Chapter 2
Energetic rate-independent systems

To keep the connection with continuum mechanics, cf. also Section 1.3.2, we
consider the basic state space split to two spaces

Q = Yx2, 2.0.1)

where the fast component y and the slow component z of the state ¢ = (y, z) live.
Whenever possible, however, we will write g instead of (y, z) to shorten the notation.
The splitting is done such that the evolution of z in time involves dissipation,
whereas that of y does not. The state space Q is equipped with a Hausdorff topology
Tq = TyxTz, and we denote by g, 5 q, Yy 2 v, and z;, 2 7 the corresponding
convergence of sequences. Throughout, it will be sufficient to consider sequential
closedness, compactness, and continuity. For notational convenience, we will not
write this explicitly.

Let us recall the abbreviations RIS and ERIS, which we will subsequently often
use for rate-independent systems and energetic RIS, respectively. This chapter
focuses exclusively on ERIS. One of the main features in this chapter is the interplay
between the full ERIS (Q, &, Z) using the energy-storage functional & and its
reduced version (Z, %, 2), where .# : [0,T|xZ — Ry := R U {oo}, defined
in (1.3.8) by

S (2= inf{ £1.5.9) | F ey}, (2.02)

is called the reduced functional. We will define energetic solutions for (Q, &, 2)
and (Z, .7, ) in such a way that each solution ¢ = (y, z) for the former system
gives rise to a solution z for the latter. Conversely, each solution z for (Z, .7, 2)
can be made into a solution ¢ = (y, z) by a suitable choice of y. It is important to
realize that it is not enough to choose an arbitrary y(r) € {y €Y | &(t,y,z(t)) =
min & (¢, -, z(¢)) }; further restrictions are necessary.
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46 2 Energetic rate-independent systems

At first glance, it might seem reasonable to consider first the reduced system
(Z, 7, 2) and establish an existence theory there, and then establish the desired
existence result for the full problem (Q,&, %), as given in the applications.
However, it turns out that in the reduction process, certain natural properties (such as
differentiability in ) are lost. To compensate for that, a stronger assumption would
have been necessary, which can be avoided by working on the full system instead.
Thus we present the existence theory for (Q, &, 2) first, although sometimes, we
have to allude to the reduced system. In Section 2.2.1, we will then give methods to
approach the reduced system (Z, .#, &) directly.

2.1 The main existence result

This section provides a detailed proof of the existence of energetic solutions for
ERIS in the most general cases; see Theorem 2.1.6. We also discuss variants
of the assumptions and the proof. We emphasize that the present proof has a
long development, which began in two independent areas, namely the study of
fracture in brittle materials, see [152, 196, 198], and the analysis of rate-independent
models for shape-memory alloys in [373, 416, 426]. While the former series of
work was restricted to unidirectional rate-independent processes (sometimes called
irreversible quasistatic evolution)," the latter needed convexity properties in the y-
variable. A crucial step was taken in [195], where abstract versions of important
techniques from [149] were made available. See also Section 4.2.4.1 for a more
detailed description of the specific techniques.

2.1.1 Abstract setup of the problem

The first ingredient of the energetic formulation is the dissipation distance 9 :
ZxZ — [0, 00], which is an extended quasidistance. Here “extended” means that
the value oo is allowed, and “quasi” means that we do not ask for symmetry. The
following three conditions will be the main assumptions:

Extended quasidistance:

(i) VYa.z22,23€2: P(21.23) < 2(z1,22) + P(22.23). (D1)
(i) Yza,2€2: P(21.22) =0 &= 71 = 22;

9 ZXZ — [0, 00] is lower semicontinuous. (D2)

'In thermodynamics, the adjective “irreversible” often has a different, wider meaning indicating
dissipation of energy implying irreversibility of time. Thus, nonunidirectional processes are still
irreversible in this sense; in particular, this applies to all RIS considered here.
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Here (D1) says that 2 is a distance except for the symmetry and the fact that the
value oo is allowed. Relation (i) is the triangle inequality, and (ii) is the positivity.
The asymmetry is needed in many applications such as elastoplasticity and damage.

One major point of the theory is the interplay between the topology T and the
dissipation distance. To have a typical nontrivial, but still simple, application in
mind, one may consider Z = {z € L1(2,R¥) | ||z~ < 1} equipped with the
weak L!-topology and the dissipation distance Z(z1,22) = ||z1—22IL1-

For a given curve z : [0, T] — Z, we define the total dissipation on [s, f] via

N
Dissg,(z; [s, 1]) := sup{ Z.@(z(tj_l),z(tj)) NeN, s=to<ti<---<ty=ty.
=1
(2.1.1)

The functions are defined everywhere, and changing them at one point may increase
the dissipation. Moreover, the dissipation is additive:

Dissy,(z; [r, f]) = Dissy,(z; [r,s]) + Dissg,(z: [s,¢]) forallr <s <t (2.1.2)

Later on, we will sometimes use the notation Z(q,., ¢,) instead of Z(zo,z1), where
q; = (yj. z;). This slight abuse of notation will never lead to confusion, since 2 as
a function on Q = YxZ still satisfies all assumptions, but one has to keep in mind
that & satisfies the positivity (D1) only on Z and not on Q.

The second ingredient is the stored-energy functional & : [0, T]xQ — R :=
RU{oco}. Here ¢ € [0, T] plays the role of a (very slow) process time that changes the
underlying system by changing loading conditions. The following conditions form
the basic assumptions on &. In Section 2.2.1, we will discuss generalizations. As
usual, we will denote by “Dom” the domain, i.e., the set of arguments that makes
the functional in question finite. Thus Dom & := {(t,q) € [0, T|xQ | &(t,q) < o0}
and Dom &'(t,-) := {q € Q | £(t,q) < oo }. Our basic qualification of & is then:

Compactness of sublevels:

El
Vtel0,T]: &(t,-) : Q> Ry has compact sublevels; ED
energetic control of power:
Dom & = [0, T|xDom &(0, -),
Jc,€R, A, €LY(0,T), N, C [0,T] with L1(N,) =0 E2)

VgeDom&(0,7): &E(,q) € WH(0,T),
0;8(t, q) exists for t € [0, T]\N, and satisfies
0,6, q)] < 2, (V(E g+, )-

The Cartesian structure Dom & = [0, T]xDom &(0,-) assumed in (E2) makes
Dom &(t, -) independent of ¢, which represents a certain structural assumption on
possible constraints involved in &. Gronwall’s inequality and (E2) easily give
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t
Et.g)+c, < (6. q)+c,) 40401 with A(r) == / A ()dr,  (2.13a)
0

0,:6(t.q)| < A, ()(E (5. g)+c, ) AOAO, (2.1.3b)

which implies absolute continuity of ¢ + &(t, ). The notion of self-controlling
models in [117, 118] corresponds closely to our condition (E2).

Furthermore, we denote by Levy a sublevel set of a function with respect to the
threshold «, i.e., in particular,

Levye := {(z, 9 €l0.TIxQ | £(t.q) < a}, Levsé(r,”) i= {qu | &(t.q) < B }

Compactness of all nonempty Levg&'(t, -), @ € R, implies lower semicontinuity of
&) Q- Ry.

Lemma 2.1.1. [f (E2) holds, then the sets Levy &, a € R, are compact in [0, T]|xQ
if and only if the sets Levg&'(t, ), B € R, t € [0, T), are compact in Q.

Proof. For the = implication, we use Levg&'(t,-) = Levg& N ({t}xe@) Hence, the
right-hand side is compact, since it is the intersection of a compact and a closed set.

In the other direction, take a sequence with (f,,q,) € Levy,&. By taking a
subsequence if necessary, we may assume t, — t, and &(t«,q,) — P =
liminf; & (¢«, ;). By (2.1.3a) (applied once with s = #, and ¢ = t, and once with s =
t, and t = t4), we have &(t,,q,) — fB, which implies 8 < o. Since Levg&'(t«, )
is compact, there exists a subsequence (gy,); such that n; — 00, g,, — ¢g«, and
g+ € Levg&(ts,-). By B < a, we conclude that (1,,, g,) — (t+,g+) € Levy &, and
we are done. O

Most typically, Q will be a closed, convex, and bounded subset of a reflexive
Banach space (such as the Sobolev space W!*(£2,R™) or a Lebesgue space
L7(£2,R™) with p € (1,00)) equipped with Tq as its weak topology. Then lower
semicontinuity of & and Z in (Q,Tg) is the same as the classical weak lower
semicontinuity in the calculus of variations; see [140].

Definition 2.1.2. A function ¢ = (y,7) : [0, 7] — Q = YxZ is called an energetic
solution of the rate-independent system (Q, &, &) if t — 0,8(¢, q(t)) is integrable
and if the global stability (S) and the energy balance (E) hold for all t € [0, T:

) Vg=0.9€2:  Etq0) < EEG + D). 2).
t
) E(t.q(0) +Dissy @ 10.1) = £0.90) + [ 96 (z.q(2)) dr.
For subintervals [tg, 1] C [0,T], we call g : [to, ;] — Q an energetic solution

of (Q,&, 2) if (S) and (E) hold for all ¢ € [ty, 1], where the initial time O in (E) is
replaced by #p.
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The stability condition (S) is global in all of Q, and it can be rephrased by defining
the set 8(¢) of stable states at time t via

8(1) 1= {qu | £(1,q) < 00, E(t,q) < E(t,9) + P(q,q) forall § € Q},

Spo,11 = {(f, q) €[0,T]xQ | 465(1)} = Urepo,n(t. 8(2)).
(2.1.4)

We call 8(¢) the stability set at time ¢ for short. Then (S) simply means that ¢(f) €
8(r) for all ¢ € [0, T]. The properties of the stability sets turn out to be crucial for
deriving existence results.

Rate-independence in the sense of Definition 1.2.1 manifests itself by the fact
that the problem has no intrinsic time scale. It is easy to show that ¢ is a solution for
(Q, &, 2) if and only if the reparameterized curve q :t+— g(a(t)), where o > 0, is
a solution for (2, &) with &(t,q) = &(«(t), g). In particular, the stability (S) is a
static concept, and the energy balance (E) is rate-independent, since the dissipation
defined via (2.1.1) is invariant under rescaling, like the length of a curve.

Moreover, energetic solutions satisfy the restriction property and the concatena-
tion property; see Definition 1.2.1. In fact, our ERIS are often input—output systems
in the form that & (¢, q) = % (£(t), q) for a given functional .# : XxQ — R, and
inputs or loadings £ : [0,7] — X in a suitable set Fy([0, 7]; X) of functions. For
general energetic solutions in the sense of Definition 2.1.2, the restriction property
simply means that for every energetic solution g : [to,#;] — Q and subinterval
[s0,81] C [to, 1], the restriction g|[s,5,] : [S0.51] — Q is an energetic solution as
well. The concatenation property states that for 0 < #; < t, < t3 < T and all
energetic solutions g : [t;,2,] — Qand g : [t,13] — Q with g(t2) = g(t2), the
concatenation g ><1 g : [t1,13] — Q defined in Definition 1.2.1(iii) is an energetic
solution as well. This is obvious for the static condition (S). To see that (E) also
shares these conditions, we define

%m=£mﬂm+Dm¢¢mm—/mawm»m

fo

Then (E) simply states that the function &, is equal to the constant value & (#o)
on the whole interval. Using the additivity of Dissg and the integral, we obtain, for
r < s < t, the relation

€,(1) = €,(s) — E(5. 4(s)) + &,(0).

Thus, the constancy certainly remains true after restriction. When we concatenate
two solutions g and ¢ with g(s) = g(s) = g«, we can use &(s, g+) = E(s), which
guarantees that the two constants are the same.

Before discussing the question of existence of solutions, we want to point out
that the concept of energetic solutions provides a priori bounds on the solutions.
For the time-continuous problem, these bounds are easy to derive, and the main
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structure becomes more transparent. Of course, similar estimates will be crucial in
the time-discrete setting. Using the assumption (E2), the energy balance (E) gives

&(1,q(1)+Diss (z:[0,1]) < £(0, 61(0))+/0th ($)(E(s.q(9)+¢,) ds.  (2.1.5)

Omitting the dissipation and adding c, on both sides allows for an application of
Gronwall’s inequality, and we obtain

E(t.q(1) < (£(0.9(0))+c, )e?® —c,. (2.1.5b)
Inserting this again into (2.1.5), we can also estimate the dissipation via
Diss, (z: [0, T]) < (£(0,¢(0))+c¢, )e*™, (2.1.5¢)

since &'(t, q(¢)) > —c, by (E2).

The application of the theory of ERIS to models in brittle fracture (cf. Sec-
tion 4.2.4.1) and the following example highlight that there are important examples
of ERIS in which the state space Q does not have the Cartesian product form YxZ
and does not have any underlying linear Banach-space structure.

Example 2.1.3 (Wetting and dewetting for moving drops). In [9], a quasistatically
moving liquid drop occupying a domain E(f) C 2 C R3 is considered. The fixed
domain £2 is a bounded container whose exterior R> \ £2 is considered solid, while
£2 \ E(¢) is filled with vapor. The boundary JE of E is thus decomposed into the
solid-liquid interface st and the liquid—vapor interface FL€. With this, one can
define an energy functional & on the state space

Q= {Ecsz | #°(3E) <oo},

which is defined via the contact energies and a potential energy given in terms of
Vext (2, %):

E(LE) = 0y A (T'E) + 0o A (0Q\TL) + 0, 4> (TE) + /E Vexi (2, x) dx.

The activation energy (i.e., dissipation) is given in terms of wetting and dewetting,
i.e., if the solid-liquid interface increases or decreases, respectively:

Q(EO’ El) = /’Lwelt‘%ﬂz(lwsfl \sto) + Mdew(sto\FSfl)

with the specific activation energies fiy., > 0 and gy, > 0. We refer to [9, Sect. 3]
for the exact details to obtain existence of energetic solutions.
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2.1.2 The time-incremental minimization problem

The most natural approach to solving (S)&(E) is via time discretization using
the fact that incremental problems exist that have a variational structure, i.e., are
minimization problems. It is then possible to find their solutions as minimizers of
certain lower semicontinuous functionals on Q. For this, we make use of the lower
semicontinuity assumptions (D2) and (E1).

For the general, not necessarily equidistant, time-discretization, we will use the
notation Part([r, s]) for all finite partitions of the interval [r, s] C R, i.e.,

Part([r,s]) = {(1‘0,1‘1,...,1‘]\]) ’ r=thy<h<...<ty= I"}. (2.1.6)

For a partition IT € Part([r, s]), we define its number of subintervals and its fineness
as the length of its largest interval, i.e.,

Ng =N for a partition IT = (to,t1,...,ty), (2.1.7a)
BT = max{tk—tk_l k= 1,...,NH}. (2.1.7b)
Note that G(I[T) = 2maxepo,rdist(t,[T). In particular, we always have

dist(z, IT) < S(IT). Having fixed a partition IT = (to, 1, ..., ty) € Part([0, T]), we
look for g, k = 1, ..., N, that approximate the solution g at ., i.e., g, ~ q(t,).

Our energetic approach has the major advantage that the values g, can be found
incrementally via minimization problems. In concrete function spaces, this approach
is referred to as the direct method in the calculus of variations. Since the methods of
the calculus of variations are especially suited for applications in material modeling
(cf. [125, 140, 442, 520]), this will enable us to treat a variety of quite different
applications; see Chapter 4.

In our general setting, the incremental minimization problem takes the following
form:

For given g, € §(0) C Q, find q;, ..., gy € Q such that

IMP/!
( ) q, minimizes g — &(t,, q)+%(q,_,,q) fork=1,...,Np.

(2.1.8)

For brevity, we will write g, € Argming & (¢, )+2(q,_;,), where the operator
Argmin denotes the set of all minimizers of a functional, i.e.,

Argming J := { 4€9|4(@) = infd } co.
Depending on the context, we will also use the more explicit notation

Argming J = Argming = ArgminJ(g) = Argmin{H(q) | qe9 }
qeQ
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The following result shows that (IMP™) is intrinsically linked to (S)&(E).
Without any smallness assumptions on the time steps, the solutions of (IMPT)
satisfy properties that are closely related to (S) &(E).

Proposition 2.1.4. Let (D1) and (E2) hold. Every solution of (IMP™) from (2.1.8)
satisfies the following properties:

(i) Fork =1,...,Nm we have that q, is stable at time t,, i.e., q; € 5(t;).
(ii) Fork =1,...,Np, we have

173 173
[ accasza-anrhs [ ascaa @19
th—1 th—1

where e; = &(t;, q;) and S = D (1. %)
(iii) If (D2) and (E1) hold additionally, then solutions of(IMPH) exist.

Proof. Part (i). Stability follows from minimization properties of the solutions and
the triangle inequality. For all ¢ € Q, we have
(1 D+ (2. D=8 (10 D+ D (241 2) + D(54.2) = D (51 2)

> éa(lk, C]k) + @(Zk—l’ Zk) + 9(1/@ 2) - @(Zk—l s 2) > (’ga(tkv Qk)

Part (ii). The first estimate is deduced from g,_, € 8(t,_,) as follows:

Et q )+ 251 7)) — EGy qir) =

173 Ik

= ‘g)(tk_lqu)‘i‘/t 058 (s, q) ds+P (731, 7) — E (1 h—y) = /; 0,6°(s, q,) ds.
k=1 k—1

Since ¢, € Argmin{ & (¢, q) + Y(z,_,.2) | g € Q}, the second estimate follows via

Eteq) — E—1q—y) + D51 21)

i
SEW o) — EGy Q1) + DGy 5my) = ) 056 (8, qy—q) ds.
k—1

Part (iii). The minimizers are constructed inductively. In the kth step, g,_, is known,
and every minimizer y has to satisty Ji(y) 1= &(t,, @) + D(z,_;.2) < EWt, qy) =
Ji(q,_,), since ¢ = q,_, is a candidate. Using & > 0, it suffices to minimize the
lower semicontinuous functional J; on the compact sublevel &(t,,-) < &(t,, q,_)-
Hence, the Bolzano—Weierstrass theorem, Theorem A.2.1, provides the existence of
a minimizer g,. O

Now we use assumption (E2) to obtain a priori bounds on the energy and
the dissipation for solutions of (IMPT), reflecting the bounds (2.1.5) for the
time-continuous case. Combining (E2), (2.1.3), and the upper estimate of Propo-
sition 2.1.4(ii) gives
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er + 8 < er1 + (¢, +epmy) (€AW AL—) ) (2.1.10a)
= (¢, +epy) eAW=A0=) _ ¢ (2.1.10b)
Using 6; > 0 and (2.1.10b), induction over k leads to
c.+er < (c,+eo) ]_[jl;l eA—AG-1) = (c, +eg)ed fork =1,...,Np.
(2.1.11)

Summing (2.1.10a) from 1 to k, we obtain, after some cancellation and employ-
ing (2.1.11), the estimate

k k
et ) et ) (ctem) (W70 1)
=1 =1

k
< (cé, +€0) + (Cg +€0) Z(eA(t_f)_eA(rj—l)) — (cg +eo)eA(tk)_
j=1

For each incremental solution (g, )i=1,...,v of (IMPH ) associated with a partition
I = (t,t1,...,ty) € Part([0,T]), we define the right-continuous piecewise
constant interpolant, g™ with

gn(t) ‘=qy_, fortelt,_,.t), wherek=1,...,N, and c_]H(T) ‘= gn,
(2.1.12)
which is continuous from the right. Occasionally, we will also use a left-continuous
piecewise constant interpolant g T defined by
- — _ i —
q" () :=¢q, forte(t,_,,t], wherek=1,...,N, and ¢"(0) = g,.
(2.1.13)
Theorem 2.1.5. Assume that (D1) and (E2) hold and let I1 € Part([0, T]). Then for

.....

YxZ satisfies the following three properties:

(i) Fort e I, we have gn(t) = g(r) € 8(1); (S)aiser
(ii) Fors,t € I1 with s < t, we have the two-sided energy estimate

/ 8:6(r.3"(1)) dr <

< £(1.¢" (0)+Dissg " [s. 1)~ (5. 4" (5))
< / 39:6(z, " (v)) dr; (E)discr

(iii) Forallt € [0, T], we have the a priori estimate

E(t.q" (1)) + ¢, + Diss,, (271 [0.1]) < e2O(£(0, g9)+c,).
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2.1.3 Statement of the main existence result

The existence theory developed below will build on the incremental minimization
problem (IMPT) and the a priori estimates derived above. Choosing a sequence of
partitions whose fineness tends to 0, we obtain a sequence of approximations, and
we first need to extract a suitable subsequence that converges. This can be done
for the z-component only, since the dissipation provides an a priori estimate of BV
type. A suitable version of Helly’s selection principle is stated in Theorem 2.1.24
and proved in Appendix B.5 in a more general variant; cf. Theorem B.5.13.

Since the y-component allows for no control of the temporal oscillations, it
has to be handled differently. One can use a technique developed in [149, 195]
involving choosing additional subsequences for each ¢ € [0, 7] and thus relying
on the axiom of choice; cf. Remark 2.1.8 below. Here, however, we use a different
technique based on a slightly stronger assumption of metrizability of the underlying
topology, but it leads to simpler assumptions and guarantees the existence of
solutions measurable in time. This idea uses the fact that for stable states ¢ = (y, z),
the energy &'(t,-) in fact depends only on the component z, i.e., we can define the
reduced functional

I(t,7) = min{@“’(l,y,z) |vey } (2.1.14)
and we have
V(y,z) € 8(1) : F(t,7) =&y, 2). (2.1.15)

We also define a reduced power via
Pralt;2) = sup{ 96 (1,7,2) | y€ Argming £(,2) . (2.1.16)

and the crucial observation is that along every energetic solution, this reduced power
is realized; see (2.1.19).

After having identified a subsequence and a limit function, it is necessary to show
that this limit is an energetic solution. For this, we need further conditions on the
functionals & and Z expressing a certain compatibility of these two functionals,
whereas the conditions (D1)—(D2) and (E1)-(E2) depend solely on 2 and &,
respectively. To define these conditions, we introduce the notion of a stable sequence

(tm ’ Qm)WlEN Via

sup &(t

m> Am
meN

)<oo and VmeN: g, €8(,). (2.1.17)

Note that this concept intrinsically links the type of convergence to the properties of
& and 2. In particular, this generates a topology that is derived from the functionals.
For instance, let us consider Q = 2 = L2(£2) and Z(z0,21) = ||z1—20]|1 and the
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coercivity &(t, q) > c||q|l — C. Then stable sequences are bounded in H' (£2),

o
H!(£2)
and the intrinsic convergence turns out to be the weak convergence in H! (£2).

The compatibility conditions between & and 2 rely on convergent stable

sequences:

V stable sequences (t,,, g,,),,eny With (2, qm)[ol>XQ (t.q) we have:

te[0, T\\N, with N, from (E2) — 0,8(t,q) = lim 9,6(t,q,), (Cl)
m—0o0
q€580). (2)

Condition (C1) is called conditioned continuity of the power of the external forces.
Note that the time is fixed to ¢ in the limit in (C1), although ¢, € 38(z,).
Condition (C2) is called the closedness of the stability set 8o 1). These central
conditions will be discussed in more detail in Section 2.1.5 after the statement of
the main result, whose proof is given on pp. 72-75. For a first impression of the
structure of the lengthy proof, we refer to the much simpler Hilbert-space case with
a quadratic energy stated in Theorem 3.5.2, where a full and independent proof is
given along the same lines as the general proof developed here.

Theorem 2.1.6 (Main existence result). Assume that & and 9 satisfy the assump-
tions (D1)-(D2), (E1)-(E2), and the compatibility conditions (C1) and (C2).
Further, assume that

the topology of Q restricted to compact sets is separable and metrizable.
(2.1.18)
Then:

(i) For each q, € 8(0), there exists an energetic solution ¢ = (y,z) : [0,T] = Q
to the initial-value problem (Q,&,9,q,). Moreover, q : [0,T] — Q is
measurable and

0:6(t,q(t)) = 0,8(t, y(1), 2(t)) = Prea(t, 2(t)) fora.e. t€[0,T). (2.1.19)

(ii) If IT' € Part([0, T)) is a sequence of partitions with fineness S(I1") — 0 for
I — oo, and c_]Hl is the interpolant of a solution of the associated (IMPHI),

then there exist a subsequence q, = gH‘k and an energetic solution g = (y, 7)
to the initial-value problem (Q, &, 2, q,)) such that the following holds:

Vie[0.T]:  z(t) = Z(0): (2.1.20a)
Vrel0,T]: Diss, (z;; [0, 1]) — Diss,(z; [0, 1]); (2.1.20b)
Vtel0,T]: E(t, q () = E(t, q(D); (2.1.20c)
Vaa t €[0,T]: 3,8t q (1) — 3,E(t, q(1)). (2.1.20d)

Moreover, (E2) and (2.1.20d) imply 3,6 (-, q,(-)) = 9,6, q(-)) in L}(0, T).
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(iii) If additionally, the functional & is such that for each stable point ¢ = (y,2) €
8(1), the functional &(t,-,z) has a unique minimizer y, then taking y(t) =
argmin &(t, -, Z(t)), the convergence in (2.1.20a) can be improved to

g (t) = q(0). (2.1.20¢)

Before discussing the assumptions and going into the details of the proofs, we
present a standard example in the Banach-space setting. This guiding example
should be considered the first nontrivial case that on the one hand, provides a
nontrivial application of the above theorem and on the other hand, provides a first
intuition about the main structure of the assumptions. We refer to Chapter 3 for a
detailed analysis of ERIS in Banach spaces.

Example 2.1.7 (The basic Banach-space case). We consider two separable and
reflexive Banach spaces U and Z and choose as the topological space Q the
Banach space Q := U x Z equipped with the weak topology, which implies the
assumption (2.1.18). Next we consider a functional & : [0,T]xQ — Ry and a
dissipation distance ¥ : ZxZ — [0, co) with

&t q) = E(q) — (E(t),q)Q*XQ with £ e W10, 7;0%), (2.1.21a)
€ : O — Ry is weakly lower semicontinuous, with (2.1.21b)
superlinear growth: 3C;, o > 1 VgeQ : E(q) > CL||q||z - Cq, (2.1.21¢)

1

2 satisfies (D1) and is weakly continuous. (2.1.214d)

Then Theorem 2.1.6 is applicable, and in particular, for all stable initial states there
exists an energetic solution.
Indeed, the conditions (E1) and (E2) easily hold with Domé& = [0, T]xDomé

and A (1) = C2||é(t)||Q* for a constant C; > 0 depending on Cp,o and
[1€]lLo0 (0,7;0*) only. Moreover, with N, = {z € [0,T] | £ is not differentiable at 7 },

the compatibility condition (C1) follows from the weak continuity of g > (£(¢), q).

For the dissipation distance, the conditions (D1) and (D2) are satisfied, so it
remains to establish the closedness of the stability set Spg 7, i.e., (C2). For a given
stable sequence (t,¢q,) with t, — f and ¢, — ¢ and an arbitrary test state g, we
have

Etq) = E(qp) — (“%)"Ik) <EM.q) + 9(‘1/021)'

Using the strong continuity of £, the weak lower semicontinuity of & in (2.1.21b),
and the weak continuity of & in (2.1.21d), we can pass to the limit in all terms and
obtain the stability &(z, q) < &(t.q) + 2(q. q). because g was arbitrary.

Remark 2.1.8 (Convergence of (y)),cn- the general case). For the general case, this
theorem does not claim any convergence of the the nondissipative component y, (¢)



2.1 The main existence result 57

to y(¢). In fact, since we do not have any control of the temporal oscillations of the
y’s, we have no selection criterion. This is because it is more delicate in the general
case, where one can say that for every ¢ € [0, T], there is another subsequence
(qu, (#)),en selected from that in Theorem 2.1.6 such that

Vi€ [0,7]: Y () > 3. (2.1.22)

In fact, such y complies with (2.1.16) and forms an energetic solution as in
Theorem 2.1.6(ii). Alternatively, employing a general topological concept of nets,
we can say that there is a finer net (qu) tes with & a suitable directed set” such that

&

Ve [0,T]: ;im Vi (1) = y (1), (2.1.23)
ey

where the limit is meant in the topology of Y in the sense of Moore—Smith
convergence; cf. p. 581.3 This finer net keeps the convergence limg e % ®) = z()

with the original z and also (2.1.20a,b). By (2.1.23), we have now limgez e (1) =

q(t). By lower semicontinuity of & (¢, -), also (2.1.20c) is preserved in the sense that
limgez 6(1, g, (1) = &(t. q(t)). Here we used the metrizability (2.1.18), which
allows us to “translate” the sequential semicontinuity to the topological one.

By the conditioned continuity (C1) of 9,£(¢,-) and by (2.1.20d), also (2.1.20c)
is preserved in the sense that lim g 0,&°(t, e ®) = 90,&(t, q(t) for aa. t.
Realizing that (C1) and (C2), although formulated only sequentially, hold also
topologically thanks to the metrizability (2.1.18), one can prove that g(f) € 8(r)
and limgeg &(1. g, (1)) = &1, q(t)) for all . Hence, ¢ is again an energetic
solution, but it is not measurable in general, and thus it may be different from Z]
in Theorem 2.1.6(ii). In other words, every such accumulation point in QI%1 of the
subsequence (q; )¢y Satisfying (2.1.20a,b) is an energetic solution.

Remark 2.1.9 (Convergence of (y,),ey: @ special case). The statement of Theo-
rem 2.1.6(iii) relates to the “nonbuckling condition” used in [416, Eqn. (3.18)]:

q, = O01,21) € 8(),

g, = (2.22) €8(1), p = Y1 =2 (2.1.24)
i1 =22
2Here, using the metrizability (2.1.18), one takes & = Part([0, T]), or more precisely & =

F([0, T]) directed by inclusion. This set can be used to index a neighborhood basis of the compact
topology for { g € Q | £(0,q) < E* }I0T], where E* < oo is sufficiently large; cf. Sect. A.2.

3This relies on the Tikhonov theorem, Theorem A.2.2, and thus on the axiom of choice, about

a uncountable (and thus nonmetrizable) product of compact spaces (= Levg&(t,+)) indexed by
t€[0,7T].
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Then the y-component can be controlled more precisely. In [373], the slightly
stronger assumption

@ = - z) € 8(1) and z, 5 = Vi LN y (2.1.25)

is used to conclude the stronger result y, (7) 2 y(¢) for all ¢+ € [0, T] involved
in (2.1.20a) as well as continuity of ¢ — y(f) € Q for all # except at the (at most
countable) jump points of Diss,(z; [0, T]).

Remark 2.1.10 (Guaranteed solution-attribute of z). In fact, from the proof of
Theorem 2.1.6, we can read even a bit more: every z obtained as a limit satis-
fying (2.1.20a,b) forms an energetic solution in the sense that there exists some
y such that ¢ = (y, 7) is an energetic solution that also satisfies (2.1.20c,d) and
A E(t, q(1)) = Prealt, 2(1)).

We close this section with the formulation of an easily applicable version of
the existence result, where we strengthen the assumptions considerably but still
allow for a large variety of a applications. By making & continuous on Z, it is
possible to decouple the assumptions on & and & completely and the compatibility
conditions (C1) and (C2) can easily be established. In contrast to the simple Banach-
space case considered in Example 2.1.7, we allow here still a state space Q =Y x Z
in the form of a general topological space without linear structure.

Theorem 2.1.11 (Easy existence result). Assume that (Q,&, D) satisfy (D1),
(E1), (E2), (2.1.18) as well as the following conditions:

D : ZxZ — [0, 00) is continuous on sublevels of &(0, -); (2.1.26)
VE*>0Ve>0Vre[0,T\N, 3§ >0 Vte[0,T] VgeQ:

(£0.9) < E* and 0 < [r—1] = 8) = |Z0=20D _p00,g)| <,

(2.1.27)

where again N, is from (E2). Then all assumptions of the main existence result,
Theorem 2.1.6, are fulfilled, and hence the existence of energetic solutions for
(Q,¢,9,q,) is guaranteed for each q, € 8(0).

Proof (Philosophy of the proof). Clearly, (2.1.26) implies (D2), and it remains to
establish the compatibility conditions. But this is a consequence of Corollary 2.1.19
below. Note that (2.1.39) is slightly weaker than (2.1.21d) and is simply a rephrasing
of (2.1.26). |
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2.1.4 Properties of energetic solutions

Here we discuss some basic properties of solutions ¢ : [0, 7] — Q for the ERIS
(Q, &, 2). First we exploit the energy balance to show that ¢ satisfies simple a priori
estimates for the energy and the dissipation. For this, we use that (E) holds for all
intervals [s, 7]. Omitting the nonnegative dissipation in (E) and employing (2.1.3b)
in the power term gives

Et,q) +c, < (é"(s, q(s))+cg) eA0=46) forall s,1€[0, T with s < 1.
(2.1.28)
Inserting this into the right-hand side of the energy balance gives

&(t,q(1)) + ¢, + Dissg(g; [s. 1)) < (6(s, g(5))+c, ) e2O74O), (2.1.29)

Second, we derive a simple lemma which will imply continuity of the z
component almost everywhere.

Lemma 2.1.12. Assume that (D1) and (D2) hold. Let K C Z be compact and
(24 )ken contained in K and z € Z. Then

min{2(z.2). 2(2.2)} = 0 = 7z, >z (2.1.30)

Proof. By compactness, we have a subsequence (z; ),cy and Z such that %, 57
and 9(z;,2) — 0 or Z(z,z,) — 0. Without loss of generality, we assume the
latter case. Using (2.1.30) and the lower semicontinuity (D2), we have Z(z, Z) <
liminf, .o Z(z.7,) = 0. Thus, (D1) implies z = z, and we conclude the
convergence of the whole sequence, since every subsequence has the same limit

. Z .
z,i.e., 7, = z, as desired. ad

The following general properties of total variations with respect to the dissipation
distance 2 will be used below:

Dissg,(z; [r, t]) = Dissg(z; [r, s]) + Dissg, (z; [s, 1]), (2.1.31)
lim Diss,, (z; [t.7]) = 2(z(1), z(tT)), (2.1.32)
rligl_ Dissy(z; [t.1]) = 2(z(t7), z(1)). (2.1.33)

We continue to use the notation
ft) = 1im+f(a) and f(b7):= lil? f(a) (2.1.34)
a—>b a—>b—

for one-sided limits. In the first case, this means that only @ > b is considered,
whereas in the second case, only a < b is considered.
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We analyze the behavior at jump points of z. First, note that Diss, (z; [0, T]) < oo
implies that § : ¢ — Diss,(z; [0, 7]) has at most a countable number of jump points.
At a continuity point of §, we have

D(z(t—e), 2(1)) + Z(2(1), z(t+¢)) < Diss,(z; [t—e, t+¢€]) — 0 fore — 0.

Hence, using Lemma 2.1.12, we conclude that z : [0, T] — Z is continuous at every
continuity point of §.

Moreover, at every jump point of §, we may define left-hand and right-hand limits
z(t7) = limy—,~ z(t) and z(t*) = lim,_,,+ z(t), respectively. In general, the three
values z(t7), z(f), and z(+") may be different. Here, we simply set z(0™) = z(0)
and z(TT) = z(T).

Lemma 2.1.13. Assume (D1), (D2), (El), (E2), and (C2). Let ¢ = (y,z) : [0, T] —
Q be an energetic solution for (Q, &, 2). Then for all t € [0, T), we have the relations

F(t.2(0) + D7), 2(0) = F(t.2(7)),
I (1,207)) + (1), 2()) = I (1,2(0)),

S(t.2(0) = lim F(r.2(2). S (2() = lim 7 (z.2(0)), (2.1.35)

D((t7),2(0)) + D (1), 2(7)) = D(2(17), z(t)).

Moreover, we have z(t7), z(1), z(tT) € g(t) C Z forallt € [0, T], where the reduced
stability set 8(t) is defined in (2.1.48).
Proof. We consider only the first statement for + > 0, since the second works

analogously for + < T. We subtract the energy balance for t < ¢ from that of ¢
and use (2.1.31) to obtain

F(t,z(t)) + Diss 5 (z; [1,1]) = &(t,2(7)) + /t Prea(s, z(s)) ds.

In passing to the limit ¢ — ¢~, the last term disappears, and using (2.1.33), we find
that 7 (t,z(t)) + Z(z(t7), z(?)) = limy—,— Z (1, 2(7)).

We now claim that .#(¢,z(t7)) = lim;—,~ .#(z,z(7)). By the lower semi-
continuity (E1), we immediately have .#(t,z(t7)) < liminf,—,~ .#(7,z(7)) as
z2(7) 2 z(¢7). The opposite inequality follows from the stability of z(7) with respect
to z(t~), namely

F(1,2(v)) < F(1,2(t7)) + Z(z(1),z()).

Using (E2), we obtain limsup, _, — .7 (7,z(1)) < #(t,z(t7)) + 0, and the first three
lines in (2.1.35) are established.
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To prove the last assertion, fix ¢ € (0, 7] and consider ¢, = q(t—%) € S(I—%).
Using (El) and (C2), there exists a convergent subsequence such that g, 5
(v.z(t7)) € 8(r),i.e.,z(t7) € g(t). Analogously, we show that z(t1) € g(t).

To establish the last identity in (2.1.35) it suffices to prove the relation <, since
the triangle inequality (D1) implies >. For this, we use z(1~) € 8(¢) and test with
z(tT) to obtain & (1, z(t7)) < Z(t,z(t1)) + D (z(t7), z(t)). From inserting the first
two identities in (2.1.35), the desired estimate follows. O

2.1.5 On the compatibility conditions (C1) and (C2)

Before we provide the proof of the main existence result in Section 2.1.6, we discuss
the compatibility conditions in a more detail.

The major condition that makes the whole theory work is the conditioned
closedness of the stability set 8o .77 in the form (C2). For this condition, the
interplay of the chosen topology and the properties of & and & are essential. The
main philosophy of this condition is that stable sequences behave better than usual
sequences. For instance, in many cases, it can be shown that for convergent stable
sequences, we have the energy convergence & (f,, q,) — & (t«, gx). Using this, it is
often possible to improve the convergence in Banach spaces from weak to strong
or to conclude directly that the Giteaux derivatives D&(¢,, g,) weakly converge to
D& (t«, g+«). We will continue to discuss these ideas on an abstract level.

At the end of this section, we also discuss the conditioned continuity of the power.
In many applications, the compatibility condition (C1) is really a condition on &
alone, namely that 9,6 : Levq& — R be continuous. Such cases typically occur
if the space Q is a reflexive Banach space equipped with the weak topology and
if the loading of the problem is of lower order or even linear. However, there are
also important applications in which the full generality of (C1) is needed, e.g., in
finite-strain elastoplasticity; see Section 4.2.1.

Lemma 2.1.14. Compatibility condition (C2) is equivalent to

[0T]xQ ~ ~
V stab.seq. (t;,q)) — (t,q) ¥V g € Q3 (q1)ien :

11?1 sup (8 (1, 3)+2(q1, )~ (11, @) < E(t, 9)+2(q, 1)—E (1, q). (2.1.36)

Proof. For brevity, we set H(t,q, q) := &(t. q) + 2(q. q) — &(t. q). Then g € 8(1)
is equivalent to (¢, ¢, ¢) > O forall g € Q.

The implication (C2) = (2.1.36) follows immediately by taking the sequence
q¢1 = q. Then (2.1.36) holds, since H(t.¢q;.q;) = 0 and (C2) implies
H(t.q.q) = 0.

The opposite implication (2.1.36) = (C2) is seen as follows. For arbitrary g,
we choose a sequence (g;)en according to (2.1.36). Using ¢; € 8(;), we have
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H(t1,q1, q1) > 0. Taking limsup,_,,, and employing (2.1.36), we conclude that
H(t,q. q) > 0. Since g € Q was arbitrary, this gives ¢ € 8(¢). O

Condition (2.1.36) does not ask for g, 5 q: hence (g;)en is not a recovery
sequence in the sense of I'-limits. In fact, the inequality in (2.1.36) has the
property that the right-hand side depends on g but not on (g;);en, while the left-
hand side is independent of g. Nevertheless, the condition is useful in choosing a
suitable sequence (;)en With ¢; — ¢ such that &(1,, aN+2(q;,. 4)—E (t1. q)) —
E(t, q)+2(q, q)—&E(t, q). For later use, we display such a slight strengthening
of (2.1.36):

V stab.seq. (tl,ql)[oﬁf t.q)¥VqeQiqy>q:
limsup (&1, g)+2(q1, )= (1, q)) < E(t, 9)+2(q, )—E (1, 9).

=00

(2.1.37)

We call (g;)en in (2.1.37) a mutual recovery sequence for (t;, q;) and g; cf. [420].
We provide two more conditions that are stronger than (2.1.37) and hence can be

used to establish the crucial closedness (C2) of the stability set. The weaker of these

two conditions is based on the existence of a mutual recovery sequence and reads

V stab.seq. (t;,q;)mi)XQ (t,9)VqeQiqg>g:
limsup (& (1, g1)+2(q1. q1)) < &, 9)+2(q. q).

[—00

(2.1.38)

The stronger of these two conditions uses the continuity of the dissipation distance
on sublevels of &, namely

2 ~ 9 ~
4~ 4, 9, —~ q and 2 ~ -
~ - 9. 9;) = 2(q, q). (2.1.39)
SUPgen (éa(t’ qk)—}—(g’(t, C]k)) <0 ko Tk

Proposition 2.1.15 (Conditions guaranteeing (C2)). Assume that (E1) holds.

(i) If for each stable sequence (1, q;) converging to (t, q), there exists a sequence
(q1)ien such that limsup,_, o, &(t1. q)+P(q1. q1) < &(t,q), then the energy
converges along the stable sequences, i.e.,

Y stable sequence (1, ql)[()z)g (t,q): Et,q) — E(tq). (2.1.40)

In particular, (2.1.38) implies (2.1.40).
(ii) We have the following implications:

(2.1.39) = (2.1.38) = (2.1.37) = (2.1.36) < (C2).

(iii) If (E2) holds additionally, then the conditions (2.1.36), (2.1.37), and (2.1.38)
remain the same if &(1;,-) is replaced by &(t, ).
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Proof. Part (i). By (E1), we have &(¢t, q) < liminf,_,o, &(t, q;). Using that (g;)en
is a stable sequence, we immediately obtain

limsup &(t, q;) < limsup &(#, q1) + Z(q1. q1) < E(t.q),
[—>00 —>00

where the last inequality uses (2.1.38) by specifying ¢ = g. This proves (2.1.40).

Part (ii). For the first implication, we begin with a stable sequence (tl q) — (t,q)
and a general ¢. Employing (2.1.39), we then obtain lim SUP;_, o0 & (t[, a)+2(q1. q)
< &(t, 9)+2(q. q), which is the desired result (2.1.38) with ¢; = q.

For (2.1.38) = (2.1.37), note that (E1) implies limsup,_, ., ( &1, qkz)) <

—&(t, q) whenever (1, qkl)[oi]iQ (t, q). Adding this to (2.1.38), we easily obtain the
desired result (2.1.37).
The next implication follows directly from the definition, since the requirement

q K 5 q is dropped. The final equivalence was already shown in Lemma 2.1.14.

Part (iii). For this, we simply use that sup,cy & (#, ;) and sup,ey &'(#1, ;) are finite
and apply (2.1.3a). O

In [373, Thm.5.2], the condition liminfi—c & (1, ¢)—2(q;, q) > E(t.q) —
9(q. q) for all ¢ € Q is proved to be sufficient for (C2). In fact, this condition
is stronger than (2.1.37), since we may simply choose g¢; = ¢ there. The
sufficient condition given in [373, Thm. 5.3] turns out to be equivalent to the present
condition (2.1.38).

Example 2.1.16 (Different mutual recovery conditions). We show that (2.1.37) does
not imply (2.1.38) by considering a typical situation for material modeling. On
Q = L2(£2) equipped with its weak topology, consider the functionals &(t,q) =
fa 39®)*—f(t.x)q(x) dx with f € C'([0, T]: L*(£2)) and Z(q.4,) = lg,—4olL:-
We have 8(f) = {gq € L2(2) | |lg—f(t.-)||lL= < 1}, and by convexity and
strong closedness, we have weak closedness, and (C2) holds. Moreover, we want to
establish the sufficient condition (2.1.37). For this, we choose the mutual-recovery
sequence ¢; = g — q + q;, whence ¢; — g. Moreover, 2(q;, q1) = |lq—qll.1 =
2(q, q) and

Et q)—Et.q) = (%(514-%) —f@©. q—q),, = (%(5—614'2%) —f(®).9—q),
— (3(3+a) —F(1). —a)y. = . 1) — E(t.9),

which proves (2.1.37) with equality. We call this argument the quadratic trick and
formalize it in Lemma 3.5.3. It will be used. e.g., in classical linearized elasto-
plasticity with hardening (cf. Sect.4.3.1.1) and for evolutionary I"-convergence in
dimension reduction or two-scale homogenization (cf. Sections 4.3.1.4 and 4.3.1.5,
respectively).

To show that (2.1.38) does not hold, we consider t+ = 0 and a stable sequence
q; with |¢;—f(0,)| = 1but ¢ — g = f(0.-). Moreover, let ¢ = g, so that the
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right-hand side in (2.1.38) takes the value —% ||q||iz Writing the mutual recovery
sequence g; in the form ¢; = ¢, + w;, we need w; — 0, and the left-hand side
in (2.1.38) gives

~ ~ 1 2 1
EO.q) + Par @) = [, 5 (@+wi—a)” = Slal” + il dx

L Y “Lhaiz, = ;
z |, 5~ 5ldl"dx > —lgli = £0.9)+Z(q. 9),
where we used |¢;—¢| = 1 and minimized with respect to w;. Thus, we have shown
that (2.1.38) cannot hold.

Concerning the conditioned continuity of the power, we often consider the case
that Q is a weakly closed subset of a reflexive Banach space Q equipped with the
weak topology. Moreover, the energy takes the form &(t,q) = E(g) — (£(?), q),
where £ € WUL1(0,T; Q™). Then it is easy to establish (C1) using 9,8(t.q) =
—(£(2), g) even without using the stability; cf. Example 2.1.7 and Corollary 3.1.2
below.

The following abstract result establishes the continuity of the power (C1) under
much more general conditions. It relies purely on semicontinuity properties and
is independent of a linear structure. The motivation for this approach stems from
the need to treat time-dependent boundary conditions via a suitable translation in
the function space, e.g., for a functional &(t,y,z) = E(y—yp(?),z) with a general
lower semicontinuous functional &, the time derivative becomes troublesome. For
such treatments of time-dependent Dirichlet conditions, we refer to Example 2.1.20
below and to Section 4.2.1 in finite-strain elastoplasticity. This method was first
developed in [149] for fracture problems and generalized to an abstract and largely
simplified setting in [195].

Proposition 2.1.17. If & satisfies (E1)-(E2) and (2.1.27), then for all t € [0, T)\N,,
where N, is from (E2), we have

[0T]xQ
(1 q) = (t.q) and —  9,8(.q,) — 1E(q). (2.1.41)
E Wty q,) = E(1,q) <00
In condition (2.1.27), the convergence of the difference quotients to the derivative
is uniform in ¢ € Levg, &(0,-) but may depend on the time r € [0, T]\N,.
Thus, the condition is invariant under rescaling time by absolutely continuous
diffeomorphisms.

Proof. Let Eg,hp > 0, and t € (0,7)\N, be such that t + hy € [0,7] and
&(t,q,). €(t.q) < Ey for sufficiently large m. Then condition (2.1.27) implies the
existence of a modulus of continuity wy : [0, hg] — [0, 00) (i.e., wg is monotonically
increasing, and wg(h) — 0 for h — 01), so that

&(t£h, q,)—E(.q,,)
h

F0,6(t.q,)| < wo(h) forall he (0, hp). (2.1.42)
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The same estimate also holds for ¢. Using & > 0, (El) (i.e., &(t%h,-) lower
semicontinuous), and the assumed convergence of the energy, we obtain

liminf &(tth.q,)—E( q,) > éa(tﬂ:h,q)—é”(t,q).
m—>00 h h

Combining the case “+” with (2.1.42), we obtain

&(t+h, q,)—6(t.q,,)

liminfd,£(t, g,) > liminf P —wo(h)
m—>00 m—>00
> HHRDZE0D _ o) > 3,6(1.9) - 200(h).

- h
Similarly, the case “—” gives lim sup,,_, o, 0:&(t. q,,) < 0:6(t,q) + 2wo(h). Since h
can be made arbitrarily small, the assertion is proved. O

In some situations, it is easier to prove a slightly strengthened version of (2.1.27),
where we use uniform continuity on sublevels in the form

VE*>0Ve>038>0V1,1€[0,T] YVgeQ:

(5(0,@ <E* and 0 < |t1—t5] < 5) — [0:6(t1,9) — 0,62, )| < &.
(2.1.43)
Using #(5)(‘[, q) — &(t,q)) = 9,;8(s, q) for some s between t and ¢, it is easy to
see that (2.1.27) holds with N, = 0.
In some applications, it is possible to exploit the Cartesian structure Q = YxZ
and a certain regularization property of &(¢, -, z), since we need the continuity of the
power (C1) only conditioned to stable sequences.

Proposition 2.1.18. Let Ty be a finer topology onJ such that for all t € [0, T]\N,,
0;&(t,-,) : YxZ — R continuous with respect to ‘J’ﬁg X Tz, (2.1.44a)

Y Z T
ym _) y.’ .Zm - ym —y) y. (2144b)
¥,, minimizes &(t,-,z,,)

Then 9,6(t,q,) — 3:£(t,q) whenever g, = (y
&(t,,z,,), and in particular, (C1) holds.

Q . . .
L) — q and y,, minimizes

The proof of Proposition 2.1.18 is obvious. Together with Proposition 2.1.15, we
obtain the following result.

Corollary 2.1.19. Assume that (D1), (D2), (E1), and (E2) hold, and one of the
following two assumptions is satisfied:

(a) (2.1.38) and (2.1.27) are valid;
(b) (2.1.36) and (2.1.44) hold for some topology ‘J',;. Then both compatibility
conditions (C1) and (C2) are satisfied.



66 2 Energetic rate-independent systems

Proof. Assume first (a). Then (2.1.38) implies (C2) by Proposition 2.1.15(ii). More-
over, (C1) follows from Proposition 2.1.17, where we use Proposition 2.1.15(1),
which guarantees, again relying on (2.1.38), that the energy along stable sequences
is continuous, i.e., (2.1.41) is applicable.

Assuming (b), we know that (2.1.36) implies (C2) by Proposition 2.1.15(ii),
whereas (C1) follows from Proposition 2.1.18. O

The following example highlights the difference between the condition (2.1.43)
as a sufficient condition for (2.1.27) and the weaker condition (2.1.44). The example
is in fact close to the complete-damage model treated in Section 4.3.2.2.

Example 2.1.20 (Conditioned continuity of the power). Consider Y = W»(£2)
and Z = W12(£2) equipped with the weak topologies, and a “damage-type” stored
energy

1 1
&(t,y.2) =[ ~a(2)|V—=yp)’ + 5|Vz|? dx
2p 2
with a : R — R continuous, bounded, and infa(-) > 0. Obviously, we have

%E(t,y.2) = /Q a(@)|V oo (1) =) 72V (3o ()-)- Vi (1) dx,

and for p # 2, the power 0,6(t, -, z) is not weakly continuous; hence 9,&°(¢t,q) =
im0 0;6(¢, q,) in (C1) is not automatic for arbitrary g, — g¢. On the one
hand, (2.1.43), which guarantees (C1), follows from y;, € Cy, ([0, T]; W!*(£2)). On
the other hand, 9,&°(t, -, 7) is strongly continuous, so we can use Proposition 2.1.18
with the T{é =norm topology and (2.1.44b) based on the so-called (S.)-property;
cf. Example 3.4.11 below.* Hence, (2.1.44) already holds under the weaker assump-
tion y, € L1(0, T; W17 (£2)).

“In more detail, (3.4.19) can be used by estimating (where ¢ = inf, a)
a(IVy 5 =19y ) (Il = 1Vl
<af (19072 Vy | VP2 Vy) V(=) de
< [ @GV 2V 9512 99)- V(5 —y) de
< [ (a@=a))| V" 2V3)-V (3, —) dx = 0,

because (a(z)—a(z,))|Vy[P~2Vy — 0 in L7 (2; RY), while V (y,—y) — 0 weakly in L’ (£2; RY).
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2.1.6 Proof of Theorem 2.1.6

Before going into the details of the proof, we advise the less-experienced reader to
acquire some familiarity with the proof of Theorem 3.5.2, which is a much simpler
case of the present general situation. The simplified proof follows the same steps as
the general proof; see Table 2.1 on p. 72.

The proof follows the theory developed in [195]; however, it includes a new argu-
ment, namely the characterization of the power in (2.1.19) and Proposition 2.1.23.
This approach allows us to simply the assumptions considerably in the case that Q
satisfies the metrizability condition (2.1.18).

The first lemma of this section concerns the approximation of the Lebesgue
integrals | ' 9,&(t, q(1)) dt by Riemann sums for a given ¢ : [0,T] — Q. For a
partition [T = {r = t(1)7 < t? << t,{,-; = s} € Part([r, s]), we define the discrete
values q,? = q(t,{7 ) and the left-continuous approximants g7 via

P70 =G0 @) with 70 :=min{t,{fen|t§zt}. (2.1.45)

Note that the left-continuous interpolants ¢! in (2.1.13) are defined for solutions of
the incremental minimization problems, whereas here a measurable ¢ : [0, 7] — Q
is given a priori. Clearly, we have r < T I (t) < t+ () for all t, where the fineness
D(IT) of IT is the length of its largest subinterval; see (2.1.7b).

Lemma 2.1.21. Let the conditions (E2), (Cl) and the metrizability condi-
tion (2.1.18) hold. Moreover, assume that q : [0,T] — Q is measurable and
that there exists C > 0 such that for all t € [0,T], we have &(t,q(t)) < C and
q(t) € 8(t). Then for all r,s € [0, T] with r < s, we have

sup / .8 7 (0) dr > / 9.6 q(0) dr.

IT€Part([r,s])

Proof. Note that each function t +— &(t+h,q(t)) is measurable. Hence, the
power T — 0:&(t,q(7)) is measurable as well, since it is a pointwise limit of
measurable difference quotients. Moreover, there is a constant cp > 0 such that
10,6, 37 (0)] < ol (0).

Using (2.1.18) we may apply Lusin’s theorem, Theorem B.3.7, to g, which takes
values in a compact set, since the energy is bounded. For arbitrary ¢ > 0, we obtain
a compact set K C [r, s] such that

/ coA(t)dt <& and ¢k : K — Qis continuous. (2.1.46)
[r,sI\NK

The first property in (2.1.46) implies [ 9,&(t, ™1 (1)) dt > [, 3,8(t,g" (1)) dt — ¢
for all partitions /7. We now construct a suitable sequence of partitions (I7,), that
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allows us to prove the assertion. For given n € N, let #; = r. The other points are
defined inductively, namely, as long as tj" < s, we set

max {reK | <t=#+ 1)V irkn (+1] 20,

min {tj + s} otherwise.

tf+1 = 1
P

On the one hand, there cannot be two adjacent intervals that are small: if
tir1 < 4+ % then K N (tj+1,tj+£] is empty. Now if #i41 < s, then 71, exceeds
min{z+ rll, s}. Hence, IT, has at most 2(s—r)n+1 intervals, and by construction, the

fineness satisfies J(I1,) < %

On the other hand, the choice of the nodes in I, is such that for t € K, we
always have 77(r) € K as well. Indeed, tir1 € IT\K occurs only if (4, 1] has
empty intersection with K. Thus, we have shown that

VieK: 1) ek and T8 () - t* for n — oo.

Now we recall g™ (r) = q(7™(r)), and using the stability of ¢, we conclude that
(T (1), g™ (#)),ey 1s a stable sequence converging to (t, g(t)) because of (2.1.46).
Hence exploiting (C1), we conclude that 9,&(t, g™ (r)) — 8,&(t,q(r)), and
Lebesgue’s dominated convergence theorem gives

lim | 3,&(t, g™ (1)) dr = / 3,£(t, q(1)) dt, (2.1.47)
K

n—>oo K

where a lower estimate “>" would be sufficient to proceed. In summary, we have

sup / 3,&(t, g™ (r)) dr > lim sup / 3,8 (t, g™ (1)) dt
I Jr r

n—>oo

> —& + limsup / 3,&(t, g™ (1)) dt
K

n—>oo

=—¢+ /8,5(:, q())dt > —2¢ + /Sat@@(t, q(1)) dr.
K r

Since ¢ > 0 was arbitrary, this is the desired result. d

The proof of Theorem 2.1.6 will make extensive use of the reduced energy
7 [0, TIXZ — Reg: (£,2) min{g(z,y,z) |5 ey }
The point is that stability and energy balance can be formulated easily for the

reduced rate-independent system (Z,.%,%). For this, we define the reduced
stability sets
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8(r) = {z €| S(ts) <00, VieZ: S(t2) < It 3) + D, Z)}.
(2.1.48)
Clearly, we have g = (y,z) € S(¢) if and only if 7z € é(t) and y € Argmin &(t, -, 7).
The only difficulty in reducing from Q to Z is that in general, t — .Z(t,7) is no
longer differentiable; see the discussion in Section 2.2.1. Thus, we define energetic
solutions z : [0, T] — Z of the reduced ERIS (Z, .#, &) via the reduced power P4
defined in (2.1.16) as follows:

(Shea  2(1) € 8(1),

(BE)rea  Z(,2(1)) + Diss,(z; [0,1]) = .#(0,2(0)) + / Prea(s, z(s)) ds.
0
(2.1.49)

Obviously, each energetic solution g = (y,z) : [0, T] — Q generates a reduced
energetic solution z : [0,7] — Z for (Z,.#,%). The next lemma shows that
the opposite is also true: each solution z for (Z, .#, %) can be made into a full
solution g = (y, z) for the ERIS (Q, &, 2) by selection of a suitable measurable y-
component. In Section 2.2.1, we address the question of producing a direct existence
theory for the reduced system (Z,.7, Z), but the theory there would lead to a
slightly stronger assumption for the full problem. That is why we deal with the
full system first.

Lemma 2.1.22. Assume (D1), (D2), (E1), (E2), (C1), (C2), and (2.1.18). Let 7 :
[0, 7] — Z be measurable with Dissg(z; [0, T]) + sup,epo 77 Z (¢, 2(1)) < oo and
assume z(t) € g(t) for all t € [0,T]. Then with N, from (E2), there exists a
measurable function y : [0, T] — Y such that

(y(2),z(t)) € 8(t) forall te[0,T] and
Prea(t,2(t)) = 0,6 (2, y(1), 2(1)) for all t€[0, TI\N, .

Proof. Our proof will be based on a variant of Filippov’s selection result provided
in Proposition B.1.2 on p. 593, which we will use here with the complete measure
space (5,6, ) as S = [0,7] with & equal to the o-algebra of the Lebesgue-
measurable subsets and u = .Z!(-) the one-dimensional Lebesgue measure.

For given (,z) € [0, T|xZ, we define M(t,7) := Argmin{&(t.y.z) | y € Y}
and compose a set-valued mapping G : [0, 7] = Y via

G(t) := M(t,z(t7)) UM(t,z2(t) UM(t,z(tT)) C Y C Y,

where Y is a compact subset of Y, which exists due to (E1). By assumption (2.1.18),
the topology on Y is complete, separable, and metrizable. Using (E1), each M(t, z)
is nonempty, and hence each G(¢) is nonempty.

Employing (C2), we will show that the graph Gr(G) = {(t,y) |y € G(r) } is
closed in [0, T]xY and hence is measurable; cf. the definition on p.592. Indeed,
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consider (z,y,) € Gr(G) with t, — t, and y, — y.. Then there exists z, = z(t})
with £ € {t,, 1,1} such that y, € M(t,z,). Using Lemma 2.1.13, we conclude
that (y,,z,) € 8(,). After taking a subsequence (not relabeled), we may assume
Z 2 2z, and (C2) provides (v«,zx) € S(t«), which implies y. € M(t«, z4).
Moreover, (fx,zx) lies in the closure of Gr(z) C [0,7]xZ, which means that
z+« = z(22). Thus, we have established y. € G(x), as desired.

We now define the set-valued mapping F : [0,7] = Y via F(t) = M(t, z(¢)).
Clearly, F(z) is nonempty and closed for each z. Since z is continuous outside an at
most countable set Njump C [0, T], we have F(¢) = G(¢) for t € [0, T]\Njymp. Thus,
F is a measurable set-valued mapping as well.

Referring again to N, from (E2), we now define the function g : Gr(F) — R via

[ 0:8(t,y, 2(t)) — Prea(t, z(1)) for t € [0, TI\N, and y € F(r),
N 0 otherwise.

gt,y):

For fixed ¢ € [0, T], the function g(t, -) : F(f) — R is continuous using (C1). Since &
is has compact sublevels by (E1), it is Borel-measurable. Moreover, z : [0,7] — Z
is Borel-measurable, since it is continuous except for a countable number of points.
Thus, for each & > 0, the function yj, : [0, T—h]xY — R; (t,y) > &(t+h,y,z(t))
is (£ ® B(Y), B(R))-measurable. Now, on ([0, T[\N,) xY, the function g is the
pointwise limit of the measurable difference quotients %(yh —y0).Sois N, U {T}
has measure 0, g : [0, T]xY — R is measurable as well, and hence its restriction
to Gr(F).

Next, we show that for each 7 € [0, T]\N,, there exists y € F(f) with g(¢,y) = 0.
Indeed, by (E1), the set M(t,z) = Argmin&(t,-,z) is a nonempty compact set.
Choose a sequence (y,,),, approaching the supremum in the definition (2.1.16) of
the reduced power, that is, Preq(t,z) = sup{9,&(t. y.z(t)) | y € M(t,7) }. Taking
a subsequence, we may assume Y, 2 Y« € M(t,z). Since (yn,,z) € 8(1), we
have a stable sequence, and (C1) gives Prq(t,z(f)) = lim, o0 ,E(t, Y, 2) =
0,8 (t, y«, 2), as desired.

Since for t € N,, the relation g(f,y) = 0 always holds, we are able to apply
Proposition B.1.2 and obtain the desired measurable selection y : [0, 7] — Y with
y(t) € F(t) and g(t,y(t)) = 0. |

We next present a lower energy estimate that is valid for all stable processes.
Based on this general lower energy estimate, one sees that for the following
result, the compatibility condition (C1) could be replaced by the weaker one-sided
condition 9,8(t,q) < limsup 0,8 (¢, qx); see the text after (2.1.47) and compare
to the weaker versions in (2.4.111) or (RC1). The following lower energy estimate,
which is based on Lemma 2.1.21, can be seen as a degenerate version of a chain-rule
inequality in the sense of [413, Prop.2.4].

The fact that stability implies such a lower energy estimate was first observed in
[425]. Here we use a stronger version that replaces the work of the external forces
on the right-hand side by the integral of the reduced power Pq(:, z(+)). Since the
left-hand side in (2.1.50) does not depend on the y-component of the stable process,
it is clear that the lower bound on the right-hand side should also be expressible in
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terms of z alone. It is this seemingly simple observation that allowed us to simplify
the assumptions of the main existence result.

Proposition 2.1.23. Assume that (D1), (D2), (E1), (E2), (C1), (C2), and (2.1.18)
hold. Let g = (y,2) : [0,T] — Q be measurable and satisfy sup,c[o,r & (t,q(1)) <
00, Diss(z: [0, T]) < oo, and q(t) € 8(¢) for all t € [0,T]. Then forall 0 < r <
s < T, we have the lower energy inequality

&(s.q(s)) + Diss gz [ ) — E(r.q(r) = / Pealt 2() de > f 36 o)) dr
' ' (2.1.50)

Proof. First of all, we use that the left-hand side is independent of the y-component,
that is, (2.1.15), by the stability of g(r) and g(s), can be written as .7 (s, z(s)) +
Dissg,(z; [r, s]) — Z (r, z(r)). Thus, it suffices to prove the first inequality in (2.1.50),
since the second one follows directly from the definition (2.1.16) of the reduced
power, namely 9,8 (t, q(t)) < Prea(t, z(¢)) for all ¢ € [0, T]. By Lemma 2.1.22, we
may choose y such that we have equality.

Hence we assume now that ¢ satisfies this equality, i.e., 0,8(t,q(t)) =
Prea(t,z(1)). Take any partition [T € Part([r,s]). For each t,_; € II, we use
4(t-1) € 8(5-1) 1o obtain Et-1.q(t-1)) < E(t-1.4(0)) + (li-1). a(t).
which is the same as

Et, q(1) + D(2(tji-1). 2(t) — E(ti-1. q(ti—1)) = E (1, (1) —E (ti-1. 9(1)).
Summing overj € {1,...,N}, N = N, we obtain

&(s,q(s))+Diss, (z; [r, s)) =& (r, ql\gr))
> &(s,q(s)+ Z D(2(tj-1). 2())) =& (r, q(r))

j=1

N
> 3 (0. a6) =6 -1.9() )
j=1
Ay s i}
-y / 8,6 (1. qty)) dt = / 0.6, 37 () dr. (2151
=1 ti—1 r
Since the partition IT was arbitrary, Lemma 2.1.21 yields the desired result. O

The existence theory developed below will build on the (IMP'7) and the standard
a priori estimates. The general strategy for constructing solutions to (S)&(E) is
to choose a sequence of partitions 7™ with fineness & (/T™) tending to 0, extract
a convergent subsequence of (z);en of (zI")en, and then show that the limit
z ¢ [0,T] — Z solves (S)&(E). The existence of a convergent subsequence is
guaranteed by the following version of Helly’s selection principle, which is proved
in Appendix B.5 in a more general variant; cf. Theorem B.5.13.
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Theorem 2.1.24 (Generalized version of Helly’s selection principle). Let 7 :
ZxZ — [0, 00] satisfy (D1) and (D2). Moreover, let K be a compact subset of Z.
Then for every sequence (z)jex with 7' : [0, T] — K and bounded dissipation, i.e.,

supey Diss, (1[0, 77) < C < oo,

there exist a subsequence (z), oy, a function ze : [0,T] — K, and a function
800 & [0, T] — [0, C] such that the following hold.:

(i) 8, (t) == Diss, (z"; [0, 1]) = 8oo(?) forall t € [0, T,

(ii) z, () = z0o(?) forall t € [0, T,
(iii) DiSS@(ZOO; [lo,l‘l]) < Soo(tl) — 5°o(l0)f()l" all0 <ty <t; <T.

Proof of Theorem 2.1.6. For the reader’s convenience, we will divide the proof into
six steps, see steps no.1-6 in Table 2.1, which will be used consistently throughout
this and the following chapters.

Table 2.1 General scheme of proving existence of energetic solutions. In the
rate-independent cases in Chapters 2—4, Step 0 is usually simple and separated
from the main proof, while Step 7 is irrelevant.

Step no. | Action

©0) Construction of approximate solutions

1 A priori estimates

2 Selection of convergent subsequences

3 Stability of the limit

4 Upper energy estimate

5 Lower energy estimate

6 Improved convergence

(@) Limit passage in possible other (rate-dependent) parts (Chap. 5)

Step 1: A priori estimates. We choose an arbitrary sequence of partitions /7™ whose
fineness @ (IT™) tends to 0. The time-incremental minimization problems (IMP)
are solvable, and the piecewise constant interpolants ¢ = (y",z") : [0,T] — Q
defined in (2.1.12) satisfy the a priori estimates B N

Diss,, (2" [0,7]) < Co and Vi€ [0,T]: E(t.q" (1) < Cs,

where Cy and Cg are given explicitly in Theorem 2.1.5.

Step 2: Selection of subsequences. Our version of Helly’s selection principle in
Theorem 2.1.24 allows us to select a subsequence of (Z"),,en that converges point-
wise and that makes the dissipation converge as well. Moreover, the functions P™ :
t— 9,6(t, ¢"(¢)) form an equibounded sequence in L' (0, T). Thus, by choosing a
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further subsequence (¢"*);en, We may assume the following convergence properties
for k — oo, where we write g, as shorthand for ¢” and p; for P":

Vie[0,T]: 6k(r) := Dissgy(z;;[0,1]) — 6(r) and  z,.(F) N z(1);
Pk = Pweak  inL1(0,7);
i.e., (2.1.20a) holds. Since the limit z : [0, 7] — Z satisfies Diss,,(z;[0,7]) <
8(T) < Cy < oo, we know that z is measurable and satisfies the energetic bound
F(t,z(t)) < Cg. Thus, Lemma 2.1.22 provides a measurable function y : [0, 7] —
Y with
y(t) € Argmin &(t, -, z(t)) for t€(0,T] and

(2.1.52)
;6 (y(1), 2(1)) = Prea(t.2(1))  for 1€ (0, TI\N,,

and y(0) = yo, where ¢, = (yo, 20) is the given initial value with g, € 8§(0). Note
that by construction, z(0) = z”(0) = zo such that y(0) = yo is an admissible choice
satisfying the first relation in (2.1.52) but not necessarily the second.

The aim of the next steps is to show that ¢ = (y, z) is an energetic solution of
(Q.6.9.4,).

Step 3: Stability of the limit function. We will use compatibility condition (C2). For
fixed ¢ € [0, T] we define 7, to be the largest value in JT"* N [0, 7] giving ¢, (1) =
q, (). Then

4(H) €8(wr), w =<t and 7 — . (2.1.53)

By choosing a further subsequence if necessary, we obtain g, (7) 5 g = (v,z(0)
for a suitable y. In particular, (t,, 4y, (1))ien forms a convergent stable sequence.
Now (C2) yields c:j € 8(1). However, this also implies (1) = ((1),z(1)) € 8(1),
since for all ¢ = (y,z) € Q, we have

E(t,q(1) = I (1,2()) = E(1, 9) = E(1,9) + D(2(1),2).

Step 4: Upper energy estimate. We define the functions
ex(t) 1= E(1.q(1).  8(t) 1= Dissy (3 [0.1]),  eoo() = liminfer (),
E(@0) :=&(1.q(), A1) = Dissg(z:[0.1]),  Soo(t) := lim &c(1),
t t
wilt) = [ 8:6(s.q () ds = [ pi(s) ds,

W) = [[3:6(5.q(9) ds = [ Prea(s.2(9) ds.
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where by construction, e;(0) = E(0) = ex(0). Employing Theorem 2.1.5(ii) and
the boundedness of d,& by a C1 A, () (use (E2) and Step 1) gives

ex(r) + 8(1) < E(0) + wi(1) + Crooa (D IT™)), (2.1.54)

where w4 is a modulus of continuity of A. Since & and Diss, are lower semicon-
tinuous (see Theorem 2.1.24(iii) for the latter) and since by weak convergence, we
have weo (1) = limg— oo wi(f) = f(; Pweak (8) ds, the limit K — oo leads to

E(1) + A(1) = €oo(t) 800 (1) = E(0) +woo(r) = E(O)+/0tpweak(s) ds.  (2.1.55)

The next step is now to relate pyexx and Preq(:, z(-)) using the compatibility
condition for the power (C1). As in Step 3, we may choose a subsequence of (g, (f))x
such that

8(1i) 3 4, () > g and  p(t) = py,(1) = lim sup p (1)
—>00

Thus, (C1) is applicable, and we obtain
Pu() = 3:E(t, g, (1) = E(1, @) = pep () < Prealt, 2(2)),

where the latter estimate follows from ¢ = (y,z(t)) € 8(¢) and the definition of
Pred- Since by Fatou’s lemma, we know that we () < f(; Dsup(s) ds, we conclude
that weo (f) < W(t). Thus, we have derived the upper energy estimate

E(t) + A1) < exo(t) + 800 (1) < E(0) + woo(t) < E(0) + W(2).

Step 5: Lower energy estimate. Because of our construction of the function ¢ :
[0,7] — 9, we are able to apply Proposition 2.1.23 and obtain the lower energy
estimate

E(t) + A() = &(1,q(1)) + Diss(z: [0.1])
> £(0,2(0)) + /0 2:6(5. q(s)) ds = E(0) + W (o).

Thus, we have shown that the limit function ¢ : [0, T] — Q satisfies stability and
energy balance for all times, whence it is an energetic solution.

Step 6: Improved convergence. Finally, we show that the remaining conver-
gences (2.1.20b-e) hold. The lower and upper energy estimates imply

E0)+W() < E(1) + A1) = eco(1)+800(1)

t t
< BO+ [ pucacds < EO)+ [ pyy ds < EQ+WO).
0 0
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Hence, all inequalities are in fact equalities. Using the inequalities E(f) < eqo(?),
A(t) < 800(t), and pyeak < Psup < Pred, We conclude that A(f) = 8o0(7) and E(t) =
€00 (1), which proves the convergence statements (2.1.20b) and (2.1.20c). Moreover,
we also find that pyeak (f) = peup(t) = Prea(t, 2(¢)) a.e. in [0, T]. This shows that the
weak limit and the pointwise lim sup of the sequence p; coincide, which implies the
desired pointwise convergence (2.1.20d); cf. [195, Prop. A2]. Also, (2.1.20d), and
the existence even of an L°°-majorant due to (2.1.54) and the energy control imply,
by Lebesgue’s theorem B.3.2, even 9,&(+, ¢, (-)) — ;& (-, ¢(-)) in L1(0, T).

Finally, if & is qualified as in Theorem 2.1.6(iii), then (y,(#))ren has just one
cluster point, i.e., it converges, and thus y,(f) — y(¢) in Y, so that also (2.1.20e)
holds.

Thus, Theorem 2.1.6 is proved. O

2.2 Generalizations

Here we collect some variants of the above method of construction for energetic
solutions that might be advantageous in certain applications.

2.2.1 Direct treatment of the reduced RIS

As indicated in Section 2.1.6, it may be of interest to address the reduced
ERIS (Z, .7, 2) directly. Of course, we may assume the same assumption as in
Section 2.1 by simply taking Y = {0}. However, the task of this section is to find
conditions on .# that are more general. In particular, these conditions should be
such that they can be applied also in such cases where .# is obtained via a reduction
procedure as given in (2.1.14). The problem is that after minimizing with respect to
y € Yin &(t,y, z), we lose in general the differentiability of .# with respect to ¢. In
Proposition 2.2.4, we will explain more precisely how the subsequent assumptions
can be derived from the assumption on & in Section 2.1.

We consider a Hausdorff topological space Z and denote by % the convergence,
where all topological notions are understood in the sequential sense. The dissipation
distance 2 : ZxZ — [0,00] satisfies the two conditions (D1)-(D2) from
Section 2.1.1. For the reduced stored-energy functional .7 : [0, T|XZ — Reo, we
make the following assumptions:

Compactness of sublevels:

an
Vtel0,T]: H(t,) : T — Ry has compact sublevels;
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energetic control of power:
Dom .# = [0, T]xDom .# (0, -)
Jc,eR, A, el 0,7), N, C[0,T], Z'(N,) =0 YzeDom .#(0,") :
I(,2)eWh(0,T), 97.7(t,7) exists for r€[0, T]\N,
and satisfies [0, 7 (t,z)] < A, (t)(#(t.2)+c, ) forall t € [0, TI\N,,;

12)
uniform “semidifferentiability” from the left:
for N, from (I12): VzeZVE*>0Ve>0386>0:
F(t,7) < E* and max{0,1—8} <s<t¢N,
F(t,2)—F (s,
- 87J(t,z) < %‘Y(SZ) + e.
a3)

Here 0,.7(t,z) is the left time derivative 0,77 (t,z) = lim,_ o+ %(ﬂ (t,2)—
S (t—h,z)) for t > 0 and 9;.#(0,z) := 0. The one-sided limit # — 07 is defined
in (2.1.34).

Again (I1) implies that .Z(r,) : Z — Re is lower semicontinuous. Con-
dition (I2) says that the absolutely continuous function .# (-, z«) is differentiable
almost everywhere and the left derivative coincides with the classical derivative
wherever the latter exists. Again, the set [0, T]\N, where the derivative exists
must be independent of z. In particular, the fundamental theorem of calculus holds,
namely & (t, z4) — S (8, 2%) = f; 07 7 (1, z+) dr, and the Gronwall estimates (2.1.3)
hold similarly.

Remark 2.2.1. Condition (I3) is quite strong in the sense that the choice of § must
also be uniform in ¢t € [0, T]\N,,, while in the analogous two-sided estimate (2.1.27)
for &, the choice of § may depend on ¢. It is exactly this gap between the stronger
condition (I3) and the weaker condition (C1) that forces us to prove the existence

directly for (Q, &, &) rather than for the conceptually simpler reduced system
(Z,7,9).

Solutions for the reduced ERIS (Z,.#, &) are defined via stability (S),q and
energy balance (E)req, where now d,.# plays the role of the power of the external
forces:

(Shea  2(1) € 8(2),

(B)rea  F(t,2(2)) + Diss 5 (z: [0, 1]) = .7(0,2(0)) + [ 135 F(s,2(s)) ds,
0
2.2.1)
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where é(t) is defined in (2.1.48). As in the case of the full problem, we define stable
sequences (t,, 2, )ken Via

supF(t,,z;)) <oo and VkeN: z € g(tk).
keN

For the existence theory of solutions we need two compatibility conditions
between the functionals .# and Z. The reduced compatibility conditions for
(Z, S, D) are direct modifications of (C1) and (C2):

reduced compatibility condition:

. 07z
V stable sequence (#;, 7;)ren With (2, z;) g (t,z) we have:

te[0, T\N, with N, from (I2) = 09, .7(t,z) > limsup d, .#(t,z,), (RCI)
k—o00
z€8(%p). (RC2)

Theorem 2.2.2. Assume that .9 and 9 satisfy the assumptions (D1), (D2), (I1),
(I12), (I3), and the reduced compatibility conditions (RC1) and (RC2). Then:

(i) For each 7y € 3(0), there exists an energetic solution z : [0,T] — Z for
(Z, 7,9, z9).

(ii) If IT" € Part([0, T)) is a sequence of partitions whose fineness & (I1') tends to 0
and 7™ is the interpolant of any solution of the associated (IMP™ : ), then there
exist a subsequence z;, = I and a solution 7 : [0, T] — 2 for (Z, %, D, 20)
such that the following holds

Vie[0.T]:  z(t) = Z(): (2.2.2a)
V1€[0,T]: Dissyl(z;[0,1]) — Dissy(z; [0, 1]); (2.2.2b)
Viel0,T]:  F(t,z(0)) = L z(1); (2.2.2¢)
75 () = 372, 2()) in LY, T). (2.2.2d)

Proof. For the proof, we follow the six steps according to Table 2.1 on p. 72 and
mention where differences occur.

Step 1. A priori estimates. This part can be executed exactly in the same way as
before, since for the case of the left derivative d, .#, the Gronwall estimates (2.1.3)
work exactly in the same way because d,”.# equals the two-sided partial derivative
d,-#(t,z) if it exists. The point is that the latter exists almost everywhere, but
the null set where it does not exist is allowed to depend on z, whereas the left
derivative 0, .#(t,z) must exist outside the null set N,. Thus, for a sequence of
1 with @(I1™) — 0, we have an approximations z” with m-independent bounds
on Z(t,2"(t)) and Diss,,(z"; [0, T]).
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Step 2: Selection of subsequences. The selection of a convergent subsequence z;, =
Z" follows again by Helly’s selection principle (Theorem 2.1.24), and we are done.
Again we assume that py = 9, 7 (1, z,(¢)) satisfies px = Pwea -

Step 3: Stability of the limit. This is now a direct consequence of (RC2).

Step 4: Upper energy estimate. The upper estimate follows analogously, since (RC1)
provides the necessary estimate pg,(f) = limsup,_ o pi(t) =< p@) =
0, 7 (t,z(t)). Integration and Fatou’s lemma yield . (¢, z(f)) + Diss(z; [0,1]) <
£(0,z(0)) + f(; p(t) dt, which is the desired upper estimate.

Step 5: Lower energy estimate. The main difference between this and the proof in
Section 2.1.6 is this part. For a lower bound, the compatibility condition (RC1)
cannot be used. Hence we employ the additional assumption (I3). Asin (2.1.51), for
each partition IT = {r = tp <t; <--- < ty = s} of [r, s], we obtain

7 (5,29) + Dissy @ . s]) = 7,200 = Yo (70 200) =7 (-1.21))).

Since  — (¢, z(¢)) is bounded by E*, (I3) implies the existence of a modulus of
continuity @ with & < (&) such that under the additional assumption #; ¢ N, for
j=1,2,...,N—1, we have

F(s,2(s5)) + Dissy(z; [r, s]) — Z(r,z(r))

= Y (07 7 (0.20)) = ) (G=1-1) = (AG) = Altx-1)) (E"+¢,)
= Riem(p, 1) = (@ (IM))(s—r) — (A(s) = AG=B () (E*+c,).

Here A is defined as in (2.1.3a) with A, replaced by A, and Riem(p,[T) =
ij:l p(4)(ti—t;—1) is the Riemann sum for the integral [’ ' p(t) dt with respect to
the partition T of [s, #]; cf. (B.5.2) on p. 604. If s € N, and the value p(s) = p(ty) is
not defined, we set p(s) = 0, which explains the last term in the estimate above. By
Theorem B.5.3, we can take a sequence of partitions I7” with &(I1T") — 0 such
that Riem(p, I[T") — _/;Yp(‘[) dt for m — oo. Following the arguments in [149, 372]
it is easy to show that we may choose all [1" such that [1" NN, C {r,s}. Thus
the lower energy estimate .# (¢, z(7)) + Diss,(z; [0, 7]) — £ (0, z(0)) > f(;p(t) dr is
obtained.

Step 6: Improved convergence. This step works exactly as in Section 2.1.6. O
The following one-sided analogue to Proposition 2.1.17 is useful in establishing

the compatibility condition (RC1). It is of interest that the condition (I3), which was
used for the lower energy estimate in Step 4, is also sufficient here.

Proposition 2.2.3. If .7 satisfies (11) and (13), then for all t € [0,T]\N,,, the
following implication holds:

zZ
zZ, —> zand _ _ ~
7 = 8 7(1.2) > limsupd; 7 (1.2,,).
S (t.2,) > I(1,7) <00 (J(t.2) 2 limsup 0.7 (1.2,

(2.2.3)
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Proof. We follow the proof of Proposition 2.1.17. For t = 0, we have 9, .#(0,z) =
0, and there is nothing to prove. Hence we assume ¢ > 0 and 7 ¢ N, from now on.
Let Eg, ho > 0be such that t—hg € [0, T] and # (¢, z,,), -Z (t,z) < Ey for sufficiently
large m. Then for i € (0, hg), condition (I3) implies

H(t,z,,)—F (t—h,z,)
A + o

0 I(t.z,) < o(h).

The same estimate also holds for z. Using 2 > 0, the lower semicontinuity of
J(t—h, ) (following from (I1)), and the assumed convergence of the energy, we
obtain

. I(t,z,)—F (t—=h,z,)  F(t,2)—I(t—h,z)
lim sup < .

m—00 h - h

Combining the above two estimates, we obtain, for i € (0, hg),

H(t,z,,)—I (t—h,
limsup d; .7 (1, z,) < limsup (. 2) =S (t=h5,) +

m—00 m—>00 h

o(h)

< S (1, z)—;l](l—h, 2) n

Taking the limit &7 — 07, we obtain the desired result. O

Next we discuss how the properties that were assumed here for .# can be derived
from the properties imposed on & in Section 2.1. We refer to [302, 307] for related
and more general results for this kind of reduction. In particular, under the stronger
assumption that each &(-, ¢) lies in C!([0, T]), one can prove continuity from the
right 3, .7 (t,,z) — 9, #(t,z) for 1, — tT, whereas from the left one has only
lower semicontinuity d; .# (¢, z) < liminf, ,— 0, 7 (¢, 2).

Proposition 2.2.4 (One-sided time derivatives [302, 307]). Let & : [0, T]|xYxZ
— Reo satisfy (E1), (E2), and (2.1.27) from Section 2.1. Then the reduced functional
S defined in (2.1.14) satisfies (11) and (12). In particular, (12) holds with A , = A,
and ¢, = c,. If Z(s,z) < oo, then for all t € [0,TI\N,,, both one-sided time
derivatives a,if (t, 2) exist and satisfy

9+.7(t.z) = min { 0,6(t,y,2) | y € Argmin £(z, -, 2) }
(2.2.4)
< max { 0,8(t,y,2) | y € Argmin &(¢, -,z)} = 0,.7(1,2).

Proof. Note that .#(t,z) < « if and only if there exists y such that £(¢,y,z) < «.
Thus, (sequential) compactness of the sublevels of .# (¢, -) follows easily from that
of &£(t,-,-). This establishes (I1).
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Further, we fix any z such that .# (s, z) < oo and set Y (¢) := Argmin &(¢,-,z) C
Y. These are compact sets, and a simple argument shows that the set-valued mapping
is upper semicontinuous, namely

Ly = les Yy —> Ver Yy €Y(t,) form e N =y, € Y(tx). (2.2.5)
Since condition (2.1.27) holds, Proposition 2.1.17 implies that
a™ (f) := min { 0;8(t,v,2) | y € Argmin &(t, -, 2) }
< max { 0;8(t,y,2) | y € Argmin &(t, -, 2) } =:a (1)

are attained, i.e., there exist y* () € Argmin &(z, -, z) with a® (1) = 3,&(1, y*, z2).

We now show that ¢~ is a left time derivative; the case for at is analogous. On
the one hand, for t > h > 0, take any y € Y(¢). Then 3 (& (t,2) — Y (1—h,2)) >
+(&@.y.2) = E(t—h.y.2)) = a (t). Taking the limit / — 0" and using that y was
arbitrary, we obtain

. L It — F(t—h,2)
lim inf
h—0+ h

> sup { 262 |5 e Y(r)} —a (). (22.6)

On the other hand, choosing y;, € Y(t—h) and using (2.1.27) yields

SF(t,z) — F(t—h,2) - E(t,yn,z) — E(t—h,yn,2)

; < ; < 0,E(t, yn, 2) + w(h)

with w(h) — 0 for h — 0. Now choose a sequence (A,,)men such that h,, — 0
and the left-hand side approaches its limit superior. By compactness, we assume

that additionally, yj,, 2 v« € Y(¢) holds. Employing Proposition 2.1.17 once again,
we obtain

S (t,z) — I (t—h, z): lim F(t,2)—F (t—hy,2)

h m—>00 hm

lim sup
h—0t

< Tm 9, i, ) +OUn)=0,E (1, ya,2) < @ (0).

Together with (2.2.6), this shows that 9, .7 (¢, z) = a™ (), and (I2) is established. O

Example 2.2.5 (A nontrivial reduced ERIS). The following ERIS has a solution z
for which 9,7 (¢, z(t)) is different from 9;".# (¢, z(¢)) for all times. We letY = {0, 1},
Z =R,

%zz — 141z forj =0,

E(t,),2) = F(t,2) = le—0?—Le+niforj=1,

2
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and 2(z0,21) = |z1—20|. We have Z(t,z) = H(t,z) forz > t,and Z(t,7) =
H1(t,z) for z < t. The function z with z(f) = ¢ is an energetic solution, since an

easy calculation shows that é(t) = [t—1,1+42] and since the energy balance holds
because of

F(t,z2(t) = —2+Dt/2, Dissy(z;[0,7]) =1, 9, FL(t,1) =09, Ho(t, 1) = —t.

Note that 9,77 (t,1) = 97 H(t,1) = —t — 1 < 37 .7 (t,1). The point is that the
solution is sliding along an edge of the potential all the time. (There are other
solutions as well, namely z(¢) = t for t € [0, t«], z(t) = max{t,t—1} for r > ¢, for
any tx > 0.)

2.2.2 Other nonsmooth behavior of .9

In the previous section, we discussed the reduced functional .# under assumptions
that are compatible with the reduction process .7 (¢, z) = min &(¢, -, z). This implies
in particular the relation 9;" .# < .#,~.#. There may be other cases in which exactly
the opposite inequality holds. In [397], the case is considered that .# is defined via
a functional J : X xZ — Rin

F(t,z) = J(x(t),z), where J(-,z) : X — R is convex,

X is a Banach space, and x € W'1(0,T;X). Since for J(-,z), the directional
derivatives

J(x+hv,2) —J(x,2)
h

D d(x,z;v) := lim
h—0t

exist because of convexity and satisfy D, J(x, z; v) > —D,J(x, z; —v), we have
0, I (1.2) = —Dyd(x(1). z: —%(1)) < DJ(x(1). z: X(1)) = 8,7 7 (1.2)

for all r where x(-) is differentiable.
The following example gives a very simple model having exactly this structure.

Example 2.2.6 (A nontrivial generalized energetic solution). We consider the case
Z = R with 2(z1,22) = |z2—z1] and F(t,2) = 2|z—L(t)| + p(t)z with p, £ €
C!([0,T]) and |p(t)| < 1 for all ¢. It is easily seen that for all ¢ € R, the stability
set is a singleton, namely g(t) = {{(¢)}. In particular, the incremental minimization
problem z;, € Argmin (¥ (1, )+ 2(z,_,,-)) always leads to the solution z, = £(z,).
Thus, we would like to consider the unique limit z : # — £(¢) as an energetic solution
for (Z, .7, 9). However, along this solution z, we have

077 (1,2(1) = p(OL(r) — 2L(D)] < p(L() + 21L(1)| = 3.7 (1, 2(0)).
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We calculate the necessary power p of the external forces from the energy balance

(1.2(1)) + Dissy (@ [r.]) = p()(1) + / li(5)] ds = p(NE() + / p(s) ds,

where the last equality provides the desired energy balance. Thus, this balance holds
only if p(t) = p()L(t) + p(t)L(t) +|£(f)| a.e. on R. In particular, recalling | o(#)| < 1,
this p lies strictly between ;% (¢, z(¢)) and 9;*.7 (¢, z(1)).

We now want to generalize the condition (I2) to handle such a situation. We begin
again with the reduced energetic system (Z, .#, &) satisfying the assumption (D1),

(D2), and (I1). Condition (I2) is strengthened by assuming that both one-sided
derivatives exist:

Dom .# = [0, T]xDom .#(0, -),
3¢, eR, A, eL)0,7T), N,C[0,T], L (N,)=0
VzeDom .#(0,-) : Z(2)eWV(0,T), Vte[0,TI\N, 38F.#(z,7) and satisfy

|07 (t.2)| < A, (1) (S (t.2)+c, ) forall t€[0, TI\N, .
(2.2.7)

Example 2.2.6 motivates the following generalization of energetic solutions,
where we use the abbreviation

Ponax (1, 2) := max {377 (1,2), 0 7 (1, 2)}.

Definition 2.2.7 (Generalized energetic solutions). Let the ERIS (Z, ., &) sat-
isfy the assumptions (D1), (D2), (I1), and (2.2.7). Then z : [0,T] — Z is called a
generalized energetic solution if there exists p € L1(0, T) such that for all # € [0, T],
we have stability (S) and weakened energy balance (WE)

(S) F(t,z72(1) < L(t,2) + D(z(t), 7) forall 7 € 2,
(WE) 7(6.2(0)) + Diss,, (@ [0.1) = 7 (0.2(0)) + [ 'p(s) ds with
0, I (s5,2(5)) < p(s) < Prax(s,2(s)) foraa.s e [0, T\N,.

Generalized energetic solutions are usual energetic solutions as soon as we know
0t .7 < 07 . as in the case of reduced energy functionals.

To find a suitable existence theory for generalized energetic solutions, one just
has to check how upper and lower energy estimates are obtained. The latter was
established above for all [r,s] C [0, T]; however, we now also need to derive the
upper energy estimate on all intervals [r, s] with P, on the right-hand side. Then
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(WE) will follow. To obtain these upper energy estimates, we will assume that the

energy is continuous on the stability sets S(f).

The new conditions in the following existence result are exactly tailored to
provide these conditions. A suitable variant could also be derived for the full ERIS
(Q,.8,92).

Theorem 2.2.8 (Existence of generalized energetic solutions). Assume that the
energetic system (Z, .7, 9) satisfies (D1), (D2), (I1), (I13), and (2.2.7). Moreover,
assume

the generalized compatibility conditions:

. [0TXZ.
V stable sequences (11, 2;)1en With (t;, z)) — (1, z) we have:

VZe23z 5z limsup (S (1, 2)+ 2. 20) < S (. 2)+2(z ),
e (GC1)

t€[0, TI\N, with N, from (12) => Puax(t,z) > limsup ;.7 (t, z)).
e (GC2)

Then for each zy € S(O), the initial-value problem (Z, %, 9, z0) has a generalized
energetic solution. Moreover, for incremental approximation, the same result holds
as in Theorem 2.2.2.

Proof. The proof follows again the six steps of Table 2.1 on p. 72.
Steps 1 and 2 work as above.

Step 3: Stability of the limit function. Because of condition (GC1), which cor-
responds to (2.1.38), we can apply Proposition 2.1.15(ii) and obtain the stability

z(¢) € 8(1).

Step 4: Upper energy estimate. By Proposition 2.1.15(i), we know that (GCl1)
implies continuity of .# on the stability set. Thus, in the discrete upper energy
estimate

n trflﬂ
T2 0N+ 3 ). 2, = S @2, < [0z, (00
I=j+1 fj

we may pass to the lim inf on the left-hand side and to the lim sup on the right-hand
side. Assuming 7" — r and 7;' — s and using (2.1.40) (now for #) and (GC2), we
obtain the desired upper estimate

7 (5.2(5)) + Diss o (: [r:5]) < 7 (1 2(r)) + / P, 2(1)) de
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forall r,s € [0, T] with r < s.
Steps 5 and 6 follow as above, since we have also assumed (I3). O

In the following example, we show that the notion of generalized energetic
solution, which involves the weakened energy balance (WE) with the Clarke
differential, is really necessary in cases in which the one-sided partial derivatives
satisfy 9, %p(t,z) < 9;7.%(t,z) at some points. In particular, it is impossible to
make an a priori choice like p(f) = max{d°' % (t, z())}, which worked in [307],
since there, 3, .%(t,z) > 9;".%(t, z) holds.

Example 2.2.9 (Generalized energetic solutions as limit of energetic solutions).
This example has a smooth energy .#, such that 9;.%, exists, while in the limit, .#,
is only Lipschitz in z. We let Z = R and 2(z, 7) = |z—z|. The energy functional
reads

Je(t.2) = He(z—a(1)) and So(1.2) = 2|z—a(0)],

where o € C1(0, T) is given and H,(u) = 2u?/~/e2+u?. For the partial derivatives
with respect to time, we have

3,.74(t.7) = —H,(z—a(t))a(¢) and 0" S (1, 2) = —2|a(r)|Sign(z—a (7).

Since Z(t, -) is smooth and strictly convex, the energetic solutions for (R, %, &)
are exactly the solutions of the doubly nonlinear equation (cf. [425])

Sign(2(1) + H(z(t)—e(1)) > 0.

For ¢ > 0, the system is smooth, while for ¢ = 0, we have Hy(u) = 2|u| and
set So(t,z) = Ho(z—a(?)). Consider the special case «(f) = ¢ and z.(0) = 0.
If B is the unique solution of H,(B,) = 1, then the unique energetic solution is
Z¢(f) = max{0, —fB}. Using 0 < B, — 0, we obtain the limit solution z(¢f) = t =
limg_ z¢(¢). It is a generalized energetic solution if we use p(t) = 1 € [-2,2] =
9% 2 (t, 1) in (WE).

2.2.3 The case of noncompact sublevels of &

There are applications, e.g., in plasticity, where the sublevels of & are not compact,
but merely closed. In that situation, it can be used that the a priori bounds in
Theorem 2.1.5(3) or (2.1.29) are bounds on the sum of energy plus dissipation.

Corollary 2.2.10. Let all the assumptions of the main existence result, Theo-
rem 2.1.6, hold except for (E1). Instead, we impose that & be lower semicontinuous
and that for the initial value q,, € 8(0), the functional (t,q) — &(t,q) + 2(q,.q)
have compact sublevels.
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Then all the assertions of Theorem 2.1.6 remain valid.

Proof. Using @(qo,c_]H(t)) < Diss@(c_]H;[O,t]) and Theorem 2.1.5(3), we see
that all incremental approximations c_]U lie in a compact set, since &(¢, c_]U ) +

2(q,, gH (1)) remains uniformly bounded in 7 and I7. All other steps of the proof of
Theorem 2.1.6 remain the same. O

2.3 Semicontinuity of approximate incremental problems

A natural question arises as to how many energetic solutions exist in comparison to
those that are obtained as limits of the incremental minimization problem (IMPT)
in (2.1.8). As we have shown above, the approximations gn associated with (IMP'T)
can be considered upper semicontinuous in the sense that every limit point z
obtained from a sequence (gH”)neN with J(IT,) — 0 is an energetic solution.
The question is whether the opposite is true as well, namely that every energetic
solution is such a limit point for a suitable sequence of partitions and corresponding
incremental solutions. The following example shows that this is in general not the
case.

Example 2.3.1 (Nonapproximable energetic solutions). We consider the state space
Z = {0} U [1,2] U {3} C R with dissipation distance Z(z¢,z1) = |z1—z0| and the
energy functional .# : [0, 3]xZ — R with

J(,0) =-2t, F(t,z) = %(z—t—Z)2 . % for ze[1,2], and #(t,3) =—1.
We have two different energetic solutions starting in zg = 1:

t+1forze[0,1),
Z(1)([) — 3 fortell,2), Z(Z)(t) _ t+ 1forte [0, 1),
0 forre2,3]; 0 forrell,3].

However, incremental solutions cannot approach solution z(". Starting with zg =
1, we have z; = 1+, as long as #; < 1. Now assume 7, ,; > 1. Then J(z) =
I (tiyq,2) + |z—1—1] satisfies J3) = 1 -1, > 0 > J(0) = 1 + 1, — 2t,,; and
J(iz) = JQ2) = %t,%ﬂ — % — ty > 0 for z € [1, 2]. Hence, the global minimizer of J
is z; .y = 0, and all incremental solutions converge to 7.

To avoid the necessity of lower semicontinuity, it is advantageous to introduce

the concept of approximate incremental minimization problems. To this end, we
define the set of e-approximate minimizers of a functional J : Q — R, as follows:

Argmin, o := {q € Q|dq) < e+ inf 3(3) } 2.3.1)
q€Q
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i.e., ¢ > 0 is the tolerance allowed for approximating the infimum. To a given
partition [T = (ty < t; < --- < ty) € Part(J0,T]) we associate an N-tuple
e = (e1,...,ex) € [0,00)" of tolerances and define two types of approximate
incremental problems.

Definition 2.3.2 (Approximate incremental problems). Given (Q,&, Z,z0),
the approximate incremental problems (AIPX) and (SAIPX) consist in finding
(g )r=1,...n in Q with

(AIPT) g, € Argmin, o (£(t.) + D(q_y.")):

q € Argming, o (1. ") + D(q_y.-))

(SATPT)
and &1, qi) + 2(q—1- q1) < Etys G—1)

where (SAIPE ) is called the strengthened approximate incremental problem.

If ¢ = (0,...,0), then (AIPX) and (SAIPY) just give the old incremental
minimization problem (IMP'T). If all & are positive, then (AIPE ) always has a
solution, even without any assumption on the lower semicontinuity of .# and
2. This is even the case for the strengthened approximate incremental problem,
where the existence of solutions follows easily if all g; are positive. Indeed, since
Ax = Argmin,, ¢ (6’(tk, )+ (g, -)) is never empty, we find that &k € A If
E(ty, c}k) + 2(q,_1, ij) < &(.q;_,), then we are done by choosing g, = 211(- If
not, we can choose g, = g,_,, since the following estimate shows that g,_; € Ay:

E(ty @i—1) + D mr> ) < E @) + D@15 41) (2.3.2)
<& +inf (@) + 2(q_y."))- (2.3.3)

Our aim is to give conditions that guarantee that solutions to (AIPg) and
(SAIPé7 ) have the same compactness conditions as the solutions to (IMP). The
final aim is to show that for a suitable subsequence, we have convergence of the
z-component and that the limit gives rise to an energetic solution. The first result
gives the discrete result on the a priori estimate, stability, and the energy estimates.
In the second result, we provide convergence results. Since we minimize only
approximately, we also need the approximate-stability sets defined via

8%(1) := {qe Q| &(tg) <00, YqgeQ:&(tq) §a+5(t,5)+9(q,5)}.

Of course, 8°(f) = 8(r) and o < f implies 8%(r) C 8P (). The following result is a
simple generalization of Proposition 2.1.4.

Proposition 2.3.3. Assume that (Q, &, 2) satisfies (D1) and (E2). Then for each
partition IT € Part([0, T]) and each ¢ € (0,00)N with N = Np, the solutions
(@ )k=1,....v and ((}k)k=1 ,,,,, N fo (AIPf;I ) and (SAIP? ), respectively, exist and have
the following properties:
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(i) Fork=1,...,N we have that q, is ec-approximate, i.e., q, € 8°*(t,);
(ii) Witha = 1 for (AIP) and o = 0 for (SAIPT) we have, for allk = 1,...,N:

tk
E,q) + D(z—1,7) < oec + E(ti—1,9j-1) + / 056 (s, qg—q) ds.
tk—1
(2.3.4)

As in Section 2.1.2, we now obtain a priori estimates by induction. In fact, if we
define ey = &(1,, q,) + Z,]'(=1 gjand 8 = Z(z,_,.z,), then all the calculations done
there remain valid with small modifications:

k k
&t qr)+ce + Z D(7j-1.3) < (U ZSjC_A(tj) + &(0,qy) + Cg) eA,
j=1 Jj=1

Subsequently, we use the following notation for the 1-norm and the co-norm:

N

lelq :Zé‘k and |&|oo :max{ek|k: 1,...N}.
k=1

Thus, for given a R > 0, we obtain uniform a priori bounds for the solutions
(@) =1,y for (AIPT) for all IT € Part"([0,7]), N € N, and ¢ € [0, 00)" with
lely < R. For (SAIPé7 ), no restriction on ¢ is necessary, since ¢ = 0, and we have
the same estimates as for (IMPH).

To pass to the limit, we need to strengthen the compatibility conditions (C1)
and (C2), since they were based on stable sequences. We now introduce approxi-
mately stable sequences. The sequence ((t,, g,))ken is called approximately stable
if there exists a sequence (o )ren such that

q, € 8%(t,) fork e N, sup&(t,,q) < oo, o — 0%, (2.3.5)
keN

The compatibility condition for approximately stable sequences reads exactly like
those for truly stable sequences. However, the condition is more restrictive, since
there are far more approximately stable sequences than stable ones.

compatibility condition for approximately stable sequences:

V approximately stable sequences (f,, ;) ren With (2, qk)[oﬁ;) (t,q)
t € [0, TI\N, with N, from (E2) — 09,&(t,q) = klim 9,&(t.q), (ACIl)
—00
q € 8(2). (AC2)
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Theorem 2.3.4 (Convergence for (AIP7) and (SAIPX)). Assume that & and
9 satisfy the assumptions (D1)—(D2), (E1)—(E2), and the compatibility condi-
tions (AC1)—(AC2). Consider a sequence of partitions IT' € Part™ ([0, T]) and

£® € (0, 0c0)N with @(IT") — 0 and |e?|so — 0 for | — oo and let (q,(([))k=1,,,,,Nl
be any solution of ( SAIP% ), and 51171 the associated interpolant. Then there exist

a subsequence q, = quk and a solution g = (y,7) to the initial-value problem
(9,8, 2,q,) such that the following hold (with N, from (E2)):

Viel0,T]: 70 > Z(0) in Z; (2.3.6a)
Viel0,T]: Diss, (z;; [0, 1]) — Diss,(z; [0, 1]); (2.3.6b)
Vte[0,T]: E(t, q () = E(t, q(1); (2.3.6¢)
Vte [0, TI\N, : 3,E(t, q. () — 3,E(t, q(1)). (2.3.6d)

In particular; also 3,6 (-, q,(+)) — 9,6 (-, q(-)) in LY(0, T). If additionally €@ —
0, then the same holds for the solutions of (AIPg; ).

Proof. We again follow the six steps of Table 2.1 on p. 72.
Steps 1 and 2 are identical, since we have uniform a priori bounds.

Step 3: Stability of the limit function. This follows directly from the approximate
stability of the approximate solutions and from |¢|o, — 0 by exploiting (AC2).

Step 4: Upper energy estimate. The upper estimate is the same as for IMP) in the
case of (SAIP{I ), since 0 = 0. For (AIPé7 ), we have additional terms from ¢ that
arise by summing (2.3.4) in Proposition 2.3.3(ii), namely

n t:l
&t g™ (1) +Diss o (g1 [ ) < Y e+ g™ @)+ / 8,6 (5. g™ (5)) ds.
m+1 thy

Now, using the additionally assumption |¢®|; — 0 for (AIPg7 ) gives the desired
upper energy estimate.

Step 5: Lower energy estimate. Here we deal only with the limit that is exactly
stable. Hence ¢ does not matter.

Step 6 works as usual. O

Now we follow [408] and show that for every energetic solution ¢ : [0,7] —
Q of the initial-value problem (Q, &, Z, q,), there exist approximate incremental
solutions (g, )x=1,...,n for (AIPg ) if & is not too small. The obvious choice, which we
will also use, is given by g, = q(tf), and the task is to find out for which ¢ this is an
approximate solution. As such, this result is not too surprising, but certain variants
have impact in the existence theory for optimal controls of RIS; see [506, 507].
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Theorem 2.3.5 (Reverse approximation of energetic solutions). Assume that the
ERIS (Q, &, D) satisfies (D1) and (E2). Let q : [0, T] — Q be an energetic solution.
Then for every partition [T = {0 =ty < t; < --- < ty = T}, the (N+1)-tuple
(9 )k=0,1,...n With g, = q(t,) solves (AIP{I) whenever ¢ = (g1, ..., &y) satisfies

e > 2E*(A(t)—A(4_y))  fork=1,...,N, (2.3.7)

where E* = sup{ &(r,q()) | r,t € [0,T] }.

Proof. Let § > 0 be arbitrary. For k = 1,...,N, we let o = inf{&(t,, q) +
PD(q_y»q) | g € Q}. Thus there exists ak with éo(tk,c}k) + _@(qk_l,gk) < o+
8. Arguing as we did following the definition of (SAIPé7 ), we may also assume
&1, ‘}k) < E(t Gi—y)-

Obviously, (g,) solves (AIP?) if we set & equal to &, = &(1,q,) +
P(qi_1>q;) — o or equal to any upper bound. Using the energy balance of the
solution g, we obtain

173
er < E(t q) +Diss g (q: [ty i) —a < E(_y. qr_y) + | 056 (s.q(s)) ds— .

thk—1
Since ¢,_; € 8(tx—1), we may test with c}k and obtain

Ik

Eters @ier) < E_1. @) + D@y, @) < 0k + 8 — / 3,6 (s. q;) ds.

Ir—1

Inserting this into the previous estimate and applying (2.1.3b), we arrive at
Boss [ (0600 - 056.30) s
Tk—1
1
<54 [ REO(EGa0) e + (E6.G0+c)ds (238)
fk—1

Thus, we obtain &, < § + 2E*(A(r,)—A(f,_,)). Since § > 0 was arbitrary, the
desired estimate (2.3.7) is established. O

Overall, the results are not yet satisfactory, since for the upper semicontinuity of
Theorem 2.3.4, we need |¢|oo —> 0 if we deal with (SAIPE ). However, for (AIP? ),
we need the stronger condition |¢|; — 0. The opposite result in Theorem 2.3.5
applies only to (AIPg7 ) and provides a lower bound on ¢ that is compatible with
l&loo — 0 but enforces a lower bound on |¢|;, namely |e|; > 2E* A(T). We refer to
the discussion in [507, Sect. 3.3] for a more careful analysis.

In the following example, we show that in general, it is not possible to reduce
the linear order of the lower bound (2.3.7). Only in very good cases (smooth and
uniformly convex) we might be able to show that &k is sufficiently close to g, =
q(t,) that it would be possible to take advantage of a cancellation in the integral
in (2.3.8).
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Example 2.3.6 (Example 2.3.1 continued). We may compare the lower bound on &
derived here with the one we need in the above example. In fact, we have see there
that J(3) = 1 -1, > J(0) = 1+1#,—2¢,,, holds. Thus, to jump to z = 3 in that step,
which is certainly the best moment, we need &x = J(3) — J(0) = 2(1,_,—1,). Thus,
we have to allow for error levels g that are of the order of the loading increment.

2.4 Evolutionary I -convergence for sequences of ERIS

We will now consider sequences of rate-independent systems ((Q, &, Zk))ren and
study the question under what conditions energetic solutions ¢, : [0,7] — Q
converge to a limit solution that is again an energetic solution for a limit system
(9, o0 Po)- Surprisingly, as already revealed in [420], this theory is still very
close to the existence theory for energetic solutions above, so our proof will follow
the six-step scenario as in Table 2.1 on page 72.

The evolutionary I"-convergence for ERIS has found numerous applications in,
e.g., fracture [223], two-scale homogenization [260, 400, 429], numerical approxi-
mation [222, 328, 418], and delamination [421, 545]. We will address evolutionary
I"-convergence in the following chapters, for instance in a numerical convergence
theory in Section 3.6.1 and in the derivation of material models with microstructure;
see Sections 4.2.2.2 and 4.4.1.2. A special I"-convergence theory for quadratic ERIS
in Hilbert spaces will be developed in Theorem 3.5.14 and applied in linearized
elastoplasticity for dimension reduction and homogenization; see Sections 4.3.1.4
and 4.3.1.5, respectively.

2.4.1 Basics on static I -convergence

The notion of I'-convergence, introduced by De Giorgi [155, 156], exclusively
applies to functionals, i.e., static problems without time-dependence. It is sometimes
also called variational convergence or epigraph convergence. We refer to [28, 30,
94, 95, 141] for the full theory and applications. Here we just give a brief outline
that is sufficient for our purposes.

We consider a metrizable topological space Q, which means for our application
that we will restrict to a compact sublevel and use the metrizability assump-
tion (2.1.18). For a sequence (Ji)ren of functionals J; : Q — R, one is interested
in the behavior for k — oo, which reflects the behavior of minimizers. In particular,
one defines the limit Jo in such a way that if g, minimizes Jy and g, N goo, then
oo Minimizes Joo.
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For a sequence (Jx)ken, the I'-liminf and the I"-lim sup are defined as follows:

[-liminfdy : ¢ inf{ liminf9,(q,) | gn > q} and (2.4.12)

k—00 n—00
[-limsupde : g inf{ limsup 9n(qn) | an > ¢ } (2.4.1b)

k—o00 n—o00
By definition, we say that J; I'-converges to J if I'-liminf,,cJy = J =

I'-limsup,_, o, Ji. The following definition makes this a little more explicit.

Definition 2.4.1 (I"-convergence and Mosco convergence). Let (Ji)wen be a
sequence of functionals on the metrizable topological space Q. Then J; I"-converges

tod: Q— Ry, written J = I'-limy_ oo Ji or for even greater brevity Ji I J,if
(I inf) I -liminf estimate:

6 > q = 3(q) < liminfi(q,). (2.4.2a)

(I" sup) I'-limsup estimate or “existence of recovery sequences”:

VgeQI(@Gen withg, = §:  J(q) = limsupdi(q,).  (2.4.2b)

k—00

If the underlying space Q is a Banach space Q, we can define weak I"-convergence
and strong I"-convergence, by equipping Q with the weak or the strong topology,

. . M .
respectively. Moreover, we say that J;, Mosco converges to J and write J;, — J if we
have weak and strong I"-convergence. In particular, this means that (I” inf) holds in
the weak topology, while (I sup) holds in the strong topology.

Here the sequence (@k)keN is called a recovery sequence for the limit g, since (I” inf)
and (I" sup) imply Hk(c}k) — J(q). ie., ‘Alk recovers the correct energy level.
The following results are fundamental in the theory of I"-convergence.

Proposition 2.4.2. Under the above assumptions we have the following:

(i) Jint = I'-liminfy_, o Ji is always lower semicontinuous. In particular, if J =
I'-lim J; exists, then it is lower semicontinuous.

(ii) For J,Jr : Q = Reo with J = I'-limy— oo Ji set @ = infq J and o = infg J;.
Assume o € R and that there exist § > 0 and a compact set C C Q such that
all sublevels {q | dx(q) < a+5} are contained in C. Then o — o and for
each sequence g, with LGy = 4 and limsup;_, o, J1(q;) = limso0 0k = @, we
have §(q) = «, i.e., q is a minimizer of J. In particular, if g, are minimizers
of Jk, we conclude that all accumulation points of (q,) are minimizers of J =
F-limk_mo Hk.

Example 2.4.3 (Monotone approximation from above). Let us consider a decreas-
ing pointwise-convergent sequence (Ji)en. i-€-.,

Jk(q) = Jk+1(q) = d(g) and k]—1>r20 di(q) = d(q) forallg € Q, (2.4.3)
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and let J be lower semicontinuous. Then I"-lim; o Jx = 4. Indeed, for every g, —
g, we have J(q) < liminfy o d(q,) =< liminfy_ oo Ji(qy), so (2.4.2a) obviously
holds. Taking the recovery sequence constant, i.e., Z] = Z], makes (2.4.2b) satisfied
as a consequence of the pointwise convergence J; — J.

Example 2.4.4 (Abstract “numerical” approximation). Let us consider the case
Q CUy1 CQand Jr:i=J+ SQk' 2.4.4)

Further, suppose that for some topology 7 finer than (and not necessarily identical
to) the topology of Q considered for existence of energetic solutions, J is T-
continuous and | J,eny Qk is T-dense in Q. Typically, such occurs in various
numerical approximations where the Q; are finite-dimensional manifolds. Then
I'-limy_, » Jx = J. Indeed, the (I" inf)-condition holds because again, J; > Ji+1 >

J as in Example 2.4.3. For every ¢ € Q, there is ¢, € Q such that g, > .
Then lim—co Ju(q) = limsoo 3(q,) = 3(9) and also im0 ¢, = ¢ in Q, SO
that {g, }xen is a recovery sequence for (2.4.2b). Note that lower semicontinuity
of J would not be sufficient. A simple counterexample is J := 8, with some
q € 2\ Ureny . where Ji = oo obviously does not I"-converge to J.

Example 2.4.5 (Monotone approximation from below: penalty function). The situ-
ation J; < Jr+1 < Joo can be illustrated by considering A C Q closed, Q equipped
with a metric d inducing a topology finer than (but not necessarily identical to) the
topology of Q, J lower semicontinuous, Jo, := J + 84, and

di(q) := d(q) + kdist(g. A)* := J(q) + k inf d(q. ¢)* (2.4.5)

g€EA

with @ > 0, where the last term is called a penalty function for the constraint g € A.
Then I"-limg— o0 dx = doo. The (I" inf)-condition is trivial for g € A, because then,
Joo(q) = J(g) < liminfy— 0 J(g,) < liminfy_ o di(q,) if we use successively
lower semicontinuity of J and that J < Ji. If ¢ & A, then dist(g,A) > 0, because A
is closed and there is ko such that dist(g,,A) > %dist(q,A) > 0 for all k£ > ko, and
then

liminf Ji(g,) = liminfJ(g,) + lim kdist(g, A)*
k—00 k—00 k—00

dist(g. A)

2 = 00 = Joo(q).

> J(q) + lim k
k—00
The (I" sup)-condition works for the constant recovery sequence 21,( = q:if g € A,
then Jx(q,) = 3(q) = Jo0(q), and if ¢ & A, then Joo(q) = oo, and (2.4.2b) holds
trivially.

Merging Examples 2.4.4 and 2.4.5 has some use and is not entirely straight-
forward, because the recovery sequence in Example 2.4.5 no longer can be taken
constant, and thus deserves a careful formulation and a detailed proof.
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Proposition 2.4.6. Let {Q;}ren be as in (2.4.4), let J be bounded from below, let
A C Q be compact, and assume that both J and the metric d determining dist(-, A)
are lower semicontinuous in the topology of Q. Moreover, assume A N DomJ # 0,
and let there be a metrizable topology T on Q such that the metric d is T-continuous,
UkeN Qy. is T-dense in Q, and the functional J is T-continuous. Furthermore, let

0et (@) = 3(q) + - dist(g. A)* + 80, (0) (2:46)

with a > 0. Then there exists K : RT — N such that:

(i) limg—s0, k00, k>k(s) MNJex = minds and (e,k) — Argmindg is upper
semicontinuous conditioned to k > K(g) in the sense that every cluster point
(in the topology of Q) of every sequence (qgx) with qg €
Argmin Jg belongs to Argmin 4.

(ii) If additionally, T coincides with the topology of Q, which is still assumed to be
metrizable, then K can be chosen in such a way that even

£—0, k—>00, k>K(g)

I-lim Jg =3da :=J + 84. 2.4.7)
£—0,k—00
k>K(e)

Proof.> As to (i), we can first use Example 2.4.5, exploiting now the topology T
to show that 0 < minJ, — minJ, — 0 for ¢ — 0, where we have now defined
de = J + % dist(-, A)®. Then for every ¢ > 0 fixed, we can use Example 2.4.4 and
obtain some K (&) € N such that for every k > K(g), we have 0 < min J—min J, <
min g, — min .. Merging these two results yields

|min Jgr —minJ4| < (minJg — minge) + (min g, — min J;)

k>K(e) e—>0
< (ming4—ming;) — O. (2.4.8)

Thus limg_¢, ko0, k>k(¢) MiN Jex = min g4 is proved.

Then for every g LN q with gg € Argmin Jz, we must have g € A, because
otherwise, lim inf dist(gz, A) > dist(g, A) > 0, so that %dist(qak,A)"‘ — 00, which
contradicts Jgr(ger) = minJg — min g4 < oo. Here the lower semicontinuity of d
and hence also that of dist(-, A) have been used. Using also the lower semicontinuity
of J, we have

mingdy = lim  Jer(ger) = lim  Je(qex) = liminf J(qer) > J(g).
£—>0,k—o00 £—0,k—o00 £—>0,k—o00
k>K(g) k>K(g) k>K (&)
(2.4.9)

Thus g € Argmin J4, which proves (i).

SCf. also [328, Proof of Prop. 5.6] or the older work [519].



94 2 Energetic rate-independent systems

As for (ii), let us first treat the I'-lim inf estimate (2.4.2a). We may assume that
liminfe—0, k>00 dex(gek) =: y < 00, since otherwise, nothing is to be shown.
By assumption, J(g) > —C > —oo, and thus we conclude that dist(gg, A)* <
(14+y+C)e for (e, 1/k) sufficiently close to (0,0). Hence, g — ¢ implies g € A.
Moreover, the convergence ggr — ¢ implies lime—0, k—>o00 d(gex) > J(g). Using
g € A, we obtain

da(q) = d(q@) = liminf J(qex)
e—>0,k—o00
.. 1 .. ..
< liminf (3((181() + - dlSt(QSkvA)a + 891( (q%)) = liminf 38k(‘]5k),
& e—0, k—00

e—0, k—00

which is the desired I"-lim inf estimate.

For the I"-lim sup estimate (2.4.2b), we first consider the case ¢ & A, which leads
to Ja(q) = oco. Now every sequence g, — ¢ is a recovery sequence. The continuity
of d yields dist(qg, A) — dist(g,A) > 0, so that %dist(qsk,A) — 00, which implies
liminfy 0, k—>o00 Jek(gek) = 00 = Ja(q), as desired. (Here lower semicontinuity of
d would suffice.)

Next, we consider the case ¢ € A. By the assumed density of | J, <y Q. there is a
sequence (qi)en» 9k € Qe with g — g.

Using the compactness and the metrizability of Q, we can think about a metric,
say o, inducing this convergence. Due to the density of | J <y Qk in Q, for every
8 > 0, there is some ks € N sufficiently large such that for every ¢ € A, there is
q € Y, 0(q,q) < §; the proof is by contradiction: if for every k € N, there were
some g; € A whose §-neighborhood was disjoint from Qy, then by compactness of
Q, we would get a limit g of a subsequence of (gy)ren converging for k — co whose
8/2-neighborhood would still be disjoint from (_J,x Q&-

By the assumption, d is continuous with respect to the metric g, i.e., for every
e > 0, there is § = §(¢) > 0 such that o(g, §) < § implies d(q, §) < £2/¢.

Merging these two results, we can see that for every ¢ > 0, there is K(¢) > 0
sufficiently large, namely K(e) = kgs(g), such that for every k > K(¢) and g € A,
there is g, € 9y such that d(q, gx) < €2/®_ Then we put gex = g. In particular,
d(q, ger) < €2/® implies limg 0, k00 gek = g With respect to the topology induced
by d. Also note that 1dist(qer. A)® = 1dist(gr.A)* < Ld(gi.q)* < 162 = e
Therefore,

. . .. .
limsup Jo(ger) = limsup 3(ge) + 1dist(gr, A)* = _lim  3(g0) +¢ = (@),

e—>0,k—00 £—>0, k—00

which proves (2.4.2b). Here we used that J is continuous with respect to the
topology induced by d. O
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2.4.2 The main assumptions for evolutionary I’ -convergence

We first list the assumptions on the rate-independent systems (Q, &, Z), k €
Noo := NU{o0}, that are sufficient for our convergence theory. They are in complete
analogy with the assumptions in the existence theory above. We just need to have
certain uniformity assumption. Moreover, note that certain properties are needed
only for the limiting system with k£ = co. Then we will present some results about
the limits of energetic solutions.

Since we are already dealing with a sequence of problems and we have to
choose subsequences several times, we need to adjust the notion of stable sequences;
see (2.1.17). The stability sets S;(¢) are defined for (Q, &, Z;) as in (2.1.4). A
sequence ((#, q;,))ey is called a stable sequence for the family (Q, &, Dy)ren
(abbreviated as stab.seql.\I further on) if

qy, € Si(t) foralll € N and  supjey & (11, q;,) < o0. (2.4.10)

Note that (g, )ien denotes a subsequence to indicate the index k; for which we have

stability. As in the previous sections, we say that ((#;, ¢;))en is a stable sequence

for (Q, Enor Do) if q1 € S8oo(ty), and for brevity, we write stab.seq™ in that case.
We now state our assumptions together and comment on them afterward:

Quasidistance: Y k € Ngo V 2, 7.2€2:

- ~ ~ ~ ~ A 24.11
D(z,2) =0 & z=17z and Zi(z,2) < Z(z, 2) + Di(2,2). ( 2)

Lower semicontinuity of 9.

2.4.11b
VkeNyw: Di: ZxZ — [0,00] is lower semicontinuous. ( )

Lower I -limit for y:
N [01xQ ~ o~ [071xQ ~ ~
V stab.seq.' (1, q;,) — (t,q) and (71, q;) — (1, 9) : 2.4.11¢)
D04, q) < lilgigf@kz(qkl» qk,)~

Compactness of energy sublevels:
For all t € [0, 7] and all E € R we have

24.11d
(i) VkeNy: {qe Q| q) <E}iscompact ( )

() Ug2,{q € Q] &t q) <E} is relatively compact.
Separability and metrizability: The topology restricted to 24.11¢)

sublevels of &(t, -) is compact, separable and metrizable.
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Uniform control of the power 0,6%:
Dom & = [0, T]xDom &;(0, -) and
¢, e R3IA, € LY, T)IN, C[0,T], L1(N,) =0
VkeNg Y geDom & (0,) : &(-.q) € WH(0,T) and
0,8,(t, q) exists for ¢ € [0, T] \N, with
10:6%(1, )| = Ap (D) (Ek(s, ) +c, ).
(24.111)

Lower I -limit for &:

(0712 . 2.4.11
V stab.seq (1. q;,) — (1.q) © Enolt.q) < hgclgfcfk, (1. qy,)- ( g)

Conditioned semicontinuity of the power: ¥ te[0, T\N, :

[0T]xQ

v stab.seq. (11, ;) —> (1.q) : 9,6 (t,q) = limsup 0,8, (t.q,).  (2.4.11h)
[—>o00

V stab.seq® (1, 41) 5 (1,q) © 9,8, q) < limsup 8, En(t, q1).  (2.4.110)

[—o00

Conditioned upper semicontinuity of stability sets: .
N [01]<Q (2.4. 1 1_])
V stab.seq. (11, q;,) — (1.9) © g € Sooll).

Assumptions (2.4.11a-c) mainly concern the dissipation distances Z: the first
correspond to the earlier conditions (D1) and (D2), whereas (2.4.11c) is the new
I'-liminf condition. Assumptions (2.4.11d-g) are mainly on the stored-energy
functionals &: the first two correspond to the earlier (E1) and (E2), but now
requiring uniformity with ¢, A, and N, independent of k € N, whereas (2.4.11g)
is the new I'-liminf condition. Conditions (2.4.11j) and (2.4.11h,i) correspond to
the compatibility conditions (C1) and (C2), respectively.

It may seem strange that we do not require the I"-convergence of Z; KN Do
and &;(t,-) i & for k — o0. In fact, we don’t need this in general, but the com-
patibility conditions (2.4.11h-j) implicitly provide the I"-limsup estimates when
restricted to the stability sets 8o (7). In fact, the sufficient conditions for (2.4.11j)
we discuss below (cf. (2.4.13)—(2.4.14)) all involve the construction of a mutual-
recovery sequence. In many practical applications, we will certainly have Z 5 9
and &(t,-) L & The importance here is that we are automatically forced
to consider I'-convergence in the intrinsic topology, namely the one induced by
convergence of stable sequences.

For a given function z : [0,7] — Z, [r,s] C [0,T], and k € Ny, we use the
abbreviation Diss (z; [r, s]) = Dissg, (z; [, 5]).

Lemma 2.4.7 (I"-lim inf estimate for Diss;). Assume that (2.4.11a) and (2.4.11c¢)
hold. Let qi : [0, T] — Q be given such that for all t € [0, T], we have q, () € 8;(t)

and z; (1) 2 7(t) for | — oo for a subsequence (k;);. Then
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Dissyo (z; [1, 5]) < lilm inf Dissy, (z;,; [, 8]) ~ forall [r,s] C [0, T]. (2.4.12)
—>00

The same statement holds for piecewise constant interpolants q, = gnk if c]k(tji.‘) €
Sk(tj’f) Sfor all k and all tj’f e IT%, if (IT*) — 0, and if 7, (1) 2 z(¢) for all t.

Proof. For arbitrary ¢ > 0, choose a finite partition IT = {r = 19 < --- < 1y = s}
of [r, s] with Zjvzl Doo(2(1j-1). 2(1j)) = Disseo(z; [r, s]) — €. Using (2.4.11c), we
obtain

N

Dissoo(2: [r. s —¢ < n;gggf; Di 2 (5-1):2 (1)) = liminfDissy (3, [, ).
P

In (2.4.11c¢), also the convergence of the y-component is assumed. This is, however,
irrelevant here, since % is independent of this. (In fact, we could choose even a
further subsequence to make the y-components convergent as well on all 7; € I1.)
Since ¢ > 0 was arbitrary, this gives (2.4.12).

For the second case, we proceed similarly. For each 7; € IT and k € N, we choose
1 € " with |tf—7| < G(TY) and g, () = qi(t}), where we use g, = gm. Then
for each fixedj = 0, ..., N, the sequence (t_’.“, 41, (tj))ien is stable (g, (7)) = q;(tj’f) €
8(t)) with £ — 7 and 7 (7)) = 2(1). O

The major compactness result is a generalization of Helly’s selection principle,
which is proved in Section B.5. Using (2.4.11a-c), it is shown that every sequence
of functions z; : [0, T] — Z for which Diss;(z;; [0, T]) and &;(-, gx(-)) are uniformly
bounded and that is stable has a pointwise convergent subsequence.

The condition concerning the convergence of the power is split into two
conditions, namely (i) the lim sup estimate (2.4.11h), which will be used to derive
the upper energy estimate, and (ii) the lim inf estimate (2.4.111) for the lower energy
estimate. The latter is derived solely from the stability of the limit problem; hence
it is a condition on the limit system (Q, &o0, Zoo) only.

The major condition that makes the whole theory work is (2.4.11j). This
condition couples the potentials & and % and provides a kind of upper I”-limit
estimate for &, and % simultaneously. In [223], a similar condition is derived to
study the I"-convergence of the solutions in families of crack problems. There, our
notion of stability is called the “unilateral minimality property,” and our notion
of upper semicontinuity of the stability sets is called “stability of the unilateral
minimality property.” In that paper, Theorems 7.2 and 8.3 provide what we call
condition (2.4.11j).

As in Section 2.1.5, we have a hierarchy of conditions that imply (2.4.11j). The
weakest condition involves the existence of suitable mutual recovery sequences
[420]:
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V stab.seq (t,,qkl)w—]xi2 (t.q9) Vq€Q3q, 57

lim sup &, (11, Z]kl)"'-@kl(‘hq’ 5k1)_£}<1(tl’ le) < ol Z])+-@oo(% 5)—5000, q)-

=00
(2.4.13)
The next stronger conditions reads as follows:
V stab.seq (t,,qkl)[oﬁ>Q (t.q)VqeQigq, 57
(24.14)

11?1 sup (& (11, 41)+ %@y, 41,)) = G0t @)+ Doo(q. ).
—>00

.. . r .
The strongest condition requires &, — &»o and continuous convergence of Z:

(2.4.11g) holds and V 1€ [0, T] V¥ g€ Q

~ A0 oA . ~ ~ (2.4.15a)
3 (g )ren With g, — g : h/tn sup &i(t, q) < ot q),
—00

Q ~ Q ~
4y —> 4, 4, — q, and Dl G -
~ = Z(q,, 91) = Poo(q, q).
supen (61t q)+& (1. q,)) < 00 ko Tk 00

(2.4.15b)

The following result is a direct analogue of Proposition 2.1.15, and the proof is
the same after adding the subscripts 4, and « suitably.

Proposition 2.4.8. Assume that (2.4.11g) holds.

(i) Iffor each stab.seq" (1, q,) converging to (1, q), there exists a sequence (q1)1en
such that limsup,_, oo &,(t1, 41)+%, (9, q1) < &nolt,q), then the energy
converges along the stable sequences, i.e.,

[077xQ
V stab.sed (1, q,) — (1,9) : (i1, 4y,) = Eno(t, ). (2.4.16)

In particular, (2.4.14) implies (2.4.16).
(ii) We have the implications (2.4.15) = (2.4.14) = (2.4.13) = (2.4.11)).
(iii) If additionally, (2.4.11f) holds, then in all conditions, & (t;,-) can be replaced
by &(t,-), but q;, € 8y,(t) remains.

The following examples show that the above implications cannot be reversed.
It is easy to provide such examples taking &, and P, strictly lower than
the corresponding I'-limits. Our examples below are chosen such that equality
between & and P, and the corresponding I”-limits hold. In particular, this means
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that (2.4.11g) and (2.4.15a) hold. For simplicity, we drop the dependence on the
time ¢ € [0, T, since the main emphasis of condition (2.4.11j) is on the convergence
of g,. Using the assumption (2.4.11f), it is then easy to obtain the more general
version including ¢, — ¢.

Example 2.4.9 (Different mutual recovery conditions [420]).

(I) In Example 2.1.16, we proved (2.4.13) 7% (2.4.14), even for constant
sequences.

(II) To prove (2.4.13) & (2.4.14) & (2.4.15), we consider Q = R, &(q) =
1(k*q)?, and Z(q.q) = kP|g—q|. Here, @, f > 0 are parameters. The
corresponding stability sets are 8; = [—k#~* kB~%]. The I"-limits are easily
obtained, namely o = & if @ = 0 and & = &y otherwise, and
D5(q, q) = |q—q| if B = 0 and Doo(q, q) = 8103(g—q) otherwise, where
8,4 is the indicator function, i.e., §4(b) = 0 for b € A and oo otherwise;
cf. (A.5.8).

The different conditions can be checked easily. In particular, (2.4.15b) holds
if and only if ¢ > B > O orif « = B = 0. Condition (2.4.14) holds if and
only if ¢ > 8 > O or if « = 0, which is a strictly larger set. Note that for 0 <
a < f, the property (2.4.16) does not hold, and hence, by Proposition 2.4.8(i),
condition (2.4.14) must be violated. Finally, condition (2.4.13) holds in all
cases by choosing g, = g, +9—¢.

(II) To prove (2.4.11j) & (2.4.13), we let &(q) = &(q) = %qz for k € Ny
and choose 2 via Zi(q. q) = \fg my(p) dp| with my(p)=1 for p > 0 and

=k otherwise. The I'-limit Do, reads Zoo(q, q) = |q—q| for ¢,q > 0,
Doo(q.q) = 0for g = g < 0, and +00 otherwise. Some computations
give 8¢ = [—k, 1] and S = (—00, 1], and thus (2.4.11j) holds. The sequence
q, = —1/k is a stable sequence converging to ¢ = 0. For g = 1, every
sequence (g, )ren With ¢, — g = 1 satisfies Zk(q,, ¢;) = 2 < Zoo(q, @) =
95(0,1) = 1. Hence, since & is continuous, (2.4.13) cannot hold.

2.4.3 Convergence of energetic solutions

We present three different convergence results of increasing complexity. Our first
result concerns the limit of a sequence of energetic solutions ¢, : [0,7] — Q
of ERIS (Q, &, Z,). Under the above assumptions, pointwise convergence of the
solutions is enough to guarantee that limits of solutions are energetic solutions of
the limit system (Q, &5, Zo)- The second result is concerned with time-incremental
minimization problems (IMPHk) for (Q, &, Zx). For brevity, let us denote it by
(IMP)X, with a given sequence of partitions (IT%)iey satisfying D(IT*) — 0.
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Again, we are able to prove (partial®) convergence of the piecewise interpolants
q" 1 [0, T] — Q. In the last case, we treat the situation in which the functionals &,
and 2, may not be lower semicontinuous. We replace the incremental minimization
problem (IMP)* with an associated approximate incremental problem (AIng)

of the strengthened version (SAIng); see Section 2.3. Generalizing the above
conditions suitably, we again obtain that limits of approximate solutions solve the
limit problem.

2.4.3.1 Solutions of (Q, &, Zx) converge to solutions

The first result is concerned with exact energetic solutions of the initial-value
problems (Q, &, Z. q,(0)), and we already assume that these solutions converge.
This is not a restrictive assumption, since from the proof, it will be clear that every
sequence of solutions has a subsequence for which the z-component converges
pointwise, and that is the only important assumption; for y-convergence, we refer
to Remarks 2.1.8 and 2.1.9.

Theorem 2.4.10 (Evolutionary I"-convergence). Ler assumptions (2.4.11) hold,
and let g, : [0, T] — Q be energetic solutions of (Q, &k, D). Further, assume that
for all t € [0,T], we have q,(t) 5 q(t) and &(0,q,(0)) — &x(0,4q(0)) for
k — oo. Then q : [0,T] — Q is an energetic solution of (Q, e, Poo). With N,
from (2.4.11f), we have

Vtel0,T]: E(t, g, (1) = Exol(t, (1)), (2.4.17a)
Vtel0,T]: Dissi(q,; [0, 7]) — Disseo(g; [0, 7]), (2.4.17b)
Vte [0, TI\N, 1 0,6k(t, q, () = 0,600(t. q(2)). 2.4.17¢)

Moreover, we also have 3,8;(-, g, (1)) = 3:&00(+, q(+)) in L1(0, T).

Proof. First, we use &;(0, g,(0)) — &x(0,¢(0)) and condition (2.4.11f) to show
that &(t, ¢, (1)) is bounded uniformly in ¢t € [0,7] and k € N (use (2.1.29) for
s = 0). Now condition (2.4.11j) gives the stability g(¢) € Soo(Z).

On the one hand, we can employ &;(0,¢,(0)) — &x(0,¢(0)), (2.4.11h), and
Lemma 2.4.7 to derive the upper energy estimate

Eoo(t, (1)) +Dissoo(g; [0,1]) < éaoo(O,q(O))jL/Otaséooo(s, q(s))ds forallz € [0,T)].

Tt means convergence in z-component only, while the y-component is again subject to the
discussion in Remarks 2.1.8 and 2.1.9.
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On the other hand, using (2.4.11a-c,e,g,i), we are able to apply Proposition 2.1.23
to the stable process g; note that condition (C1) there can be replaced by the weaker
lower bound (2.4.11i). This supplies the lower energy estimate

Eoo(t, (1)) + Disseo (¢ [1,1]) = Eoo(r. q(r)) —I—/tasé’oo(s, q(s))ds forall [r,7] C [0, T].

Thus, we have the energy balance as well, and ¢ is an energetic solution for
(9, Es0s Doo)-
The convergences now follow as in Step 6 of the proof of Theorem 2.1.6. O

A similar convergence result was established in [569, Lemma 8.2] for the
case that Q is a reflexive Banach space, all &(z,-) are uniformly convex, and
D(z,7) = Ri(z—z). Here we give such a simple result by considering the
fundamental Banach-space case as in Example 2.1.7. More advanced evolutionary
I'-convergence results will be treated in Section 3.5.4 for quadratic energies in
Hilbert spaces @, in Section 3.6 for numerical approximations, and in Chapter 4
for various applications. We also refer to the survey [401] for a general approach to
evolutionary I"-convergence in the case of rate-dependent systems.

Corollary 2.4.11 (Evolutionary I"-convergence in Banach spaces). Consider a
separable reflexive Banach space Z and a family (Z, %, Di)keNo, of ERIS with
I (t,2) = Ti(z) — (€ (2), z), where for each k € Noo, the assumptions (2.1.21) hold
with constants C1 and o independent of k. Moreover, assume the convergences

U — Lo in WHL(0,T5Z%), (2.4.18a)
z

Je = Joo (I'-convergence in the weak topology of Z ), (2.4.18b)

g —zand 7 =7 =  D(3.%) = Zool2,2). (2.4.18¢)

Then for energetic solutions z; : [0, T| — Z of (Z, Iy, D) with
5(0) = 2° and 74(0,7,(0)) > Fx(0,2°),

there exist an energetic solution z : [0,T] — Z of (Z, S0, Poo,2°) and a
subsequence (z; )men with ky, — 00 and

Vie0,T]: 7, (1) = 2(1) and T, (1,7 (1) = oot 2(0)) for k — oo.

Proof. We first choose a subsequence such that (£,)en has an integrable majorant
A, € L'(0,T) and is pointwise convergent, that is,

[€)] + < A, (1) <00 and £(r) — Loo(t) for 1€[0, TI\N, (2.4.19)

z*
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with Z1(N,) = 0. By the standard a priori estimates, we may select a further
subsequence (not relabeled) such that we also have z; (1) — z(7) in Z for some
functionz : [0, 7] — Z.

Now we simply apply Theorem 2.4.10 after checking the missing assump-
tions of (2.4.11), where the topological space is given by Z equipped with the
weak topology. In particular, we see that (2.4.11e) holds. Moreover, the uniform
assumptions (2.1.21) imply that the assumptions (2.4.11a,b,d,f) hold. The lower I"-
limits (2.4.11c+g) are simple consequences of (2.4.18), where we can use £ — £
in C°([0, T]; Z).

The conditioned semicontinuity of the power (2.4.11h+i) follows from (2.4.19)
and the simple form of the power, namely 9;.%(t,z) = —(€x(?), 2).

Thus, it remains to establish the closedness of the stable sets, namely (2.4.11j).
For a given stable sequence (t,,zkl) with t; — ¢ and g, = 2 and a test state z,
we choose a mutual recovery sequence by taking a recovery sequence z; — 2 with

~ ~ r
J4,(z1) = Joo(z), where we use J;, — Joo. From the stability of Z;,» We have

Tt 2) = T (z) — C(0).2,) < I (t.20) + Di (24,0 20)-

Using £, — £o in C°([0, T]; Z) and (2.4.18c), we can pass to the limit in all terms
and obtain the stability z € 8(f), because z was arbitrary. O

In Section 3.5.4.2, we will study the case that Q is a Hilbert space, that the energy
is quadratic in the form &;(z,q) = %(Akq, q) — (£x(1), q), and that the dissipation
is of the form Z(z,7) = Ri(z—2z). Under the assumption that &(t, -) converges to
& (1, +) in the sense of Mosco convergence (see Definition 2.4.1), we obtain a more
precise convergence result; see Theorem 3.5.14.

The following counterexample shows that a mutual condition on the sequences
(S )ren and (Z))en is needed to obtain the above convergence. In particular, the
above result as well as the conclusion of Theorem 2.4.13 below may fail if we have

merely the two independent I”-convergences & EiN Eso and Z SN Do

Example 2.4.12 (Evolutionary I'-convergence may fail). Take Q = R2?, and for
a>0andf >0, let

1 K 1 \?2 - - -
& (t, q) = 54]% + 5(‘]2‘?]1) —tq; and Z(q,q) = |q,—q,| +kﬂ|CI2_Q2|-

Under the initial condition ¢(0) = 0, the explicit solution can be obtained from the
subdifferential equation 0 € AR (¢) + Awg — (£, 0)T, g(0) = 0; cf. [409, 425] for the
equivalence to energetic solutions in this uniformly convex case. Here

1+k(x—2 _kot—l
Ak = ( _ka—l k*

) , R, (v) = Sign(vl)x(kﬁSign(vz)) c R?,
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where Sign is the set-valued signum function. With 7(k) = 1+ kB! + kB+1-2 we
have the solutions g, : [0, 00) — R? with

0,007 fort € [0, 1],
a0=1 (a0 forre[1LTR),
(1—1—kB1, #)T for t > T(k).

For all choices of & and B, the limit g(f) = limg .« g, (?) exists. For f € [0, 1], we
always have ¢(f) = 0, and for ¢ > 1, we obtain

(max{0, —1},0)7 for B €[0,1)ora € (0,2),
(max{0, (-—1)/2.1=2},0)" for (o, B) = (2. 1),

Jim q, (1) = (max{0, (t—1)/2},0)T  fora =2and B > 1,
—00

(max{O,t—Z},O)T fora >2and B =1,

0,0)7 fora >2and B > 1.

It is easy to see that we have

1
r ~g% — =
Et,) 5 €t ) q > ) 291 T Torg, =0,
00 otherwise.

For B = 0, we have Yoo = %, and we conclude the continuous conver-
gence (2.4.15b). Hence, (2.4.11j) holds. For 8 > 0, we have

r - —ag.|f =g, =
D5 G gy | DT = 12 =0,
oo  otherwise.

The unique energetic solution of (Q, &, Zeo, 0) is g(#) = (max{0,7—1},0)T. Thus,
convergence of g, to the limit solution holds if and only if « € (0,2) or 8 € [0, 1).

It is interesting to see that the crucial conditional upper semicontinuity
of (2.4.11j) of the stability sets holds if and only if 8 € [0, 1). To see this, note that
S8oo(t) = [t—1, t+1]x{0} and that 8;(¢) is the parallelogram defined by the corners
Ak_l(t + 01,0:kP)T with 61,0, € {—1,1}. The restriction sup &(t,q,) < oo
for stable sequences implies g,-(0, )T — 0. In fact, the stronger condition of
unconditioned upper semicontinuity of the stability sets (i.e., (2.4.11j) without
the boundedness of the energy in the definition of stab.seqY) holds if and only if
0 < B < min{c, 1}.
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2.4.3.2 Basic homogenization via evolutionary I" -convergence

As a first application of the abstract theory for evolutionary I'-convergence of
ERIS, we consider a simple problem on homogenization. The general theory for
homogenization is a mathematical method applicable to composite materials, where
the material composition varies on a microscopic length scale proportional to a small
parameter € > 0. The homogenized model to be obtained in the limit ¢ — 0 reflects
the phenomenon that macroscopical properties of composite materials may be very
different from properties of particular components. We refer to Sections 3.5.5
and 4.3.1.5 for more homogenization results.

We consider a bounded Lipschitz domain £2 C R4 with d < 3, the function space
Z = H!(£2), and the functionals

09 = [ 1) Ja()2 4 jp(1)e - ez

X
and _@8(11,12)—/;2D(E,Z1,Z2) dx,

where A € L®(RY;R¥?) and a,b,D(-,z1,22) € L®(R?), and D(-,z;.z;) are 1-
periodic in the sense that a(y+k) = a(y) for all y € R? and k € Z¢. Moreover, we
assume the positivities £ - A(y)§ > col€|?, b(y) > co, and D(y,z1,22) > colz2—21|
for some ¢y > 0 and a.a. y € RY,

This defines a family (Z, %, %;), € € (0,1), of ERISon Z = Z = H!(R2)
equipped with the weak topology. Thus, we are in the basic Banach-space case of
Example (2.1.7) and Corollary 2.4.11 with uniform equicoercivity of .Z(t,-) in Z.

The assumptions (2.1.21) hold by classical arguments, and (2.4.18a) is true with
£e = L. Thus, we have to find the static I"-limit of .Z(¢, -) in the weak topology of
Z = H'(£) via classical homogenization theory; see, e.g., [95, 141]. We obtain

r 1 av bay
Fe(t,) = Fhom(t,?) 12— / EVZ'Aefva - %zz + TZ4 —£(t, x)zdx,
I?)

where the tensor Aes € R?*? has to be calculated by a cell problem, whereas a,y =
Jio.10 @) dy and byy = [i4 130 b(y) dy are simple averages.
Using the compact embedding of H! (£2) into L?(£2), one easily obtains

H' ~ H' A ~ ~ ~
Ze ~zand zz = 7 = Ze(26,2¢) = Dhom(2,2) = / Dqy(z,z) dx
2

with Dy, (1, v) = f[o,l]d D(y, u,v)dy.
Thus we have established evolutionary I"-convergence of (Z, .7, Z,) to the
homogenized ERIS (Z, #om, Zhom)-
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2.4.3.3 Solutions of (IMPT) converge to solutions

The major result of this section is the fact that even incremental solutions of
(Q, 8. Zy) for a given sequence (IT¥);en of partition with fineness & (IT%) — 0
have subsequences converging to solutions of (9, &%, Zoo)- Thus, we do not need
exact solutions of each (Q, &, Z)) to guarantee that the limiting functions are
solutions. This fact will be exploited in the case of space-time discretization in
Section 3.6.

For the partition IT¥ given by

It = (g <t <<ty

_y <ty,) € Part([0,T]),

we use fully implicit time discretization to define the incremental minimization
problem (IMP)* via

(IMP)* Given ¢f €Q, forj=1,..., N, find qjl-‘ € Argmin g (cg’k(tj]f, q)—}—@k(qjl-il, q)).

Asin (2.1.12), for each solution ((tj’.‘, q;‘)) i=0,1,...,N;» We define the piecewise constant
interpolants g" : [0, T] — Q, which are continuous from the right:

q"() =4}, forte [ ,.4f) and g“(T) = qy,. (2.4.20)

Theorem 2.4.13. Assume (2.1.18) and (2.4.11). Let the sequence of partitions IT¥,
k € N, satisfy @(17") — 0, and let the initial conditions q](‘,, k € N, satisfy

& >q, and  &(0.45) = Ex(0.q,) € R. (2.4.21)

Then:

(i) Each (IMP)* has at least one solution gk 2 [0,T] — Q, and there exist a

subsequence (c_]k’ )ien and a measurable energetic solution g : [0,T] — Q for
the initial-value problem (Q, o, Doo, q,) such that (i)—(iv) hold:

Viel0,T]: 211 5 2(0): (2.4.22a)
Viel0,T]: Dissy, (¢": [0, 1]) — Dissoo(g: [0. 1)), (2.4.22b)
Yiel0,T]: & (1.4 (1)) > Eolt.q(0)): (2.4.22¢)
Vaa t €[0.T]: 8,6(1.4"(1)) — 9,650(t. q(1)). (2.4.22d)

In particular, also Blé‘}q(-,gk’ () = 0,600, q(-)) in L1(0, T).
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(ii) If additionally, the functional & is such that for each stable point g = (y,7) €
8(1), the functional &(t,-,z) has the unique minimizer y, then taking y(t) =
argmin &(t, -, Z(t)), the convergence in (2.1.20a) can be improved to

g (t) = q(0). (2.4.22¢)

(iii) Moreover, every q : [0,T] — Q obtained as such a limit is an energetic
solution of the ERIS (9, 0, Do, q,) if additionally y(t) € Argmin &'(t, -, z(t))
forall t and 0,8 (t, y(t), 2(1)) = P (t,2(1)) a.e. in [0, T].

Proof. We follow the six steps according to Table 2.1 on p. 72.

Step 1: A priori estimates. Using the uniform control of the power in terms of the

energy and the assumption (2.4.21) on the initial energies, the a priori estimates for

the incremental problems (IMP)* in Theorem 2.1.5 hold uniformly.

Step 2: Selection of subsequences. We use the generalized version of Helly’s
selection principle as discussed in Appendix B.5 as Theorem B.5.13. It guarantees
the existence of a subsequence (k;)en, an increasing function 6*° : [0, T] — [0, oo],
and z : [0, T] — Z such that for all ¢ € [0, T, we have

1) 5 2(r) and  Dissg (24 [0,1]) — §®().

Moreover, Lemma 2.4.7 gives Dissqo (2; [1, 5]) < 6°°(s)—6°°(r) for all [r, s] C [0, T].
The selection result of Lemma 2.1.22 yields a measurable y : [0, T] — Y with

y(?) € Argmin &(t, -, z(¢)) for all t and 9,800 (2, y(1), 2(1)) = Py (t, (1)) a.e. in [0, T].

Step 3: Stability of the limit function. By construction, we have ¢" (t;”) € 8, (tjl-”),
and using @ (IT") — 0, we can employ (2.4.11j) to conclude that () € 8o (t) for
allr € [0, 7).

Step 4: Upper energy estimate. The upper energy estimate follows from

k
tnl

Ea (. (D) + D D @B, 2(E) < 6,(0.q5) + i 06 (1, 4" (1)) de
=1

j=

using (2.4.21) and (2.4.11h) on the right-hand side and (2.4.11g) and Step 2 on the
left-hand side. For % — ¢, we obtain

Eoo(t,q(1)) + Disseo(¢:[0.7]) < é0(0. qo) +/0 e boo(T. ¢(7)) dr.

Step 5: Lower energy estimate. This is a consequence of Proposition 2.1.23 applied

10 (2, s, Doo).

Step 6: Improved convergence. This follows in the usual way. O
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2.5 Relaxation of ERIS via I' -convergence

Here we treat a question that is closely linked to evolutionary I"-convergence as
considered above, namely that of relaxation. For static problems, the theory of
relaxation is well developed; see, e.g., [140, 520]. It is related to procedures that
vary slightly and, in some natural way, modify an investigated problem to guarantee
existence of a solution that the original problem for some rather natural reasons
does not guarantee. Often, this can be done by constructing a lower semicontinuous
envelope in a suitable topology. Here we want to address the analogous question for
ERIS, i.e., for evolutionary systems given by two functionals &1 and 2, that do not
fully satisfy the assumption on the existence theory in Section 2.1. Previous work
on the relaxation of ERIS can be found in [135, 392, 403, 423, 592].

2.5.1 Relaxation of incremental minimization problems

To simply the notation, we will restrict our attention to the case of a single pair
of a stored-energy functional &7 and a dissipation distance 2, though sequences
in the sense of Section 2.4.2 could also be treated. However, we weaken the con-
ditions (2.4.11b) and (2.4.11d)(i) in such a way that the incremental minimization
problem (IMP'T) need not have a solution. Instead, we will consider the approximate
incremental problem (AIPé7 ) or the strengthened approximate incremental problem
(SAIPT) for & and 2, as discussed in Section 2.3. These problems always have
solutions, and we provide mutual conditions on &1 and Z; and suitable relaxations
6no and P, such that solutions ¢* : [0, T] — Q of (ATPT) or of (SAIPIT) converge
to energetic solutions of (Q, &5 ! D).

As in Section 2.3, our assumptions on &7 : [0, T]xQ — Ry, and Z; : ZXxZ —
R need the notion of the approximate-stability sets 8 (¢). For o > 0, we set

8%(r) = {qe Q| &i(tg) <00, Y7 €Q: &i(t,g) <a+ELT) + P(g, 21)}.

The points in §¥(¢) are called approximately stable. Following (2.3.5), a sequence
((t;, 9;)) e 1s called approximately stable if there exists (o) reny With

g, €8% (1) for keN, sup &(t,, q,) < 00, ap — 0,
keN

Our conditions are the following:

Quasi-metric: Vje{l,00} Vz1,22,23 € Z:
Pi(z21,22) =0 & z1 = 22, and Zj(z21.23) < Zj(21.22)+Z;(22. 23)-

(2.5.1a)
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Lower semicontinuity of Peo:

2.5.1b
Doo : LXZ — [0, 00] is lower semicontinuous. ( )

Lower I’ -limit:
0TXQ ~ ~

V approx. stab.seq. (Z,, qk)k[OT_]Xf (t,q) and (7, 5;()1([; (t,q): (2.5.1¢)
Po0(q. q) = liminf 71 (qy. q,)-

Compactness of energy sublevels:
For all t € [0, T] and all E € R we have
(1) {q€9Q|&(t,q) <E}iscompact;
(ii)) { g € Q | o (t, q) < E} is compact.

(2.5.1d)

Separability and metrizability: The topology restricted to

2.5.1
sublevels of & (¢, -) is compact, separable, and metrizable. ( ©)

Uniform control of the power 0,&;:
Dom &; = [0, T]xDom &;(0, -) and
3¢, e R3IA, € LY(0,7) AN, C [0,T] with LI(N,) =0
Vje{l, o0} VgeDom&(0,-) : &(-,q) € WH1(0,T) and
0,65(t, q) exists for t € [0, T] \N, with
0651 @)] < A, (D& (s. D Fc,).

2.5.1f)

Lower I'-limit for &;:
V approx. stab.seq (7, qk)mﬁf (t.q) : Enolt,g) < likm inf &1 (1. q).
—>00
2.5.1g)

Conditioned semicontinuity of the power: N t € [0, T\N,, :

V approx. stab.seq (., qk)mﬁ>Q (t.q) : limsup 9,;61(t, q,) < 0,600(t, q).
k—00
(2.5.1h)

[07<Q

V stab.seq® (f;, ;) — (¢, q) likrggfaté’oo(t, 9 > 3b(t,q).  (25.10)

Conditioned upper semicontinuity of stability sets:

< (2.5.1j)
Y approx. stab.seq" (t,, qk)[oif (t,q): qe€8x(t), !

where again stab.seq® in (2.5.1i) means that ((#;, ¢;))en is a stable sequence for

(9, 650, Do)
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As discussed in Section 2.1.5, the condition (2.5.1j) on the closedness of the
stability set can be established via a hierarchy of several stronger conditions. Note
that the conditions (2.5.1) are in complete analogy to (2.4.11), the only differences
being that lower semicontinuity is required only for & and Z, and that the stable
sequences are replaced by approximately stable sequences.

We recall that the approximate incremental problem (AIPé7 ) and the strengthened
version (SAIPé7 ) are given by approximate minimizers in Argmin, o (cf. (2.3.1)):

(AP g e Argmin, o & (4,-) + Z1(gj-1,°)

q; € Argming o &1(5.*) + Z1(qj-1. ")

(SAIPT)
and é1(1, ¢)) + Z1(gj-1. q)) < €115, gj—1)-
For every partition [T = (fp < 11 < --- < ty) € Part([0,T]) and vector
e = (e1,...,en) € (0,00)", the existence of solutions was established in

Proposition 2.3.3.

We will consider a sequence (1T ")keN of partitions, where 7 ¥ has Ny intervals,
and a sequence (¢®)cy of error-level vectors €® € (0, c0)M. For brevity, we will
denote by (AIP)* and (SAIP)* the problems (AIP%) and (SAIP%), respectively.
For a solution (CIJ]-()/=1,...,Nk of either of these problems, we denote the piecewise
constant interpolant by ¢* : [0, 7] — Q, defined in (2.4.20).

The following result shows that under the assumptions J(IT¥) — 0 and
le®] = max; efk) — 0 for (SAIP)X, and under the additional assumption
lelr = Zj\’:"l sj(k) — 0 also for (AIP)¥, suitably chosen subsequences (gk]) converge
to a limit process ¢ : [0, T] — Q, which is an energetic solution for (Q, &, Zo)-
Theorem 2.5.1. Let Q, &1, oo, Zh, and Do satisfy conditions (2.5.1). Let
us choose arbitrary sequences (IT")ien and (€®)ien with IT* € Part([0, T]),
BIT*) — 0, e® € (0, 00)™, and |e®| oo — 0. Then for every sequence (gk)keN of
approximants constructed from (SAIP)* satisfying

d'0)—>qy and  £1(0,4"(0)) > Ex(0. ),

there exist a subsequence (¢")en and an energetic solution q : [0,T] — Q of
the ERIS (Q, 0, Doo. qp) such that we have the convergences (2.4.22) stated in
Theorem 2.4.13.

If additionally |8(k) |1 = 0, then the same statements hold for solutions of (AIP).

The proof is a simple combination of the proofs of Theorems 2.3.4 and 2.4.13.



110 2 Energetic rate-independent systems

2.5.2 An example of relaxation via evolutionary
I'-convergence

To illustrate the theory developed above, we consider a nonconvex functional
that has a nontrivial lower semicontinuous envelope. We begin with the ERIS
(Q, #1. Zy) given via Q = Z = W!4(0, 1) and the functionals

1

H(t,2) = /0 W(Z (x)) + gz()c)2 —f(t, x)z(x) dx, (2.5.2)
1

D1 (z0.21) = /0 |zl(x) —zo(x)| dx = Hz1 —20 ||L1, (2.5.3)

where W(e) = (e2—1)2, f € C'([0,T);L(0, 1)), and a > 0.

2.5.2.1 Coarse relaxation by lower semicontinuous envelope

We first apply the theory of the previous subsection to the simple lower semicon-
tinuous envelopes in the weak topology of Z = W1#(0, 1). For this, we define the
lower semicontinuous envelope 7o, of .#] via

1
Ioo(t,2) = /o W** (7 (x)) + gz()c)2 —f(t, x)z(x) dx, (2.5.4)

where W** is the convexification of W, i.e.,

W**(e) —

{(ez_l)z = W(e) forlel>1, (2.5.5)

for |e| < 1.
It is a well-known fact that .#; is not weakly lower semicontinuous on Z and that

o 18 its relaxation on Z. Thus, all conditions on .#; and .#, are easily proved to
hold. Note that due to W(s) > W**(e) > %64 — 1, we have the coercivity estimate

fl([,Z) > foo(t,Z)

v

1
2171 = 1+ Sl = @ sy el

3
215 = 5 + 5120 = 7@ -

v

2 grer  (25.6)

from which we can see that .#; (¢, ) has at least quadratic growth on Z = W14(0, 1)
uniformly in ¢ if a > 0 (as we will suppose here).

Furthermore, for the dissipation, we choose Z,, = Z; with 2, defined
in (2.5.3), and the assumptions on Z; and P, follow easily.

The crucial assumption is the upper semicontinuity (2.5.1j) of the stability sets.
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Lemma 2.5.2. LetO <oy — 0,4, > t,z7 — zin Z, and z; € 8¥(t)), i.e, VI € N
VzeZ: St z) <at+I1(t, 2)+21(z, 7). Then z € Soo(1).

Proof. Choose an arbitrary test function z € Z = W1#(0, 1). Since .#y is the
I-limit of (#7),en, there is a recovery sequence (EI)IGN such that z; — 7 and
F1(t1, 7)) = Foo(t, 7). Now we have

joo ([, Z) < liminf jl (tl, Zl)
=00

< liminf (er+.71 (0. 20+ 22 1) = Foo (1. 2)+ ]2 = 2] 1.

where we have used the weak-W!+* continuity of the L! norm. Since 7 was arbitrary,
this proves the assertion. O

Now it is easy to check the remaining assumptions of Theorem 2.5.1, and we
obtain the following convergence result.

Proposition 2.5.3. Assume a > 0, f € C!([0,T];L'(0,1)), 0 < & — 0, and
D(ITy) — 0 for a sequence of partitions (ITy)ren C Part([0, T]). Choose 7o €
81(0) C Z and define the piecewise constant interpolants z, : [0, T] — Z associated
to some solution of the approximate incremental problem (AIP); with initial value
Z’(‘, = 29. Then:

(i) there exist a subsequence (k;)en and a limit function z : [0, T] — Z such that
forallt € [0,T], we have

g, () = 2(0) in W40, 1), A1 (.2 (1) = Joo(t.2(1)).
Diss1(z;;; [0, 1]) = Dissoo(z: [0, 1]) = Jo Iz |1 dr.

Moreover, 7 : [0, T| — Z is an energetic solution for (Z, Fo, Do) that satisfies
z € L%(0, T: WH4(0,1)) N BV([0, T]; L1 (0, 1)). ‘
(ii) Moreover, iff € C1([0, T); L2(0, 1)), then also z € C-P([0, T]; L?(0, 1)).

The only new part in this result is the time regularity of z, namely z €
L%(0, T;1L2(£2)). This fact is a property of all energetic solutions, since by a > 0,
the energy .%o is uniformly convex on L2(0, 1). The proof of this result follows
from Corollary 3.4.6 by choosing § = L2(£2) or from [409, Lem. 3.3].

So far, we have been unable to prove that solutions associated with microstructure
really occur as limits of solutions of (AIP);. In (S),,&(E). this simply means
that solutions satisfy |Z'(z,x)| < 1. However, it is easy to see that (S), & (E), has
solutions of this type. Consider the case a = 1, f(t,x) = (1—t)x, and z9(x) = x.
Then the function z : [0, 3] — W#(0, 1) with

x for x € [0, 1/(1+1)],

z(t,x) = %((1—t)x+ l) forx € [1/(1+1), 1],
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is a solution. It would be sufficient to show that this solution is unique. Then
all accumulation points of solutions of (AIP); would necessarily converge to this
unique solution.

2.5.2.2 Regularization by singular perturbation and its I" -limit

Instead of solving the (AIP);, we may also treat a regularized problem using the
energies

1
Tt 2) = [0 %{(z”(x))2 + W (x)) + gz(x)2 —f(t, x)z(x) dx. (2.5.7)

The added term ﬁ (z’ ! (x))z, intended to disappear in the limit k — oo, is called a
singular perturbation.

We show that for this situation, the I"-convergence results of Sections 2.4.3.1
and 2.4.3.3 are applicable. For this, we still keep the underlying space Q = Z =
W14(0, 1) equipped with the weak topology. Now each .#; has compact sublevels,
since they are closed and bounded in H?(0, 1), although not uniformly with respect
to k; cf. condition (i) and (ii) in (2.4.11d). In particular, if we choose a smooth stable
initial value zg, the existence theory of Section 2.1.3 provides energetic solutions
z, for the initial-value problem (Z, %, %, z0). In fact, they are solutions of the
differential inclusion’

0 € Sign(2) + %ZW/ — (W) +az—f(t,x) on[0,T]x£2, (2.5.82)
2(0,-) = z¢ on £2, (2.5.8b)

with zz € L*(0,7;H?(0,1)) N BV([0,7];L!(0,1)). We need to assume now
z0 € H?(0,1), for otherwise an approximation of zy would be needed. In
L>°(0, T; H2(0, 1)), the norm will tend to co with k, whereas in L% (0, 7; W14(0, 1)),
there is a k-independent bound.

Hence, we may pass to the limit for k — oo, since it is well known that 7, is
the I"-limit of .7; see [94, 141].

Theorem 2.4.10 is applicable, and we conclude that convergent subsequences of
(z)ken exist and that their limit points are energetic solutions associated with the
relaxed functionals ., and .. Moreover, Theorem 2.4.13 can be employed to
show that the solutions of suitable incremental problems converge to solutions of
(S) 0o & (E) o as well.

"If W is smooth, (2.5.8a) can equivalently be written as 0 € Sign(z) + 12" — #W(Z)z" + az —

f@.x).
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2.5.2.3 Fine relaxation by extension in terms of Young measures

An alternative relaxation is based on so-called Young measures and a continuous
extension of W. To be more specific, let

Qym = { g=,2)eZ*0, HxWH*(0, 1) ( /Re v(de)=7(x) for a.a. x€ (0, 1) |,

where

740,1) 1= {V=(Vx)xe(0,1) | vy is a probability measure on R for a.a. x€ (0, 1),

VveCy(R): x— / v(e)v,(de) is measurable,
R

/;)I/Re“vx(de) dx < oo}

is the set of the L4—Y0ung measures; cf. Sect. C.3. Then it is natural to define

1
[ WE @) +5202~f (.02 dif v, = 6., for aa.xe(0. 1),
0
00 otherwise, (2.5.9)

<ﬂl(tvz»v) =

while
Filt,z,v) = /0 1( /RW(e)vx(de) + gz(x)z—f(t,x)z(x)) dx. (2.5.10)

The set Qyy can be considered a convex subset of the linear space Wh#(0, 1) xH*
with H := C([0,1]) ® {e — (14+e*)v(e)+ae* | v € Co(R), @ € R} under the
natural embedding

G (i [ [ he e dx)

forh € H,i.e., h(x,e) = g(x)(14+e*)v(e)+a(x)e* with g, € C([0, 1]). Note that
1® W, as well as 1 ® id, belongs to H, where id : R — R denotes the identity. This
linear space H* is standardly topologized by the weak* topology,® which makes
Fym(t,+) the T-limit of .#;(z,-). Let us remark that the space W#(0, 1) itself
is embedded into Q by z — (z, (§;(x))xe(0,1)), and thus also into the closure of
Q in WH#(0, 1)xH*, which is a convex locally compact metrizable envelope of

8Tn fact, in talking about the dual space H*, we must specify some topology on H that itself is a
linear space. A universal one can be induced by the norm of Car*((0, 1); R), cf. (C.2.2) on p.618.
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W14(0, 1) into which W!-4(0, 1) is embedded (norm, weak*)-homeomorphically.’
More specifically,

Q.= {(n,z) € Y40, )xW'4(0, 1) | idey = z'}, 2.5.11)

with Y}(0,1) referring to (C.2.4) with p = 4 and iden € L*(0, 1) defined by
[y liden](x)g(x) dx = (1, g ® id) for g € C([0, 1]); cf. also (C.1.5) on p. 616. Then
we define Y, : [0, T]xQ — R by

It 2, ) = (7], 1® W) + /01 %zz(x) —f(t,x)z(x) dx. (2.5.12)

In fact, .o (t, -, -) is a continuous extension of .# (¢, -) from (2.5.9) from W1-4(0, 1)
to its locally compact convex envelope Q from (2.5.11).

Again, the theory of Section 2.5.1 is applicable. This shows that piecewise
constant interpolants of the solutions of the approximate incremental problem
(AIPE ) associated with .#; and &) have subsequences that converge to energetic
solutions associated with (9, Zeo, Zo)-

Alternatively, we can pose the relaxed problem by setting Q = YxZ and Fo, :
[0, T|XYXZ — Ry defined by

Y:= Y30, 1), Z:= W40, 1), (2.5.13a)
H

1
(n,1®W)+/ 92 —f(t.)zdx if iden =2 on (0.1),
0

00 otherwise. (2.5.13b)

joo(t’ 77’ Z) =

For an energetic solution (1,z) to (9, Yoo, o) at any time ¢t € [0,T], n()
minimizes Y (t, -, z(f)) on Y, and realizing that W is coercive with growth greater
than linear, we can see that 7(r) has a Young-measure representation v(t); cf.
Section C.3.!° Thus we return to an energetic solution (v, z) for (Qym, Fym, Zoo)-

9This could be shown by adapting Proposition C.2.1(a) to the case of the Sobolev space W#(0, 1)
instead of L*(0, 1), which can unfortunately be performed only in one dimension; cf. also [520,
Chap.5].

10Tn fact, every stable state ¢ = (1,z) prevents concentrations and thus has a Young-measure
representation. Indeed, if such were not the case, its nonconcentrating modification § = (1, 2)
would satisfy ide = iden = Z/, but by Proposition C.3.1(iv), it would yield .Zoo(t,7,2) >
Ioo(t.7,2) + P(z.7) if § # 7, contradicting the stability.
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In the vectorial multidimensional case, a more sophisticated Young measure
relaxation in the rate-independent setting is given in [328]. Related evolutionary
systems for Young measures, also in the rate-dependent case, are discussed in
[96, 145, 146, 388, 392, 403, 416, 591]. We will return to relaxation methods in
the multidimensional case in Section 4.2.2.2 and also 4.4.1.2. For p = 2, uniform
integrability that is uniform also in time has been derived in [188, Lemma 7.3] using
sophisticated quasiminimizer-based arguments.
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