Chapter 2
How to Measure Heat Capacity at Low
Temperatures

Abstract This chapter is devoted to the description of calorimetric techniques
used to measure heat capacity of solids: pulse heat calorimetry (Sect. 2.3),
relaxation calorimetry (Sect. 2.4), dual slope calorimetry (Sect. 2.5), a.c. calo-
rimetry (Sect. 2.6), differential scanning calorimetry (Sect. 2.7). Examples of
measurements of heat capacity are reported in Sects. 2.3 and 2.4.

2.1 Introduction

Specific heat defined by (1.4) is useful only if the material is homogeneous. In this
chapter, the heat capacity of the sample under measurement will always be con-
sidered in order to also include data about inhomogeneous devices of cryogenic
interest (see, e.g., Ref. [1]).

When a power, P(f), is supplied to an isothermal sample of heat capacity
Cs(7) in adiabatic conditions, the sample heating is described by

P(t)dt = Cs(T)dT. (2.1)

If the initial temperature (at ¢ = t,) of the sample is T, at the time ¢, the sample
temperature will be found by integration of (2.1)

/P(t)dt =0= / Cs(T)dT (2.2)

fo

where Q is the total heat supplied to the sample in the time interval (f — ty).
Equation (2.2) finds two basic applications:

(a) Evaluation of Q if Cs(7) is known and T is measured (detectors)
(b) Evaluation of Cy(7T) if both Q and T are measured.
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We are interested in the second application. The apparatus which measure
Cs(T) at any temperature is called the “calorimeter”.

To measure the heat capacity of a sample at low temperature, we must
refrigerate the material of mass m to the starting temperature Ty, isolate it ther-
mally from its environment (for example, by opening a heat switch, [2] and supply
an amount of heat Q to reach the final temperature 7. The result is often shown in
the form Cs = QAT — Tp) at the intermediate temperature 7; = (T + Tj)/2.

In most cases, a low temperature calorimeter is fabricated following the scheme
of Fig. 2.1. It usually consists of a platform (the sample holder) to which a sample
of heat capacity Cs, a thermometer Ty, and a heater H are mechanically and
thermally connected often by glue or vacuum grease. A thermal resistance Ry,
links the platform to the thermal bath, while Rg is the thermal resistance between
the sample and the sample holder. Depending on the shape and size of the sample
and on the used experimental method, the thermometer and the heater can be
connected to the sample holder as indicated in Fig. 1.22 or can be directly glued on
the sample. In both cases, a good thermal contact between the sample and the
thermometer has to be reached. If the product RgyCs is much smaller than R7;,Csy
(neglecting the time constants associated to heater and thermometer), the tem-
perature of the sample T is equal to Tsy during the measurement. The thermal
contact resistance between the thermometer and the sample holder, and between
the heater and the sample holder are labeled as R-y and Rcy, respectively.

As we shall see in Sect. 2.2, a basic distinction can be made between an
adiabatic (R7;, = oo) and nonadiabatic (R7;, # c0) situation. The former condition
can only be approximated: no calorimeter is perfectly adiabatic. The more tradi-
tional adiabatic methods are based on a good thermal isolation of the sample, and
the use of a heat switch to connect and disconnect the calorimeter to the bath.
However, heat switching may give rise to experimental problems since, especially
with small samples at very low temperatures, the influence of parasitic heat leaks
may become dominant. Therefore, scientists have developed several techniques in
which there is no need of a complete thermal isolation, and in which the sample is
linked to a heat sink by a thermal conductance Ry, # 0.

In general, the heat capacities of the addenda (sample holder, thermometer,
glues, leads) are small compared to that of the sample; otherwise, addenda heat
capacities have to be known with sufficient accuracy from an additional mea-
surement without a sample, or evaluated by the exact knowledge of their mass and
specific heats (for subtracting it from the total measured value). The leads to the
thermometer and heater must be of low thermal conductance (for measurements at
T < T¢, the best are thin superconducting wires) and have to be carefully heat-
sunk at a temperature close to the temperature of the sample to avoid heat flow into
it. The heat capacities of wires contribute to the addendum [3]. The thermometer,
heater and the sample should, of course, be thermally well-coupled to the platform
in order to avoid unknown temperature differences. The power supplied to the
thermometer should be small enough to avoid overheating [2]. Parasitic heat losses
or heat inflow by radiation must be reduced by a thermal shield at a temperature
very close to the temperature of the sample. When a heat switch is present, heat
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Fig. 2.1 Scheme of the main elements of a calorimeter for measurements of heat capacity

produced by opening and/or closing should be small. If an exchange gas is used to
the cool down the calorimeter, it has to be carefully pumped away before carrying
out the measurement. Also, the possibility of adsorption and desorption of residual
gas when the temperature is changed should be taken into account since it involves
heat of adsorption/desorption.

As a result of these problems, heat-capacity data rarely have accuracy better
than 1 %, though more often it is 3-5 %. If high accuracy is needed or the
parameters of the setup are not well known, the calorimeter accuracy can be
validated by measuring the heat capacity of a well-known reference sample [4-9].

Continuous improvements in calorimetry have been achieved due to advances
in electronics, thermometers, microfabrication techniques, and computer auto-
mation. In particular, one has to keep in mind that the accuracy of the thermometer
is a critical parameter in this type of measurement.

2.2 Calorimeters

Calorimetry started in the 18th century with the pioneering studies of Joseph Black
[10] who first introduced the concepts of latent heat and heat capacity. The term
calorimeter is used for the description of an instrument devised to determine heat
and the rate of heat exchange or, vice versa, heat capacity if the first two quantities
are measured, following (2.2).
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The design of calorimeters has been modified and adapted for plenty of purposes,
e.g., microcalorimeters and nanocalorimeters are intended to designate calorimeters
in which heat capacities of the order of plJ/K and nJ/K, respectively, can be detected
(see Sect. 2.10). These instruments prompted the study of thermal properties of
layers of molecules (generally in the gas phase) adsorbed on a surface.

Depending on the heat transfer conditions between the sample holder and the
thermal bath, calorimeters can be classified by isothermal, isoperibol, and adia-
batic types. A possible classification and standard nomenclature of calorimeters is
reported in [11, 12].

Isothermal calorimeters have both calorimeter and thermal bath at constant 7'z,
If the surroundings are only isothermal, the mode of operation is called isoperibol
[13]. In adiabatic calorimeters, the exchange of heat between the calorimeter and
the shield is kept close to zero by making the thermal conductance as small as
possible. Nevertheless, the thermal insulation of the device can never be perfect as
long as there is a temperature difference between calorimeter and shield. If the
temperature of the shield changes following the temperature of the internally
heated calorimeter, there will be no heat flux by radiation or conduction along the
supporting elements. This heat compensation becomes particularly important
above 100 K, when the radiation heat transfer becomes relevant. The first adiabatic
calorimeter was described in 1911 by Nernst [14], who recognized the necessity of
thermal insulation for low temperature measurements. Adiabatic conditions
become more and more difficult to be fulfilled when the temperature and dimen-
sions of the sample decrease. Semiadiabatic conditions are typically met for
samples with masses between 10 mg and 1 g [15]. Nonadiabatic or isoperibol
conditions exist when the measured heat capacities are so small that the thermal
conductance along the electrical leads cause the sample temperature to decay
exponentially towards the shield temperature.

The use of a sample holder, an external thermometer and an electric heater is a
common feature of these methods. This kind of setup requires the knowledge of
addendum heat capacity, and thus the accuracy of the measurements is limited by
the calibration errors.

Within the three groups, several techniques have been used which often mimic
the methods used to measure the electrical capacitance according to the equiva-
lence Table 2.1.

Table 2.1 must be used with great caution. In fact, it is possible to use the
standard Kirchhoff laws to describe the thermal systems and to solve circuit
equations for 7(7) or P(t); however, the thermal quantities, such as the thermal
resistance and the heat capacity, often have properties that rapidly change with
temperature, whereas the electrical quantities, such as capacitance and electrical
resistance, are usually almost independent on the voltage. It is worth pointing out
that there is no correspondence between the electrical inductance L and the kinetic
inductance L; [16].

The well-known techniques used to solve electric circuit problems can only be
employed for “small signals” (see, e.g., [2]). Note that also the equivalence
between thermal grounding and electrical grounding only holds for small signals.
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Table 2.1 Equivalence

. Thermal parameter Electrical parameter
between some electrical and
thermal parameters V (voltage) T (temperature)
P (power) 1 (current)
R (thermal resistance) R (electrical resistance)
C (heat capacity) C (capacitance)
Thermal grounding Electrical grounding

Moreover, the approximation with “lumped elements,” which is an excellent
approximation in electrical circuits at low frequency, fails or is a rough approxi-
mation in “thermal circuits” even if the latter only involves a frequency range of a
few Hz.

Finally, the thermal bath temperature, which is formally equivalent to the
electrical ground, is kept at temperature Ty, with fluctuations larger than those of
electric V or I supply. Special care should be devoted to the problem of the
temperature stability of the bath since the refrigerator has a finite cooling power,
and the thermal bath represents a ground (to a good approximation) only in the
case that the incoming power on it does not substantially change its temperature.

In analogy with the electrical I(f), the waveform of P(f) appearing in (2.2) is not
restricted to sinusoidal oscillations, but can have any other waveform, e.g.,
impulsive, rectangular or triangular waveforms have been used [17-19]. The
modulation was also indirectly induced to the sample by giving a modulated power
to the heat shield [20].

Since the pioneering work of Eucken [21] and Nernst [22] in the early 20th
century, adiabatic calorimetry has provided the most accurate means of obtaining
specific heat data. The high accuracy arises from the simplicity of the measure-
ment principle. The adiabatic measurement approach directly comes from the
definition of heat capacity:

. (A0
Cp = Jlim, <E) 23)

Due to the general applicability independent of the sample thermal conduc-
tivity, this method is the most favored choice for heat capacity measurements of
condensable gases which have poor thermal conductivity in their low temperature
solid phase [23-25].

Adiabatic calorimetry is a very precise technique and can be used to determine
the latent heat at strong first order transitions. However, it usually lacks in
achieving the resolution needed to characterize the temperature dependence of
C,(T) close to the critical temperature T, for a second-order transition. Also,
because of the inherent limitations on getting the ideal adiabatic conditions and the
long time required to cover a few tens of K range with reasonable number of data
points, nonadiabatic techniques (e.g., the AC calorimetry) are often preferred at
low temperatures.
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Because of the large quantity of the existing calorimetric methods for the
measurements of the heat capacity, we only selected some of them, describing the
experimental setup and giving some examples of their applications:

Heat pulse calorimetry (Sect. 2.3)
Relaxation calorimetry (Sect. 2.4)

Dual slope calorimetry (Sect. 2.5)

AC calorimetry (Sect. 2.6)

Differential scanning calorimetry (Sect. 2.7).

2.3 Heat Pulse Calorimetry

In the heat pulse technique, we can either be in an adiabatic or nonadiabatic
situation. In the former case, (2.3) is applied; in the latter case, the sample is
usually connected to the bath through a weak thermal link. Following a heat pulse
of energy AQ, which is commonly supplied by an electrical heater, the temperature
of the sample first rises and then decays to its initial value with a time constant
T = Ry, C, where Ry, is the thermal resistance of the link and C is the total heat
capacity of the sample plus addenda (C = Cg + Csy 4+ C,q4,)- The heat capacity
is obtained through C = AQ/AT where AT is a suitable extrapolation of the
temperature step (see Fig. 2.2). Note that T should not be too small, even at the
lowest temperatures (t > 1 s, in most cases) because of the time response of
measuring instruments. The AT(¢) curve after a heat pulse has the shape shown in
Fig. 2.2. The temperature difference AT is also obtained by extrapolating the log
plot of the AT(¢) curve to the zero time (the time of the end of the heat pulse). Heat
pulse calorimetry has been used, e.g., in measurements reported in [26-32].

2.3.1 Example 1: Heat Pulse Calorimeter for a Small Sample
at Temperatures Below 3 K

As a typical example of the heat pulse method, we will describe the measurement
of the specific heat of Cu and amorphous ZrgsCuss reported in [33]. Figure 2.3
shows the experimental setup for the measurement of heat capacity: the sample is
glued onto a thin Si support slab. The thermometer is a doped silicon chip and the
heater is made by a gold deposition pattern (~60 nm thickness) on the Si slab.
Electrical wiring to the connecting terminals are made of superconductor (NbT1).
The thermal conductance to the thermal bath (i.e., mixing chamber of a dilution
refrigerator) is due to four thin nylon threads. The silicon slab, the thermometer
and the heater represent the “addendum” whose heat capacity C4(7) must be
measured in a preliminary run.
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Fig. 2.3 Sample holder for the measurement of heat capacity [33]

When a sample of heat capacity C(7) is added, a second run of measurements
gives C4(T) + C(T). It is obvious that, if possible, the condition C4 < C should
be fulfilled. For the heat pulse technique, the sample is thermally connected to the
cold source through a weak link. Following a heat pulse of energy O, which is
delivered by means of the electrical heater, the temperature of the sample first rises
and then decays to its initial value with a time constant »r = R;C7. Here, R; is the
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thermal resistance of the link and C7 is the total heat capacity of the sample and
addenda (sample holder, heater, thermometer, etc.). Cy is obtained through
Cr = AQ/AT where AT is a suitable extrapolation of the temperature step.

In this experimental setup, the nylon threads fixing the sample holder provide a
sufficient thermal coupling between the sample holder and mixing chamber at low
temperatures. Therefore, the sample holder is precooled down to about 20 K with
H, as the exchange gas. It was checked experimentally that the thermal coupling
occurs through nylon threads and not through NbTi wires.

The choice of the thermal link is a compromise between two conflicting
requirements. In fact, the value of R; must be rather large since Cy is very small
and, as we noticed, a suitably large time constant is needed; small values of R,
would be necessary to avoid an excessively large temperature drop AT =R - P
between mixing chamber and sample holder to prevent parasitic pick up.

In the case of this example, a heat leak of P = 1 nW resulted in AT ~ 50 mK.
Heat pulses (with a duration of 75 &~ 10 ms at 0.1 K and 0.1 s at 1 K) were
applied with a conventional pulse generator.

The energy input AQ = (Vz/RH) Ty was determined by a measurement of V, Ry
and ty. The power dissipation in the Si thermometer could be kept below
107 w.

The expression [3, 34]

_ |:ln(ln(R/R0))i|
T="Toee L ™ (2.4)
was used to fit the data points, resistance R versus temperature 7, with the con-
stants Ty, Ry and A, determined by the fit [35].

From the curve AT(r) = T; — T(¢) (where T; is the stationary initial temperature
value before the heat pulse), the temperature difference AT can be obtained by
extrapolating the AT(¢) curve to zero time (see Fig. 2.2).

The heat -capacity of the empty sample holder (addendum) was
Cota = aT + bT° with a = 5.6 - 1073 J K% and b =9.9 - 10 J K*. The T°
contribution to C,4, is explained quantitatively with the Debye heat capacity of the
Si plate plus a small contribution arising from the Au wires, grease and contri-
bution of one-third of heat capacity of the nylon threads. The linear term of C,4y
arises instead from the conductors (Si, Au), from insulators (grease and nylon) and
the remaining contribution (~2 - 10~ J K~?) probably stems from the degener-
ate n pads of the Si thermometer. A contribution of the same size has been
previously observed in Si thermometers [36].

The resulting measurements carried out by this apparatus are shown in Fig. 2.4.
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Fig. 2.4 a Specific heat C of Cu as a function of temperature T (log—log), of 40 mg Cu. The solid
line indicates the Cu standard reference as determined between 0.4 and 3 K. The inset shows the
observed additional contribution AC = C — yT — ﬁTB. b Specific heat C of amorphous ZrgsCuss
as a function of temperature 7' (log-log). The arrow marked T indicates the superconductive
transition as determined resistively [33]

2.3.2 Example 2: Heat Pulse Calorimetry
for the Measurement of the Specific Heat of Liquid *He
Near its Superfluid Transition

One of the most interesting measurements using heat pulse calorimetry was carried
out onboard the Space Shuttle (October 1992) [32]. The objective of the mission
was to measure the specific heat at a constant pressure of liquid “He near its
superfluid transition with the effect of gravity removed [37, 38]. In these experi-
ments, C was measured with sub-nanokelvin resolution at temperatures within one
nanokelvin of the transition temperature 7, = 2.177 K. Such an extreme tem-
perature resolution is only meaningful for the investigation of a phase transition of
liquid helium because purity is high enough only in this substance, and thus the
phase transition shows the required sharpness. In all other materials, the phase
transitions are smeared by impurities and by imperfections of the structure. In
addition, these measurements had to be carried out in reduced gravity in order to
decrease the rounding of the transition caused by gravitationally induced pressure
gradients and therefore spreading the transition temperature over the liquid sample
of finite height. The high-resolution magnetic susceptibility thermometers devel-
oped for these experiments are described in [39]. In these experiments, the tem-
perature stability was extremely important: in the experimental setup, four thermal
control stages in series with the calorimeter were actively regulated in tempera-
ture: a stability of less than 0.1 nK/h was reached. Besides this thermal regulation,
the experiment required a very careful magnetic shielding, in particular, of the
electric leads, as well as extremely low electric noise levels. Figure 2.5 shows
averaged data of the heat capacity close to the “He transition.
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Fig. 2.5 Averaged data close
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2.4 Relaxation Calorimetry

A relaxation calorimeter (isoperibol) measures the total heat capacity (sample and
addenda) by using a simple relation

C=k-1 (2.5)

where « is the thermal conductance of the weak link between the platform and the
thermal reservoir and 7 is the constant of the temperature relaxation time of the
platform.

Referring again to Fig. 1.22, a sample of heat capacity Cs and temperature T is
fixed on a sample holder of heat capacity Csy and temperature Tsg. Initially, for
sake of simplicity, the sample and the sample holder are supposed to be isother-
mal. Rgy is the thermal resistance between the sample and the sample holder. The
sample holder, whose temperature is measured by a thermometer Ty, is connected
to a heat bath at Ty, by a link of thermal conductance Ry, and negligible heat
capacity. A constant power P, is applied to the sample holder until thermal
equilibrium is achieved. At ¢ = t;, the power is switched off and the sample
temperature 75 relaxes toward T7;. In the hypothesis that Ry, > Rgy, the sample
temperature follows

Ts([) — T = PoRTbe(it/(cﬁLCSH)R"’) = ATe(it/ﬂ. (26)

Changing T7, and repeating the measurement, a set of points for
C(T) = (Cs + Csg)(T) is obtained. The temperature difference AT must be kept as
small as possible, usually a few percent of Ty, in order to ensure that T can be
considered as a constant. Practical values of t range between about 1 and 1,000 s.

At very low temperatures, the thermal resistance Rgy between the sample and
the holder can no longer be neglected because its temperature dependence usually
becomes steeper than that of Ry,. This introduces a second time constant 7, and the
decay is described by
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Ts(t) — Tpy = Ayl ~11) 4 Ape(—172) (2.7)
where
Ay +Ay = AT = Py - Ryy. (2.8)

Equation (2.7) can be solved [40] to give

171 JrAzfz) (2.9)

A
C Csqy =K
s Con ( AL+ A,

In realistic situations, 7, is much smaller than 7; and cannot be measured with
enough accuracy to use Eq. (2.9). Reference [40] gives the useful approximation

Cs + Copr ~ (AITI/AT)RT,, (2.10)

which is accurate in most cases within a few percent and avoids the need of
calculating 1,. It is worth noting that the above-described “lumped 1, effect” is not
the so-called “distributed 7, effect” due to low thermal conductivity of the sample
itself. This latter case is discussed in [3, 34].

A variation of the relaxation method (see Sect. 2.5) was proposed by Riegel and
Weber [41]. They describe a long (about 10 h) cycle to measure C over several
degrees. In this method, they use an extremely weak thermal link to the heat sink
and record the temperature of the sample while heating at constant power for one-
half of the cycle, then allow the sample to relax while recording the temperature
during the second half of the cycle with zero power input. The heat loss to the bath
and surrounding can be eliminated from the calculation of C using this technique,
provided the bath temperature can be held constant over the 10 h cycle. Note that
this procedure is a particular case of the dual slope method of Sect. 2.5.

In [42, 43], the relaxation method is used with an amorphous silicon-nitride
membrane, supported by a silicon frame, onto which thin-film heaters and ther-
mometers (Pt for 7 > 50 K, amorphous NbSi or B doped Si for lower tempera-
tures) are patterned. The heat capacity of this addendum is <1 nJ K" at 2 K and
only 6 pJ K~ at 300 K. This calorimeter was used to investigate microgram
samples or thin films in steady fields up to 8T; according to the authors, it should
also be usable in pulsed fields up to 60T. This is the result of the rather weak
dependence of the properties of the calorimeter parts on magnetic field.

Finally, in [44], the heat capacity of holes in heavily doped Ge samples was
measured using the relaxation method, an approximated “addendum free” con-
figuration was obtained using a Ge thermometer with the same doping as the
sample and extremely low capacity addendum components. We report the
description of this experiment in some detail in Sect. 2.4.1.

The limitations of the thermal-relaxation method in properly measuring sharp
features in the specific heat are illustrated, e.g., by the measurements of the
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specific heat in the proximity of the first-order antiferromagnetic transition at
T = 14 K in Sm,lIrIng [45].

The relaxation method has been used for measurement of the specific heat of
several materials as reported in [46, 47] (15-300 K, based on a closed cycle
cryocooler) and also in [3, 34, 35, 38, 44, 48-59].

2.4.1 Example: Measurement of Specific Heat of Heavily
Doped (NTD) Ge

The heat capacity of a NTD (Neutron Transmutation Doped, Ge 34B) Ge sample
[60], 3 mm thick and with a diameter of about 3 cm (12.043 g), was measured in
the 24-80 mK temperature range using the relaxation method [44].

In the realization of the experiment, authors approximated an “addendum free”
configuration (see Table 1.7). The experimental setup is shown in Fig. 2.6.

The Ge wafer sample was glued with small spots of GE-varnish onto a Cu
holder in good thermal contact with the mixing chamber of a dilution refrigerator.
Three Kapton foils (2 x 2 x 0.01 mm? each) electrically isolated the Ge wafer
samples from the holder and realized the thermal conductance G(7) between the
samples and the heat sink.

For the two runs (described later), a calibrated NTD Ge #34B thermistor (same
material of the sample, 3 x 3 x 1 mm®) and a Si heater were used. Electrical
connections were made by means of superconducting NbTi wires 25 um in
diameter. The connections between the gold wires of both thermistor and heater,
and the NbTi leads were done by crimping the wires in a short Al tube (0.1 mg).
At the ends of the NbTi wires, a four lead connection was adopted. An AVS47 AC
resistance bridge was used for the thermometry, while a four-wire I-V source-
meter (Keithley 236) supplied the current for the Si heater.

The addendum (represented by heater, glue spots, and Al tubes) gave a negli-
gible contribution to the total heat capacity (see Table 2.2). The thermistor heat
capacity was instead considered as part of the sample. The whole experiment was
surrounded by a Cu shield at the mixing chamber temperature, measured by a
calibrated RuO, thermometer.

Two measurements of heat capacity were carried out at different temperature
range: (1) from 24 to 40 mK, (2) from 40 to 80 mK. For the two runs, the thermal
conductance between the Ge wafers and the heat sink was measured by a standard
integral method (see Ref. [2]).

The best fits of the values obtained in the two runs were

{ Gi(T) =1.22-107*. T2 [WK ] 211)

G>(T) =3.05-107° . T>¥ [WK™']
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Fig. 2.6 Experimental setup of Ref. [44]

Table 2.2 Estimated heat capacity contributions. Specific heat data references are in [61]

Material Volume C (50 mK) C (40 mK) C (30 mK)
(mm?®) JK™H JK™H JK™H
NTD Ge 1950 1077 8 x 1078 6 x 1078
(electrons)
NTD Ge (phonons) 1950 6.8 x 10710 3.6 x 10710 1.5 x 10710
GE-varnish 0.52 1.8 x 1071 145 x 10710 1.1 x 1071
Al tubes 0.157 265 x 10713 1.36 x 10713 6 x 10714
NbTi wires 0.12 10712 5.4 x 10713 23 x 1071

The value of the heat capacity was calculated from equation C = 7 - G, where
the thermal time constant 7 is obtained from the fit to the exponential relaxation of
the wafer temperature.

Using the known thermal conductivity data of the wafer, the internal thermal
relaxation time was estimated to be less than 1 ms, i.e., much shorter than C/G.
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Such an estimate was confirmed by the fact that within the experimental errors, a
single discharge time constant T was always observed [61].

Since in the measured temperature range the Debye temperature of Ge is
~370 K, the phonon contribution to the heat capacity can be neglected [62].
Hence, the heat capacity of the samples is expected to be substantially influenced by
only electron contribution, thus giving a linear dependence from T (see Sect. 1.2).

Let us consider data from the two measurements (see Fig. 2.7). Data can be
well represented by a linear fit which crosses the origin within the experimental
errors. The heat capacity per unit volume of the wafer sample is expressed by the
following formula in the measured temperature range of 24-80 mK:

c(T) = (1.22+0.01) - 10" JK ' g7"]. (2.12)
We can express specific heat in terms of volume:
o(T)=y-T=(7524+0.08)-107'T [J K 'em]. (2.13)

The value of 7 is close to most of the Sommerfeld constant values reported in the
literature for the NTD Ge of similar doping [63—66]. Note that the theoretical
dependence of 7 on the compensated dopant concentration is p.> [67].

2.5 Dual Slope Method

In this method (isoperibol), C, is evaluated by directly comparing the heating and
cooling rates of the sample temperature without need of measuring the thermal
conductance between sample and bath.

The heat capacity can be measured continuously through an extended tem-
perature range, making use of both the heating and the cooling curves. This so-
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called Dual Slope (DS) method was proposed by Riegel and Weber [41], and
Marcenat [68]. It consists of applying a heating power P(¢) to the sample holder
(see Fig. 2.8) while continuously monitoring the sample temperature. For exper-
imental setup in which the resistance between sample and holder is almost zero
(Rsy =~ 0), the equations describing the heating and cooling curves, respectively,
are

)™ _ p,(r) - p(r) + py(1) (2.14)
)T~ _pr) 1 py() (2.15)

If we assume that in all the experiments the parasitic power (P,(T)) and the power
loss via heat link (P«(7)) only depend on T and Ty, it is possible to obtain C(T') as

_ Py(T)
TAT(T)  AT(T)”

ot ot

c(T) (2.16)

Thus, the heat capacity of the sample at a certain temperature 7 can be obtained
from the slope of the heating and cooling curves measured at 7. It is worth noting
that in (2.8), (2.9), and (2.10), the notation C(T") indicates the total heat capacity
that has to be split in two contributions: the first from the holder (Csy(T)) and the
second from the sample (Cg(T)).

In Fig. 2.8, an example of power charge and discharge is reported.

The method is very useful for making a quick scan through a large temperature
range when the shape of the heat capacity curve is unknown, and considerably
speeds up further measurements. As can be seen in (2.10), the dual slope method is
self-correcting regarding parasitic heat leaks. Moreover, it is not necessary to
explicitly know the thermal conduction of the heat link, although in most cases, the
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measurement of 1/Ry, = Po/AT is easily performed and this quantity can provide
useful additional information for the data analysis. The frequencies with which the
data points are taken will have to be adjusted to meet the requirement that when
using this method, the derivatives with respect to the time of the sample tem-
perature must be determined with great accuracy.

Also, in this method, poor thermal contact between the sample and sample
holder can introduce a second time constant. In that case, it is still possible to
retrieve C(7T) if an accurate determination of the second derivatives to the time of
T,(t) and T.(r) can be made. The latter determination is often very difficult and one
usually has to restrict the use of the DS method to those temperatures at which the
influence of Rgy can be neglected.

Although the DS method is very elegant and easy to implement, the technique
has usually been employed for small samples (typically less than 0.5 g) with good
thermal conductivity and at temperatures lower than 20 K. The success of this
method heavily depends on achieving an excellent thermal equilibrium between
the sample, sample holder, and the thermometer, and for large samples with poor
thermal conductivity (i.e., large 7,), this method may also fail when we only
consider the first-order approximation of the heat balance equations. Nevertheless,
the DS method has been successfully used around 1 K, reducing to a minimum
Csu [49].

A slightly less sensitive method (variation of the dual slope) involving a fixed
heat input followed by a temperature decay measurement is described in Ref. [47].
In this method, the sample is raised to an equilibrium temperature above the
thermal bath and then allowed to relax to the bath temperature with no heat input.
The method requires extensive calibration or the heat losses of the sample as a
function of temperature between the reservoir and final sample temperature and
relies on accurate, smooth temperature calibrations of thermometers because the
time derivative of the temperature during the decay process is necessary to extract
the specific heat. A data analysis method designed to eliminate the calculation of
the time derivative of the temperature during the decay was also described in Ref.
[47]. The technique requires a determination of many equilibrium heat losses
during the heating portion of the relaxation cycle to obtain good temperature
resolution of the specific heat changes.

A modification of the DS technique which is a hybrid between the AC method
and the DS method and reduces the duration of the measuring cycle has been
proposed in Ref. [69]. The method which was devised to measure specific heats of
small samples has good sensitivity and can give many points on the heat capacity
versus temperature curve during one cycle of about a 2 h duration covering a
temperature range of several K.

As stated, the DS method is time consuming both in performing measurements
and for data analysis. For these reasons, it has been used less than other methods,
despite the inherent advantages hereafter described. Some examples are reported
in [41, 49, 69-T71].
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2.6 AC Calorimetry

AC calorimetry (isoperibol, also known as modulation calorimetry, TMC) consists
of generating a periodic oscillation of power P(#) with the frequency 2w that heats
the sample of heat capacity Cg and in recording the resulting temperature oscil-
lations T(f) as a function of time. The measured temperature oscillates with the
same frequency and amplitude ATg(f) around a mean temperature Tj,. A phase
shift ¢ develops between P(f) and Tg(f) due to the finite thermal resistance Ry,
between the sample and thermal bath, T7;,. The scheme of such a calorimeter is the
same as in Fig. 1.22 with some differences and is shown in Fig. 2.9.

The basic relations for a modulation calorimeter result from the following
common equation that describes, in its simplest form, any calorimetric system

P(t) = Cs <dthS> + Kpp(Ts — Trp) (2.17)

where Ky, = 1/Rpy,.
If one drives the heater with a current I = I cos(wt), Joule heating occurs at a
frequency 2w at the heater. Equation (2.11) becomes

P(t) = Pyce™ = 2iCsAT* (1)e* " + Kp, AT (1)e**" (2.18)

where AT" denotes the complex amplitude of the temperature oscillation.
The solution AT(f) can be written as

ATxc(t) = AT " = [*|ei*e™". (2.19)

Introducing the complex heat capacity as Cs = C' — iC", the temperature
oscillation and the phase shift (between power and temperature) are given by the
following equations:

! PAC .
C =——— 2.20
20T "7 (220)
" PAC KB
C =——— - — 2.21
20|AT*| P T2 (221)
Pyc

IAT*| = (2.22)

(2wCs)* + K2,
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Fig. 2.9 Scheme of a calorimetric measuring cell. 77, temperature of the bath, Ty
temperature of heat shield, 75 temperature of the sample, Ry, thermal resistance towards
thermal bath, and Cg sample heat capacity. Note that Ry is neglected

with
K7, = [Pac/|AT*|] cos ¢ (2.23)
¢ = arctan{2wCs/Krp}. (2.24)

If the thermometer is connected to the sample without thermal resistance and
the sample is thought of as isothermal, amplitude of the thermal oscillations is the
same through the sample and C” = 0.

Let us note that the modulation method requires either a heat loss by conduction
to the thermal bath through Ry, or by radiative cooling toward the shield. As a
consequence, AC calorimetry can never operate under adiabatic conditions and
there always exists a heat flow from the sample to the thermal bath through a
radiation resistance Ry, If Ry, > wCy, (2.16) yields AToc & P4/oCy and the
phase approaches the value ¢ = —(m/2). These are the usual working conditions of
a traditional AC calorimeter and in this case, the system works under quasiadia-
batic conditions [72]. For all other cases, heat losses and phase shifts between
input power and sample temperature must be taken into account using the full
formula (2.16).

Finally, according to all of the above-mentioned equations, the oscillations are
superimposed by a temperature increase ATpc = Pac Rp/2. We note that in con-
trast to other calorimetric methods, in the AC calorimetry, the sample can be located
in vacuum or in exchange gas. Also, modulation is not restricted to sinusoidal
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oscillations, but can have any other waveform, e.g., rectangular or triangular wave
forms have been used [18, 19, 73]. Modulation can also be induced indirectly to the
sample by giving a modulated power to the heat shield [20].

A modification of the TMC technique (the 3w-method) is based on the original
work by Corbino [74]. Later, Rosenthal [75] and Filippov [76] used the bridge
technique to measure third harmonic signals. In the original work in 1910-1911,
Corbino [74] used the resistance of electrically conducting samples to determine
the temperature oscillations with a method known as the third-harmonic (3w)
method. In this kind of experiment, the same metal resistor element is used as both
a heater and thermometer. The heater, with resistance R, is driven by a current at
frequency o which results in a power of 2w frequency that causes diffusive
thermal waves which perturb the sensor resistance. The combined effect of driving
current and resistance oscillations gives a voltage across the resistor in a form
containing a first term which is the normal AC voltage at the drive frequency,
while the second and third terms, which derive the current and resistance oscil-
lations from mixing, are dependent on the A7, (the temperature oscillation
amplitude, which, in turn, is related to the sample heat capacity) [77].

Although the 3w signal is relatively small (see, e.g., [72]) compared to the two
terms (oscillating with @ and 2w), it can be well separated by the lock-in tech-
nique. For more experimental details, refer to [20, 78-82]. Measurements using
AC calorimetry are reported, e.g., [§3—-88].

2.7 Differential Scanning Calorimetry

A precious tool for investigating the thermodynamics of chemical reactions and
phase transitions is the differential thermal-analysis (DTA) technique, which is
widely used in chemical and material sciences. In a typical experiment, the
specimen and a reference material of similar heat capacity are heated simulta-
neously. If the two samples are sufficiently thermally insulated from each other,
changes in the temperature difference between the sample and the reference
material reflect heat capacity variations or indicate the occurrence of chemical
reactions. Typical heating rates are of the order of several degrees per minute.
Under such conditions, however, the samples are not always in thermal equilib-
rium. The resulting problems related to the geometry of the samples and the
sample holders make a calculation of absolute heat-capacity data rather compli-
cated, and it is therefore rarely done in practice [3].

The use of high-precision (magnetic field independent) electronic components
makes it possible to achieve a relative accuracy AC/C < 0.02 % on samples of
milligram weight. This accuracy is at least of the same order of magnitude as that
reached with the frequently used continuous-heating technique where significantly
larger sample masses are usually required. Moreover, the method is time saving
and very simple to apply since neither calibration nor a very precise temperature
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regulation is necessary in principle. Heat-capacity measurements can be done upon
heating or cooling the samples.

We shall describe the principle of the measurement [89] referring to the con-
figuration shown in Fig. 2.10. The sample (with heat capacity Cy at a temperature
Ts) and a reference sample (at a temperature T, with known heat capacity Cy) are
thermally connected to a sample holder (temperature Ts;) directly anchored to a
heat reservoir (usually 77, = Tsy, and hence the heater H acts on the sample
holder and on thermal bath) via the heat links Rgy and Rgy, respectively. We might
also include a thermal connection Rgr between the sample and the reference
object, but it is possible to thermally isolate the two specimens from each other in
a real experiment, i.e., Rz > Rgy, Rry. Results of a calculation taking the effect
or a nonzero thermal conductance between the sample and the reference into
account are discussed in an Appendix to [89].

If the temperature of the sample holder Ty varies with time, it is possible to
describe the system by

CsT = kS(TSH — Ts) (225)
CrTg = kgp(Tsy — Tr) (2.26)

where ks = 1/Rgy and kg = 1/Rgy. It is instructive to first consider steady-state
solutions of (2.25) and (2.26) when Cg and Cg are assumed to be temperature
independent, and Tsx(?) is a linear function of time. In order to avoid the thermal
equilibrium problems, we choose the characteristic time constants of the system.
T; = Cj/k; (with j = S or R) to be larger than the internal equilibrium times of the
samples, t;,, which are typically less than 1 s at 7= 100 K. In a straightforward
manner, we obtain Ty = T = Ty and Tsy — T; = CiTsy/k;. Assuming identical
heat links (kg = k;), we find that the quantity

ACo = Cr[(Ts — Tr) /(T — Tsp)] (2.27)

asymptotically approaches the heat-capacity difference AC = Cy — Cy at times
t > 1; after switching on the linear temperature ramp Tsy(?). In a more realistic
contest, the heat capacities Cs and Cy are temperature dependent, and Tsy(f) may
deviate from linearity. It may then be argued that AC still approaches AC for
t > 1; as long as heat-capacity changes and variations of Tgy in time are suffi-
ciently slow, i.e., occur on a time scale much larger than t;. The DTA technique
has been used, e.g., in [90, 91].

A remarkable advantage of DSC is that it is easy to measure the temperatures
Ts, Tg and Ty in an experiment; thus, if kg = kgy, then ACy calculated according
to (2.27) represents an excellent approximation for the heat-capacity difference,
and can be determined without knowledge of the absolute values of ks and kzg.

Note, however, that a sharp feature in the quantity Cs and thus in AC will be
smeared out due to the finite thermal relaxation of the system. This occurs on the
time scale 1, = Cy/k,. Within this time, the sample will be heated approximately
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Fig. 2.10 Schematic of DTA configuration. The sample (heat capacity Cs, temperature Ts) and
the reference sample (heat capacity Cg, temperature Ty) are thermally connected to the sample
holder (temperature 77;,) through the heat links Rgy, Rry. The effect of an unwanted link Rgg is
discussed in Ref. [89]. Ry, is usually neglected

by the quantity ty dT/dt = t, dT7,/dt = Ty, — Ty, which is therefore a measure
for the resulting broadening effect on ACy(7) on the temperature axis. According
to (2.27), AC/Cg can be determined within this instrumental uncertainty simply by
simultaneously monitoring the three temperatures Ty, Ts and Ty, without calcu-
lating any derivative in time or in temperature. The aforementioned limit (77, —
T,) in the instrumental temperature resolution for ACy(7) can be reduced by
slowing down the variation Tsy(f) of the heat reservoir since Tsy — Ts = (dTsg/
dt)Cy/ksg.

Another remarkable achievement reported in [89] is said to be the substantial
improvement of the conventional differential thermal-analysis (DTA) method by
means of using high-precision electronics and careful temperature control. This
method was used to measure the heat capacity of milligram samples at low tem-
peratures and in magnetic fields up to 7 T with a relative accuracy of about 10~*.

References about DSC are [92-94].

2.8 Other Methods

Besides the methods for measuring the heat capacity described in the previous
sections, other methods have been proposed and used. Among then, it is worth
citing:



60 2 How to Measure Heat Capacity at Low Temperatures

(a) Nonadiabatic measurements of the heat capacity involving sample-inherent
thermometry proposed in [95]. The method is realized with a superconducting
quantum interference magnetometry device and applied to FeBr, single
crystals by using the magnetization for both thermometry and relaxation
calorimetry.

(b) Modulated-bath calorimetry [96] is a variation of the AC calorimetric tech-
nique for measuring the absolute heat capacity of extremely small samples.
The method uses a thermocouple as the weak link to the bath and modulates
the temperature of the bath in time. This eliminates the need for a separate
thermometer and heater on the sample while retaining the ability to make
absolute measurements with minimal addenda.

2.9 Industrial Calorimeters

We also wish to mention the automated heat-capacity measurement system (for
samples weighing 10-500 mg) manufactured by Quantum Design [97] which
employs a thermal-relaxation calorimeter and operates in the temperature range of
1.8-395 K. Examples of measurements carried out by means of this instrument are
reported in [98, 99]. The system also allows one to perform very sensitive electric
and magnetic measurements (e.g., AC susceptibility and DC magnetization). It
employs the thermal relaxation method in the temperature range 1.8-395 K
(optional 0.35-350 K with a continuously operating closed-cycle *He system). As
an option, it can be equipped for measurements in magnetic field up to 16 T
longitudinal or 7 T transverse. Its calorimeter platform consists of a thin alumina
square of 3 x 3 mm?, backed by a thin-film heater and a bare Cernox (cryogenic
thermometers fabricated from sputtered zirconium oxynitride thin films, com-
mercially available from Lake Shore Cryotronics, Inc. under the trademark Cer-
nox ™). A heat pulse is applied and the platform temperature is recorded. With
known values for the conductance of the thermal link to the bath, of the heat
capacity of the addendum, and of the applied heat, the heat capacity of the sample
and the internal time constant of the calorimeter are determined analytically from
the 7(f) data by numerically integrating the relevant differential equations. The
curve fitting is improved by carrying out a number of decay sweeps at each
temperature and averaging the results. Two Cernox thermometers are used over
the full temperature range and their calibration is based on the 1TS-90 temperature
scale [100]. The resolution of the system is 10 nJK™' at 2 K. According to an
examination of the system, the accuracy is 1 % at 10-300 K, which decreases to
about ~5 % at T < 5 K. The system is quite adequate to describe broad second-
order phase transitions; however, sharp first-order transitions cannot be investi-
gated properly, mainly because the applied software cannot describe nonexpo-
nential decay curves. This drawback can be removed by using an alternate analytic
approach [97]. The system has recently been equipped with a simple, fully-
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automated dilution refrigerator for heat-capacity measurements from 55 mK to
4 K and in fields up to 9 T.
Recommendations for the use of quantum devices are reported in Ref. [101].

2.10 Small Sample Calorimetry

With reference to (2.2), cryogenic calorimeters are not only used to measure heat
capacities of liquids and solids, but also in a variety of other applications like the
detection of weakly interacting massive particles, of x-rays and y-rays, and in
astrophysics, or as bolometers for detection of phonons, particles or electromag-
netic waves, and particularly for detection of infrared radiation. These applications
have emerged from the very high sensitivity of recent microcalorimeters capable
of measuring C in the range of nJ/K (corresponding to the heat capacity of a
monolayer of 4He, see, e.g., [101]) or even less. For a review on these devices and
their applications, see, e.g., [2, 102].

The study of novel materials, many of which can be obtained in only small
amounts, has benefited from small-sample calorimetric measurements. These types
of measurements are usually made using the AC method developed by Handler
and coworkers in 1967 [82] and Sullivan and Seidel in 1968 [87], or by a thermal
relaxation method developed by Bachmann et al. in 1972, [3] as amply discussed
in the preceding sections.

Independently of the adopted technique, the absolute accuracy of any mea-
surement of heat capacity is limited by the fraction of the total C which is not due
to the sample, i.e., the addenda. The last 20 years has seen a continuous decrease
in the mass of the measurable sample, mostly because of decreases in the addenda
contribution (particularly of thermometers).

The silicon bolometer described in Ref. [103] enabled one to measure a 1 mg
sample in 1972 [36]; it consisted of approximately 25 mg of silicon divided into
two sections. Both sections had phosphorous diffused into the surface and then
etched to give a concentration versus depth profile such that one section had a
resistance of several kilo-ohms at 4.2 K and the other a resistance of several tens
of kilo-ohms at 4.2 K. Thus, the combination of two thermometers enabled a wider
temperature range; the thermometer which was not in use at a given temperature
was used as a heater. The next improvement in thermometer design was the use of
a small chip of doped germanium attached to a thin sapphire disk which had
sufficient area and strength to serve as a platform.

In the thermal relaxation method, [42, 43, 97, 104] the sensitivity is determined
by the quality of the thermometer and by the (as small as possible) heat capacity of
the addenda. This method can have rather high absolute accuracy; however, its
relative accuracy is limited. On the contrary, the AC method can detect very small
changes in the heat capacity [104—108]. As we saw in Sect. 2.6, the heating power
waveform is usually sinusoidal and the resulting temperature oscillation at fre-
quency o is determined. It is
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AT = P (2.28)

oC, /l+wzlf}+w2%z

where 1, is the relaxation time within the calorimeter assembly and t; is the
relaxation time of the calorimeter to the bath. In the usual limit wt; > 1 > w1,,
the heat capacity can be obtained as C = P/AT. To check whether this limit has
been achieved, the temperature response has to be measured at various frequencies
(typically between 10 and 200 Hz) to determine below which frequency heat leaks
through the thermal link to the bath (within the measuring period) and above
which frequency the calorimeter can no follow the heat modulation. In other
words, the pass-band of the calorimeter is measured.

A relaxation calorimeter for use in a top-loading *He—*He dilution refrigerator
in high magnetic field has been described in Ref. [34]. It has been used for
milligram samples from 34 mK to 3 K and in magnetic fields up to 18 T. In order
to keep thermal time constants in the magnetic field reasonably short, most of the
addenda, like the thermal reservoir, were made from Ag, which has a very low
nuclear heat capacity.

Very sensitive microcalorimeters are described in [107-109]. The AC calo-
rimeter of Ref. [86], for the Kelvin temperature range consists of a 2—10-pm-thick
monocrystalline silicon membrane substrate produced by etching, taking advan-
tage of the high thermal conductivity and low heat capacity at low temperatures of
this material. A 150 nm CoNi heater (with temperature independent resistivity
between 1 and 20 K) and a 150 nm NbN thermometer are deposited onto the
substrate. The addenda of this calorimeter varied between less than 0.1 nJ/K at
T < 1K and some nJ/K at 4 K. The device was used to measure heat capacities of
systems of deposited thin films or multilayers of microgram single crystals
and eventually of mesoscopic superconducting loops. The achieved resolution of
AC/C <5 x 1077 allowed measurements of variations of C as small fJ/K [108].

A further improvement in the thermometer design was the silicon on sapphire
(SOS) thermometer technique [110] in which phosphorous was ion-implanted into
a 0.6 micron-thick Si layer on a 0.005-in.-thick sapphire substrate. Ion implanta-
tion allowed the concentration versus depth profile to be as desired, eliminating the
inexact etching step. A third section had been added to the original bolometer
design to serve as a heater. The SOS design is able to measure sample as light as
0.1 mg, to be compared to the 1 mg limit typical of the old silicon bolometer
design.

Another innovation in sample platform thermometers that was quite similar to
the SOS design is the use of a flash-evaporated thin Au-Ge layer (with low heat
capacity) as a thermometer which adheres to the platform without the need for glue
required in the Ge chip design. The aforementioned designs use wires which, even
if the diameter is as small as 25 micron, make a significant addendum contribution
[3]; all use a relatively massive sample platform, at least 10 mg, which, even if it is
sapphire or diamond (with large Debye temperature, see Table 1.1), contributes a
relatively large addendum.
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For the development of small sample calorimetry, see, e.g., Ref. [15, 106, 111],
where a combination of AC and heat-pulse calorimetry is used to measure the
specific heat of the ceramic superconductor YBa,Cu3zO;_s near the transition
temperature 7, = 90 K.

As seen in Sect. 2.2, small sample calorimetry has now attained the nanogram
range [112, 113].
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