clX (φ)) f =
(clY (φ)) f = Y f from Part (a).

This completes the proof.

2.4 Multiplier Spaces

Definition 2.7 Let X and Y be subsets of ω. The set

Z = M(X, Y ) =
⋂

x∈X

x−1 ∗ Y := {a ∈ ω: ax ∈ Y for all x ∈ X}
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is called the multiplier space of X and Y .
In the special cases, M(X, �1) = Xα, M(X, cs) = Xβ and M(X, bs) = Xγ .

Theorem 2.18 ([5, Lemma 1.25]) Let X, Y, Z ⊂ ω and {Xη: η ∈ A} be any collec-
tion of subsets of ω, where A is an arbitrary index set. Then

(i) X ⊂ M(M(X, Y ), Y )

(ii) X ⊂ Z implies M(Z , Y ) ⊂ M(X, Y ),

(iii) M(X, Y ) = M(M(M(X, Y ), Y ), Y ),

(iv) M(∪η∈A Xη, Y ) = ∩η∈A M(Xη, Y ),
(v) Y ⊂ Z implies M(X, Y ) ⊂ M(X, Z)

Proof (i) If x ∈ X , then ax ∈ Y for all a ∈ M(X, Y ), and consequently x ∈
M((M(X, Y ), Y ).

(ii) Let X ⊂ Z . If a ∈ M(Z , Y ), then ax ∈ Y for all x ∈ Z , hence ax ∈ Y for all
x ∈ X , since X ⊂ Z . Thus a ∈ M(X, Y ).

(iii) We apply (i) with X replaced by M(X, Y ) to obtain

M(X, Y ) ⊂ M(M(M(X, Y ), Y ), Y ).

Conversely, by (i), X ⊂ M(M((X, Y ), Y ), and so (ii) with Z = M(M((X, Y ), Y )

yields M(M(M(X, Y ), Y ), Y ) ⊂ M(X, Y ).

(iv) First Xη ⊂ ∪η∈A Xη for all η ∈ A implies

M

(⋃

η∈A

Xη, Y

)
⊂

⋂

η∈A

M(Xη, Y ) by part (ii).

Conversely, if a ∈ ∩η∈A M(Xη, Y ), then a ∈ M(Xη, Y ) for all η ∈ A, and so we
have ax ∈ Y for all η ∈ A and for all x ∈ Xη . This implies ax ∈ Y for all x ∈ ∪η∈A,
hence a ∈ M(∪η∈A Xη, Y ). Thus ∩η∈A M(Xη, Y ) ⊂ M(∪η∈A Xη, Y ).

(v) It is trivial.
As an immediate consequence of the above theorem we have

Corollary 2.19 If † denotes α,β or γ, then
(i) X ⊂ X††, (ii) X ⊂ Y implies Y † ⊂ X†, (iii) X† = X†††, (iv) (∪η∈A Xη)

† =
∩η∈A X†

η .

Example 2.4 We have
(i) M(c0, c) = �∞, (ii) M(c, c) = c, (iii) M(�∞, c) = c0.

Proof (i) If a ∈ �∞, then ax ∈ c for all x ∈ c0, and so �∞ ⊂ M(c0, c). Conversely,
let a /∈ �∞. Then there is a subsequence (ak j )

∞
j=0 of the sequence a such that

|ak j | > j + 1 for all j = 0, 1, . . .. We define the sequence x by

xk =
{

(−1) j/ak j for k = k j

0 for k 	= k j
(2.13)
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for j = 0, 1, . . .. Then x ∈ c0 and ak j xk j = (−1) j for all j = 0, 1, . . ., hence
ax /∈ c. This gives M(c0, c) ⊂ �∞.

(ii) If a ∈ c, then ax ∈ c for all x ∈ c, and so c ⊂ M(c, c). Conversely, let x /∈ c.
Then we have a /∈ M(c, c) , since e ∈ c and ae = a /∈ c. Hence M(c, c) ⊂ c.

(iii) If a ∈ c0, then ax ∈ c for all x ∈ �∞, and so c0 ⊂ M(�∞, c). Conversely,
let a /∈ c0. Then there is a real number b > 0 and a subsequence (ak j )

∞
j=0 of the

sequence a such that |ak j | > b for all j = 0, 1, . . .. We define the sequence x as in
(2.13). Then x ∈ �∞ and ak j xk j = (−1) j for j = 0, 1, . . ., hence a /∈ M(�∞, c).
This shows M(�∞, c) ⊂ c0 and completes the proof.

Example 2.5 Let † denote any of the symbols α,β or γ. Then w† = φ, φ† = w,

c†0 = c† = �
†∞ = �1, �

†
1 = �∞, and �

†
p = �q (1 < p < ∞; q = p/(p − 1)).

Theorem 2.20 ([3, Theorem 7.2.7, p. 106]) Let X ⊃ φ be an F K space.

(a) We have Xγ ⊂ X f

(b) If X has AK then Xβ = X f .

Proof Let a ∈ Xβ . We define the linear functional f by f (x) = ∑∞
k=0 ak xk for all

x ∈ X . Then f ∈ X ′, and we have f (e(n)) = an for all n, hence a ∈ X f . Thus

Xβ ⊂ X f . (2.14)

(b) Now suppose that X has AK , and a ∈ X f . Let x ∈ X be given. Then
x = ∑∞

k=0 xke(k), since X has AK , and since f ∈ X ′, we have f (x) =∑∞
k=0 xk f (e(k)) = ∑∞

k=0 xkak, hence a ∈ Xβ . Thus X f ⊂ Xβ, which together
with (2.14) gives Xβ = X f .

(a) First we observe that φ̄ ⊂ X implies Xγ ⊂ (φ̄)γ by Theorem 2.18 (ii).
Furthermore, we have (φ̄)γ = (φ̄)β ⊂ (φ̄) f = X f by Theorem 2.13, (2.14) and
Theorem 2.17 (a). Thus we have shown Xγ ⊂ X f .

This completes the proof.
It turns out that the multiplier spaces and the functional duals of BK spaces are

again BK spaces. These results do not extend to F K spaces, in general.

Theorem 2.21 ([5, Theorem 1.30]) Let X ⊃ φ and Y be BK spaces. Then Z =
M(X, Y ) is a BK space with ‖ z ‖= supx∈SX

‖ xz ‖ for z ∈ Z.

Proof Let ‖ . ‖X and ‖ . ‖Y denote the BK norms of X and Y. Every z ∈ Z defines
a diagonal matrix map ẑ: X → Y where ẑ(x) = xz = (xk zk)

∞
k=0 for all x ∈ X , and

then ẑ ∈ B(X; Y ) (since (X; Y ) ⊂ B(X; Y ) which is proved in the next chapter).
This embeds Z in B(X, Y ), for if ẑ = 0 then (ẑ(e(n))n = zn = 0 for all n, hence
z = 0.

To see that the coordinates are continuous, we fix n and put u = 1/ ‖ e(n) ‖X

and v =‖ e(n) ‖Y . Then we have ‖ ue(n) ‖X= 1 and uv | zn |= u ‖ zne(n) ‖Y =
u ‖ e(n)z ‖Y =‖ (ue(n))z ‖Y ≤‖ z ‖ .

Now we have to show that Z is a closed subspace of the Banach space B(X, Y ).
Let (ẑ(m))∞m=0 be a sequence in B(X, Y ) with ẑ(m) → T ∈ B(X, Y ) (m → ∞). For
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every fixed x ∈ X , we obtain ẑ(m)(x) → T (x) ∈ Y (m → ∞), and since Y is a
BK space, this implies xk z(m)

k = (ẑ(m)(x))k → (T (x))k (m → ∞) for every fixed

k. If we choose x = e(k) then we obtain z(m)
k → tk = (T (e(k)))k . Thus we have

xk z(m)
k → tk and xk z(m)

k → (T (x))k (m → ∞), hence T (x) = xt , and so T = t .
This shows that Z is closed.

This completes the proof.
We obtain as an immediate consequence of Theorem 2.21 the following corollary.

Corollary 2.22 The α-,β-, and γ-duals of a BK space X are BK spaces with
‖ a ‖α=‖ a ‖X,α= supx∈SX

‖ ax ‖1= supx∈SX

(∑∞
k=0 | ak xk |) for all a ∈ Xα,

and ‖ a ‖β=‖ a ‖X,β= supx∈SX
‖ a ‖bs= supx∈SX

(
supn | ∑n

k=0 ak xk |) for all
a ∈ Xβ, Xγ . Furthermore, Xβ is a closed subspace of Xγ .

Proof The first part is an immediate consequence of Theorem 2.21. Since the BK
norms on Xβ and Xγ are the same and Xβ ⊂ Xγ by Remark 2.4 (i), the second part
follows from Theorem 1.7.

Remark 2.6 Let X be any of the spaces �∞, c, c0, and �p (1 ≤ p < ∞). Then,
the norms ‖ . ‖Xβ , ‖ . ‖∗

X , ‖ . ‖X,α and ‖ . ‖X,β are equivalent on Xβ, where
‖ a ‖∗

X= supx∈SX
| ∑∞

k=0 ak xk | .

Remark 2.7 Theorem 2.21 fails to hold for F K spaces, in general.

Example 2.6 The space w is an F K space, and wα = wβ = wγ = φ, but φ has no
Fréchet metric.

We give the following result without proof.

Theorem 2.23 ([3], Theorem 7.2.14, p. 108) Let X ⊃ φ be BK space. Then X f is
a BK space.

Theorem 2.24 ([3], Theorem 7.2.15, p. 108) Let X ⊃ φ be BK space. Then X f f ⊃
clX (φ). Hence, if X has AD, then X ⊂ X f f .

Proof First we have to show φ ⊂ X f in order for X f f to be meaningful. This is true
because Pk ∈ X ′ for all k where Pk(x) = xk (x ∈ X) since X is a BK space, and
q(Pk) = e(k) (Theorem 2.16 (i)). Since the second part is equivalent to the first part
by Theorem 2.17 (b), we assume that X has AD and have to show X ⊂ X f f .

Let x ∈ X be given. We define the functional f : X ′ → C by f (ψ) = ψ(x)

for all ψ ∈ X ′. Then we have | f (ψ) |=| ψ(x) |≤‖ ψ ‖‖ x ‖, and consequently
f ∈ X ′′. Let q: X ′ → X f be the map of Theorem 2.16 (i) which is an isomorphism
by Theorem 2.16 (ii), since X has AK . Thus the inverse map q−1: X f → X ′ exists.
We define the map g: X f → C by g(b) = ψ(x) (b ∈ X f ) where x = q−1(b). It
follows that

| g(b) |=| ψ(x) |=| f (ψ) |≤‖ f ‖‖ ψ ‖=‖ f ‖‖ q−1(b) ‖≤‖ f ‖‖ q−1 ‖‖ b ‖,
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and the Open Mapping Theorem yields ‖ q−1 ‖< 1. Thus we have g ∈ (X f )′.
Finally it follows that xk = Pk(x) = g(q(Pk)) = g(e(k)) for all k, hence x ∈ X f f .
Thus we have X ⊂ X f f .

This completes the proof.

Remark 2.8 The condition that X has AD is not necessary for X ⊂ X f f , in general.
For example, in Example 2.2, X does not have AD.

2.5 Matrix Classes of Some FK and BK Spaces

In this section,we apply the results of the theory of F K and BK spaces to characterize
the matrix classes.

Let (X, d) be a metric space, δ > 0, and x0 ∈ X. Then, we write Bδ[x0] =
{x ∈ X : d(x, x0) ≤ δ} for the closed ball of radius δ with its center in x0. If X ⊂ w

is a linear metric space and a ∈ w, then we write

‖ a ‖∗
δ=‖ a ‖∗

δ,X= sup
x∈Bδ[x0]

|
∞∑

k=0

ak xk | (2.15)

provided the expression on the right-hand side exists and is finite which is the case
whenever a ∈ Xβ; if X is a normed space, we write

‖ a ‖∗
X= sup

x∈SX

|
∞∑

k=0

ak xk | (2.16)

where SX is the unit sphere in X.

Let A be an infinite matrix, D a positive real, and X an F K space. Then, we put

M∗
A,D(X, �∞) = sup

n
‖ An ‖∗

D

and, if X is a BK space, then we write

M∗
A(X, �∞) = sup

n
‖ An ‖∗ .

Remark 2.9 Let 1 < p < ∞ andq = p/(p−1).Then,wehave �
β∞ = cβ = cβ

0 = �1

and �
β
p = �q . Furthermore, let X denote any of the spaces �∞, c, c0, �1, or �p. Then,

we have ‖ a ‖∗
X=‖ a ‖Xβ for all a ∈ Xβ , where ‖ . ‖Xβ is the natural norm on the

dual space Xβ .

Now we give here results on matrix transformations using the theory of F K and
BK spaces.
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Theorem 2.25 ([6, Theorem 5]) An F K space X contains �1 if and only if

{
e(k): k = 0, 1, 2, . . .

}
(2.17)

is a bounded subset of X.

Proof Let X contain �1. Then the inclusion map ι: �1 → X is continuous. Since{
e(k): k = 0, 1, 2, . . .

}
is bounded in �1, it is bounded in X.

Conversely, suppose that (2.17) holds. Let x = (xk) ∈ �1 and let q be a continuous
seminorm on X. Then

q

(
n∑

k=m

xke(k)

)
≤

n∑

k=m

| xk | q(e(k)).

Since x = (xk) ∈ �1, i.e.,
∑∞

k=0 | xk | is convergent, we have
∑n

k=m | xk | q(e(k)) → 0 (m, n → ∞).Thus
(∑n−1

k=0 xke(k)
)

n
is a Cauchy sequence

convergent to x in X. Moreover, x ∈ X since X is complete. Hence �1 ⊂ X.

This completes the proof.
We derive the following corollary:

Corollary 2.26 Let A = (ank) be an infinite matrix and X an F K space. Then,
A ∈ (�1, X) if and only if the columns of A belong to X and form a bounded subset
of X.

Now from this corollary, we easily deduce the following classical results of sum-
mability theory.

If we put X = c, then we get:

Corollary 2.27 A ∈ (�1, c) if and only if (i) supn,k | ank |< ∞, and (ii) limn ank

exists for all k.

If we put X = �1, then we get:

Corollary 2.28 A ∈ (�1, �1) if and only if supk
∑

n | ank |< ∞.

If we put X = �p, then we get:

Corollary 2.29 A ∈ (�1, �p) if and only if supk (
∑

n | ank |p )1/p < ∞.

If we put X = �∞ then we get:

Corollary 2.30 A ∈ (�1, �∞) if and only if supn,k | ank |< ∞.

The following result is one of the most important in matrix transformations:

Theorem 2.31 [3, Theorem 4.2.8] Any matrix map between F K spaces is
continuous.

Proof Let X and Y be FK spaces, A ∈ (X, Y ) and the map f A: X → C be defined
by f A(x) = Ax for all x ∈ X . Since the maps Pn ◦ f A: X → C are continuous for
all n ∈ N0 by Theorem 1.6, the linear map f A is continuous by Corollary 1.5.

This completes the proof.
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Theorem 2.32 [5, Theorem 1.23(b)] Let X be an F K space. Then, we have A ∈
(X, �∞) if and only if

‖ A ‖∗
δ= sup

n
‖An‖∗

δ < ∞ for some δ > 0, (2.18)

where An = (ank)
∞
k=1 denotes the sequence in the n-th row of the matrix A.

Proof First, we assume that (2.18) is satisfied. Then the series An(x) converge for
all x ∈ Bδ[0] and for all n, and Ax ∈ �∞ for all x ∈ Bδ[0]. Since Bδ[0] is absorbing
by Remark 1.3, we conclude that the series An(x) converge for all n and all x ∈ X ,
and Ax ∈ �∞ for all x ∈ X, i.e., A ∈ (X, �∞).

Conversely, suppose that A ∈ (X, �∞). Then the map L A: X → �∞ defined
by L A(x) = Ax for all x ∈ X is continuous by Theorem 2.31. Hence there exist a
neighborhoodU of 0 in X and a real δ > 0 such that Bδ[0] ⊂ U and ‖ L A(x) ‖∞< 1
for all x ∈ X . This implies (2.18).

This completes the proof.

Theorem 2.33 [7, Theorem 3.20] Let X and Y be BK spaces. Then, we have

(a) (X, Y ) ⊂ B(X, Y ), that is, every matrix A ∈ (X, Y ) defines an operator
L A ∈ B(X, Y ) by L A(x) = Ax for all x ∈ X.

(b) If X has AK , then B(X, Y ) ⊂ (X, Y ), that is, for every operator L ∈ B(X, Y )

there exists a matrix A ∈ (X, Y ) such that L(x) = Ax for all x ∈ X.
(c) A ∈ (X, �∞) if and only if

‖ A ‖(X,�∞)= sup
n

‖ An ‖∗
X< ∞ . (2.19)

if A ∈ (X, �∞), then
‖ A ‖(X,�∞)=‖ L A ‖ . (2.20)

Proof (a) This is Theorem 2.31.
(b) Let L: X → Y be a continuous linear operator. We write Ln = Pn ◦ L for all n

and put ank = Ln(e(k)) for all n and k. Let x = (xk)
∞
k=1 be given. Since X has AK , we

have x = ∑∞
k=1 xke(k), and since Y is a BK space, it follows that Ln is continuous

linear functional on X for all n. Hence we obtain Ln(x) = ∑∞
k=1 xk Ln(e(k)) =∑∞

k=1 ank xk = An(x) for all n, and so L(x) = Ax .

(c) This follows immediately fromTheorem2.32 and the definition of‖ A ‖(X,�∞).
That is, if X is a BK space, then L A ∈ B(X, Y ) implies

‖ A(x) ‖∞= sup
n

| An(x) |=‖ L A(x) ‖∞≤‖ L A ‖

for all x ∈ X with ‖ x ‖= 1. Thus | An(x) |≤‖ L A ‖ for all n and for all x ∈ X with
‖ x ‖= 1, and, by the definition of the norm ‖ A ‖(X,�∞),
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‖ A ‖(X,�∞)= sup
n

‖ An ‖∗
X≤‖ L A ‖ . (2.21)

Further, given ε > 0, there is x ∈ X with ‖ x ‖= 1, ‖ A(x) ‖∞≥‖ L A ‖ −ε/2, and
there is n(x) ∈ N0 with | An(x)(x) | ≥‖ A(x) ‖∞ −ε/2, consequently | An(x)(x) |
≥‖ L A ‖ −ε. Therefore ‖ A ‖(X,�∞)= supn ‖ An ‖∗

X≥‖ L A ‖ −ε. Since ε > 0
was arbitrary, ‖ A ‖(X,�∞)≥‖ L A ‖ which together with (2.21) gives ‖ A ‖(X,�∞)=
‖ L A ‖ .

This completes the proof.

Theorem 2.34 [3, 8.3.6 and 8.3.7, pp. 123] We have
(a) Let Y and Y1 be F K spaces with Y1 a closed subspace of Y . If

(
b(k)

)∞
k=0 is a

Schauder basis for X, then A ∈ (X, Y1) if and only if A ∈ (X, Y ) and Ab(k) ∈ Y1
for all k ∈ N.

(b) Let X be an F K space, X1 = X ⊕ e = {x1 = x + λe: x ∈ X, λ ∈ C}, and Y
be a linear subspace of w. Then A ∈ (X1, Y ) if and only if A ∈ (X, Y ) and Ae ∈ Y.

Proof (a) The necessity of the conditions for A ∈ (X, Y1) is trivial.
Conversely, if A ∈ (X, Y ), then L A ∈ B(X, Y ). Since Y1 is a closed subspace of

Y , the F K metrics of Y1 and Y are the same by Theorem 1.7. Consequently, if S is
any subset in Y1, then, for its closures closY1(S) and closY |Y1 (S) with respect to the
metrics dY1 and dY |Y1 , we have

closY1(S) = closY |Y1 (S). (2.22)

Let x ∈ X and E = {∑m
k=0 λkb(k): m ∈ N0, λk ∈ C (k = 0, 1, 2, . . .)

}
denote

the span of {b(k): k = 0, 1, 2, . . .}. Since L A(b(k)) ∈ Y1 for all k = 0, 1, . . . and
the metrics dY1 and dY |Y1 are equivalent, the map L A|E : (X, dX ) → (Y1, dY1) is

continuous. Further, since (b(k))∞k=0 is a basis of X, we have Ē = X. Therefore, by
(2.22) and the continuity of L A, we have

L A(X) = L A(Ē) = closY1(L A|E (E)) = closY |Y1 (L A|E (E)) ⊂ closY |Y1 (Y1) = Y1.

Hence A ∈ (X, Y1).

(b) First, we assume A ∈ (X1, Y ). Then X ⊂ X1 implies A ∈ (X, Y ), and e ∈ X1
implies Ae ∈ Y.

Conversely, we assume A ∈ (X, Y ) and Ae ∈ Y. Let x1 ∈ X1 be given. Then
there are x ∈ X and λ ∈ C such that x1 = x + λe, and it follows that Ax1 =
A(x + λe) = Ax + λAe ∈ Y.

This completes the proof.

Theorem 2.35 Let X ⊃ φ be a BK space. Then, A ∈ (X, �1) if and only if An ∈ Xβ

for all n ∈ N and

sup
N∈F

∥∥∥∥∥
∑

n∈N

An

∥∥∥∥∥

∗

X

< ∞ . (2.23)
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If A ∈ (X, �1), then
‖A‖(X,�1) ≤ ‖L A‖ ≤ 4.‖A‖(X,�1), (2.24)

where
‖A‖(X,�1) = sup

N∈F
‖

∑

n∈N

An‖∗
X ,

and F denotes the collection of all non-empty and finite subsets of N.

Proof For (2.23), we refer to [8].
To show (2.24), let A ∈ (X, �1) and m ∈ N0 be given. Then, for all N ⊂

{1, 2, . . . , m} and for all x ∈ X with ‖ x ‖= 1,

|
∑

n∈N

An(x) |≤
m∑

n=0

| An(x) |≤ ‖L A‖,

and this implies that
‖A‖(X,�1) ≤ ‖L A‖. (2.25)

Furthermore, given ε > 0, there is x ∈ X with ‖ x ‖= 1 such that

‖A(x)‖1 =
∞∑

n=0

| An(x) |≥ ‖L A‖ − ε

2
,

and there is an integer m(x) such that

m(x)∑

n=0

| An(x) |≥ ‖A(x)‖1 − ε

2
.

Consequently
m(x)∑

n=0

| An(x) |≥ ‖L A‖ − ε.

By Lemma 3.9 of [5],

4

[
max

N⊂{0,1,...,m(x)} |
∑

n∈N

An(x) |
]

≥
m(x)∑

n=0

| An(x) |≥ ‖L A‖ − ε,

and so 4‖A‖(X,�1) ≥ ‖L A‖ − ε. Since ε > 0 was arbitrary, we have 4.‖A‖(X,�1) ≥
‖L A‖ which together with (2.25) this yields (2.24).

This completes the proof.
Consequently we have the following:
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Corollary 2.36 We have (c0, �1) = (c, �1) = (�∞, �1). Further, A ∈ (c0, �1) if and
only if

sup
K∈F

( ∞∑

n=0

∣∣∣∣∣
∑

k∈K

ank

∣∣∣∣∣

)
< ∞.

Remark 2.10 Since the BK spaces c0 and c are closed subspaces of �∞, the matrix
classes (X, c0) and (X, c) can be characterized by combining Theorem 2.33 (c) and
Theorem 2.34 (a), where X is a BK space with Schauder basis. On the other hand,
wemay note that if X , in Theorem 2.33 (c) or Theorem 2.34 (a), is any of the classical
sequence spaces, then any of (2.19), (2.20), or (2.23) implies the condition ‘An ∈ Xβ

for all n ∈ N’ by Remark 2.9. Thus, this condition is redundant in such cases. Also,
if X is a BK space with AK , then we obtain the following result which is immediate
by Propositions 3.2 and 3.3 of [9].

Theorem 2.37 Let X be a BK space with AK . Then, we have

(a) A ∈ (X, �∞) if and only if (2.19) holds.
(b) A ∈ (X, c) if and only if (2.19) and limn→∞ ank exists for every k ∈ N, hold.
(c) A ∈ (X, c0) if and only if (2.19) and limn→∞ ank = 0 for all k ∈ N, hold.
(d) A ∈ (X, �1) if and only if (2.23) holds.

2.6 Conservative, Regular, and Schur Matrices

Remark 2.11 The results of the previous sections yield the characterizations of the
classes (X, Y ) where X and Y are any of the spaces �p (1 ≤ p < ∞), c0, c with the
exceptions of (�p, �r ) where both p, r 	= 1,∞ (the characterizations are unknown),
and of (�∞, c) (Schur’s theorem) and (�∞, c0) forwhich no functional analytic proofs
seem to be known. The class (�2, �2) was characterized in [10].

Definition 2.8 A matrix A is called a conservative matrix if Ax ∈ c for all x ∈ c.
If in addition lim Ax = lim x for all x ∈ c, then A is called a regular matrix. The
class of conservative matrices will be denoted by (c, c) and of regular matrices by
(c, c; P) or (c, c)reg.

A matrix A is called a Schur matrix or coercive matrix if Ax ∈ c for all x ∈ �∞.

The class of Schur matrices will be denoted by (�∞, c).
The well-known Siverman–Toeplitz conditions for the regularity of A are (c.f. [2,

11, 12]):

(i) ‖ A ‖(�∞,�∞)= supn
∑∞

k=0 | ank |< ∞,

(ii) limn→∞ ank = 0 exists for every k, and
(iii) limn→∞

∑∞
k=0 ank = 1.

Next, two results concern the transpose AT of a matrix A which shall be very
useful in obtaining some matrix characterizations.
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Theorem 2.38 [3, Theorem 8.3.8, pp. 124 ] Let X be an F K space and Y be any
set of sequences. If A ∈ (X, Y ) then AT ∈ (Y β, X f ). If X and Y are BK spaces
and Y β has AD then we have AT ∈ (Y β, clX f (Xβ)).

Proof Let A ∈ (X, Y ) and z ∈ Y β be given. We define the functional f : X → C by
f (x) = ∑∞

n=0 zn An(x) (x ∈ X). Since X is an F K space, Ax ∈ Y by assumption
and z ∈ Y β , we have f ∈ X ′ by Theorem 1.6. Furthermore it follows that f (e(k)) =∑∞

n=0 znank for all k, hence AT z ∈ X f , i.e., AT ∈ (Y β, X f ).

Now we assume that X and Y are BK spaces and Y has AD. Then Y β ⊂ X f

by Theorem 2.20 (a), and X f is a BK space by Theorem 2.23. Also clX f (Xβ) is
a closed subspace of X f . Since A ∈ (X, Y ), we have An = (ank)

∞
k=0 ∈ Xβ for all

n, but AT e(n) = (
∑∞

j=0 a jke(k)
j )∞k=0 = (ank)

∞
k=0 = An ∈ Xβ for all n. So we have

AT ∈ (Y β, clX f (Xβ)) by Theorem 2.34 (a).
This completes the proof.

Theorem 2.39 [3, Theorem 8.3.9, pp. 124 ] Let X and Z be BK spaces with AK
and Y = Zβ . Then we have (X, Y ) = (Xββ, Y ); furthermore A ∈ (X, Y ) if and
only if AT ∈ (Z , Xβ).

Proof Since X is a BK space with AK , Xβ is a BK space by Corollary 2.22, and
Xβ = X f by Theorem 2.20 (b).

First we assume A ∈ (X, Y ). Then it follows by Theorem 2.38 and since Zββ ⊃ Z
that AT ∈ (Y β, Xβ) = (Zββ, Xβ) ⊂ (Z , Xβ).

Conversely, if AT ∈ (Z , Xβ) then it follows by Theorem 2.38 and since Xββ ⊃ X
that A ∈ (Xββ, Zβ) ⊂ (X, Zβ) = (X, Y ). This proves the second part.

To prove the first part, we first observe that X ⊂ Xββ implies (Xββ, Y ) ⊂ (X, Y ).

Conversely we assume A ∈ (X, Y ). Then we have AT ∈ (Z , Xβ) as proved
above, and Theorem 2.38 implies A = AT T ∈ (Xββ, Zβ) = (Xββ, Y ).

This completes the proof.

Theorem 2.40 [7, Example 5.4] (a) We have (c0, �∞) = (c, �∞) = (�∞, �∞);
furthermore A ∈ (�∞, �∞) = B(�∞, �∞) if and only if

‖ A ‖(�∞,�∞)= sup
n

∞∑

k=0

| ank |< ∞. (2.26)

If A is in any of the above classes then ‖ L A ‖=‖ A ‖(�∞,�∞).
(b) We have A ∈ (c0, c) if and only if (2.26) holds and

lim
n→∞ ank = αk exists for every k. (2.27)

If A ∈ (c0, c) then

lim
n→∞ An(x) =

∞∑

k=0

ank xk . (2.28)
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(c) A ∈ (c0, c0) if and only if (2.26) and (2.27) with αk = 0 for all k hold.

Proof (a) We have A ∈ (c0, �∞) if and only if (2.26) holds by Theorem 2.33, and
since cβ

0 = �1 and c∗
0 and �1 are norm isomorphic.

Furthermore c0 ⊂ c ⊂ �∞ implies (c0, �∞) ⊃ (c, �∞) ⊃ (�∞, �∞). Also
(c0, �∞) = (cββ

0 , �∞) = (�∞, �∞) by the first part of Theorem 2.39. Also for all
x ∈ �∞, we have

‖ A(x) ‖�∞≤‖ A ‖(�∞,�∞)‖ x ‖�∞ ,

i.e., A is a bounded linear operator. The last part is obvious from Theorem 2.33.
(b) Since c is a closed subspace of �∞, the characterization of the class (c0, c) is

an immediate consequence of Theorem 2.34 (a) and Part (a).
Now we assume A ∈ (c0, c) and write ‖ A ‖=‖ A ‖(�∞,�∞), for short. Let

m be a given non-negative integer. Then it follows from (2.27) and (2.26) that∑m
k=0 | αk |= limn→∞

∑m
k=0 | ank |≤‖ A ‖ . Since m was arbitrary, we have

(αk)
∞
k=0 ∈ �1,

∞∑

k=0

| αk |≤‖ A ‖ and
∞∑

k=0

| αk xk |≤‖ A ‖‖ x ‖∞ for all x ∈ c. (2.29)

Now let x ∈ c0 and ε > 0 be given. Then we can choose an integer k(ε) such that
| xk |≤ ε/(4 ‖ A ‖ +1) for all k > k(ε), and by (2.27) we can choose and integer
n(ε) such that

∑k(ε)
k=0 | ank − αk || xk |< ε/2. Let n > n(ε). Then (2.26) and (2.29)

imply

| An(x) −
∞∑

k=0

αk xk |≤
k(ε)∑

k=0

| ank − αk | +
∞∑

k=k(ε)+1

(| ank | + | αk |) | xk |

≤ ε

2
+ ε

4 ‖ A ‖ +1
(

∞∑

k=0

| ank | +
∞∑

k=0

| αk |) ≤ ε

2
+ ε

2
= ε.

Hence (2.28) holds.
(c) It directly follows from Part (b).
This completes the proof.

Theorem 2.41 [7, Example 5.5] We have (�1, �1) = B(�1, �1) and A ∈ (�1, �1) if
and only if

‖ A ‖(�1,�1)= sup
k

∞∑

n=0

| ank |< ∞. (2.30)

If A is in any of the classes above then ‖ L A ‖=‖ A ‖(�1,�1) .

Proof Since �1 has AK , Theorem 2.33 (b) yields the first part.
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We apply the second part of Theorem 2.39 with X = �1, Z = c0, BK spaces
with AK , and Y = Zβ = �1 to obtain A ∈ (�1, �1) if and only if AT ∈ (�∞, �∞);
by Theorem 2.40 (a), this is the case if and only if (2.30) is satisfied.

Furthermore, if A ∈ (�1, �1) then

‖ L A(x) ‖�1=
∞∑

n=0

|
∞∑

k=0

ank xk |≤|
∞∑

k=0

∞∑

n=0

| ank xk |≤‖ A ‖(�1,�1)‖ x ‖1

implies ‖ L A ‖≤‖ A ‖(�1,�1) . Also L A ∈ B(�1, �1) implies ‖ L A(x) ‖1=
‖ Ax ‖1≤‖ L A ‖‖ x ‖1, and it follows from ‖ e(k) ‖1= 1 for all k that
‖ A ‖(�1,�1)= supk

∑∞
n=0 | ank |= supk ‖ L(e(k)) ‖1≤‖ L A ‖ . Hence

‖ L A ‖=‖ A ‖(�1,�1) .

This completes the proof.

Theorem 2.42 (Kojima–Schur) [2, Theorem 3.3.3] (a) A is conservative, i.e., A ∈
(c, c) if and only if (2.26) and (2.27) hold, and

lim
n→∞

∞∑

k=0

ank = α exists. (2.31)

If A ∈ (c, c) and x ∈ c then

lim
n→∞ An(x) =

(
α −

∞∑

k=0

αk

)
lim

k→∞ xk +
∞∑

k=0

αk xk . (2.32)

(b) (Silverman–Toeplitz) A is regular, i.e., A ∈ (c, c; P) if and only if (2.26),
(2.27), and (2.31) hold with αk = 0 (k = 0, 1, 2, . . .) and α = 1. In this case A is
also known as the Toeplitz matrix.

Remark 2.12 The characterization of the class (c, c) is an immediate consequence
of Theorem 2.40 (a), and Theorem 2.34 (a) and (b). But we prove here something
more as follows:

Theorem 2.43 [7, Theorem 6.11] We have L ∈ B(c, c) if and only if there exists a
matrix A ∈ (c0, c) and a sequence b ∈ �∞ with

lim
n→∞

(
bn +

∞∑

k=0

ank

)
= α̃ exists (2.33)

such that
L(x) = b lim

k→∞ xk + Ax for all x ∈ c. (2.34)
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Furthermore, we have

‖ L ‖= sup
n

(
| bn | +

∞∑

k=0

| ank |
)

. (2.35)

Proof First we assume that L ∈ B(c, c). We write Ln = Pn ◦ L (n = 0, 1, . . .)
where Pn is the nth coordinate with Pn(x) = xn (x ∈ w). Since c is a BK space, we
have Ln ∈ c∗ for all n,

Ln(x) = bn lim
k→∞ xk +

∞∑

k=0

ank xk (x ∈ c) (2.36)

with

bn = Ln(e) −
∞∑

k=0

Ln(e(k)) and ank = Ln(e(k)) for k = 0, 1, . . . .

and

‖ Ln ‖=| bn | +
∞∑

k=0

| ank | . (2.37)

Now (2.36) yields (2.34). Since L(x0) = Ax0 for all x0, we have A ∈ (c0, c), and
so ‖ A ‖= supn

∑∞
k=0 | ank |< ∞ by Theorem 2.40 (b). Also L(e) = b + Ae

implies (2.33), and we obtain ‖ b ‖∞≤‖ L(e) ‖∞ + ‖ A ‖, that is, b ∈ �∞.
Consequently we have C = supn(| bn | +∑∞

k=0 | ank |) < ∞. Now ‖ L(x) ‖∞=
supn | bn limk→∞ xk + ∑∞

k=0 ank xk |≤ (supn(| bn | +∑∞
k=0 | ank |)) ‖ x ‖∞< ∞

implies ‖ L ‖≤ C . We also have | Ln(x) |≤‖ L(x) ‖∞ ≤ ‖ L ‖ for all x ∈ B̄c and
all n, and so supn ‖ Ln ‖= C ≤‖ L ‖. Thus (2.35) is proved.

Conversely we assume that A ∈ (c0, c) and b ∈ �∞ satisfy (2.33). Since A ∈
(c0, c) and b ∈ �∞ , we obtain C < ∞ by (2.26), and so L ∈ B(c, �∞). Finally
let x ∈ c be given and limk→∞ xk = ξ. Then we have x − ξe ∈ c0, Ln(x) =
bnξ + ∑∞

k=0 ank xk = (bn + ∑∞
k=0 ank)ξ + An(x − ξe) for all n, and it follows from

(2.33) and A ∈ (c0, c) that limn Ln(x) exists. Since x ∈ c was arbitrary, we have
L ∈ B(c, c).

This completes the proof.
First we state the following lemma which is needed in proving Schur’s theorem.

To the best of our knowledge it seems that the functional analytic proof of Schur’s
theorem does not exist yet.

Lemma 2.44 [2, Theorem 3.3.7] Let B = (bnk)n,k be an infinite matrix such that∑
k | bnk |< ∞ for each n and

∑
k | bnk |→ 0 (n → ∞). Then

∑
k | bnk |

converges uniformly in n.

Proof
∑

k | bnk |→ 0 (n → ∞) implies that
∑

k | bnk |< ∞ for n ≥ N (ε).
Since

∑
k | bnk |< ∞ for 0 ≤ n ≤ N (ε), there exists m = M(ε, n) such that
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∑
k≥M | bnk |< ∞ for all n, which means that

∑
k | bnk | converges uniformly in

n.

This completes the proof.

Theorem 2.45 (Schur) [2, Theorem 3.3.8] A ∈ (�∞, c) if and only if (2.27) holds
and ∑

k

| bnk | converges uniformly in n. (2.38)

Proof Suppose that the conditions (2.27) and (2.38) hold, and x ∈ �∞. Then,∑
k ank xk is absolutely and uniformly convergent in n ∈ N. Hence,

∑
k ank xk →∑

k αk xk (n → ∞) which gives that A ∈ (�∞, c).
Conversely, suppose that A ∈ (�∞, c) and x ∈ c. Then necessity of (2.27) follows

easily by taking x = e(k) for each k. Define bnk = ank − αk for all k, n ∈ N. Since∑
k | αk |< ∞, (

∑
k bnk xk)n converges whenever x = (xk) ∈ �∞. Now if we can

show that this implies
lim

n

∑

k

| bnk |= 0, (2.39)

then by using Lemma 2.44, we shall get the desired result. Suppose to the contrary
that limn

∑
k | bnk |	= 0. Then, it follows that limn

∑
k | bnk |= l > 0 through some

subsequence of the positive integers. Also we have bmk → 0 as m → ∞ for each
k ∈ N. Hence we may determine m(1) such that

|
∑

k

| bm(1),k | −l |< l/2 and bm(1),1 < l/2.

Since
∑

k | bm(1),k |< ∞ we may choose k(2) > 1 such that

∞∑

k=k(2)+1

| bm(1),k |< l/2 .

It follows that

|
k(2)∑

k=2

| bm(1),k | −l |< l/2.

For our convenience we use the notation
∑q

k=p | bmk |= B(m, p, q).

Now we choose m(2) > m(1) such that | B(m(2), 1,∞) − l |< l/10 and
B(m(2), 1, k(2)) < l/10. Then choose k(3) > k(2) such that | B(m(2), k(3) +
1,∞) − l |< l/10. It follows that | B(m(2), k(2) + 1, k(3)) − l |< 3l/10. Con-
tinuing in this way and find m(1) < m(2) < · · · , 1 = k(1) < k(2) < · · · such
that ⎧

⎨

⎩

B(m(r), 1, k(r)) < l/10
B(m(r), k(r + 1) + 1,∞) < l/10
| B(m(r), k(r) + 1, k(r + 1)) − l |< 3l/10

(2.40)
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Let us define x = (xk) ∈ �∞ such that ‖ x ‖= 1 by

xk =
{
0, if k = 1,
(−1)r sgn(bm(r),k), if k(r) < k ≤ k(r + 1),

(2.41)

for r = 1, 2, . . .. Then write
∑

k bm(r),k xk as
∑

1 +∑
2 +∑

3, where
∑

1 is over
1 ≤ k ≤ k(r),

∑
2 is over k(r) ≤ k ≤ k(r + 1) and

∑
2 is over k > k(r + 1) . It

follows immediately from (2.40) with the sequence x given by (2.41) that

|
∑

k

bm(r),k − (−1)r l |< l/2.

Consequently, it is clear that the sequence Bx = (
∑

k bnk xk) is not a Cauchy
sequence and so is not convergent. Thus we have proved that Bx is not conver-
gent for all x ∈ �∞ which contradicts the fact that A ∈ (�∞, c). Hence, (2.39) must
hold. Now, it follows by Lemma 2.44 that

∑
k | bnk | converges uniformly in n.

Therefore,
∑

k | ank |= ∑
k | bnk + αk | converges uniformly in n.

This completes the proof.
We get the following corollary:

Corollary 2.46 A ∈ (�∞, c0) if and only if

lim
n

∑

k

| bnk |= 0. (2.42)

Definition 2.9 The characteristic χ(A) of a matrix A = (ank) ∈ (c, c) is defined by

χ(A) = lim
n→∞

∑

k

ank −
∑

k

(
lim

n→∞ ank

)

which is a multiplicative linear functional. The numbers limn→∞ ank and
limn→∞

∑
k ank are called the characteristic numbers of A. A matrix A is called

coregular if χ(A) 	= 0 and is called conull if χ(A) = 0.

Remark 2.13 The Silverman–Toeplitz theorem yields for a regular matrix A that
χ(A) = 1 which leads us to the fact that regular matrices form a subset of coregular
matrices. One can easily see for a Schur matrix A that χ(A) = 0 which says us that
coercive matrices form a subset of conull matrices. Hence, we have the following
result which is known as Steinhaus’s theorem.

Theorem 2.47 (Steinhaus) [2, Theorem 3.3.14] For every regular matrix A, there
is a bounded sequence which is not summable by A.

Proof We assume that a matrix A ∈ (c, c; P) ∩ (�∞, c). Then it follows from
Theorem 2.42 (b) and Theorem 2.45 that 1 = limn→∞

∑∞
k=0 ank = ∑∞

k=0(limn→∞
ank) = 0, a contradiction.
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This completes the proof.
We observe the following application of Corollary 2.46.

Theorem 2.48 [12, Corollary, pp. 225]Weak and strong convergence coincide in �1.

Proof We assume that the sequence (x (n))∞n=0 is weakly convergent to x in �1, that
is, | f (x (n)) − f (x) |→ 0 (n → ∞) for every f ∈ �∗

1. Since �∗
1 and �∞ are

norm isomorphic, to every f ∈ �∗
1 there corresponds a sequence a ∈ �∞ such that

f (y) = ∑∞
k=0 ak yk .We define thematrix B = (bnk)

∞
n,k=0 by bnk = x (n)

k −xk (n, k =
0, 1, . . .). Then we have f (x (n))− f (x) = ∑∞

k=0 ak(x (n)
k − xk) = ∑∞

k=0 bnkak → 0
(n → ∞) for all a ∈ �∞, that is, B ∈ (�∞, c0), and it follows from Corollary 2.46
that ‖ x (n) − x ‖1= ∑∞

k=0 | x (n)
k − xk |= ∑∞

k=0 | bnk |→ 0 (n → ∞).
This completes the proof.

2.7 Matrix Transformations for Matrix Domains

In this section, we characterize the classes (X, YT ) and (X, Y[T ]) for triangles T .

Theorem 2.49 [5, Theorem 3.8] Let T be a triangle.
(a) Then, for arbitrary subsets X and Y of w, A ∈ (X, YT ) if and only if B =

T A ∈ (X, Y ).
(b) If X and Y are BK spaces and A ∈ (X, YT ), then

‖ L A ‖=‖ L B ‖ . (2.43)

Proof (a) It is straightforward, recall that Ax ∈ YT if and only if Bx = (T A)x =
T (Ax) ∈ Y.

(b) Let A ∈ (X, YT ). Since Y is a BK space and T a triangle, YT is a BK space
with

‖ y ‖YT =‖ T (y) ‖Y (y ∈ YT ), (2.44)

by Theorem 1.11. Therefore A is continuous by Theorem 2.31 and

‖ L A ‖= sup
{‖ L A(x) ‖YT : ‖ x ‖= 1

} = sup
{‖ A(x) ‖YT : ‖ x ‖= 1

}
< ∞.

(2.45)
Further, since B is continuous, we have

‖ L B ‖= sup {‖ L B(x) ‖Y : ‖ x ‖= 1} = sup {‖ B(x) ‖Y : ‖ x ‖= 1} < ∞.

(2.46)
Let x ∈ X . Since An ∈ Xβ for all n = 0, 1, . . ., we have x ∈ wA. Further Tn ∈ φ
(n = 0, 1, . . .), since T is a triangle. Hence B(x) = (T A)(x) = T (A(x)) (cf. [3,
Theorem 1.4.4]), and (2.43) follows from (2.44)–(2.46).

This completes the proof.
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For the characterization of the class (X, Y[T ]), we need the following lemma due
to Peyerimhoff [13].

Lemma 2.50 Let a0, a1, . . . , an ∈ C . Then

n∑

k=0

| ak |≤ 4. max
N⊂{0,1,...,n} |

∑

k∈N

ak | .

Proof First we consider the case for a0, a1, . . . , an ∈ R. Put N+ = {k ∈
{0, 1, . . . , n}: ak ≥ 0} and N− = {k ∈ {0, 1, . . . , n}: ak < 0}. Then

n∑

k=0

| ak |=|
∑

k∈N+
ak | + |

∑

k∈N−
ak |≤ 2. max

N⊂{0,1,...,n} |
∑

k∈N

ak | . (2.47)

Now let a0, a1, . . . , an ∈ C. We put ak = αk + iβk (k = 0, 1, . . . , n). For any
N ⊂ {0, 1, . . . , n}, let us write

xN =
∑

k∈N

αk, yN =
∑

k∈N

βk, zN = xN + iyN =
∑

k∈N

ak .

Now we choose subsets Nr , Ni , and N∗ of {0, 1, . . . , n} such that
| xNr |= max

N⊂{0,1,...,n} | xN |, | yNi |= max
N⊂{0,1,...,n} | yN |, | zN∗ |= max

N⊂{0,1,...,n} | zN | .

Then, for all N ⊂ {0, 1, . . . , n}, we have | xNr |, | yNi |≤ | zN∗ | and | xNr | +
| yNi |≤ 2 | zN∗ |. Therefore, by (2.47),

n∑

k=0

| ak |≤
∑

k∈N+
| αk | + |

∑

k∈N−
| βk |≤ 2(| xNr | + | yNi |)

≤ 4. | zN∗ |= 4. max
N⊂{0,1,...,n} |

∑

k∈N

ak | .

This completes the proof.

Theorem 2.51 [5, Theorem 3.10] Let A be an infinite matrix and B a positive
triangle. For each m ∈ N0, let Nm be a subset of the set {0, 1, . . . , n}, N = (Nm)∞m=0
the sequence of the subsets Nm and N the set of all such sequences N. Furthermore,
for each N ∈ N , define the matrix SN = SN (A) by s N

mk = ∑
n∈Nm

bmnank (m, k =
0, 1, . . .). Then, for arbitrary subsets X of w and any normal set Y of sequences,
A ∈ (X, Y[B]) if and only if SN (A) ∈ (X, Y ) for all sequences N ∈ N .

Proof Assume that A ∈ (X, Y[B]). Then An ∈ Xβ (n = 0, 1, . . .) implies SN
m ∈ Xβ

for allm and all N ∈ N . For each x ∈ X , we put y = B(| A(x) |). Then A(x) ∈ Y[B],
that is, y ∈ Y , and
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| SN
m (x) |≤|

∞∑

k=0

s N
mk xk |=|

∑

n∈Nm

bmn

∞∑

k=0

ank xk |≤| ym | (m = 0, 1, . . .)

for all N ∈ N together imply SN (x) ∈ Y for all N ∈ N , since Y is normal. Hence
SN ∈ (X, Y ) for all N ∈ N .

Conversely, let SN ∈ (X, Y ) for all N ∈ N . Then SN
m ∈ Xβ for all m and for

all N ∈ N , in particular, for N = (m)∞m=0, SN
m = bmm Am ∈ Xβ, hence Am ∈ Xβ ,

since bmm 	= 0. Further, let x ∈ X be given. For every m = 0, 1, . . ., choose the set
N (0)

m ⊂ {0, . . . , } such that

|
∑

n∈N (0)
m

bmn An(x) |=| max
Nm⊂{0,1,...,m} bmn An(x) | .

Then, by Lemma 2.50, we have

| ym |≤ 4 |
∑

n∈N (0)
m

bmn An(x) |= 4 | SN (0)
(x) | .

Hence by hypothesis, SN (0)
(x) ∈ Y, and the normality of Y implies y =

B(| A(x) |) ∈ Y, that is, A ∈ (X, Y[B]).
This completes the proof.

Lemma 2.52 ([14, Lemma 28]) Let X be an F K space with AK and Z = XT . We
write R = St for the transpose of S. Then, we have

(XT )β ⊂ (Xβ)R .

Theorem 2.53 ([14, Theorem29]) (a)Let X be an F K space with AK and Z = XT .
We write R = St for the transpose of S. Then, a ∈ (XT )β if and only if

a ∈ (Xβ)R and W ∈ (X, c0), (2.48)

where the matrix W is defined by

wmk =
⎧
⎨

⎩

∞∑
j=m

a j s jk, (0 ≤ k ≤ m),

0, (k > m).

(m = 0, 1, 2, . . .).
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Moreover, if a ∈ (XT )β then, we have

∞∑

k=0

ak zk =
∞∑

k=0

Rk(a)Tk(z) (2.49)

for all z ∈ Z , where Rk(a) = ∑∞
j=k a j s jk .

(b) The statement of Part (a) also holds when X = �∞.

Theorem 2.54 ([14, Remark 30]) We have a ∈ (cT )β if and only if a ∈ (�1)R and
W ∈ (c, c). Moreover, if a ∈ (cT )β , then we have

∞∑

k=0

ak zk =
∞∑

k=0

Rk(a)Tk(z) − ξα for all z ∈ cT , (2.50)

where ξ = limk→∞ Tk(z) and α = limm→∞
∑m

k=0 wmk .

Theorem 2.55 ([14, Theorem 31]) (a) Let X be an F K space with AK , Y be an
arbitrary subset of w, and T be a triangle and R = St . Then, A ∈ (XT , Y ) if and
only if Â ∈ (X, Y ) and W (n) ∈ (X, c0) for all n = 0, 1, . . ., where Â is the matrix
with the rows Ân = R(An) for n = 0, 1, . . ., and the triangles W (n) are defined by

w
(n)
mk =

∞∑

j=m

anj s jk .

Moreover, if A ∈ (XT , Y ) then,

A(z) = Â(T (z)) for all z ∈ Z = XT. (2.51)

(b) The statement of Part (a) also holds for X = �∞.

Proof (a) First, we assume A ∈ (Z , Y ). Then, An ∈ Zβ for all n, hence W (n) ∈
(X, c0) and Ân ∈ Xβ for all n by Theorem 2.53. Let x ∈ X be given, hence
z = S(x) = T −1(x) ∈ Z . Since An ∈ Zβ implies An(z) = Ân(T (z)) = Ân(x)

for all n by (2.49), and A(z) ∈ Y for all z ∈ Z implies Â(x) = A(z) ∈ Y . Hence
Â ∈ (X, Y ) and (2.51) holds.

Conversely, we assume Â ∈ (X, Y ) and W (n) ∈ (X, c0) for all n. Then, we
have Ân ∈ Xβ for all n, and this and W (n) ∈ (X, c0) together imply An ∈ Zβ

by Theorem 2.53. Now, let z ∈ Z be given, hence x = T (z) ∈ X , and again we
have An(z) = Ân(x) for all n by (2.49), and Â(x) ∈ Y for all x ∈ X implies
A(z) = Â(x) ∈ Y . Hence we have A ∈ (X, Y ).

(b) It is obvious from Part (a) and the proof of Theorem 2.53.
This completes the proof.
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Theorem 2.56 [14, Remark 32] Let Y be a linear subspace of ω. Then, we have
A ∈ (cT , Y ) if and only if

Â ∈ (c0, Y ) and W (n) ∈ (c, c) for all n (2.52)

and

Â(e) − (αn)∞n=0 ∈ Y, where αn = lim
m→∞

m∑

k=0

w
(n)
mk for all n. (2.53)

Moreover, if A ∈ (cT , Y ) then, we have

A(z) = Â(T (z)) − ξ((αn))∞n=0 for all z ∈ cT , where ξ = lim
k→∞ Tk(z). (2.54)

Proof First we assume A ∈ (cT , Y ). Then, it follows that A ∈ ((c0)T , Y ) and so
Â ∈ (c0, Y ) by Theorem 2.53. Also by Theorem 2.54, An ∈ (cT )β for all n implies
W (n) ∈ (c, c) for all n. Furthermore, we obtain (2.53) from (2.50). If A ∈ (cT , Y ),
then (2.54) is an immediate consequence of (2.50).

Conversely, we assume that the conditions in (2.52) and (2.53) are satisfied. Then,
Ân = R(An) ∈ cβ

0 = �1 and W (n) ∈ (c, c) together imply An ∈ (cT )β by Theorem
2.54. Let z ∈ cT be given. Then, we have x = T (z) ∈ c. We put x (0) = x − ξe,
where ξ = limk→∞ xk . Then, x (0) ∈ c0 and it follows from (2.50) that

A(z) = Â(T (z)) − ξ((αn))∞n=0 = Â(x (0)) + ξ
(

Â(e) − (αn)∞n=0

)
∈ Y

since Â ∈ (c0, Y ), Â(e) − (αn)∞n=0 ∈ Y and Y is a linear space.
This completes the proof.
Analogous to Theorem 2.49 (b) we give the operator norm for A ∈ (XT , Y ).

Theorem 2.57 [14, Theorem 33] Let T be a triangle. Let X and Y be BK spaces
and X have AK . If A ∈ (XT , Y ), then

‖ L A ‖=‖ L Â ‖, (2.55)

where Â is the matrix defined in Theorem 2.55.

Proof Suppose that A ∈ (XT , Y ). Since X is a BK space, so is Z = XT with
the norm ‖ . ‖Z=‖ T (.) ‖ by [3, Theorem 4.3.12, p. 63]. This also means that
x ∈ BX (0, 1) if and only if z = S(x) ∈ BZ (0, 1). Since matrix maps between BK
spaces are continuous, it follows that L A ∈ B(Z , Y ), and so L Â ∈ B(X, Y ) by
Theorem 2.55. We have by (2.51)
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‖ L Â ‖= sup
x∈BX (0,1)

‖ L Â(x) ‖= sup
x∈BX (0,1)

‖ Â(x) ‖

= sup
z∈BZ (0,1)

‖ A(z) ‖= sup
z∈BZ (0,1)

‖ L A(z) ‖=‖ L A ‖

which yields (2.55).
This completes the proof.

Exercises

1. Prove that �∗
p � �q , i.e., the continuous dual of �p is �q for 1 < p < ∞,

p−1 + q−1 = 1.
2. Show that (i) cs∗ � bv, (ii) bv∗ � bs.
3. Show that (i) �α = �, (ii) �α = �, where

� :=
{

x ∈ ω: lim
n

|xn|1/n = 0
}

,

� :=
{

x ∈ ω: sup
n

|xn|1/n < ∞
}

.

4. Prove (i) bvβ = cs, (ii) bv
β
0 = bs, and (iii) bsβ = bv0.

5. Show that mα
0 = �1 = mβ

0 = mγ
0 , where m0 = sp{E}, E is the set of sequences

of zeros and ones.
6. Show that Pα = �1, Pβ = cs, Pγ = bs, where

P := {x ∈ ω: xk+1 = xk, k ≥ 0, for some k0 ∈ N}.

7. Show that (i) m∗
0 = M, (ii) �∗ = �, (iii) P∗ = �1 ⊕ K.

8. Show that � and � are perfect .
9. If X ⊃ φ is an F K space, then show that X f = (φ̄) f and (φ̄)′ ∼= X f by virtue

of f → ( f (e(k))).
10. Let (X, ‖.‖X ) and (Y, ‖.‖Y ) be BK spaces with X ⊃ φ and Z = M(X, Y ). Then

prove that Z is a BK space with ‖.‖ defined by

‖z‖ = ‖z‖∗
X = sup{‖xz‖Y : ‖x‖X = 1}

for all z ∈ Z .
11. Prove that

∑∞
k=1 xk yk converges, whenever

∑∞
k=1 xk has a bounded partial sums,

if and only if (yk) ∈ bv ∩ c0.
12. Let 1 < p < ∞ and suppose that A ∈ (�1, �1) ∩ (�∞, �∞). Then show that

A ∈ (�p, �p).
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13. Prove that

(a) (c, c; P) ⊂ (�∞, �∞),

(b) (�∞, c) ⊂ (c, c),
(c) (c, c; P) ⊂ (c0, c0).

14. Show that (c, c; P) ∩ (�∞, c) = ∅.

15. Prove that every matrix in (�∞, c) is conull.
16. Prove that the Cesàro matrix of order r is a Toeplitz (regular) matrix if r ≥ 0.
17. Prove that the Euler matrix of order r is a Toeplitz (regular) matrix.
18. Prove that the Riesz matrix Rt is a Toeplitz matrix if and only if Tn → 0

(n → ∞).

19. Prove that the Nörlund matrix N q is a Toeplitz matrix if and only if qn
Qn

→ 0
(n → ∞).

20. Prove that theBorel matrix B = (bnk)
∞
n,k=1 which is defined by bnk = e−nnk/k !

is a Toeplitz matrix.
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