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1 Introduction

All graphs in this paper are simple. Let G.V; E/ be a graph and v 2 V.G/. The
degree of a vertex v; denoted by d.v/; is the number of edges incident to the vertex.
The degree sequence of a graph is the nonincreasing sequence of the degrees of its
vertices. If G has n vertices, the degree sequence of G is .d1; d2; : : : ; dn/ where
di � diC1 for every i D 1; 2; : : : ; n � 1.

Let G and H be graphs with order m and n, respectively. The disjoint union G

and H; denoted by G[H; is a graph with the vertex set V.G[H/ D V.G/[V.H/

and the edge set E.G [ H/ D E.G/ [ E.H/. The join graph of G and H; denoted
by G C H; is the graph V.G/ [ V.H/ and all edges joining every vertex of G to
every vertex of H . Following Borowiecka-Olszewska and Haluszczak [2], we use
notation G ˇ H; for a graph obtained from disjoint graphs G and H by identifying
vertices u 2 V.G/ and v 2 V.H/. So, the graph G ˇ H has m C n � 1 vertices.
Similarly, we introduce notation G � H for a graph obtained from disjoint graphs
G and H by identifying edges a 2 E.G/ and e 2 E.H/. The graph G � H has
m C n � 2 vertices.

For any pair of graphs G and H; notation F ! .G; H/ means that in any red-
blue coloring on the edges of F; there exists a red copy of G or a blue copy of H in
F . A red-blue coloring in F such that neither a red G nor a blue H occurs is called a
.G; H/�coloring. A graph F is called a Ramsey .G; H/�minimal if F ! .G; H/

but .F � e/ ¹ .G; H/ for all e 2 E.F /. The set of all Ramsey .G; H/�minimal
graphs is denoted by R.G; H/.
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Fig. 1 Graph G in
R.2K2; K3/

For a fixed pair of graphs G and H; characterizing all graphs F in R.G; H/

is a very interesting problem, but it is also a difficult problem, even for small
graphs G and H . Burr et al. [3] proved that the set R.mK2; H/ is finite for any
graph H . In particular, they proved that R.K2; H/ D fH g; for every graph H;

R.2K2; 2K2/ D f3K2; C5g; R.2K2; K3/ D f2K3; K5; Gg; where G is the graph
in Fig. 1. Later, Burr et al. [4] gave a characterization of all graphs in R.tK2; 2K2/

for any t � 2. Mengersen and Oeckermann [5] gave the proof of R.2K2; K1;2/ D
f2K1;2; C4; C5g; which was previously mentioned in [4] without proof. In the same
paper, they determined all graphs in R.2K2; K1;3/. Baskoro and Yulianti [1] gave
some necessary conditions for graphs in R.2K2; H/. They proved the following
theorem.

Theorem 1 ([1]). Let H be a connected graph. Then 2H is the only disconnected
Ramsey .2K2; H/�minimal graph. ut
Next, the characterization of all graphs which belong to R.2K2; 2Pn/ for n D 4; 5

was given by Tatanto and Baskoro [6].
In this paper, we give the necessary and sufficient conditions of graphs in

R.2K2; mH/ for a connected graph H . In particular, we determine all graphs
in R.2K2; K4/ with at most 8 vertices. We also give a graph with 9 vertices in
R.2K2; K4/. Moreover, we show that a graph obtained from any two disjoint graphs
in R.2K2; K4/ by identifying vertices and edges is a member of R.2K2; 2K4/.

2 Properties of Graphs in R.2K2;H /

In [1], Baskoro and Yulianti gave necessary conditions for the graphs which belong
to R.2K2; H/ for any graph H . In this section, we will give the necessary and
sufficient conditions for those graphs. Furthermore, if H D K4, then the properties
of graphs in R.2K2; K4/ will be discussed. We also give a disconnected graph in
R.sK2; mH/ for any connected graph H .

Theorem 2. Let H be any graph. F 2 R.2K2; H/ if and only if the following
conditions are satisfied:

(i) For every v 2 V.F /; F � v � H:

(ii) For every K3 in F; F � E.K3/ � H:

(iii) For every e 2 E.F /; there exists v 2 V.F / or K3 in F such that .F �e/�v «
H or .F � e/ � E.K3/ « H .
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Proof. First, suppose that either (i) is violated by some v 2 V.F /. Then, color all
edges incident to v by red and all the remaining edges by blue. Then, we have a
.2K2; H/-coloring of F , a contradiction. Similarly, if (ii) is violated by some K3;

then color the edges of K3 by red and the remaining edges by blue. By this coloring,
we have a .2K2; H/-coloring of F; a contradiction. Furthermore, by the minimality
of F; the case (iii) is satisfied.

Conversely, suppose that (i)–(iii) are satisfied. Let us consider any red-blue
coloring of F not containing a red 2K2. Then either all edges are blue or the red
edges form a star or a K3. In both cases, the existence of a blue H is implied by
(i)–(ii). So F ! .2K2; H/. Next, for every e 2 E.F /; by (iii) there exists a vertex
v or a K3 in F such that .F � e/ � v « H or .F � e/ � E.K3/ « H . Now,
define a coloring � of F � e such that �.x/ is red for all edges x incident to v or
all edges x 2 E.K3/ and blue for the remaining edges. Then, we obtain that � is a
.2K2; H/�coloring of F � e. Hence, F 2 R.2K2; H/. ut
Lemma 1. Let F 2 R.2K2; K4/. Then the following conditions are satisfied:

(i) ı.F / � 3 where ı is the minimum degree in F:

(ii) F is not a tree.
(iii) Every vertex v 2 V.F / is contained in some K4 in F:

(iv) Every edge e 2 E.F / is contained in some K4 in F .

Proof. Theorem 2 implies ı.F / � 3 and F is not a tree. Suppose now that there
exists a vertex v 2 V.F / not contained in a K4 in F . Since F 2 R.2K2; K4/,
then we have a .2K2; K4/�coloring of F � v. Use this coloring in F � v, and color
all edges incident to v in F by blue, and we obtain a .2K2; K4/�coloring of F; a
contradiction. Next, suppose that there exists an edge e 2 E.F / not contained in a
K4 in F . Since F 2 R.2K2; K4/, then we have a .2K2; K4/�coloring of F � e. By
using this coloring and color the edge e by blue, we obtain a .2K2; K4/�coloring of
F; a contradiction. ut
Theorem 3. For any integers s � 2, m � 1, and any connected graph H; the
disconnected graph .s C m � 1/H is in R.sK2; mH/.

Proof. First, we prove that .s C m � 1/H ! .sK2; mH/. Let F D .s C m � 1/H .
Consider any red-blue coloring of F containing no blue mH . Therefore, there are
at most m � 1 components of F having blue H . So, we have at least s components
of F having no blue H . This means that each of these components will contain a
red edge. These red edges together will form sK2 in F .

Next, we show the minimality. Let e 2 E.F /. We will prove that F � e ¹
.sK2; mH/. Since F � e D .s � 1/H [ .m � 1/H [ .H � e/; then define an edge
coloring � on F � e such that �.x/ is blue if x 2 E..m � 1/H [ s.H � e// and
red otherwise. Then, it is easy to verify that � is a .sK2; mH/�coloring. ut
Corollary 1. 2K4 is the only disconnected graph in R.2K2; K4/.

Proof. By Theorem 1. ut
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Theorem 4. Let H be a connected graph. Let F1; F2; : : : ; Fm be connected graphs
in R.2K2; H/. Then, graph F D F1 [ F2 [ � � � [ Fm is in R.2K2; mH/.

Proof. Suppose that F ¹ .2K2; mH/; then there exists a .2K2; mH/�coloring of
F . It means that there is a .2K2; H/�coloring of Fi for some i 2 f1; 2; : : : ; mg; a
contradiction.

Now, we prove that F � e ¹ .2K2; mH/; for any edge e. Let F � e D F1 [
F2 [ � � � [ .Fi � e/ [ � � � [ Fm; for some i 2 f1; 2; : : : ; mg. Then there exists a
.2K2; H/�coloring of Fi � e. We use such a coloring in Fi � e, and all edges in
.F � e/ � .Fi � e/ are colored by blue. Then, we obtain a .2K2; mH/�coloring of
F � e. ut

3 The Set R.2K2;K4/

We determine all graphs in R.2K2; K4/ with at most 8 vertices. We also give a graph
with 9 vertices in R.2K2; K4/.

Theorem 5. K6 is the only graph in R.2K2; K4/ with 6 vertices.

Proof. First, we prove that K6 satisfies three conditions in Theorem 2. Since K6 �
v D K5; then K6 �v � K4. Since K6 �E.K3/ D K3 CK3; then K6 �E.K3/ � K4.
Next, for every e 2 E.K6/; K6 � e D K4 C K2. So there exists a K3 in K6 � e such
that .K6 � e/ � E.K3/ D K1 C K3 C K2 does not contain K4. Since K6 is a graph
with the maximum number of edges, then K6 is the only graph in R.2K2; K4/ with
6 vertices. ut
Theorem 6. R.2K2; K4/ contains no connected graphs with 7 vertices.

Proof. Let F be a connected graph with 7 vertices. If F 2 R.2K2; K4/; then
F contains a K4, but it does not contain a K6. We will show that no graph
F 2 R.2K2; K4/ on 7 vertices. Since both graphs K7 and K7 � e contain K6;

then K7; K7 � e … R.2K2; K4/; for any edge e 2 E.K7/. Hence, F must be a
subgraph of K7 �e. Now, we consider F D K7 �2e. There are two non-isomorphic
graphs K7 � 2e; namely, Fa with a degree sequence .6; 6; 6; 6; 5; 5; 4/ and Fb with
a degree sequence .6; 6; 6; 5; 5; 5; 5/.

Now, let us consider the graph Fa with a degree sequence .6; 6; 6; 6; 5; 5; 4/.
Since Fa contains a K6, then Fa is not in R.2K2; K4/. Therefore, F must be a
subgraph of Fa. So, consider now F D Fa � e which contain no K6. Then, we
obtain such a graph with its degree sequence .6; 6; 6; 6; 4; 4; 4/; .6; 6; 6; 5; 5; 4; 4/;

or .6; 6; 5; 5; 5; 5; 4/. We assume d.vi / � d.viC1/ for i D 1; 2; : : : ; 6. From all
graphs, for V.K3/ D fv1; v2; v3g; we obtain F � E.K3/ does not contain a K4. So,
F ¹ .2K2; K4/. Therefore, any subgraph F � with 7 vertices of F will satisfy that
F � ¹ .2K2; K4/.

Next, we observe the graph Fb with a degree sequence .6; 6; 6; 5; 5; 5; 5/.
Let V.Fb/ D fv1; v2; : : : ; v7g where d.vi / D 6 for i D 1; 2; 3 and d.vi / D 5
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Fig. 2 Graphs in R.2K2; K4/

for i D 5; 6; 7. Let � be a coloring of Fb such that �.e/ is red if e 2
fv1v2; v1v3; v2v3g and blue otherwise. We obtain a .2K2; K4/�coloring of Fb .
Thus, Fb ¹ .2K2; K4/. Therefore, any subgraph F � with 7 vertices of Fb will
satisfy that F � ¹ .2K2; K4/. This concludes that no graph with 7 vertices is in
R.2K2; K4/. ut

Now, consider graphs F1 and F2 in Fig. 2. Graph F1 has the vertex set V.F1/ D
fv1; v2; : : : ; v8g and the edge set E.F1/ D fvi vj j i; j D 1; 2; : : : ; 8; i ¤ j g �
fv1v8; v2v4; v2v7; v2v8; v3v7; v5v7; v6v8; v7v8g. Graph F2 has the vertex set V.F2/ D
fv1; v2; : : : ; v9g and the edge set E.F2/ D fvi vj j i; j D 1; 2; : : : ; 9; i ¤ j g �
fvi v7 j i D 1; 3; 4g � fvi v8 j i D 4; 5; 6; 7g � fvi v9 j i D 2; 3; 6; 7; 8g � fv2v4; v3v5g.
We prove that graphs F1 and F2 are members of R.2K2; K4/ in the following
lemma.

Theorem 7. The graph F1 in Fig. 2 is the only graph with 8 vertices in R.2K2; K4/.

Proof. First, we prove that F1 ! .2K2; K4/. We can see that for every i 2
f1; 2; : : : ; 8g; F1 � vi contains a K4. For every K3 in F1; F1 � E.K3/ contains
a K4. Hence, F1 ! .2K2; K4/. Next, since F1 « 2K4 and F1 « K6, then
F1 2 R.2K2; K4/.

Now, suppose there exists a connected graph F with 8 vertices in R.2K2; K4/

but F ¤ F1. Let V.F / D fv1; v2; : : : ; v8g. By Theorem 2, F must contain a
K4;, and we may assume V.K4/ D fv1; v2; v3; v4g. By the minimality of F; then
F does not contain both 2K4 and K6. By Theorem 2(i), for i D 1; 2; 3; F � vi

must contain a K4. Then (up to isomorphism) the new K4 in F is formed by the
vertex set fv4; v5; v6; v7g. So, v4 is contained in two K4 in F . Next, there must be
a K4 in F � v4 by Theorem 2(i). Since ı.F / � 3 by Lemma 1(i), then (up to
isomorphism) the K4 in F � v4 is formed by the vertex set fv1; v6; v7; v8g. Next, by
Theorem 2(ii), for V.K3/ D fv1; v4; v7g; F � E.K3/ must contain a K4. Then the
K4 in F � E.K3/ can be formed by the vertex set fv2; v3; v4; v6g; fv1; v2; v5; v6g;
or fv3; v4; v5; v6g. Otherwise F is the graph F1 or is not minimal. For all cases, by
Theorem 2(ii), F �E.K3/ must contain a K4; for V.K3/ D fv1; v4; v6g. But the new
K4 causes F which is not minimal, a contradiction. ut
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For graphs with 9 vertices, it is not difficult to verify that the graph F2 in Fig. 2 is a
Ramsey .2K2; K4/-minimal graph. However, characterizing all .2K2; K4/-minimal
graphs is a open problem.

4 Constructing Graphs in R.2K2; 2K4/ by Operations over
Graphs in R.2K2;K4/

In this section, we show that a graph obtained from two connected graphs in
R.2K2; K4/ by identifying vertices or edges is a member of R.2K2; 2K4/.

Corollary 2. f3K4; 2K6g � R.2K2; 2K4/.

Proof. By Theorem 3, we obtain 3K4 2 R.2K2; 2K4/. By Theorem 4, we obtain
2K6 2 R.2K2; 2K4/. ut
Theorem 8. Let G; H 2 R.2K2; Kn/ be connected graphs and u 2 V.G/; v 2
V.H/. If G ˇ H is a graph obtained by identifying vertices u and v, then G ˇ H 2
R.2K2; 2Kn/.

Proof. Let w 2 V.G ˇH/. Then .G ˇH/� w is either connected or disconnected,
depending of the choice of w. If w D u is the identified vertex then .G ˇ H/ � w
is disconnected, that is .G ˇ H/ � w D .G � u/ [ .H � v/. Since G � u � Kn

and H � v � Kn then .G ˇ H/ � w � 2Kn. If w is not the identified vertex then
.G ˇ H/ � w is connected, we may assume .G ˇ H/ � w D .G � w/ ˇ H . Since
G�w � Kn and H � Kn, then .GˇH/�w � 2Kn. Next, let K3 in GˇH . Then K3

is in G or H . Suppose that K3 is in G, then .G ˇH/�E.K3/ D .G �E.K3//ˇH .
Since G � E.K3/ � Kn and H � Kn, then .G ˇ H/ � E.K3/ � 2Kn. So,
G ˇ H ! .2K2; 2Kn/.

Next, let e 2 E.G ˇ H/; and then e 2 E.G/ or e 2 E.H/. We assume e 2
E.G/. Then, there exists a .2K2; Kn/�coloring �1 of G � e. Now, we define � as
a coloring of .G ˇ H/ � e such that �.a/ D �1.a/ for a 2 E.G � e/ and blue
otherwise. We obtain a .2K2; 2Kn/�coloring of .G ˇ H/ � e. So, .G ˇ H/ � e ¹
.2K2; 2Kn/. ut
Theorem 9. Let G; H 2 R.2K2; Kn/ be connected graphs and a 2 E.G/; e 2
E.H/. If .G�H/ is a graph obtained by identifying edges a and e, then .G�H/ 2
R.2K2; 2Kn/.

Proof. First, we prove that .G � H/ ! .2K2; 2Kn/. Let w 2 V.G � H/. Then,
.G�H/�w is connected. If w 2 V.G/ is not incident to edge a, then .G�H/�w D
.G � w/ � H . Since G � w � Kn and H � Kn, then .G � H/ � w � 2Kn. If
w is incident to edge a; let a D vw then .G � H/ � w D .G � w/ ˇ .H � w/ by
identifying vertex v. Since G�w � Kn and H �w � Kn, then .G�H/�w � 2Kn.
Let K3 in G � H . Then, this K3 can contain the edge a or not. If K3 does not
contain a; then .G � H/ � E.K3/ D .G � E.K3// � H . Since G � E.K3/ � Kn

and H � Kn, then .G � H/ � E.K3/ � 2Kn. If K3 contains a D v1w; then
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Fig. 3 K6 ˇ K6; K6 � K6 2 R.2K2; 2K4/

.G � H/ � E.K3/ D .G � E.K3// ˇ .H � e/ for some e D v2w by identifying
two vertices v1 D v2 and w. Since G � E.K3/ � Kn and .H � e/ � Kn, then
.G � H/ � E.K3/ � 2Kn.

Next, we show the minimality. Let b 2 E.G � H/. Then the edge b can
be the identified edge or not. If b is the identified edge, let b D vw; then
.G � H/ � b D .G � b/ ˇ .H � b/ by identifying two vertices v and w. So,
there exists a .2K2; Kn/�coloring of both G � b and H � b. Clearly, there exists
a .2K2; 2Kn/�coloring of .G � H/ � b. If b is not the identified edge, we may
assume b 2 E.G/; and then there exists a .2K2; Kn/�coloring �1 of G � b. We
define � as a coloring of .G � H/ � b such that �.e/ D �1.e/ for e 2 E.G � b/

and blue otherwise. Then, it is easy to verify that � is a .2K2; 2Kn/�coloring of
.G � H/ � b. ut
By Theorems 8 and 9, we have the following corollary.

Corollary 3. fK6 ˇ K6; K6 ˇ F1; K6 ˇ F2; F1 ˇ F1; F1 ˇ F2; F2 ˇ F2g �
R.2K2; 2K4/ and fK6 � K6; K6 � F1; K6 � F2; F1 � F1; F1 � F2; F2 � F2g �
R.2K2; 2K4/. ut
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