
Chapter 2
Energetic rate-independent systems

To keep the connection with continuum mechanics, cf. also Section 1.3.2, we
consider the basic state space split to two spaces

Q D Y�Z; (2.0.1)

where the fast component y and the slow component z of the state q D .y; z/ live.
Whenever possible, however, we will write q instead of .y; z/ to shorten the notation.
The splitting is done such that the evolution of z in time involves dissipation,
whereas that of y does not. The state space Q is equipped with a Hausdorff topology

TQ D TY�TZ, and we denote by qk
Q! q, yk

Y! y, and zk
Z! z the corresponding

convergence of sequences. Throughout, it will be sufficient to consider sequential
closedness, compactness, and continuity. For notational convenience, we will not
write this explicitly.

Let us recall the abbreviations RIS and ERIS, which we will subsequently often
use for rate-independent systems and energetic RIS, respectively. This chapter
focuses exclusively on ERIS. One of the main features in this chapter is the interplay
between the full ERIS .Q;E ;D/ using the energy-storage functional E and its
reduced version .Z;I ;D/, where I W Œ0; T��Z ! R1 WD R [ f1g, defined
in (1.3.8) by

I .t; z/ WD inf
n
E .t; Qy ; z/

ˇ̌ Qy 2 Y
o
; (2.0.2)

is called the reduced functional. We will define energetic solutions for .Q;E ;D/

and .Z;I ;D/ in such a way that each solution q D .y; z/ for the former system
gives rise to a solution z for the latter. Conversely, each solution z for .Z;I ;D/

can be made into a solution q D .y; z/ by a suitable choice of y. It is important to
realize that it is not enough to choose an arbitrary y.t/ 2 f Qy 2 Y j E .t; Qy; z.t// D
minE .t; �; z.t// g; further restrictions are necessary.
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46 2 Energetic rate-independent systems

At first glance, it might seem reasonable to consider first the reduced system
.Z;I ;D/ and establish an existence theory there, and then establish the desired
existence result for the full problem .Q;E ;D/, as given in the applications.
However, it turns out that in the reduction process, certain natural properties (such as
differentiability in t) are lost. To compensate for that, a stronger assumption would
have been necessary, which can be avoided by working on the full system instead.
Thus we present the existence theory for .Q;E ;D/ first, although sometimes, we
have to allude to the reduced system. In Section 2.2.1, we will then give methods to
approach the reduced system .Z;I ;D/ directly.

2.1 The main existence result

This section provides a detailed proof of the existence of energetic solutions for
ERIS in the most general cases; see Theorem 2.1.6. We also discuss variants
of the assumptions and the proof. We emphasize that the present proof has a
long development, which began in two independent areas, namely the study of
fracture in brittle materials, see [152, 196, 198], and the analysis of rate-independent
models for shape-memory alloys in [373, 416, 426]. While the former series of
work was restricted to unidirectional rate-independent processes (sometimes called
irreversible quasistatic evolution),1 the latter needed convexity properties in the y-
variable. A crucial step was taken in [195], where abstract versions of important
techniques from [149] were made available. See also Section 4.2.4.1 for a more
detailed description of the specific techniques.

2.1.1 Abstract setup of the problem

The first ingredient of the energetic formulation is the dissipation distance D W
Z�Z ! Œ0; 1�, which is an extended quasidistance. Here “extended” means that
the value 1 is allowed, and “quasi” means that we do not ask for symmetry. The
following three conditions will be the main assumptions:

Extended quasidistance:
.i/ 8 z1; z2; z3 2 Z W D.z1; z3/ � D.z1; z2/ C D.z2; z3/;

.ii/ 8 z1; z2 2 Z W D.z1; z2/ D 0 ” z1 D z2I
(D1)

D W Z�Z ! Œ0; 1� is lower semicontinuous: (D2)

1In thermodynamics, the adjective “irreversible” often has a different, wider meaning indicating
dissipation of energy implying irreversibility of time. Thus, nonunidirectional processes are still
irreversible in this sense; in particular, this applies to all RIS considered here.
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Here (D1) says that D is a distance except for the symmetry and the fact that the
value 1 is allowed. Relation (i) is the triangle inequality, and (ii) is the positivity.
The asymmetry is needed in many applications such as elastoplasticity and damage.

One major point of the theory is the interplay between the topology TZ and the
dissipation distance. To have a typical nontrivial, but still simple, application in
mind, one may consider Z D f z 2 L1.˝;Rk/ j kzkL1 � 1 g equipped with the
weak L1-topology and the dissipation distance D.z1; z2/ D kz1�z2kL1 .

For a given curve z W Œ0; T� ! Z, we define the total dissipation on Œs; t� via

DissD.zI Œs; t�/ WD sup

� NX
jD1

D.z.tj�1/; z.tj//
ˇ̌
ˇ N 2N; sD t0 < t1 < � � �< tN D t

�
:

(2.1.1)

The functions are defined everywhere, and changing them at one point may increase
the dissipation. Moreover, the dissipation is additive:

DissD.zI Œr; t�/ D DissD.zI Œr; s�/ C DissD.zI Œs; t�/ for all r < s < t: (2.1.2)

Later on, we will sometimes use the notation D.q0; q1/ instead of D.z0; z1/, where
qj D .yj; zj/. This slight abuse of notation will never lead to confusion, since D as
a function on Q D Y�Z still satisfies all assumptions, but one has to keep in mind
that D satisfies the positivity (D1) only on Z and not on Q.

The second ingredient is the stored-energy functional E W Œ0; T��Q ! R1 WD
R[f1g. Here t 2 Œ0; T� plays the role of a (very slow) process time that changes the
underlying system by changing loading conditions. The following conditions form
the basic assumptions on E . In Section 2.2.1, we will discuss generalizations. As
usual, we will denote by “Dom” the domain, i.e., the set of arguments that makes
the functional in question finite. Thus DomE WD f .t; q/ 2 Œ0; T��Q j E .t; q/ < 1 g
and DomE .t; �/ WD f q 2 Q j E .t; q/ < 1 g. Our basic qualification of E is then:

Compactness of sublevels:
8 t 2 Œ0; T� W E .t; �/ W Q ! R1 has compact sublevelsI (E1)

energetic control of power:
DomE D Œ0; T��DomE .0; �/;
9 cE 2R; �E 2L1.0; T/; NE � Œ0; T� with L 1.NE / D 0

8 q 2 DomE .0; �/ W E .�; q/ 2 W1;1.0; T/;

@tE .t; q/ exists for t 2 Œ0; T�nNE and satisfiesˇ̌
@tE .t; q/

ˇ̌ � �E .t/
�
E .t; q/CcE

�
:

(E2)

The Cartesian structure DomE D Œ0; T��DomE .0; �/ assumed in (E2) makes
DomE .t; �/ independent of t, which represents a certain structural assumption on
possible constraints involved in E . Gronwall’s inequality and (E2) easily give
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E .t; q/CcE � �
E .s; q/CcE

�
ej�.t/��.s/j with �.t/ WD

Z t

0
�E .�/ d�; (2.1.3a)

ˇ̌
@tE .t; q/

ˇ̌ � �E .t/
�
E .s; q/CcE

�
ej�.t/��.s/j; (2.1.3b)

which implies absolute continuity of t 7! E .t; q/. The notion of self-controlling
models in [117, 118] corresponds closely to our condition (E2).

Furthermore, we denote by Lev˛ a sublevel set of a function with respect to the
threshold ˛, i.e., in particular,

Lev˛E WD
n

.t; q/2 Œ0; T��Q ˇ̌
E .t; q/ � ˛

o
; LevˇE .t; �/ WD

n
q2Q

ˇ̌
E .t; q/ � ˇ

o
:

Compactness of all nonempty LevˇE .t; �/, ˛ 2 R, implies lower semicontinuity of
E .t; �/ W Q ! R1.

Lemma 2.1.1. If (E2) holds, then the sets Lev˛E , ˛ 2R, are compact in Œ0; T��Q
if and only if the sets LevˇE .t; �/, ˇ 2 R, t 2 Œ0; T�, are compact in Q.

Proof. For the ) implication, we use LevˇE .t; �/ D LevˇE \�ftg�Q�
. Hence, the

right-hand side is compact, since it is the intersection of a compact and a closed set.
In the other direction, take a sequence with .tn; qn/ 2 Lev˛E . By taking a

subsequence if necessary, we may assume tn ! t� and E .t�; qn/ ! ˇ WD
lim infj E .t�; qj/. By (2.1.3a) (applied once with s D t� and t D tn and once with s D
tn and t D t�), we have E .tn; qn/ ! ˇ, which implies ˇ � ˛. Since LevˇE .t�; �/
is compact, there exists a subsequence .qnl/l such that nl ! 1, qnl ! q�, and
q� 2 LevˇE .t�; �/. By ˇ � ˛, we conclude that .tnl ; qnl/ ! .t�; q�/ 2 Lev˛E , and
we are done. ut

Most typically, Q will be a closed, convex, and bounded subset of a reflexive
Banach space (such as the Sobolev space W1;p.˝;Rm/ or a Lebesgue space
Lp.˝;Rm/ with p 2 .1; 1/) equipped with TQ as its weak topology. Then lower
semicontinuity of E and D in .Q;TQ/ is the same as the classical weak lower
semicontinuity in the calculus of variations; see [140].

Definition 2.1.2. A function q D .y; z/ W Œ0; T� ! Q D Y�Z is called an energetic
solution of the rate-independent system .Q;E ;D/ if t 7! @tE .t; q.t// is integrable
and if the global stability (S) and the energy balance (E) hold for all t 2 Œ0; T�:

(S) 8 Oq D .Oy; Oz/2Q W E .t; q.t// � E .t; Oq/ C D.z.t/; Oz/.
(E) E .t; q.t// C DissD.zI Œ0; t�/ D E .0; q.0// C

Z t

0
@tE .�; q.�// d� .

For subintervals Œt0; t1� � Œ0; T�, we call q W Œt0; t1� ! Q an energetic solution
of .Q;E ;D/ if (S) and (E) hold for all t 2 Œt0; t1�, where the initial time 0 in (E) is
replaced by t0.
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The stability condition (S) is global in all of Q, and it can be rephrased by defining
the set S.t/ of stable states at time t via

S.t/ WD
n

q2Q
ˇ̌
E .t; q/ < 1; E .t; q/ � E .t; Oq/ C D.q; Oq/ for all Oq 2 Q

o
;

SŒ0;T� WD
n

.t; q/ 2 Œ0; T��Q ˇ̌
q2S.t/

o
D S

t2Œ0;T�.t; S.t//:

(2.1.4)

We call S.t/ the stability set at time t for short. Then (S) simply means that q.t/ 2
S.t/ for all t 2 Œ0; T�. The properties of the stability sets turn out to be crucial for
deriving existence results.

Rate-independence in the sense of Definition 1.2.1 manifests itself by the fact
that the problem has no intrinsic time scale. It is easy to show that q is a solution for
.Q;E ;D/ if and only if the reparameterized curve Qq W t 7! q.˛.t//, where

.̨
> 0, is

a solution for .D ; QE / with QE .t; q/ D E .˛.t/; q/. In particular, the stability (S) is a
static concept, and the energy balance (E) is rate-independent, since the dissipation
defined via (2.1.1) is invariant under rescaling, like the length of a curve.

Moreover, energetic solutions satisfy the restriction property and the concatena-
tion property; see Definition 1.2.1. In fact, our ERIS are often input–output systems
in the form that E .t; q/ D F .`.t/; q/ for a given functional F W X�Q ! R1 and
inputs or loadings ` W Œ0; T� ! X in a suitable set F0.Œ0; T�IX/ of functions. For
general energetic solutions in the sense of Definition 2.1.2, the restriction property
simply means that for every energetic solution q W Œt0; t1� ! Q and subinterval
Œs0; s1� � Œt0; t1�, the restriction qjŒs0;s1� W Œs0; s1� ! Q is an energetic solution as
well. The concatenation property states that for 0 � t1 < t2 < t3 � T and all
energetic solutions Oq W Œt1; t2� ! Q and Qq W Œt2; t3� ! Q with Oq.t2/ D Qq.t2/, the
concatenation Oq ‰ Qq W Œt1; t3� ! Q defined in Definition 1.2.1(iii) is an energetic
solution as well. This is obvious for the static condition (S). To see that (E) also
shares these conditions, we define

Et0 .t/ D E .t; q.t// C DissD.qI Œt0; t�/ �
Z t

t0

@sE .s; q.s// ds:

Then (E) simply states that the function Et0 is equal to the constant value Et0 .t0/

on the whole interval. Using the additivity of DissD and the integral, we obtain, for
r < s < t, the relation

Er.t/ D Er.s/ � E .s; q.s// C Es.t/:

Thus, the constancy certainly remains true after restriction. When we concatenate
two solutions Oq and Qq with Oq.s/ D Qq.s/ D q�, we can use E .s; q�/ D Es.s/, which
guarantees that the two constants are the same.

Before discussing the question of existence of solutions, we want to point out
that the concept of energetic solutions provides a priori bounds on the solutions.
For the time-continuous problem, these bounds are easy to derive, and the main
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structure becomes more transparent. Of course, similar estimates will be crucial in
the time-discrete setting. Using the assumption (E2), the energy balance (E) gives

E .t; q.t//CDissD.zI Œ0; t�/ � E .0; q.0//C
Z t

0

�E .s/
�
E .s; q.s//CcE

�
ds: (2.1.5a)

Omitting the dissipation and adding cE on both sides allows for an application of
Gronwall’s inequality, and we obtain

E .t; q.t// � �
E .0; q.0//CcE

�
e�.t/ � cE : (2.1.5b)

Inserting this again into (2.1.5), we can also estimate the dissipation via

DissD.zI Œ0; T�/ � �
E .0; q.0//CcE

�
e�.T/; (2.1.5c)

since E .t; q.t// � �cE by (E2).
The application of the theory of ERIS to models in brittle fracture (cf. Sec-

tion 4.2.4.1) and the following example highlight that there are important examples
of ERIS in which the state space Q does not have the Cartesian product form Y�Z
and does not have any underlying linear Banach-space structure.

Example 2.1.3 (Wetting and dewetting for moving drops). In [9], a quasistatically
moving liquid drop occupying a domain E.t/ � ˝ � R

3 is considered. The fixed
domain ˝ is a bounded container whose exterior R3 n ˝ is considered solid, while
˝ n E.t/ is filled with vapor. The boundary @E of E is thus decomposed into the
solid–liquid interface � E

SL
and the liquid–vapor interface � E

LV
. With this, one can

define an energy functional E on the state space

Q WD
n

E � ˝
ˇ̌
H 2.@E/ < 1

o
;

which is defined via the contact energies and a potential energy given in terms of
Vext.t; x/:

E .t; E/ D �SLH
2.� E

SL
/ C �SVH

2.@˝n� E
SV

/ C �LVH
2.� E

LV
/ C

Z

E
Vext.t; x/ dx:

The activation energy (i.e., dissipation) is given in terms of wetting and dewetting,
i.e., if the solid–liquid interface increases or decreases, respectively:

D.E0; E1/ D �wettH
2.� E1

SL
n� E0

SL
/ C �dew.� E0

SL
n� E1

SL
/

with the specific activation energies �wett > 0 and �dew > 0. We refer to [9, Sect. 3]
for the exact details to obtain existence of energetic solutions.



2.1 The main existence result 51

2.1.2 The time-incremental minimization problem

The most natural approach to solving .S/&.E/ is via time discretization using
the fact that incremental problems exist that have a variational structure, i.e., are
minimization problems. It is then possible to find their solutions as minimizers of
certain lower semicontinuous functionals on Q. For this, we make use of the lower
semicontinuity assumptions (D2) and (E1).

For the general, not necessarily equidistant, time-discretization, we will use the
notation Part.Œr; s�/ for all finite partitions of the interval Œr; s� � R, i.e.,

Part.Œr; s�/ WD
n

.t0; t1; : : : ; tN/
ˇ̌

r D t0 < t1 < : : : < tN D r
o
: (2.1.6)

For a partition ˘ 2 Part.Œr; s�/, we define its number of subintervals and its fineness
as the length of its largest interval, i.e.,

N˘ WD N for a partition ˘ D .t0; t1; : : : ; tN/; (2.1.7a)

¿.˘/ WD max
n

tk�tk�1

ˇ̌
k D 1; : : : ; N˘

o
: (2.1.7b)

Note that ¿.˘/ D 2 maxt2Œ0;T� dist.t; ˘/. In particular, we always have
dist.t; ˘/ � ¿.˘/. Having fixed a partition ˘ D .t0; t1; : : : ; tN/ 2 Part.Œ0; T�/, we
look for qk, k D 1; : : : ; N˘ , that approximate the solution q at tk, i.e., qk � q.tk/.

Our energetic approach has the major advantage that the values qk can be found
incrementally via minimization problems. In concrete function spaces, this approach
is referred to as the direct method in the calculus of variations. Since the methods of
the calculus of variations are especially suited for applications in material modeling
(cf. [125, 140, 442, 520]), this will enable us to treat a variety of quite different
applications; see Chapter 4.

In our general setting, the incremental minimization problem takes the following
form:

(IMP˘ )
For given q0 2 S.0/ � Q, find q1; : : : ; qN 2 Q such that
qk minimizes q 7! E .tk; q/CD.qk�1; q/ for k D 1; : : : ; N˘ :

(2.1.8)

For brevity, we will write qk 2 ArgminQ E .tk; �/CD.qk�1; �/, where the operator
Argmin denotes the set of all minimizers of a functional, i.e.,

ArgminQ J WD
n

q2Q
ˇ̌
J.q/ D inf

Q
J

o
� Q:

Depending on the context, we will also use the more explicit notation

ArgminQ J D Argmin J D Argmin
q2Q

J.q/ D Argmin
n
J.q/

ˇ̌
q2Q

o
:
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The following result shows that (IMP˘ ) is intrinsically linked to .S/&.E/.
Without any smallness assumptions on the time steps, the solutions of (IMP˘ )
satisfy properties that are closely related to .S/&.E/.

Proposition 2.1.4. Let (D1) and (E2) hold. Every solution of (IMP˘ ) from (2.1.8)
satisfies the following properties:

(i) For k D 1; : : : ; N˘ we have that qk is stable at time tk, i.e., qk 2 S.tk/.
(ii) For k D 1; : : : ; N˘ , we have

Z tk

tk�1

@sE .s; qk/ ds � ek � ek�1 C ık �
Z tk

tk�1

@sE .s; qk�1/ ds; (2.1.9)

where ej D E .tj; qj/ and ık D D.zk�1; zk/.
(iii) If (D2) and (E1) hold additionally, then solutions of (IMP˘ ) exist.

Proof. Part (i). Stability follows from minimization properties of the solutions and
the triangle inequality. For all Oq 2 Q, we have

E .tk; Oq/CD.zk; Oz/DE .tk; Oq/CD.zk�1; Oz/ C D.zk; Oz/ � D.zk�1; Oz/
� E .tk; qk/ C D.zk�1; zk/ C D.zk; Oz/ � D.zk�1; Oz/ � E .tk; qk/:

Part (ii). The first estimate is deduced from qk�1 2 S.tk�1/ as follows:

E .tk; qk/CD.zk�1; zk/ � E .tk�1; qk�1/D

DE .tk�1; qk/C
Z tk

tk�1

@sE .s; qk/ dsCD.zk�1; zk/ � E .tk�1; qk�1/ �
Z tk

tk�1

@sE .s; qk/ ds:

Since qk 2 ArgminfE .tk; q/CD.zk�1; z/ j q 2 Q g, the second estimate follows via

E .tk; qk/ � E .tk�1; qk�1/ C D.zk�1; zk/

� E .tk; qk�1/ � E .tk�1; qk�1/ C D.zk�1; zk�1/ D
Z tk

tk�1

@sE .s; qk�1/ ds:

Part (iii). The minimizers are constructed inductively. In the kth step, qk�1 is known,
and every minimizer y has to satisfy Jk.y/ WD E .tk; q/CD.zk�1; z/ � E .tk; qk�1/ D
Jk.qk�1/, since q D qk�1 is a candidate. Using D � 0, it suffices to minimize the
lower semicontinuous functional Jk on the compact sublevel E .tk; �/ � E .tk; qk�1/.
Hence, the Bolzano–Weierstrass theorem, Theorem A.2.1, provides the existence of
a minimizer qk. ut

Now we use assumption (E2) to obtain a priori bounds on the energy and
the dissipation for solutions of (IMP˘ ), reflecting the bounds (2.1.5) for the
time-continuous case. Combining (E2), (2.1.3), and the upper estimate of Propo-
sition 2.1.4(ii) gives
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ek C ık � ek�1 C �
cE Cek�1

��
e�.tk/��.tk�1/ � 1

�
(2.1.10a)

D �
cE Cek�1

�
e�.tk/��.tk�1/ � cE : (2.1.10b)

Using ık � 0 and (2.1.10b), induction over k leads to

cE Cek � .cE Ce0/
Qk

jD1 e�.tj/��.tj�1/ D .cE Ce0/e�.tk/ for k D 1; : : : ; N˘ :

(2.1.11)

Summing (2.1.10a) from 1 to k, we obtain, after some cancellation and employ-
ing (2.1.11), the estimate

ek C cE C
kX

jD1

ıj � e0 C cE C
kX

jD1

�
cE Cej�1

��
e�.tj/��.tj�1/ � 1

�

� �
cE Ce0

� C �
cE Ce0

� kX
jD1

.e�.tj/�e�.tj�1// D �
cE Ce0

�
e�.tk/:

For each incremental solution .qk/kD1;:::;N of (IMP˘ ) associated with a partition
˘ D .t0; t1; : : : ; tN/ 2 Part.Œ0; T�/, we define the right-continuous piecewise
constant interpolant, q˘ with

q˘ .t/ WD qk�1 for t2 Œtk�1; tk/; where k D 1; : : : ; N; and q˘ .T/ WD qN ;

(2.1.12)

which is continuous from the right. Occasionally, we will also use a left-continuous
piecewise constant interpolant Nq˘ defined by

Nq˘ .t/ WD qk for t2.tk�1; tk�; where k D 1; : : : ; N; and Nq˘ .0/ D q0:

(2.1.13)

Theorem 2.1.5. Assume that (D1) and (E2) hold and let ˘ 2 Part.Œ0; T�/. Then for
every solution .qk/kD0;:::;N˘

of (IMP˘ ) the interpolant q˘ D .y˘ ; z˘ / W Œ0; T� !
Y�Z satisfies the following three properties:

(i) For t 2 ˘ , we have q˘ .t/ D Nq˘ .t/ 2 S.t/I (S)discr

(ii) For s; t 2 ˘ with s < t, we have the two-sided energy estimateZ t

s
@�E .�; Nq˘ .�// d� �

� E .t; q˘ .t//CDissD.z˘ I Œs; t�/�E .s; q˘ .s//

�
Z t

s
@�E .�; q˘ .�// d� I (E)discr

(iii) For all t 2 Œ0; T�, we have the a priori estimate

E .t; q˘ .t// C cE C DissD.z˘ I Œ0; t�/ � e�.t/
�
E .0; q0/CcE

�
:
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2.1.3 Statement of the main existence result

The existence theory developed below will build on the incremental minimization
problem (IMP˘ ) and the a priori estimates derived above. Choosing a sequence of
partitions whose fineness tends to 0, we obtain a sequence of approximations, and
we first need to extract a suitable subsequence that converges. This can be done
for the z-component only, since the dissipation provides an a priori estimate of BV
type. A suitable version of Helly’s selection principle is stated in Theorem 2.1.24
and proved in Appendix B.5 in a more general variant; cf. Theorem B.5.13.

Since the y-component allows for no control of the temporal oscillations, it
has to be handled differently. One can use a technique developed in [149, 195]
involving choosing additional subsequences for each t 2 Œ0; T� and thus relying
on the axiom of choice; cf. Remark 2.1.8 below. Here, however, we use a different
technique based on a slightly stronger assumption of metrizability of the underlying
topology, but it leads to simpler assumptions and guarantees the existence of
solutions measurable in time. This idea uses the fact that for stable states q D .y; z/,
the energy E .t; �/ in fact depends only on the component z, i.e., we can define the
reduced functional

I .t; z/ WD min
n
E .t; y; z/

ˇ̌
y2Y

o
; (2.1.14)

and we have

8.y; z/ 2 S.t/ W I .t; z/ D E .t; y; z/: (2.1.15)

We also define a reduced power via

Pred.t; z/ WD sup
n

@tE .t; y; z/
ˇ̌

y2ArgminY E .t; �; z/
o
; (2.1.16)

and the crucial observation is that along every energetic solution, this reduced power
is realized; see (2.1.19).

After having identified a subsequence and a limit function, it is necessary to show
that this limit is an energetic solution. For this, we need further conditions on the
functionals E and D expressing a certain compatibility of these two functionals,
whereas the conditions (D1)–(D2) and (E1)–(E2) depend solely on D and E ,
respectively. To define these conditions, we introduce the notion of a stable sequence
.tm; qm/m2N via

sup
m2N

E .tm; qm/ < 1 and 8 m2N W qm 2S.tm/: (2.1.17)

Note that this concept intrinsically links the type of convergence to the properties of
E and D . In particular, this generates a topology that is derived from the functionals.
For instance, let us consider Q D Z D L2.˝/ and D.z0; z1/ D kz1�z0kL1 and the
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coercivity E .t; q/ � ckqk˛
H1.˝/

� C. Then stable sequences are bounded in H1.˝/,

and the intrinsic convergence turns out to be the weak convergence in H1.˝/.
The compatibility conditions between E and D rely on convergent stable

sequences:

8 stable sequences .tm; qm/m2N with .tm; qm/
Œ0;T��Q�! .t; q/ we have:

t2 Œ0; T�nNE with NE from (E2) H) @tE .t; q/ D lim
m!1 @tE .t; qm/; (C1)

q 2 S.t/: (C2)

Condition (C1) is called conditioned continuity of the power of the external forces.
Note that the time is fixed to t in the limit in (C1), although qm 2 S.tm/.
Condition (C2) is called the closedness of the stability set SŒ0;T�. These central
conditions will be discussed in more detail in Section 2.1.5 after the statement of
the main result, whose proof is given on pp. 72–75. For a first impression of the
structure of the lengthy proof, we refer to the much simpler Hilbert-space case with
a quadratic energy stated in Theorem 3.5.2, where a full and independent proof is
given along the same lines as the general proof developed here.

Theorem 2.1.6 (Main existence result). Assume that E and D satisfy the assump-
tions (D1)–(D2), (E1)–(E2), and the compatibility conditions (C1) and (C2).
Further, assume that

the topology of Q restricted to compact sets is separable and metrizable:

(2.1.18)
Then:

(i) For each q0 2 S.0/, there exists an energetic solution q D .y; z/ W Œ0; T� ! Q

to the initial-value problem .Q;E ;D ; q0/. Moreover, q W Œ0; T� ! Q is
measurable and

@tE .t; q.t// D @tE .t; y.t/; z.t// D Pred.t; z.t// for a.e. t2 Œ0; T�: (2.1.19)

(ii) If ˘ l 2 Part.Œ0; T�/ is a sequence of partitions with fineness ¿.˘ l/ ! 0 for
l ! 1, and q˘l is the interpolant of a solution of the associated (IMP˘ l

/,

then there exist a subsequence qk D q˘lk and an energetic solution Qq D .Qy ; Qz/

to the initial-value problem .Q;E ;D ; q0/ such that the following holds:

8 t 2 Œ0; T� W zk.t/
Z! Qz.t/I (2.1.20a)

8 t 2 Œ0; T� W DissD.zkI Œ0; t�/ ! DissD.Qz I Œ0; t�/I (2.1.20b)

8 t 2 Œ0; T� W E .t; qk.t// ! E .t; Qq.t//I (2.1.20c)

8a.a. t 2 Œ0; T� W @tE .t; qk.t// ! @tE .t; Qq.t//: (2.1.20d)

Moreover, (E2) and (2.1.20d) imply @tE .�; qk.�// ! @tE .�; Qq.�// in L1.0; T/.
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(iii) If additionally, the functional E is such that for each stable point q D .y; z/ 2
S.t/, the functional E .t; �; z/ has a unique minimizer y, then taking Qy.t/ D
arg minE .t; �; Qz.t//, the convergence in (2.1.20a) can be improved to

qk.t/
Q! Qq.t/: (2.1.20e)

Before discussing the assumptions and going into the details of the proofs, we
present a standard example in the Banach-space setting. This guiding example
should be considered the first nontrivial case that on the one hand, provides a
nontrivial application of the above theorem and on the other hand, provides a first
intuition about the main structure of the assumptions. We refer to Chapter 3 for a
detailed analysis of ERIS in Banach spaces.

Example 2.1.7 (The basic Banach-space case). We consider two separable and
reflexive Banach spaces U and Z and choose as the topological space Q the
Banach space Q WD U � Z equipped with the weak topology, which implies the
assumption (2.1.18). Next we consider a functional E W Œ0; T��Q ! R1 and a
dissipation distance D W Z�Z ! Œ0; 1/ with

E .t; q/ D E.q/ � ˝
`.t/; q

˛
Q ��Q with ` 2 W1;1.0; TI Q�/; (2.1.21a)

E W Q ! R1 is weakly lower semicontinuous, with (2.1.21b)

superlinear growth: 9 C1; ˛ > 1 8q2Q W E.q/ � 1

C1

kqk˛
Q � C1; (2.1.21c)

D satisfies (D1) and is weakly continuous: (2.1.21d)

Then Theorem 2.1.6 is applicable, and in particular, for all stable initial states there
exists an energetic solution.

Indeed, the conditions (E1) and (E2) easily hold with DomE D Œ0; T��DomE

and �E .t/ D C2k
.
`.t/kQ � for a constant C2 > 0 depending on C1; ˛ and

k`kL1.0;TIQ �/ only. Moreover, with NE D f t 2 Œ0; T� j ` is not differentiable at t g,

the compatibility condition (C1) follows from the weak continuity of q 7! h
.
`.t/; qi.

For the dissipation distance, the conditions (D1) and (D2) are satisfied, so it
remains to establish the closedness of the stability set SŒ0;T�, i.e., (C2). For a given
stable sequence .tk; qk/ with tk ! t and qk * q and an arbitrary test state Oq, we
have

E .tk; qk/ D E.qk/ � ˝
`.tk/; qk

˛ � E .tk; Oq/ C D.qk; Oq/:

Using the strong continuity of `, the weak lower semicontinuity of E in (2.1.21b),
and the weak continuity of D in (2.1.21d), we can pass to the limit in all terms and
obtain the stability E .t; q/ � E .t; Oq/ C D.q; Oq/, because Oq was arbitrary.

Remark 2.1.8 (Convergence of .yk/k2N: the general case). For the general case, this
theorem does not claim any convergence of the the nondissipative component yk.t/
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to Qy.t/. In fact, since we do not have any control of the temporal oscillations of the
y’s, we have no selection criterion. This is because it is more delicate in the general
case, where one can say that for every t 2 Œ0; T�, there is another subsequence
.qkt

n
.t//n2N selected from that in Theorem 2.1.6 such that

8t 2 Œ0; T� W ykt
n
.t/

Y! Qy.t/: (2.1.22)

In fact, such Qy complies with (2.1.16) and forms an energetic solution as in
Theorem 2.1.6(ii). Alternatively, employing a general topological concept of nets,
we can say that there is a finer net .qk	

/
�2�

with 
 a suitable directed set2 such that

8t 2 Œ0; T� W lim
�2�

yk	
.t/ D Qy.t/; (2.1.23)

where the limit is meant in the topology of Y in the sense of Moore–Smith
convergence; cf. p. 581.3 This finer net keeps the convergence lim�2� zk	

.t/ D Qz.t/

with the original Qz and also (2.1.20a,b). By (2.1.23), we have now lim�2� qk	
.t/ D

Qq.t/. By lower semicontinuity of E .t; �/, also (2.1.20c) is preserved in the sense that
lim�2� E .t; qk	

.t// � E .t; Qq.t//. Here we used the metrizability (2.1.18), which
allows us to “translate” the sequential semicontinuity to the topological one.

By the conditioned continuity (C1) of @tE .t; �/ and by (2.1.20d), also (2.1.20c)
is preserved in the sense that lim�2� @tE .t; qk	

.t// D @tE .t; Qq.t// for a.a. t.
Realizing that (C1) and (C2), although formulated only sequentially, hold also
topologically thanks to the metrizability (2.1.18), one can prove that Qq.t/ 2 S.t/
and lim�2� E .t; qk	

.t// � E .t; Qq.t// for all t. Hence, Qq is again an energetic

solution, but it is not measurable in general, and thus it may be different from Qq
in Theorem 2.1.6(ii). In other words, every such accumulation point in QŒ0;T� of the
subsequence .qk/k2N satisfying (2.1.20a,b) is an energetic solution.

Remark 2.1.9 (Convergence of .yk/k2N: a special case). The statement of Theo-
rem 2.1.6(iii) relates to the “nonbuckling condition” used in [416, Eqn. (3.18)]:

q1 D .y1; z1/ 2 S.t/;
q2 D .y2; z2/ 2 S.t/;

z1 D z2

9=
; H) y1 D y2: (2.1.24)

2Here, using the metrizability (2.1.18), one takes 
 D Part.Œ0; T�/, or more precisely 
 D
F.Œ0; T�/ directed by inclusion. This set can be used to index a neighborhood basis of the compact
topology for f q 2 Q j E .0; q/ � E� gŒ0;T�, where E� < 1 is sufficiently large; cf. Sect. A.2.
3This relies on the Tikhonov theorem, Theorem A.2.2, and thus on the axiom of choice, about
a uncountable (and thus nonmetrizable) product of compact spaces (D LevˇE.t; �/) indexed by
t 2 Œ0; T�.
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Then the y-component can be controlled more precisely. In [373], the slightly
stronger assumption

qk D .yk; zk/ 2 S.t/ and zk
Z! z H) yk

Y! y (2.1.25)

is used to conclude the stronger result yk.t/
Y! y.t/ for all t 2 Œ0; T� involved

in (2.1.20a) as well as continuity of t 7! y.t/ 2 Q for all t except at the (at most
countable) jump points of DissD.zI Œ0; T�/.

Remark 2.1.10 (Guaranteed solution-attribute of z). In fact, from the proof of
Theorem 2.1.6, we can read even a bit more: every Qz obtained as a limit satis-
fying (2.1.20a,b) forms an energetic solution in the sense that there exists some
Qy such that Qq D .Qy ; Qz/ is an energetic solution that also satisfies (2.1.20c,d) and
@tE .t; Qq.t// D Pred.t; Qz.t//.

We close this section with the formulation of an easily applicable version of
the existence result, where we strengthen the assumptions considerably but still
allow for a large variety of a applications. By making D continuous on Z, it is
possible to decouple the assumptions on E and D completely and the compatibility
conditions (C1) and (C2) can easily be established. In contrast to the simple Banach-
space case considered in Example 2.1.7, we allow here still a state space Q D Y�Z

in the form of a general topological space without linear structure.

Theorem 2.1.11 (Easy existence result). Assume that .Q;E ;D/ satisfy (D1),
(E1), (E2), (2.1.18) as well as the following conditions:

D W Z�Z ! Œ0; 1/ is continuous on sublevels of E .0; �/I (2.1.26)

8 E� > 0 8 " > 0 8 t2 Œ0; T�nNE 9 ı > 0 8 � 2 Œ0; T� 8q2Q W
�
E .0; q/ � E� and 0 < j��tj � ı

�
H)

ˇ̌
ˇE .�; q/�E .t; q/

� � t
� @tE .t; q/

ˇ̌
ˇ � ";

(2.1.27)

where again NE is from (E2). Then all assumptions of the main existence result,
Theorem 2.1.6, are fulfilled, and hence the existence of energetic solutions for
.Q;E ;D ; q0/ is guaranteed for each q0 2 S.0/.

Proof (Philosophy of the proof). Clearly, (2.1.26) implies (D2), and it remains to
establish the compatibility conditions. But this is a consequence of Corollary 2.1.19
below. Note that (2.1.39) is slightly weaker than (2.1.21d) and is simply a rephrasing
of (2.1.26). ut
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2.1.4 Properties of energetic solutions

Here we discuss some basic properties of solutions q W Œ0; T� ! Q for the ERIS
.Q;E ;D/. First we exploit the energy balance to show that q satisfies simple a priori
estimates for the energy and the dissipation. For this, we use that (E) holds for all
intervals Œs; t�. Omitting the nonnegative dissipation in (E) and employing (2.1.3b)
in the power term gives

E .t; q.t// C cE � �
E .s; q.s//CcE

�
e�.t/��.s/ for all s; t2 Œ0; T� with s < t:

(2.1.28)
Inserting this into the right-hand side of the energy balance gives

E .t; q.t// C cE C DissD.qI Œs; t�/ � �
E .s; q.s//CcE

�
e�.t/��.s/: (2.1.29)

Second, we derive a simple lemma which will imply continuity of the z
component almost everywhere.

Lemma 2.1.12. Assume that (D1) and (D2) hold. Let K � Z be compact and
.zk/k2N contained in K and z 2 Z. Then

minfD.zk; z/;D.z; zk/g ! 0 H) zk
Z! z: (2.1.30)

Proof. By compactness, we have a subsequence .zkn
/n2N and Qz such that zkn

Z! Qz
and D.zkn

; z/ ! 0 or D.z; zkn
/ ! 0. Without loss of generality, we assume the

latter case. Using (2.1.30) and the lower semicontinuity (D2), we have D.z; Qz/ �
lim infn!1 D.z; zkn

/ D 0. Thus, (D1) implies Qz D z, and we conclude the
convergence of the whole sequence, since every subsequence has the same limit

z, i.e., zk
Z! z, as desired. ut

The following general properties of total variations with respect to the dissipation
distance D will be used below:

DissD.zI Œr; t�/ D DissD.zI Œr; s�/ C DissD.zI Œs; t�/; (2.1.31)

lim
�!tC

DissD.zI Œt; � �/ D D.z.t/; z.tC//; (2.1.32)

lim
�!t�

DissD.zI Œ�; t�/ D D.z.t�/; z.t//: (2.1.33)

We continue to use the notation

f .bC/ WD lim
a!bC

f .a/ and f .b�/ WD lim
a!b�

f .a/ (2.1.34)

for one-sided limits. In the first case, this means that only a > b is considered,
whereas in the second case, only a < b is considered.
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We analyze the behavior at jump points of z. First, note that DissD.zI Œ0; T�/ < 1
implies that ı W t 7! DissD.zI Œ0; t�/ has at most a countable number of jump points.
At a continuity point of ı, we have

D.z.t�"/; z.t// C D.z.t/; z.tC"// � DissD.zI Œt�"; tC"�/ ! 0 for " ! 0:

Hence, using Lemma 2.1.12, we conclude that z W Œ0; T� ! Z is continuous at every
continuity point of ı.

Moreover, at every jump point of ı, we may define left-hand and right-hand limits
z.t�/ D lim�!t� z.�/ and z.tC/ D lim�!tC z.�/, respectively. In general, the three
values z.t�/; z.t/; and z.tC/ may be different. Here, we simply set z.0�/ D z.0/

and z.TC/ D z.T/.

Lemma 2.1.13. Assume (D1), (D2), (E1), (E2), and (C2). Let q D .y; z/ W Œ0; T� !
Q be an energetic solution for .Q;E ;Z/. Then for all t 2 Œ0; T�, we have the relations

I .t; z.t// C D.z.t�/; z.t// D I .t; z.t�//;

I .t; z.tC// C D.z.t/; z.tC// D I .t; z.t//;

I .t; z.t�// D lim
�!t�

I .�; z.�//; I .t; z.tC// D lim
�!tC

I .�; z.�//;

D.z.t�/; z.t// C D.z.t/; z.tC// D D.z.t�/; z.tC//:

(2.1.35)

Moreover, we have z.t�/; z.t/; z.tC/ 2 OS.t/ � Z for all t 2 Œ0; T�, where the reduced
stability set OS.t/ is defined in (2.1.48).

Proof. We consider only the first statement for t > 0, since the second works
analogously for t < T . We subtract the energy balance for � < t from that of t
and use (2.1.31) to obtain

I .t; z.t// C DissD.zI Œ�; t�/ D E .�; z.�// C
Z t

�

Pred.s; z.s// ds:

In passing to the limit � ! t�, the last term disappears, and using (2.1.33), we find
that I .t; z.t// C D.z.t�/; z.t// D lim�!t� I .�; z.�//.

We now claim that I .t; z.t�// D lim�!t� I .�; z.�//. By the lower semi-
continuity (E1), we immediately have I .t; z.t�// � lim inf�!t� I .�; z.�// as

z.�/
Z! z.t�/. The opposite inequality follows from the stability of z.�/ with respect

to z.t�/, namely

I .�; z.�// � I .�; z.t�// C D.z.�/; z.t�//:

Using (E2), we obtain lim sup�!t� I .�; z.�// � I .t; z.t�// C 0, and the first three
lines in (2.1.35) are established.
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To prove the last assertion, fix t 2 .0; T� and consider qn D q.t� 1
n / 2 S.t� 1

n /.

Using (E1) and (C2), there exists a convergent subsequence such that qnm

Q!
.Qy ; z.t�// 2 S.t/, i.e., z.t�/ 2 OS.t/. Analogously, we show that z.tC/ 2 OS.t/.

To establish the last identity in (2.1.35) it suffices to prove the relation �, since
the triangle inequality (D1) implies �. For this, we use z.t�/ 2 OS.t/ and test with
z.tC/ to obtain I .t; z.t�// � I .t; z.tC//CD.z.t�/; z.tC//. From inserting the first
two identities in (2.1.35), the desired estimate follows. ut

2.1.5 On the compatibility conditions (C1) and (C2)

Before we provide the proof of the main existence result in Section 2.1.6, we discuss
the compatibility conditions in a more detail.

The major condition that makes the whole theory work is the conditioned
closedness of the stability set SŒ0;T� in the form (C2). For this condition, the
interplay of the chosen topology and the properties of E and D are essential. The
main philosophy of this condition is that stable sequences behave better than usual
sequences. For instance, in many cases, it can be shown that for convergent stable
sequences, we have the energy convergence E .tk; qk/ ! E .t�; q�/. Using this, it is
often possible to improve the convergence in Banach spaces from weak to strong
or to conclude directly that the Gâteaux derivatives DE .tk; qk/ weakly converge to
DE .t�; q�/. We will continue to discuss these ideas on an abstract level.

At the end of this section, we also discuss the conditioned continuity of the power.
In many applications, the compatibility condition (C1) is really a condition on E
alone, namely that @tE W Lev˛E ! R be continuous. Such cases typically occur
if the space Q is a reflexive Banach space equipped with the weak topology and
if the loading of the problem is of lower order or even linear. However, there are
also important applications in which the full generality of (C1) is needed, e.g., in
finite-strain elastoplasticity; see Section 4.2.1.

Lemma 2.1.14. Compatibility condition (C2) is equivalent to

8 stab.seq. .tl; ql/
Œ0;T��Q�! .t; q/ 8 Qq 2 Q 9 . Qql/l2N W

lim sup
l!1

�
E .tl; Qql/CD.ql; Qql/�E .tl; ql/

� � E .t; Qq/CD.q; Qq/�E .t; q/:
(2.1.36)

Proof. For brevity, we set H.t; q; Qq/ WD E .t; Qq/ CD.q; Qq/ �E .t; q/. Then q 2 S.t/
is equivalent to H.t; q; Qq/ � 0 for all Qq 2 Q.

The implication (C2) ) (2.1.36) follows immediately by taking the sequence
Qql D ql. Then (2.1.36) holds, since H.tl; ql; Qql/ D 0 and (C2) implies
H.t; q; Qq/ � 0.

The opposite implication (2.1.36) ) (C2) is seen as follows. For arbitrary Qq ,
we choose a sequence . Qql/l2N according to (2.1.36). Using ql 2 S.tl/, we have



62 2 Energetic rate-independent systems

H.tl; ql; Qql/ � 0. Taking lim supl!1 and employing (2.1.36), we conclude that
H.t; q; Qq/ � 0. Since Qq 2 Q was arbitrary, this gives q 2 S.t/. ut

Condition (2.1.36) does not ask for Qql
Q! Qq ; hence . Qql/l2N is not a recovery

sequence in the sense of � -limits. In fact, the inequality in (2.1.36) has the
property that the right-hand side depends on Qq but not on . Qql/l2N, while the left-
hand side is independent of Qq . Nevertheless, the condition is useful in choosing a

suitable sequence . Qql/l2N with Qql
Q! Qq such that E .tl; Qql/CD.qkl

; Qql/�E .tl; ql/ !
E .t; Qq/CD.q; Qq/�E .t; q/. For later use, we display such a slight strengthening
of (2.1.36):

8 stab.seq. .tl; ql/
Œ0;T��Q�! .t; q/ 8 Qq 2 Q 9 Qql

Q! Qq W
lim sup

l!1
�
E .tl; Qql/CD.ql; Qql/�E .tl; ql/

� � E .t; Qq/CD.q; Qq/�E .t; q/:
(2.1.37)

We call . Qql/l2N in (2.1.37) a mutual recovery sequence for .tl; ql/ and Qq ; cf. [420].
We provide two more conditions that are stronger than (2.1.37) and hence can be

used to establish the crucial closedness (C2) of the stability set. The weaker of these
two conditions is based on the existence of a mutual recovery sequence and reads

8 stab.seq. .tl; ql/
Œ0;T��Q�! .t; q/ 8 Qq 2 Q 9 Qql

Q! Qq W
lim sup

l!1
�
E .tl; Qql/CD.ql; Qql/

� � E .t; Qq/CD.q; Qq/:
(2.1.38)

The stronger of these two conditions uses the continuity of the dissipation distance
on sublevels of E , namely

qk
Q! q; Qqk

Q! Qq and
supk2N

�
E .t; qk/CE .t; Qqk/

�
< 1

)
H) D.qk; Qqk/ ! D.q; Qq/: (2.1.39)

Proposition 2.1.15 (Conditions guaranteeing (C2)). Assume that (E1) holds.

(i) If for each stable sequence .tl; ql/ converging to .t; q/, there exists a sequence
. Qql/l2N such that lim supl!1 E .tl; Qql/CD.ql; Qql/ � E .t; q/, then the energy
converges along the stable sequences, i.e.,

8 stable sequence .tl; ql/
Œ0;T��Q�! .t; q/ W E .tl; ql/ ! E .t; q/: (2.1.40)

In particular, (2.1.38) implies (2.1.40).
(ii) We have the following implications:

(2.1.39) H) (2.1.38) H) (2.1.37) H) (2.1.36) ” (C2):

(iii) If (E2) holds additionally, then the conditions (2.1.36), (2.1.37), and (2.1.38)
remain the same if E .tl; �/ is replaced by E .t; �/.
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Proof. Part (i). By (E1), we have E .t; q/ � lim infl!1 E .tl; ql/. Using that .ql/l2N
is a stable sequence, we immediately obtain

lim sup
l!1

E .tl; ql/ � lim sup
l!1

E .tl; Qql/ C D.ql; Qql/ � E .t; q/;

where the last inequality uses (2.1.38) by specifying Qq D q. This proves (2.1.40).

Part (ii). For the first implication, we begin with a stable sequence .tl; ql/ ! .t; q/

and a general Qq . Employing (2.1.39), we then obtain lim supl!1 E .tl; Qql/CD.ql; Qq/

� E .t; Qq/CD.q; Qq/, which is the desired result (2.1.38) with Qql D Qq .
For (2.1.38) ) (2.1.37), note that (E1) implies lim supl!1

��E .tl; qkl
/
� �

�E .t; q/ whenever .tl; qkl
/

Œ0;T��Q�! .t; q/. Adding this to (2.1.38), we easily obtain the
desired result (2.1.37).

The next implication follows directly from the definition, since the requirement

Qqkl

Q! Qq is dropped. The final equivalence was already shown in Lemma 2.1.14.

Part (iii). For this, we simply use that supl2N E .tl; ql/ and supl2N E .tl; Qql/ are finite
and apply (2.1.3a). ut

In [373, Thm. 5.2], the condition lim infl!1 E .tl; ql/�D.qj; Qq/ � E .t; q/ �
D.q; Qq/ for all Qq 2 Q is proved to be sufficient for (C2). In fact, this condition
is stronger than (2.1.37), since we may simply choose Qql D Qq there. The
sufficient condition given in [373, Thm. 5.3] turns out to be equivalent to the present
condition (2.1.38).

Example 2.1.16 (Different mutual recovery conditions). We show that (2.1.37) does
not imply (2.1.38) by considering a typical situation for material modeling. On
Q D L2.˝/ equipped with its weak topology, consider the functionals E .t; q/ DR

˝
1
2

q.x/2�f .t; x/q.x/ dx with f 2 C1.Œ0; T�I L2.˝// and D.q0; q1/ D kq1�q0kL1 .
We have S.t/ D f q 2 L2.˝/ j kq�f .t; �/kL1 � 1 g, and by convexity and
strong closedness, we have weak closedness, and (C2) holds. Moreover, we want to
establish the sufficient condition (2.1.37). For this, we choose the mutual-recovery
sequence Qql D Qq � q C ql, whence Qql * Qq . Moreover, D.ql; Qql/ D kQq�qkL1 D
D.q; Qq/ and

E .t; Qql/ � E .t; ql/ D ˝1

2
. QqlCql/ � f .t/; Qql�ql

˛
L2 D ˝1

2
. Qq�qC2ql/ � f .t/; Qq�q

˛
L2

! ˝1

2
. QqCq/ � f .t/; Qq�q

˛
L2 D E .t; Qq/ � E .t; q/;

which proves (2.1.37) with equality. We call this argument the quadratic trick and
formalize it in Lemma 3.5.3. It will be used. e.g., in classical linearized elasto-
plasticity with hardening (cf. Sect. 4.3.1.1) and for evolutionary � -convergence in
dimension reduction or two-scale homogenization (cf. Sections 4.3.1.4 and 4.3.1.5,
respectively).

To show that (2.1.38) does not hold, we consider t D 0 and a stable sequence
ql with jql�f .0; �/j 	 1 but ql * q D f .0; �/. Moreover, let Qq D q, so that the



64 2 Energetic rate-independent systems

right-hand side in (2.1.38) takes the value � 1
2
kqk2

L2 . Writing the mutual recovery
sequence Qql in the form Qql D ql C wl, we need wl * 0, and the left-hand side
in (2.1.38) gives

E .0; Qql/ C D.ql; Qql/ D
Z

˝

1

2

�
qlCwl�q

�2 � 1

2
jqj2 C jwlj dx

�
Z

˝

1

2
� 1

2
jqj2 dx > �1

2
kqk2

L2 D E .0; q/CD.q; q/;

where we used jql�qj 	 1 and minimized with respect to wl. Thus, we have shown
that (2.1.38) cannot hold.

Concerning the conditioned continuity of the power, we often consider the case
that Q is a weakly closed subset of a reflexive Banach space Q equipped with the
weak topology. Moreover, the energy takes the form E .t; q/ D E.q/ � h`.t/; qi,
where ` 2 W1;1.0; TI Q�/. Then it is easy to establish (C1) using @tE .t; q/ D
�h

.
`.t/; qi even without using the stability; cf. Example 2.1.7 and Corollary 3.1.2

below.
The following abstract result establishes the continuity of the power (C1) under

much more general conditions. It relies purely on semicontinuity properties and
is independent of a linear structure. The motivation for this approach stems from
the need to treat time-dependent boundary conditions via a suitable translation in
the function space, e.g., for a functional E .t; y; z/ D E.y�yD.t/; z/ with a general
lower semicontinuous functional E, the time derivative becomes troublesome. For
such treatments of time-dependent Dirichlet conditions, we refer to Example 2.1.20
below and to Section 4.2.1 in finite-strain elastoplasticity. This method was first
developed in [149] for fracture problems and generalized to an abstract and largely
simplified setting in [195].

Proposition 2.1.17. If E satisfies (E1)–(E2) and (2.1.27), then for all t 2 Œ0; T�nNE ,
where NE is from (E2), we have

.tm; qm/
Œ0;T��Q�! .t; q/ and

E .tm; qm/ ! E .t; q/ < 1

)
H) @tE .t; qm/ ! @tE .t; q/: (2.1.41)

In condition (2.1.27), the convergence of the difference quotients to the derivative
is uniform in q 2 LevE�

E .0; �/ but may depend on the time t 2 Œ0; T�nNE .
Thus, the condition is invariant under rescaling time by absolutely continuous
diffeomorphisms.

Proof. Let E0; h0 > 0, and t 2 .0; T/nNE be such that t ˙ h0 2 Œ0; T� and
E .t; qm/;E .t; q/ � E0 for sufficiently large m. Then condition (2.1.27) implies the
existence of a modulus of continuity !0 W Œ0; h0� ! Œ0; 1/ (i.e., !0 is monotonically
increasing, and !0.h/ ! 0 for h ! 0C), so that

ˇ̌
ˇE .t˙h; qm/�E .t; qm/

h

 @tE .t; qm/

ˇ̌
ˇ � !0.h/ for all h 2 .0; h0/: (2.1.42)
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The same estimate also holds for q. Using h > 0, (E1) (i.e., E .t˙h; �/ lower
semicontinuous), and the assumed convergence of the energy, we obtain

lim inf
m!1

E .t˙h; qm/�E .t; qm/

h
� E .t˙h; q/�E .t; q/

h
:

Combining the case “C” with (2.1.42), we obtain

lim inf
m!1 @tE .t; qm/ � lim inf

m!1
E .tCh; qm/�E .t; qm/

h
� !0.h/

� E .tCh; q/�E .t; q/

h
� !0.h/ � @tE .t; q/ � 2!0.h/:

Similarly, the case “�” gives lim supm!1 @tE .t; qm/ � @tE .t; q/ C 2!0.h/. Since h
can be made arbitrarily small, the assertion is proved. ut

In some situations, it is easier to prove a slightly strengthened version of (2.1.27),
where we use uniform continuity on sublevels in the form

8 E� > 0 8 " > 0 9ı > 0 8 t1; t2 2 Œ0; T� 8q2Q W
�
E .0; q/ � E� and 0 < jt1�t2j � ı

�
H) ˇ̌

@tE .t1; q/ � @tE .t2; q/
ˇ̌ � ":

(2.1.43)
Using 1

��t .E .�; q/ � E .t; q// D @tE .s; q/ for some s between � and t, it is easy to
see that (2.1.27) holds with NE D ;.

In some applications, it is possible to exploit the Cartesian structure Q D Y�Z
and a certain regularization property of E .t; �; z/, since we need the continuity of the
power (C1) only conditioned to stable sequences.

Proposition 2.1.18. Let T0
Y be a finer topology on Y such that for all t 2 Œ0; T�nNE ,

@tE .t; �; �/ W Y�Z ! R continuous with respect to T0
Y � TZ; (2.1.44a)

ym
Y! y; zm

Z! z;
ym minimizes E .t; �; zm/

)
H) ym

T0

Y! y: (2.1.44b)

Then @tE .t; qm/ ! @tE .t; q/ whenever qm D .ym; zm/
Q! q and ym minimizes

E .t; �; zm/, and in particular, (C1) holds.

The proof of Proposition 2.1.18 is obvious. Together with Proposition 2.1.15, we
obtain the following result.

Corollary 2.1.19. Assume that (D1), (D2), (E1), and (E2) hold, and one of the
following two assumptions is satisfied:

(a) (2.1.38) and (2.1.27) are valid;
(b) (2.1.36) and (2.1.44) hold for some topology T0

Y. Then both compatibility
conditions (C1) and (C2) are satisfied.
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Proof. Assume first (a). Then (2.1.38) implies (C2) by Proposition 2.1.15(ii). More-
over, (C1) follows from Proposition 2.1.17, where we use Proposition 2.1.15(i),
which guarantees, again relying on (2.1.38), that the energy along stable sequences
is continuous, i.e., (2.1.41) is applicable.

Assuming (b), we know that (2.1.36) implies (C2) by Proposition 2.1.15(ii),
whereas (C1) follows from Proposition 2.1.18. ut

The following example highlights the difference between the condition (2.1.43)
as a sufficient condition for (2.1.27) and the weaker condition (2.1.44). The example
is in fact close to the complete-damage model treated in Section 4.3.2.2.

Example 2.1.20 (Conditioned continuity of the power). Consider Y D W1;p.˝/

and Z D W1;2.˝/ equipped with the weak topologies, and a “damage-type” stored
energy

E .t; y; z/ D
Z

˝

1

p
a.z/jr.y�yD.t//jp C 1

2
jrzj2 dx

with a W R ! R continuous, bounded, and inf a.�/ > 0. Obviously, we have

@tE .t; y; z/ D
Z

˝

a.z/jr.yD.t/�y/jp�2r.yD.t/�y/�r .
yD.t/ dx;

and for p ¤ 2, the power @tE .t; �; z/ is not weakly continuous; hence @tE .t; q/ D
limk!1 @tE .t; qk/ in (C1) is not automatic for arbitrary qk * q. On the one
hand, (2.1.43), which guarantees (C1), follows from

.
yD 2 Cw.Œ0; T�I W1;p.˝//. On

the other hand, @tE .t; �; z/ is strongly continuous, so we can use Proposition 2.1.18
with the T0

Y D norm topology and (2.1.44b) based on the so-called (SC)-property;
cf. Example 3.4.11 below.4 Hence, (2.1.44) already holds under the weaker assump-
tion

.
yD 2 L1.0; TI W1;p.˝//.

4In more detail, (3.4.19) can be used by estimating (where a D inf˝ a)

a
�krykkp�1

Lp �krykp�1
Lp

��krykkLp �krykLp

�

� a
Z

˝

�jrykjp�2ryk�jryjp�2ry
��r.yk�y/ dx

�
Z

˝
a.zk/

�jrykjp�2ryk�jryjp�2ry
��r.yk�y/ dx

�
Z

˝

�
a.z/�a.zk/

�jryjp�2ry
��r.yk�y/ dx ! 0;

because .a.z/�a.zk//jryjp�2ry ! 0 in Lp0

.˝IRd/, while r.yk�y/ ! 0 weakly in Lp.˝IRd/.



2.1 The main existence result 67

2.1.6 Proof of Theorem 2.1.6

Before going into the details of the proof, we advise the less-experienced reader to
acquire some familiarity with the proof of Theorem 3.5.2, which is a much simpler
case of the present general situation. The simplified proof follows the same steps as
the general proof; see Table 2.1 on p. 72.

The proof follows the theory developed in [195]; however, it includes a new argu-
ment, namely the characterization of the power in (2.1.19) and Proposition 2.1.23.
This approach allows us to simply the assumptions considerably in the case that Q
satisfies the metrizability condition (2.1.18).

The first lemma of this section concerns the approximation of the Lebesgue
integrals

R s
r @tE .t; q.t// dt by Riemann sums for a given q W Œ0; T� ! Q. For a

partition ˘ D fr D t˘0 < t˘1 < � � � < t˘N˘
D sg 2 Part.Œr; s�/, we define the discrete

values q˘
k WD q.t˘k / and the left-continuous approximants Nq˘ via

Nq˘ .t/ WD q. N� ˘ .t// with N� ˘ .t/ WD min
n

t˘k 2 ˘
ˇ̌

t˘k � t
o
: (2.1.45)

Note that the left-continuous interpolants Nq˘ in (2.1.13) are defined for solutions of
the incremental minimization problems, whereas here a measurable q W Œ0; T� ! Q

is given a priori. Clearly, we have t � N� ˘ .t/ � tC¿.˘/ for all t, where the fineness
¿.˘/ of ˘ is the length of its largest subinterval; see (2.1.7b).

Lemma 2.1.21. Let the conditions (E2), (C1) and the metrizability condi-
tion (2.1.18) hold. Moreover, assume that q W Œ0; T� ! Q is measurable and
that there exists C > 0 such that for all t 2 Œ0; T�, we have E .t; q.t// � C and
q.t/ 2 S.t/. Then for all r; s 2 Œ0; T� with r < s, we have

sup
˘2Part.Œr;s�/

Z s

r
@tE .t; Nq˘ .t// dt �

Z s

r
@�E .t; q.t// dt:

Proof. Note that each function t 7! E .tCh; q.t// is measurable. Hence, the
power � 7! @�E .�; q.�// is measurable as well, since it is a pointwise limit of
measurable difference quotients. Moreover, there is a constant c0 > 0 such that
j@tE .t; Nq˘ .t//j � c0�E .t/.

Using (2.1.18) we may apply Lusin’s theorem, Theorem B.3.7, to q, which takes
values in a compact set, since the energy is bounded. For arbitrary " > 0, we obtain
a compact set K � Œr; s� such that

Z

Œr;s�nK
c0�.t/ dt < " and qjK W K ! Q is continuous: (2.1.46)

The first property in (2.1.46) implies
R s

r @tE .t; Nq˘ .t// dt � R
K @tE .t; q˘ .t// dt � "

for all partitions ˘ . We now construct a suitable sequence of partitions .˘n/n that
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allows us to prove the assertion. For given n 2 N, let tn
0 D r. The other points are

defined inductively, namely, as long as tn
j < s, we set

tn
jC1 D

(
max f t2K j tj < t � tn

j C 1
n g if K \ �

tj; tjC1
n

� ¤ ;;

min
˚
tjC1

n ; s
	

otherwise:

On the one hand, there cannot be two adjacent intervals that are small: if
tjC1 < tj C 1

n , then K \ .tjC1; tjC1
n � is empty. Now if tjC1 < s, then tjC2 exceeds

minftjC 1
n ; sg. Hence, ˘n has at most 2.s�r/nC1 intervals, and by construction, the

fineness satisfies ¿.˘n/ � 1
n .

On the other hand, the choice of the nodes in ˘n is such that for t 2 K, we
always have N� ˘ .t/ 2 K as well. Indeed, tjC1 2 ˘nK occurs only if .tj; tjC1� has
empty intersection with K. Thus, we have shown that

8 t 2 K W N� ˘n.t/ 2 K and N� ˘n.t/ ! tC for n ! 1:

Now we recall Nq˘n.t/ D q. N� ˘n.t//, and using the stability of q, we conclude that
. N� ˘n.t/; q˘n.t//n2N is a stable sequence converging to .t; q.t// because of (2.1.46).
Hence exploiting (C1), we conclude that @tE .t; Nq˘n.t// ! @tE .t; q.t//, and
Lebesgue’s dominated convergence theorem gives

lim
n!1

Z

K
@tE .t; Nq˘n.t// dt D

Z

K
@tE .t; q.t// dt; (2.1.47)

where a lower estimate “�” would be sufficient to proceed. In summary, we have

sup
˘

Z s

r
@tE .t; Nq˘ .t// dt � lim sup

n!1

Z s

r
@tE .t; Nq˘n.t// dt

� �" C lim sup
n!1

Z

K
@tE .t; Nq˘n.t// dt

D �" C
Z

K
@tE .t; q.t// dt � �2" C

Z s

r
@tE .t; q.t// dt:

Since " > 0 was arbitrary, this is the desired result. ut
The proof of Theorem 2.1.6 will make extensive use of the reduced energy

I W Œ0; T��Z ! R1I .t; z/ 7! min
n
E .t; Qy ; z/

ˇ̌ Qy 2 Y
o
:

The point is that stability and energy balance can be formulated easily for the
reduced rate-independent system .Z;I ;D/. For this, we define the reduced
stability sets
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OS.t/ WD
n

z 2 Z
ˇ̌
I .t; z/ < 1; 8 Qz 2 Z W I .t; z/ � I .t; Qz/ C D.z; Qz/

o
:

(2.1.48)
Clearly, we have q D .y; z/ 2 S.t/ if and only if z 2 OS.t/ and y 2 ArgminE .t; �; z/.
The only difficulty in reducing from Q to Z is that in general, t 7! I .t; z/ is no
longer differentiable; see the discussion in Section 2.2.1. Thus, we define energetic
solutions z W Œ0; T� ! Z of the reduced ERIS .Z;I ;D/ via the reduced power Pred

defined in (2.1.16) as follows:

(S)red z.t/ 2 OS.t/;

(E)red I .t; z.t// C DissD.zI Œ0; t�/ D I .0; z.0// C
Z t

0

Pred.s; z.s// ds:

(2.1.49)

Obviously, each energetic solution q D .y; z/ W Œ0; T� ! Q generates a reduced
energetic solution z W Œ0; T� ! Z for .Z;I ;D/. The next lemma shows that
the opposite is also true: each solution z for .Z;I ;D/ can be made into a full
solution q D .y; z/ for the ERIS .Q;E ;D/ by selection of a suitable measurable y-
component. In Section 2.2.1, we address the question of producing a direct existence
theory for the reduced system .Z;I ;D/, but the theory there would lead to a
slightly stronger assumption for the full problem. That is why we deal with the
full system first.

Lemma 2.1.22. Assume (D1), (D2), (E1), (E2), (C1), (C2), and (2.1.18). Let z W
Œ0; T� ! Z be measurable with DissD.zI Œ0; T�/ C supt2Œ0;T� I .t; z.t// < 1 and

assume z.t/ 2 OS.t/ for all t 2 Œ0; T�. Then with NE from (E2), there exists a
measurable function y W Œ0; T� ! Y such that

.y.t/; z.t// 2 S.t/ for all t2 Œ0; T� and

Pred.t; z.t// D @tE .t; y.t/; z.t// for all t2 Œ0; T�nNE :

Proof. Our proof will be based on a variant of Filippov’s selection result provided
in Proposition B.1.2 on p. 593, which we will use here with the complete measure
space .S;S; �/ as S D Œ0; T� with S equal to the � -algebra of the Lebesgue-
measurable subsets and � D L 1.�/ the one-dimensional Lebesgue measure.

For given .t; z/ 2 Œ0; T��Z, we define M.t; z/ WD ArgminfE .t; Qy ; z/ j Qy 2 Y g
and compose a set-valued mapping G W Œ0; T� � Y via

G.t/ WD M.t; z.t�// [ M.t; z.t// [ M.t; z.tC// � Y � Y;

where Y is a compact subset of Y, which exists due to (E1). By assumption (2.1.18),
the topology on Y is complete, separable, and metrizable. Using (E1), each M.t; z/
is nonempty, and hence each G.t/ is nonempty.

Employing (C2), we will show that the graph Gr.G/ D f .t; y/ j y 2 G.t/ g is
closed in Œ0; T��Y and hence is measurable; cf. the definition on p. 592. Indeed,
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consider .tk; yk/ 2 Gr.G/ with tk ! t� and yk ! y�. Then there exists zk D z.t�k /

with t�k 2 ftk; t�k ; tCk g such that yk 2 M.tk; zk/. Using Lemma 2.1.13, we conclude
that .yk; zk/ 2 S.tk/. After taking a subsequence (not relabeled), we may assume

zk
Z! z�, and (C2) provides .y�; z�/ 2 S.t�/, which implies y� 2 M.t�; z�/.

Moreover, .t�; z�/ lies in the closure of Gr.z/ � Œ0; T��Z, which means that
z� D z.t��/. Thus, we have established y� 2 G.t�/, as desired.

We now define the set-valued mapping F W Œ0; T� � Y via F.t/ D M.t; z.t//.
Clearly, F.t/ is nonempty and closed for each t. Since z is continuous outside an at
most countable set Njump � Œ0; T�, we have F.t/ D G.t/ for t 2 Œ0; T�nNjump. Thus,
F is a measurable set-valued mapping as well.

Referring again to NE from (E2), we now define the function g W Gr.F/ ! R via

g.t; y/ WD
�

@tE .t; y; z.t// � Pred.t; z.t// for t 2 Œ0; T�nNE and y 2 F.t/;
0 otherwise:

For fixed t 2 Œ0; T�, the function g.t; �/ W F.t/ ! R is continuous using (C1). Since E
is has compact sublevels by (E1), it is Borel-measurable. Moreover, z W Œ0; T� ! Z

is Borel-measurable, since it is continuous except for a countable number of points.
Thus, for each h > 0, the function �h W Œ0; T�h��Y ! RI .t; y/ 7! E .tCh; y; z.t//
is .L ˝ B.Y/;B.R//-measurable. Now, on .Œ0; TŒnNE / �Y , the function g is the
pointwise limit of the measurable difference quotients 1

h .�h � �0/. So is NE [ fTg
has measure 0, g W Œ0; T��Y ! R is measurable as well, and hence its restriction
to Gr.F/.

Next, we show that for each t 2 Œ0; T�nNE , there exists y 2 F.t/ with g.t; y/ D 0.
Indeed, by (E1), the set M.t; z/ D ArgminE .t; �; z/ is a nonempty compact set.
Choose a sequence .ym/m approaching the supremum in the definition (2.1.16) of
the reduced power, that is, Pred.t; z/ D supf @tE .t; Qy ; z.t// j Qy 2 M.t; z/ g. Taking

a subsequence, we may assume ymn

Y! y� 2 M.t; z/. Since .ymn ; z/ 2 S.t/, we
have a stable sequence, and (C1) gives Pred.t; z.t// D limn!1 @tE .t; ymn ; z/ D
@tE .t; y�; z/, as desired.

Since for t 2 NE , the relation g.t; y/ D 0 always holds, we are able to apply
Proposition B.1.2 and obtain the desired measurable selection y W Œ0; T� ! Y with
y.t/ 2 F.t/ and g.t; y.t// D 0. ut

We next present a lower energy estimate that is valid for all stable processes.
Based on this general lower energy estimate, one sees that for the following
result, the compatibility condition (C1) could be replaced by the weaker one-sided
condition @tE .t; q/ � lim sup @tE .t; qk/; see the text after (2.1.47) and compare
to the weaker versions in (2.4.11i) or (RC1). The following lower energy estimate,
which is based on Lemma 2.1.21, can be seen as a degenerate version of a chain-rule
inequality in the sense of [413, Prop. 2.4].

The fact that stability implies such a lower energy estimate was first observed in
[425]. Here we use a stronger version that replaces the work of the external forces
on the right-hand side by the integral of the reduced power Pred.�; z.�//. Since the
left-hand side in (2.1.50) does not depend on the y-component of the stable process,
it is clear that the lower bound on the right-hand side should also be expressible in
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terms of z alone. It is this seemingly simple observation that allowed us to simplify
the assumptions of the main existence result.

Proposition 2.1.23. Assume that (D1), (D2), (E1), (E2), (C1), (C2), and (2.1.18)
hold. Let q D .y; z/ W Œ0; T� ! Q be measurable and satisfy supt2Œ0;T� E .t; q.t// <

1, DissD.zI Œ0; T�/ < 1, and q.t/ 2 S.t/ for all t 2 Œ0; T�. Then for all 0 � r <

s � T, we have the lower energy inequality

E .s; q.s// C DissD.zI Œr; s�/ � E .r; q.r// �
Z s

r
Pred.t; z.t// dt �

Z s

r
@tE .t; q.t// dt:

(2.1.50)

Proof. First of all, we use that the left-hand side is independent of the y-component,
that is, (2.1.15), by the stability of q.r/ and q.s/, can be written as I .s; z.s// C
DissD.zI Œr; s�/�I .r; z.r//. Thus, it suffices to prove the first inequality in (2.1.50),
since the second one follows directly from the definition (2.1.16) of the reduced
power, namely @tE .t; q.t// � Pred.t; z.t// for all t 2 Œ0; T�. By Lemma 2.1.22, we
may choose y such that we have equality.

Hence we assume now that q satisfies this equality, i.e., @tE .t; q.t// D
Pred.t; z.t//. Take any partition ˘ 2 Part.Œr; s�/. For each tj�1 2 ˘ , we use
q.tj�1/ 2 S.tj�1/ to obtain E .tj�1; q.tj�1// � E .tj�1; q.tj// C D.q.tj�1/; q.tj//,
which is the same as

E .tj; q.tj// C D.z.tj�1/; z.tj// � E .tj�1; q.tj�1// � E .tj; q.tj//�E .tj�1; q.tj//:

Summing over j 2 f1; : : : ; Ng, N D N˘ , we obtain

E .s; q.s//CDissD.zI Œr; s�/�E .r; q.r//

� E .s; q.s//C
NX

jD1

D.z.tj�1/; z.tj//�E .r; q.r//

�
NX

jD1

�
E .tj; q.tj//�E .tj�1; q.tj//

�

D
NX

jD1

Z tj

tj�1

@tE .t; q.tj// dt D
Z s

r
@tE .t; Nq˘ .t// dt: (2.1.51)

Since the partition ˘ was arbitrary, Lemma 2.1.21 yields the desired result. ut
The existence theory developed below will build on the (IMP˘ ) and the standard

a priori estimates. The general strategy for constructing solutions to .S/&.E/ is
to choose a sequence of partitions ˘m with fineness ¿.˘m/ tending to 0, extract
a convergent subsequence of .zl/l2N of .z˘m

/m2N, and then show that the limit
z W Œ0; T� ! Z solves .S/&.E/. The existence of a convergent subsequence is
guaranteed by the following version of Helly’s selection principle, which is proved
in Appendix B.5 in a more general variant; cf. Theorem B.5.13.
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Theorem 2.1.24 (Generalized version of Helly’s selection principle). Let D W
Z�Z ! Œ0; 1� satisfy (D1) and (D2). Moreover, let K be a compact subset of Z.
Then for every sequence .zl/l2N with zl W Œ0; T� ! K and bounded dissipation, i.e.,

supl2N DissD
�
zlI Œ0; T�

� � C < 1;

there exist a subsequence .zln/n2N, a function z1 W Œ0; T� ! K, and a function
ı1 W Œ0; T� ! Œ0; C� such that the following hold:

(i) ıln
.t/ WD DissD.zln I Œ0; t�/ ! ı1.t/ for all t 2 Œ0; T�,

(ii) zln
.t/

Z! z1.t/ for all t 2 Œ0; T�,
(iii) DissD.z1I Œt0; t1�/ � ı1.t1/ � ı1.t0/ for all 0 � t0 < t1 � T.

Proof of Theorem 2.1.6. For the reader’s convenience, we will divide the proof into
six steps, see steps no.1–6 in Table 2.1, which will be used consistently throughout
this and the following chapters.

Table 2.1 General scheme of proving existence of energetic solutions. In the
rate-independent cases in Chapters 2–4, Step 0 is usually simple and separated
from the main proof, while Step 7 is irrelevant.

Step no. Action

(0) Construction of approximate solutions

1 A priori estimates

2 Selection of convergent subsequences

3 Stability of the limit

4 Upper energy estimate

5 Lower energy estimate

6 Improved convergence

(7) Limit passage in possible other (rate-dependent) parts (Chap. 5)

Step 1: A priori estimates. We choose an arbitrary sequence of partitions ˘m whose
fineness ¿.˘m/ tends to 0. The time-incremental minimization problems (IMP˘ )
are solvable, and the piecewise constant interpolants qm D .ym; zm/ W Œ0; T� ! Q

defined in (2.1.12) satisfy the a priori estimates

DissD.zmI Œ0; T�/ � CD and 8 t 2 Œ0; T� W E .t; qm.t// � CE ;

where CD and CE are given explicitly in Theorem 2.1.5.

Step 2: Selection of subsequences. Our version of Helly’s selection principle in
Theorem 2.1.24 allows us to select a subsequence of .zm/m2N that converges point-
wise and that makes the dissipation converge as well. Moreover, the functions Pm W
t 7! @tE .t; qm.t// form an equibounded sequence in L1.0; T/. Thus, by choosing a
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further subsequence .qmk /k2N, we may assume the following convergence properties
for k ! 1, where we write qk as shorthand for qmk and pk for Pmk :

8 t 2 Œ0; T� W ık.t/ WD DissD.zkI Œ0; t�/ ! ı.t/ and zk.t/
Z! z.t/I

pk * pweak in L1.0; T/I

i.e., (2.1.20a) holds. Since the limit z W Œ0; T� ! Z satisfies DissD.zI Œ0; T�/ �
ı.T/ � CD < 1, we know that z is measurable and satisfies the energetic bound
I .t; z.t// � CE . Thus, Lemma 2.1.22 provides a measurable function y W Œ0; T� !
Y with

y.t/ 2 ArgminE .t; �; z.t// for t2.0; T� and

@tE .y.t/; z.t// D Pred.t; z.t// for t2.0; T�nNE ;
(2.1.52)

and y.0/ D y0, where q0 D .y0; z0/ is the given initial value with q0 2 S.0/. Note
that by construction, z.0/ D zm.0/ D z0 such that y.0/ D y0 is an admissible choice
satisfying the first relation in (2.1.52) but not necessarily the second.

The aim of the next steps is to show that q D .y; z/ is an energetic solution of
.Q;E ;D ; q0/.

Step 3: Stability of the limit function. We will use compatibility condition (C2). For
fixed t 2 Œ0; T� we define �k to be the largest value in ˘mk \ Œ0; t� giving qk.t/ D
qk.�k/. Then

qk.t/ 2 S.�k/; �k � t; and �k ! t: (2.1.53)

By choosing a further subsequence if necessary, we obtain qkl
.t/

Q! Qq D .Qy; z.t//
for a suitable Qy . In particular, .�kl ; qkl

.t//l2N forms a convergent stable sequence.
Now (C2) yields Qq 2 S.t/. However, this also implies q.t/ D .y.t/; z.t// 2 S.t/,
since for all Oq D .Oy; Oz/ 2 Q, we have

E .t; q.t// D I .t; z.t// D E .t; Qq/ � E .t; Oq/ C D.z.t/; Oz/:

Step 4: Upper energy estimate. We define the functions

ek.t/ WD E .t; qk.t//; ık.t/ WD DissD.zkI Œ0; t�/; e1.t/ WD lim inf
k!1 ek.t/;

E.t/ WD E .t; q.t//; �.t/ WD DissD.zI Œ0; t�/; ı1.t/ WD lim
k!1 ık.t/;

wk.t/ WD
Z t

0
@sE .s; qk.s// ds D

Z t

0
pk.s/ ds;

W.t/ WD
Z t

0
@sE .s; q.s// ds D

Z t

0
Pred.s; z.s// ds;
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where by construction, ek.0/ D E.0/ D e1.0/. Employing Theorem 2.1.5(ii) and
the boundedness of @tE by a C1�E .�/ (use (E2) and Step 1) gives

ek.t/ C ık.t/ � E.0/ C wk.t/ C C1!�.¿.˘mk //; (2.1.54)

where !� is a modulus of continuity of �. Since E and DissD are lower semicon-
tinuous (see Theorem 2.1.24(iii) for the latter) and since by weak convergence, we
have w1.t/ D limk!1 wk.t/ D R t

0
pweak.s/ ds, the limit k ! 1 leads to

E.t/C�.t/ � e1.t/Cı1.t/ � E.0/Cw1.t/ D E.0/C
Z t

0
pweak.s/ ds: (2.1.55)

The next step is now to relate pweak and Pred.�; z.�// using the compatibility
condition for the power (C1). As in Step 3, we may choose a subsequence of .qk.t//k

such that

S.�kl/ 3 qkl
.t/

Q! Qq and pkl.t/ ! psup.t/ D lim sup
k!1

pk.t/:

Thus, (C1) is applicable, and we obtain

pkl.t/ D @tE .t; qkl
.t// ! E .t; Qq/ D psup.t/ � Pred.t; z.t//;

where the latter estimate follows from Qq D .Qy; z.t// 2 S.t/ and the definition of
Pred. Since by Fatou’s lemma, we know that w1.t/ � R t

0 psup.s/ ds, we conclude
that w1.t/ � W.t/. Thus, we have derived the upper energy estimate

E.t/ C �.t/ � e1.t/ C ı1.t/ � E.0/ C w1.t/ � E.0/ C W.t/:

Step 5: Lower energy estimate. Because of our construction of the function q W
Œ0; T� ! Q, we are able to apply Proposition 2.1.23 and obtain the lower energy
estimate

E.t/ C �.t/ D E .t; q.t// C DissD.zI Œ0; t�/

� E .0; z.0// C
Z t

0
@sE .s; q.s// ds D E.0/ C W.t/:

Thus, we have shown that the limit function q W Œ0; T� ! Q satisfies stability and
energy balance for all times, whence it is an energetic solution.

Step 6: Improved convergence. Finally, we show that the remaining conver-
gences (2.1.20b-e) hold. The lower and upper energy estimates imply

E.0/CW.t/ � E.t/ C �.t/ � e1.t/Cı1.t/

� E.0/C
Z t

0
pweak ds � E.0/C

Z t

0
psup ds � E.0/CW.t/:
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Hence, all inequalities are in fact equalities. Using the inequalities E.t/ � e1.t/,
�.t/ � ı1.t/, and pweak � psup � Pred, we conclude that �.t/ D ı1.t/ and E.t/ D
e1.t/, which proves the convergence statements (2.1.20b) and (2.1.20c). Moreover,
we also find that pweak.t/ D psup.t/ D Pred.t; z.t// a.e. in Œ0; T�. This shows that the
weak limit and the pointwise lim sup of the sequence pk coincide, which implies the
desired pointwise convergence (2.1.20d); cf. [195, Prop. A2]. Also, (2.1.20d), and
the existence even of an L1-majorant due to (2.1.54) and the energy control imply,
by Lebesgue’s theorem B.3.2, even @tE .�; qk.�// ! @tE .�; Qq.�// in L1.0; T/.

Finally, if E is qualified as in Theorem 2.1.6(iii), then .yk.t//k2N has just one
cluster point, i.e., it converges, and thus yk.t/ ! y.t/ in Y, so that also (2.1.20e)
holds.

Thus, Theorem 2.1.6 is proved. ut

2.2 Generalizations

Here we collect some variants of the above method of construction for energetic
solutions that might be advantageous in certain applications.

2.2.1 Direct treatment of the reduced RIS

As indicated in Section 2.1.6, it may be of interest to address the reduced
ERIS .Z;I ;D/ directly. Of course, we may assume the same assumption as in
Section 2.1 by simply taking Y D f0g. However, the task of this section is to find
conditions on I that are more general. In particular, these conditions should be
such that they can be applied also in such cases where I is obtained via a reduction
procedure as given in (2.1.14). The problem is that after minimizing with respect to
y 2 Y in E .t; y; z/, we lose in general the differentiability of I with respect to t. In
Proposition 2.2.4, we will explain more precisely how the subsequent assumptions
can be derived from the assumption on E in Section 2.1.

We consider a Hausdorff topological space Z and denote by
Z! the convergence,

where all topological notions are understood in the sequential sense. The dissipation
distance D W Z�Z ! Œ0; 1� satisfies the two conditions (D1)–(D2) from
Section 2.1.1. For the reduced stored-energy functional I W Œ0; T��Z ! R1, we
make the following assumptions:

Compactness of sublevels:

8 t 2 Œ0; T� W I .t; �/ W Z ! R1 has compact sublevelsI (I1)
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energetic control of power:

DomI D Œ0; T��DomI .0; �/
9 cI 2R; �I 2L1.0; T/; NI � Œ0; T�; L 1.NI / D 0 8z2DomI .0; �/ W
I .�; z/2W1;1.0; T/; @�

t I .t; z/ exists for t2 Œ0; T�nNI

and satisfies j@�
t I .t; z/j � �I .t/

�
I .t; z/CcI

�
for all t 2 Œ0; T�nNI I

(I2)

uniform “semidifferentiability” from the left:

for NI from (I2) W 8 z2Z 8 E� > 0 8 " > 0 9 ı > 0 W
I .t; z/ � E� and maxf0; t�ıg � s � t 62 NI

H) @�
t I .t; z/ � I .t; z/�I .s; z/

t � s
C ":

(I3)

Here @�
t I .t; z/ is the left time derivative @�

t I .t; z/ D limh!0C

1
h .I .t; z/�

I .t�h; z// for t > 0 and @�
t I .0; z/ WD 0. The one-sided limit h ! 0C is defined

in (2.1.34).
Again (I1) implies that I .t; �/ W Z ! R1 is lower semicontinuous. Con-

dition (I2) says that the absolutely continuous function I .�; z�/ is differentiable
almost everywhere and the left derivative coincides with the classical derivative
wherever the latter exists. Again, the set Œ0; T�nNI where the derivative exists
must be independent of z. In particular, the fundamental theorem of calculus holds,
namely I .t; z�/�I .s; z�/ D R t

s @�
� I .�; z�/ d� , and the Gronwall estimates (2.1.3)

hold similarly.

Remark 2.2.1. Condition (I3) is quite strong in the sense that the choice of ı must
also be uniform in t 2 Œ0; T�nNI , while in the analogous two-sided estimate (2.1.27)
for E , the choice of ı may depend on t. It is exactly this gap between the stronger
condition (I3) and the weaker condition (C1) that forces us to prove the existence
directly for .Q;E ;D/ rather than for the conceptually simpler reduced system
.Z;I ;D/.

Solutions for the reduced ERIS .Z;I ;D/ are defined via stability (S)red and
energy balance (E)red, where now @�

t I plays the role of the power of the external
forces:

(S)red z.t/ 2 OS.t/;

(E)red I .t; z.t// C DissD.zI Œ0; t�/ D I .0; z.0// C
Z t

0

@�
sI .s; z.s// ds;

(2.2.1)
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where OS.t/ is defined in (2.1.48). As in the case of the full problem, we define stable
sequences .tk; zk/k2N via

sup
k2N

I .tk; zk/ < 1 and 8 k 2 N W zk 2 OS.tk/:

For the existence theory of solutions we need two compatibility conditions
between the functionals I and D . The reduced compatibility conditions for
.Z;I ;D/ are direct modifications of (C1) and (C2):

reduced compatibility condition:

8 stable sequence .tk; zk/k2N with .tk; zk/
Œ0;T��Z�! .t; z/ we have:

t2 Œ0; T�nNI with NI from (I2) H) @�
t I .t; z/ � lim sup

k!1
@�

t I .t; zk/; (RC1)

z 2 OS.t/: (RC2)

Theorem 2.2.2. Assume that I and D satisfy the assumptions (D1), (D2), (I1),
(I2), (I3), and the reduced compatibility conditions (RC1) and (RC2). Then:

(i) For each z0 2 OS.0/, there exists an energetic solution z W Œ0; T� ! Z for
.Z;I ;D ; z0/.

(ii) If ˘ l 2 Part.Œ0; T�/ is a sequence of partitions whose fineness ¿.˘ l/ tends to 0
and z˘l is the interpolant of any solution of the associated (IMP˘ l

), then there
exist a subsequence zk D z˘lk and a solution Qz W Œ0; T� ! Z for .Z;I ;D ; z0/

such that the following holds

8 t2 Œ0; T� W zk.t/
Z! Qz.t/I (2.2.2a)

8 t2 Œ0; T� W DissD.zkI Œ0; t�/ ! DissD.Qz I Œ0; t�/I (2.2.2b)

8 t2 Œ0; T� W I .t; zk.t// ! I .t; Qz.t//I (2.2.2c)

@�
t I .�; zk.�// ! @�

t I .�; Qz.�// in L1.0; T/: (2.2.2d)

Proof. For the proof, we follow the six steps according to Table 2.1 on p. 72 and
mention where differences occur.

Step 1. A priori estimates. This part can be executed exactly in the same way as
before, since for the case of the left derivative @�

t I , the Gronwall estimates (2.1.3)
work exactly in the same way because @�

t I equals the two-sided partial derivative
@tI .t; z/ if it exists. The point is that the latter exists almost everywhere, but
the null set where it does not exist is allowed to depend on z, whereas the left
derivative @�

t I .t; z/ must exist outside the null set NI . Thus, for a sequence of
˘m with ¿.˘m/ ! 0, we have an approximations zm with m-independent bounds
on I .t; zm.t// and DissD.zmI Œ0; T�/.
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Step 2: Selection of subsequences. The selection of a convergent subsequence zk D
zmk follows again by Helly’s selection principle (Theorem 2.1.24), and we are done.
Again we assume that pk D @�

t I .t; zk.t// satisfies pk * pweak .

Step 3: Stability of the limit. This is now a direct consequence of (RC2).

Step 4: Upper energy estimate. The upper estimate follows analogously, since (RC1)
provides the necessary estimate psup.t/ WD lim supk!1 pk.t/ � p.t/ WD
@�

t I .t; z.t//. Integration and Fatou’s lemma yield I .t; z.t// C DissD.zI Œ0; t�/ �
I .0; z.0// C R t

0
p.t/ dt, which is the desired upper estimate.

Step 5: Lower energy estimate. The main difference between this and the proof in
Section 2.1.6 is this part. For a lower bound, the compatibility condition (RC1)
cannot be used. Hence we employ the additional assumption (I3). As in (2.1.51), for
each partition ˘ D fr D t0 < t1 < � � � < tN D sg of Œr; s�, we obtain

I .s; z.s// C DissD.zI Œr; s�/ � I .r; z.r// � XN

jD1

�
I .tj; z.tj//�I .tj�1; z.tj//

�
:

Since t 7! I .t; z.t// is bounded by E�, (I3) implies the existence of a modulus of
continuity ! with " � !.ı/ such that under the additional assumption tj 62 NI for
j D 1; 2; : : : ; N�1, we have

I .s; z.s// C DissD.zI Œr; s�/ � I .r; z.r//

� XN�1

jD1

�
@�

t I .tj; z.tj// � "
�
.tj�tj�1/ � .�.s/ � �.tN�1// .E�CcI /

D Riem.p; ˘/ � !.¿.˘//.s�r/ � .�.s/ � �.s�¿.˘/// .E�CcI /:

Here � is defined as in (2.1.3a) with �E replaced by �I , and Riem.p; ˘/ DPN
jD1 p.tj/.tj�tj�1/ is the Riemann sum for the integral

R s
r p.�/ d� with respect to

the partition ˘ of Œs; t�; cf. (B.5.2) on p. 604. If s 2 NI and the value p.s/ D p.tN/ is
not defined, we set p.s/ D 0, which explains the last term in the estimate above. By
Theorem B.5.3, we can take a sequence of partitions ˘m with ¿.˘m/ ! 0 such
that Riem.p; ˘m/ ! R s

r p.�/ d� for m ! 1. Following the arguments in [149, 372]
it is easy to show that we may choose all ˘m such that ˘m \ NI � fr; sg. Thus
the lower energy estimate I .t; z.t// C DissD.zI Œ0; t�/ � I .0; z.0// � R t

0 p.t/ dt is
obtained.

Step 6: Improved convergence. This step works exactly as in Section 2.1.6. ut
The following one-sided analogue to Proposition 2.1.17 is useful in establishing

the compatibility condition (RC1). It is of interest that the condition (I3), which was
used for the lower energy estimate in Step 4, is also sufficient here.

Proposition 2.2.3. If I satisfies (I1) and (I3), then for all t 2 Œ0; T�nNI , the
following implication holds:

zm
Z! z and

I .t; zm/ ! I .t; z/ < 1

)
H) @�

t I .t; z/ � lim sup
m!1

@�
t I .t; zm/:

(2.2.3)
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Proof. We follow the proof of Proposition 2.1.17. For t D 0, we have @�
t I .0; z/ D

0, and there is nothing to prove. Hence we assume t > 0 and t 62 NI from now on.
Let E0; h0 > 0 be such that t�h0 2 Œ0; T� and I .t; zm/;I .t; z/ � E0 for sufficiently
large m. Then for h 2 .0; h0/, condition (I3) implies

@�
t I .t; zm/ � I .t; zm/�I .t�h; zm/

h
C !0.h/:

The same estimate also holds for z. Using h > 0, the lower semicontinuity of
I .t�h; �/ (following from (I1)), and the assumed convergence of the energy, we
obtain

lim sup
m!1

I .t; zm/�I .t�h; zm/

h
� I .t; z/�I .t�h; z/

h
:

Combining the above two estimates, we obtain, for h 2 .0; h0/,

lim sup
m!1

@�
t I .t; zm/ � lim sup

m!1
I .t; zm/�I .t�h; zm/

h
C !0.h/

� I .t; z/�I .t�h; z/

h
C !0.h/:

Taking the limit h ! 0C, we obtain the desired result. ut
Next we discuss how the properties that were assumed here for I can be derived

from the properties imposed on E in Section 2.1. We refer to [302, 307] for related
and more general results for this kind of reduction. In particular, under the stronger
assumption that each E .�; q/ lies in C1.Œ0; T�/, one can prove continuity from the
right @�

t I .tk; z/ ! @�
t I .t; z/ for tk ! tC, whereas from the left one has only

lower semicontinuity @�
t I .t; z/ � lim inftk!t� @�

t I .tk; z/.

Proposition 2.2.4 (One-sided time derivatives [302, 307]). Let E W Œ0; T��Y�Z
! R1 satisfy (E1), (E2), and (2.1.27) from Section 2.1. Then the reduced functional
I defined in (2.1.14) satisfies (I1) and (I2). In particular, (I2) holds with �I D �E

and cI D cE . If I .s; z/ < 1, then for all t 2 Œ0; T�nNI , both one-sided time
derivatives @ṫ I .t; z/ exist and satisfy

@C
t I .t; z/ D min

n
@tE .t; y; z/

ˇ̌
y 2 ArgminE .t; �; z/

o

� max
n

@tE .t; y; z/
ˇ̌

y 2 ArgminE .t; �; z/
o

D @�
t I .t; z/:

(2.2.4)

Proof. Note that I .t; z/ � ˛ if and only if there exists y such that E .t; y; z/ � ˛.
Thus, (sequential) compactness of the sublevels of I .t; �/ follows easily from that
of E .t; �; �/. This establishes (I1).
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Further, we fix any z such that I .s; z/ < 1 and set Y.t/ WD ArgminE .t; �; z/ �
Y. These are compact sets, and a simple argument shows that the set-valued mapping
is upper semicontinuous, namely

tm ! t�; ym
Y! y�; ym 2 Y.tm/ for m 2 N H) y� 2 Y.t�/: (2.2.5)

Since condition (2.1.27) holds, Proposition 2.1.17 implies that

aC.t/ WD min
n

@tE .t; y; z/
ˇ̌

y 2 ArgminE .t; �; z/
o

� max
n

@tE .t; y; z/
ˇ̌

y 2 ArgminE .t; �; z/
o

DW a�.t/

are attained, i.e., there exist y˙.t/ 2 ArgminE .t; �; z/ with a˙.t/ D @tE .t; y˙; z/.
We now show that a� is a left time derivative; the case for aC is analogous. On

the one hand, for t > h > 0, take any Oy 2 Y.t/. Then 1
h

�
I .t; z/ � I .t�h; z/

� �
1
h

�
E .t; Oy; z/ � E .t�h; Oy; z/

� D a�.t/. Taking the limit h ! 0C and using that Oy was
arbitrary, we obtain

lim inf
h!0C

I .t; z/ � I .t�h; z/

h
� sup

n
@tE .t; Oy; z/

ˇ̌ Oy 2 Y.t/
o

D a�.t/: (2.2.6)

On the other hand, choosing yh 2 Y.t�h/ and using (2.1.27) yields

I .t; z/ � I .t�h; z/

h
� E .t; yh; z/ � E .t�h; yh; z/

h
� @tE .t; yh; z/ C !.h/

with !.h/ ! 0 for h ! 0C. Now choose a sequence .hm/m2N such that hm ! 0C
and the left-hand side approaches its limit superior. By compactness, we assume

that additionally, yhm

Y! y� 2 Y.t/ holds. Employing Proposition 2.1.17 once again,
we obtain

lim sup
h!0C

I .t; z/ � I .t�h; z/

h
D lim

m!1
I .t; z/�I .t�hm; z/

hm

� lim
m!1 @tE .t; yhm ; z/C!.hm/D@tE .t; y�; z/ � a�.t/:

Together with (2.2.6), this shows that @�
t I .t; z/ D a�.t/, and (I2) is established. ut

Example 2.2.5 (A nontrivial reduced ERIS). The following ERIS has a solution z
for which @�

t I .t; z.t// is different from @C
t I .t; z.t// for all times. We let Y D f0; 1g,

Z D R,

E .t; j; z/ D Ij.t; z/ D
�

1
2

z2 � .1Ct/z for j D 0;
1
2
.z�t/2 � 1

2
.2Ct/t for j D 1;
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and D.z0; z1/ D jz1�z0j. We have I .t; z/ D I0.t; z/ for z � t, and I .t; z/ D
I1.t; z/ for z � t. The function z with z.t/ D t is an energetic solution, since an
easy calculation shows that OS.t/ D Œt�1; tC2� and since the energy balance holds
because of

I .t; z.t// D �.2Ct/t=2; DissD.zI Œ0; t�/ D t; @�
t I .t; t/ D @�

t I0.t; t/ D �t:

Note that @C
t I .t; t/ D @�

t I1.t; t/ D �t � 1 < @�
t I .t; t/. The point is that the

solution is sliding along an edge of the potential all the time. (There are other
solutions as well, namely z.t/ D t for t 2 Œ0; t��, z.t/ D maxft�; t�1g for t � t� for
any t� � 0.)

2.2.2 Other nonsmooth behavior of I

In the previous section, we discussed the reduced functional I under assumptions
that are compatible with the reduction process I .t; z/ D minE .t; �; z/. This implies
in particular the relation @C

t I � I �
t I . There may be other cases in which exactly

the opposite inequality holds. In [397], the case is considered that I is defined via
a functional J W X�Z ! R in

I .t; z/ D J.x.t/; z/; where J.�; z/ W X ! R is convex;

X is a Banach space, and x 2 W1;1.0; TI X /. Since for J.�; z/, the directional
derivatives

DxJ.x; zI v/ WD lim
h!0C

J.xChv; z/ � J.x; z/

h

exist because of convexity and satisfy DxJ.x; zI v/ � �DxJ.x; zI �v/, we have

@�
t I .t; z/ D �DxJ.x.t/; zI �.

x.t// � DxJ.x.t/; zI .
x.t// D @C

t I .t; z/

for all t where x.�/ is differentiable.
The following example gives a very simple model having exactly this structure.

Example 2.2.6 (A nontrivial generalized energetic solution). We consider the case
Z D R with D.z1; z2/ D jz2�z1j and I .t; z/ D 2jz�`.t/j C 
.t/z with 
; ` 2
C1.Œ0; T�/ and j
.t/j < 1 for all t. It is easily seen that for all t 2 R, the stability
set is a singleton, namely OS.t/ D f`.t/g. In particular, the incremental minimization
problem zk 2 Argmin

�
I .tk; �/CD.zk�1; �/� always leads to the solution zk D `.tk/.

Thus, we would like to consider the unique limit z W t 7! `.t/ as an energetic solution
for .Z;I ;D/. However, along this solution z, we have

@�
t I .t; z.t// D .


.t/`.t/ � 2j
.
`.t/j <

.

.t/`.t/ C 2j

.
`.t/j D @C

t I .t; z.t//:
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We calculate the necessary power p of the external forces from the energy balance

I .t; z.t// C DissD.zI Œr; t�/ D 
.t/`.t/ C
Z t

r
j
.
`.s/j ds D 
.r/`.r/ C

Z t

r
p.s/ ds;

where the last equality provides the desired energy balance. Thus, this balance holds

only if p.t/ D .

.t/`.t/C
.t/

.
`.t/Cj

.
`.t/j a.e. on R. In particular, recalling j
.t/j < 1,

this p lies strictly between @�
t I .t; z.t// and @C

t I .t; z.t//.

We now want to generalize the condition (I2) to handle such a situation. We begin
again with the reduced energetic system .Z;I ;D/ satisfying the assumption (D1),
(D2), and (I1). Condition (I2) is strengthened by assuming that both one-sided
derivatives exist:

DomI D Œ0; T��DomI .0; �/;
9 cI 2R; �I 2L1.0; T/; NI � Œ0; T�; L 1.NI / D 0

8z2DomI .0; �/ W I .�; z/2W1;1.0; T/; 8 t2 Œ0; T�nNI 9 @ṫ I .t; z/ and satisfy
ˇ̌
@ṫ I .t; z/

ˇ̌ � �I .t/
�
I .t; z/CcI

�
for all t2 Œ0; T�nNI :

(2.2.7)

Example 2.2.6 motivates the following generalization of energetic solutions,
where we use the abbreviation

Pmax.t; z/ WD max
˚
@�

t I .t; z/; @C
t I .t; z/

	
:

Definition 2.2.7 (Generalized energetic solutions). Let the ERIS .Z;I ;D/ sat-
isfy the assumptions (D1), (D2), (I1), and (2.2.7). Then z W Œ0; T� ! Z is called a
generalized energetic solution if there exists p 2 L1.0; T/ such that for all t 2 Œ0; T�,
we have stability (S) and weakened energy balance (WE)

(S) I .t; z.t// � I .t; Qz/ C D.z.t/; Qz/ for all Qz 2 Z;

(WE) I .t; z.t// C DissD.zI Œ0; t�/ D I .0; z.0// C
Z t

0
p.s/ ds with

@�
t I .s; z.s// � p.s/ � Pmax.s; z.s// for a.a. s 2 Œ0; T�nNI :

Generalized energetic solutions are usual energetic solutions as soon as we know
@CI � @�

t I as in the case of reduced energy functionals.
To find a suitable existence theory for generalized energetic solutions, one just

has to check how upper and lower energy estimates are obtained. The latter was
established above for all Œr; s� � Œ0; T�; however, we now also need to derive the
upper energy estimate on all intervals Œr; s� with Pmax on the right-hand side. Then
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(WE) will follow. To obtain these upper energy estimates, we will assume that the
energy is continuous on the stability sets OS.t/.

The new conditions in the following existence result are exactly tailored to
provide these conditions. A suitable variant could also be derived for the full ERIS
.Q;E ;D/.

Theorem 2.2.8 (Existence of generalized energetic solutions). Assume that the
energetic system .Z;I ;D/ satisfies (D1), (D2), (I1), (I3), and (2.2.7). Moreover,
assume

the generalized compatibility conditions:

8 stable sequences .tl; zl/l2N with .tl; zl/
Œ0;T��Z�! .t; z/ we have:

8 Qz 2 Z 9 Qzl
Z! Qz W lim sup

l!1
�
I .tl; Qzl/CD.zl; Qzl/

� � I .t; Qz/CD.z; Qz/;

(GC1)

t2 Œ0; T�nNI with NI from (I2) H) Pmax.t; z/ � lim sup
l!1

@�
t I .t; zl/:

(GC2)

Then for each z0 2 OS.0/, the initial-value problem .Z;I ;D ; z0/ has a generalized
energetic solution. Moreover, for incremental approximation, the same result holds
as in Theorem 2.2.2.

Proof. The proof follows again the six steps of Table 2.1 on p. 72.

Steps 1 and 2 work as above.

Step 3: Stability of the limit function. Because of condition (GC1), which cor-
responds to (2.1.38), we can apply Proposition 2.1.15(ii) and obtain the stability
z.t/ 2 OS.t/.

Step 4: Upper energy estimate. By Proposition 2.1.15(i), we know that (GC1)
implies continuity of I on the stability set. Thus, in the discrete upper energy
estimate

I .tm
n ; zm.tm

n // C
nX

lDjC1

D.zm.tm
l�1/; zm.tm

l // �I .tm
j ; zm.tm

j // �
Z tmn

tmj

@�
�I .�; zm.�// d�;

we may pass to the lim inf on the left-hand side and to the lim sup on the right-hand
side. Assuming tm

j ! r and tm
n ! s and using (2.1.40) (now for I ) and (GC2), we

obtain the desired upper estimate

I .s; z.s// C DissD.zI Œr; s�/ � I .r; z.r// C
Z s

r
Pmax.�; z.�// d�



84 2 Energetic rate-independent systems

for all r; s 2 Œ0; T� with r < s.

Steps 5 and 6 follow as above, since we have also assumed (I3). ut
In the following example, we show that the notion of generalized energetic

solution, which involves the weakened energy balance (WE) with the Clarke
differential, is really necessary in cases in which the one-sided partial derivatives
satisfy @�

t I0.t; z/ < @C
t I0.t; z/ at some points. In particular, it is impossible to

make an a priori choice like p.t/ D maxf@Cl
t I0.t; z.t//g, which worked in [307],

since there, @�
t I0.t; z/ � @C

t I0.t; z/ holds.

Example 2.2.9 (Generalized energetic solutions as limit of energetic solutions).
This example has a smooth energy I" such that @tI" exists, while in the limit, I0

is only Lipschitz in t. We let Z D R and D.z; Qz/ D jQz�zj. The energy functional
reads

I".t; z/ D H"

�
z�˛.t/

�
and I0.t; z/ D 2jz�˛.t/j;

where ˛ 2 C1.0; T/ is given and H".u/ D 2u2=
p

"2Cu2. For the partial derivatives
with respect to time, we have

@tI".t; z/ D �H0
".z�˛.t//

.̨
.t/ and @Cl

t I0.t; z/ D �2j .̨.t/jSign.z�˛.t//:

Since I".t; �/ is smooth and strictly convex, the energetic solutions for .R;I";D/

are exactly the solutions of the doubly nonlinear equation (cf. [425])

Sign.
.
z.t// C H0

".z.t/�˛.t// 3 0:

For " > 0, the system is smooth, while for " D 0, we have H0.u/ D 2juj and
set I0.t; z/ D H0.z�˛.t//. Consider the special case ˛.t/ D t and z".0/ D 0.
If ˇ" is the unique solution of H0

".ˇ"/ D 1, then the unique energetic solution is
z".t/ D maxf0; t�ˇ"g. Using 0 < ˇ" ! 0, we obtain the limit solution z.t/ D t D
lim"!0 z".t/. It is a generalized energetic solution if we use p.t/ D 1 2 Œ�2; 2� D
@Cl

t I0.t; t/ in (WE).

2.2.3 The case of noncompact sublevels of E

There are applications, e.g., in plasticity, where the sublevels of E are not compact,
but merely closed. In that situation, it can be used that the a priori bounds in
Theorem 2.1.5(3) or (2.1.29) are bounds on the sum of energy plus dissipation.

Corollary 2.2.10. Let all the assumptions of the main existence result, Theo-
rem 2.1.6, hold except for (E1). Instead, we impose that E be lower semicontinuous
and that for the initial value q0 2 S.0/, the functional .t; q/ 7! E .t; q/ C D.q0; q/

have compact sublevels.
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Then all the assertions of Theorem 2.1.6 remain valid.

Proof. Using D.q0; q˘ .t// � DissD.q˘ I Œ0; t�/ and Theorem 2.1.5(3), we see

that all incremental approximations q˘ lie in a compact set, since E .t; q˘ .t// C
D.q0; q˘ .t// remains uniformly bounded in t and ˘ . All other steps of the proof of
Theorem 2.1.6 remain the same. ut

2.3 Semicontinuity of approximate incremental problems

A natural question arises as to how many energetic solutions exist in comparison to
those that are obtained as limits of the incremental minimization problem (IMP˘ )
in (2.1.8). As we have shown above, the approximations z˘ associated with (IMP˘ )
can be considered upper semicontinuous in the sense that every limit point z
obtained from a sequence .z˘n/n2N with ¿.˘n/ ! 0 is an energetic solution.
The question is whether the opposite is true as well, namely that every energetic
solution is such a limit point for a suitable sequence of partitions and corresponding
incremental solutions. The following example shows that this is in general not the
case.

Example 2.3.1 (Nonapproximable energetic solutions). We consider the state space
Z D f0g [ Œ1; 2� [ f3g � R with dissipation distance D.z0; z1/ D jz1�z0j and the
energy functional I W Œ0; 3��Z ! R with

I .t; 0/ D �2t; I .t; z/ D 1

2
.z�t�2/2 � 1

2
for z2 Œ1; 2�; and I .t; 3/ D �1:

We have two different energetic solutions starting in z0 D 1:

z.1/.t/ D
8
<
:

t C 1 for t 2 Œ0; 1/;
3 for t 2 Œ1; 2/;
0 for t 2 Œ2; 3�I

z.2/.t/ D
�

t C 1 for t 2 Œ0; 1/;

0 for t 2 Œ1; 3�:

However, incremental solutions cannot approach solution z.1/. Starting with z0 D
1, we have zk D 1Ctk as long as tk < 1. Now assume tkC1 � 1. Then J.z/ D
I .tkC1; z/ C jz�1�tkj satisfies J.3/ D 1 � tk > 0 > J.0/ D 1 C tk � 2tkC1 and
J.z/ � J.2/ D 1

2
t2kC1 � 1

2
� tk � 0 for z 2 Œ1; 2�. Hence, the global minimizer of J

is zkC1 D 0, and all incremental solutions converge to z.2/.

To avoid the necessity of lower semicontinuity, it is advantageous to introduce
the concept of approximate incremental minimization problems. To this end, we
define the set of "-approximate minimizers of a functional J W Q ! R1 as follows:

Argmin";Q J WD
n

q 2 Q
ˇ̌
ˇ J.q/ � " C inf

Oq2Q
J.Oq/

o
; (2.3.1)
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i.e., " > 0 is the tolerance allowed for approximating the infimum. To a given
partition ˘ D .t0 < t1 < � � � < tN/ 2 Part.Œ0; T�/ we associate an N-tuple
" D ."1; : : : ; "N/ 2 Œ0; 1/N of tolerances and define two types of approximate
incremental problems.

Definition 2.3.2 (Approximate incremental problems). Given .Q;E ;D ; z0/,
the approximate incremental problems (AIP˘

" ) and (SAIP˘
" ) consist in finding

.qk/kD1;:::;N in Q with

(AIP˘
" ) qk 2 Argmin"k;Q

�
E .tk; �/ C D.qk�1; �/�I

(SAIP˘
" )

(
qk 2 Argmin"k;Q

�
E .tk; �/ C D.qk�1; �/�

and E .tk; qk/ C D.qk�1; qk/ � E .tk; qk�1/;

where (SAIP˘
" ) is called the strengthened approximate incremental problem.

If " D .0; : : : ; 0/, then (AIP˘
" ) and (SAIP˘

" ) just give the old incremental
minimization problem (IMP˘ ). If all "k are positive, then (AIP˘

" ) always has a
solution, even without any assumption on the lower semicontinuity of I and
D . This is even the case for the strengthened approximate incremental problem,
where the existence of solutions follows easily if all "k are positive. Indeed, since
Ak D Argmin"k;Q

�
E .tk; �/ C D.qk�1; �/� is never empty, we find that Oqk 2 Ak. If

E .tk; Oqk/ C D.qk�1; Oqk/ � E .tk; qk�1/, then we are done by choosing qk D Oqk. If
not, we can choose qk D qk�1, since the following estimate shows that qk�1 2 Ak:

E .tk; qk�1/ C D.qk�1; qk�1/ < E .tk; Oqk/ C D.qk�1; Oqk/ (2.3.2)

� "k C inf
�
E .tk; �/ C D.qk�1; �/�: (2.3.3)

Our aim is to give conditions that guarantee that solutions to (AIP˘
" ) and

(SAIP˘
" ) have the same compactness conditions as the solutions to (IMP˘ ). The

final aim is to show that for a suitable subsequence, we have convergence of the
z-component and that the limit gives rise to an energetic solution. The first result
gives the discrete result on the a priori estimate, stability, and the energy estimates.
In the second result, we provide convergence results. Since we minimize only
approximately, we also need the approximate-stability sets defined via

S˛.t/ WD
n

q 2 Q
ˇ̌
E .t; q/ < 1; 8 Qq 2 Q W E .t; q/ � ˛ C E .t; Qq/ C D.q; Qq/

o
:

Of course, S0.t/ D S.t/ and ˛ < ˇ implies S˛.t/ � Sˇ .t/. The following result is a
simple generalization of Proposition 2.1.4.

Proposition 2.3.3. Assume that .Q;E ;D/ satisfies (D1) and (E2). Then for each
partition ˘ 2 Part.Œ0; T�/ and each " 2 .0; 1/N with N D N˘ , the solutions
.qk/kD1;:::;N and .Oqk/kD1;:::;N to (AIP˘

" / and (SAIP˘
" ), respectively, exist and have

the following properties:
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(i) For k D 1; : : : ; N we have that qk is "k-approximate, i.e., qk 2S"k .tk/;
(ii) With � D 1 for (AIP˘

" ) and � D 0 for (SAIP˘
" ) we have, for all k D 1; : : : ; N:

E .tj; qj/ C D.zk�1; zk/ � �"k C E .tj�1; qj�1/ C
Z tk

tk�1

@sE .s; qk�1/ ds:

(2.3.4)

As in Section 2.1.2, we now obtain a priori estimates by induction. In fact, if we
define ek D E .tk; qk/CPk

jD1 "j and ık D D.zk�1; zk/, then all the calculations done
there remain valid with small modifications:

E .tk; qk/CcE C
kX

jD1

D.zj�1; zj/ �
�
�

kX
jD1

"je
��.tj/ C E .0; q0/ C cE

�
e�.tk/:

Subsequently, we use the following notation for the 1-norm and the 1-norm:

j"j1 D
NX

kD1

"k and j"j1 D max
n

"k

ˇ̌
k D 1; : : : N

o
:

Thus, for given a R > 0, we obtain uniform a priori bounds for the solutions
.qn/nD1;:::;N for (AIP˘

" / for all ˘ 2 PartN.Œ0; T�/, N 2 N, and " 2 Œ0; 1/N with
j"j1 � R. For (SAIP˘

" ), no restriction on " is necessary, since � D 0, and we have
the same estimates as for (IMP˘ ).

To pass to the limit, we need to strengthen the compatibility conditions (C1)
and (C2), since they were based on stable sequences. We now introduce approxi-
mately stable sequences. The sequence ..tk; qk//k2N is called approximately stable
if there exists a sequence .˛k/k2N such that

qk 2 S˛k .tk/ for k 2 N; sup
k2N

E .tk; qk/ < 1; ˛k ! 0C: (2.3.5)

The compatibility condition for approximately stable sequences reads exactly like
those for truly stable sequences. However, the condition is more restrictive, since
there are far more approximately stable sequences than stable ones.

compatibility condition for approximately stable sequences:

8 approximately stable sequences .tk; qk/k2N with .tk; qk/
Œ0;T��Q�! .t; q/

t 2 Œ0; T�nNE with NE from (E2) H) @tE .t; q/ D lim
k!1 @tE .t; qk/; (AC1)

q 2 S.t/: (AC2)
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Theorem 2.3.4 (Convergence for (AIP˘
" ) and (SAIP˘

" )). Assume that E and
D satisfy the assumptions (D1)–(D2), (E1)–(E2), and the compatibility condi-
tions (AC1)–(AC2). Consider a sequence of partitions ˘ l 2 PartNl.Œ0; T�/ and

".l/ 2 .0; 1/Nl with ¿.˘ l/ ! 0 and j".l/j1 ! 0 for l ! 1 and let .q.l/
k /kD1;:::;Nl

be any solution of (SAIP˘ l

".l/ ), and q˘ l
the associated interpolant. Then there exist

a subsequence qk D q˘ lk and a solution Qq D .Qy; Qz/ to the initial-value problem
.Q;E ;D ; q0/ such that the following hold (with NE from (E2)):

8 t 2 Œ0; T� W zk.t/
Z! Qz.t/ in ZI (2.3.6a)

8 t 2 Œ0; T� W DissD.zkI Œ0; t�/ ! DissD.QzI Œ0; t�/I (2.3.6b)

8 t 2 Œ0; T� W E .t; qk.t// ! E .t; Qq.t//I (2.3.6c)

8 t 2 Œ0; T�nNE W @tE .t; qk.t// ! @tE .t; Qq.t//: (2.3.6d)

In particular, also @tE .�; qk.�// ! @tE .�; Qq.�// in L1.0; T/. If additionally j".l/j1 !
0, then the same holds for the solutions of (AIP˘ l

".l/ ).

Proof. We again follow the six steps of Table 2.1 on p. 72.

Steps 1 and 2 are identical, since we have uniform a priori bounds.

Step 3: Stability of the limit function. This follows directly from the approximate
stability of the approximate solutions and from j".l/j1 ! 0 by exploiting (AC2).

Step 4: Upper energy estimate. The upper estimate is the same as for (IMP˘ ) in the
case of (SAIP˘

" ), since � D 0. For (AIP˘
" ), we have additional terms from " that

arise by summing (2.3.4) in Proposition 2.3.3(ii), namely

E .tl
n; q˘ l

.tl
n//CDissD.q˘ l I Œtl

m; tl
n�/ �

nX
mC1

"jCE .tl
n; q˘ l

.tl
n//C

Z tln

tlm

@sE .s; q˘ l
.s// ds:

Now, using the additionally assumption j".l/j1 ! 0 for (AIP˘
" ) gives the desired

upper energy estimate.

Step 5: Lower energy estimate. Here we deal only with the limit that is exactly
stable. Hence " does not matter.

Step 6 works as usual. ut
Now we follow [408] and show that for every energetic solution q W Œ0; T� !

Q of the initial-value problem .Q;E ;D ; q0/, there exist approximate incremental
solutions .qk/kD1;:::;N for (AIP˘

" ) if " is not too small. The obvious choice, which we
will also use, is given by qk D q.t˘k /, and the task is to find out for which " this is an
approximate solution. As such, this result is not too surprising, but certain variants
have impact in the existence theory for optimal controls of RIS; see [506, 507].
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Theorem 2.3.5 (Reverse approximation of energetic solutions). Assume that the
ERIS .Q;E ;D/ satisfies (D1) and (E2). Let q W Œ0; T� ! Q be an energetic solution.
Then for every partition ˘ D f0 D t0 < t1 < � � � < tN D Tg, the .NC1/-tuple
.qk/kD0;1;:::;N with qk D q.tk/ solves (AIP˘

" / whenever " D ."1; : : : ; "N/ satisfies

"k > 2E��
�.tk/��.tk�1/

�
for k D 1; : : : ; N; (2.3.7)

where E� D supfE .r; q.t// j r; t 2 Œ0; T� g.

Proof. Let ı > 0 be arbitrary. For k D 1; : : : ; N, we let ˛k D inffE .tk; Qq/ C
D.qk�1; Qq/ j Qq 2 Q g. Thus there exists Oqk with E .tk; Oqk/ C D.qk�1; Oqk/ � ˛k C
ı. Arguing as we did following the definition of (SAIP˘

" ), we may also assume
E .tk; Oqk/ � E .tk; qk�1/.

Obviously, .qk/ solves (AIP˘
" ) if we set "k equal to Q"k D E .tk; qk/ C

D.qk�1; qk/ � ˛k or equal to any upper bound. Using the energy balance of the
solution q, we obtain

Q"k � E .tk; qk/CDissD.qI Œtk�1; tk�/�˛k � E .tk�1; qk�1/C
Z tk

tk�1

@sE .s; q.s// ds�˛k:

Since qk�1 2 S.tk�1/, we may test with Oqk and obtain

E .tk�1; qk�1/ � E .tk�1; Oqk/ C D.qk�1; Oqk/ � ˛k C ı �
Z tk

tk�1

@sE .s; Oqk/ ds:

Inserting this into the previous estimate and applying (2.1.3b), we arrive at

Q"k � ı C
Z tk

tk�1

�
@sE .s; q.s// � @sE .s; Oqk/

�
ds

� ı C
Z tk

tk�1

�E E .t/
�
.E .s; q.s//CcE / C .E .s; Oqk/CcE /

�
ds: (2.3.8)

Thus, we obtain Q"k � ı C 2E��
�.tk/��.tk�1/

�
. Since ı > 0 was arbitrary, the

desired estimate (2.3.7) is established. ut
Overall, the results are not yet satisfactory, since for the upper semicontinuity of

Theorem 2.3.4, we need j"j1 ! 0 if we deal with (SAIP˘
" ). However, for (AIP˘

" ),
we need the stronger condition j"j1 ! 0. The opposite result in Theorem 2.3.5
applies only to (AIP˘

" ) and provides a lower bound on " that is compatible with
j"j1 ! 0 but enforces a lower bound on j"j1, namely j"j1 � 2E��.T/. We refer to
the discussion in [507, Sect. 3.3] for a more careful analysis.

In the following example, we show that in general, it is not possible to reduce
the linear order of the lower bound (2.3.7). Only in very good cases (smooth and
uniformly convex) we might be able to show that Oqk is sufficiently close to qk D
q.tk/ that it would be possible to take advantage of a cancellation in the integral
in (2.3.8).
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Example 2.3.6 (Example 2.3.1 continued). We may compare the lower bound on "

derived here with the one we need in the above example. In fact, we have see there
that J.3/ D 1� tk > J.0/ D 1C tk �2tkC1 holds. Thus, to jump to z D 3 in that step,
which is certainly the best moment, we need "k D J.3/ � J.0/ D 2.tk�1�tk/. Thus,
we have to allow for error levels "k that are of the order of the loading increment.

2.4 Evolutionary � -convergence for sequences of ERIS

We will now consider sequences of rate-independent systems ..Q;Ek;Dk//k2N and
study the question under what conditions energetic solutions qk W Œ0; T� ! Q

converge to a limit solution that is again an energetic solution for a limit system
.Q;E1;D1/. Surprisingly, as already revealed in [420], this theory is still very
close to the existence theory for energetic solutions above, so our proof will follow
the six-step scenario as in Table 2.1 on page 72.

The evolutionary � -convergence for ERIS has found numerous applications in,
e.g., fracture [223], two-scale homogenization [260, 400, 429], numerical approxi-
mation [222, 328, 418], and delamination [421, 545]. We will address evolutionary
� -convergence in the following chapters, for instance in a numerical convergence
theory in Section 3.6.1 and in the derivation of material models with microstructure;
see Sections 4.2.2.2 and 4.4.1.2. A special � -convergence theory for quadratic ERIS
in Hilbert spaces will be developed in Theorem 3.5.14 and applied in linearized
elastoplasticity for dimension reduction and homogenization; see Sections 4.3.1.4
and 4.3.1.5, respectively.

2.4.1 Basics on static � -convergence

The notion of � -convergence, introduced by De Giorgi [155, 156], exclusively
applies to functionals, i.e., static problems without time-dependence. It is sometimes
also called variational convergence or epigraph convergence. We refer to [28, 30,
94, 95, 141] for the full theory and applications. Here we just give a brief outline
that is sufficient for our purposes.

We consider a metrizable topological space Q, which means for our application
that we will restrict to a compact sublevel and use the metrizability assump-
tion (2.1.18). For a sequence .Jk/k2N of functionals Jk W Q ! R1, one is interested
in the behavior for k ! 1, which reflects the behavior of minimizers. In particular,

one defines the limit J1 in such a way that if qk minimizes Jk and qk
Q! q1, then

q1 minimizes J1.
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For a sequence .Jk/k2N, the � -lim inf and the � -lim sup are defined as follows:

� - lim inf
k!1 Jk W q 7! inf

n
lim inf
n!1 Jn.qn/

ˇ̌
ˇ qn

Q! q
o

and (2.4.1a)

� - lim sup
k!1

Jk W q 7! inf
n

lim sup
n!1

Jn.qn/
ˇ̌
ˇ qn

Q! q
o
: (2.4.1b)

By definition, we say that Jk � -converges to J if � - lim infk!1 Jk D J D
� - lim supk!1 Jk. The following definition makes this a little more explicit.

Definition 2.4.1 (� -convergence and Mosco convergence). Let .Jk/k2N be a
sequence of functionals on the metrizable topological space Q. Then Jk � -converges

to J W Q ! R1, written J D � -limk!1 Jk or for even greater brevity Jk
�! J, if

.� inf/ � -lim inf estimate:

qk
Q! q H) J.q/ � lim inf

k!1 Jk.qk/; (2.4.2a)

.� sup/ � -lim sup estimate or “existence of recovery sequences”:

8 Oq 2 Q 9 .Oqk/k2N with Oqk
Q! Oq W J.Oq/ � lim sup

k!1
Jk.Oqk/: (2.4.2b)

If the underlying space Q is a Banach space Q , we can define weak � -convergence
and strong � -convergence, by equipping Q with the weak or the strong topology,
respectively. Moreover, we say that Jk Mosco converges to J and write Jk

M! J if we
have weak and strong � -convergence. In particular, this means that .� inf/ holds in
the weak topology, while .� sup/ holds in the strong topology.

Here the sequence .Oqk/k2N is called a recovery sequence for the limit Oq, since .� inf/
and .� sup/ imply Jk.Oqk/ ! J.Oq/, i.e., Oqk recovers the correct energy level.

The following results are fundamental in the theory of � -convergence.

Proposition 2.4.2. Under the above assumptions we have the following:

(i) Jinf D � - lim infk!1 Jk is always lower semicontinuous. In particular, if J D
� -lim Jk exists, then it is lower semicontinuous.

(ii) For J; Jk W Q ! R1 with J D � -limk!1 Jk set ˛ D infQ J and ˛k D infQ Jk.
Assume ˛ 2 R and that there exist ı > 0 and a compact set C � Q such that
all sublevels f q j Jk.q/ � ˛Cı g are contained in C. Then ˛k ! ˛ and for
each sequence qk with qk ! Qq and lim supk!1 Jk. Qqk/ D limk!1 ˛k D ˛, we
have J. Qq/ D ˛, i.e., Qq is a minimizer of J. In particular, if qk are minimizers
of Jk, we conclude that all accumulation points of .qk/k are minimizers of J D
� -limk!1 Jk.

Example 2.4.3 (Monotone approximation from above). Let us consider a decreas-
ing pointwise-convergent sequence .Jk/k2N, i.e.,

Jk.q/ � JkC1.q/ � J.q/ and lim
k!1 Jk.q/ D J.q/ for all q 2 Q; (2.4.3)
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and let J be lower semicontinuous. Then � -limk!1 Jk D J. Indeed, for every qk !
q, we have J.q/ � lim infk!1 J.qk/ � lim infk!1 Jk.qk/, so (2.4.2a) obviously
holds. Taking the recovery sequence constant, i.e., Qqk WD Qq , makes (2.4.2b) satisfied
as a consequence of the pointwise convergence Jk ! J.

Example 2.4.4 (Abstract “numerical” approximation). Let us consider the case

Qk � QkC1 � Q and Jk WD J C ıQk
: (2.4.4)

Further, suppose that for some topology T finer than (and not necessarily identical
to) the topology of Q considered for existence of energetic solutions, J is T-
continuous and

S
k2N Qk is T-dense in Q. Typically, such occurs in various

numerical approximations where the Qk are finite-dimensional manifolds. Then
� -limk!1 Jk D J. Indeed, the .� inf/-condition holds because again, Jk � JkC1 �
J as in Example 2.4.3. For every Oq 2 Q, there is Oqk 2 Qk such that Oqk

T! Oq.
Then limk!1 Jk.Oqk/ D limk!1 J.Oqk/ D J.Oq/ and also limk!1 Oqk D q in Q, so
that fOqkgk2N is a recovery sequence for (2.4.2b). Note that lower semicontinuity
of J would not be sufficient. A simple counterexample is J WD ıfqg with some
q 2 Q n S

k2N Qk, where Jk 	 1 obviously does not � -converge to J.

Example 2.4.5 (Monotone approximation from below: penalty function). The situ-
ation Jk � JkC1 � J1 can be illustrated by considering A � Q closed, Q equipped
with a metric d inducing a topology finer than (but not necessarily identical to) the
topology of Q, J lower semicontinuous, J1 WD J C ıA, and

Jk.q/ WD J.q/ C k dist.q; A/˛ WD J.q/ C k infQq2A
d.q; Qq/˛ (2.4.5)

with ˛ > 0, where the last term is called a penalty function for the constraint q 2 A.
Then � -limk!1 Jk D J1. The .� inf/-condition is trivial for q 2 A, because then,
J1.q/ D J.q/ � lim infk!1 J.qk/ � lim infk!1 Jk.qk/ if we use successively
lower semicontinuity of J and that J � Jk. If q 62 A, then dist.q; A/ > 0, because A
is closed and there is k0 such that dist.qk; A/ � 1

2
dist.q; A/ > 0 for all k � k0, and

then

lim inf
k!1 Jk.qk/ D lim inf

k!1 J.qk/ C lim
k!1 k dist.q; A/˛

� J.q/ C lim
k!1 k

dist.q; A/˛

2˛
D 1 D J1.q/:

The .� sup/-condition works for the constant recovery sequence Oqk D Oq: if Oq 2 A,
then Jk.Oqk/ D J.Oq/ D J1.Oq/, and if Oq 62 A, then J1.Oq/ D 1, and (2.4.2b) holds
trivially.

Merging Examples 2.4.4 and 2.4.5 has some use and is not entirely straight-
forward, because the recovery sequence in Example 2.4.5 no longer can be taken
constant, and thus deserves a careful formulation and a detailed proof.
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Proposition 2.4.6. Let fQkgk2N be as in (2.4.4), let J be bounded from below, let
A � Q be compact, and assume that both J and the metric d determining dist.�; A/

are lower semicontinuous in the topology of Q. Moreover, assume A \ DomJ ¤ ;,
and let there be a metrizable topology T on Q such that the metric d is T-continuous,S

k2N Qk is T-dense in Q, and the functional J is T-continuous. Furthermore, let

J"k.q/ WD J.q/ C 1

"
dist.q; A/˛ C ıQk .q/ (2.4.6)

with ˛ > 0. Then there exists K W RC ! N such that:

(i) lim"!0; k!1; k�K."/ min J"k D min JA and ."; k/ 7! Argmin J"k is upper
semicontinuous conditioned to k � K."/ in the sense that every cluster point
(in the topology of Q) of every sequence .q"k/"!0; k!1; k�K."/

with q"k 2
Argmin J"k belongs to Argmin JA.

(ii) If additionally, T coincides with the topology of Q, which is still assumed to be
metrizable, then K can be chosen in such a way that even

� -lim
"!0;k!1

k�K."/

J"k D JA WD J C ıA: (2.4.7)

Proof. 5 As to (i), we can first use Example 2.4.5, exploiting now the topology T

to show that 0 � min JA � min J" ! 0 for " ! 0, where we have now defined
J" WD J C 1

"
dist.�; A/˛ . Then for every " > 0 fixed, we can use Example 2.4.4 and

obtain some K."/ 2 N such that for every k � K."/, we have 0 � min J"k�min J" �
min JA � min J". Merging these two results yields

ˇ̌
min J"k � min JA

ˇ̌ � �
min J"k � min J"

� C �
min JA � min J"

�

k�K."/� �
min JA� min J"

� "!0! 0: (2.4.8)

Thus lim"!0; k!1; k�K."/ min J"k D min JA is proved.

Then for every q"k
Q! q with q"k 2 Argmin J"k, we must have q 2 A, because

otherwise, lim inf dist.q"k; A/ � dist.q; A/ > 0, so that 1
"

dist.q"k; A/˛ ! 1, which
contradicts J"k.q"k/ D min J"k ! min JA < 1. Here the lower semicontinuity of d
and hence also that of dist.�; A/ have been used. Using also the lower semicontinuity
of J, we have

min JA D lim
"!0;k!1

k�K."/

J"k.q"k/ D lim
"!0;k!1

k�K."/

J".q"k/ � lim inf
"!0;k!1

k�K."/

J.q"k/ � J.q/:

(2.4.9)

Thus q 2 Argmin JA, which proves (i).

5Cf. also [328, Proof of Prop. 5.6] or the older work [519].



94 2 Energetic rate-independent systems

As for (ii), let us first treat the � -lim inf estimate (2.4.2a). We may assume that
lim inf"!0; k!1 J"k.q"k/ DW � < 1, since otherwise, nothing is to be shown.
By assumption, J.q/ � �C > �1, and thus we conclude that dist.q"k; A/˛ �
.1C�CC/" for ."; 1=k/ sufficiently close to .0; 0/. Hence, q"k ! q implies q 2 A.
Moreover, the convergence q"k ! q implies lim"!0; k!1 J.q"k/ � J.q/. Using
q 2 A, we obtain

JA.q/ D J.q/ � lim inf
"!0; k!1 J.q"k/

� lim inf
"!0; k!1

�
J.q"k/ C 1

"
dist.q"k; A/˛ C ıQk .q"k/

�
D lim inf

"!0; k!1 J"k.q"k/;

which is the desired � -lim inf estimate.
For the � -lim sup estimate (2.4.2b), we first consider the case q 62 A, which leads

to JA.q/ D 1. Now every sequence q"k ! q is a recovery sequence. The continuity
of d yields dist.q"k; A/ ! dist.q; A/ > 0, so that 1

"
dist.q"k; A/ ! 1, which implies

lim inf"!0; k!1 J"k.q"k/ D 1 D JA.q/, as desired. (Here lower semicontinuity of
d would suffice.)

Next, we consider the case q 2 A. By the assumed density of
S

k2N Qk, there is a
sequence .qk/k2N, qk 2Qk with qk ! q.

Using the compactness and the metrizability of Q, we can think about a metric,
say %, inducing this convergence. Due to the density of

S
k2N Qk in Q, for every

ı > 0, there is some kı 2 N sufficiently large such that for every q 2 A, there is
Qq 2 Qk, %.q; Qq/ � ı; the proof is by contradiction: if for every k 2 N, there were
some qk 2 A whose ı-neighborhood was disjoint from Qk, then by compactness of
Q, we would get a limit q of a subsequence of .qk/k2N converging for k ! 1 whose
ı=2-neighborhood would still be disjoint from

S
k2N Qk.

By the assumption, d is continuous with respect to the metric %, i.e., for every
" > 0, there is ı D ı."/ > 0 such that %.q; Qq/ � ı implies d.q; Qq/ � "2=˛ .

Merging these two results, we can see that for every " > 0, there is K."/ > 0

sufficiently large, namely K."/ D kı."/, such that for every k � K."/ and q 2 A,
there is qk 2 Qk such that d.q; qk/ � "2=˛ . Then we put q"k D qk. In particular,
d.q; q"k/ � "2=˛ implies lim"!0; k!1 q"k D q with respect to the topology induced
by d. Also note that 1

"
dist.q"k; A/˛ D 1

"
dist.qk; A/˛ � 1

"
d.qk; q/˛ � 1

"
"2 D ".

Therefore,

lim sup
"!0; k!1

J"k.q"k/ D lim sup
"!0; k!1

J.qk/ C 1

"
dist.qk; A/˛ � lim

"!0; k!1 J.qk/ C " D J.q/;

which proves (2.4.2b). Here we used that J is continuous with respect to the
topology induced by d. ut
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2.4.2 The main assumptions for evolutionary � -convergence

We first list the assumptions on the rate-independent systems .Q;Ek;Dk/, k 2
N1 WD N[f1g, that are sufficient for our convergence theory. They are in complete
analogy with the assumptions in the existence theory above. We just need to have
certain uniformity assumption. Moreover, note that certain properties are needed
only for the limiting system with k D 1. Then we will present some results about
the limits of energetic solutions.

Since we are already dealing with a sequence of problems and we have to
choose subsequences several times, we need to adjust the notion of stable sequences;
see (2.1.17). The stability sets Sk.t/ are defined for .Q;Ek;Dk/ as in (2.1.4). A
sequence ..tl; qkl

//l2N is called a stable sequence for the family .Q;Ek;Dk/k2N
(abbreviated as stab.seq.N further on) if

qkl
2 Skl.tl/ for all l 2 N and supl2N Ekl.tl; qkl

/ < 1: (2.4.10)

Note that .qkl
/l2N denotes a subsequence to indicate the index kl for which we have

stability. As in the previous sections, we say that ..tl; Qql//l2N is a stable sequence
for .Q;E1;D1/ if Qql 2 S1.tl/, and for brevity, we write stab.seq.1 in that case.

We now state our assumptions together and comment on them afterward:

Quasidistance: 8 k 2 N1 8 z; Qz; Oz 2 Z W
Dk.z; Qz/ D 0 , z D Qz and Dk.z; Oz/ � Dk.z; Qz/ C Dk.Qz; Oz/: (2.4.11a)

Lower semicontinuity of Dk:
8 k 2 N1 W Dk W Z�Z ! Œ0; 1� is lower semicontinuous.

(2.4.11b)

Lower � -limit for Dk:

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ and .Qt l; Qqkl
/

Œ0;T��Q�! .Qt ; Qq/ W
D1.q; Qq/ � lim inf

l!1 Dkl.qkl
; Qqkl

/:

(2.4.11c)

Compactness of energy sublevels:
For all t 2 Œ0; T� and all E 2 R we have
(i) 8 k 2 N1 W f q 2 Q j Ek.t; q/ � E g is compact;
(ii)

S1
kD1f q 2 Q j Ek.t; q/ � E g is relatively compact.

(2.4.11d)

Separability and metrizability: The topology restricted to
sublevels of E .t; �/ is compact, separable and metrizable.

(2.4.11e)
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Uniform control of the power @tEk:
DomEk D Œ0; T��DomEk.0; �/ and
9 cE 2 R 9 �E 2 L1.0; T/ 9 NE � Œ0; T�; L 1.NE / D 0

8 k2N1 8 q2Dom Ek.0; �/ W Ek.�; q/ 2 W1;1.0; T/ and
@tEk.t; q/ exists for t 2 Œ0; T� nNE with
j@tEk.t; q/j � �E .t/.Ek.s; q/CcE /:

(2.4.11f)

Lower � -limit for Ek:

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ W E1.t; q/ � lim inf
l!1 Ekl.tl; qkl

/:
(2.4.11g)

Conditioned semicontinuity of the power: 8 t2 Œ0; T�nNE W

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ W @tE1.t; q/ � lim sup
l!1

@tEkl.t; qkl
/; (2.4.11h)

8 stab.seq.1 .tl; Qql/
Œ0;T��Q�! .t; q/ W @tE1.t; q/ � lim sup

l!1
@tE1.t; Qql/: (2.4.11i)

Conditioned upper semicontinuity of stability sets:

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ W q 2 S1.t/:
(2.4.11j)

Assumptions (2.4.11a-c) mainly concern the dissipation distances Dk: the first
correspond to the earlier conditions (D1) and (D2), whereas (2.4.11c) is the new
� -lim inf condition. Assumptions (2.4.11d-g) are mainly on the stored-energy
functionals Ek: the first two correspond to the earlier (E1) and (E2), but now
requiring uniformity with cE , �E , and NE independent of k 2 N1, whereas (2.4.11g)
is the new � -lim inf condition. Conditions (2.4.11j) and (2.4.11h,i) correspond to
the compatibility conditions (C1) and (C2), respectively.

It may seem strange that we do not require the � -convergence of Dk
�! D1

and Ek.t; �/ �! E1 for k ! 1. In fact, we don’t need this in general, but the com-
patibility conditions (2.4.11h-j) implicitly provide the � -lim sup estimates when
restricted to the stability sets S1.t/. In fact, the sufficient conditions for (2.4.11j)
we discuss below (cf. (2.4.13)–(2.4.14)) all involve the construction of a mutual-
recovery sequence. In many practical applications, we will certainly have Dk

�! D1
and Ek.t; �/ �! E1. The importance here is that we are automatically forced
to consider � -convergence in the intrinsic topology, namely the one induced by
convergence of stable sequences.

For a given function z W Œ0; T� ! Z, Œr; s� � Œ0; T�, and k 2 N1, we use the
abbreviation Dissk.zI Œr; s�/ D DissDk .zI Œr; s�/.

Lemma 2.4.7 (� -lim inf estimate for Dissk). Assume that (2.4.11a) and (2.4.11c)
hold. Let qk W Œ0; T� ! Q be given such that for all t 2 Œ0; T�, we have qk.t/ 2 Sk.t/

and zkl
.t/

Z! z.t/ for l ! 1 for a subsequence .kl/l. Then
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Diss1.zI Œr; s�/ � lim inf
l!1 Disskl.zkl

I Œr; s�/ for all Œr; s� � Œ0; T�: (2.4.12)

The same statement holds for piecewise constant interpolants qk D q˘ k
if qk.t

k
j / 2

Sk.tk
j / for all k and all tk

j 2 ˘ k, if ¿.˘ kl/ ! 0, and if zkl
.t/

Z! z.t/ for all t.

Proof. For arbitrary " > 0, choose a finite partition ˘ D fr D �0 < � � � < �N D sg
of Œr; s� with

PN
jD1 D1.z.�j�1/; z.�j// � Diss1.zI Œr; s�/ � ". Using (2.4.11c), we

obtain

Diss1.zI Œr; s�/�" � lim inf
l!1

NX
jD1

Dkl.zkl
.�j�1/; zkl

.�j// � lim inf
l!1 Disskl.zkl

I Œr; s�/:

In (2.4.11c), also the convergence of the y-component is assumed. This is, however,
irrelevant here, since Dk is independent of this. (In fact, we could choose even a
further subsequence to make the y-components convergent as well on all �j 2 ˘ .)
Since " > 0 was arbitrary, this gives (2.4.12).

For the second case, we proceed similarly. For each �j 2 ˘ and k 2 N, we choose
tk
j 2 ˘ k with jtk

j ��jj � ¿.˘ k/ and qk.�j/ D ql.tk
j /, where we use qk D q˘ k

. Then

for each fixed j D 0; : : : ; N, the sequence .tkl
j ; qkl

.�j//l2N is stable (qk.�j/ D ql.tk
j / 2

Sk.tk
j /) with tkl

j ! �j and zkl
.�j/

Z! z.t/. ut
The major compactness result is a generalization of Helly’s selection principle,

which is proved in Section B.5. Using (2.4.11a-c), it is shown that every sequence
of functions zk W Œ0; T� ! Z for which Dissk.zkI Œ0; T�/ and Ek.�; qk.�// are uniformly
bounded and that is stable has a pointwise convergent subsequence.

The condition concerning the convergence of the power is split into two
conditions, namely (i) the lim sup estimate (2.4.11h), which will be used to derive
the upper energy estimate, and (ii) the lim inf estimate (2.4.11i) for the lower energy
estimate. The latter is derived solely from the stability of the limit problem; hence
it is a condition on the limit system .Q;E1;D1/ only.

The major condition that makes the whole theory work is (2.4.11j). This
condition couples the potentials Ek and Dk and provides a kind of upper � -limit
estimate for Ek and Dk simultaneously. In [223], a similar condition is derived to
study the � -convergence of the solutions in families of crack problems. There, our
notion of stability is called the “unilateral minimality property,” and our notion
of upper semicontinuity of the stability sets is called “stability of the unilateral
minimality property.” In that paper, Theorems 7.2 and 8.3 provide what we call
condition (2.4.11j).

As in Section 2.1.5, we have a hierarchy of conditions that imply (2.4.11j). The
weakest condition involves the existence of suitable mutual recovery sequences
[420]:
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8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ 8 Qq 2 Q 9 Qqkl

Q! Qq W
lim sup

l!1
Ekl.tl; Qqkl

/CDkl.qkl
; Qqkl

/�Ekl.tl; qkl
/ � E1.t; Qq/CD1.q; Qq/�E1.t; q/:

(2.4.13)

The next stronger conditions reads as follows:

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ 8 Qq 2 Q 9 Qqkl

Q! Qq W
lim sup

l!1
�
Ekl.tl; Qqkl

/CDkl.qkl
; Qqkl

/
� � E1.t; Qq/CD1.q; Qq/:

(2.4.14)

The strongest condition requires Ek
�! E1 and continuous convergence of Dk:

(2.4.11g) holds and 8 t2 Œ0; T� 8 Oq2Q

9 .Oqk/k2N with Oqk
Q! Oq W lim sup

k!1
Ek.t; Oqk/ � E1.t; Oq/;

(2.4.15a)

qk
Q! q; Qqk

Q! Qq ; and
supk2N

�
Ek.t; qk/CEk.t; Qqk/

�
< 1

)
H) Dk.qk; Qqk/ ! D1.q; Qq/:

(2.4.15b)

The following result is a direct analogue of Proposition 2.1.15, and the proof is
the same after adding the subscripts kl and 1 suitably.

Proposition 2.4.8. Assume that (2.4.11g) holds.

(i) If for each stab.seq.N .tl; qkl
/ converging to .t; q/, there exists a sequence . Qql/l2N

such that lim supl!1 Ekl.tl; Qql/CDkl.qkl
; Qql/ � E1.t; q/, then the energy

converges along the stable sequences, i.e.,

8 stab.seq.N .tl; qkl
/

Œ0;T��Q�! .t; q/ W Ekl.tl; qkl
/ ! E1.t; q/: (2.4.16)

In particular, (2.4.14) implies (2.4.16).
(ii) We have the implications (2.4.15) H) (2.4.14) H) (2.4.13) H) (2.4.11j).

(iii) If additionally, (2.4.11f) holds, then in all conditions, E .tl; �/ can be replaced
by E .t; �/, but qkl

2 Skl.t/ remains.

The following examples show that the above implications cannot be reversed.
It is easy to provide such examples taking E1 and D1 strictly lower than
the corresponding � -limits. Our examples below are chosen such that equality
between E1 and D1 and the corresponding � -limits hold. In particular, this means
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that (2.4.11g) and (2.4.15a) hold. For simplicity, we drop the dependence on the
time t 2 Œ0; T�, since the main emphasis of condition (2.4.11j) is on the convergence
of qk. Using the assumption (2.4.11f), it is then easy to obtain the more general
version including tk ! t.

Example 2.4.9 (Different mutual recovery conditions [420]).

(I) In Example 2.1.16, we proved (2.4.13) 6) (2.4.14), even for constant
sequences.

(II) To prove (2.4.13) 6) (2.4.14) 6) (2.4.15), we consider Q D R, Ek.q/ D
1
2
.k˛q/2, and Dk.q; Qq/ D kˇ j Qq�qj. Here, ˛; ˇ � 0 are parameters. The

corresponding stability sets are Sk D Œ�kˇ�˛; kˇ�˛�. The � -limits are easily
obtained, namely E1 D E1 if ˛ D 0 and E1 D ıf0g otherwise, and
D1.q; Qq/ D jQq�qj if ˇ D 0 and D1.q; Qq/ D ıf0g. Qq�q/ otherwise, where
ıA is the indicator function, i.e., ıA.b/ D 0 for b 2 A and 1 otherwise;
cf. (A.5.8).

The different conditions can be checked easily. In particular, (2.4.15b) holds
if and only if ˛ > ˇ � 0 or if ˛ D ˇ D 0. Condition (2.4.14) holds if and
only if ˛ > ˇ � 0 or if ˛ D 0, which is a strictly larger set. Note that for 0 <

˛ � ˇ, the property (2.4.16) does not hold, and hence, by Proposition 2.4.8(i),
condition (2.4.14) must be violated. Finally, condition (2.4.13) holds in all
cases by choosing Qqkl

D qkl
CQq�q.

(III) To prove (2.4.11j) 6) (2.4.13), we let Ek.q/ D E .q/ D 1
2

q2 for k 2 N1
and choose Dk via Dk.q; Qq/ D ˇ̌ R q

Qq mk.p/ dp
ˇ̌

with mk.p/D1 for p � 0 and

Dk otherwise. The � -limit D1 reads D1.q; Qq/ D jQq�qj for q; Qq � 0,
D1.q; Qq/ D 0 for Qq D q < 0, and C1 otherwise. Some computations
give Sk D Œ�k; 1� and S1 D .�1; 1�, and thus (2.4.11j) holds. The sequence
qk D �1=k is a stable sequence converging to q D 0. For Qq D 1, every
sequence . Qqk/k2N with Qqk ! Qq D 1 satisfies Dk.qk; Qqk/ ! 2 < D1.q; Qq/ D
D1.0; 1/ D 1. Hence, since E is continuous, (2.4.13) cannot hold.

2.4.3 Convergence of energetic solutions

We present three different convergence results of increasing complexity. Our first
result concerns the limit of a sequence of energetic solutions qk W Œ0; T� ! Q

of ERIS .Q;Ek;Dk/. Under the above assumptions, pointwise convergence of the
solutions is enough to guarantee that limits of solutions are energetic solutions of
the limit system .Q;E1;D1/. The second result is concerned with time-incremental
minimization problems (IMP˘ k

) for .Q;Ek;Dk/. For brevity, let us denote it by
(IMP)k, with a given sequence of partitions .˘ k/k2N satisfying ¿.˘ k/ ! 0.
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Again, we are able to prove (partial6) convergence of the piecewise interpolants
qk W Œ0; T� ! Q. In the last case, we treat the situation in which the functionals Ek

and Dk may not be lower semicontinuous. We replace the incremental minimization
problem (IMP)k with an associated approximate incremental problem (AIP˘ k

"k /

of the strengthened version (SAIP˘ k

"k /; see Section 2.3. Generalizing the above
conditions suitably, we again obtain that limits of approximate solutions solve the
limit problem.

2.4.3.1 Solutions of .Q;Ek;Dk/ converge to solutions

The first result is concerned with exact energetic solutions of the initial-value
problems .Q;Ek;Dk; qk.0//, and we already assume that these solutions converge.
This is not a restrictive assumption, since from the proof, it will be clear that every
sequence of solutions has a subsequence for which the z-component converges
pointwise, and that is the only important assumption; for y-convergence, we refer
to Remarks 2.1.8 and 2.1.9.

Theorem 2.4.10 (Evolutionary � -convergence). Let assumptions (2.4.11) hold,
and let qk W Œ0; T� ! Q be energetic solutions of .Q;Ek;Dk/. Further, assume that

for all t 2 Œ0; T�, we have qk.t/
Q! q.t/ and Ek.0; qk.0// ! E1.0; q.0// for

k ! 1. Then q W Œ0; T� ! Q is an energetic solution of .Q;E1;D1/. With NE

from (2.4.11f), we have

8 t 2 Œ0; T� W Ek.t; qk.t// ! E1.t; q.t//; (2.4.17a)

8 t 2 Œ0; T� W Dissk.qkI Œ0; t�/ ! Diss1.qI Œ0; t�/; (2.4.17b)

8 t 2 Œ0; T�nNE W @tEk.t; qk.t// ! @tE1.t; q.t//: (2.4.17c)

Moreover, we also have @tEk.�; qk.�// ! @tE1.�; q.�// in L1.0; T/.

Proof. First, we use Ek.0; qk.0// ! E1.0; q.0// and condition (2.4.11f) to show
that Ek.t; qk.t// is bounded uniformly in t 2 Œ0; T� and k 2 N (use (2.1.29) for
s D 0). Now condition (2.4.11j) gives the stability q.t/ 2 S1.t/.

On the one hand, we can employ Ek.0; qk.0// ! E1.0; q.0//, (2.4.11h), and
Lemma 2.4.7 to derive the upper energy estimate

E1.t; q.t//CDiss1.qI Œ0; t�/ � E1.0; q.0//C
Z t

0

@sE1.s; q.s// ds for all t 2 Œ0; T�:

6It means convergence in z-component only, while the y-component is again subject to the
discussion in Remarks 2.1.8 and 2.1.9.
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On the other hand, using (2.4.11a-c,e,g,i), we are able to apply Proposition 2.1.23
to the stable process q; note that condition (C1) there can be replaced by the weaker
lower bound (2.4.11i). This supplies the lower energy estimate

E1.t; q.t// C Diss1.qI Œr; t�/ � E1.r; q.r// C
Z t

r
@sE1.s; q.s// ds for all Œr; t� � Œ0; T�:

Thus, we have the energy balance as well, and q is an energetic solution for
.Q;E1;D1/.

The convergences now follow as in Step 6 of the proof of Theorem 2.1.6. ut
A similar convergence result was established in [569, Lemma 8.2] for the

case that Q is a reflexive Banach space, all Ek.t; �/ are uniformly convex, and
Dk.z; Qz/ D Rk.Qz�z/. Here we give such a simple result by considering the
fundamental Banach-space case as in Example 2.1.7. More advanced evolutionary
� -convergence results will be treated in Section 3.5.4 for quadratic energies in
Hilbert spaces Q , in Section 3.6 for numerical approximations, and in Chapter 4
for various applications. We also refer to the survey [401] for a general approach to
evolutionary � -convergence in the case of rate-dependent systems.

Corollary 2.4.11 (Evolutionary � -convergence in Banach spaces). Consider a
separable reflexive Banach space Z and a family .Z ;Ik;Dk/k2N1

of ERIS with
Ik.t; z/ D Ik.z/ � h`k.t/; zi, where for each k 2 N1, the assumptions (2.1.21) hold
with constants C1 and ˛ independent of k. Moreover, assume the convergences

`k ! `1 in W1;1.0; TI Z�/; (2.4.18a)

Ik
Z
* I1 (� -convergence in the weak topology of Z ); (2.4.18b)

zk * z and Ozk * Oz H) Dk.zk; Ozk/ ! D1.z; Oz/: (2.4.18c)

Then for energetic solutions zk W Œ0; T� ! Z of .Z ;Ik;Dk/ with

zk.0/ * z0 and Ik.0; zk.0// ! I1.0; z0/;

there exist an energetic solution z W Œ0; T� ! Z of .Z ;I1;D1; z0/ and a
subsequence .zkm

/m2N with km ! 1 and

8 t2 Œ0; T� W zkm
.t/ * z.t/ and Ikm.t; zkm

.t// ! I1.t; z.t// for k ! 1:

Proof. We first choose a subsequence such that .
.
`kl/l2N has an integrable majorant

�I 2 L1.0; T/ and is pointwise convergent, that is,



 .
`kl.t/




Z� � �I .t/ < 1 and

.
`k.t/ !

.
`1.t/ for t2 Œ0; T�nNI (2.4.19)
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with L 1.NI / D 0. By the standard a priori estimates, we may select a further
subsequence (not relabeled) such that we also have zkl

.t/ * z.t/ in Z for some
function z W Œ0; T� ! Z .

Now we simply apply Theorem 2.4.10 after checking the missing assump-
tions of (2.4.11), where the topological space is given by Z equipped with the
weak topology. In particular, we see that (2.4.11e) holds. Moreover, the uniform
assumptions (2.1.21) imply that the assumptions (2.4.11a,b,d,f) hold. The lower � -
limits (2.4.11c+g) are simple consequences of (2.4.18), where we can use `k ! `1
in C0.Œ0; T�I Z/.

The conditioned semicontinuity of the power (2.4.11h+i) follows from (2.4.19)

and the simple form of the power, namely @tIk.t; z/ D �h
.
`k.t/; zi.

Thus, it remains to establish the closedness of the stable sets, namely (2.4.11j).
For a given stable sequence .tl; zkl

/ with tl ! t and zkl
* z and a test state Oz,

we choose a mutual recovery sequence by taking a recovery sequence Ozl * Oz with

Ikl.Ozl/ ! I1.Oz/, where we use Ikl

�
* I1. From the stability of zkl

, we have

Ikl.tl; zkl
/ D Ikl.zkl

/ � h`kl.tl/; zkl
i � Ikl.tl; Ozl/ C Dkl.zkl

; Ozl/:

Using `k ! `1 in C0.Œ0; T�I Z/ and (2.4.18c), we can pass to the limit in all terms
and obtain the stability z 2 S.t/, because Oz was arbitrary. ut

In Section 3.5.4.2, we will study the case that Q is a Hilbert space, that the energy
is quadratic in the form Ek.t; q/ D 1

2
hAkq; qi � h`k.t/; qi, and that the dissipation

is of the form Dk.z; Qz/ D Rk.Qz�z/. Under the assumption that Ek.t; �/ converges to
E1.t; �/ in the sense of Mosco convergence (see Definition 2.4.1), we obtain a more
precise convergence result; see Theorem 3.5.14.

The following counterexample shows that a mutual condition on the sequences
.Ek/k2N and .Dk/k2N is needed to obtain the above convergence. In particular, the
above result as well as the conclusion of Theorem 2.4.13 below may fail if we have
merely the two independent � -convergences Ek

�! E1 and Dk
�! D1.

Example 2.4.12 (Evolutionary � -convergence may fail). Take Q D R
2, and for

˛ > 0 and ˇ � 0, let

Ek.t; q/ D 1

2
q2

1 C k˛

2

�
q2�1

k
q1

�2 � tq1 and Dk.q; Qq/ D jq1�Qq1j C kˇ jq2�Qq2j:

Under the initial condition q.0/ D 0, the explicit solution can be obtained from the
subdifferential equation 0 2 @Rk.

.
q/ C Akq � .t; 0/T, q.0/ D 0; cf. [409, 425] for the

equivalence to energetic solutions in this uniformly convex case. Here

Ak D
�

1Ck˛�2 �k˛�1

�k˛�1 k˛

�
; @Rk.v/ D Sign.v1/��

kˇ Sign.v2/
� � R

2;
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where Sign is the set-valued signum function. With T.k/ D 1 C kˇ�1 C kˇC1�˛ , we
have the solutions qk W Œ0; 1/ ! R

2 with

qk.t/ D

8̂
<̂
ˆ̂:

.0; 0/T for t 2 Œ0; 1�;� t�1
k˛�2C1

; 0
�T

for t 2 Œ1; T.k/�;

�
t�1�kˇ�1;

t�T.k/

k
�T

for t � T.k/:

For all choices of ˛ and ˇ, the limit q.t/ D limk!1 qk.t/ exists. For t 2 Œ0; 1�, we
always have q.t/ D 0, and for t � 1, we obtain

lim
k!1 qk.t/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

.maxf0; t�1g; 0/T for ˇ 2 Œ0; 1/ or ˛ 2 .0; 2/;�
maxf0; .t�1/=2; t�2g; 0

�T
for .˛; ˇ/ D .2; 1/;

.maxf0; .t�1/=2g; 0/T for ˛ D 2 and ˇ > 1;�
maxf0; t�2g; 0

�T
for ˛ > 2 and ˇ D 1;

.0; 0/T for ˛ > 2 and ˇ > 1:

It is easy to see that we have

Ek.t; �/ �! E1.t; �/W q 7!
(

1
2

q2
1 � tq1 for q2 D 0;

1 otherwise:

For ˇ D 0, we have D1 D Dk, and we conclude the continuous conver-
gence (2.4.15b). Hence, (2.4.11j) holds. For ˇ > 0, we have

Dk
�! D1 W .q; Qq/ 7!

� jq1�Qq1j for q2 D Qq2 D 0;

1 otherwise:

The unique energetic solution of .Q;E1;D1; 0/ is q.t/ D .maxf0; t�1g; 0/T. Thus,
convergence of qk to the limit solution holds if and only if ˛ 2 .0; 2/ or ˇ 2 Œ0; 1/.

It is interesting to see that the crucial conditional upper semicontinuity
of (2.4.11j) of the stability sets holds if and only if ˇ 2 Œ0; 1/. To see this, note that
S1.t/ D Œt�1; tC1��f0g and that Sk.t/ is the parallelogram defined by the corners
A�1

k .t C �1; �2kˇ /T with �1; �2 2 f�1; 1g. The restriction supEk.t; qk/ < 1
for stable sequences implies qk�.0; 1/T ! 0. In fact, the stronger condition of
unconditioned upper semicontinuity of the stability sets (i.e., (2.4.11j) without
the boundedness of the energy in the definition of stab.seq.N) holds if and only if
0 � ˇ < minf˛; 1g.
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2.4.3.2 Basic homogenization via evolutionary � -convergence

As a first application of the abstract theory for evolutionary � -convergence of
ERIS, we consider a simple problem on homogenization. The general theory for
homogenization is a mathematical method applicable to composite materials, where
the material composition varies on a microscopic length scale proportional to a small
parameter " > 0. The homogenized model to be obtained in the limit " ! 0 reflects
the phenomenon that macroscopical properties of composite materials may be very
different from properties of particular components. We refer to Sections 3.5.5
and 4.3.1.5 for more homogenization results.

We consider a bounded Lipschitz domain ˝ � R
d with d � 3, the function space

Z D H1.˝/, and the functionals

I".t; z/ D
Z

˝

1

2
rz � A

�
x

"

�
rz � 1

2
a
�

x

"

�
z2 C 1

4
b
�

x

"

�
z4 � `.t; x/z dx

and D".z1; z2/ D
Z

˝

D
�

x

"
; z1; z2

�
dx;

where A 2 L1.RdIRd�d/ and a; b; D.�; z1; z2/ 2 L1.Rd/, and D.�; z1; z2/ are 1-
periodic in the sense that a.yCk/ D a.y/ for all y 2 R

d and k 2 Z
d. Moreover, we

assume the positivities 	 � A.y/	 � c0j	j2, b.y/ � c0, and D.y; z1; z2/ � c0jz2�z1j
for some c0 > 0 and a.a. y 2 R

d.
This defines a family .Z;I";D"/; " 2 .0; 1/, of ERIS on Z D Z D H1.˝/

equipped with the weak topology. Thus, we are in the basic Banach-space case of
Example (2.1.7) and Corollary 2.4.11 with uniform equicoercivity of I".t; �/ in Z.

The assumptions (2.1.21) hold by classical arguments, and (2.4.18a) is true with
`" D `. Thus, we have to find the static � -limit of I".t; �/ in the weak topology of
Z D H1.˝/ via classical homogenization theory; see, e.g., [95, 141]. We obtain

I".t; �/ �
* Ihom.t; �/ W z 7!

Z

˝

1

2
rz � Aeffrz � aav

2
z2 C bav

4
z4 � `.t; x/z dx;

where the tensor Aeff 2 R
d�d has to be calculated by a cell problem, whereas aav DR

Œ0;1�d a.y/ dy and bav D R
Œ0;1�d b.y/ dy are simple averages.

Using the compact embedding of H1.˝/ into L2.˝/, one easily obtains

z"

H1

* z and Oz"

H1

* Oz H) D".z"; Oz"/ ! Dhom.z; Oz/ D
Z

˝

Dav.z; Oz/ dx

with Dav.u; v/ D R
Œ0;1�d D.y; u; v/ dy.

Thus we have established evolutionary � -convergence of .Z ;I";D"/ to the
homogenized ERIS .Z ;Ihom;Dhom/.
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2.4.3.3 Solutions of (IMP˘ ) converge to solutions

The major result of this section is the fact that even incremental solutions of
.Q;Ek;Dk/ for a given sequence .˘ k/k2N of partition with fineness ¿.˘ k/ ! 0

have subsequences converging to solutions of .Q;E1;D1/. Thus, we do not need
exact solutions of each .Q;Ek;Dk/ to guarantee that the limiting functions are
solutions. This fact will be exploited in the case of space-time discretization in
Section 3.6.

For the partition ˘ k given by

˘ k D �
tk
0 < tk

1 < � � � < tk
Nk�1 < tk

Nk

� 2 Part.Œ0; T�/;

we use fully implicit time discretization to define the incremental minimization
problem (IMP)k via

(IMP)k Given qk
0 2Q; for jD1; : : : ; Nk find qk

j 2Argminq2Q
�
Ek.t

k
j ; q/CDk.q

k
j�1; q/

�
:

As in (2.1.12), for each solution ..tk
j ; qk

j //jD0;1;:::;Nk , we define the piecewise constant
interpolants qk W Œ0; T� ! Q, which are continuous from the right:

qk.t/ D qk
j�1 for t 2 Œtk

j�1; tk
j / and qk.T/ D qk

Nk
: (2.4.20)

Theorem 2.4.13. Assume (2.1.18) and (2.4.11). Let the sequence of partitions ˘ k,
k 2 N, satisfy ¿.˘ k/ ! 0, and let the initial conditions qk

0, k 2 N, satisfy

qk
0

Q! q0 and Ek.0; qk
0/ ! E1.0; q0/ 2 R: (2.4.21)

Then:

(i) Each (IMP)k has at least one solution qk W Œ0; T� ! Q, and there exist a
subsequence .qkl/l2N and a measurable energetic solution q W Œ0; T� ! Q for
the initial-value problem .Q;E1;D1; q0/ such that (i)–(iv) hold:

8 t 2 Œ0; T� W zkl.t/
Z! z.t/I (2.4.22a)

8 t 2 Œ0; T� W Disskl.q
kl I Œ0; t�/ ! Diss1.qI Œ0; t�/; (2.4.22b)

8 t 2 Œ0; T� W Ekl.t; qkl.t// ! E1.t; q.t//I (2.4.22c)

8a.a. t 2 Œ0; T� W @tEkl.t; qkl.t// ! @tE1.t; q.t//: (2.4.22d)

In particular, also @tEkl.�; qkl.�// ! @tE1.�; q.�// in L1.0; T/.
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(ii) If additionally, the functional E is such that for each stable point q D .y; z/ 2
S.t/, the functional E .t; �; z/ has the unique minimizer y, then taking Qy.t/ D
arg minE .t; �; Qz.t//, the convergence in (2.1.20a) can be improved to

qk.t/
Q! Qq.t/: (2.4.22e)

(iii) Moreover, every Qq W Œ0; T� ! Q obtained as such a limit is an energetic
solution of the ERIS .Q;E1;D1; q0/ if additionally y.t/ 2 ArgminE .t; �; z.t//
for all t and @tE1.t; y.t/; z.t// D P1

red.t; z.t// a.e. in Œ0; T�.

Proof. We follow the six steps according to Table 2.1 on p. 72.

Step 1: A priori estimates. Using the uniform control of the power in terms of the
energy and the assumption (2.4.21) on the initial energies, the a priori estimates for
the incremental problems (IMP)k in Theorem 2.1.5 hold uniformly.

Step 2: Selection of subsequences. We use the generalized version of Helly’s
selection principle as discussed in Appendix B.5 as Theorem B.5.13. It guarantees
the existence of a subsequence .kl/l2N, an increasing function ı1 W Œ0; T� ! Œ0; 1�,
and z W Œ0; T� ! Z such that for all t 2 Œ0; T , we have

zkl.t/
Z! z.t/ and Disskl.z

kl I Œ0; t�/ ! ı1.t/:

Moreover, Lemma 2.4.7 gives Diss1.zI Œr; s�/ � ı1.s/�ı1.r/ for all Œr; s� � Œ0; T�.
The selection result of Lemma 2.1.22 yields a measurable y W Œ0; T� ! Y with

y.t/ 2 ArgminE .t; �; z.t// for all t and @tE1.t; y.t/; z.t// D P1
red.t; z.t// a.e. in Œ0; T�:

Step 3: Stability of the limit function. By construction, we have qkl.tkl
j / 2 Skl.t

kl
j /,

and using ¿.˘ kl/ ! 0, we can employ (2.4.11j) to conclude that q.t/ 2 S1.t/ for
all t 2 Œ0; T�.

Step 4: Upper energy estimate. The upper energy estimate follows from

Ekl.t
kl
n ; qkl.tkl

n // C
nX

jD1

Dkl.z
kl.tkl

j�1/; zkl.tkl
j // � Ekl.0; qkl

0 / C
Z t

kl
n

0

@�Ekl.�; qkl.�// d�

using (2.4.21) and (2.4.11h) on the right-hand side and (2.4.11g) and Step 2 on the
left-hand side. For tkl ! t, we obtain

E1.t; q.t// C Diss1.qI Œ0; t�/ � E1.0; q0/ C
Z t

0

@�E1.�; q.�// d�:

Step 5: Lower energy estimate. This is a consequence of Proposition 2.1.23 applied
to .Q;E1;D1/.

Step 6: Improved convergence. This follows in the usual way. ut
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2.5 Relaxation of ERIS via � -convergence

Here we treat a question that is closely linked to evolutionary � -convergence as
considered above, namely that of relaxation. For static problems, the theory of
relaxation is well developed; see, e.g., [140, 520]. It is related to procedures that
vary slightly and, in some natural way, modify an investigated problem to guarantee
existence of a solution that the original problem for some rather natural reasons
does not guarantee. Often, this can be done by constructing a lower semicontinuous
envelope in a suitable topology. Here we want to address the analogous question for
ERIS, i.e., for evolutionary systems given by two functionals E1 and D1 that do not
fully satisfy the assumption on the existence theory in Section 2.1. Previous work
on the relaxation of ERIS can be found in [135, 392, 403, 423, 592].

2.5.1 Relaxation of incremental minimization problems

To simply the notation, we will restrict our attention to the case of a single pair
of a stored-energy functional E1 and a dissipation distance D1, though sequences
in the sense of Section 2.4.2 could also be treated. However, we weaken the con-
ditions (2.4.11b) and (2.4.11d)(i) in such a way that the incremental minimization
problem (IMP˘ ) need not have a solution. Instead, we will consider the approximate
incremental problem (AIP˘

" ) or the strengthened approximate incremental problem
(SAIP˘

" ) for E1 and D1, as discussed in Section 2.3. These problems always have
solutions, and we provide mutual conditions on E1 and D1 and suitable relaxations
E1 and D1 such that solutions qk W Œ0; T� ! Q of (AIP˘

" ) or of (SAIP˘
" ) converge

to energetic solutions of .Q;E1;D1/.
As in Section 2.3, our assumptions on E1 W Œ0; T��Q ! R1 and D1 W Z�Z !

R1 need the notion of the approximate-stability sets S˛
1.t/. For ˛ � 0, we set

S˛
1 .t/ D

n
q 2 Q

ˇ̌
E1.t; q/ < 1; 8 Qq 2 Q W E1.t; q/ � ˛ C E1.t; Qq/ C D1.q; Qq/

o
:

The points in S˛
1.t/ are called approximately stable. Following (2.3.5), a sequence

..tk; qk//k2N is called approximately stable if there exists .˛k/k2N with

qk 2S˛k .tk/ for k2N; sup
k2N

E .tk; qk/ < 1; ˛k ! 0C:

Our conditions are the following:

Quasi-metric: 8 j 2 f1; 1g 8 z1; z2; z3 2 Z W
Dj.z1; z2/ D 0 , z1 D z2; and Dj.z1; z3/ � Dj.z1; z2/CDj.z2; z3/:

(2.5.1a)
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Lower semicontinuity of D1:
D1 W Z�Z ! Œ0; 1� is lower semicontinuous.

(2.5.1b)

Lower � -limit:

8 approx. stab.seq. .tk; qk/k
Œ0;T��Q�! .t; q/ and .Qt k; Qqk/k

Œ0;T��Q�! .Qt ; Qq/ W
D1.q; Qq/ � lim inf

k!1 D1.qk; Qqk/:

(2.5.1c)

Compactness of energy sublevels:
For all t 2 Œ0; T� and all E 2 R we have
(i) f q 2 Q j E1.t; q/ � E g is compactI
(ii) f q 2 Q j E1.t; q/ � E g is compact:

(2.5.1d)

Separability and metrizability: The topology restricted to
sublevels of E1.t; �/ is compact, separable, and metrizable.

(2.5.1e)

Uniform control of the power @tEj:
DomEj D Œ0; T��DomEj.0; �/ and
9 cE 2 R 9 �E 2 L1.0; T/ 9 NE � Œ0; T� with L 1.NE / D 0

8 j2f1; 1g 8 q2Dom Ej.0; �/ W Ej.�; q/ 2 W1;1.0; T/ and
@tEj.t; q/ exists for t 2 Œ0; T� nNE with
j@tEj.t; q/j � �E .t/.Ej.s; q/CcE /:

(2.5.1f)

Lower � -limit for Ej:

8 approx. stab.seq.N .tk; qk/
Œ0;T��Q�! .t; q/ W E1.t; q/ � lim inf

k!1 E1.tk; qk/:

(2.5.1g)

Conditioned semicontinuity of the power: 8 t 2 Œ0; T�nNE W

8 approx. stab.seq.N .tk; qk/
Œ0;T��Q�! .t; q/ W lim sup

k!1
@tE1.t; qk/ � @tE1.t; q/;

(2.5.1h)

8 stab.seq.1 .tk; Qqk/
Œ0;T��Q�! .t; q/ W lim inf

k!1 @tE1.t; Qqk/ � @tE1.t; q/: (2.5.1i)

Conditioned upper semicontinuity of stability sets:

8 approx. stab.seq.N .tk; qk/
Œ0;T��Q�! .t; q/ W q 2 S1.t/;

(2.5.1j)

where again stab.seq.1 in (2.5.1i) means that ..tl; Qql//l2N is a stable sequence for
.Q;E1;D1/.
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As discussed in Section 2.1.5, the condition (2.5.1j) on the closedness of the
stability set can be established via a hierarchy of several stronger conditions. Note
that the conditions (2.5.1) are in complete analogy to (2.4.11), the only differences
being that lower semicontinuity is required only for E1 and D1 and that the stable
sequences are replaced by approximately stable sequences.

We recall that the approximate incremental problem (AIP˘
" ) and the strengthened

version (SAIP˘
" ) are given by approximate minimizers in Argmin";Q (cf. (2.3.1)):

(AIP˘
" ) qj 2 Argmin"j;Q

E1.tj; �/ C D1.qj�1; �/

(SAIP˘
" )

(
qj 2 Argmin"j;Q

E1.tj; �/ C D1.qj�1; �/
and E1.tj; qj/ C D1.qj�1; qj/ � E1.tj; qj�1/:

For every partition ˘ D .t0 < t1 < � � � < tN/ 2 Part.Œ0; T�/ and vector
" D ."1; : : : ; "N/ 2 .0; 1/N , the existence of solutions was established in
Proposition 2.3.3.

We will consider a sequence .˘ k/k2N of partitions, where ˘ k has Nk intervals,
and a sequence .".k//k2N of error-level vectors ".k/ 2 .0; 1/Nk . For brevity, we will
denote by (AIP)k and (SAIP)k the problems (AIP˘ k

".k/ / and (SAIP˘ k

".k/ ), respectively.
For a solution .qk

j /jD1;:::;Nk of either of these problems, we denote the piecewise
constant interpolant by qk W Œ0; T� ! Q, defined in (2.4.20).

The following result shows that under the assumptions ¿.˘ k/ ! 0 and
j".k/j1 D maxj "

.k/
j ! 0 for (SAIP)k, and under the additional assumption

j"j1 D PNk
jD1 "

.k/
j ! 0 also for (AIP)k, suitably chosen subsequences .q

kl
/ converge

to a limit process q W Œ0; T� ! Q, which is an energetic solution for .Q;E1;D1/.

Theorem 2.5.1. Let Q, E1, E1, D1, and D1 satisfy conditions (2.5.1). Let
us choose arbitrary sequences .˘ k/k2N and .".k//k2N with ˘ k 2 Part.Œ0; T�/,
¿.˘ k/ ! 0, ".k/ 2 .0; 1/Nk , and j".k/j1 ! 0. Then for every sequence .qk/k2N of
approximants constructed from (SAIP)k satisfying

qk.0/ ! q0 and E1.0; qk.0// ! E1.0; q0/;

there exist a subsequence .qkl/l2N and an energetic solution q W Œ0; T� ! Q of
the ERIS .Q;E1;D1; q0/ such that we have the convergences (2.4.22) stated in
Theorem 2.4.13.

If additionally j".k/j1 ! 0, then the same statements hold for solutions of (AIP)k.

The proof is a simple combination of the proofs of Theorems 2.3.4 and 2.4.13.
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2.5.2 An example of relaxation via evolutionary
� -convergence

To illustrate the theory developed above, we consider a nonconvex functional
that has a nontrivial lower semicontinuous envelope. We begin with the ERIS
.Q;I1;D1/ given via Q D Z D W1;4.0; 1/ and the functionals

I1.t; z/ D
Z 1

0

W.z0.x// C a

2
z.x/2 � f .t; x/z.x/ dx; (2.5.2)

D1.z0; z1/ D
Z 1

0

ˇ̌
z1.x/ � z0.x/

ˇ̌
dx D 

z1 � z0




L1 ; (2.5.3)

where W.e/ D .e2�1/2, f 2 C1.Œ0; T�I L1.0; 1//, and a � 0.

2.5.2.1 Coarse relaxation by lower semicontinuous envelope

We first apply the theory of the previous subsection to the simple lower semicon-
tinuous envelopes in the weak topology of Z D W1;4.0; 1/. For this, we define the
lower semicontinuous envelope I1 of I1 via

I1.t; z/ D
Z 1

0

W��.z0.x// C a

2
z.x/2 � f .t; x/z.x/ dx; (2.5.4)

where W�� is the convexification of W, i.e.,

W��.e/ D
(

.e2�1/2 D W.e/ for jej � 1;

0 for jej � 1:
(2.5.5)

It is a well-known fact that I1 is not weakly lower semicontinuous on Z and that
I1 is its relaxation on Z. Thus, all conditions on I1 and I1 are easily proved to
hold. Note that due to W.s/ � W��.e/ � 1

2
e4 � 1, we have the coercivity estimate

I1.t; z/ � I1.t; z/ � 1

2



z0

4

L4 � 1 C a

2



z


2

L2 � 

f .t/




.W1;4/�



z




W1;4

� 

z0

2

L4 � 3

2
C a

2



z


2

L2 � 

f .t/




.W1;4/�



z




W1;4 ; (2.5.6)

from which we can see that I1.t; �/ has at least quadratic growth on Z D W1;4.0; 1/

uniformly in t if a > 0 (as we will suppose here).
Furthermore, for the dissipation, we choose D1 D D1 with D1 defined

in (2.5.3), and the assumptions on D1 and D1 follow easily.
The crucial assumption is the upper semicontinuity (2.5.1j) of the stability sets.
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Lemma 2.5.2. Let 0 < ˛l ! 0, tl ! t, zl * z in Z, and zl 2 S˛l.tl/; i.e., 8 l 2 N

8 Qz 2 Z W I1.tl; zl/ � ˛lCI1.tl; Qz/CD1.zl; Qz/. Then z 2 S1.t/.

Proof. Choose an arbitrary test function Qz 2 Z D W1;4.0; 1/. Since I1 is the
� -limit of .I1/l2N, there is a recovery sequence .Qzl/l2N such that Qzl * Qz and
I1.tl; Qzl/ ! I1.t; z/. Now we have

I1.t; z/ � lim inf
l!1 I1.tl; zl/

� lim inf
l!1

�
˛lCI1.tl; Qzl/C



Qzl�zl




L1

� D I1.t; Qz/C

Qz � z




L1 ;

where we have used the weak-W1;4 continuity of the L1 norm. Since Qz was arbitrary,
this proves the assertion. ut

Now it is easy to check the remaining assumptions of Theorem 2.5.1, and we
obtain the following convergence result.

Proposition 2.5.3. Assume a > 0, f 2 C1.Œ0; T�I L1.0; 1//, 0 < "k ! 0, and
¿.˘k/ ! 0 for a sequence of partitions .˘k/k2N � Part.Œ0; T�/. Choose z0 2
S1.0/ � Z and define the piecewise constant interpolants zk W Œ0; T� ! Z associated
to some solution of the approximate incremental problem (AIP)k with initial value
zk
0 D z0. Then:

(i) there exist a subsequence .kl/l2N and a limit function z W Œ0; T� ! Z such that
for all t 2 Œ0; T�, we have

zkj
.t/ * z.t/ in W1;4.0; 1/; I1.t; zkj

.t// ! I1.t; z.t//;

Diss1.zkj
I Œ0; t�/ ! Diss1.zI Œ0; t�/ D R t

0
k .

z.t/kL1 dt:

Moreover, z W Œ0; T� ! Z is an energetic solution for .Z;I1;D1/ that satisfies
z 2 L1.0; TI W1;4.0; 1// \ BV.Œ0; T�I L1.0; 1//.

(ii) Moreover, if f 2 C1.Œ0; T�I L2.0; 1//, then also z 2 CLip.Œ0; T�I L2.0; 1//.

The only new part in this result is the time regularity of z, namely
.
z 2

L1.0; TI L2.˝//. This fact is a property of all energetic solutions, since by a > 0,
the energy I1 is uniformly convex on L2.0; 1/. The proof of this result follows
from Corollary 3.4.6 by choosing S D L2.˝/ or from [409, Lem. 3.3].

So far, we have been unable to prove that solutions associated with microstructure
really occur as limits of solutions of (AIP)k. In .S/1&.E/1, this simply means
that solutions satisfy jz0.t; x/j < 1. However, it is easy to see that .S/1&.E/1 has
solutions of this type. Consider the case a D 1, f .t; x/ D .1�t/x, and z0.x/ D x.
Then the function z W Œ0; 3� ! W1;4.0; 1/ with

z.t; x/ D
(

x for x 2 Œ0; 1=.1Ct/�;
1
2

�
.1�t/x C 1

�
for x 2 Œ1=.1Ct/; 1�;
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is a solution. It would be sufficient to show that this solution is unique. Then
all accumulation points of solutions of (AIP)k would necessarily converge to this
unique solution.

2.5.2.2 Regularization by singular perturbation and its � -limit

Instead of solving the (AIP)k, we may also treat a regularized problem using the
energies

Ik.t; z/ D
Z 1

0

1

2k

�
z00.x/

�2 C W.z0.x// C a

2
z.x/2 � f .t; x/z.x/ dx: (2.5.7)

The added term 1
2k

�
z00.x/

�2
, intended to disappear in the limit k ! 1, is called a

singular perturbation.
We show that for this situation, the � -convergence results of Sections 2.4.3.1

and 2.4.3.3 are applicable. For this, we still keep the underlying space Q D Z D
W1;4.0; 1/ equipped with the weak topology. Now each Ik has compact sublevels,
since they are closed and bounded in H2.0; 1/, although not uniformly with respect
to k; cf. condition (i) and (ii) in (2.4.11d). In particular, if we choose a smooth stable
initial value z0, the existence theory of Section 2.1.3 provides energetic solutions
zk for the initial-value problem .Z;Ik;Dk; z0/. In fact, they are solutions of the
differential inclusion7

0 2 Sign.
.
z/ C 1

k
z0000 � �

@W.z0/
�0 C az � f .t; x/ on Œ0; T��˝; (2.5.8a)

z.0; �/ D z0 on ˝; (2.5.8b)

with zk 2 L1.0; TI H2.0; 1// \ BV.Œ0; T�I L1.0; 1//. We need to assume now
z0 2 H2.0; 1/, for otherwise an approximation of z0 would be needed. In
L1.0; TI H2.0; 1//, the norm will tend to 1 with k, whereas in L1.0; TI W1;4.0; 1//,
there is a k-independent bound.

Hence, we may pass to the limit for k ! 1, since it is well known that I1 is
the � -limit of Ik; see [94, 141].

Theorem 2.4.10 is applicable, and we conclude that convergent subsequences of
.zk/k2N exist and that their limit points are energetic solutions associated with the
relaxed functionals I1 and D1. Moreover, Theorem 2.4.13 can be employed to
show that the solutions of suitable incremental problems converge to solutions of
.S/1&.E/1 as well.

7If W is smooth, (2.5.8a) can equivalently be written as 0 2 Sign.
.
z/ C 1

k z0000 � @2W.z0/z00 C az �
f .t; x/.
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2.5.2.3 Fine relaxation by extension in terms of Young measures

An alternative relaxation is based on so-called Young measures and a continuous
extension of W. To be more specific, let

QYM WD
�

qD.�; z/2Y 4.0; 1/�W1;4.0; 1/
ˇ̌
ˇ

Z

R

e �x.de/Dz0.x/ for a.a. x2.0; 1/

�
;

where

Y 4.0; 1/ WD
n
�D.�x/x2.0;1/ j �x is a probability measure on R for a.a. x2.0; 1/;

8 v 2C0.R/W x 7!
Z

R

v.e/�x.de/ is measurable;
Z 1

0

Z

R

e4�x.de/ dx < 1
o

is the set of the L4-Young measures; cf. Sect. C.3. Then it is natural to define

I1.t; z; �/ D
8<
:

Z 1

0
W.z0.x//Ca

2
z.x/2�f .t; x/z.x/ dxif �x D ız0.x/ for a.a. x2.0; 1/;

1 otherwise, (2.5.9)

while

IYM.t; z; �/ D
Z 1

0

�Z

R

W.e/�x.de/ C a

2
z.x/2�f .t; x/z.x/

�
dx: (2.5.10)

The set QYM can be considered a convex subset of the linear space W1;4.0; 1/�H�
with H WD C.Œ0; 1�/ ˝ f e 7! .1Ce4/v.e/C˛e4 j v 2 C0.R/; ˛ 2 R g under the
natural embedding

.z; �/ 7!
�

z; h 7!
Z 1

0

Z

R

h.x; e/�x.de/ dx
�

for h 2 H, i.e., h.x; e/ D g.x/.1Ce4/v.e/C˛.x/e4 with g; ˛ 2 C.Œ0; 1�/. Note that
1 ˝ W, as well as 1 ˝ id, belongs to H, where id W R ! R denotes the identity. This
linear space H� is standardly topologized by the weak* topology,8 which makes
IYM.t; �/ the � -limit of I1.t; �/. Let us remark that the space W1;4.0; 1/ itself
is embedded into Q by z 7! .z; .ız0.x//x2.0;1//, and thus also into the closure of
Q in W1;4.0; 1/�H�, which is a convex locally compact metrizable envelope of

8In fact, in talking about the dual space H�, we must specify some topology on H that itself is a
linear space. A universal one can be induced by the norm of Car4..0; 1/IR/, cf. (C.2.2) on p. 618.
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W1;4.0; 1/ into which W1;4.0; 1/ is embedded (norm, weak*)-homeomorphically.9

More specifically,

Q WD
n

.�; z/ 2 Y4
H.0; 1/�W1;4.0; 1/

ˇ̌
id�� D z0 o

; (2.5.11)

with Y4
H.0; 1/ referring to (C.2.4) with p D 4 and id�� 2 L4.0; 1/ defined byR 1

0 Œid���.x/g.x/ dx D h�; g ˝ idi for g 2 C.Œ0; 1�/; cf. also (C.1.5) on p. 616. Then
we define I1 W Œ0; T��Q ! R by

I1.t; z; �/ WD ˝
�; 1 ˝ W

˛ C
Z 1

0

a

2
z2.x/ � f .t; x/z.x/ dx: (2.5.12)

In fact, I1.t; �; �/ is a continuous extension of I1.t; �/ from (2.5.9) from W1;4.0; 1/

to its locally compact convex envelope Q from (2.5.11).
Again, the theory of Section 2.5.1 is applicable. This shows that piecewise

constant interpolants of the solutions of the approximate incremental problem
(AIP˘

" ) associated with I1 and D1 have subsequences that converge to energetic
solutions associated with .Q;I1;D1/.

Alternatively, we can pose the relaxed problem by setting Q D Y�Z and I1 W
Œ0; T��Y�Z ! R1 defined by

Y WD Y4
H.0; 1/; Z WD W1;4.0; 1/; (2.5.13a)

I1.t; �; z/ WD
8<
:

˝
�; 1 ˝ W

˛ C
Z 1

0

a

2
z2 � f .t; �/z dx if id�� D z0 on .0; 1/;

1 otherwise: (2.5.13b)

For an energetic solution .�; z/ to .Q;I1;D1/ at any time t 2 Œ0; T�, �.t/
minimizes I1.t; �; z.t// on Y, and realizing that W is coercive with growth greater
than linear, we can see that �.t/ has a Young-measure representation �.t/; cf.
Section C.3.10 Thus we return to an energetic solution .�; z/ for .QYM;IYM;D1/.

9This could be shown by adapting Proposition C.2.1(a) to the case of the Sobolev space W1;4.0; 1/

instead of L4.0; 1/, which can unfortunately be performed only in one dimension; cf. also [520,
Chap.5].
10In fact, every stable state q D .�; z/ prevents concentrations and thus has a Young-measure
representation. Indeed, if such were not the case, its nonconcentrating modification Qq D .

ı

�; z/
would satisfy id�

ı

� D id�� D z0, but by Proposition C.3.1(iv), it would yield I1.t; �; z/ >

I1.t;
ı

�; z/ C D.z; Qz/ if
ı

� ¤ �, contradicting the stability.
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In the vectorial multidimensional case, a more sophisticated Young measure
relaxation in the rate-independent setting is given in [328]. Related evolutionary
systems for Young measures, also in the rate-dependent case, are discussed in
[96, 145, 146, 388, 392, 403, 416, 591]. We will return to relaxation methods in
the multidimensional case in Section 4.2.2.2 and also 4.4.1.2. For p D 2, uniform
integrability that is uniform also in time has been derived in [188, Lemma 7.3] using
sophisticated quasiminimizer-based arguments.
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