Chapter 2
Perturbation and Variational Methods

2.1 Introduction

In this chapter and Chap. 3, we will use mathematical methods (analytical and
numerical methods) for solving strongly nonlinear systems in field dynamics and
vibration. More of these methods are mathematics methods that have been
introduced by Chinese scientists, especially Professor Ji-Huan He.

In the course of a professional career spanning 2 decades, He has made
countless contributions in variational theory, asymptotic techniques, nanotech-
nology, life science, and high-energy particle physics as well.

In 1997, in his Ph.D. Thesis, He proposed a novel method called the semi-
inverse method to search for variational formulations directly from field equations
and boundary conditions without a Lagrange multiplier (He 1997b, c). In 1998, the
well-known variational iteration method (VIM) was suggested by using general
Lagrange multipliers and restricted variations (He 1998a, b). Many asymptotic
techniques, including the homotopy perturbation method (HPM) (He 1999a), the
energy method (He 2006a), modifications of the Lindstedt—Poincaré method (He
2001c), the bookkeeping parameter method (He 2001a), the parametrized pertur-
bation method (He 1999b), the iteration perturbation method (He 2001b), and
other methods and their applications were suggested by He during 1999-2006 (He
2000a, b, c, d, 1997a, 2004a, b, c, 20054, b, c, 2006b, d, 2003a, b, 1998c, 1999c,
2002a, b, c, 2007, 2008; He and Wu 2006a, b; Shou and He 2008; He and Abdou
2007). For a relatively comprehensive survey on the method and its applications,
the reader is referred to He’s review article (He 2006a) and monograph (He
2006¢).

In the following, we introduce some early important methods, with their
applications in nonlinear systems and nonlinear equations in dynamics and
vibrations, that are today being widely used in engineering and applied sciences.
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50 2 Perturbation and Variational Methods

2.2 The Basic Ideas of Perturbation Analysis

Perturbation theory has its roots in early celestial mechanics, where the theory of
epicycles was used to make small corrections to the predicted paths of planets.
Curiously, it was the need for more and more epicycles that eventually led to the
sixteenth century Copernican revolution in the understanding of planetary orbits.
The development of basic perturbation theory for differential equations was fairly
complete by the middle of the nineteenth century. It was at that time that Charles-
Eugeéne Delaunay was studying the perturbative expansion for the Earth—-Moon—
Sun system and discovered the so-called “problem of small denominators.” Here,
the denominator appearing in the nth term of the perturbative expansion could
become arbitrarily small, causing the nth correction to be as large as or larger than
the first-order correction. At the turn of the twentieth century, this problem led
Henri Poincaré to make one of the first deductions of the existence of chaos, or
what is prosaically called the “butterfly effect”: that even a very small perturbation
can have a very large effect on a system.

Perturbation theory saw a particularly dramatic expansion and evolution with
the arrival of quantum mechanics. Although perturbation theory was used in the
semiclassical theory of the Bohr atom, the calculations were monstrously com-
plicated and subject to somewhat ambiguous interpretation. The discovery of
Heisenberg’s matrix mechanics allowed a vast simplification of the application of
perturbation theory. Notable examples are the Stark effect and the Zeeman effect,
which have a simple enough theory to be included in standard undergraduate
textbooks in quantum mechanics. Other early applications include the fine struc-
ture and the hyperfine structure in the hydrogen atom.

In modern times, perturbation theory underlies much of quantum chemistry and
quantum field theory. In chemistry, perturbation theory was used to obtain the first
solutions for the helium atom.

In the middle of the twentieth century, Richard Feynman realized that the
perturbative expansion could be given a dramatic and beautiful graphical repre-
sentation in terms of what are now called Feynman diagrams. Although originally
applied only in quantum field theory, such diagrams now find increasing use in any
area where perturbative expansions are studied.

A partial resolution of the small-divisor problem was given by the statement of
the KAM theorem in 1954. Developed by Andrey Kolmogorov, Vladimir Arnold,
and Jiirgen Moser, this theorem stated the conditions under which a system of
partial differential equations will have only mildly chaotic behavior under small
perturbations.

In the late twentieth century, broad dissatisfaction with perturbation theory in
the quantum physics community, including not only the difficulty of going beyond
second order in the expansion, but also questions about whether the perturbative
expansion is even convergent has led to a strong interest in the area of nonper-
turbative analysis—that is, the study of exactly solvable models. The prototypical
model is the Korteweg—de Vries equation, a highly nonlinear equation for which
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the interesting solutions, the solitons, cannot be reached by perturbation theory,
even if the perturbations were carried out to infinite order. Much of the theoretical
work in nonperturbative analysis goes under the name of quantum groups and
noncommutative geometry.

2.2.1 Variation of Free Constants and Systems
in Standard Form

The main idea of perturbation methods is to consider systems being close to an
unperturbed one. It is supposed that the solutions of the unperturbed system are
easy to find. In other words, it is supposed that the unperturbed system can be
integrated in a closed form (see Ref. Fidlin 2006).

Consider a system

z=17Z(z,t5¢). (2.1)

Here, ¢ < 1 is a small parameter. Consider the corresponding unperturbed
system as follows:

20 = Z(20,1,0). (2.2)

We suppose that its general solution is known as

20 =f(t,C)®g:Z(f(t,C),t,0). (2.3)

Here, C is a vector of arbitrary constants. Taking C as a set of new variables—
that is, considering Eq. 2.3 as a transformation for the perturbed system Eq. 2.1—
the following equation can be easily obtained:

of ., of 0z
—C+=—=Z(f(t,C),t,e) = Z(f(¢,C),t,0 — om0+ - 24
oC +at (f(? )a78) (f(7 )av )+868|8—0+ ( )

Here, the symbol - - - stands for the terms O(&?). Taking Eq. 2.3 into account
and supposing the matrix (9f/0C) not to be degenerated—that is,
det(df /0C) # 0—the following equation for the new variables C can be obtained:

. oF\ " 0zZ(f(t,0),1,
oo L)y OO 23

A system in the form of Eq. 2.5—that is, a system in which the right-hand side
is multiplied by a small parameter—is called a “system in the standard from” for
the averaging method. Usually, it is written as

X =eX(x,t,¢). (2.6)
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Here, x is the n-dimensional vector of the state variables, X is the n-dimensional
vector function depending on the state variables, time, and, perhaps, the small
parameter &.

Actually, the statement “the system (Eq. 2.6) is in the standard form because
the small parameter stays as a factor in front of its right-hand side” is too sim-
plified. The functions at the right-hand side of Eq. 2.6 have to be, in addition,
bounded and smooth, and the time average of the right-hand sides must exist (see
below). These additional conditions are not always easy to satisfy. Even if
the unperturbed system is a linear excited and damped oscillator (Eq. 2.7) and the
excitation and damping are not small, it cannot be directly transformed to
the standard form:

mx + fx+cx=asinwt, a=0(1), f=0(1). (2.7)

Nevertheless, there are two large and very important classes of systems suitable
for perturbation analysis.

The quasi-conservative, especially quasi-linear, systems belong to the first
class. Systems with strong excitation—that is, systems with dominating external
and inertial forces—belong to the second class. It is usual to write the governing
equations for the problems of this class in a slightly different form:

X=F(x,x,t) + o®(x,1,7), 7=0wt, 0> 1. (2.8)

This form expresses better the fact that the term w®(x,?,7), containing the
high-frequency excitation, is dominating here (because o is the large parameter).

There are many different methods for an asymptotic analysis of perturbed
dynamical systems. First of all, these methods differ according to the type of
solutions they deal with. There are numerous methods considering only periodic
solutions and their stability. Most of them are based on the ideas of Poincaré and
Liapunov.

Another group of methods also considers transient solutions of dynamical
systems; that is, these methods allow analyzing an infinitesimal vicinity of periodic
solutions and their attraction area.

¥=F(x,x,1)+o®x,t,1), =0t 0> 1. (2.9)

Three of these methods are most popular today. We are going to start with the
standard averaging.

2.2.2 Standard Averaging as an Almost Identical
Transformation

Initial value problems in the standard form are investigated by averaging:

x=eX(x,x,1), x(0) =x. (2.10)
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Let us first introduce the time average of the function X:

T
1
= TILn;oT X(x,t,¢)de. (2.11)

0

(X(x,1,2)),

The integration here has to be performed with respect to the explicit time
(variables x are considered as constant parameters).

If the function X is periodic with respect to the explicit time ¢, the definition of
the time average can be significantly simplified:

Vi X(x,t+2m, ) = X(x,t,¢)
7 (2.12)
= (X(x,t,¢), = —/X(x,t,a)dt

2n
0

The main idea of the averaging method is not to try to solve the system
(Eq. 2.10) but to try to find another system, simpler than the original one, in which
solutions are close to the solutions of the original system for a sufficiently long
time interval. The simplification that can be achieved using averaging is to
eliminate the independent variable ¢ from the considered equations—that is, to
reduce the effective order of the system by one.

In order to do it formally (without mathematical proof) for the simplest periodic
case, the following approximate identical transformation can be applied:

x=¢+eau(éte)+0(). (2.13)

It is very important to understand the sense of this transformation in order to
comprehend the physical meaning of the method. It splits the solution to Eq. 2.10
into two parts: the large slowly varying part &, describing the evolution of the
system, and the small fast oscillating part u, which is responsible for the oscilla-
tions of the solution around the slow component.

Consider that the new variable ¢ is governed by the autonomous equation

E=2E( ) +0(e). (2.14)

Both the unknown functions, u(¢, ¢, ¢), which have to be periodic functions of
time, and E(¢,¢) have to be determined by the following procedure. Applying
Egs. 2.13 and 2.14 to Eq. 2.10, the following equation can be obtained:

0
eE(¢,¢) “a_bzl: eX(E,1,8) + O(¢). (2.15)
Balancing the terms O(¢) and considering that u has to be a bounded periodic
function, we obtain that this condition can be fulfilled only if = is the time average
of X:
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eB(&e) = (X(&,1,8)),
t (2.16)
0

u(é te) = | (X(&,9,¢) —E(E,¢))dd + ug(E, ¢).

It is usual to choose the free functions uy(¢,¢) in order to guarantee that the
time average of the functions u is equal to zero—that is, (u(¢,7,¢)),= 0

It is not the unique possible choice of the functions uy. Another one is con-
venient if the Eq. 2.10 have the Hamiltonian form. Then the free functions can be
chosen in order to guarantee that the averaged equations also have the Hamiltonian
form.

Higher order approximations can be obtained in a similar way. For the second-
order approximation, we apply the following transformation:

x=CE+eu(E1,8) + up(E,1,8) + - - (2.17)

We require further that the new variable £ be governed by an autonomous
equation:

&= eZ1(E8) + &2 Ep(Ere) + -, (2.18)
Balancing the terms O(¢) we obtain, as above,
agt‘ = X(&,1,6) — Ei(&,8) =
2(&0) = (KEna m= [ K(Ene) - SiE o, (2.19)
<u1> =0

Balancing the terms O(&?), we obtain, as above,

6u2 9.4 —_ aul -
E:_Lc:é U —=p — 6_5_'] =
= <6X| u % = > <6X| u > 220
-2 = x=¢ U1 — aéull 6x:1[
Finally, the equation of the second-order approximation is
p ,/0X 3
¢=eX(&t,8) + & ol +0(s). (2.21)
t

The above procedure is purely formal, because it does not explain whether one
can shorten the equations for ¢ neglecting the small terms O(¢?) or O(&%) in
Egs. 2.14 and 2.21, respectively. Neither does it explain why and for how long a
time the solutions of the original system (Eq. 2.10) and those of the shortened
averaged systems (Egs. 2.14 or 2.21) are close to each other.
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Answers to these questions were given by Bogoliubov in his first theorem.
Consider the system (2.10) and assume:

1. X is a measurable with respect to ¢ vector function.
2. It is bounded and satisfies the Lipschitz condition with respect to the vector
argument Xx:

1X(x, 2, 8)|| <M

(2.22)
||X(X1,l,8) _X(x27t78)|| < )“”xl _XZH

3. The time average of the function X exists uniformly with respect to x.
Consider the averaged system satisfying the same initial conditions:

E=e2(&0), €0) = x. (2.23)

Under these conditions, the mistake made by using the system (Eq. 2.23) with
functions = determined by the relationships (Eq. 2.16), instead of the original one,
has the magnitude order of the small parameter ¢ for the asymptotically long time
interval r = O(1/e).

The proof of this theorem is not very complex. Readers interested in the
mathematical background can find it in Fidlin (2006).

If the averaged system (Eq. 2.23) has an asymptotically stable singular point in
the linear approximation and the function X is continuously differentiable with
respect to it, then the original system (Eq. 2.10) has a solution that remains in the
vicinity of this point for infinite time.

For more details in this section refer to Fidlin (2006).

2.2.3 Method of Multiple Scales

In mathematics and physics, the method of multiple scales comprises techniques
used to construct uniformly valid approximations to the solutions of perturbation
problems, for both small and large values of the independent variables. This is
done by introducing fast-scale and slow-scale variables for an independent vari-
able and subsequently treating these variables, fast and slow, as if they are inde-
pendent. In the solution process of the perturbation problem thereafter, the
resulting additional freedom—introduced by the new independent variables—is
used to remove (unwanted) secular terms. The latter puts constraints on the
approximate solution and are called solvability conditions (see Ref. de Sterke and
Sipe 1988).

The basic logic of the method of multiple scales can be easily illustrated by
considering a system in the standard form (Eq. 2.10). The first step of the solution
is to convert to two independent variables § =t and 7 = &f, supposing that
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x = (0, t)—that is, to convert from the system of ordinary differential equations
(Eq. 2.10) to a system with partial derivatives:
Z—(g + 82—(5 =eX((0,7),¢). (2.24)

The relationship between Eqgs. 2.10 and 2.24 is determined by the condition
that, if (0, 7) is a solution to Eq. 2.24, then x = ¢(¢, ¢t) is a solution to Eq. 2.10.
In other words, the system (Eq. 2.24) is more general than the original equations
(Eq. 2.10) and any solution (Eq. 2.24) taken along the straight line 6 = t,7 = et
satisfies the equation (Eq. 2.10).

We require ¢(0,71) to be a 2n—periodic function of 7 and try to find ¢ as a
formal asymptotic expansion in terms of &:

0(0,7) = Yo(0,7) + e (0,7) + - (2.25)

All the functions here have to be bounded functions of the fast time 0.
Substituting this expression into Eq. 2.24 and balancing the terms with equal
powers of ¢, the following relationships can be obtained:

0
e % =0

(2.26)

Wy | oY

1 0 1

: — 4+ —=X .
The first of these equations means that y, depends only on the slow time t:

Yo = &(1). (2.27)

Substituting Eq. 2.27 into the second relationship from Eq. 2.26, a simple
equation for (6, 7) can be obtained:

0 o¢
W x(ew) ) o

The function ¥, (0, t) has to be a bounded function of 0; that is, its derivative
can contain only oscillating components. It is possible if the function g—g annihilates

the constant component of X. It means that
oc

ot

Here, the average is calculated with respect to the fast time 6. Returning to the

straight line 6 = ¢, 7 = &, we find that the slow component of the solution is
governed by the equation

(2.28)

(X(&,0,¢)),. (2.29)

oc _
ot

The fast oscillating small correction y; can be calculated as

(X(&1,2)),. (2.30)
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t

b= [ (X0 0.0) = X(E0.00)) 0+ 980 (231)

0

Comparing Eqgs. 2.25 and 2.29-2.31 with the corresponding relationships from
the previous subsection describing the averaging method (Egs. 2.13, and 2.16)
Eq. 2.23, it is easy to notice that they are identical (/; = u). Considering the
higher order terms in the expansion (Eq. 2.25), the higher order approximations to
Eq. 2.10 can be obtained by the multiple scales technique. They are the same as
those obtained by the averaging method.

2.2.4 Direct Separation of Motions

Direct separation of motions was formulated originally for systems of second-
order differential equations, but it can be easily reformulated as follows.
Consider the system of ordinary differential equations (see Fidlin 2006):

X = F(x,et) + O(x, et,1). (2.32)

The basic idea of the direct separation of motions is to consider only solutions
that are a superposition of slow evolution and fast oscillations. The object of main
interest is the slow component:

x(1) = ¢(1) + ¥ (z,1)

2n

emes (e0),= 5 [ wena =0

0

(2.33)

The next step is to go over from the system of n differential equations
(Eq. 2.32) to a system of 2n integral-differential equations:

E=F (&) + (F(E+Y(E,1),1) — F(E0),A@E + ¥ (E,1),7,1),
Y =F(E+(&0),7) = F(&1) = (F(E+ (&, 7),7) — F(&, ), (2.34)
+ (D(é + lp(é7t)= T>t) - <(D(§ + W(QTL T7t)>t

The relationship between systems 2.32 and 2.34 is as follows: If a pair (&, /) is
a solution to Eq. 2.24, then x(¢) determined according to Eq. 2.33 is automatically
a solution to Eq. 2.32. It means that the system (2.34) is more general than the
original one. This system is not more general, but it is at first sight more complex.
Nevertheless, in many important cases, it is easy to solve with the assumption that
the variable ¢ in the second equation (2.34) is constant.

The system in the standard form (Eq. 2.10) can be considered as an example. In
this case, we have
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F(x,et) =0; ®(x,et,1) = eX(x,1). (2.35)

Substituting Eq. 2.35 into Eq. 2.34, the following equations can easily be
obtained:

é = e(X(E+y,1)), (236)

Y =eX(C+ 1) —e(X(E+ 1)),
Solving the second equation of the system (Eq. 2.36) asymptotically is obvious:

Y=y t+ep +--- (2.37)

Inserting this expression into the second equation (2.36) and balancing terms
with the equal powers of the small parameter, we will have

Yo =0

¢=e(X(& 1) (2.38)
Py = X(&,1) — (X(&,1)

Equation 2.38 does not differ from the equations of the first-order approxima-
tion (2.14, 2.16, or 2.30) (Eq. 2.31).

Unfortunately, neither the method of multiple scales nor the method of the
direct separation of motions has a mathematical proof differing from that for the
standard averaging.

2.2.5 Relationship Between These Methods

All the considered methods are very useful and efficient in the analysis of engi-
neering systems such as oscillating systems. All of them applied to the system in
standard form give the same result. (It is actually the necessary condition for such
a procedure to be called a method.) So selecting one of them in any special case is
mainly a personal preference. From the author’s point of view, the multiple scales
and, especially, the direct separation of motions are slightly easier for practical
use, as compared with the standard averaging method. Their main advantage is the
straightforward algorithm used to solve the problem, which does not require an
initial transformation of the system to the standard form. This transformation may
sometimes be rather difficult.

But this statement is correct only for systems that are in standard form or can be
transformed to it. The situation becomes much more interesting if it is impossible
to transform a system to the standard form or one of the conditions (2.22 or 2.23) is
not fulfilled. In such a case, one can try any of the described methods. The problem
is how to make sure that the obtained results are correct. The main advantage of
the averaging method becomes clear in these cases. There is a clear way, based on
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Gronwall’s lemma, to prove the accuracy of the averaging procedure. Thus, the
method contains an instrument to generalize itself. This situation enables
researchers to move away from pure physical intuition (being the most effective in
many cases) and to take the path of rigorous mathematical analysis.

In different chapters, we will use these perturbation techniques.

2.2.6 Application

Example 2.1
First, consider the forced oscillation of an undamped pendulum,
32
X+ ~— = constant, (2.39)
)
in which, without loss of generality, we can assume that wy > 0, > 0 and F > 0
(since F' < 0 implies a phase difference that can be eliminated by a change of time
origin and corresponding modification of initial conditions).
Consider the equation
1
sinx &~ x — 8x3. (2.40)
Use Eq. 2.40 to allow for moderately large swings, which is accurate to 1 % for
|x| < 1 radian (57°). Then Eq. 2.39 becomes approximately

1
¥+ odx — Ew%f = Fcos wt. (2.41)

Standardize the form of Eq. 2.41 considering the correlation
t=ot, P=wj/0? (Q>0), T=F/o” (2.42)
We obtain
1
K+ QP — 692x3 =T cost, (2.43)

where dashes represent differentiation with respect to 7. This is a special case of
Duffing’s equation, which is characterized by a cubic nonlinear term. If Eq. 2.43
actually arises by consideration of a pendulum, the coefficients and variables are
all dimensionless.

The methods to be described depend on how small the nonlinear term is. Here,
we assume that éQZ is small, and then

1
692 = &. (2.44)

Then Eq. 2.43 becomes
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X'+ Q%x — gox® = cost. (2.45)

Instead of taking Eq. 2.45 as it stands, with Q,T", &y as constants, we consider
the family of differential equations

X"+ Q%x — ex® = Tcos, (2.46)

where ¢ is a parameter occupying an interval /, that includes ¢ = 0. When ¢ = ¢,
we recover Eq. 2.45, and when ¢ = 0, we obtain the linearized equation corre-
sponding to the family 2.46:

X+ Q% =T cost. (2.47)

The solutions of (2.46) are now thought of as functions of both ¢ and 7, and we
will write x(e, 7).

The most elementary version of the perturbation method is to attempt a rep-
resentation of the solutions of (2.46) in the form of a power series in &:

x(e, 7) = x0(t) 4 ex1 (1) + e2x2(2) + - - -, (2.48)

whose coefficients x;(7) are only functions of 7. To form equations for x;(t),i =
0,1,2,..., substitute the series (Eq. 2.48) into Eq. 2.46:

(xg +ex] + ) + QP (xo +ex + ) —e(xo+exy +---) =Tcost.  (2.49)

Since this is assumed to hold for every member of the family Eq. 2.46—that is,
for every ¢ on I,—coefficients of the powers of ¢ must balance, and we obtain

X+ Q%xp = Tcos, (2.50a)
X+ Qx) = x, (2.50b)
Xy + Q%xy = 3x3xy, (2.50c)

and so on.
We shall be concerned only with periodic solutions having the period, 2x, of the
forcing term. Then, for all ¢ on I, and for all t,

x(e, T4 2n) = x(¢, 7). (2.51)
By Eq. 2.51, it is sufficient that for all T,
xi(t+2n) =x(t), i=0,1,2,.... (2.52)

Equation 2.51, together with the condition 2.52, is sufficient to provide the
solutions required. For the present, note that Eq. 2.50a is the same as the “line-
arized equation” (2.47), necessarily, since putting ¢ = 0 in Eq. 2.45 implies
putting ¢ =0 in Eq. 2.48. The major term in Eq. 2.48 is therefore a periodic
solution of the linearized equation (2.47). It is therefore clear that this process
restricts us to finding the solutions of the nonlinear equations that are close to (or
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branch from, or bifurcate from) the solution of the linearized equation. The method
will not expose any other periodic solutions. The zero-order solution xo(z) is
known as a generating solution for the family of Eq. 2.46.

Example 2.2

2.2.7 Introduction

This example is concerned with responses of systems with two degrees of freedom
and cubic nonlinearities to multifrequency parametric excitations governed by the
following equations:

X+ 01X + e[2um X, + o1 X; + 30X1Xs + 03X, X5 + X5

M
+2 Z {X1fim + Xofom } cos(Qut + 1) | =0,
., T ) . (2.53)
Xo + 03X5 + &[21X0 4+ 0X] + 303X7 X0 + X1 X5 + osX5
M
+2 Z {Xlgln + X2g2n} COS(Qnt + Vln) =0.

n=1

where Wy, W, dn, fruns 8mny Qmy Qu, Tim, and 7y, are constants, ¢ is a small dimen-
sionless parameter, and dots indicate differentiation with respect to the time ¢.
These equations when quadratic terms are included model the responses of ships
and bowed structural elements.

2.2.8 The Method of Multiple Scales

To determine a first-order uniform solution of Eq. 2.53, we use the method of
multiple scales and let

X(l; 6) :X,,()(T(),Tl) +8Xn1(T(),T1) + -y (254)

where Ty =t is a fast scale, which is associated with changes occurring at the
frequencies w,, Q,, and Q, and T} = &t is a slow scale, which is associated with
modulations in the amplitudes and phases resulting from the nonlinearities and
parametric resonances.

In terms of Ty and T}, the time derivative becomes

d Dy + eDy + ¢
— 8 ... —_
dr 0 : ’ dr?

where D, = 0/0T,. Substituting Egs. 2.54 and 2.55 into Eq. 2.53 and equating
coefficients of power ¢, we obtain

=D} +2eDoD; + - - -, (2.55)



62 2 Perturbation and Variational Methods

DSXlO + CO%XIO = O, D()X%O + 0)1X20 = 07 (256)
D%X” + (D%X“ = — 2DOD1X10 — 2,[11 (D()X]Q) — O[]X?O — 30(2X%0X2() — 30(3X10X§0
M
— X5 +2 Z {X1ofim + Xoofom } 08(Qut + T1m), (2.57)
m=1

D(2)X21 + (J)%le = —2DyD1 X0 — 215 (DoX20) — OC2X130 — 3OC3X120X20 — 3OC4X10X§O

M
— O(5X§0 —+ 2 Z {Xlogln + X20g2n} COS(Qnt =+ yln)' (258)

n=1
The solution of Eq. 2.56 can be expressed as
X0 =44 exp(iwlTo) + cc, Xo0 =As exp(iwlTo) + cc, (259)

where cc denotes the complex conjugate of the preceding terms. Inserting Eq. 2.59
into Eq. 2.58 yields

DiXyi + 0iXy) = [—2iw (A + wAy) + 301A3 A0 + 603A1A%4,] exp i, Tp)
— [602A1A A7 + 3a4A§ZQ] exp(2imaTo)
— oclA? exp(3iw Tp) — cx4A% exp(3iwaTo)
- 30(2[A%A2 expi(2w; + w2)To +K%A2 expi(wy — 2w;)To)
— 3034142 expi(w) + 20,)To + A1Aexpi(w) — 20,)Ty
+ KIA% expi(2wy — w1)To)

M M
— Ay Zflm eXp((Qm-i-(/)])To + T]m) —Xl Zf]m eXp((Qm—UJ])T() + Tlm)
m=1 m=1

M M
- A2 Zme eXp((Qm'i'wz)TO + Tlm) - ‘Z2 Zflm CXP((Qm—wz)To + Tlm)a

=1 =1

(2.60)

D3Xo1 + 03Xy = — [2imn (A + 1pAz) + 603A1A1As + 30sA 3A] exp (i Ty)
— [B02A%A; + 604A42A] exp(io; Ty)
— A7 exp(3im Ty) — asA3 exp(3im, Ty)
— 3ou[A 1A expi(w; + 22) Ty + A1A3 expi(w; — 2,)To)
— 303 [AIA% expi(w) + 2wy)To + AIK% expi(w; — 2wy)Ty
+ATAS expi(wy + 2m1)To)

N N
— ALY gunexp(QuAo)To +71,) + A1 Y g1 exp((Qu—01)To +71,)

n=1 n=1
N

N —
— A2 ) 220 exp((Qutm2)To +71,) — A > gonexp((Qu=2)To + 71,),
n=1 n=1
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where the over term indicates the complex conjugate and the prime indicates
differentiation with respect to 7. Any particular solution of Eq. 2.60 contains
secular or small divisor terms depending on the resonant conditions (1) @, = 2w,
internal resonance, and (2) Q, = 2w, principal parametric resonance of the first
mode. To treat this case, we introduce detuning parameters ¢; and g, to convert
the small divisor terms into secular terms, defined according to the correlation
wy = 2w + ¢oq, Q, =2w, + ¢o,. (2.61)
Substituting Eq. 2.61 into Eq. 2.60 and eliminating the secular terms from X,
and X5, we obtain
21(1)1(Al1 + H]Al) + 30(1A%Zl + 60(3A1A222
+ 30(2;%142 exp(ial T]) + Z]f]r exXp i(O’zT] + ’L']r) = 0, (262)
i (A) + 1hAy) + 60341414, + 30sA3A2A, + A exp(—ic,T)) = 0.

Consequently, the particular solutions of Eq. 2.60 are

60pA1A 1 As + 30,424
Uy = —[ s 122+ 20(4 2 2} exp(imaTy)
w7 — W3

_cxlA? . OC4A% .

+ _8_(1)%:| eXp(3l(UITO) — [m eXp(3l(UzT0)

30,A2A

— 5 %1% 5—| expi(2m; + @2)Ty
H{of — 2o + w2)7}
- T2, :

— 5 30(2 122 5 expi(w2 —2(1)1)T()
{o] = (w2 = 201)7}
[ 334,42 ]

- 5 il 5—| expi(w) + 2w2)To
{of — (o1 +202)7}
[ 3om4,42 ]

- 5 BALA) 5—| expi(wr — 2w2)To
{of — (o1 —2m2)7}
[ 304,42 ]

— > bl 5—| expi(2wy — w1)To
_{wl — (2w — o) }_
[ ferl .

— expi((Qy + w1)To + T1r)
{0} — (@ + w1 +11,)}
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JarAa .
_ exp l((Qr + COQ)T() + Tlr)
[{(JJ% — (Qr —+ wy + TZr)Z}’
oAz .
_ expi((Q, — w2)To + 11,).
[{w% —(Q —my + 1)}
[30,A3A] + 604A1A2A .
Uy = — |24 ;)2 : (;2 1712 2] exp(im To)
I 2 1
[ szA? . O(5A% ;
|l —==1 3iw T, 3iw, T,
[ 3mAlA ]
- |— %3142 5= | expi(2w) + w2)Ty
H{of = 201 — w2)7} ]
[ 30,424 ]
_ x3a A 5= | expi(wy; — 2m1)Ty
{3 = (2 = 201)7}]
L : 2.63)
304A A2 (
- = 218 —| expi(wy + 2w) Ty
{3 — (01 +200)7)
[ 3wl ]
_ - X125 5—| expi(wy — 2w2)Ty
(03— (o1 — 2007}
[ 3ouAA2 ]
= 04 A1AZ —| expi(2w; — )Ty
_{a)2 — (20)2 — CO]) }_
glsAl .
_ exp i((Qs + w1)To + 71,)
{03 — (s + o1 + Vls)z}_ Y
Q1AL ;
_ expi((Qy + 1)To + 7y4)
{0} — (@ — o1 +71,)°} ]
82rA2 .
_ expi((Q + @2)To + 7y4)-
_{OJ% - (Qs + wy + V2s)2}_
Expressing A, in the polar notation, we have
1
A, =zay, exp(iﬁn)7 (264)

2

and separating the real and imaginary parts of Eq. 2.62, we obtain
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3a 1 .
a) = —wa; — 8_602161%“2 sin 0, —Eflral sin 05,
3001 5 303 R1o%) 1
alﬂll :—a1 +4(,01 1 2+8 la a200801 +2 lflral cos 0,
dy = —ar +—— al sin 0,
8 (0
30(3 2 30(5 3
azﬁ’zz4—w2ala2+8 2+8—2a 1 cos 0.
where
Oy =0T+ By =3B,  02=02T1 = 2B, + 11

65

(2.65)

(2.66)

Inserting Eqgs. 2.58 and 2.63 into Eq. 2.54 yields the approximate solutions

60patay + 3osal

064(1%
Uy =ajcos(wt+ f) +¢|— 4007 — 43

e R AR e e R

{4} —340;3(311? 20y | VTR _m . 2w2)2}] cos(¥ =242

B e e R A e W}} st

B e R A e RO R

3onaias + 6ouaia; oal
U, =aycos(mat + ) +¢| |—i=———"2| ¢ — 1
2 =azcos(oat + o) H 40} — dw? 4 03

3
Jeosv ] oo~ ot o

] cos 3y,

2sad
W] cos 3y, + [32 :|COS31//2

3uata, 3o3alas

- cos +2 — cos -2
| {40} — 4(m, — 2w1)2}_ W +29,) | (40 — 4(0n — 201)°} (¥, = 24)
[ 3“““‘“% | [ 30(4611[1%

- cos +2 — cos -2
| {403 — 4(o1 +202)°}| Wi +20) {402 — 4(or — 200,)7} (1 = 24)
[ 30(4(11(1% ) I 81541

_ cos(2y, — ;) — cos(Vy + )
ot —4Gor—o)) T T @ e r ] Y

81s5a1

{3 — (Qs— i + 71s)2}

82ra2
{03 — (s + o2+ 7))

e v - |

where

Y=ot + By, Y=t + By Yy =Qt+ 1y, Yy =

3 } cos(iy + )

Qst + yln'

+o(),

(2.67)

(2.68)
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The steady state of Eq. 2.65 is given by

3 1
way + ﬂafaz sin0; + —fi,a; sinf, =0,
8w 2w

1 3 3 3 1
—day — ia% - ﬁalag — ﬁa?az cos ) — —fi,aj cos 6, =0,
2 8w 4w, 8w 2w
o (2.69)
— ay + S—wlafaz sinf; =0,
3 30(3 30(5 30(2
(552 — O'l)az +4—w2a1a§ + 8—(1)2613 + 8—601@%612 COoS 91 =0.

There are two possibilities: first, a; = a, = O (this is the linear case); second, a;
and a, # 0 and Eq. 2.69 yield the frequency response equations

1 902 902 1 3030

2 2 2| 22 1| 4 2 302| o
uy + =965 + + - —

! 472 {64@%} i [64w%]a1 4w%f1’ |:4(/01 }az

3002 Sot1% 9oty 0 Q0003
_ [8(»1 :|a102005(')1 + LGw%}afag + LZw%}aTazcosGl + [16w%}a1agcos(91 =0,

3 2 o2 902 902
2 N N 2 2 6 3| 4.2 51 6
2 (2 2 l) ] e {64(05] @ {1 60)%] i |:640)%:| @

303 (3 22 3as (3 4 30305| 5 4
sz (252 51)}11512 20 252 o1 )|ay + 320, ajay =0.

Example 2.3
Introduction

In the present example, we consider the following two coupled Duffing—Van
der Pol oscillators with a nonlinear coupling:

% — edii(1 — x*) + o?x + eox® + edxy? = 0, (2.71a)

y—edoy(1 — y*) + w%y + eopy® + edx’y = 0. (2.71b)

When dy =d, =0 the system (Eq. 2.71a, b) consists of the two coupled
anharmonic oscillators. If the nonlinear damping is replaced by a linear damping,
the system (Eq. 2.71a,b) becomes two coupled Duffing oscillators. When the
coupling parameter is set to zero, the system (Eq. 2.71a,b) becomes two uncoupled
Duffing—Van der Pol oscillators. The Duffing oscillator corresponds to the choices
0 =0,d; = d, =0 and addition of a linear damping.

Analysis with the Method of Multiple Scales

We look for approximate asymptotic solutions of Eq. 2.71a,b by employing the
multiple scales method. For small but finite x and y, we consider the solutions in
the form of the power series

x(t, 8) :xO(T(),Tl) +8)C1(T0,T1) + -y (2728.)
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y(t,&) = yo(To, T1) + eyi(To, T1) + -+, (2.72b)

where Ty = t is a fast scale and 7| = &t is a slow scale. The slow scale T char-
acterizes the modulation in the amplitude and phase caused by the nonlinearity,
damping, and coupling. The fast scale Ty is associated with the relatively fast
changes in the response.

The first and second derivatives with respect to time ¢ are given by

d d? 5
3 = Do+eDi+ oo o5 = D5+ 2eDoDy + -, (2.73)

where D, = 0/0T,. Substituting Eq. 2.72a,b and 2.73 into Eq. 2.71a,b and
equating coefficients of equal powers of &, we obtain O(¢%):

Djxo + oixg = 0, (2.74a)
Dyo + w3yo =0, (2.74b)

O(e):
D(Z)xl + w%xl = —2D¢Dixo + di (1 — x(z))Doxo - oclxg - 5x0y(2), (2.75a)
Diyy + wiy1 = —2DoDiyo + da (1 — y5)Doyo — o2y — 6xgy0. (2.75b)

The general solutions of the linear Eq. 2.74a,b can be written in the form of the
correlations

Xo = A (T] )eiwlTo +c.c., (2768.)

yo = Ay(T))e ™ +c.c., (2.76b)

where c.c. represents the complex conjugates of the preceding term. The quantities
A; and A, are arbitrary to this order of approximation and are determined by
imposing solvability conditions at the next order of approximation. We substitute
Eq. 2.76a,b into Eq. 2.75a,b and obtain

D(z)xl + CU%X] = [—ZZ(UlA,l + id](i)]A](l —Algl) — 30(1A%.K1 — 2(3A1A2K2}€iw'r('
_ [OC]A? + ldlwlAﬂ eSiwng _ 5A]A§ei(“’1+2“’2)n’ _ 6KIA%ei(2wz—ml)Tg + c.c.,

(2.77a)

Dy1 + 3y = [—2imrAl + idynAr(1 — ArAy) — 300A3A; — 2041424, | €T
— [0243 + idr 0, A3] 312T0 — §A, A% (2 200T0 _ GATA, Q1= To 4 e
(2.77b)
where A, denotes the complex conjugate of A, the prime denotes differentiation

with respect to 7', and now c.c. represents complex conjugates of each preceding
term.



68 2 Perturbation and Variational Methods

Nonresonant Case

Consider the nonresonant case, ®; # w,. The arbitrary functions A;(7}) and
A;(Ty) are determined from Eq. 2.77a,b by satisfying the solvability conditions for
boundedness of the solutions. Particular solutions of Eq. 2.77a,b contain secular
terms generated by the first term on the right-hand sides of Eq. 2.77a,b. The
conditions for the elimination of secular terms, in Eq. 2.77a,b are

2im A} — idi1 Ay (1 — AA}) + 301 ATA| + 2041424, = 0, (2.78a)
21(,{)2A/2 — idz(l)zAz(l — Azgz) + SazAggz + 25A1A221 =0. (278]3)

At this step, we introduce the polar forms for the amplitudes A; and A, as

1 .
Al(Tl) = Eal(Tl)e’H‘(T'), (2793)

1 .
AZ(T]) = 5612(T1)€l92(T1). (279b)

Substituting the above expressions for A; and A, in Eq. 2.78a,b and separating
real and imaginary parts, we have

da; 1 a%
[ 1 -1 2.
dTl 2d1a1 ( 4>, ( 803.)
da 1, (1 & (2.80D)
ar, 22\ T4 ) '
dd) 1 2 20 30(1 1 > 20 30(2
— (=) (= -= 2.80
dT| Sal ((Uz (U]) 8a2 (O]} (00 ’ ( C)

where ¢ = 0, — 0,. Equations 2.80a, b, c are the first-order equations describing
the variation of aj,ay, and ¢. The Egs. 2.80a and 2.80b are uncoupled, and the
solutions are

4 —1/2
a(Ty) = 2{1 - (1 _6110> ed‘T‘] , (2.81a)

4 —1)2
ax(Ty) =2 {1 - (1 — —) edle] : (2.81b)
ao
The solutions x and y in the zeroth-order approximation are written as
x =xo = aj cos(0y + o1 Ty), (2.82a)

y = Yo = azcos(0 + w,Tp). (2.82b)
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Resonant Case
Next, we consider the resonant case. In order to describe the nearness of w, to
w1, we introduce a detuning parameter ¢ through the equation

W, = w1 + €o. (2.83)
Using the equations (2w, — w1)Ty = 01Ty + 20Ty and
(2w — @2)Ty = w2 Ty — 26Ty, the new solvability conditions are
Qim A — idyo Ay (1 — A1A)) + 30y ATA| + 2041424, + SA3A€27T1 = 0,
(2.84a)

2iasAl — idraAs (1 — AxAy) + 300A5A5 + 20A1A2A| + SATAze 2T = 0.
(2.84b)

Substituting Eq. 2.80a,b,c into Eq. 2.84a,b and separating the real and imagi-
nary parts of Eq. 2.84a,b, we obtain the following set of equations:

da; 1 a’ 0 .
—_ 1= = 2 4,42 2.

dT, 2d1a1( 4) 8o apa; sin ¢, (2.85a)

day 1 a3 o 5, .

T, 2 dray (1 1 + 8, ajaz sin @, (2.85b)
d(b > 0 30(1 2 0 30(2 0 a% a%
— =2a;|———) —2a;| — —— - ——-— 2
dT] @ (4602 8601 @ 4(1)1 8(1)2 + 4 (005 ()] cos ¢ + %

(2.85¢)

where ¢ = 260, — 20, + 20T,. For the resonant case, the solutions are given by
Eq. 2.83, with the time evolution of the amplitudes and phases as described by
Eq. 2.85a,b,c.

2.3 Parameterized Perturbation Method
2.3.1 Introduction

The parameterized perturbation method (PPM) was first proposed by He in 1999b
and was further developed in He (2006a).

The method can be applied to nonlinear equations including differential-dif-
ference equations (Ding and Zhang 2009; Jalaal et al. 2011).

This approach is an explicit method with high validity for resolution of strong
nonlinear systems, which can be used to derive the relationship between period
and amplitude in a nonlinear oscillator. In addition, it is more convenient and more
efficient, in comparison with traditional methods.
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2.3.2 Application

In the following, we consider the method by applied examples.
Example 2.4

Consider the free response of the undamped and single-DOF system that is
shown in Fig. 2.1. The restoring forces in the spring are given by

Fy = —(kx(t) n ax(t)3), (2.86)
with « > 0. With this restoring force, the equation of motion of the system is

% (1) + kx(t) + ax(1)’ =0, (2.87)

where the equation of motion for this system with a cubic nonlinear stiffness is
commonly known as Duffing’s equation.

In order to use the parameterized perturbation method, it is necessary to
introduce an artificial small parameter /5

x(t) = Bv(r). (2.88)
Substituting Eq. 2.88 in Eq. 2.84a,b, we obtain
V() + kov(t)+a ()’ =0, v0)=A/B, ¥(0)=0. (2.89)

Suppose that the solution of the Eq. 2.89 and the coefficient, k (or other
coefficients), can be expressed in the forms

v(t) = vo(t) + Bvi(t) + Broa(t) + - (2.90)

k=w*+ o+ o+ (2.91)

Substituting Egs. 2.90 and 2.91 into Eq. 2.89 and equating the terms with the
identical powers of f yields the following equations:

Vo (1) + @’ vo(t) =0,  vp(0) =A/B, ¥o(0) =0. (2.92)
b1 () + @™vi(t) + oo +avy =0, v(0)=0, v;(0)=0. (2.93)

Considering the initial conditions vo =A/f and v(0) = 0, the solution of
Eq. 2.92 is (1) = §cos ct.

Fig. 2.1 Single-DOF system %(t)
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Substituting the result into Eq. 2.93, it can be rewritten as

by (1) + vy (1) —i—A (w1 + AZ) cos(wt) + 1A cos(3wt) =0 (2.94)
v v — — — =0. .
1 1 ﬂ 1 4ﬁ2 4ﬁ3
Avoiding the presence of a secular term requires
30A?
oy = - (2.95)
4p
Solving Eq. 2.94, we obtain
(1) xA’ (cos(3wt) — cos(wr)) (2.96)
vi(t) =——= - . .
YWY

If, for example, its first-order approximation is sufficient, then we will have

3

x(t) = pv(t) = B(vo(t) + Bvi(t)) = A cos wt + (32w2

- )(cos(3wt) — cos(wr)).
(2.97)

Substituting Eq. 2.95 into Eq. 2.91, the first-order angular frequency can be
written in the form

1
o= 5\/4k+ 3 aA2. (2.98)
The period T = 27 /w may then be written as

_27'C_ 2n

w /1+314£A2'

2.4 Singular Perturbation Method

T (2.99)

2.4.1 Introduction

The theory of singular perturbations has been with us, in one form or another, for a
little over a century (although the term “singular perturbation” dates from the
1940s). The subject and the techniques associated with it have evolved over this
period as a response to the need to find approximate solutions (in an analytical
form) to complex problems.

Typically, such problems are expressed in terms of differential equations that
contain at least one small parameter, and they can arise in many fields: fluid
mechanics, particle physics, and combustion processes, to name but three. The
essential hallmark of a singular perturbation problem is that a simple and
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straightforward approximation (based on the smallness of the parameter) does not
give an accurate solution throughout the domain of that solution. Perforce, this
leads to different approximations being valid in different parts of the domain
(usually requiring a “scaling” of the variables with respect to the parameter). This,
in turn, has led to the important concepts of breakdown, matching, and so on. The
notion of a singular perturbation problem was first evident in the seminal work of
L. Prandtl (1874—1953) on the viscous boundary layer.

The singular perturbation method concerns the study of problems featuring a
parameter for which solutions of the problem at a limiting value of the parameter
are different in character from the limit of solutions of the general problem—
namely, the limit is singular. In contrast, for regular perturbation problems,
solutions of the general problem converge to solutions of the limit-problem as the
parameter approaches the limit-value.

Singular perturbation theory considers systems of the form x = f(x, ¢) in which
f behaves singularly in the limit ¢ — 0. A simple example of such a system is the
Van der Pol oscillator in the large damping limit.

2.4.2 Application

Example 2.5
The Van der Pol oscillator is a second-order system with nonlinear damping, of
the form

X+a(x* = 1)x4x=0. (2.100)

The special form of the damping (which can be realized by an electric circuit)
has the effect of decreasing the amplitude of large oscillations, while increasing the
amplitude of small oscillations.

We are interested in the behavior of the large «. There are several ways to write
Eq. 2.100 as a first-order system. For our purpose, a convenient representation is

= a{res5)
X=o|ly+x——],
3 (2.101)
. X
y=—=.
o

One can easily check that this system is equivalent to Eq. 2.100 by computing
x. If it is very large, x will move quickly, while y changes slowly. To analyze the
limit o — oo, we introduce a small parameter &= 1 / o and a slow time
' =t/o = y/et. This can then be rewritten as

sg—y—i-x—x—3
dr 3 (2.102)
dy
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In the limit ¢ — 0, we obtain the system

3

X
O=y+x—=

3 (2.103)
Y_
7

which is no longer a system of differential equations. In fact, the solutions are
constrained to move on the curve C:y = %x3 —x, and eliminating y from the
system, we have

dy 5 dx  dx X
=—=x-1)==—==—5.
e Vg T @ T e
The dynamics is shown in Fig. 2.2a. Another possibility is to introduce the fast
time 1" = or = t/+/e.
Then Eq. 2.100 becomes

(2.104)

dx n x

v X ==,

dr” 3 (2.105)
dy

a

In the limit ¢ — 0, we get the system

dx n X3

T, =Y TX =,

dr” 3 (2.106)
dy

dr

In this case, y is a constant and acts as a parameter in the equation for x. Some
orbits are shown in Fig. 2.2b. Of course, the systems (2.101, 2.102, and 2.105) are
strictly equivalent for ¢ > 0. They only differ in the singular limit ¢ — 0. The
dynamics for small but positive ¢ can be understood by sketching the vector field.
Let us note that x is positive if (x,y) lies above the curve C and negative when it

(a) y | (b) v ,.

Fig. 2.2 Behavior of the Van der Pol equation in the singular limit ¢ — 0, a on the slow time
scale ¥ = \/et, given by Eq. 2.103, and b on the fast time scale ' = 1/+/¢ (see Eq. 2.105)
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(a) y (b)[z

Fig. 2.3 a Two solutions of the Van der Pol equations (2.101) (light curves) for the same initial
condition (1; 0:5), for « =5 and o = 20. The heavy curve is the curve C:y = %x3 —x. b The
graph of x(r) (x = 20) displays relaxation oscillations

lies below; this curve separates the plane into regions where x moves to the right or
to the left and the orbit must cross the curve vertically; dy/dx: is very small unless
the orbit is close to the curve C, so that the orbits will be almost horizontal except
near this curve; Orbits move upward if x < 0 and downward if x > 0.

The resulting orbits are shown in Fig. 2.3a. An orbit starting somewhere in the
plane will first approach the curve C on a nearly horizontal path, in a time ¢ of
order 1/a. Then it will track the curve at a small distance until it reaches a turning
point, after a time ¢ of order «. Since the equations forbid it to follow C beyond this
point, the orbit will jump to another branch of C, where the behavior repeats. The
graph of x(¢) thus contains some parts with a small slope and others with a large
slope (Fig. 2.3b). This phenomenon is called a relaxation oscillation.

2.5 Homotopy Perturbation Method and Its Modifications

2.5.1 A Brief Introduction to the Homotopy Perturbation
Method

The HPM was first proposed by He in 1999a (2000d). It has been worked out over
a number of years by numerous authors and has matured into a relatively fledged
theory thanks to the efforts of many researchers. For a relatively comprehensive
survey on the concepts, theory, and applications of the HPM, the reader is referred
to the review articles (He 2006a, d, 2008) and (Kachapi and Ganji 2013a, b;
Kachapi et al. 2011; Ganji and Kachapi 2011; Hashemi et al. 2007; Tolou et al.
2009; Ganji and Hashemi 2007).

In contrast to the traditional perturbation methods, this technique does not
require a small parameter in an equation. In this method, according to the ho-
motopy technique, a homotopy with an imbedding parameter p € [0, 1] is con-
structed, and the imbedding parameter is considered as a “small parameter,” so the
method is called the homotopy perturbation method, which can take full advantage
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of the traditional perturbation methods and homotopy techniques. In this method,
the solution is considered as the sum of an infinite series, which converges rapidly
to accurate solutions.

In this section, three cases of the HPM are applied for solving the governing
equation. In the first case, standard HPM is applied. In the second case, time
transformation 6 = wt is used, and then a homotopy equation is constructed. The
parameter expansion technique is used in both cases to expand the square of the
unknown angular frequency. And the third case of an HPM is applied for fractional
differential equations.

2.5.1.1 First Case of HPM

To explain the basic idea of the HPM for solving nonlinear differential equations,
we consider the nonlinear differential equation

Au) —f(r)=0,r€ Q, (2.145)
subject to boundary condition
B(u,0u/on) =0,re T, (2.146)

where A is a general differential operator, B is a boundary operator, f(r) is a known
analytical function, I" is the boundary of domain €, and Ou/0n denotes differen-
tiation along the normal drawn outward from Q.The operator A can, generally
speaking, be divided into two parts: a linear part L and a nonlinear part N.
Equation 2.145 therefore can be rewritten as follows:

L(u) + N(u) — f(r) =0, (2.147)

In the case in which the nonlinear Eq. 2.145 has no “small parameter,” we can
construct the homotopy

H(v,p) = L(v) — L(uo) + pL(u) + p(N(v) —f(r)) = 0, (2.148)
where
v(r,p):Q x [0,1] — R, (2.149)

In Eq.2.146, p€ [0, 1] is an embedding parameter, and uy is the first
approximation that satisfies the boundary condition. We can assume that the
solution of Eq. 2.146 can be written as a power series in p:

V=1o+pvi +p*ve + -, (2.150)

Also, the homotopy parameter p is used to expand the square of the unknown
angular frequency w as

w=w?—poy —pioay—---, (2.151)
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or

o® = p+poy +plos+ ..., (2.152)

where u is the coefficient of u(r) in Eq. 2.145, the right-hand side of Eq. 2.151
replaces it. Also a (i = 1, 2,...) are arbitrary parameters that are to be determined.
The best approximation for solution and angular frequency w are

u:lirr}v:v0+v1—|—v2+---, (2.153)
p*)

=1+ +wm—+--, (2.154)

when Eq. 2.148 corresponds to Eq. 2.145 and Eq. 2.153 becomes the approximate
solution of Eq. 2.145.

2.5.1.2 Second Case of HPM

To explain the basic idea of this case for solving nonlinear differential equations,
we consider the nonlinear differential equation

it = f(u,i), u(0)=A, (0)=0. (2.155)

For the determination of the periodic solution of this equation, we first intro-
duce a linear stiffness term with an unknown (constant) frequency o into both
sides of Eq. 2.155 as

i+ o’u = f(u, i) + o*u = g(u,it,w), u(0)=A4, u(0)=0. (2.156)
And then an artificial parameter p, is entered into Eq. 2.156, so we have
it + w’u = pg(u,it,v), u(0)=A, u(0)=0. (2.157)

It is obvious that Eq. 2.157 is equal to Eq. 2.156 for p = 1.
We now introduce a new independent variable 6 = wt so that Eq. 2.157 can be
written as

W' +u=pgluu, o) = p(u + %f(u, u, w)), u(0)=A, u(0)=0.
(2.158)
The solution of Eq. 2.158 is
w(0) = uo(0) + pur (0) + p*ur () + - - -, (2.159)
with

0 = WR(0) + et (0) + PP} (0) + -, (2.160)
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Substituting Eqgs. 2.159 and 2.160 into Eq. 2.158, expanding of f or G about
(uo, uo, o) and setting the coefficients of the monomials p", n > 0 in the resulting
series to zero, yields the following sequential equations:

W +uo=0,  u(0)=A4, u)(0)=0, (2.161)

! f(uo,u(,,wg)> , u1(0) =0, u;(0) =0, (2.162)

/"
uyp +up =\ up+-—
@5

"

G G G
uy oy = oo (b’to, ug, wo)uy + W (uo, ugy, wo)u'y + o (uo, upy, o)1, uz(0)
=0, u(0) =0.
(2.163)
The solution of Eq. 2.161 is
up(0) = Acos(0), (2.164)

which can be substituted into Eq. 2.162, and the condition that u;(0) is free from
secular terms provides an algebraic equation for the determination of wq. Similar
conditions applied to u(0), k>2, provide algebraic equations for wy, k> 1.
Substitution of these values of u(0) and @y, k>0, into Egs. 2.159 and 2.160,
respectively, and setting p = 1 in those equations provide the solution and the
frequency of oscillation, respectively.

2.5.1.3 Third Case of HPM

Recently, Shaher Momani applied the HPM to fractional differential equations in
2006 (Momani and Odibat 2006). To illustrate the basic ideas of the modification,
we consider the following nonlinear differential equation of fractional order:

Dlu(t) + L(u(2)) + N(u(2)) =f(1), t>0, m—l<oa<m, (2.165)

where L is a linear operator that might include other fractional derivatives of order
less than a, N is a nonlinear operator that also might include other fractional
derivatives of order less than a, f is a known analytic function, and D? is the
Caputo fractional derivative of order a, subject to the initial conditions

uk(0) = cx, k=0,1,2,...m—1 (2.166)

In view of the homotopy technique, we can construct the homotopy

W™ — (1) = plu™ — L) = N(u) — D'u|,  peo, 1]. (2.167)
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2.5.2 Application

To illustrate its effectiveness and its convenience, several examples with a high
order of nonlinearity are used; the result reveals that the first order of approxi-
mation obtained by the proposed method is valid uniformly even for a very large
parameter and is more accurate than the perturbation solutions.
Example 2.6

Introduction

Consider the generalized Huxley equation

Uy — thy = fu(l —u®)(W’ —9), 0<x<1, >0

with the initial condition

\ 1
u(x,0) = % + étanh(oyx)}o,

which describes nerve pulse propagation in nerve fibers and wall motion in liquid
crystals. The exact solution of this equation was derived by Wang et al., using
nonlinear transformations, and is given by

ool 52}
where o = 5p/4(1 + ) and p = \/4B(1 + ).

Applications
After separating the linear and nonlinear parts of the equation, we apply ho-
motopy-perturbation, which can be constructed as (Hashemi et al. 2007)

(- (gen) - (Fxn))

+p (E%V(X, t)) — (aa—;v(x, t)) — Bv(x,1)

(1= v, 1)) (v(x, 1) =)
=0.

Applying HPM into the previous equation and rearranging the resultant equa-
tion on the basis of powers of p-terms, we obtain

<% vo(x, t)) =0,
2

(%vl(x, t)) — Bvo(x, t)vo(x, t)(s - (%VO(X’ t>> + Bvolx, vo(x, t)m_ =0.

Bvo(x, t)vo(x, f)(s“/ + Bvo(x, 1)y
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Consider the following conditions:
) b4
up(x,0) = E + %tanh(a yx)} , 5140()@ 0) =0,

Mi(xv 0) =0,

U0 =0, i=12...

With the effective initial approximation for vy from the designated conditions
and the solution of previous equations, we will have

) }
vo(x, 1) = E + %tanh(a yx)} ’
1420

vi(x, 1) = 51 ((l+tanh( ))%(2(7%))1( ) g2 tanh(o yx)* +2(- 1) (

1+2:))

142 1+2>)

)y(T)a tanh(oy )—|-2(7_51)y( g —|—2( )y(%)ﬂ

o tanh(g yx)*6 — 2(55

(2%‘1)«/(%) (1 + tanh(o yx))l’> po* — 2y() (2(71)y(l>) (1 + tanh(o yx))%> 2552> t>

In the same manner, the additional components were obtained using the Maple

Package.

According to the HPM, we can conclude that

u(x,t) = Ilgrll v(x, 1) = vo(x, 1) +vi(x, 1) + -

The numerical results of the exact solution and two-terms approximation of

HPM, for f =1, y=0.001, and 6 = 1, are given in Table 2.1.

Example 2.7
Introduction

Consider a one-dimensional finite beam excited at its center by a suddenly
applied transverse force Q(x,t) [variable coefficient fourth-order parabolic partial

Table 2.1 Numerical solutions for f =1, y =0.001, and 6 = 1

X t Exact HPM

0.1 0.05 5.00030171E-04 5.00005184E-04
0.1 5.00042665E-04 4.99992690E-04
1 5.00267553E-04 4.99767803E-04

0.5 0.05 5.00100882E-04 5.00075895E-04
0.1 5.00113376E-04 5.00063401E-04
1 5.00338263E-04 4.99838513E-04

0.9 0.05 5.00171593E-04 5.00146605E-04
0.1 5.00184087E-04 5.00134111E-04

1

5.00408974E-04

4.99909224E-04
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Fig. 2.4 One-dimensional A
finite beam subject to sudden 2
! O(x,1)

shear load
- ? i VAN
[ 3

differential equations, where Q(x, ) = 0]. The applied point load at the origin on a
finite beam is shown in Fig. 2.4 (Ganji and Hashemi 2007):

o 11 )\ /e 1
@u(x,t)—l— (;—FEOX)(@M(‘LI)) :O7 §<x< 1, l‘>07

subject to the initial conditions

1
u(x,0) =0, 5 << 1,

Ou x
—(x,0) =1

and the boundary conditions

1 0.5%\ . 121\ .
M(E,I) = (1 +m) Slnt, M(l,t) = (m) Sln[, > 07
Qu (1 11\ . &u 1.
a_x2<2,t) 6<2> Slnt, @(l,t)zgslnt, t>0.
HPM Method

After separating the linear and nonlinear parts of the equation, we apply HPM
as follows (Ganji and Hashemi 2007):

0*v(x,1)  *vo(x,1) 0*v(x,1) 11\ 0%(x,0)
(l_p)( o7 o )+p< o +(;+mx) i >_’

p €[0,1].

1
m, §<x<l

Applying HPM and rearranging on the basis of powers of p-terms, we have

0. *vo (x,1)

=0
or? ’
ol ot ot
. 120<¥v1(x, t))x + X (Wvo(x, t)) + 120(Wv0(x, t)) o
' 120x ’
4 2 4
o 120(%v1(x, t)) + 120x(§7vz(x, t)) 4+ (g‘f_ﬁvl(x, t)) o

120x



2.5 Homotopy Perturbation Method and Its Modifications 81

Taking the following conditions into consideration,

5

v X
vo(x,0) =0, o (x,0) = 1—|—120
ov; )
vi(x,0) =0, & (x,0)];=0 =0, i=1,2,...

The solution of previous equations may be written as
(x,)=(1+ L)
Vol f) = 20" )"
B 1 \[ 1,
V](X,[)—(l+%x)< 6t>,
(x, )= (1+ : 1
Vel = 20" )\ 120

In the same manner, the remaining components were obtained using the soft-
ware Package.
According to the HPM, we can conclude that

u(x, 1) = [1’1311 v(x, 1) = vo(x, 1) +vi(x,0) + -

Therefore,
1 1 1 1 1
H=(14+— t 1+—x -7 1+—x ) —~F
u(x, 1) ( +120X> +< +120x)( 6 )+( 120" )<1zo
1+ : t ! P + 1 £
20" CTRT
The solution u(x, ) in a closed form is

u(x, 1) = <1 1)‘25 O> sin(7),

This is exactly the same as obtained by an exact solution.
Example 2.8
We next consider the parabolic equation

%zzu(x, 1)+ (Sinx( ) 1) (6644 (x, t)) =0,

O0<x<l1, t>0

with the initial conditions

u(x,0) =x—sinx, 0<x<1,
Ou

E(x,O) =—(x—sinx), 0<x<1
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and the boundary conditions

u(0,1) =0, u(l,r)=e""'(1 —sint), >0,
u 0%u .
a—xz(o,t):(), 6—x2(1,t):€ tSlnt, t>0.

A homotopy can be constructed as follows (Ganji and Hashemi 2007):

(1-p) (azva(;, ) a2ugt(;c, t)> +1’(62va(;’ : * (sinx(x) - 1) 6425? t)) -
p €[0,1].

Similar to previous example, after applying the HPM and rearranging based on
powers of p-terms, we have

62
»(galen) =0,

. (% vi(x, t)) sin(x) —|—x<% vo(x, t)) — sin(x) (% vo(x, t))

: =0
P sin(x) ’
L (Bva00) sin() + x(Sovi (1) = sin() (Eevi (1)
P . =0,
sin(x)
with the conditions
. dvo .
vo(x,0) = x — sin(x), B (x,0) = —(x — sin(x)),
vi(x,0) =0, %(x,O)L:O:O, i=1,2,...

The solution of previous equations may be written as
vo(x,7) = (x — sin(x))(1 — 1),

) = (= sinto) (- 5).
e = (= sine) (- 5 ).

In the same manner, the remaining components were obtained using a software
Package.
According to the HPM, we can conclude that

u(x,t) = ;T} v(x, 1) = vo(x,1) +vi(x, 1) +---
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Therefore,

S A A
The solution of u(x,?) in a closed form is

u(x,t) = (x — sin(x))e,

This is exactly the same as that obtained by an exact solution.
Example 2.9
Introduction
In the following, we consider the fourth-order equation in two space variables

02 1 x"\ /o 1y /o
azau(xayat)+2()62+ ><a 4 (x Y, )) +2<yz+ )(a 4 (X Y, )) :Oa

1
§<x,y<l, t>0,

subject to the initial conditions

1
u(x,y,0) =0, §<x<17
PN
u(x,y,O)—2+6|+f - <x<l,

ot 6! 2

and the boundary conditions

U(%,y,t) ( (1/62) 66l> sint, u(l,y,1) = (2 + (1/62)6 —&-é—?) sint,

0 /1 (1/2)* 0* 1.
@M(i,y,t> = 24 SlI‘ll‘7 @M(l,y,l‘) zﬂsmt,

o 1 1/2)* o 1
a—yzl/i(.x,i,l) :( é4) Sint, a—yzu(x,l,t):ﬂsint, t>0.
HPM Method

After separating the linear and nonlinear parts of the equation, a homotopy can
be constructed as follows (Ganji and Hashemi 2007):

2

— n+2{ - ! -‘rL o 1)
(a )<62 2 ) TR 720" ) 3"y

@V(X,)J,f) alz (x.y70) s 1+L 6_4( t) :07
7207 ) gyt Y

€ [0,1].
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Applying HPM and rearranging on the basis of powers of p-terms, we have

62
pO: (@VO(XL% t)) = 07

o’ 20, 2.6 o*
360 (atzvl(x,y,t)>x v+ yx (Mvo(x,y, t))
1 2 o* 2.6 o*
55 —_— _— = 0
P 360x2y2 +720y (6)(4 V()(X,)’,f)) +x y (6}14 Vo(X,y,t)> )

4
+ 720x° (Ga_y“ vo(x,y, t))
0? o*
360 (@ VZ(x7y7 t)>x2y2 + y2x6 (@Vl (xayv t))
2 1 ¢

0 ot
— 2( = 2.6 _
P Sgoyn | TP (w w(wﬁ)) +x%y (—ay4vl(x,y,t)> 0,

64
+ 720x° (a—y4 vi(x,y, t))

with the conditions

d R
vo(x,y,()):O, &VO(xay7O):2+a+)é,

d
vi(x,y,0) =0, av,-()gy,O)|,:0:()7 i=1,2,...

With the effective initial approximation for v, from the designated conditions,
the solutions of the equations may be written as

N
vo(x,y,1) = (2 —|———|-y—>t,

6! o6l

PUNNONSE
vl(x,y,t)——<2+6!+6!>3!,

PUNNNONSS
VZ(xayﬂt)<2+a+a>§a

In the same manner, the remaining components were obtained using a software
package.
According to the HPM, we can conclude that

M(x>y7t) :Iljiir{v(xayvt) = V()(X,y,t) +V1(X,y,t) +V2(X,y,t) + -
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PN AP
u(x,y,t) = (2+6+6')( !+§—~~-),

The solution u(x, ) in a closed form is

Therefore,

6 6
u(x,y,t) = (2+x _'_36)') sint,

This is exactly the same as that obtained by an exact solution.
Example 2.10

This example considers the following nonlinear oscillator with discontinuity
(Beléndez et al. 2008):

d’x
P + sgn(x) =0, (2.168)
with initial conditions
dx
x(0) =4 and —(0) =0, (2.169)
and sgn(x) is defined by
-1, x<0,
sgn(x) = 2.170
an(x) {+1, o 2.170)

All the solutions to Eq. 2.168 are periodic. We denote the angular frequency of
these oscillations by w and note that one of our major tasks is to determine m(A)—
that is, the functional behavior of w as a function of the initial amplitude A.

Equation 2.168 can be rewritten in the form

d’x
dr?

Now the homotopy parameter p is used to expand the solution x(z) and the
square of the unknown angular frequency w as

+x = x — sgn(x). (2.171)

x(t) = xo(t) + px1 (1) + p*xa (1) + -+ -, (2.172)
1 =@ —pouy —plop —---, (2.173)
where o;(i = 1,2,...) are to be determined. Substituting Eqs. 2.172 and 2.173 into
Eq. 2.171,
(xg 4+ px| +p*x5 + ) + (0 = poy — pPoy — -+ +) (x0 + px1 +p*x2 + -+ +)
=p[(x0 +pxi +p*x2 + ) —sgn(xo + px; +pPxz + )]
(2.174)
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and collecting the terms of the same power of p, we obtain a series of linear
equations, of which we write only the first four:

xXg+atxg =0, x(0) =4, x,(0)=0, (2.175)

X+ o’x; = (1+01)x —sgn(xg),  x1(0) =x,(0) =0, (2.176)
X+ ’xy = ooxp + (1 +oy)xy,  x2(0) = x5(0) =0, (2.177)

Xy + 0x3 = o3x0 + oox; + (1 +a1)x2,  x3(0) = x4(0) = 0. (2.178)

In Eqgs. 2.175-2.178, we have taken into account the expression

fx) :f(xo + pxi + pPaa + pPas + - )

df (x) 2| (I (%) 1 (df(x) > 3
= - 7 2N 7 _ 0 2
s +r(B2) | (D) nes(S) 8| voud)
(2.179)
where f(x) = sgn(x) and
d d
s%;(x) = sag;nz(x):“.:() for x#0,
and then
sgn(xo + px; +p2x2 + .. ) = sgn(xo),
The solution of Eq. 2.175 is
xo(f) = Acos wr. (2.180)
Substitution of this result into the right-hand side of Eq. 2.176 gives
X + o?x; = (1 + o)A cos ot — sgn(A cos wt). (2.181)
It is possible to do the following Fourier series expansion:
sgn(cos wr) = Z agnr1 cos[(2n + 1)wt] = a; cos wt + az cos3wr + - - -
n=0
(2.182)
where
n/2
4 " 4
Azt = sgn(A cos t) cos[(2n + 1)t]dt = (—1) Gt D (2.183)

0
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The first term of the expansion in Eq. 2.183 is given by
n/2
4 4
a; =— [ sgn(Acost)costdt =—. (2.184)
T T
0

Substituting Eq. 2.182 into Eq. 2.181, we have

o0
¥+ o?x; = [(1 4+ o)A — ay] cos ot — Zaz”“ cos[2n+ Nwt].  (2.185)

n=1

No secular terms in x;(¢) require eliminating contributions proportional to
cos wt on the right-hand side of Eq. 2.185, and we obtain

4
a1:—1+%:—1+n—A. (2.186)

From Egs. 2.173, 2.184, and 2.186, writing p = 1, we can easily find that the

first-order approximate frequency is

2 1.128379
or(A) = [P = 2 2% (2.187)

ATV VA

and the first-order approximation period can be obtained as

Ti(A) = n1v/7A = 5.568328VA (2.188)

Now, in order to obtain the correction term x; for the periodic solution xg, we
consider the following procedure. Taking Eqs. 2.185 and 2.186 into account, we
rewrite Eq. 2.185 in the form

X+ o’x) = — Zaz,,ﬂ cos[(2n + 1)wi] (2.189)

n=1

with initial conditions x; (0) = 0 and x (0) = 0. The periodic solution of Eq. 2.189
can be written as

x(t) = ibzn_'_] cos[(2n + 1)wt]. (2.190)
n=0

Substituting Eq. 2.190 into Eq. 2.189, we can write the following expression
for the coefficients by, :
A2p+1 (_l)n

bops1 = = . 2.191
T+ D n(n+ 1)(2n + 1)re? ( )

for n> 1. Taking into account that x;(0) = 0, Eq. 2.186 gives

> -3 o
bl = _zlb2n+l = Tcw2 :E (2.192)
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where

3
=1—--. 2.193
o=1-> (2.193)
Substituting Egs. 2.180, 2.186, 2.190, 2.191, and 2.192 into Eq. 2.177 gives the

following equation for x,(7):

Xy + w*xy = oA cos ot —&—%cos ot + ;Mﬁcos[(% + 1)ot].
(2.194)
The secular term in the solution for x,(#) can be eliminated if
12 -4
o = ——a ” (2.195)

A20?  m2A2w?

Similarly for @,, and taking p =1, one can easily obtain the following
expression for the second-order approximation frequency

1 24+2v4—7n  1.107452
602( ) m\/al + V aj oai A \/Z ) ( )

and the second-order approximation period is given by

T5(A) = 5.672551VA. (2.197)

With the requirement of Eq. 2.198, we can rewrite Eq. 2.194 in the form

I 2 - A2n+1
)C2 + w Xy = ZWCOS[(ZH + l)(l)t], (2198)

n=1

with initial conditions x;(0) = 0 and x5(0) = 0. The solution of this equation is

x(t) = icszr] cos[(2n + 1)wt]. (2.199)
n=0

Substituting Eq. 2.199 into Eq. 2.198, we obtain the following expression for
the coefficients ¢y, 1:

a1az; 1 _ (—1)"*!
16n2(n + 1) Aw*  n2(n+1)*2n+ )2Aw*’

Coup+1 — — (2200)

for n> 1. Taking into account that x,(0) = 0, Eq. 2.199 gives

> 72 + 247 — 66 A
=Y e =R 2.201
“ — C2ntt 6m2Aw* Aw? ( )
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where

n* + 24m — 66
A= 2.202

Substitution of Egs. 2.180, 2.186, 2.190-2.192, 2.195, and 2.199 into Eq. 2.178
gives the following equation for x3(z):

2

"(11 g a,
X+ o’ X3 = 03A COS Wt + ———COS W — ———COS Wt
3 A2t A2pt
s 2
0 Aop+1 ajap+1

cos|(2n + 1)wt] — ————————cos|(2n + 1)wt].
— dn(n + A0 I o] ;16n2(n+1)2A2w4 I Jor

(2.203)
The secular term in the solution for x3(¢) can be eliminated if
d2a; — day 240 — 1207 + 1472
B=— s = oA . (2.204)

From Egs. 2.173, 2.186, 2.195, and 2.204, and taking p = 1, one can easily
obtain that the following expression for the third-order approximation frequency is

1.111358
3(A) = ——+—, (2.205)
VA
and the third-order approximate period is given by
T3(A) = 5.633609V/A. (2.206)

Taking Eq. 2.204 into consideration, we can rewrite Eq. 2.203 in the form

] 2
" 2 _ 0 Ayp+1
X3 + w X3 = — E WCOS[(Z” + l)wt]

ala2n+l
— cos|(2n + 1)wt 2.207
Z 16n%(n+1) 2A200% i Jor ( )

with initial conditions x3(0) = 0 and x5(0) = 0. The solution of this equation is

= idz’”l cos[(2n + 1)wt]. (2.208)

Substituting Eq. 2.208 into Eq. 2.207, we obtain the following expression for
the coefficients da,11:

(=) [n(n + 1)(n = 3) + 1]
m(n+1)°(2n+ 1)3A206

dyiy = (2.209)

for n> 1. Taking into account that x3(0) = 0, Eq. 2.207 gives
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> 7 — 327% 4 2347 — 450
dy == dy1 = (2.210)
n=1

n3(n+1)°(2n+ 1)mA200

For this nonlinear problem, the exact periodic solution and the exact period are
given by the equations

2 T,

l2
xe(t) = 5—2\/2At+3A, <r< ¢ (2.211)

4
P I.
—5+ 4v/2A1 — 154, — <t=T,

T,(A) = 4V2A = 5.656854V/A. (2.212)

An easy and direct calculation gives the following series representation for the
exact solution x,(r) (Eq. 2.211):

324 & —1)"
xe(t) = —- (7)3cos[(2n + Dw,1], (2.213)
n n=0 (271 + 1)
where
2 1.110721
we(A) =~ T (2.214)

T.A)  2v2A VA

2.6 Variational Iteration Method
2.6.1 Introduction

The VIM was proposed by the Chinese mathematician He in 1997a and is a
modified general Lagrange’s multiplier method (Inokuti et al. 1978).

VIM has been favorably applied to various kinds of nonlinear problems. The
main property of the method lies in its flexibility and ability to solve nonlinear
equations accurately and conveniently, using a linearization assumption as an
initial approximation or trial function; then a more highly precise approximation at
some special point can be obtained. This approximation converges rapidly to an
accurate solution. The confluence of modem mathematics and symbol computation
has posed a challenge to developing technologies capable of handling strongly
nonlinear equations, which cannot be successfully dealt with by classical methods.
The VIM is uniquely qualified to address this challenge. The flexibility and
adaptation provided by the method have made the method a strong candidate for
approximate analytical solutions. A new iteration formulation is suggested for
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overcoming the shortcoming. A very useful formulation for determining approx-
imately the period of a nonlinear oscillator is suggested. Examples are given to
illustrate the solution procedure.

Consider the following general nonlinear differential equation of an oscillator:

' +f(u,u,u") =0, (2.215)

subject to u(0) = a and «'(0) = b, where ¢ is time and u is the displacement. The
prime denotes differentiation with respect to ¢.
We rewrite Eq. 2.215 in the form

W'+ Qu=Fu), Fu)=Q%u—f(u). (2.216)

We consider that the angular frequency of the oscillator is €, and we choose the
trial function using an initial condition [such as, for the initial condition u(0) = A
and «'(0) = 0, the trial function is uy(z) = A cos Qr]. The angular frequency Q is
identified with the physical understanding that no secular terms should appear in
u; (1), which leads to

T
/cos Qt[Quy — f(uo)|dt =0, T==. (2.217)
0

From this equation, Q can easily be found. It should be especially pointed out
that the more accurate the identification of the multiplier, the faster the approxi-
mations converge to its exact solution, and for this reason, we identify the mul-
tiplier from Eq. 2.216 rather than Eq. 2.215.

According to the VIM, we can construct a correction functional as (He 1997a)

1

Uni1 (1) = un(2) /)L{u” + Q%u, (1) — F, } dr, (2.218)
0

where 1 is a general Lagrange multiplier, which can be identified optimally via the
variational theory, the subscript n denotes the nth-order approximation, and F, is
considered as a restricted variation—that is, 51:",, = 0. Under this condition, its
stationary conditions of the above correction functional can be written as

(1) + Q*A(1) = 0,
A1) ]e= =0, (2.219)
1= 2 ()= = 0.

The Lagrange multiplier can, therefore, be readily identified by
1
A= ﬁsin Q(r—1), (2.220)

which leads to the iteration formula



92 2 Perturbation and Variational Methods

t

1
e (£) = un(t) + / e GRS (2.221)
0
As we will see in the forthcoming illustrative examples, we usually stop at the

first-order approximation, and the obtained approximate and accurate solution is
valid for the whole solution domain.

2.6.2 Application

In this section, several examples are considered for the comparison and usefulness
of the method developed.
Example 2.11

Let us consider the following nonlinear oscillators with discontinuities:

U+ u+ eulu| =0,

with initial conditions u(0) = A and '(0) = 0.
Here the discontinuous function is f(u) = u + eu|u|. From Eq. 2.217, we can
determine the angular frequency (Rafei et al. 2007a) as

T

/ cos QU [Q*Acos Qt — (Acos Qt + cAcos Qt|Acos Q)] dr =0, T = 257[
0
Noting that |cos Qt| = cos Qt when —7/2 <Qr <7/2 and |cos Qt| = — cos Q¢
when 71/2 < Q¢ <37/2, we can write the previous equation in the form
/20
/ (@ — 1)Acos® Qr — ¢ A% cos® Q] dt
—n/20
37/20Q
+ / [(Q% — 1)Acos® Qf + ¢ A% cos® Qr] dt = 0.
/20

From the above equation, one can easily conclude that

Q:\/l—i—isA.
3n

We rewrite Eq. 2.221 in the form

t

o (1) = (1) + / ésin Qc — (W (1) + n(1) + o1 () it (<)} .
0
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By the above iteration formula, we can calculate the first-order approximation

1

1
AcosQt + /ﬁsinQ(r —1){(1 — Q*)Acos Q1 + ¢ A% cos® Qt } dr,
0
east
u (1) =
Acos Qt + /5 sinQ(t — 1) {(1 — Q*)A cos Qt — ¢A > cos” Qt } dr,
0
T 3n
— << —
2= T 27
which yields
1 A? A?
Acos Qt +2—QA(§22 — 1)rsinQr + Zﬁ(cos 20t + 2 cos Q) — ;?,
T T
—— << -,
27 T2
i (t) = 1 £ A2 ¢ A2
Acos Qt +EA(QZ — 1)rsinQr — @(cos 20t + 2 cos ) + ek
3n
T<ar<
2T 27

where the angular frequency Q is defined as Q = /1 + %SA
In order to compare with a traditional perturbation solution, we write Ali Na-
Example 2.12

yfeh’s result:
4
u—=Acos|1+-—¢eA |t+
3n
Introduction

Two-strand or Sirospun yarns are produced on a conventional ring frame by
feeding two roving, drafted simultaneously, into the apron zone at a predetermined
separation. Emerging from the nip point of the front rollers, the two strands are
twisted together to form a two-ply structure (see Fig. 2.5).

Nonlinear Dynamical Model

Assume that the convergence point (equilibrium position) moves to an
instantaneous position (see Fig. 2.6), and the distance x and y are measured from
the equilibrium position. Then the motion equations in x and y directions can be
expressed (Shou and He 2008) as

2
jf—i—Fl cosa — Fpcos ff =0,
(2.222)

2y
dz—f—Flsma—i—Fzsmﬁ F=0.
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Fig. 2.5 Two-strand yarn

spinning
Fig. 2.6 Dynamical Y
illustration of two-strand CLE » (1993

spun ‘%

Here, m is total mass of a fixed control volume, the control volume having been
chosen in such a way that the mass center is located on the convergent point (O) of
the two strands.

Expanding the trigonometric functions into series of x and y, we can obtain a
coupled nonlinear oscillator. In this example, we consider the special

(2.223)

Ytoix+ey’x =0
5’—|—w%y +ex’y =0 ,

with the initial condition x(0) = A,x(0) = 0,y(0) = B,y(0) = 0.
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In our study, ¢; and &, do not need to be small. We will apply the VIM to solve
Eq. 2.222.
Applying the VIM, we can easily construct the following iteration formulations:

t
1 d?
Xnil = X + w_/ sinw; (s — t){d_s); + w%x + 81y2x} ds, (2.224)
'
t
1 . d?y 2 ’
Yn41 = Yn +a)_ sinwy (s — 1) d—s2+w1y+81x y ¢ ds, (2.225)
2
0
where A, = é sin 1, Ay = Lsinw,t.
We begin with the initial solutions:
xo = Acos Qt, (2.226)
yo = BcosQt. (2.227)

where Q;,Q, are the frequencies in the x and y directions, respectively.
According to the iteration formulations 2.224 and 2.225, we obtain

t
1
x; =AcosQyr+ w_/ sinw; (s — 1) {A((w] — QF) cos Qs + &1AB? cos Qs cos® Qs } ds
|
0

2
coswit —cosQit g AB~coswit — cos Qqt
=AcosQit + A(w} — Q)

o? — Q% 2 o? — Q%
£1AB? cos w1t — cos(2Q + Qy)t  w3AB? cos w1t — cos(2Q, — Q)¢
4 - 2+ Q) 4 0 — (2 — )

81AB2 SIABZ 1 1

=14t 22 3t 2
2((1)% — QI) 4 OJ% — (292 + Q]) CO% — (292 — Q])
2cosQ;t cos(2Q + Q))t cos(2Q — Q))t

0} —QF 0 — 20+ Q) - (20, - Q)

}cos w1t

(2.228)

£1AB?
4
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t
1
y1 =BcosQyt + —/ sinwy (s — 1) {B(w3 — Q3) cos Qs + &,BA” cos Qs cos” Qs } ds
w2
0

cos wat — cos Qpt & BA? cos wyt — cos Oyt

=Bcos Wt + B(w3 — Q)

w3 — Q% 2 w3 — Q%
& BA% cos mpt — cos(2Q) + )t w3BA? cos mat — cos(2Q; — )t
4 w% — (2Q| + 92)2 4 w% — (2Q| — Qz)z

823A2 82BA2 1 1
=Bt T | = .
2((02 — QZ) w5 — (291 + Qz) w5 — (ZQI — Qz)

2 cos Qyt cos(2Q; + Q)¢ cos(2Q; — )t

} COS ot

& BA?

4 CU% — Q% (1)% — (2Q| + Qg)z w% — (291 — 92)2
(2.229)
Eliminating the secular terms in x; and y,, we require
1 AB? el AB? [ 1 1 ]
A+ + + =0,
20}-0Q)) 4 |0l -2+ Q) of - (29 - Q)
(2.230)
5BAY  5BAY | 1 1 ]
B+ + + =0,
23 -Q) 4 |03 - 20+ Q)" 0] — (20 — Q)
(2.231)

from which the values of Q; and Q, can be determined.
From Egs. 2.230 and 2.231, we can obtain the resonance condition of the
coupled oscillator, which leads to

o} — (2Q, — Q;)* =0, (2.232)

2 — (2Q; — Q,)* = 0. (2.233)

The condition for resonance can be obtained easily when the parameters are

chosen. Resonance occurs when w; = 2Q, — Q or w, = 2Q; — Q,, where Q; and
), can be determined from Egs. 2.232 and 2.233.

2.7 He’s Variational Approach

2.7.1 Basic Idea

He’s variational approach was proposed by He in 2007. The main property of the
method is to solve nonlinear equations accurately and conveniently with a
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linearization assumption used as an initial approximation or trial function, from
which a more highly precise approximation at some special point can be obtained.
This approximation converges rapidly to an accurate solution. A very useful for-
mulation for determining approximately the period of a nonlinear oscillator is
suggested. Examples are given to illustrate the solution procedure.

Hereby, for a brief introduction of the method, we consider a general nonlinear
oscillator in the form

B (1) +f(v (1)) = 0. (2.234)
Its variational principle can be easily established using the semi-inverse method

T/4

J(v):/ (—%VZ—FF(V)) dt, (2.235)
0

where T = 2n/w is the period of the nonlinear oscillator. Using Eq. 2.235 and
F(v) = [ (av + V) dv, we obtain

T/4
1

1 1
J(v) = / (—E\'/z +§ocv2 +ZﬁV4> dr. (2.236)
0

Considering these initial conditions,
v(0) =A, v(0)=0. (2.237)
Assume that its solution can be expressed as
v(t) =A cos o t. (2.238)
Substituting Eq. 2.238 into Eq. 2.236 results in

T/4
1 1 1
J(A,w):/ (—2A2a)2sinzwt—i—zocA2coszwt+4ﬁA4cos4wt>dt
0
/2 (2.239)
1 loogeo 1 o o 1o 4
=— ——Aw"sin“t+—-aA“cos“t+— A" cos" t |dt
) 2 2 4
0
Applying the Ritz method, we require
0J/0A =0, (2.240)

0J/dw = 0. (2.241)
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But by a careful inspection, for most cases, we find that
0J /0w <O0. (2.242)
Thus, we modify the conditions 2.240 and 2.241 into the more simple form:

0J /oA =0 (2.243)

2.7.2 Application

Example 2.13

Introduction

The conservative autonomous system of a cubic Duffing equation is represented
by the following second-order differential equation that one sees in Kachapi et al.
(2010):

(1) + av(t) + (1)’ =0, (2.244)
with initial conditions
v(0) = A, ¥(0) =0. (2.245)

where v and ¢ are generalized dimensionless displacement and time variables,
respectively, and o and f§ are any positive constant parameters.

Case 1

Consider a two-mass system connected with linear and nonlinear stiffnesses
(the two-mass system model as shown in Fig. 2.7). The equation of motion is
described as

mi 4k (x —y) + ka(x —y)* =0, (2.246a)
my + ki (y — x) + ka(y — x)> =0, (2.246b)
with initial conditions
x(0) = Xo, x(0) =0. (2.247a)
y(0) = Yy, 7(0) =0. (2.247b)

Fig. 2.7 Two masses X y
connected by linear and l_. h. kb l_'
nonlinear stiffnesses //\ /\ /\
- n
" = VVAL—
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whose double dots in Eqs. 2.246a and 2.246b denote double differentiation with
respect to time ¢ and k; and k, are linear and nonlinear coefficients of spring
stiffness, respectively. Dividing Eqgs. 2.246a and 2.246b by mass m yields

.k ko 3

S (x—y)+ - (x—y) =0, (2.248a)
. Kk ky 3

— - — - =0. 2.248b
Y+ =2+ (=) ( )

Introducing intermediate variables u and v as follows:
X: =u, (2.249)
y—x: =, (2.250)
and transforming Eqs. 2.248a and 2.248b yield
i—xv—pv =0, (2.251a)
Vit +Kkv+pr =0, (2.251b)
where x = k;/m and p = k,/m. Equation 2.251a is rearranged as
it =rKxv+pv (2.252)
Substituting Eq. 2.252 into Eq. 2.251b yields
V4 2kv+2pV =0, (2.253)
with initial conditions
v(0) =y(0) —x(0) =Yy — Xo =A, v(0)=0. (2.254)

Equation 2.253 is equivalent to Duffing’s Eq. (a), with o= 2x and = 2p. For
solving Eq. 2.253 using the variational approach, the approximate solutions of
v(t) can be back-substituted into Eq. 2.252 to obtain the intermediate variable ()
by double integration.

Its variational formulation can be readily obtained from Eq. 2.253 as

T/4
1 1
) = / (-502 + 1V + 5’”4) dr. (2.255)

Substituting Eq. 2.239 into Eq. 2.255, we obtain
T/4
1 1
J(A) = / <— EAZcu2 sin®wt + kA% cos’ w1t + EpA4 cos* o t) dr.  (2.256)
0



100 2 Perturbation and Variational Methods

The stationary condition with respect to A leads to
T/4
oJ JOA = / (—Aw’sin”®wt+2KkA cos’wt+2pA’cos* wr)dt

0
n/2

:/ (—Aw’sin®t 4+ 2K A cos*t+2pA° cos* t)dr = 0.
0

(2.257)

This leads to the result

1
w==+8Kk+6pA2. (2.258)

2
According to Egs. 2.239 and 2.258, we can obtain the approximate solution

v(t) = A cos <%t\/8k+6pA2>. (2.259)

The first-order analytical approximation for u(t) is

u(t) = //(KV +pv)dedr = ﬁA cos(wt) (9x + pA cos*(wt) + 6pA?).
(2.260)

Therefore, the first-order analytically approximating displacements x(z) and
y(1) are

x(t) = u(1), (2.261)
¥(t) = u(t) + Acos(wr). (2.262)

Case 2

Consider a two-mass system connected with linear and nonlinear springs and
fixed to a body at two ends, as shown in Fig. 2.8. The equation of motion is
described as

mi + kix + ky(x — y) + ks(x —y)* =0, (2.263a)

x y
n b b h
T gy o
/\’J\f\- | m g"\"f\ m |} HH\
V v \'/_] \/\ v \/V \

Fig. 2.8 Two-mass system connected with the fixed bodies
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my + kyy + ka(y — x) + ks(y —x)° =0 (2.263b)

with initial conditions
x(0) = Xy, x(0) =0. (2.264)
y(0) = Yy, ¥(0) =0. (2.265)

whose double dots in Eqs. 2.263a and 2.263b denote double differentiation with
respect to time ¢ and where k; and k, are linear coefficients of spring stiffness and
ks is the nonlinear coefficient of spring stiffness. Dividing Eqs. 2.263a and 2.263b
by mass m yields

. ki ko k3 3

-1 2 — 2 — =0 2.266
Fb—x et (x = y) +— (x — ) , (2.266a)
.k k k

m m m

Similar to case 1, transforming the above equations, using intermediate vari-
ables, yields

i+yu—nv—2vi=0, (2.267a)
B4V +pu+ypv+np+ v =0 (2.267b)
in which y = ky/m, n§ = ky/m, and A = k3/m. Rearranging Eq. 2.267a as
i=nv+ v —yu (2.268)
and back-substituting into Eq. 2.267b yields
V4 (y4+2n) v 4240 =0, (2.269)
with initial conditions
v(0) =y(0) —x(0) =Yy —Xo =A, v(0)=0 (2.270)

Equation 2.269 is again equivalent to Duffing’s Eq. (a) with o =7 4 25 and
f = 2. For solving Eq. 2.270 using a coupled variational approach, the approx-
imate solutions of v(¢) can be back-substituted into Eq. 2.268 to yield

i+ yu = v+ A3, (2.271)
with initial conditions
u(0) = x(0) = Xo, (0) =0. (2.272)

Equation 2.271 is a linear nonhomogeneous second-order ordinary differential
equation, and it can be solved readily using a standard method such as a Laplace
transformation.
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Its variational formulation Eq. 2.273 can be readily obtained as

T/4
1, 1 1
J(v) = / < SV S+ 5“4) dr. (2.273)

Substituting Eq. 2.239 into Eq. 2.273, we obtain
T/4
1 1 1
J(A) = / (— 3 Alo?sin’ w1 + 3 (74 2n)A%cos* ot + E/IA4 cos* @ t) de.

(2.274)
The stationary condition with respect to A reads
T/4
0J/0A = / (—Aw’sin® ot + (y+2n)A cos’ ot +2 1A% cos* wt)dt
0 (2.275)

n/2
= / (~Aw’sin®t+ (y+2n) A cos®t + 2 2A° cos* t)dt = 0
0

This leads to the result

1
w:g\/8n+4w/+6lA2. (2.276)

According to Eqgs. 2.239 and 2.276, we can obtain the approximate solution

1
v(t) = A cos <§t\/8n +4y+6/lA2>. (2.277)
By Eq. 2.275, the first-order analytical approximation for u(¢) is
B cos(y/71) (AA%y —TAA> 0 — nyA 4+ 9nw?A + 57 — 50y w? + 45 »*)
N 12 — 10y w? + 9w*

36(— % (w0 — )4 A% cos(3 wr) + cos(wt) (n — 3 1A%) (w® —1y)) A
4y? — 40y »? 4 360"

u(t)

(2.278)

Therefore, the first-order analytically approximates displacements x(¢) and y(r)
are

x(¢) = u(r), (2.279)
¥(t) = u(t) + A cos(wt). (2.280)
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Discussion of Examples
The exact solution of the dynamical system can be obtained by integrating the

governing equation (2.244) and imposing the initial conditions (2.245) as follows:

n/2
4 / dr
T(A) = , 2.281
@ \/ochﬁAzo V1 —m sin®¢t (2.281)
for which
p A?
== 2.282
" 20t pA?) (2.282)

The exact frequency w, is also a function of A and can be obtained from the

period of the motion as
-1

n/2
_nyot fA? /L , (2.283)

. (A
(4) 2 1 —m sin’¢

0

It should be noted that w, contains an integral, which could only be solved

numerically in general.
Plotting the exact solution and variational solution, it is clear that the results are

in excellent agreement (Figs. 2.9, 2.10).

Example 2.14
As a last example, we consider the following nonlinear Duffing-harmonic

oscillation:
u' +u’/(1+ u?) =0, u(0)=A, u'(0)=0.

in which f(u) = o /(1 4 u?).

Fig. 2.9 Comparison of the 8
analytical approximates i &
Example 2.13 with the exact - ; ¥ t
solution for ky = 1, k, = 1, 4: Y -- Variational approach g
ks = 1, with x(0) = 5 il 1 +  Exactsolution F
/&
: i >
_— X P
Yol W 4
i T zﬂi‘!
il | {
-4 4 b fI'
i to~& F
A
s 4.
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Its variational formulation (Naghipour et al. 2008) is

T/4
1 1 1
J(u) = / (51/2 +5u2 filn(l +u2)>dt.
0

For similar previous examples, we have

T/4
1 1 1
J(A) = / (— EAzw2 sin® ot + EAZ cos’wt — Eln (1 + A%cos? a)t) dr,

/4
2—2: / (—Aco2 siffwt+A cos>mt — (A cos*wt) /(1 +A? coszwt))dt
0

/2
= / (-Aw?sin®t + A cos* t — (A cos? /(1 + A% cos’t))dt = 0.
0

From the previous equation, we have

_ ((A2+1)'/2(2 csgn((A2+1)'/2)+A2(A2+1)1/2—2(A2+1)1/2>1/2/(A (A2+1)1/2).

The csgn is defined in Maple Package Software.
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2.8 Couple Variational Method
2.8.1 Introduction

The couple variational method (CVM) is a procedure for studying periodic solu-
tions of strongly nonlinear systems (Kachapi et al. 2009b). The method consists of
a combination of variational approaches to determine frequency and amplitude of
the system and VIMs to obtain the time response of the system. Some examples
are given to illustrate the effectiveness and convenience of the method.

2.8.2 Application

Example 2.15
As a first example, let us consider a family of nonlinear differential equations

' +ou+ Pt =0, a>0, y>0, m=1,2,3,..., (2.284)
where o, 7, and mare constant values. With the initial conditions,
u(0)=A, 4'(0)=0. (2.285)
For this problem,

f(u) —ou+ ,Vu2m+l andF(u) _ laMZ n yu2m+2.
2 2m+2

Its variational formulation can be readily obtained as

T/4

J(u) / Ly Ly 297 g (2.286)

u) = ——u"+<ou .
2" T Toma

0

Substituting u(f) = A cos wt into Eq. 2.286, we obtain

T/4
1 1 v (A t 2m+2
J(A) = / <—§A2w2 sinzwt—i-i % A? cos? wt—l—% dr
0

(2.287)
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The stationary condition with respect to A leads to

/4
aJ v (A ¢ 2m+2
A / (—Aa)zsinzwt+acA coszwt—l—% dr
0 (2.288)
" 7 (A cos 1)*"+?
= / (—Aw2 sin?t + oA Coszt—i—f)dtzo
0
This leads to the result
VAT T(m+2) (xAm Tm+2) +274241 TG+ m) V/7)
— 2.289
@ AnT'(m+2) o )
Function Gamma (I') is defined in the Mathematical package.
with T = %, yield
2A7* T 2
T n Lm+2) (2.290)

- \/An I(m+2) (eAn T(m+2) +2yA21 T (34 m) /)

Thus, we apply VIM and rewrite in the form

Up1(1) = uy(t) + /ésinw (t— 1) (u)(z) + oun(t) + 9w (x))de.  (2.291)
0

By the above iteration formula, we can calculate the first-order approximation

ui(t) =Acoswt
Josin(z — 1) (—wZA cos Wt +aA cos wt + (A cos cm:)z'"“) dt

(2.292)

The angular frequency ® is defined as in Eq. 2.289. For example, for
o=7y=A=m=1, it yields

(1) = cos (1.32291) — 0.012813 cos t +0.012813 cos (3.96871).  (2.293)

The above results are in good agreement with the results obtained by the exact
solutions.
Example 2.16

In dimensionless form, a mass attached to the center of a stretched elastic wire
has the equation of motion (Kachapi et al. 2009b)
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Au —0
V14 u?

This is an example of a conservative nonlinear oscillatory system having an
irrational elastic item. All the motions corresponding to Eq. 2.294 are periodic, the
system will oscillate between symmetric bounds [—A, A], and its angular fre-
quency and corresponding periodic solution are dependent on the amplitude A.

Its variational formulation can be readily obtained as

u' +u— (2.294)

T/4

J(u) = / (—1 2yt \/1+—uZ> dt (2.295)
0

2 2

By a similar manipulation, as illustrated in the previous example, we have
T/4
1 1
J(A) = / (—2A2w2 sinza)t+§Azcoszwt -V 1+A? cosza)t)dt
0
(2.296)

The stationary condition with respect to A reads

T/4

oJ ,

a:/ (—szsin2wt+Acos2wt—(AAcoszwt/ 1 4 A2 cos? cot))dt
0

n/2
= / (—Aw2 sinf+ A cos®t — (xlA cos’ t/ 1 4+ A2 cos? t))dt =0
0
(2.297)

This leads to the result

\/ n (4& (EllipticK (\/:43)) — 4 (EllipticE (\/:747)) + Azn)

w = e . (2.298)

where the incomplete elliptic integral EllipticE and EllipticK are defined in the
Mathematical package. Hence, the approximate period is

T— 2n _ 2A7?
\/ n (4/1 ( EllipticK (\/—_AZ) ) - (4), EllipticE (\/—_AZ) ) + Azn)
(2.299)
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Fig. 2.11 The comparison of
the approximate solution
(CVM) with the exact
solution for

A=0.1, A=100

We rewrite Eq. 2.294 in the form

t

s (£) = un(f) + /ésina) (c—1)

0

2 Perturbation and Variational Methods

Ay (1)

<u;’(r) + u, (1) — m) dr. (2.300)

By the above iteration formula, we can calculate the first-order approximation

ui(t) =Acoswt+

Jo sin(z —1) (—sz cos wT+A cos mt — AL )dr

V1+A2cos2wt

w
(2.301)

in which the angular frequency w is defined as Eq. 2.298. The above results are in
good agreement with the results obtained by the exact solution, as illustrated in

Fig. 2.11.

2.9 Energy Balance Method

2.9.1 Introduction

In this section, we will introduce a heuristic approach, called the He’s energy
balance method (EBM), to nonlinear oscillators that were proposed by He in
2002a. In this method, a variational principle for the nonlinear oscillation is
established; then a Hamiltonian is constructed, from which the angular frequency
can be readily obtained by the collocation method. The results are valid not only
for weakly nonlinear systems, but also for strongly nonlinear ones.
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Some examples reveal that even the lowest order approximations are of high
accuracy. They illustrate that the energy balance methodology is very effective and
convenient and does not require linearization or small perturbation. It is predicted
that the energy balance method will find wide application in engineering problems,
as indicated in the following examples.

In order to represent the EBM, we consider a general nonlinear oscillator in the
form (He 2002a)

W'+ f(u(t)) =0 (2.302)

in which u and ¢ are generalized dimensionless displacement and time variables,
respectively.
Its variational principle can be easily obtained as

t
1
J(u) = / (— Eu’z + F(u))dt (2.303)
0
Its Hamiltonian, therefore, can be written as
1
H= 5u’2 + F(u) = F(A) (2.304)
or
1
R(t) = Eu’z +F(u) —F(A) =0 (2.305)

Oscillatory systems contain two important physical parameters—that is, the
frequency w and the amplitude of oscillation, A. So let us consider initial condi-
tions such as

u(0)=A, 4«0)=0 (2.306)
Assume that its initial approximation can be expressed as
u(t) = Acos(wr) (2.307)
Substituting Eq. 2.307 as the u term of Eq. 2.305 yields

1
R(1) = iszz sin? wr + F(A cos wt) — F(A) =0 (2.308)

If, by any chance, the exact solution had been chosen as the trial function, then
it would be possible to make R zero for all values of ¢ by appropriate choice of .
Since Eq. 2.306 is only an approximation to the exact solution, R cannot be made
zero everywhere. Collocation at wf = /4 gives

o (TETESS
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Its period can be written in the form

2
T = ” (2.310)
2(F(A)—F(A cos wt))
AZsin” wr

2.9.2 Application

Example 2.17
We consider the nonlinear oscillator

WA +ub=0
with the boundary conditions
u(0) = A,4'(0) = 0.
Its Hamiltonian, therefore, can be written in the form (Ganji et al. 2009b)

1 1 3, 1 3 .
AH == 2 — .4 _g__A4__A§:0.
2u +4u +4u 1 1

Choosing the trial function u = A cos(wt), we obtain the residual equation
3

1 s
—— At A =0.
4 4

4
3

1 1 3
R(t) = 5A2w2 sin®(wr) + ZLA4 cos*(wr) + 1 (A cos(mt))

If we collocate at wt = 7/4, we obtain

3
o= \/—AZ F1.11011844F, T = 2
4 21

We can obtain the approximate solution

3 2
u = Acos \/4A2 + 1.1101184A 3¢

Example 2.18
The governing equation of motion and initial conditions of a particle on a

rotating parabola can be expressed (Ganji et al. 2009b) as
d*u
dr?

du

2
dt) +Au=0, u(0)=A4,

(1+4q%u*) — + 4q2u<

where ¢ > 0 and A > 0 are known positive constants. For this problem,

d*u du\ 2 1
f(u) = 4‘121/12 A + 4q2u <dt> +Auand F(u) = —2q2u2u'2 + 3 Au?.
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Its variational and Hamiltonian formulations can be readily obtained as
t
1, 20, 1y o
J(u) = ——u"” = 2¢°u U + = Au” | dt,
2 2
0

1 1 1
H= 51/2 + 2q2u2u/2 —|—§AM2 — EAAZ,

1 1 1
R(t) = Eu’z + 2¢%u*u”* + EAMZ - EAA2 =0,
Substituting u = A cos(wt) into R(¢), we obtain
1 1
R(t) = EAZ(/J2 sin®(wt) 4 2¢>w*A* cos*(wt) sin*(wt) + EAAZ cos?(wr)

1
——AA% =0,
2

which gives us the result

A
@= \/(4A2q2 cos?(mt) + 1)’
with T = %’r, which yields

21

A
(4A2¢? cos?(wr)+1)

If we collocate at ot = /4, we obtain

A
o=\ a1y
with 7 = 2, yielding
2
Tgpm = —>
2A247+1)
The exact period is
2

)2

Tox = 4A™ 12 / (1+ 4% B2 cos? ) “de.
0

111
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Table 2.2 Comparison between analytical EBM and exact solutions when A =1 and ¢ = 1

A TeMm Tex Error percentage
0.1 6.34570 6.34555 0.0024

1.0 10.8827 10.5407 3.2451

10 89.0795 80.4880 10.674

100 888.598 800.071 11.064

1000 8885.76 8000.00 11.071

For comparison, the exact period Texand the approximate period Tgpy are listed
in Table 2.2; they can give a good approximate period for values of oscillation
amplitude.

Example 2.19

Consider the motion of a rigid rod rocking back and forth on a circular surface

without slipping. The governing equation of motion can be expressed as

11 N\ 1 fdu\? g du
<12+16u )dt +16u(dt> +jucosu =0, u(0) =4, —(0)=0,

where g > 0 and [ > 0 are known positive constants.
For the problem, its variational formulation (Ganji et al. 2008b) can be obtained
as

t
1 3 3 i
) = [ (-5 Guie g BRI ) g,
0

By a similar manipulation, as illustrated in the previous example by using
Egs. (2.307) and (2.308) and with T = Zr we obtain the result

1 3
R(1) = EAZCOZ sin®(wr) + gA4w2 cos?(wt) sin’(wr)

N 3g(cos(A cos(wt)) + A cos(wt) sin(A cos(wt)) — cos(A) — A sin(A))
l

:07

2 <—6lg(3A2 cos?(wt) +4) (COS(A cos(er) i_ I:O:E)jgw_t)ASisI;I(]?AC)OS(wt)) > )

= (IA(3A% cos?(wr) + 4) sin(wr)) ’

2 (1 A(3A% cos?(wt) + 4) sin(wt))
J 2 <—6lg(3A2 cos?(or) + 4) (COS(A cos(er)) +A cos(ax) sin(A cos(wr)) ))

T =

’

—cos(A) — A sin(A)
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Substituting wf = /4 in the previous equations for o and 7, we have

4,/-31g(8 +3A2)(n)
IA(3A2 +8) ’

_ 2mlA(3A? +38)

 4y/=31g(8 +3A%)(y)

WEBM —

Tesm

where 7 is
AV2 AV2
n=2cos (Tf) +AV2sin (T\/—) —2cos(A) — 2Asin(A)

The exact period of the equation of motion is

2 12

2 in2 2 2
Tex:4A_m/ (4 4 3 sin” @) B cos® ¢ | o
) ( [Bsing)) 7

8[fsin § + cos f — fsin ¢ sin(ffsin ) — cos

The exact period Tex and the approximate period Tggym are shown in Table 2.3.
Note that for the problem, the maximum amplitude of oscillation should satisfy
A < 7/2.

Example 2.20

Consider a system that undergoes rotary motion with linear and nonlinear
stiffness and is fixed to a body at two ends, as shown in Fig. 2.12. Suppose that the
two discs of moment of inertia (second moment of mass) are J about their center,

the torsional stiffness between the two discs is f = k20 + k30°, and torsional
stiffness at the two ends is f = k0 [].
The equation of motion is given as

JO, +ki10y + k(0 — 05) + k3(0, — 0,)> =0 (2.311)

J0y + k103 + ky (05 — 03) + k3(0, — 03)° = 0, (2.312)

with initial conditions

0,(0) = Oy0, 0,(0) =0
0,(0) = Oy, 0,(0) = 0.

Table 2.3 Comparison of approximate periods with exact solution

A TesMm Tex Error percentage
0.107 3.76397 3.76397 0.0008

0.157 3.94064 3.94086 0.0056

0.207 4.20181 4.20292 0.02642

0.30n 5.05831 5.07728 0.37348

0.407 6.70586 6.89564 2.7521

0457 8.60226 8.94333 3.8136
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Fig. 2.12 Rotary motion 8 62
with linear and nonlinear !
stiffness
N
\ R
§ | mietos e | [ 0 N
N \
J J

Transforming the above equations using intermediate variables in Eqgs. 2.311
and 2.312 yields

it yu—nv— P =0 (2.313)
Vit yu v+ v+ 7P =0, (2.314)
where y = k7‘, n= /<J_2 and 4 = k7‘ Rearranging Eq. 2.313 as follows,
= —pu+nv+i’=0 (2.315)
and substituting back into Eq. 2.314 yields
V4 (y+2n)v +200° =0, (2.316)
with initial conditions
v(0) = 0,(0) — 0,(0)=0z — @1p=A
v(0)=0

We choose two trial functions vi = Acost and v, = A cos wt.
Substituting v; and v, into Eq. 2.316, we obtain, respectively, the residuals

Ry = —Acos(t) + (y + 2n)A cos(r) + 2743 cos® (1) (2.317)

and
Ry = —Aw® cos(wt) + (7 + 217)A cos(wt) 4 24A° cos® (wt) (2.318)

Also,
2(—1A 1vA 1pA 3)A3
Ry, = 2EIATHG9AT + 3nAT + 3 A %) (2.319)
T
and

1A(—20°n + 3/A%n + 2 4
Ro = (Z20m + 304 + 2y + 4nm) (2.320)
s
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/ 3
W= y+211+§A2/1. (2.321)

According to Eq. 2.307, we can obtain the approximate solution

v(t) = Acos (1 [y +2n+ %AUZ) . (2.322)

By Eq. 2.315, the first-order analytical approximation for u(f) is

We therefore obtain

u(t) = cos(y/71) (A% — TIA3w? — A + Inw*A + 59 — 50y + 450*)
12 — 10yw? 4+ 9w*
36/(— 5 (0% — 7)2A? cos(3wr) + cos(wt) (n — 3 7A%) (w* — §7))A
492 — 40yw? + 36w*

x(t) =

2.10 Coupled Method of Homotopy Perturbation
and Variational Method

2.10.1 Introduction

The coupled method of homotopy perturbation and variational method has been
given much attention recently; it has been proved that this method is very effective
in determining the natural frequencies of strongly nonlinear oscillators with high
accuracy (He 2006c¢).

In the coupled method of homotopy perturbation and variational method, the
following homotopy is constructed, and a variational formulation for the nonlinear
oscillation is established, from which the natural frequency and approximate
solution can be readily obtained.

To illustrate the basic ideas of this method, we consider the following equation
(see Sect. 2.5):

Alu)—f(r)=0 reqQ, (2.324)
with the boundary condition
Ou
B — ] =0 r 2.325
(1 5) =0 rer (2.325)

where A is a general differential operator, B a boundary operator, f (r) a known
analytical function, and I’ is the boundary of the domain €.
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A can be divided into two parts, which are L and N, where L is linear and N is
nonlinear. Equation 2.324 therefore can be rewritten as

Lu)+Nu)—f(r)=0 reQ. (2.326)
Homotopy perturbation structure is shown as
H(v,p) = (1 =p) [L(v) = L(uo)] + p[A(v) = f(r) ] =0, (2.327)
where
v(r,p) : Q@ x[0,1] = R (2.328)

In Eq.2.328, p€[0, 1] is an embedding parameter, and uy is the first
approximation that satisfies the boundary condition. We can assume that the
solution of Eq. 2.328 can be written as a power series in p,

V=104 pvi+pva+ - (2.329)
And the best approximation for the solution is

uzlin}v:vo—i—vl—i—vz—&m-- (2.330)
p*}

Consider the following generalized nonlinear oscillations without forced terms:
W'+ ofu + ef (u) =0, (2.331)

where f is a nonlinear function of u”,u’, u.Its variational functional can be easily
obtained as (see Sect. 2.6)

1

1 1
J(u) = / { _EMQ + Ew(z)uz + sF(u)}dt, (2.332)
0

where F is the potential,

——f (2.333)

2.10.2 Application

As an example of the method, a nonlinear oscillator with discontinuities of a
conservative autonomous system can be described by the second-order differential
equation

W’ + o + PuPsgn(u) + yu® = 0 or u” + oud + Pulu| +yu> =0 (2.334)
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with initial conditions
u(0) =A, u’(O) =0 (2.335)

where sgn(u) is the sign function, equal to +1 if u > 0, 0 if ¥ = 0 and —1 if u<O0.

As we will see in the forthcoming illustrative examples, we always stop at the
first-order approximation, and the obtained approximate and accurate solution is
valid for the whole solution domain.

In order to assess the advantages and the accuracy of the coupled method of
homotopy perturbation and variational, we will consider the following two
examples (Akbarzade et al. 2011).

Example 2.21
Let us consider the following nonlinear oscillators with discontinuities:

W’ +u+ eu’sgn(u) = 0 (2.336)

with initial conditions

Ifu>0,
W' +utea’ =0 (2.337)

Suppose that the frequency of Eq. 2.337 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W' + o*u+plew’ + (1 —o0®u]=0,pe 0, 1]. (2.338)

We assume that the periodic solution to Eq. 2.338 may be written as a power
series in p:

u = uy+ puy + piur + - -- (2.339)

Substituting Eq. 2.339 into Eq. 2.338 and collecting terms of the same power of
p, gives

Uy + o’y =0, up(0) = A, up(0) =0 (2.340)
and
] + ouy + e + (1 — 0*)ug =0, u; (0) = 0, u;(0) = 0. (2.341)

The solution of Eq. 2.340 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which leads to

T
2
/{ + o + (1 — o) uouy +6u(2)u1}dt, T=" (2342)
w
0
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To better illustrate the procedure, we choose the simplest trail function,
5
u; = B| coswr — 308 2wt (2.343)

Substituting u#; into the functional Eq. 2.342 results in

1 (18An — 750w°Br — 18Aw? 15A%)B
J(B,w) = {_( m — T50°Bn — 18Aw’n + 1547n) } (2.344)
18 w
Setting
aoJ aoJ
B 0, and P 0, (2.345)
we obtain
~0.833¢A — 1+ ®?* =0, and, B=0. (2.346)
A first-order approximate solution is obtained, which leads to
w1 =V 1+0.8336A. (2.347)
The approximate period is
2
P — (2.348)
v140.833¢6A
In order to compare with harmonic balance, we write Hu’s result:
2
Ty= . (2.349)
V1 +3eA
If u<O,
W' +u— e’ =0. (2.350)

Suppose that the frequency of Eq. 2.350 is w.
We construct the following homotopy by the same manipulation as the basic
idea:

W' + o*u+pl—e + (1 —o0®u]=0,pe0, 1]. (2.351)

We assume that the periodic solution to Eq. 2.351 may be written as a power
series in p:

u =g+ puy +pu, + - (2.352)

Substituting Eq. 2.352 into Eq. 2.351, collecting terms of the same power of p,
gives
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uy + ’ug =0, up(0) = A, up(0) =0 (2.353)
and
) + o*uy —eud + (1 — 0*)ug =0, uy (0) = 0, u}(0) = 0. (2.354)

The solution of Eq. 2.353 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads

T
1 1 2
J(u) = / {_5“,12 +§w2u% + (1 — *) uouy — euduy }dt, T= En (2.355)

To better illustrate the procedure, we choose the simplest trail function,
5
u; = B| coswr — 308 2wt (2.356)

Substituting u; into the functional Eq. 2.355 results in

1 (18An — 75w*Bn — 18Aw’n — 15A%n)B
J(B,w) = { L 184n = 750" Br o ™) (2.357)
18 w
Setting
aoJ oJ
R — = 2.
B 0, and % 0, (2.358)
we obtain
+0.833:.A — 1 + > =0, and, B =0 (2.359)
The first-order approximate solution is obtained, which reads
wy = V1 —0.833¢6A. (2.360)
The approximate period is
2
. S— (2.361)
V1 —0.833¢A
In order to compare with harmonic balance, we write He’s result
2
=" (2.362)
v/ 1 - 3% €A
We obtain the first approximate period T:
T+ T
e (2.363)

2
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Example 2.22
Consider the following nonlinear oscillator with discontinuities:

W'+ u+ eu’sgn(u) + u® =0, (2.364)

with the initial conditions

Ifu>0,
W' +u+ e +ud =0 (2.365)

Suppose that the frequency of Eq. 2.365 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W'+ o*u+pd + el +(1—o?u]=0,peco, 1]. (2.366)

We assume that the periodic solution to equation Eq. 2.364 may be written as a
power series in p:

u=uy+ puy + piur + - -- (2.367)

Substituting Eq. 2.367 into Eq. 2.366, collecting terms of the same power of
p gives

Uy + o’y =0, up(0) = A, up(0) =0 (2.368)
and
] + ?uy +ud 4 eud + (1 — 0®)ug =0, u;(0) =0, 4} (0) =0.  (2.369)

The solution of Eq. 2.368 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads

T
2
J(uy :/{_“1 + = ? ”1 (1 —wz)uoul —|—u3u1 —FSM%ul}dl‘, T= g
0

(2.370)

To better illustrate the procedure, we choose the simplest trail function,
5
uy =B coswt—gcoskot (2.371)

Substituting u#; into the functional Eq. 2.370 results in

1 (=30eA%n — 36An + 360°An + 150Bw’n — 27A%n)B
(2.372)
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Setting
oJ oJ
ag = 0 and 5= =0 (2.373)
we obtain
—0.833¢A — 07547 — 1 + »* = 0,and, B = 0. (2.374)

The first-order approximate solution is obtained, which reads

oy = V1 +0.75A2 4 0.833¢A. (2.375)
The approximate period is

2
T, = T .
V1 0.75A% + 0.833¢A

(2.376)

In order to compare with the harmonic balance solution, we write He’s result,

2
T, = n . (2.377)
3 8
\J1+3A2+56A
If u<O,
W' +u— e’ +u’ =0. (2.378)

Suppose that the frequency of Eq. 2.378 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W'+ u+pld — e’ + (1 — 0*)u] =0, p €[0,1]. (2.379)

We assume that the periodic solution to Eq. 2.379 may be written as a power
series in p:

u=uy+ puy + piur + - -- (2.380)

Substituting Eq. 2.380 into Eq. 2.379, collecting terms of the same power of
p gives

uy + *uy = 0,u(0) = A, uy(0) =0 (2.381)
and
u) + ofuy +ul + eud + (1 — 0®)ug =0, u;(0) =0, 4, (0) =0.  (2.382)

The solution of Eq. 2.381 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads
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T
2
/{__“1 +-w? ul + (1 — w?) uou, +u8u1 —euéul}dt, T=2"
w
0

(2.383)

To better illustrate the procedure, we choose the simplest trail function,

5
u = B(cos ot — 308 Zwt) (2.384)

Substituting u; into the functional Eq. 2.383 results in

1 (+30eA%n — 36A7 + 36w*An + 150Bw*n — 27A®)B
J(B,w) = .
36 w
(2.385)
Setting
oJ aoJ
=~ d — = 2.
B 0, an % 0, (2.386)
we obtain
40.833¢A — 075A*> = 1 + > =0, and, B =0 (2.387)
The first-order approximate solution is obtained, which reads
= /1 + 0.75A2 — 0.833¢A. (2.388)
The approximate period is
2
” (2.389)

T V1107542 — 0.833¢A
In order to compare with a harmonic balance solution, we write He’s result as
2
T, = ” . (2.390)
1+32A2 LA

We obtain the first approximate period:

T\ +T
T:%. (2.391)

In order to compare with the exact solution,
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A

/ 2dx
T, =
5 \/A2 —x2+2g(A - ) +
A

3 (A% —x)
(2.392)

/ 2dx
_l’_
5 \/Az—xz—%s(A3—x3)+%(A4—x4)

For a relatively comprehensive survey on the concepts, theory, and applications
of the methods mentioned in this chapter, see more examples in Hashemi et al.
(2009), Kachapi et al. (2009a), Shou and He (2008), Ganji et al. (2007a, b, 2008a,
c,d, e, 2009a, c, d, e, f), Varedi et al. (2007), Kimiaeifar et al. (2009), Pashaei et al.
(2008), Barari et al. (2010), Ghotbi and Barari (2008), Jamshidi and Ganji (2009),
Mehdipour et al. (2009), Ganji and Esmaeilpour (2010), Rafei et al. (2007b, c, d),
Babazadeh et al. (2008).

Problems
Solve the following problems using methods presented in this chapter.

2.1 Consider the free response of the undamped, single-DOF system with o > 0
so that the equation of motion of the system is

% (1) + kx(r) + ax(r)’ =0,

where the initial condition is zero.

2.2 We consider the motion of a ring of mass m sliding freely on the wire
described by the parabola y = gu?, which rotates with a constant angular
velocity 4 about the y-axis. The equation describing the motion of the ring is

it + o’u = —dqu(uii + ir*),

where w? = 2gq — A* and the initial conditions are u(0) = A, (0) =0
2.3 The Van der Pol oscillator is a second-order system with nonlinear damping,
of the form

4o - Di+x=0.

2.4 Here, a system consisting of a block of mass m that hangs from a viscous
damper with coefficient ¢ and a nonlinear spring of stiffness k; and k3 is
considered. Equation of motion is given by the following nonlinear differ-
ential equation:

dzx(t) ki k3
J— t —
dr? * m x(1) + m

with the following initial conditions:

3
—__p
B0+ ,

dxo

XQ(O) :A, dr

(0) = 0.
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2.5

2.6

2.7

2 Perturbation and Variational Methods

In this problem, we shall consider a system of (1 + 1)-dimensional long-
wave equations:

u; + uu, +v, =0,

v+ (vu), + %umr =0,

with the initial conditions u(x,0) = f(x) and v(x,0) = g(x), where v is the
elevation of the water wave and u is the surface velocity of water along the x-
direction.

We consider a uniform cantilever beam in which u is the constant mass
density, EI is bending stiffness, and / is the length of the beam, when its base
is given a motion wy(¢) normal to the beam axis. The corresponding fourth-
order differential equation of this case is

aziw_FE]aztiw_ " (;)
[1 atz 6)64 - /.le ’

where we can assume

wy (1) = Wsin(wt)

Thus,
Wy (1) = —Wa?sin(wt)

The boundary conditions are

ow
0,1) =0, —(0,1)=0
w(0,1) =0, ax( 1) =0,
0 w w

and the initial displacement and velocity of the beam is assumed to be zero;
thus,

w(x,0) = g(x) =0,

ow
a(x, 0) =h(x)=0.

We consider a generalized (scalar) Boussinesq equation of the form
Uy — [f ()] =t = h(x,1)  —o00<x< 4 00,1>0,
subject to the initial conditions

u(x,0) = a(x), u(x,0)=>b(x) —oo<x< + o0,
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2.8 We consider the nonlinear oscillator
W'+ =0
with the boundary conditions
u(0) =A,4'(0)=0

2.9 In this problem, we consider periodic solutions for sub-harmonic resonances
of nonlinear oscillations with parametric excitation. The governing equation
is

X" + (1 + ecos(t))[aX + BX3] = 0,
and the boundary conditions for this equation are
X(0) = Xo, X'(0) = 0.

2.10 We consider the coupled Whitham—Broer—Kaup (WBK) equations, which
have been studied by Whitham, Broer, and Kaup. The equations describe
the propagation of shallow water waves, with different dispersion relations.
The WBK equations are

Ou ou Ov *u

a atuatlee =0
dv 0 du v
T tegs =z =0

with the initial conditions
u(x,0) = A — 2k(o + %)% coth[k(x + xo)],

v(x,0) = =2k (o + B + Blo + )7 )esch?[k(x + xo)].

2.11 We consider the linear Schrodinger equation, which occurs in various areas
of physics, including nonlinear optics, plasma physics, superconductivity,
and quantum mechanics:

w+ it =0, u(x,0) =f(x), i*=-1
and the nonlinear Schrodinger equation
ity + e 4 ufu =0, u(x,0) = f(x), #=—1.
2.12 In this problem, we shall consider the Schrodinger equation in the form

oY (x, 1)

5= RV Va4 By Py, x € R 120

i
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2.13

2.14

2.15

2.16

2.17
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where V,(x) is the trapping potential and /3, is a real constant. With initial
data

w(xv 0) = ‘/fo(x)v xeRr!

We consider nonlinear oscillation systems with parametric excitations,
governed by

d’x(1)
dr?

where ¢, ¢, f§, /. are known as physical parameters.
Consider the Van der Pol equation

Y'(O) +y(1) =e[1 =y (0)]y' (1), y(0)=0, y(0)=2,

We consider a conservative system with a single degree of freedom for
which the equation of motion is

+ (1 — gcos(r) (Ax(t) + px(1)’) =0 x(0) = A, x(0) = 0.

(144722 (0) )22 (t) + Ax(t) + 42 (1)x(t) = 0,
where A is:
A=2gr—Q

The rigid frame is forced to rotate at the fixed rate Q) while the frame rotates
and the simple pendulum oscillates. The governing equation can be
obtained as

d?x(1)
dr?

+ (1 —Acos(x(1))) sin(x(r)) = 0.

Here, by using the Taylor’s series expansion for cos(x(¢)) and sin(x(¢)), the
above equation reduces to

d;,gt) + (1= A)x(r) - (%x3(t) +§Ax3(t) - %Axs(t)> -0,

with the boundary conditions
x(0) = 4, ¥'(0) =0,
Consider the following nonlinear oscillator governed by

W+ u=euu

with initial conditions of

u(0) =A, u'(0) =0
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2.18

2.19

2.20

221

222

We consider the motion of a particle on a rotating parabola. The governing
equation of motion can be expressed as

u"(1+4¢%u?) + oPu + 4qPuu> = 0
with initial conditions
u(0) =A, u'(0) =0
Consider the following nonlinear oscillator governed by
W' + QPu+ deu” + 4eun® = 0
with initial conditions
u(0) =A, u'(0) = 0.

In this problem, we have a rigid frame that is forced to rotate at the fixed
rate Q. The governing equation can be simply derived as

=t (1 —Acos0)sind =0, 0(0) =4, a

Consider free vibration of a conservative system with a single degree of
freedom containing a mass attached to linear and nonlinear springs in series.
After transformation, the motion is governed by a nonlinear differential
equation of motions:

(0) = 0.

(14 3ezv?)V + 6ezvV? + v+ ey’ =0,
with the initial conditions
v(0)=A, V(0)=0
We consider the RLW equation
U, + uy + utty + Uy = 0.

For the special case of this equation, the solitary wave solution is given in
the form

u(x,t) = 3Bsec h*[k(x — (1 + B)t)],

where

k—;‘/E
" 2J/1+B’

and the exact solution is

u(x,t) = 3ausec B2 (B(x — (1 + a)t)).
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2.23 Generalize the KDV equation of two space variables and formulate the
well-known Kadomtsev—Petviashvili (KP) equation to provide an expla-
nation of the general weakly dispersive waves. The (2 + 1) KP equation is
given in the form

(1 + Opuunty + Uyyy)  + 3uyy =0,
or equivalently,
Uy + 6,uu§ + Ottty + U + 33Uy =0, = (£1)
2.24 We consider the Burger equation
u; +uuy, —uy,, =0, x ER

with the exact solution being

1 1 1 1
u(x, t) = E — Etanh(:‘. (x§t>>

2.25 Consider a nonlinear equation of fourth order:
Uit =+ Sttty + e = 0,
2.26 The Whitham—Broer—Kaup equation is
U + uty + vy + P = 0,
Ve + (), + ottty — e = 0.

2.27 The motivation of this part is to extend the analysis of the sine—cosine
method to solve different types of nonlinear equations—namely, sSK and
LsKdV and water wave equations, which can be shown in the form

u; + (63144 + 63 (2u2uxx + uui) + 21 (uum( + uix + uxuxxx) + umxxx)x: 0,
u, + (35u4 + 7O(u2um + uuﬁ) + 7(2uuxxx + 3u)2g + 4uxum) + ”Wx)x: 0,
U + 30”21/!;; + Zouxuxx + louuxxx — Uxxxxx = 07

Respectively, the first equation is known as the seventh-order Sawada—
Kotera equation, the second equation is known as Lax’s seventh-order KdV
equation, and the third equation is known as the water wave equation.

2.28 In this problem, we consider the generalized Zakharov equations, which can
be shown in the form

ilpt—i_lpxx_ 20‘|¢|2W+2W"Zoa

Vit — Vxx + (|l//|2)xx= 0.
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