Chapter 2

Positive Periodic Solutions of Nonlinear
Functional Differential Equations

with a Parameter \

In this chapter!, we provide several different sets of sufficient conditions for the exis-
tence of at least three positive periodic solutions to first-order functional differential
equations. We will begin by considering the equation

x'(t) = —a(t)x(t) + \f(t, x(h(1))) (2.1)

in Sect. 2.1. Here, we assume that R = (—o00, o0), Ry = [0, 00), T > 0isaconstant,
A > 0is a parameter, n € C(R, R),a € C(R,Ry),a(t) #0,a(t +T) = a(t), and
f € C(R x Ry, Ry) is periodic with respect to the first variable with period T'.

Let X be a Banach space consisting of all positive T'-periodic functions equipped
with the sup norm and let K be a positive cone in X. Assume that for any M > 0
and € > 0, there exists § > 0 such that for u, v € K with ||u]| < M, ||v|| < M, and
lu — v|| < d, we have

If@ u) = f v <e 2.2)

uniformly in 7.
In Sect. 2.2, we establish the existence of three positive periodic solutions of the
differential equation

x'(1) = a(®)x(t) = \f(t, x(h(1))) (2.3)
by changing the bounds on the Green’s kernel. In Sect. 2.3, we present sufficient con-

ditions for the existence of at least three positive periodic solutions of the functional
differential equation

x'(1) = a@®)x(t) = Ab(0) f (1, x(h(1))), 2.4

where A\, a, and f are as above, b € C(R, Ry) is T-periodic, and fOT b(t)dr > 0.

1 Some of the results in this chapter are based on papers [5-8].
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16 2 Positive Periodic Solutions of Nonlinear Functional Differential Equations

If, in particular, h(t) =t — 7(t), 7 € C(R, Ry), 0 < 7(t) < t, then (2.1), (2.3)
and (2.4) take the forms

xX'(t) = —a()x(t) + A\f(t, x(t — 7(1))), (2.5)
xX'(t) =a@)x(@) = f(t, x(t — 7)), (2.6)
and
xX'() =a®)x(t) —  \b@)f (¢, x(t —7(2))), 2.7
respectively.

The results obtained in this chapter can be extended to equations with multiple
delays such as

X)) =—a®x@) +Aft,xt —11(), ..., x(t — Tu())) (2.8)

and

X@) =a®)x@) = Aft,x@t —711(0), ..., x(t — (D)), (2.9)

where 0 < 7;(¢t) <t,7;(t+T)=71(),i =0,1,...,m, f € C(R x R}, Ry), and
f@+T,x1,x0, ..., %) = f(t, X1, X2, ..., Xpm)-

Functional differential equations of the form (2.5) include many mathematical,
ecological, and population models (either directly or after a transformation). For
example:

(i) Lasota-Wazewska model
xX'(1) = —a)x(t) + b(r)e D=0, (2.10)
(i) Nicholson’s blowflies model
X (1) = —a(®)x(t) + b(O)x™ (t — 7(1))e VOO, 2.11)
(iii) Model for red blood cell production

xM(t — 7))

X' (1) = —a)x(t) +b(t)m'

(2.12)

Note that Egs. (2.11) and (2.12) include (1.11) and (1.10) as special cases.

In this chapter, we prove some results on the existence of at least three positive
periodic solutions to (2.1), (2.3), and (2.4) by using the Leggett-Williams multiple
fixed point theorem (Theorem 1.2.2). We then apply our results to obtain some new
criteria for the existence of at least three positive periodic solutions to the models
(2.10)—(2.12).

Some explicit intervals on the parameter A for the existence of solutions are given.
We should also point out that the interval on A changes according to changes in upper
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bound on f, that is, an increase in the upper bound on f decreases the range on A
and vice-versa.

To study the existence of periodic solutions, we transform the given equation into
an equivalent integral operator. This means that the existence of a positive periodic
solution of the differential equation is equivalent to the existence of a fixed point of
the operator (see Lemma 2.1.2).

The following notations are used in this chapter:

. tﬁx
f* =1lim sup max AULY
x—h 0=t=T X

and

- t,
= lim sup max A x)'
r—h 0<t<T a(t)x

2.1 Positive Periodic Solutions of the Equation
x'(t) = —a@®)x@) + Af (¢, x(h(2)))

In this section, we present sufficient conditions for the existence of three positive
periodic solutions to Eq. (2.1) by using the Leggett-Williams fixed point theorem
(Theorem 1.2.2 above). First we observe that Eq. (2.1) is equivalent to

(+T
x() =\ / G(t,s)f(s,x(h(s)))ds, (2.13)
t
where .
Ja()do
et
G(t,s)=—
[a® do
eo —1

is the Green’s function which satisfies the property

1

)
6T1§G(l’s)§6—_1=ﬂ’ forall s e[t,t+T],

O0<a=

and 6 = efor a®)d? Since a(t) > 0 for ¢ € [0, T], we have § > 1.
Let
X={x(@):x@) €eCR,R), x(t) =x@t+T)} (2.14)

with [lx[| = sup,¢[o, 77 [x(#)]. Then X is a Banach space with the norm || - ||. We
define a cone K in X by
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_ [lx]l
K=jxt)eX:x(t)> 5 tel0,T] (2.15)

and an operator Ay on X by

t+T

(Axx)(t) = A / G(t,s)f(s,x(h(s)))ds. (2.16)
t

Lemma 2.1.1 The operator A ) satisfies A\(K) C K and Ay : K — K is compact
and completely continuous.

Proof To show A)x € K, we see that
t4+2T

(Ax)t+T)= A / Gt+T,s)f(s,x(h(s)))ds

t+T
t+T

= A / Gt+T,z+T)fz+T,x(h(z+T)))dz
t

t+T

:)\/ G(t,2) f (2 x(h(2))) dz
t

= (Ax\x)(0).

Hence, A)x € K. Notice that for x € K, we have
T
|Axx]l < /\5/f(S1X(h(S)))dS (2.17)
0

and

T
(A0 (@) > \a / F(s. x(h(s))) ds.
0

The above inequalities imply

[ Axx]l

(Arx)(1) = %nmn > 3

This shows that Ayx € K, thatis, A\(K) C K.

Next, we show that A ) is completely continuous. From assumption (2.2) on f, if
x,y € K with x| = M, |lyll =M, and |lx — y|| <4, then
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€
,uh — f(s,v(h —.
O;JETIf(S u(h(s))) — f(s, v(h())| < T

Thus,

t+T

1(Axx) (@) — (A (D] = A / |G, )| f (s, x(h(s))) — f(s, y(h(s)))|ds
t

T
=< Aﬁ/ |f (s, x(h(s))) — f(s, y(h(s)))|ds
0

< /\ﬁ)\ﬁLTT <.

Hence, A) is continuous. Next, we show that f maps bounded sets into bounded
sets. Let € = 1. Then again from (2.2), we have

Lf (s, x(h(s)) — f(s, y(h()] < 1.

Choose a positive integer N so that % < J. Let x € X and define x;(t) = x(t)(%)
forl =0,1,..., N.If |x]| < M, then

I I (1) : (t)l ! x| < o
— _ = Su _— —_— = — — < 0.
A== Dy =Ty N - N

Hence, | f (s, x;(h(s))) — f(s, x;—1(h(s)))| < 1 fors € [0, T], and this gives

N
Lf (s, x(h()] = Z [f (s, xi(h(s))) — [ (s, xi—1(h())| + 1 f (s, 0)]
=1
=N+ If(s, 0l = M.

Now, from (2.17) and the fact that ¢t € [0, T'], we have

T
[Axx]l < Aﬂ/f(s,x(h(S)))ds < ABTM;. (2.18)
0

Finally, we have

d
g AN @) = MG 1 +T)f+T,x(h(t +T))) — G, 1) f(t, x(h(1)))]
—a(n)(Axx)(1).
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From (2.18) and the choice of M, we obtain

< ABMi[llallT +2].

'dA t
A0

Hence, {(A)x) : x € K, ||x]| < M} is a family of uniformly bounded and equicon-
tinuous function on [0, 7']. Thus the operator A) is completely continuous by the
Ascoli-Arzela theorem (see Royden [9, p. 169]). This completes the proof of the
Lemma. O

Lemma 2.1.2 The existence of a positive periodic solution of (2.1) is equivalent to
the existence of a fixed point of the operator Ay in K.

Proof First, for x € K and Ayx = x, we have

d t+T
x'(t) =% A / G(t,s)f(s,x(h(s)))ds
t
=ANGU, t+T)f+T,xh(t+T))) —AG(t,t) f(t, x(h(1)))
+T 5
+)\/ EG([,s)f(s,x(h(s))) ds
'
=AMG@E t+T)— G, 0)]f @, x(h(@))) —at)(Axrx)(1)
=Af(t, x(h(1))) —a(t)x(1),

since SG(t,5) = —a()G(t, s).
Next, if x is a positive T -periodic solution, we have

t+T

)\/ G(t,s)f(s, x(h(s)))ds
t
t+T

/ G(t,8)(x'(s) + a(s)x(s)) ds

t

+T +T

/ G(t,5)x'(s)ds + / G(t,s)a(s)x(s)ds
1 t

t+T t+T

[G(t,s)x(s)]§+T_ / (%G(r,s))x(s)ds—i— / G(t,s)a(s)x(s)ds
t t

(Axx)()
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t+T
=[G, t+T)—- G, t)]x() — / G(t,s)a(s)x(s)ds

t+T
+ / G(t, s)a(s)x(s)ds
t
=x(1),

since %G(t, s) = a(s)G(t, s). Clearly, (A\x)(¢) > O fort € [0, T'], and this completes
the proof of the Lemma. O

In order to prove the existence of a positive T -periodic solution of (2.1), in view
of Lemma 2.1.2, it suffices to show that the operator in (2.16) has a fixed point.

Theorem 2.1.1 Let f°° < 1 hold. Assume that there are constants 0 < ¢| < ¢
such that

(Hy) f(t,x) >20cy forx € K,cp <x <dcp,and0 <t <T,
and

(Hy) f(t,x) <ciforx e K,0 <x <c,and0 <t <T.

Then (2.1) has at least three positive T -periodic solutions for

6—1 \ 0—1

— <A< —.

20T 6T
Proof We consider the Banach space X defined in (2.14) and the cone K asin (2.15).
Since f*° < 1, there exist € € (0, 1) and € > 0 such that f (¢, x) < ex forx > 6.
Let

vy = max ft, x).

0<x=<60,0<t<T

Then f(¢,x) <ex+yforx >0and 0 <t < T. Choose

|2 00]
¢4 > max ,0c ¢ .
1—e¢
Then for x € Eu, we have
(+T
[Axx| = sup A / G(t,s) f(s,x(h(s))) ds
0<t<T

IA

V) r b d
o [ et as
0
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T
< / (ex(h(s)) + ) ds
60—1
0
T

IA

A /(II I +d
51 €llx ) ds
0

- )\6(€C4+’Y)T
- o0—1

< ¢4
Hence Ay : Ko, — K.,.

Next, define a nonnegative concave continuous functional ¥ on K by ¥ (x) =

n[})inT ] x(1). Let c3 = dcp and ¢ (t) = ¢g, where ¢ is any given number satisfying
tel0,

¢y < ¢po < c3. Then ¢g € {x € KW, c2,¢3) : ¥(x) > c2}. Forx € K(¥, c2, ¢3),
by (Hp) we have

t+T

P(ANx) = OminT A / G(t,s) f(s,x(h(s)))ds
=t=

t

v

T
(Q—l/f(s,x(h(S)))ds
0
A
> mzé‘CjT

> C).

Thus, property (i) of Theorem 1.2.2 is satisfied.
Now for x € K., (H) gives

1+T
[Axxll = sup A [ G(,5)f(s,x(h(s)))ds

0<t<T

A0
0—1

A

T
/f(s, x(h(s))) ds
0

A0
0—1

< Cy,

IA

aT

thatis, Ayx € fq. Hence, property (ii) of Theorem 1.2.2 is satisfied.
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Finally, for x € K (1, c2, c4) with ||A x| > c¢3, we have

T
O
¢3 < 1 Axx]| < m/f(s,xaz(s)))ds,
0

which implies that

T
A
Y(Ayx) = m/f(s,X(h(S)))ds
0
3
“ 5
= C).

This proves that property (iii) of Theorem 1.2.2 holds. Therefore, (2.1) has at least
three positive T -periodic solutions. This completes the proof of the theorem. O

Theorem 2.1.2 Let [ < % hold and assume that there exist 0 < ¢1 < ¢ such
that ‘

(H3) f(t,x) >0 —1)cp for x € K, cp <x <6cy, and 0<t<T,
and

(Hy) f(t,x) < %clforxel(, 0<x=<c,and 0<t<T.

Then Eq. (2.1) has at least three positive T-periodic solutions for

1 1
— <A< .
oT T
The proof of this theorem is essentially the same as the proof of Theorem 2.1.1,
but we include it here for the sake of completeness.

Proof Consider the Banach space X given in (2.14) and the cone K as in (2.15).
Since f*° < /—13 there exist € € (0, %) and # > 0 such that f(¢,x) < ex forx > 0
and 0 <t < T. Suppose that

vy = max ft, x).

0<x<60,0<t<T

Then, f(t,x) <ex+~yforx >0and 0 <t < T. Choosing c4 > max {IZ—[;F, 5cz}

and proceeding as in the proof of the Theorem 2.1.1, it can be shown that Ay :
K: — K.

Next, we define a nonnegative concave continuous functional ) on K by ¥(x) =

n[})ir;]x(t). Choosing c3 = dcp and ¢ (1) = ¢o € R satisfying ¢y < ¢g < 3, we see
tell,
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that ¢g € {x € K (¥, ¢2, ¢3) : ¥(x) > c2} is nonempty. Then, for x € K (¥, c2, ¢3),
using (H3) we have

T
A
Y(Axx) = m/f(s,X(h(S)))ds
0

5%5(5 - 1) (&) T

> ).

IV

Now for x € K, , from (Hy),

T
A
[Axx] < 5—/f(s,X(h(S)))ds
0

A 5—1
<

-1
< (1.

Furthermore, for x € K (v, ¢, ¢4) with ||A)x]| > c¢3, we have

c3 < [[Axx]l = —/\/f(s x(h(s))) ds,

which in turn implies

T
1
YA 2 o) / F (s, x(h(s))) ds
0
3
_a
1)
= cs.

Therefore, by Theorem 1.2.2, Eq. (2.1) has at least three positive T -periodic solutions,
and this completes the proof of the theorem. O

Theorem 2.1.3 Let [ < ﬁiz and assume that there are constants 0 < ¢| < ¢
such that

(H5)f(t,x)2%forxeK,02§x§562and0§t§T

and
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(Hg) f(t,x) < %forx €eK,0<x<ciand0 <t <T.

Then Eq. (2.1) has at least three positive T-periodic solutions for

l <A< é

T T
Proof Choose the Banach space X and cone K as in (2.14) and (2.15), respectively.
Clearly, [ < /5% implies that there exist € € (0, [%) and 6 > O such that f(z, x) <
ex forx > fand 0 <t < T. Choose ~ as in the proof of Theorem 2.1.1. It is easy
to show that A ), : Em — fm, where

c4 > max ﬂ,écz .
1 — B2

Now, define a nonnegative concave continuous functional i) on K as in the proof

of Theorem 2.1.1._Then for x € K(v, 3, ¢3), from (Hs) we have ||Ax|| > c2. In
addition, for x € K,, (He) implies

T
[Axx]l < ﬂ/\/f(s,x(h(S)))ds
0

T

<ﬂ)\/%ds

0
< cy.

The rest of the proof is the same as that of Theorem 2.1.1. Therefore, (2.1) has at
least three positive T -periodic solutions. The theorem is now proved. O

2
Theorem 2.1.4 Let f*° < (6_5—31) and assume there exist constants 0 < ¢] < ¢
such that (Hs) holds and

2
(H7) f(t,x) < (5531) ciforx e K,0<x<crand0 <t <T.

Then Eq. (2.1) has at least three positive T-periodic solutions for

1 52
—<)\<—.
T 6 —DT

Proof Since f*° < (6531)2 , there exist e € (0, (6531)2) and # > Osuchthat f(z, x) <
ex for x > 6. Suppose that v = max f(t, x). Set

0<x<6,0<t<T
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BT 5
G 12— "

cq > maxi

Proceeding along the lines of the proof of Theorem 2.1.1, we can show that A) :
Ke, — Ky

With the nonnegative concave continuous functional ) on K defined as in
Theorem 2.1.1 and using (Hs), we have

T
A
Y(Axx) = (S_—I/f(&X(h(S)))dS
0

>)\(5 DeaT
=01 “

> ).

Next, using (H7), for x € ECI s

T
1)
Al = A5 / F s, x(h(s))) ds
0

5 (5—1)72
<A P

< C].

caT

The remainder of the proof is similar to the proof of Theorem 2.1.1. Consequently,
(2.1) has at least three positive T -periodic solutions and this completes the proof of
the theorem. O

Theorem 2.1.5 Assume that f* < 1, f° < 1, and there is a constant c; > 0 such
that (Hy) holds. Then (2.1) has at least three positive periodic solutions for

Proof Since f*° < 1, there exist 0 < d; < 1 and &; > 0 such that
ft,x) <dx forx > ¢&.

Let 51 = max f(t, x). Then,

0=<x<§&,0=<t<T
f(t,x) <dix+ B for0<x < oo.

Choose
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c4 > max B L0 ¢ .
1 —9;

For x € K,, we have

t+T

[ Ax|l =OSUPT)\/ G(t,5)f(s, x(h(s)))ds
==

IA

t
T
4§—/ h(s))d
- f(s,x(h(s s
0
T

IA

Y
gjq/wmmu»+ﬁom
0
T

IA

Y
22 @i+ o as
0

_ A6 (d1¢q +ﬂ1)T
- 6—1

< c4.

This shows A) : FQ — Eq. Now setting ¢c3 = dcp, defining the nonnegative
concave continuous functional ¥ (x) = n[lomT ]x(t), and using (Hj), we can show
tel0,

that condition (i) of Theorem 1.2.2 holds.

Since f0 < 1, there exist 0 < 0, < 1and 0 < & < % such that
ft,x) <dx for 0 <x <&.
Set 0 < ¢ = &; then for x € K, we have

T

[Axx]l = sup A/G(I,S)f(&X(h(S)))dS

0<t<T

0
aT
-1

IA

A2

1)
< dycy

< cy.

Thus, condition (ii) of Theorem 1.2.2 is satisfied. The proof of (iii) in Theorem 1.2.2
is easy. Consequently, (2.1) has at least three positive T-periodic solutions, which
proves the theorem. O
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Example 2.1.1 Consider the equation

lo

3 12
X () = — 28 |sinz|x(z)+ge%ﬁ(z)e—x(’), r>0. (2.19)
Y

2
_ log3, . _ : _ 3 _ 4,93 —x
Herea(r) = =5=|sint|and T = m. Setting A = =, weseethat f(z, x) = se”x"e™ .

Clearly, f® < 1and f° < 1. Furthermore, fowa(t) dr = log 3 implies that 6 = 3.

1 1 .
Hence, o = ;-7 = 7 and 0= % = % Choosing ¢; = 3, we have ¢3 = dcp = 9.

Then it is easy to see that

4 108
f(t,x) = gegx3e7x > v > 18 =2d0cp forey < x < c3,

37 31

2.1.5, Eq. (2.19) has at least three positive T -periodic solutions.

thatis, (Hy) holds. Inaddition, A = 2 € (55, 2) = (45, %7 ). Thus, by Theorem

Remark 2.1.1 In general, itis difficult to obtain a function f (¢, x(¢)) satisfying (Hy)
and (Hy), or (H3) and (Hy), or (Hs) and (Hg), or (Hs) and (H7), simultaneously.
From Theorem 2.1.5, it is easy to verify that the conditions (H>), (Ha1), (He), and

(H7) can be replaced by the conditions 0 < 1, 0 < % 9 < é and 9 < (55—31)2,
respectively. One may proceed along the lines of the proof of Theorem 2.1.5 to finish

the proof.

Remark 2.1.2 1Tt is not difficult to check that

t+T

/ a(s)G(t,s)ds = 1.

t

This leads us to obtain the following new sufficient conditions for the existence of at
least three positive T-periodic solutions of (2.1) using the symbol f” defined earlier.

Theorem 2.1.6 Let f ® < T hold and assume that there are constants 0 < ¢| < ¢3
such that (Hy) and (Hy) hold. Then (2.1) has at least three positive T -periodic

solutions for
0—1 1
—— <A< —.
20T T

Proof From f ® < T, it follows that there exist € € (0, T) and 6 > 0O such that
ft,x) <ea()xforx >0and0 <t <T.Let

vy = max f(t, x).

0<x<6,0<t<T
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Then f(t,x) <ea(t)x +yforx >0and 0 <t < T. Choose

oy T

G-DT -0

c4 > max [

Then, for x € Em, we have

t+T

[Axx|l = sup /\/G(I,S)f(s,X(h(S)))dS
t

0<t<T

t+T

sup )\/G(t,s)(a(s)x(h(s))e+’y)ds
1

IA

0<t<T
+T
sup A G(t,s)(a(s)||xll e+ ) ds

0<t<T

IA

t+T t+T

A| ecs sup /a(s)G(t,s)ds—i— sup 7/ G(t,s)ds
OStSTt 0<t<T /

v6
A —T
= |:ec4+5_1 i|

: + 207
<_ [
R

< c4.

IA

Hence, A) : ?64 — ?04-

Next, we define a nonnegative concave continuous functional 1) on K by ¥ (x) =

n[%)inT] x(t). Then ¥ (x) < |lx||. Let ¢3 = dcp and ¢o(t) = ¢, Where ¢ is any given
1€l0,

number satisfying ¢y < ¢o(t) < c¢3. Then ¢g € {x : x € K (¢, ¢3, ¢3), ¥(x) > c2}.
Furthermore, for x € K (1, ¢3, ¢3), from (H;) we have

t+T

P(A)x) = min )\/ G(t,s)f(s,x(h(s)))ds

0<t<T
t

T
1
> m/\/f(s,x(h(s)))ds
0

A
2 56T
z 520

> ).
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Now, let x € ?c, ; then, using (Ha),
t+T
[Axxll = sup A [ G(z,5)f (s, x(h(s)))ds
0<t<T
t
Ad r
< 5—1/f(S,X(h(S)))dS
0
Ad 0—1
c
s—1""%

< Cy,

<

that is, Ayx € fq.
Finally, for x € K (3, ¢z, c4) with [|[A) x| > c3, we have

T

0
c3 < [[Axx]l = (S_—IA/f(S,X(h(S)))ds,
0

which in turn implies that

T
1
YAV = o) / Fs.x(h(s))) ds
0
3
o
= ).

Hence, all the conditions of Theorem 1.2.2 are satisfied and so Eq. (2.1) has at least
three positive 7' -periodic solutions. This completes the proof of the theorem. O

Theorem 2.1.7 Let f ® < T. Assume that there exist constants 0 < ¢} < ¢y such
that (Hy) and

(Hs) f(t,x) >2(0 —1D)cy forx €K, co <x <6cpand0<t<T.

Then (2.1) has at least three positive T -periodic solutions for

1 1
— <A< —.
2T T
Proof The proof of the theorem is quite similar to proof of Theorem 2.1.6. Here, we
use (Hg) in place of (Hj) in the following way to show condition (i) of Theorem
1.2.2. Define ¥ on K by ¥ (x) = n[})inT]x(t) and set ¢c3 = dc¢y. Then,
1€|0,
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t+T
P(A)x) = min )\/G(t,s)f(s,x(h(s)))ds

0<t<T
t

T
1
= m)\/f(s,x(h(s))) ds
0

A
—2( -1 T
25_1 0—=De

> ).

Thus, by Theorem 1.2.2, (2.1) has at least three positive T -periodic solutions. m|

Theorem 2.1.8 Let f ® < T and f 0 < T. In addition, assume that there exists

ca > 0 such that (Hy) holds. Then there exist at least three positive T -periodic
solutions of (2.1) for

Proof Since f*® < T, there exist 0 < &; < T and &; > 0 such that
f(t,x) <dja(t)x forx >¢&and0<r<T.

Let

= max 1, Xx).
7 Oixsﬁl,OStSTf( )

Then f(¢,x) < d1a(t)x +yforx > 0and 0 <t < T, so choosing c4 as in the

proof of Theorem 2.1.6, we can show that A) : fu — K,. Defining a concave
continuous functional 1) on K by ¥ (x) = rr[gnT ] x(t) and using (Hj), we can prove
telo,

that the condition (i) of Theorem 1.2.2 holds.
Now fo < T implies there exist 6,0 < 6, < T, and %2 > & > 0 such that
ft,x) <dhat)x for0<x<&and0<t<T.
Set0 < cyp =&;then0 < ¢y < ¢p.Forx € fq,we have
t+T

sup A G(t,s) f(s,x(h(s)))ds

0<t<T

Al

t
T

Adr sup /G(t,s)a(s)||x|| ds

0<t<T
0

IA
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T
< Ac1 02 sup /a(s)G(t,s)ds

0<t<T
0

<Ac1d

< (1,

that is, the condition (ii) of Theorem 1.2.2 is satisfied. In a similar way to what was
done in the proof of Theorem 2.1.6, we can show that condition (iii) of Theorem
1.2.2 is satisfied. Hence, there exist at least three positive T -periodic solutions of
(2.1) proving the theorem. O

Theorem 2.1.9 Let f~°° <T, f 0 < T and (Hg) hold. Then there exist at least three
positive T -periodic solutions of (2.1) for

1 1
— <A< —.
2T T

Proof Since f* < T and f0 < T, we can proceed as in the proof of Theorem 2.1.8
to prove that Ay : K., — K., and conditions (ii) and (iii) of Theorem 1.2.2 hold.
To complete the proof of the theorem, it remains to show the condition (i) of Theorem
1.2.2 is satisfied. We consider the nonnegative concave continuous functional 1 as
before. Then, for x € K (¢, ¢z, ¢3), we have

T
A
Y(Axx) = ﬁ/f(s,x(h(S)))dS
0

> 2 26— Der
=51 “

>

by (Hg). Hence, condition (i) of Theorem 1.2.2 is satisfied, and this completes the
proof of the theorem. O

In [10], Zhang et al. proved a theorem for the existence of at least two positive 7'-
periodic solutions of (2.8) (see [10, Theorem 3.2]). Applying this theorem to (2.5),we
obtain the following result.

Theorem 2.1.10 Let N = 1, fo < 1, and foo < 1. In addition, assume that
there exists p > 0 such that f(t,x) > a(t)|x| for up < |x| < p, where y =
exp{— fOT a(s)ds}. Then (2.5) has at least two positive T -periodic solutions x| and
xo such that

0 < lxill <p < lx2ll.
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The following Corollary 2.1.1 follows from Theorems 2.1.8 and 2.1.9.

Corollary 2.1.1 Let fO < T and f*® < T, and assume that there exists a constant
ca > 0 such that either (Hy) or (Hg) holds. Then (2.5) has at least three positive
T -periodic solutions for

Corollary 2.1.1 is different from Theorem 2.1.10. Indeed, the upper bound on £0
and f*° considered in Corollary 2.1.1 is the general period T, whereas in Theorem
2.1.10itis 1. However, a range on A has been given in Corollary 2.1.1.

Theorem 2.1.11 Let f © < T. Assume that there are constants 0 < ¢} < ¢y such
that (Hy) holds and

(Ho) f(t,x) <x for 0<x<ciand0<t<T.

Then there exist at least three positive T -periodic solution of (2.1) for

Proof Since foo < T, there exist € € (0, T) and 6§ > 0 such that f(z, x) < ea(t)x
forx > 0and0 <r <T.Lety = max f(t,x). Then f(t,x) <ea(t)x+~

0<x=<#,0<t<T
forx > 0and 0 <t < T. Now choosing

C4>MaAXy —————, (5 2 (s
5(] 6) € ¢

we can prove that A : fq — ?04- However, we need the following argument to
prove that condition (ii) of Theorem 1.2.2 holds. From (Hy) we have, for x € K,

t+T

[Axx]l = sup >\/ G(t,5)f(s, x(h(s)))ds
t

0<t<T

5
A
=45

T
1!

< C].

The proof of the condition (iii) of Theorem 1.2.2 is easy and hence is omitted. Thus,
(2.1) has at least three positive T -periodic solutions proving the theorem. O
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2.2 Positive Periodic Solutions of the Equation

x'(t) = a(®)x(t) — Af(t, x(h(?)))

This section is concerned with the existence of at least three positive periodic solu-
tions of Eq. (2.3). In this case, Eq. (2.3) is equivalent to the integral equation (2.13)
with a different kernel, namely,

—j‘a(e) o
G(t,5) = - , (2.20)
— [a0)dd
l1—e 0
which has the property
0 i <G(,s) < ! f [t,t +T] (2.21)
< — ,8) < —— fors €[z, , .
[ R B S
where § = e~ Jo a©d0 _ .
We consider the Banach space X as in (2.14) and a cone K in X given by
K={xeX:x@)=6|x||,0<t<T} (2.22)

Defining the operator A) by (2.16), we see that Ay(K) C K. Asin Sect. 2.1, it can
be proved that the existence of a positive periodic solution of (2.3) is equivalent to
the existence of a fixed point of A) in the above cone and that A), : ?64 — ?64 is
completely continuous.

Theorem 2.2.1 Assume that f ® < T and there exist 0 < c¢| < ¢ such that
(Hio) f(t,x) > %2 forx e K, cp <x < C%andOgtf T

and

(Hyy) f(t,x) <(1—=0)c, forx e K, 0<x<ciand0<t<T.

Then Eq. (2.3) has at least three positive T -periodic solutions for

1-0 1
— <A< .
T T

Proof Since foo < T,thereexistd; € (0, T)and p > Osuchthat f(z, x) <y a(t)x
forx > pand0 <t < T.LetM = max Tf(t,x).Then ft,x) <dral)x+

O<x=p,0=t=

M forx > 0and 0 <t < T. Choose
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[ MT 62]
¢4 > max

(1—6)(T —61) &

Now for x € K,, we have

t+T
[Axx]| = sup )\/ G(t,s)f (s, x(h(s)))ds
0<t<T
t+T
< sup A G(t,s)(a(s)x(h(s)) 6y + M)ds
0<t<T
(+T
< sup )\/ G(t,s)a(s)|x|| 61 + M) ds
0<t<T
+T t+T
< A| d1cq sup /a(s)G(t,s)ds+ sup M G(t,s)ds
0<t<T / 0<t<T
M
<A |:(51 cq + —5T]
< c4.

Hence, A) : Ko, — K.

Next, we define a nonnegative concave continuous functional 1) on K by ¥ (x) =

n[%)ir%]x(t). Letcy = %2 and ¢ (t) = ¢p satisfy ¢3 < ¢o < c3. This shows ¢g € {x
1€l0,

x € K, ¢, c3),¥(x) > c3}. Then, for x € K (3, 2, ¢3), from (Hyg), we have

+T
Y(Axx) =OI<1113 )\/ G(t,5)f(s, x(h(s)))ds

T
by /2
>_ =
—1-9 1)
0
6 T
>——)\
—1-45 6
> C).

Next, for x € Ecl, we have
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t+T

[Axx]l = sup )\/ G(t,5)f(s, x(h(s)))ds

0<t<T

t
\ T
e 1-— d
1—6/( d)cy ds
0

A
—(1 — T
51_5( d)cy

< (]

IA

from (Hpp). Also, for x € K (1, c2, c4) and ||A)x|| > ¢3, we have

T
A
3 < llAxxl = 75 /f(s,x(h(S)))ds,
0

which gives

\%

T
A0
P(Ayx) > m/f(s,X(h(S)))ds
0
> ic3

= ¢p.

Hence, all the conditions of Theorem 1.2.2 are satisfied, so Eq. (2.3) has at least three
positive T -periodic solutions. This proves the theorem. O

The proofs of Theorems 2.2.2-2.2.4 below are similar to that of Theorem 2.2.1
and hence are omitted.

Theorem 2.2.2 Let f ® < T and assume there are constants 0 < c; < ¢ such that
(Hp) f(t,x) > Z(IT_é)cz for x e K, cp <x < %andOftf T

and

(Hi3) f(t,x) <d(1 =)y forx e K,0<x<ciand0<t<T.

Then (2.3) has at least three positive T -periodic solutions for

1 1
— <A< —.
2T T
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Theorem 2.2.3 Let f* < T, fO < T, and assume that there exists a constant
¢y > 0 such that (Hyp) holds. Then there exist at least three positive T -periodic
solutions of Eq. (2.3) for

1—-6 1
— <A< =
T T
Theorem 2.2.4 Let f"o < T, ]FO < T, and (H13) hold. Then there exist at least
three positive T -periodic solutions of (2.3) for

1 1
— <A< —.
2T T
Remark 2.2.1 We need to choose
MT (&)
¢4 >max | ——, —
! (1—6)(T =61 6

in the proofs of Theorems 2.2.2-2.2.4 in order to show that A : ?64 — fm, where
M is given in the proof of Theorem 2.2.1.

Remark 2.2.2 1t follows from the range on X in Theorems 2.2.1-2.2.4 that A and
T depend on each other, that is, AT < 1. Hence, if we consider the particular case
A = 1,then T < 1. This observation leads to the following theorem.

Theorem 2.2.5 Let A = 1, f ® < 1, and f 0 < 1. Assume that there exists a con-
stant ¢y > 0 such that

(Hig) f(t,x) >a(t)ey for x €K, co <x<% and 0<t<T.
B

Then (2.3) has at least three positive T -periodic solutions.

Proof From the fact that foo < 1, we can find 01 € (0,1) and £ > 0O such that
f(t,x) < ora(t)x for x > &. Let max f@,x) = n. Then f(t,x) <

0=<x=<{,0=<t<T
ora(t)x +nforx >0and0 <t < T. Set

la=si=e' 5]
c4 > max .

(1-61—-01) ¢

Then, using the property that f[tJrT G(t,s)a(s)ds = 1, it can easily be shown
that Ay : K., — K,,. Defining a nonnegative concave continuous functional by
P(x) = n[})ir;]x(t) and a constant c3 = %, (H14) yields

tel0,
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t+T

PY(Axrx) = OI<11£1T / G(t, ) f (s, x(h(s)))ds
T
t+T

> min /G(t,s)a(s)czds
0<t<T
t

> C).
Next, since fo < 1, there exists a £1, 0 < £ < ¢ such that
ft,x) <a@)x for0<x <.
Set &1 = ¢ < ¢3; then for x € fc,, we have

t+T

1wl = sup [ Gts)f s xhisn) ds
0<t<T /
t+T
< sup /G(t,s)a(s)xds

0<t<T
t

< (1.

Property (iii) of Theorem 1.2.2 is easy to verify. This shows that (2.3) has at least
three positive T -periodic solutions and proves the theorem. O

The next corollary follows from Theorem 2.2.5.

Corollary 2.2.1 Let A = 1, f 00—, f X = 0, and there exists a constant ¢o > 0
such that (Hi4) holds. Then (2.3) has at least three positive T -periodic solutions.

Remark 2.2.3 Results derived in this section can be extended to Eq. (2.9) with A = 1,
that is, the equation

xX'(t) =at)x@) — f(t,x(t —711(1), ..., x(t — T (1)), (2.23)

wherea, 7;,1 <i < m,and f areasdefinedin (2.9). Zhang etal. [10] obtained several
sufficient conditions for the existence of at least two positive periodic solutions of
(2.23) using Krasnosel’skii’s fixed point theorem [1, 4]. On the other hand, the above
results explain the existence of at least three positive periodic solutions under the
same sufficient conditions.
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2.3 Positive Periodic Solutions of the Equation

x'(t) = a(®)x(t) — Ab(0) f (¢, x (h(2)))

In this section, sufficient conditions are obtained for the existence of at least three
positive T-periodic solutions of Eq. (2.4). Observe that (2.4) is equivalent to the
integral equation

t+T

x(t) =\ / G(t,s)b(s)f(s,x(h(s)))ds,
t

where G (¢, s) given in (2.20) satisfies (2.21). Consider the Banach space X as in
(2.14) and a cone K as in (2.22) and define an operator A) on X by

t+T

(Axx)() = A / G(t,s)b(s) f (s, x(h(s)))ds.
1

It is easy to show that A) : K — K is completely continuous and the existence
of a positive periodic solution of Eq. (2.4) is equivalent to the existence of a fixed
point of the operator A) in K.

As above, the Leggett-Williams multiple fixed point Theorem 1.2.2 can be used
to prove our results. Moreover, the results hold true if b(¢) = 1. In this case, the
ranges on A in the results obtained in this section are different from the ones given
in Sect. 2.2.

Theorem 2.3.1 Let f*° < 1 hold and assume that there are constants 0 < ¢y < ¢;
such that

(H15)f(t,x)22% for xe K, c<x<%and0<t<T
and
(Hie) f(t,x) <cy for x e K,0<x <crand0 <t <T.

Then (2.4) has at least three positive T -periodic solutions for

1-9§ 1—-4

<A<

T T
2 [b(r)ds [ b()de
0 0

Proof Now f*° < 1, so there exist 0 € (0, 1) and £ > O such that f (¢, x) < ox for
x>€&and0 <t <T.If
M= max [t x),

0=<x<¢,0=<t<T
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then f(¢t,x) <ox+ M forx > 0and 0 <t < T. Choose c4 > 0 such that

{ M Cz]
c4 > max —t>0.

-0’ ¢
Ifx fm, we have
+T

[Axx]l = sup )\/ G(1,5)b(s) f (s, x(h(s))) ds

0<t<T

IA

T
—6/b(S)f(S x(h(s))) ds
0

E

IA

b(s)(ox(h(s)) + M)ds

(%)

1—

E

IA

b(s)(allx|l + M) ds

(o9

1—

/
/

T
Aocy + M)

—3 b(s)ds

< (ocy + M)

< c4.

This shows that A, : K — K

Now, define a nonnegative continuous concave functional i) on K by ¥(x) =

n[})inT ] x(1). Letc3 = %2 and ¢ (t) = ¢o be any given number satisfying c» < ¢g <
tel0,

c3. Then ¢ € {x; x € K (3, c2,¢3),%(x) > c2}. Forx € K(v, ¢z, ¢3), (His) gives

\%

T
O
YA = / b(s) f (5. x(h(s))) s
0

T
A0 2cp
2155 bW
0
> C.

Next, for x € K,, (H) implies



2.3 Positive Periodic Solutions of the Equation x’(t) = a()x(t) — \b(¢t) f (¢, x(h(t))) 41

T
A
Al = 12 [ e
0
<C].

For x € K (v, c3, c4) with ||A)x|| > ¢3, we have

T
A
e < Il = 75 [ b6 £ x i) 85,
0

which, in turn implies that

T

Y(Axx) = b(s) f (s, x(h(s))) ds

-6
0

> dc3

= 3.

Hence, by Theorem 1.2.2, Eq. (2.4) has at least three positive 7 -periodic solutions.
This completes the proof of the theorem. O

Theorem 2.3.2 Let f® < land f° < 1. Assume that there exists a constant c; > 0
such that (His) holds. Then Eq. (2.4) has at least three positive T -periodic solutions

for
1-6 1-9

<A<

T T ’
2 [b(r)ds Jb()de
0 0

Proof We may proceed along the lines of the proof of Theorem 2.3.1 to prove this
result. However, the following argument is needed to show that condition (ii) of
Theorem 1.2.2 holds.

Since f9 < 1, there exists a £; € (0, 2) such that f(¢,x) < x for0 < x < &;.
Choosingcl = &1, we observe that f(f,x) < x for0 < x < ¢y and ¢; < ¢3. Then,
forx € K,

IA
E

[ Axx|l b(s)x(h(s))ds

._.
|
>,

E

IA

b(s) x|l ds

—
|
>,

Ot — 5 T —
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\ T
=< cl/b(s) ds
0

1-6

<cy. 0
Theorem 2.3.3 Let f*° < T and assume there are constants 0 < ¢| < ¢ such that
(Hy7) f(t,x) > 2T%forx €K, c<x<%and0<t<T

and

(Hig) f(t,x) <c1Tforx e K,0<x <crand0 <t <T.

Then (2.4) has at least three positive T -periodic solutions for

1-90 1-06

<A<

T T
2T [ b(r)dt T [b(r)dt
0 0

Proof Since f*° < T, there exist € € (0, T) and £ > 0 such that f(z, x) < ex for
x > & Let
M = t, x).
OSXSIIEI%);ST A

Then f (¢, x) < ex + M for x > 0. Choose ¢4 > 0 such that

H M CQ}
¢4 > max )

T—¢ 6§
Now for x € fm, we have

t+T

[Axx]l = sup A/ G(1,5)b(s) f (s, x(h(s))) ds
t
T

/ b(s) f (5. x(h(s))) ds
0
T

/b(s)(ex(h(s)) + M) ds

0
T

/b(S)(EIIXII + M) ds

0

(=)
I
> A
A

IA

(%)

1—

IA
E

(%)

1—

E

IA

1—

(=%}
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T
_ Meca+ M)

< 3 b(s)ds

0
_ (ecs + M)
= T
< C4.

This shows that Ay : K., — K.

Define ¢ on K by ¢(x) = %inﬂx(t) and let ¢c3 = %2 and ¢(t) = ¢o be any
tel0,
given number satisfying ca < ¢ < ¢3. Then ¢g € {x € K (¥, c2, c3) : ¥(x) > c2}.
From (Hj7), for x € K (3, c2, ¢3), we have

T

/ b(s) (s, x(h(s)) ds

0

T
AN 2Tcp

Ad

Y(Axx) > m

0
> C).

Next for x € Ecl , using (H1g) we obtain

T

aT /b(s) ds

0

[Axx]l <

A
1-9
< C].

For x € K (v, c3, c4) with ||A)x|| > ¢3, we have

T
A
c3 < [[Axx]l = m/b(s)f(s,x(h(s)))d&
0

which, in turn implies that

P(ANx) = T3 b(s) f (s, x(h(s))) ds

0
> dc3

= (2.
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Hence, by Theorem 1.2.2, Eq. (2.4) has at least three positive T-periodic solutions
and this completes the proof of the theorem. O

Theorem 2.3.4 Let f* < T, and f° < T, and assume that there exists a constant
ca > 0 such that (Hy7) holds. Then (2.4) has at least three positive T -periodic

solutions for
1-6 1-94§
<A<

T T ’
2T [ b(t) dt T [b(r)d
0 0

Corollary 2.3.1 Let f* = 0 and f° = 0. Assume that there exists a constant
ca > 0 such that (His) holds. Then (2.4) has at least three positive T -periodic

solutions for
1-96 1-§

<A<

T T
2 [ b(t) dt [ b(r)dt
0 0

Corollary 2.3.2 Let f* = 0 and f° = 0. Suppose that there exists a constant
ca > 0 such that (Hy7) holds. Then there exist at least three positive T -periodic

solutions of (2.4) for
1-0 1-06

T <A< T
2T [ b(r)dt T [b(r)dt
0 0

Remark 2.3.1 (Han and Wang [3]) obtained the following sufficient condition for the
existence of two positive periodic solutions for the state-dependent delay differential
equation

xX'(t) =at,xt)xt) — ft,x{t —71(t, x())), ..., x(t — T (t, x(t)))) (2.24)

using fixed point theorem in cones [1]. They assumed that a € C(R x R4, R),
a(t +T,x) = a(t,x) for any (t,x) € R X Ry, f € C(R x [R]",Ry), f(t +
T,x1,...,xm) = ft,x1,..., %), i(t +T,x) =71;(t,x) forany x € Ry,t € R,
i=1,...,m,and T > O is a constant.

Theorem 2.3.5 Han and Wang [3] Assume that a;(t) < a(t,x) < ax(t) for any
(t,x) € R x Ry, where a) and a> are nonnegative T -periodic continuous functions
on R and fOT ai(s)ds > 0. Let

llmSup f(t7u11u2a"'7um) < az(t)

lit|— +0 |ul vy
and

1. f(t7u11u27"'9um) a2(t)

im sup <

|u|—+00 |u] Y
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exp(Jif ar(n)dn)—1

exp(fy ar(t)dn)—1
p > 0 such that the inequality op < |u| < p yields f(t,uy,uz, ..., uy) > ay(t)py

fort € [0, T), where |u| = max;{uy, ua, ..., un}and

K T

( inf exp (fal(ﬂ) dO)) (exp (fal(ﬂ) dH) — 1)
0<t<s<T ; 0

- K T ’

( sup exp (f a>(6) dg))(exp (f a>(6) d9) — 1)
0<r<s<T i 0

Then (2.24) has at least two positive periodic solutions x1 and x, such that 0 <
lxill < p < llx2fl.

With A = 1, Eq. (2.4) becomes

uniformly for t € R, where v = . Next, suppose that there exists a

X' () =a@®)x@) — F(t, x(h(?))), (2.25)

where F(t,x) = b(t) f (¢, x). Applying Theorem 2.3.5 to Eq. (2.25) gives the fol-
lowing result.

Theorem 2.3.6 Let limsup,_, F(;’x) < a(t) and limsup, _,

0 <t < T and assume there exists p > 0 such that

F(t,x)
X

< a(t) for

(Hi9) F(t,x) > pa(t) forO <t < T andép < x < p,

where § = exp(— fOT a(6)de). Then (2.25) has at least two positive T -periodic
solutions x1 and x3 such that 0 < ||x1|| < p < [|x2]|

Corollary 2.3.3 Let limsup,_,o “&2 = 0, limsup,_, o, 2 = 0, and assume

there exists p > 0 such that (Hy9) holds. Then (2.25) has at least two positive
periodic solutions.

T
If we ask that % < ho lbjté) 1, then from Corollary 2.3.1 we have the following

result.

Corollary 2.3.4 Let f* = 0 and f° = 0. Assume there exists a constant c; > 0
suchthat (Hys) holds. Then Eq. (2.25) has at least three positive T -periodic solutions.
T
Similarly, if we assume % < W < 1, then the following corollary follows
from Corollary 2.3.2.

Corollary 2.3.5 Let f® = 0 and f° = 0. Assume there exists a constant c; > 0
suchthat (Hy7) holds. Then Eq. (2.25) has at least three positive T -periodic solutions.

Corollaries 2.3.1-2.3.2 and 2.3.4-2.3.5 extend and improve Corollary 2.3.3. In
fact, under very similar condition, Corollary 2.3.3 and Corollary 2.3.4 yield that
(2.25) has at least three positive periodic solutions.
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Example 2.3.1 Consider

1 /3 1
(@)= — (= +sin?t ) x(t) — — (1 + cos’ e x2(t — T)e ¥, >0,
4 \2 207
(2.26)
where 7 > 0 is a constant. Here a(t) = %(% +sin1), b(t) = 1 + cos?t, T =,
§ = e Joa®ds — ,=1/2 zpq foﬂ— b(t)dr = 37“ Set f(t,x) = %esze_x and \ =

€1 — S— = 1= = =
30 0.05. Then f 0 < 1 and 0.04 T b < 0.05 = X < 0.08
1-0 _ _ _ 1,52 —x 1,52 —crel/?
foT b d” Setcy = 2and ¢; = 0.02. Clearly, f(t,x) = ~e’x“e™™ > —e’cse .
Now, for ¢; = 2, we observe that %esc%e"?"’l/z > 2c5e'/?. This in turn implies that
(Hs) holds. Since f(t, x) = LeSx2e™ < LeSc2 for 0 < x < ¢y, condition (He)
is satisfied for ¢; = 0.02. Also, 0 < ¢; < ¢3. Thus, by Theorem 2.3.1, Eq. (2.26)

has at least three positive m-periodic solutions.

Example 2.3.2 By Theorem 2.3.3, the equation
/ 1 2 1 c 2 6.2 —x(t—T7)
x ()= —(04cos"t)x(t) — — (1 +sin“t)e’x~(t — 7)e , t>0
2w 507

has at least three positive 7-periodic solutions, where 7 > 0 is a constant. Here, we
need to choose ¢c» = 1 and ¢; = 0.024.

2.4 Periodic Solutions of State-Dependent Differential Equations
Consider the state-dependent delay differential equation

xX'(@t) = —alt,xO)x@) + Aft,xt — T1(t, x@®)), ..., x(t — Tu(t, x(1))))

(2.27)
where A\ > 0 is a parameter, 7 > 0 is a constant,a € C(R X Ry, R),a(t +T,x) =
a(t,x)forany (1,x) e RX Ry, f € C(RX R+, R), ft +T,x1,x2,...,%Xp) =
f, x1,x2,...,xp), and 7;(t + T,x) = 7;(t,x) forany x € Ry, t € R, and
i = 1,2,...,m. We assume that there exist two nonnegative T-periodic func-
tions b(t) and c(¢) such that b(t) < a(t,x) < c(¢) for any (¢,x) € R x R4+ and
i b()de > 0.

We wish to point out that the method applied in this section can also be used
to obtain similar results for state-dependent delay differential equations of the form
(2.24).

Ifa(t,x) = a(t)g(x(t)) and 7; (¢, x(t)) = 7 (t),i = 1,2,...,n, where g €
C([0, 00), [0, 00)), then Egs. (2.27) and (2.24) take the forms

x'(1) = —a()g(x(@)x @) + Nf (1, x(@t — 11(1)), x(t — T2(1)), ..., x(t — Ty (1)))
(2.28)
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and

X (1) = a®)gx@)x(O=Nf (1, x({=71(1)), x(t=2(1)), . .., X (1=Tw (1)), (2.29)

respectively.
Let X ={x(t) : x(t+T) = x(t),t € R} and ||x|| = maxp<;<7 |x(t)|. Then X
is a Banach space endowed with the norm || - ||. Clearly, x is a positive T-periodic

solution of (2.27) if and only if x is a T -periodic solution of the integral equation

t+T

x(t) =\ / G(t,s)f(s,x(s —711(s,x(5))), ..., x(s — T (s, x(s)))) ds,

t

where

exp (j a(d, x(0)) d9)
t

G(t,s) =

- .
exp(fa(@,x(@)) d9) -1
0

In view of the above, we define an operator Ay by

t+T
Ayx = A / G@t,s)f(s,x(s —71(5,x(5))), ..., x(s — T (s, x(s5))))ds (2.30)

t

foreveryx € X andt € R.Clearly Ayx(t +T) = Ayx(t) and A) : X — X.
The Green’s kernel G (z, s) satisfies the inequality

T
exp (f c(6) db‘)
1 0

. <G, 9| < -
exp (f 1)) dH) -1 exp(f b(0) dG) —1
0 0

forevery 0 < t < s <t + T. Let ky = exp(fOTb(G)dH) and kr, =
exp ( fOT c(6) d9). Then,

=/

o=

: £ ko(ky — 1
“ho1” 2 jy <k, and =0 —RkzD
)

— = > 1.
ki —1 « (k1 —1)

(07

For any x € X, we have
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T
Nk
lAxxll < I _21 /f(s,X(s = 7105, x(5))), ..., X(s — Ty (s, x(5)))) ds
0
and
\ T
(Axx)(1) > o1 /f(s,X(s = 7105, x(5))), ..., x(s — Ty (s, x(5)))) ds
0
(ki —1) _ 1
= m”A/\x” = g”A/\xH-

Thus, if we define a cone K on X by

K = [xeX:x(t)z %IIXII],

then Ay : K — K. Itis easy to show that A) : K — K is completely continuous.

Define £t x)
. t,x
f ¥ = lim sup max ,
lx|—»g 0<t=T c(#)|x|
where |x| = maxXi<j<m{X1, X2, ..., Xm}.

Theorem 2.4.1 Let f 0 - T, [ < T, and assume that there exists a constant
¢z > 0 such that

k _
Ft, %1, X2, s xm) > 2Tk (k2
-

1 2

1) b(t)cy forx € K and ¢y < |x| < dc;.
(2.31)

Then Eq. (2.27) has at least three positive T -periodic solutions for

Lk1—1<>\<lk1—1.
2T kp—1~— — Tky—1

Proof First, suppose that f* < T. Then there exist 0 < € < T and ¢3 = dcp > ¢
such that

flt,x1,x2,...,xm) <c()(T —e)|x| for|x| >c3andr € R.
Set ¢4 = dcs. Clearly, ¢4 > ||x|| > x > %||x|| forx € K (K,,.Forx € K,,

t+T

A x| = A / G@t,s)f(s,x(s —71(5,x(5))), ..., x(s — Ty (s, x(5)))) ds
t
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t+T
< XT —¢) / G(t,s)c(s) 1In'ax |[x(s — 7 (s, x(s)))| ds
/ <i<m

t+T  exp (j c(0) dH)

t

T
t exp(fb(@) d@) —1
0

< c4.

< MT —€)cy c(s)ds

kr —
< ATy k2

1 —

Since A) : K — K, then, in addition to the above, it follows that A : K, — K,.
Define a nonnegative continuous function ) on K by 9(x) = min,jo,7] [x(2)].
Then ¥(x) < |x]|. Let ¢o(tf) = ¢o, where ¢o is any given number
satisfying ¢co < ¢o9 < c¢3. Then, ¢g € {x € KW, c2,¢3) : ¥(x) > c2} # ¢.
For x € K (%, 2, c3), using (2.31) we obtain

t+T

P(Ayx) = OminT A / G@t,s)f(s,x(s = 711(5, x(5))), ..., x(s — T (s, x(5)))) ds
<t<

t+T

2
> 2Tk (I]iz:i) e / - 1 b(s)ds
: texp (f c(0) d9) —1
0
L 5 t+T exp (fsb(ﬁ) d9) b(s)
> 2Tk (kz_ 1) cz)\/ d . ds
: ! exp (f b(9) d9) (exp (f c(9) dt9) — l)
t 0
L N2 | +Texp (jb(e) d0) b(s)
> 2Tk (k2 - 1) ) d ds
=

T / T
exp (f b(®) dG) t exp (f c(0) d9) -1
0 0

bh—1\> 1 k—1
2 )62/\ 1

ky —1 ki Tk — 1

> ).

> 2Tk, (
Hence, condition (i) of Theorem 1.2.2 is satisfied.
Now f 0T implies there are €; > 0 and ¢ < ¢; such that
ft, x1,x0, ..., %) <ci(T —epc@®)|x| for 0<|x|<cy.

Since ¢1 > ||x|| > x(t) > %||x|| forany x € K ﬂ?cl, for any x € ?cw we have
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t+T
[Axxll = A / G, )(T —en)e(s) max |x(s —7i(s, x(s)))| ds

t

t+Texp (j c(0) d9) c(s)

t

T
1 exp(fb(@) dG) —1
0

ko — 1
< ATc; (k2 1) <ci.
| —

ds

< MT —€))cy

Thus, condition (ii) of Theorem 1.2.2 holds.
Finally, for any x € K (¢, ¢2, ¢4) and ||A x| > c¢3, we see that

t+T
c3 < |Axx]l = A / s, x(s = 7105, x(8))), .., X(5 — Tin (5, x(5)))) ds,

and it follows that

t+T
P(A\x) > aA / G(t,s)f(s,x(s —71(5,x(5))), ..., x(s — Ty (s, x(5)))) ds
t
z gCs =2 = 2.
163 0
Hence, by Theorem 1.2.2, Eq. (2.27) has at least three positive T -periodic solutions.
This completes the proof of the theorem. O

The following theorem follows from the proof of Theorem 2.4.1.

Theorem 2.4.2 Let f 0 <1, % < 1, and assume there exists ¢y > 0 such that

ky — 1\2
f(t,)cl,xg,...,x,,,)22]{1(k2 1) b(t)cy for x € K and ¢y < |x| < dcs.
| —

Then Eq. (2.27) has at least three positive T -periodic solutions for

lk1—1<>\<k1—1.
2ky—1 7 T ky—1

Theorem 2.4.3 Let f 07T, f® < T, and assume there exists c; > 0 such that

ky — 1>
f(t,xl,xz,...,xm)zéTkl (k2 1) b(t)cy forx € K and ¢y < |x| < dca.
« 1 —
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Then Eq. (2.27) has at least three positive T -periodic solutions for

ik1—1<)\<lk1—l'
BT ky—1—" — Thky—1

Proof Choose c3 and c4 as in the proof of Theorem 2.4.1. Proceeding along the
lines of that proof, we can show that Ay : K., — K, and conditions (ii) and (iii)
of Theorem 1.2.2 hold. In order to complete the proof of the theorem, we need to
verify condition (i) of Theorem 1.2.2. Let ¢o(f) = ¢o, where ¢¢ is any number
satisfying ¢» < ¢o < c3. Then, ¢ € {x € K, cz,¢3) : ¥(x) > 2} # ¢. For
x € K, c2, c3), we have

t+T

P(Ayx) = OminT A / G(t,s)f(s,x(s —11(5, x(5))), ..., x(s — Ty (5, x(5)))) ds
<t<
t
B l—1\* T 1
2ot (357) = f (Feow) o
t exp| [c(@)dd)—1
0
AT exp (jb(e) de) b(s)
> )\Tk]ﬁ(ﬁ) Cz/ t ds
a \k; —1 s T
T exp (f b(9) d9) (exp (f c(6) d9) - 1)
t 0

2 1+T exp (jb(@)dO) b(s)
i

ko — 1
Z)\Tklé(kz 1) czk—/ - ds
a _
: lf exp( )—1

f c(6)do
0

ky — 1\ k=1
Z)\Tg(z ) ! c).

€2 z
a \k; —1 ky — 1
Hence, by Theorem 1.2.2, Eq. (2.27) has at least three positive T -periodic solutions,
and this proves the theorem. O
The following theorem follows from the proof of Theorem 2.4.3.

Theorem 2.4.4 Let f 0 <1, % < 1, and assume there exists ¢y > 0 such that

k —1)\2
f(t,xl,xz,...,xm)zgkl (k2 1) b(t)cy forx € K and ¢y < |x| < dca.
| —

Then Eq. (2.27) has at least three positive T -periodic solutions for

ak —1 ki —1
= <\< .
Bky—1—" T ky—1
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Theorem 2.4.5 Let fO < T, f* < T, and assume there exists c; > 0 such that

2
flt, x1,x2, ..., Xm) > Tﬁ—zcz/c(s)ds forx € K and ¢y < |x| < dcs.
«

0
Then Eq. (2.27) has at least three positive T -periodic solutions for
« <A< 1

T T ’
BT [c(s)ds BT [c(s)ds
0 0

Proof Let c3 and c4 be as in the proof of Theorem 2.4.1. Following the proof of
Theorem 2.4.1 with small modifications, it can be shown that A : K., — K, and
conditions (ii) and (iii) of Theorem 1.2.2 hold. Let ¢o(#) = ¢g, where ¢ is any
number satisfying ¢ < ¢o < ¢3. Then ¢g € {x € K(¥, c2, ¢3) : Y (x) > c2} # ¢.
In order to apply Theorem 1.2.2, we only need to show that ¥)(Ayx) > c¢» for all
x € K, 2, c3). Now for x € K (¥, ¢, ¢3),

t+T

P(A\x) > / fs,x(s —711(s,x(8))), ..., x(s — T (s, x(5)))) ds
1

ﬂZ
> )\a—zTcz/c(s) ds
o

0
T

2
> Laﬁ—Tcz/c(s) ds = .
T o?
BT [c(s)ds 0
0

By Theorem 1.2.2, Eq. (2.27) has at least three positive T-periodic solutions. The
proof of the theorem is complete. O

The proof of the following theorem should now be clear and we leave the details
to the reader.

Theorem 2.4.6 Let f© <1, f* < 1, and

2
flt, x1,x2, ..., Xm) > %cz/c(s)ds forx € K and ¢y < |x| < dca.
«

0

Then Eq. (2.27) has at least three positive T -periodic solutions for
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le’ <a< 1

T T ’
8% [c(s)ds B [c(s)ds
0 0

Example 2.4.1 Consider the differential equation

IOg 1 1 23 _

n=-—-0 t H+6 Ne—xOY
X' (1) (+51n)( 1+x(t)) O+ 3= (x()+ex()e(23)2)
Here T = 27 and a(r, x) = “22(2 + sint) (1 + ﬁ(l)) Setting b(1) = L2 +

log 2

sint) and c(t) = (2 + sint), it follows that 0 < b(t) < |a(t, x)| < c(t) for

(t,x) € R x Ry. Then k; = 4, k = 16, ("2 1) =25, and 5 = 80. Set A = 1

17
and f(r,x) = x + 6e*x%¢*. Then f° < 27 and f* < 27. Clearly, %’,2 i <

A< ik‘ 1 , that is, 0.0159 < 0.02894 < 0.03183. To show that (2.32) has at least

three posmve T -periodic solutions, we choose ¢; = 6. Then for ¢; < x < dcy, that

is,for%gxiw

o We have

ft,x) =x+6ePx%e™ > cr + 6e23 2 ,—0c

! 123_@

>

_6+6e
1 3log2

> - X 2X2T X255 x4 x ——
6 2w

ky —1 2
> 2Tk b(t)cs.
- l(kl—l) ()C2

Hence, by Theorem 2.4.1, Eq. (2.32) has at least three 27-periodic solutions.

Now, we shall apply the previous theorems in this section to delay differential
equations with a parameter of the form (2.28). Similar results can be obtained for
(2.29).

We assume that g € C ([0, 00), [0, 00)) and there are constants 0 < / < L such
that I < g(x) < L for x > 0. Set & = exp (foTa(a) do) ki = ol and ky = 0. We
have the following relations:

1 ol 6] ol —1 ky—1 ol —1
= , = ,52—2 L d = .
o=ro1 P= o a T M ST
Define
h t,
f_hms JAUL)

p max
|x|—>h 0=r=<T a(t)|x|

Applying Theorems 2.4.1-2.4.6 to Eq. (2.28), we obtain the following results.
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Theorem 2.4.7 Let fO < LT, f* < LT, and assume there is a constant ¢; > 0
such that

L 2
—1
ft, x1,x0, .00y X)) > 2710 (Jl I ) a(t)cy forx € K and ¢y < |x| < dcy.
ol —

Then Eq. (2.28) has at least three positive T -periodic solutions for

1 o —1 1o -1
— <A< — .
2T ol —1 =" — Tol -1

Theorem 2.4.8 Let f O<L, f ® < L, and assume there exists c; > 0 such that

L 2
—1
f(t,xl,xz,...,xm)22101(01 1) a(t)cy forx € K and ¢y < |x| < dcy.
o

Then Eq. (2.28) has at least three positive T -periodic solutions for

1o —1 ol —1
= <A< .
20l -1 7" — oL -1

Theorem 2.4.9 Let f 0O < LT, f X < LT, and assume there exists c; > 0 such that

L 3
-1
f(t,x1,xz,...,xm)ZUL+lT (01—1) la(t)cy for x € K and
ol —

e < |x| < dea.
Then Eq. (2.28) has at least three positive T -periodic solutions for

ol —1
ol —1°

1 o -1
—_ <)<
Tol-l gL —1 =7 —

~| =

Theorem 2.4.10 Let fo <L, foo < L, and assume there is a constant ¢y > 0 such
that

L 3
—
Fx1,x2, ., xp) = oLt (0171) la(tyer forx € K and ¢3 < |x| < bca.
"

Then Eq. (2.28) has at least three positive T -periodic solutions for

[ _ [ _
1 o 1<>\<0 1'
- T ol -1
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Theorem 2.4.11 Let fO < LT, f* < LT, and assume there exists ¢c; > 0 such
that

T
L 2
—1
f(t,xl,xg,...,xm)ZJZchT (gl ]) L/a(s)ds forx € K and
ol —
0

c2 < x| < dca.
Then Eq. (2.28) has at least three positive T -periodic solutions for
I _1)2 l_
(e —1) <A< (e —1)

T T ’
T(el —1)e*L L [a(0)d TelL [a(0)df
0 0

Theorem 2.4.12 Let fO < L, f* < L, and assume that there exists a positive
constant ¢y > 0 such that

T

2
) L/a(s)ds for x € K and
0

ol —1
ol —1

2L
f,x1,x2, ..., Xp) = 07" 2 (

€2 < |x| < dea.
Then Eq. (2.28) has at least three positive T -periodic solutions for

(e — 1) N e =1

T T
(el — 1)e?LL [a(8)do elL [a(f)db
0 0

Now we direct our attention to the particular case when a(f) = a is a constant
and g(x) = 1 with] = L = 1. Then § = 0 = ¢*T and k; = k». Let

1. t,x
£* = = lim sup max A ).
a |x|—6 0<r<T  |x]

Applying Theorems 2.4.7-2.4.12 to the equation
x'(t) = —ax(t) + A\f(t,x(t — 7)), (2.33)

we obtain the following interesting results.

Theorem 2.4.13 Let f*o < aT, f*° < aT, and assume there exists a constant
cy > 0 such that
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f(t,x) >2adcaT forx € K and ¢y < |x| < dcy.

Then Eq. (2.33) has at least three positive T -periodic solutions for

L<)\<l.
2T — = T

Theorem 2.4.14 Let f*0 < a and f**® < a. If there exists a constant c3 > 0 such
that

f(t,x) > 2adcy forx € K and ¢y < |x| < dcy,

then Eq. (2.33) has at least three positive T -periodic solutions for

<A<l

| =

Theorem 2.4.15 Let f* < aT, f** < aT, and assume there exists c; > 0 such
that

f(t,x)> aTé%cy forx € K and c; < |x| < dc;.
Then Eq. (2.33) has at least three positive T -periodic solutions for \ = %

In particular, for A = 1, the next theorem follows from Theorem 2.4.15.

Theorem 2.4.16 Let f*0 < a, f**® < a, and assume there exists a constant ¢; > 0
such that
f(t, x) > a5202 forx € K and ¢y < |x| < dcs.

Then Eq. (2.33) has at least three positive T -periodic solutions for A = 1.

Theorem 2.4.17 Let f*0 < aT and f** < aT. If there exists c» > O such that
f(t,x) > aT2(52c2 forx € K and ¢y < |x| < dca,

then Eq. (2.33) has at least three positive T -periodic solutions for

e—1 e—1
<A< .
e2aT? —  ~— eaT?

Theorem 2.4.18 Let f 0 g [*° < a, and assume there exists ¢y > 0 such that
[, x) > aT62cz forx € K and ¢y < |x| < dcs.
Then Eq. (2.33) has at least three positive T -periodic solutions for

e—1 e—1
<A< .
e2aT —  ~ eaT
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2.5 Applications to Some Mathematical Models

In this section, we apply some of the results obtained in Sect. 2.1 to models of the
form of (2.10)—(2.12). In what follows, all the parameters in models (2.10)—(2.12)
are assumed to be positive constants.

Example 2.5.1 Ifa(t) =a,b(t) = b, 7(t) = 7,and y(¢) = -y are positive constants,
then (2.10) reduces to
x'(t) = —ax(t) + be D, (2.34)

Graef et al. [2] and Zhang et al. [10] proved that (2.34) has at least one positive
periodic solution. However, to the best of our knowledge, there is no such result for
the existence of at least three positive periodic solutions of (2.34). It would be of
interest to obtain such results. The following result follows from Theorem 2.1.7.

Theorem 2.5.1 Lety < 2e, § < 262—EW, and 762 < 8 —1 hold, where 6 = ¢°T. Then
(2.34) has at least three positive T -periodic solutions for % <b< %

Proof Let f(t,x) = e 7. Then f(t,x) > e~ for ¢y < x < dcp, where
§ = ¢“T. Thus, (Hg) holds if and only if 772 > 2(§ — 1)ep for ¢p < x < de.

Now choose ¢y = %. Then § < 2621/ and ¢; = 5% imply that =72 > 2(6 — 1),

for ¢y < x < dcp. Hence (Hs) is satisfied. It is clear that f *° < T.1In order to apply
Theorem 2.1.7, we need to show the existence of a constant ¢; such that0 < ¢; < ¢

and (Hy) holds. Since f(¢,x) < 1, (Hy) holds if ¢; > %. Indeed, (Hj4) holds

if 1 < %cl for 0 < x < ¢y, thatis, ¢ > % Now we show the existence of

-1
c. Clearly, 752 < § — 1 implies that % < % = ¢3. Thus, there exists a real

c| € (%, %) such that % <cp <= %, so f(t, x) satisfies (H4). Hence,

by Theorem 2.1.7, Eq. (2.34) has at least three positive T-periodic solutions for

% <b< % This proves the theorem. O

Example 2.5.2 Ifa(t) =a,b(t) = b, 7(t) = 7, and y(t) = -y are positive constants,
then (2.11) reduces to
x'(t) = —ax(t) + bx"(t — 7)e X7 (2.35)

Theorem 2.5.2 Let m > 1 and 2e(§ — 1)5“"—1)77' < 1. Then Eq. (2.35) has at
least three positive T -periodic solutions for

1 1
— <b< —.
2T T
Proof Let f(t,x) = x"e 7" and set ¢; = M+” Then it is easy to observe that

¢3 = by and 2¢( — DS D" < 1imply that ¢§'e '3 > 2(6 — D)ey for

3
c3 < x < dc. Hence, (Hg) is satisfied. Moreover, f* =0 < T and f0 = 0 <
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T hold. Then, by Theorem 2.1.9, Eq. (2.35) has at least three positive T -periodic
solutions for % <b< % m|

Although, the condition in Theorem 2.5.2 looks complicated, it is easy to verify.
The following corollary follows from Theorem 2.5.2.

Corollary 2.5.1 Letm > 1 and § < min {Wl‘/,,, 1+2€} Then (2.35) has at least

.. .. . 1
three positive T -periodic solutions for 5 < b < T'

Proof In fact, § < min {Wll/n, 1-5€e} implies that 2e(§ — 1)6" D~ =2 < 1 and

hence by Theorem 2.5.2, (2.35) has at least three positive T -periodic solutions for
% <b< % This completes the proof. O
Example 2.5.3 If a(t) = a, b(t) = b, and 7(¢) = T, are positive constants, and
m = 1, then (2.12) reduces to

X (6) = —ax(t) + b— =D (2.36)
T+ 2"t —7)

Applying Theorem 2.1.9 to Eq. (2.36) we have the following result.

Theorem 2.5.3 Let T < % and T > 1. Then (2.36) has at least three positive
T -periodic solutions for

1 1
— < b < —.
2T T
Proof Let f(t,x) = 5. Then f* < T and fO = 1 < T. Choose c; =
1
% [ﬁ — 1]”. Since T < % that is, < 3/2, we have ¢, > 0. In addition,

1

) = % [ﬁ — 1]" implies that 1+6" - = 2(6 — 1) and hence (Hg) holds. Then,

by Theorem 2.1.9, (2.36) has at least three positive T'-periodic solutions for

1 b 1
2T< <T. O

Similarly, applying Theorem 2.1.9 to the autonomous equation

X (1) = —ax(t) + b& (2.37)
x"(t — ’7')

we obtain the following theorem.

Theorem 2.5.4 Let rT > 1 and ¢*T < % Then (2.37) has at least three positive
T -periodic solutions for
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i<b<£,
2T T

where T > 0 is a constant.

Example 2.5.4 Ifa(t) = a,b(t) = band 7(t) = 7 are constants, then (2.12) reduces

to
x™M(t —71)

"t = — b—mMmM8M——. 2.38
x (1) = —ax(1) + T2t —7) (2.38)
Set o
l+n—m\ n
=25 — o1 " . 23
H ( ) 1+n—m( m—1 ) (2.39)

Applying Theorem 2.1.9 to Eq. (2.38), we obtain the following result.

Theorem 2.5.5 LetO < m—1 < n. Eq. (2.38) has at least three positive T -periodic
solutions for 4= < b < &, where pu is given in (2.39).

Proof Now § > 1and 0 < m — 1 < n implies & > 0. Eq. (2.38) can be written as

XMt —7)

b
x'(t) = —ax(t) + —p
1

Let f(¢t,x) = u%. Since m > 1, fo =0<Tand foo =0 < T. To complete
the proof of the theorem, in view of Theorem 2.1.9, we need to find ¢; > 0 such that

1
(Hg) holds. Set ¢; = X ( m—1 )".Now, for ¢3 < ||x|| < dca, we have

14+n—m

o Axle" e e
T+an = P anen = 5m 14 onct

v

(2.41)

and 1 4+ 6"¢) = 1+;‘_m. Then, from (2.41) and (2.39),

. X >£”_m+12(5_1)52m—1 n (l—l—n—m)mn

14+x? = o n n—m+1 m—1
m—1
> 2(8 — 1)02”’5'"—1 (1““”—"") !
m—1
1
-1

> 2(6 — eo.

This completes the proof of the theorem. O
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