Chapter 11

Geodesics on S°

In this chapter we study the geodesic vector field on the tangent bundle of the 3-sphere.
We examine its relation to the Kepler vector field, which governs the motion of two bodies
in R? under gravitational attraction. We give two methods to regularize the flow of the
Kepler vector field: one energy surface by energy surface and the other for all negative
energies at once.

1 The geodesic vector field

Here we find the geodesic vector field on the 3-sphere and give a formula for its flow.

We begin by discussing the geodesic vector field. Suppose that (, ) is the Euclidean inner
product on R*. This induces a Riemannian metric g on R* defined by g(x)*(y)z = (,2),
where x € R* and y,z € T,R* = R*. Pulling back the canonical symplectic 2-form on
T*R* by the map g, see chapter VI §2, we obtain the symplectic form @y = —d(y,dx) on
TR*. On (TR*, w4) consider the Hamiltonian function

%:TR“—)R:(x,y)b—)%(y,y). (1)

Since an integral curve of the Hamiltonian vector field X, satisfies x =y and y = 0, it
is a straight line on TR*, except when y = 0; then it is a point. Hence X, describes
the motion of a particle in TR* which is not subject to any force. To constrain this free
particle so that it moves on the 3-sphere S> = {x € R* | (x,x) = 1}, we add a force A (x,%)x
which is normal to $ at the point x. The motion of the particle subject to this constraining
force is governed by Newton’s equations

X=A(x,%)x. ?2)
Differentiating the defining equation of S* twice gives
(x,%) + (x,) =0. 3)

Substituting (2) into (3) and using the constraint (x,x) = 1 gives A (x,x) = —(x,X). Hence
the motion of the free particle constrained to S3 is governed by the second order equation
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X == x)x “

subject to the constraints (x,x) = 1 and (x,x) = 0. Written as a first order equation on the
tangent bundle 7'S® = {(x,y) € TR* | (x,x) = 1 & (x,y) =0} of $3, the constrained system
(4) becomes

£ o=y

y o=y ©)

This defines the integral curves of the vector field ¥ = (y, %) — (y,y){x, %) on TS°.
Note that 7'S? is an invariant manifold of (5), thought of as a vector field on TR?, since
the initial conditions (x,x) = 1 and (x,y) = 0 are preserved under its flow. The above
> discussion is not at all Hamiltonian. What we want to do is to show that Y is a Hamil-
tonian vector field on the phase space (T'S*,Q4). Here Qq is a suitable symplectic form.

(1.1) Proof: To do this, we use modified Dirac brackets, see chapter VI §4. On the open subset
M = T(R*\ {0}) of TR* consider the constraint functions

M —R:(xy) = ((xx)—1) and c: M —R:(x,y) —~ (x,y).

Let {, } be the standard Poisson bracket on C*(TR*), the space of smooth functions on
the symplectic manifold (TR*, @), see chapter VI §4. Since the matrix ({c;,c;}), which

27)() <x(’)x>>, is invertible on M with inverse (C;;) = ﬁ (? Bl) and 0 is

a regular value of the constraint map ¢ : M — R? : m — (c1(m),c2(m)), the constraint
manifold 7S* = €~'(0) is a cosymplectic submanifold of (M, w4|M). In other words,
Q4 = wy|TS? is a symplectic form on 7'S3. For F € C*(M) let

is equal to (7<

2
F*=F — Z ({F,C,‘}—I—F,')C,‘jcj‘,
i=1

where the F; lies in the ideal of (C*(M),-) generated by ¢; and c;. Define a Poisson
bracket {, } g on C*(TS?) by
{FITS*,G|TS*} 3 = {F*,G*}|TS>.

Note that the Hamiltonian vector field XF|TS3 of the Hamiltonian F constrained to 75>

is the Hamiltonian vector field Xy« restricted to TS?. Applying these remarks to the
unconstrained Hamiltonian .77’ (1) on M gives

%* :%—Z({%,Ci}ﬁ-%)cijc‘j
<Y7y> + <xvx>_l <(<x,y> -, <y7y> 7%)7 ( - <x,y>, %(<x7x> - l))>
((x2) () = (x,2)),

where we have chosen 7] = (x,y)(1 — (x,x)) and % = —(y,y) ({x,x) — 1).

B— NII—
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From Hamilton’s equations on (TR*, @y) it follows that the integral curves of X ,-« satisfy

d (x X —(x,y)  (x x)> (x)

— =A X, = ’ ’ . 6

dt (y) (x.7) (y) (— My (o) \y ©)
Using (6) and the definition of 7'S3, it is easy to see that the integral curves of X -+ |TS?
satisfy (5). Because X%\Tﬁ = Xp+ |TS3, the geodesic vector field on T'S® is the Hamil-

tonian vector field X7 on (TS3,Q4) corresponding to the Hamiltonian function
H:%”*\TS3:TS3—>R:(x,y)»—>%<y,y>. @)

Note that H is the free particle Hamiltonian on TR* restricted to 7'S>. Thus the integral

> curves of the geodesic vector field X on 7'S satisfy (5). To find the flow of the geodesic
vector field Xy, we first look for integrals (= conserved quantities) of the vector field
X,r+. From the construction of the Hamiltonian 7* on TR*, we know that TS is
an invariant manifold of X ;-+. Therefore the functions f;(x,y) = 3 (x,x) and f>(x,y) =
(x,y) are integrals of X +. A calculation shows that f3(x,y) = %(y7 y) is also an integral
of Xr«. The integrals {fi,f>,f3} span a Lie subalgebra of (C*(TR*),{, }), which is
isomorphic to s1(2,R) since { f1, 2} =2f1, {f1, 3} = f2, and {f3, fo} = —2f3. Because
the functions f; are constant along the integral curves of X ,+, so is the matrix A(x,y) (6).
Since A%(x,y) = —2.¢*(x,y) I and 7 *(x,y) > 0, the flow of X -« is

(pr‘%m(x,y) = exptA(x,y) (;) = (cos (1V2H%) b + (sin (1V27%) |\ 27) A(x,y)) (;C) .

Restricting ¢/ to the invariant manifold 7'S® gives

cos (tv/2H) sin (1v/2H) /v2H
of! (x,y) = ) ®)
—V2H sin(tv/2H) cos(rv2H)
which is the flow of the geodesic vector field X; on T'S3. g

Clearly, all of the integral curves of Xy on the level set H~!(h) with 4 > 0 are periodic
> of period 27 //2h. In fact, when y # 0, the image of the integral curve t — @ (x,y) under
the bundle projection map 7'S® — §3 : (x,y) > x is the geodesic

Yixy) :R—>S3:tHx(cos(t\/ﬁ))+y((sin(t\/ﬁ)/\/ﬁ). )

(1.2) Proof: To see that ¥ ) is a geodesic on $3 it suffices to show that

1. ¥x,y) is parametrized up to an affine transformation by arc length.
2. The acceleration ) ,) has no tangential component.

From the equations of motion for geodesics it follows that item 2 holds. Item 1 holds
because ¥ is parametrized. Another argument to prove item 1 goes as follows. Differenti-
ating (9) gives

(Vs Yowy)) = 2H sin® (1V2H) (x,x) + cos® (1V2H) (,y) = (,y) = 2H(x,),
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which is a constant of motion. This constant is nonzero, since y # 0. g

The explicit formula (8) for the flow of the geodesic vector field gives no qualitative
information about how the integral curves are organized into invariant manifolds. To
understand the invariant manifolds, it is useful to explain the role of the obvious symmetry
of the problem, namely, the group SO(4) of rigid motions of the 3-sphere. This will be
done in the next section.

2 The SO(4)-momentum mapping

In this section we construct the momentum mapping associated to the SO(4) symmetry
of the geodesic vector field on (T'S%,9y4) and study its geometric properties.

Recall that SO(4) is the Lie group of orthogonal linear mappings of (R*,(,)) into itself
with determinant 1. Consider the action of SO(4) on R* given by ¢ : SO(4) x R* — R*:
(A,x) — Ax. This action lifts to an action of SO(4) on (TR*, @) defined by

®:S0(4) x TR* — TR*: (A, (x,y)) — (Ax,Ay).
> ® preserves the 1-form 6 = (y,dx) on TR*.
(2.1) Proof: We compute
@40 = (Ay,dAx) = (Ay,Adx) = (A'Ay,dx) = (y,dx) = 6.
The second to last equality follows because A € SO(4). O
Thus the action & is symplectic, for
Dy = —D;(dO) = —d(D40) = —dO = wy.
> To show that @ is a Hamiltonian action, we must verify that for every a € so(4), the Lie

algebra of SO(4), the vector field

d
q)expta(xvy) = & ((expta)x, (expta)y) = (axvay) = (Xa(x)aay):
t=0 =0

d
Xy = 4

which is the infinitesimal generator of & in the direction a, is a Hamiltonian vector field
on (TR*, ay).

(2.2) Proof: From the momentum lemma, see chapter VII ((5.7)), it follows that X = Xja
where

JU TR = R (x,y) = 0(x,y)Xa(x) = (ax,y). (10)

Thus the action ® has momentum mapping J : TR* — so(4)" defined by J(x,y)a =
J(x,y). Choose a basis {eij}1<i<j<4 of s0(4) where the (k,¢)™ entry of the 4 x 4 matrix
ejjis 1if (k,0) = (i, j), =1 if (k,£) = (j,i), and O otherwise. Then

T4 (x,y) = (eijx,y) = xiyj —x;yi = Sij(x,y). an
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> The mapping J is coadjoint equivariant.
(2.3) Proof: We compute

J(®(x,y))a = J(Ax,Ay)a = (aAx,Ay) = (A" aAx,y)
=J(x,y)(Ady-1a) = Ad),_ (J(x,y))a. O

Since @4 maps T'S? into itself for every A € SO(4), ® restricts to an action donTS? given
by ®:S0(4) x TS* — TS*: (A, (x,y)) — (Ax,Ay). For every a € so(4) the infinitesimal
generator X“ of the SO(4)-action ® leaves T'S® invariant because

d
(x,x) = 2(x,x) = 2{x,ax) = 0,
dr

d(x,y . .
P = ) ) = () +{axy) = O,

d(y,y .
<dl L= 2y = 20ua) = 0,

since a’ = —a. Therefore X¢|TS3 is a vector field on TS3. The action P preserves the

symplectic form Q4 on T'S? because
DLQy = B (y|TS?) = (P04)|TS> = ay|TS> = Q.
Claim: The action ® on (TS?,Q4) is Hamiltonian with momentum mapping
7 =J|TS®:TS> CTR* = s0(4)". (12)

(2.4) Proof: Because X¢ leaves T'S3 invariant and Q4 = @y|T'S?, it follows that X%|T'S3 =
Xjajrs3- Thus X | TS? is the infinitesimal generator of ® on 7'S* in the directiona. [

So far the SO(4) symmetry is not related to the geodesic flow on 7'S>. But note, the
Hamiltonian 7 is preserved by the action ®, because for every A € SO(4)

A (®a(x,y)) = 3 ((Ax,Ax) (Ay, Ay) — (Ax, Ay)*) = A7 (x,y).
> Thus the function J¢ (10) is an integral of the vector field X, for every a € so(4).

(2.5) Proof: For every a € so(4) we have &, ,,7¢* = 7*. Therefore

expta

d
0= | @ " = Ly = Ly, A" = Ly, J" (13)
=0

FromA the fact that @ preserves both the Hamiltonian .777* and the manifold TS3, it follows
that @ preserves the geodesic Hamiltonian H = 2#*|T'S>. Therefore for every a € so(4)
the function J%|T'S? is an integral of the geodesic vector field Xy

In order to study the geometry of the momentum mapping ¢ (12), we transform it into
an easier to understand mapping, see (16) below. We begin by recalling that the 4 x 4
skew symmetric matrices {e;;},;_ ;4 form a basis for the Lie algebra (so(4), [,])- The
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covectors {e;}, cicjea where ¢}; = ef;, form the standard dual basis for so(4)". The Lie
bracket {, }S0<4)* on so(4)" is defined by {e?ﬂezk}so(@* = Lonn €]} g €pns Where leij ea) =
Zm.n C?}fl[k €mn-

For u,v,w € R* consider the map © : /\2R4 —50(4) :uAw > Ly, Where 0, : R* 5 R*:
v (v,w)u — (v,u)w is a linear mapping, which is skew symmetric, that is, (£, ,x,y) =
—(x, €y y) for every x,y € R*. Using the basis ~{e,~/\e{,~}l<i<j<4 of A’R*, we see that
®(ei Nej) = e;j. Thus ¥ is an isomorphism. Consequently the mapping ¥ : so(4)" —
(NR*)* = N*(R)* 1 €]+ €} Aef. Since

V' (ef;) (x,y) = (¢f Aej)(x,y) = €j (x) €j(y) —e; ()€ (x) = xiyj —xji = Sij(x,y), (14)

for every x,y € R?, it follows that (A>R*)* is the space .# of homogeneous quadratic
functions on TR*, which is spanned by {Sij}1§i<j§4' As a subspace of C*(TR*), . has
a Poisson bracket {, } .., which is induced from the standard Poisson bracket {, } on the
space of smooth functions on (TR* ay). In other words, for every (x,y) € TR*

{Sij7S€k}y(xvy) = w4(XS,'j (xvy)7XS/;/¢ (xvy))v (15)

where X, is the Hamiltonian vector field on (TR*, @4) corresponding to the Hamiltonian
function ;. A calculation using (15) gives table 2.1.

{A,B}, | Si2 Sz S Sz S Su ‘B

Si2 0 S23 S —Si3 —Sua 0

Si3 | =523 0 S34 Si2 0 —Sis

Sia | =S —S3 0 0 S12 S13

823 Sz =S 0 0 S —S4

824 S14 0 —Si2 —S3 0 S23

S34 0 Sia —=S13 Soa =823 0
A

Table 2.1. The Poisson bracket on .7 .

Because the functions f| = %(x,x), fo={x,y), and f3 = %(y, y) are invariant under the
SO(4) action @ on TR, the function J* (10) is an integral of Xy, for every a € so(4). In
other words, {f;,J*} =0fori=1,2,3 and a € so(4). Thus the Lie algebra (s1(2,R),{, })
spanned by {f;}, ;<3 and the Lie algebra (., {, } .») are dual pairs in the Lie algebra of
homogeneous quadratic functions on TR* with Poisson bracket {, }. In other words, they
have the following properties:

1. They centralize 5, that is, {7, f;} = 0= {*, S }.
2. They centralize each other, that is, {f;,Sjx} = 0.

> We now show that the Lie algebras (., {, } ) and (so(4)",{, }so(4y) are isomorphic.

(2.6) Proof: From the definition of S;; (11) we obtain dS;;(x,y) = —(e;;(y),dx) + (e;;(x),dy).
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Since ;] (dx) = —a% and @, (dy) = %, we find that

X5, (3) = @](5)(5) = e ). 5+ (1) 51

Therefore

{Sij,Sact o (x,9) = (X5, 1 dSij) (x,y) = —(ew(x),ei;(v)) + {ew(¥), €ij(x))
= ((eijen — eweij)x,y) = ([eij,enlx,y) = ' ([eij.en]”) (x,y)
= ﬂt({e;kj>e2k}so(4)*)(xvy)'

The last equality above follows by definition of the Poisson bracket {, }SO(4>*. Hence ¥
is a Lie algebra isomorphism. O

On A?R* define an inner product B: AR* x A2R* — R: (uAv,xAy) — det <<<':;C>> 2’:;’;)

Since {e; Aej}, ;4 is an orthonormal basis of (A*R*,B), we may identify \*R* with

0 -4

Figure 2.1. The mapping p.
( /\2R4)*. Instead of studying the momentum mapping _# (12) we study the mapping

2
p:TS*CTR* — /\ R*: (x,y) = xAy= Z Sij(x,y)eiNej, (16)
1<i<j<4

which is nothing but B’o19’o J . The S;; are the Pliicker coordinates of the oriented 2-
plane spanned by {x,y} corresponding to the 2-vector x Ay. In other words, S;; is the
2 x 2 minor formed from the i and j™ columns of the 2 x 4 matrix with rows x and y,

that is, S;; = det(xi xf). Because
yi Yj
0=(xAY)A(XAY) = (812534 — S13524 + S14523) 1 Aezr Nez Mey,
the Pliicker coordinates of x Ay satisfy Pliicker’s equation

812834 — 813524 + 514523 = 0. (17

Let C be the set of all nonzero 2-vectors on R* whose Pliicker coordinates satisfy (17). By
> definition p(7'S?) C C. Actually, C is the image of p.

(2.7) Proof: Suppose that 8 € C. Then 6 is decomposable, that is, there are vectors u,v € R*
such that 6 = uAv. To see this, let (S;;) be the Pliicker coordinates of 6. Since 6 # 0
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not every S;; is zero. Suppose that Sy, is nonzero. Let u = (1,0, —S523/S12,—524/512) and
v =(0,812,513,514). Using Pliicker’s equation (17) it is easy to check that the Pliicker
coordinates of the 2-vector u A v are (S;;). Therefore & = uAv. A similar argument,
which we omit, works in the other cases. Let {x,y} be an orthonormal basis of the 2-plane
spanned by {u,v}. Then u Av = A x Ay for some nonzero A. Therefore p(x,Ay) = 6.0

For h>01let H~'(h) = {(x,y) € TS* C TR*| 3 (y,y) = h} be the h-level set of the geodesic
Hamiltonian H (7). Consider the mapping

2
ph:Hfl(h)gTS3—>Cg/\ R*: (x,y) —xAy, (18)
which is the restriction of p (16) to H~'(h). From the identity

Y Gy —xpi)’ = () (00) — (x)? (19)

1<i<j<4

we see that the image of pj, is contained in the submanifold C;, of C defined by ¥ < j<4 S%]-
> = 2h. Cy is diffeomorphic to $?
' rphic o §7 o xS e

(2.8) Proof: Adding and subtracting one half times (17) from one quarter times the defining
equation of Cp, and using the variables

&1 = 5(S12+S) m = 3(S12—S)
& = 5 (S13— S4) M2 = 5(S13+S24) (20)
& =15(S14+53) M3 =13(S14—523),

we obtain £ + &7 + &7 = h/2 and n? 4+ 13 +n3 = h/2. O

We now investigate the geometry of the map pj,.

Claim: For every h > 0, the map pj;, : H~'(h) — C, (18) is a surjective submersion each
of whose fibers is a single oriented orbit of the geodesic vector field Xy of energy .

(2.9) Proof: To show that p;, is surjective, suppose that S = (S;;) € Cy. Since Cy, is contained
in C = p(TS?), there is an (x,y) € T'S® such that p(x,y) = S. But 21 = Zl<,<j<4S since
S € Cp,. From (19), the definition of S;; (14), and the fact that (x,y) € TS3, we find that
%(y,y) = h. Hence (x,y) € H~'(h).
To show that pj is a submersion, we must verify that the rank of 7(, )py is 4 for every
(x,y) € H~'(h), because C, is 4-dimensional. Towards this goal, let V(xy) be the space
spanned by the Hamiltonian vector fields XS,»_/-, 1<i<j<4,on (TR4, @) corresponding
to the Hamiltonian function S;; : TR* - R: (x,¥) = xjyj — xjy;i. Since S;ﬂTS3 is an
integral of of the geodesic vector field Xy; on T'S3, it follows that Vi) € kerdH (x,y) =

T(x’y)H*l (h) for every (x,y) € H~'(h). Now

(Tiwy)Pi) Viey) = (dSij(x,9)Xs,, (x,3)) = ({Sij, S} ) = P 1)
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Using (20) we see that 6 X 6 matrix Pis conjugate to the matrix

C(HEEY) 0 ) ((Teexd) 0
P‘( 0 <{ni,n,»}y>>‘( o <zkei,~knk>>’

The last equality follows using table 2.1. But S = (S;;) = py(x,y) € C. Because & and
n lie in Si/m, each of the 3 x 3 skew symmetric matrices (¥, & &) and (¥ &jx M) is

nonzero. Thus each of these matrices has rank 2. Therefore, the rank of T{, ,ypj, is 4 for
every (x,y) € H~'(h). Thus pj, is a submersion.

Given S = (S;) € Cy, the fiber W = p, ' (S) is a union of orbits of the geodesic vector field
Xp of energy h because S,<]~|TS3 are integrals of X. By definition of pj, (18), W is the set
of all ordered pairs {x,y} of orthogonal vectors in R* such that (x,x) = 1, (y,y) = 2k and
the 2-plane IT spanned by {x,y} has Pliicker coordinates (S;;). Since any two such bases
of IT are related by a counterclockwise rotation in Il, we find that

W = {(xcos 6 —ysin0,xsin@ +ycos ) € H ' (h) | 6 € [0,27]}.
Therefore W is a unique oriented orbit of X traced out by an integral curve of Xy. [

Corollary: Cj, is the space of orbits of positive energy / of the geodesic vector field Xy
on T'S3 with orbit mapping pj, : H~'(h) = Cj.

(2.10) Proof: The corollary follows immediately from the claim and the definition of orbit space,
see chapter VII §2. O

The goal of the following discussion is to construct a symplectic form on Cj,. We begin
by defining a Poisson bracket {, } on the space C*(.’) of smooth functions on the Lie
algebra (., {, } ). For f,g € C*() let

_ of 98 (g
Uel= X o5, a5, S-S 22)

1<(<k<4

As is shown in example 1 of chapter VI §4, (C*(.¥),{, } ) is a Lie algebra. On C*(.%*)
define a multiplication - by (f-g)(s) = f(s)g(s) for every s € .#. Then (C*(.¥),-) is a
commutative ring with unit. Using (22) it is straightforward to check that Leibniz’ rule
holds, namely {f,g-h} = {f,g} -h+{f,h} g, for every f,g,h € C*(.). Therefore
o = (C°(),{, }»,-) is a Poisson algebra. The functions

C = Z S%i—Zh and C = 512534 — S13524 + 514523

1<i<j<4

are Casimirs for <. In other words, {Ci, f} = {Cs,f} = 0 for every f € C*(.%). From
(22) it is enough to show that {Cy,S;;} = {C»,S;;} =0for 1 <i < j <4. This is a direct
verification using table 2.1. Let .# be the ideal in (C*(.#),-) which is generated by C;

> and Cy. Then .# is a Poisson ideal in <7, that is, if g € .7, then {f,g} € & for every
fec ().

(2.11) Proof: Since f € . there are f}, f» € C*(.) such that f = fC| + f,C>. Now
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{f,gt={/1,8}-Ci+fi-{Ci.g} +{f2,8} - Co+ fo-{C2,g}, by Leibniz’ rule
={fi.g} - Ci+{fo,8} eI,

where the equality above follows because C; and C, are Casimirs. Therefore we can
define a Poisson bracket {, }, on C*()/.% by {f+ .7, g+ 7}, = {f,}. In order
to be able to identify the space C*(.’)/.# with the space C*(C}) of smooth functions on
Cj,, we need to know that .# is the set of smooth functions vanishing identically on C,.
This is a consequence of the following general

Fact: Suppose that 0 is a regular value of the smooth map F : R” — R : z — (Fi(2),...,
Fi(z)). Then M = F~'(0) is a smooth submanifold of R" defined by F| (z) = -+ = Fi(z) =
0. If G : R® — R is a smooth function, which vanishes identically on M, then there are
smooth functions g; : R” — R, 1 <i <k, such that G = Zf‘:l giF;.

(2.12) Proof: Locally the fact follows using Taylor’s formula with integral remainder. The global
result is obtained by piecing together the local results using a partition of unity. We leave
the details to the reader. g

Consequently, we may define the quotient Poisson algebra = o/ /% = (C*(Cy). {, }¢, ,
-). Because {S;; + .7, Su + J}Ch ={Sij,Su} - the matrix of Poisson brackets ({S;; 4 .#,
S+ 5 }Ch) has rank 4. Therefore Cj, is a cosymplectic manifold. In other words, the
Poisson bracket {, }Ch is nondegenerate and hence defines a symplectic form @, on

> Cp, see chapter VI §4. Moreover, o, satisfies p; @, = Qu|H ' (h).

(2.13) Proof: For every (x,y) € H~'(h) we know that T}, ,,H~'(h) is spanned by the vectors
(x.y)
{Xs, (6.9}, i jy- Since (TS?,Q4) is a cosymplectic submanifold of (TR*, ey), we
have

94(X7Y)(XSij(xa)’)vxszk(xvy» = w4(X5ij(x,y),Xs%(x,y)) = {Sij7S[k}y’(x7y)
= {SiJ'VS[k}Ch(ph(xvy)) = wh(ph(xvy))(T(x,y)phXSij (xvy)7T(x,y)phXka(xvy))
= (p;fwh)(x,y)(Xs,.j(x,y),Xsek(x,y)). g

We now prove the main result of this section, which describes the geometry of the map-
ping p (16). As a consequence, we know the geometry of the SO(4)-momentum mapping
7 (12) of the geodesic vector field Xy on (TS*,Qu).

Claim: The mapping p : TS> C TR* — C C A’R*: (x,y) — x Ay is a surjective submer-
sion, each of whose fibers is a unique oriented orbit of the geodesic vector field Xz on
(TS, Q).

(2.14) Proof: We have already shown that p is surjective ((2.7)). To show that each of its fibers
is a unique oriented orbit of Xy we argue as follows. Suppose that S = (S;;) € C. Because
S is nonzero, ¥ << j<4 Sl-zj = 2h for some h > 0. Therefore S € Cj,. Since the fiber p;l (S)
of py is a unique oriented orbit of Xy of energy & ((2.9)), so is the fiber p~'(S) of p
because p = pj, on H~'(h).
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To show that p is a submersion, first note that by ((2.9)) the map p;, : H~'(h) — Cj, is
a submersion. Note that H~' (k) and C, are codimension 1 submanifolds of 7'S* and C,
respectively. Since a normal direction to H~!(h) at (x,y) € T'S* and a normal direction
to Cy, at p(x,y) € C is spanned by gradH (x,y) and grad F(p(x,y)) respectively, where
F(Sij) = Yi<icj<4 Sizj —2h = 0 defines Cj, as a submanifold of C, it suffices to show that
(Tixy)p gradH(x,y), grad F (p(x,y))) is nonzero. We compute. Clearly gradH(x,y) =
(0.7). Hence Ty, (erad H (x,y)) = xAy = (8;;(x,y)). But gradF (p (x,y)) = 2(Si;(x.)-
Therefore

(Tiyp(gradH(x,y)),grad F(p(x,y))) =2 Y S}(x.y) =4h>0. m
1<i<j<4

This claim has some interesting consequences.

Corollary 1: The space of orbits of the geodesic vector field with positive energy is the
manifold C. The orbit map is p : TS> — C, see (16).

(2.15) Proof: This follows immediately from the claim and the definition of orbit space, see
chapter VII §2. O

Observe that every smooth integral of the geodesic vector field on 7'S3 is a smooth func-
tion of the integrals S;;. More precisely we prove

Corollary 2: Suppose that G : TS> C TR* — R is a smooth integral of the geodesic
vector field Xz on (T'S?,9y). Then there is a smooth function G : C € A’R* — R such
that G = p*G.

(2.16) Proof: Since G is a smooth integral of Xy on TS3, it is constant on every orbit of Xy
on TS, Because each fiber of p is a unique orbit of Xy on TS3, G descends to a smooth
function G on the orbit space C. But p : TS*> — C (16) is the orbit map, so G = p*G. O

3 The Kepler problem

We investigate the bounded motion of a particle in R® which is under the influence of a
gravitational field of a second particle fixed at the origin. This is Kepler’s problem.

3.1 The Kepler vector field

In this subsection we define the Kepler Hamiltonian system (H, TyR?, @3). We then show
that the Kepler Hamiltonian vector field Xy conserves energy H, angular momentum J,
and the eccentricity vector e. On the set ¥_ of positions and momenta where the values
of H are negative, the orbits of Xy are bounded, yet the flow of Xy is incomplete.

On the phase space TyR? = (R*\ {0}) x R? with coordinates (¢, p) and symplectic form
= 21-3:1 dg; A dp;, consider the Kepler Hamiltonian

H:TyR® = R:(q,p)— 2(p.p) —pllq| " (23)
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Here (, ) is the Euclidean inner product on R and ||g|| is the length of the vector g. The
integral curves of the Hamiltonian vector field Xz on ToR? satisfy the equations

e (24)

which describe the motion of a particle of mass 1 about the origin under the influence of
an inverse \q|2 force — such as Newtonian gravity. We consider the case where the force
is attractive, that is, g > 0. However, much of the following analysis can be carried out
without change for u < 0.

The Kepler vector field Xy has some obvious integrals: the total energy

h=5(p,p)—ullgl™", (25)
which is nothing but the Hamiltonian H, and the angular momentum

J=(,/2,J3) =qxp. (26)
Here x is the vector product on R3.

(3.1) Proof: A direct way to see that J is an integral is to compute

dJ dq dp -3 _
G " q (PTaxg =pxp ullgl~gxq=0,

where the second to last equality follows using (24).

A more sophisticated way to see this is to note that the SO(3)-action SO(3) x R? — R3:
(0,q) — Oq lifts to a Hamiltonian action

SO(3) x THR® — THR’ : (0,(q,p)) + (0q,0p).
This latter action has the momentum mapping
- 0 3 =)
J: TR =s0(3) : (g,p)— |- 0 1 |,
J —Ji 0
defined by f(q,p)X = (p,X(q)) where X € s0(3). Now use the map k” associated to the

Killing metric k : s0(3) x s0(3) = R: (X,Y) — L trXY" to identify so(3)* with so(3).
This identification boils down to taking transposes. Follow this by the map

0 —X3 X2
iISO(3)—>R3 X = X3 0 —X] | = X = (x17x27x3)7
—X2 X 0

which identifies so(3) with R?, see chapter III §1. Then J becomes the usual angular
momentum J : ToR?> — R3: (g, p) + ¢ x p. Since the SO(3) action on (TyR?, @) leaves
the Kepler Hamiltonian H (23) invariant, every component of the angular momentum J is
constant on the integral curves of Xy . O
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> There is another integral of the Kepler vector field, called the eccentricity vector:

e=(er,e2,e3) = —lgl| 'g+ " px(gxp). (27)

(3.2) Proof: To see this we calculate

%_,E -1 -3 _ —1dﬁ —1d£

e g+ 3 = g1 (g gl P
=gl ({¢.p)a—(a.9) p) — llgll >g xJ, using (24)
=lgl|* (g% (gx p)—qx (g x p)) = 0. O

We now prove some properties of the flow of the Kepler vector field Xp.

Claim: If the energy # is negative, then the image of every integral curve of the Kepler
vector field under the bundle projection 7 : ToR? — R3: (¢, p) + ¢ is bounded.

(3.3) Proof:
CASE 1. J = 0. Since e is an integral of Xy and J = 0, the direction e = —¢||g||~! of
the motion is constant. Therefore the motion takes place on the line ¢(r) = r(f) e. From
conservation of energy we obtain A+ pr—! = li'2 > 0. Therefore ||g(¢)|| < u(—h)~".

CASE 2. J # 0. Since J> = |lg x p||* = [lg[P*[|p||* <q7p>2,wehave

- 2
h=5(p,p)—ullgl™" = 3(a.p)*llqll >+ 371lqll > — mllgl " = 372(lql > — ullqll ="

Now the function V;(||q||) = 3/%(/¢]| =2 — 1|q|| " has a unique nondegenerate minimum at
llgll = J?/u corresponding to the critical value —u?/(2J%). Since limy o Va(llgll) oo
and limyg) ~.V;(|[q]]) /O, the function V; is proper on the set where it has negative

values. Therefore V, ! ([—u?/(2J%),h]) is compact. Thus the length of ¢(¢) is bounded,
when h < 0. g

Claim: The flow of the Kepler vector field Xy is not complete.

(3.4) Proof: Consider a bounded motion with J =0 and 2 < 0 which starts at (r(0),7(0)) =

_ _ /(= dr i
(u/(=h),0). The time it takes to reach the origin is T = [ \/m This is
obtained by separating variables in 37 = h+ pr~ ! and integrating. Performing the inte-
gral gives T = Z p(—2h)=3/2, wh1ch is finite. O

3.2 The so(4)-momentum map

Let £_ be the open subset of TyR? where the energy H is negative. In this subsection we
show that on X_ the components of the angular momentum J and the modified eccentricity
vector € = —ve, where v = 11 /y/—2H, form a Lie algebra under Poisson bracket which
is isomorphic to so(4). This defines a representation of so(4) on the space of Hamiltonian
vector fields on (2_, @3 = @3|X_) which has a momentum mapping / In fact f isa
surjective submersion from X_ to

C={J, & eR|(J+eJ+&=(J—€J—¢) >0} (28)
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each of whose nonempty fibers is a unique oriented bounded orbit of Xp.

> First we show that on (X_, @3) the components of the angular momentum J and the mod-
ified eccentricity vector e satisfy the Poisson bracket relations

{3}y =Y &indi, {Jiej} =Y jner, and {&,e;} =Y €. (29
k 3 k
(3.5) Proof: We verify only the third equality in (29). Let A = pe. Since {qs, pm} = Oum,
{gi,q;} =0, and {p;, p;} = 0, we have
a llgll} =0, {qa: I} = Zeabcqm and {pg,Jp} = Zeabcpc-
c c

Using bilinearity and the derivation property of Poisson bracket, expand

{AiaAj} = {Zsijkpj]k - ”HQH71 qis Zglfmnpm-,n - ,LLHC]H71 qlf}
Tk

m,n
to obtain {A,’,Aj} =-2HY, Sijk-]k- Recall the identity ) ; Eijk€itm = ‘Smk6éj - 5jm§€k- (]
> The bracket relations (29) define a Lie algebra which is isomorphic to so(4).

(3.6) Proof: For i = 1,2,3 define §; = %(J, +e¢;)and n; = %(J,- —¢;). In terms of &; and 7; the
bracket relations (29) become

{88} = zk:f:ijk &, {nin;} = Zk:sijk Mk, and {&;,n;} =0. (30)

These relations define the Lie algebra so(3) x so(3), which is isomorphic to so(4).

The mappings J; — adj, = —X, and ¢; — ad;, = —X;, define a representation of so(4) on
the space of Hamiltonian vector fields on (X_, @3). In other words, we have a Hamiltonian
action of the Lie algebra so(4) on (X_,@3). Associated to this Lie algebra action is the

mapping

S = Ru(gp) = (@)= (gxpv(lal'g—n""px(gxp))).  GD
Here we have chosen {&},.;c¢ = {/1,J2,J3,€1,€2,€2} as a basis for so(4) with Lie
bracket {,}. Let Z ¢ be the i component of the mapping #. Then the bracket
relations (29) may be written as {_# &, #¢} = #&&} Therefore we say that the
map _# is the momentum map of the so(4)-action on (X_, @3).

We now investigate the geometric properties of the mapping jv (31). We begin by noting
that the vectors J and € satisfy

Je =0
JI+(EE =v2>0.

The verification of the first equation in (32) is a straightforward. For the second, see (37)
below. These relations define a smooth 4-dimensional manifold Cy, which is diffeomor-
phic to 2 x S%, because (32) is equivalent to

J+eJ+8) =(J-¢J—¢ = v?>0. 33)

(32)
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Write v = p/+/—2h for some h < 0 and consider the map
In= JH'(h):H'(h) CZ_ —Cy CRC. (34)
Claim: ﬁ is a surjective submersion.

(3.7) Proof: Let (¢,p) € H ' (h) and let V,, ,) = span {X;, (¢, p), Xz, (q,P)}lng. Since J and €
are integrals of X, it follows that V(, ,y C kerdH (g, p) which is T(W)H‘l (h). Therefore

dJi(q,
D/h(‘]:]’)W(q,p) = < ia P)) V

aei(q,p) )| 1P

_ <({Jivj.i}(%l7)) ({Jh?j}(q,p))) _p
({esi}a.p)  ({eeHa.p)

On Cy (32) the rank of P is 4, because P is conjugate to the matrix

(({éivéj}) 0 ) _ (22k8ijk (Jx+ex) 0 )

0 ({ni,n;}) 0 2 eiu(k—a))’
see (30) and (33). Therefore j;: is a submersion.

To show that j;is surjective, let (J,€) € Cy. Then e = |le|| = v=!|[¢| € [0,1] because
vi= J.J)+ (ee) > Vz(e,e>. Choose

(—vu ' (1—e)e'e,—uv3(e(1—e)) ' Jx€), whene € (0,1) and J # 0
(g.p)=1{ (—uv?pxJ,p), whene=0andJ #0. Here (p,J) =0, ||p|| = uv~!
(—vu~'e,—vu=2¢€), whenJ = 0. Here e = 1.

A straightforward calculation shows that (¢, p) € H~'(h) and ;ﬂ;(q7 p)=(J,e). O
Corollary: For every ¢ € Cy the fiber ;7\; ! (c) is a union of bounded Keplerian orbits.
(3.8) Proof: From the fact that j;; is a submersion, it follows that
dimkerD_#(q, p) = dimT(, , H'(h) —dimimD _#,(q,p) = 5—4 = 1.
But Xy (gq,p) € kerDj;:(%p). Hence for every ¢ € Cy
Ty Fy ' (€) =kerD Zi(¢.p) = span{Xu(q,p)}.
Therefore ﬁ !(c) is a union of bounded Keplerian orbits. O
The following claim is a substantial sharpening of the above corollary.

Claim: For every c € Cy, the fiber ﬁl(c) is

1. an oriented ellipse, when ¢ & C, N{J = 0};
2. aline which is the union of two half open line segments

{(GV"E, v ' (V2h+2uc-1)e) e THR? |0 € (O,/,L/(—h)]},

that join smoothly at (i/(—vh)e,0), when ¢ € C, N{J = 0}.
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(3.9) Proof:
CASE L. ¢ = (J,€) € Cy\ (CyN{J =0}). Let h = —u?/2v%. We have to show that the
datah <0, J #0, and e = —v~! € determine a unique oriented ellipse which is traced out

by the projection ¢ — ¢(r) of an integral curve z — (g(t), p(¢)) of Xp. Because J # 0 and
(q(),J) = (p(t),]) =0, the curves ¢ + ¢(t) and ¢ ~ p(¢) lie in a plane IT C R? which
is perpendicular to J. Since (J,e) = 0, the eccentricity vector e also lies in IT. Therefore
we may write (g,e) = ||g||ecos f, where f is the true anomaly, namely, the angle ZAOP.
From the definition of the eccentricity vector e (27) it follows that (g,e) = —||g||+u =" J2.
Therefore

lgllecos f = —llq]| +u~" 2. (35)
Suppose that e = 0. Then (35) becomes ||g|| = p~! J2, which defines a circle % in IT with

center at the origin. Since 0 = d”‘l( I = (q, dl) (g, p), the tangent vector p(z) to € at

Figure 3.1. Ellipse in the plane IT.

q(t) is perpendicular to ¢(¢). Because {g,p,p x ¢} is a positively oriented basis of R,
{q,p} is a positively oriented basis for IT. Hence the circle traced out by ¢ +— ¢(t) is
positively oriented. Suppose that e # 0. Then equation (35) may be written as

e((ue)™" 7> = llg|l cos £) = l|qlI. (36)

Equation (36) describes the locus of points P in the plane IT for which the ratio of the
distance OP to the origin to the distance PM to the line MB, where OB = (,ue)’l.lz, is a
constant e, see figure 3.1. Thus the locus is a conic section. To see which conic it is, we
calculate the size of e.

= el* =1-2u""gl " llgx plP+u"?lpx (gx p)|I*, using (27)
=1-2u"Yq 7" P +u2(lplP7? = (p.J)?), usingI=gxp
=142u7*Jh, since (p,J) =0and k= §(p,p) — ullq|~". 37

Since & < 0, it follows that e € [0, 1). Therefore the locus
lgll = 72" (1 +ecosf) ™! (38)

is an ellipse in I1 with eccentricity e and major semiaxis lying along e, which is directed
from the center of attraction O, that is also a focus, to the periapse A, of length a =
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> J2u~'(1—e?)~! = u/(—2h). When traced out by  — ¢(t), this ellipse is oriented in the
direction of increasing true anomaly f.

(3.10) Proof: From the fact that {q, p} is a positively oriented basis of the plane IT, we obtain

J =g x p||, which is the area of the positively oriented parallogram
spanned by {¢, p}.
(0¢G0T
= det —1 —1 )
(p.e”'e) (p,(Je)" I xe)
since {e~'e, (Je) 1] x e} is a positively oriented
orthonormal basis of IT

_ e
= [|q|l i (39)

Equation (39) follows by first differentiating (g,e~'e) = ||¢g||cos f and (g, (Je)~'J x e) =
lg|lsin f along an integral curve of Xy and then using the fact that p = ‘(ii,—" and ¢ =
J =0 to obtain (p,e"'e) = % cos f — |lq]| sinf% and (p,(Je) ' I xe) = % sin f +

gl cosf%. From (39) we see that % > 0. O

CASE 2. ¢ = (J,€) € C, N{J = 0}. Since J = 0, the modified eccentricity vector € =
v|lgll~'g. Because € is constant along any integral curve ¢ +— (g(t),p(t)) of Xy and
h < 0, the image of t — ¢(t) lies along € and is the half open line segment {cv~'e €

H|G € (0,u/(=h)]}. From J = 0 it follows that p = Ae for some A € R. In order
that (ov~'e, p) € H~'(h), where h = —u?/(2v)?, we must have A>v? = (p,p) = 2h+

2uc~!. Therefore #, '(c) is the line which is the union of the two half open line seg-

ments {(ov '€ +v-!(\/2h+2u0"T)€) € TyR*|c € (0,u/(—h)]}, which join
smoothly at (1/(—hv)e,0). O

It is not hard to show that on ;ﬂ;‘l (Cv\ ({J=0}NCy)) the mapping ﬁ is proper,
whereas on 7, ' ({J =0} NCy) it is not.

We now turn to examining the so(4)-momentum mapping j (31). Let C be the subman-
ifold of R? x (R*\ {(0,0)}) defined by (J,¢) = 0.

Claim: The map

J X CCR :(q.p)— (g% p,v(lgl ™ 'a— 1" px (g% p))) = (J.8)

is a surjective submersion, each of whose fibers is a unique bounded orbit of the Kepler
vector field Xy .

(3.11) Proof: First we show that jis surjective. Supppose that ¢ = (J,€) € C. Then ||J +E||2 =
|J—€||* = v for some v > 0. Hence (J,€) € Cy. Let h = —u?/(2v?). From ((3.7)) it
follows that /h_l (c) is nonempty. Hence _# ~!(c) is nonempty. Because /h_l (c)isa

unique oriented bounded orbit of the Kepler vector field, f !(c) is as well.

Since C is a 5-dimensional smooth manifold, the map _# is a submersion if for every
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(g,p) € X_ the rank of D/(q p) is 5. Actually it suffices to show that for every (g, p) €
H~!(h) the vector D_# 7 (q,p)gradH (g, p) is normal to Cy at /(q D), because
—1 _ N .

1. by (3.1, D7 (g, p) Ty pyH ' (h) = T g

2. anormal space to H~!(h) in £_ at (g, p) is spanned by gradH(q, p);

3. as a submanifold of C the manifold Cy is defined by

F(J&)=(J,J)+ (€@ - v> =0, (40)
where v = u(v/—2H) /2

Since the normal space to Cy at ﬂq, p) = (J,€) € Cis spanned by grad F (J,€) =2(J,€),
it suffices to check that (D_# (q, p) gradH(q, p), grad F(_# (¢q,p))) is nonzero. The fol-
lowing calculation does this.

0 +# (gradH(q,p), gradH(q,p)) = DH(q,p) gradH(q, p)
=D(—1u*((1.J)+(©€@) ") (q,p) grad H(q, p),
using H = —pu?/(2v?) and (40)
=302 ((1.9) + €®) (W, DI(q, p) grad H (g, p))
+ (e, De(q, p) gradH(q, p)))
=u"2H(q.p)* (D7 (q.p)gradH(q,p),grad F( 7 (¢,p))). O

The above result has several useful consequences.

Corollary 1. The smooth manifold C (28) is the space of orbits of negative energy of the
Kepler vector field Xz and the momentum map ¢ : £_ — C (31) is the orbit map.

(3.12) Proof: The corollary follows from ((3.11)) and the definition of orbit space. O

The next corollary says that every smooth integral of the Kepler vector field on X_ is a
smooth function of the components of angular momentum J and the modified eccentricity
vector €. More precisely,

Corollary 2. Suppose that G: X_ C TQR3 — R is a smooth integral of the Kepler vector
field Xy . Then there is a smooth function G:C C R® — R such that G = / G.

(3.13) Proof: Since G is an integral of Xy on ¥_, it is constant on each bounded orbit of X and
hence is constant on the fibers of the momentum map j Because C is smooth and is
the space of orbits of Xy on X_ with orbit mappmg j G descends to a smooth function
G:C C R® — R. In other words, G = / G. O

3.3 Kepler’s equation

So far we have only used the constants of motion to describe the orbits of the Kepler
vector field Xy of negative energy. This means that we cannot tell where on the orbit the
particle is at a given time.
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In order to give a time parametrization of a bounded Keplerian orbit, we define a new time
scale, the eccentric anomaly s, by

ds _
5 = V2l @1

Before finding a differential equation for ||¢(s)||, we use the integrals of energy and angu-
lar momentum to find a differential equation for ||g(¢)||. Multiplying the energy integral

h=3(p,p) — wlall~" by 2|lg|1* gives [lq|*|[pll* = 2etllq]l + 2/ lgl*. But [lg[P*||p|* =
lg x plP*+ (g, p)* = 7>+ (p,g). In other words,

dliq
Jot? (LY 42 =21 gl 201 @)

Using (41) to change to the time variable s and dividing by —2#h gives

d||g||\?
(Y -+ =201l - Lol @)

since a = u/(—2h) = J?u~"' (1 —e*)~'. Instead of separating variables and immediately
integrating (43) we first change variables by eap = a — ||¢||. Then (43) simplifies to

d
( P ) +pi=1 (44)
ds
Since ||¢(0)]] = a(1 — ), from the definition of p we obtain p(0) = 1. Therefore

llg(s)|| = a— aecoss. (45)

To find the relation between the eccentric anomaly time scale s and the physical time scale
t, we substitute (45) into (41) and integrate to obtain

V=2h(t—1)=+v-2h /dt / (a —aecoss)ds = as— aesins. (46)

Here 7 is a time related to the time of periapse passage. Its precise definition is given
below. Dividing (46) by a and using a = 1 /(—2h) = v/ gives Kepler’s equation

s—esins = u’v=? (t—1) = nt, 47)

-3

where £ is the mean anomaly and n = u?v =3 is the mean motion. Note that

quH dlg]| ds
(a0 = (g, 50) = ] AL = g TN
=+/—2hae sins, using (41) and (45)

= Vesins. 48)

When t = 7 from Kepler’s equation it follows that s = 0. Let 7’ be the physical time
corresponding to s = 27 in (47). Then 7 — 7’ is the period of elliptical motion, which
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1

according to Kepler’s equation, is 2zn~" = 2xv3u~2 = 2zu~"/24%/2. This is Kepler’s

third law of motion.

During elliptical motion the particle goes through the periapse periodically. Therefore
the time 7 in (47) is not uniquely determined by the initial condition (¢(0), p(0)), which
defines the integral curve of Xy. We will define 7 as follows. In the interval [—7, 7] there
are precisely two values £5p (with €2 = 1) which satisfy ||¢(0)|| = a(1 — ecos €5p). To fix
the choice of € note that from (48) we have € = (¢(0), p(0))/(vesinsp), unless 5o = 0
in which case € is irrelevant. Set sy = €5¢ and let 7= —n~! (sg — esinsp). In words, we
define 7 as follows. If at r = 0 the particle is in the upper half of the ellipse, then 7 is the
first time before t = 0 when the particle passed through the periapse; otherwise it is the
first time on or after t = 0 when the particle passes through the periapse.

Jxe

Figure 3.2. The eccentric anomaly.

To describe the classic geometric meaning of the eccentric anomaly s, consider the figure
3.2. Let O be the center of attraction, A the periapse and C the center of the ellipse of
eccentricity e. The arrow on the ellipse indicates the direction of motion and P is the
position of the particle on the ellipse with true anomaly f. Construct a line SP through P
which is perpendicular to the line CA. Project P parallel along SP to the point S on the
circle € with center C and radius equal to the distance CA.

Claim: The eccentric anomaly s is the angle ZACS.

(3.14) Proof: Let ¢ = ZACS. From figure 3.2 we obtain CS = a and CO = ae. Since CF =
CO + OF, we find that acos 6 = ae + ||g|| cos f. As the orbit is elliptical, we have ||¢|| =
a(l —e*)(14ecos f)~'. This may be rewritten as

llgl| = a—e(ae+||q||cos f) = a—aecoso.

But ||¢|| = a — aecoss. Hence coss = coso. Since s = 0 when ¢ = 0, we obtain ¢ = s.
O

As the point S traces out the circle % uniformly with speed n, the point P on the ellipse
traces out the projection of an integral curve of the Kepler vector field in configuration
space.



114 Regularization 51

4 Regularization

In this section we remove the incompleteness of the flow of the Kepler vector field by
embedding it into a complete flow. This process is called regularization. We regularize
the Kepler problem in two ways: one, called Moser’s regularization, works on a fixed
negative energy level; while the other, called Ligon-Schaaf regularization, works on all
negative energy level sets at once.

4.1 Moser’s regularization
We begin by discussing Moser’s regularization. On the phase space (ThR® = (R*\ {0}) x
R, @3 = ():?: 1 dg; Adp;) |T0R3) with coordinates (g, p) consider the Kepler Hamiltonian

H(q,p) = 3|Ipl* ~llal " (49)

Here {, ) is the Euclidean inner product on R? with associated norm || ||. We have chosen
physical units so that u4 = 1. The integral curves of the Hamiltonian vector field Xy
associated to H satisfy

dg JH

d_,_ o

dr dap

Lol =22 -
a4l g= dq’

Let R-g be the multiplicative group of positive real numbers. On R x TyR? define an
R.y-action by

Py :Rog x (Rx THRY) = Rx ToR*: (p,(1,4,p)) — (P°1,p°q,p " 'p). (51

> The equations of motion (50) of the Kepler problem are invariant under the action (51) of
the virial group.

(4.1) Proof: We check this as follows.

p)

dip“g) d(p 4y -3. 12 3.2
=p p and a0y P lgll~"q=—lp~ql " p~q. O

d(p’1)

Under the virial group the Kepler Hamiltonian H (49) transforms as H + p~>H and the
symplectic form transforms as @3 — p @;.

We now regularize the bounded orbits of the Kepler problem of fixed negative energy.
Using the virial group we reduce our considerations to the level set H~! (—%) First we
introduce a new time scale s by & = ||¢||~!. Consider the new Hamiltonian

F(q.p) = llqll(H(g.p)+3) + 1= llall(Ip|* +1). (52)

> The integral curves of Xz on F~(1) are integral curves of Xz on H™! (—3). using the
time parameter s.
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(4.2) Proof: Using the time parameter s the integral curves of X satisfy

dg  dgdr b 1
dg _dgdi _ ol 2 (H 1

&~ aa Pl ||q||ap( (¢:p)+3) .
dp dp dr o p) 1

dp _dpdr — a2 (m N

e el g~ —ldl 5 (. p)+3)

OnH~!(~3) we have H(g.p) + 3 = 0. So |4 & (H(q.p) + 3) = Z (llll (H (q.p) + 3))
for z = g or p. Therefore on F~!(1) = H~! (—%) equation (53) is in Hamiltonian form

dg  OF
ds %
~ 54
a _ oF oY
ds  dq’
Hence the integral curves of Xz on H~!(— %) are the same as the integral curves of X on
F~'(1), using the time parameter s. O
Let K : ToR® — R, where
= = 2
K(q.p) = 3F(q.p)* = gllal*(lp|* +1)*. (55)

> The integral curves of Xz on K (%) are the same as the integral curves of X5 on Fl(1).

(4.3) Proof: This follows because on F~'(1) we have

dg _ 9F? zoF OK

ds 29p  dp Ip
a0 oF R

= Tag o= Ay -

On our way toward defining Moser’s regularization map consider stereographic projection
@ : S5, =5\ {np} — R? from the north pole np = (0,0,0, 1) of the 3-sphere §* = {u €
R*|(u,u) = ¥j_, u?} to the 3-plane R* = R x {0} in R*. For each u € S3, let g = ¢(u) be
the point of intersection of the line joining np to u with R3. A short calculation shows that
qi= 134 fori=1,2,3. Let T“'Sﬁp ={(u,v) € TR3|u € Sﬁw 0= (u,v) :Z‘}:l Ujvj, v#
0}. Consider the mapping

@y TSy, = TR 2 (u,v) = (q,p) = (— (1 —ua)v—vati, (1 —ug) '), (56)

where u = (i, us) and v = (¥,v4). Then ®,,' is the composition of a lift of stereographic
projection

Eﬁ : T+S13;p — T0R3 : (uvv) — (qvp) = ((1 71'{4)_12;7 (1 - M4)17+ V4ﬁ)7

followed by the momentum reversal y : T)R?> — TyR? : (¢, p) +— (—p,q). When (u,v) €
> T+, we have the identities

gl = [[vI*(1 —us)? (57a)
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PP +1=2(1—u)" (57b)
(g,p) = —vs. (57¢)

(4.4) Proof: Using (u,u) = 1 and (u,v) = 0, from (56) we get

3

Z (v;(l —ug) +M,‘V4)2

i=1

3
2 2
lgl* =Y a =
i=1

= (1= ua)*(|VI[* = v3) — 2uavi(1 — ua) +v3(1 —uu3)
= VIP(1 —ua)?;

s

3
PP +1=(1—us) 2 Y uf +1=(1—us) 2(1—uz)+1=2(1—uy) "
i=1

(q,p) = i%‘pi = —i (i1 — uag) +uva) (1 — ug) ;)
iz -
:M4V4—V4(1—u4)71(1—142):—V4. 0
Define Moser’s mapping
Dy HR® — T*’Sﬁp (g, p) — (u,v) = ((@,us), (v, v4))

by

@ =2p(|plP+1)~" and us=([pl* - D(pl*+1)7! 58)

Vo= —5(IpI*+1)g+{g.p)p

and  v4 = 7<Q7P>
> We now show that CD;,II (56) is the inverse of Moser’s mapping ®,; (58).

(4.5) Proof: Suppose that (u,v) € T*S>. Then

1~

By (B (u,v)) = Dua(g.p),  where g = —(1 —uy)i—vaiiand p = (1 —us) i

= (1= ua) (1 =) 7", (21— ua) ™" =2) (1 — ),

((1—ua) " [(1 — a)V + vatl] — vaii(1 —us) ™", va))
using (58) the identities (57a) — (57¢)

= (@, 1= (1—ug)),v+(1 —uy) Mg —(1 —u4)71V4ﬁ,V4)) = (u,v).

Now suppose that (¢, p) € TyR>. Then

D3 (P (q.p)) = Py (w,v) = (= (1~ a)v = vair, (1~ ua) ™),

where u, v are given by (58)

(=2(lpI? + D7 =3 IpI* + g + (g pypl +2(a. p)(lpI* + 1)~ p,

2(llplI? + 1)~ 5 lplI? + 1)p) = (4,p). 0

> The restriction ® of Moser’s mapping @ (58) to H *1(—%) is a diffeomorphism of
H~'(—1) onto Tngp ={(u,v) eT*S? | ||u]|> = 1} with inverse & = &, |T; S}
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(4.6) Proof: Using (u,v) € T1S3, and the identities [|¢[* = ||v][*(1 —us)? and [|p[|*+1 =

2(1—ug)™" we get 3|Ipl* —llgll ™" + 3 = (1 —ua) ™" = (V[ (1 —ua))~" = 0, that is,

(g,p) € H’l(—%). So ® = <I>_1|T1 s3 , maps TlS3 into H*I(—%). From the fact that

v(g,p) = (—2H(q,p))~"/> = 1 when (q p)EH™ ( 1), a stralghtforward calculation,

given in (69a) — (69¢c), shows that ® = Py |H~ '(—%) maps H~'(—}) into TlSnp‘

Because Moser’s mapping is a diffeomorphism of ToR> onto T+S§p, it follows that @
is a diffeomorphism of H~'(—3) onto Ty Sgp with inverse ®. O

The map ®,,' pulls back the 1-form ():?:1 qidpi)|H™ ' (— 5) on H!(— %) to the 1-form
—(Z‘}:lvjduj) |T]S3 on T]S3.

(4.7) Proof: On H~!(—1) we have

3
Zq,dp, = Z l—u4 v,+V4u,)d((l—u4 lu,- Zv,du,

i=1

—Zuivi(l—m du4—V4(l—u4 Zu,du,—m 1—ua)” Zu duy

i=1
since 0 = d( ‘}:1 u?) gives —ugduy = Z?:] u; du;
3
= - Z vidu; + vaug (1 —ug) " dug + vaug (1 —ug) " duy

i=1

(1—u4)(1—u4) 2vadua, smceZ luv,z—mmandif’jm?zl—ui

—72\//‘(114}'. O
j=1

> The inverse @;,,1 (56) of Moser’s mapping is symplectic,
(4.8) Proof: On T3 S5, we get

3 3 3
Ml)*(z1 dgi Adp;) = (@) (dY gidpi) = d ((@3,")* (Y qidpi))
i= i=1 i=1

4 4
—d() vjduj) =Y dujAdv;. O
j=1 j=1
On TS, let
K(u,v) = (@) K(u,v) = 5|vI?, (59)

using (57a) and (57b). From ((4.7)) and ((4.8)) it follows that on the energy level H ™~ ( 2)
the Hamiltonian system (H, ToR?, co) is equivalent to the Hamiltonian system (K, T*Sﬁp,
(Z‘} p duj /\dvj)| T+S3 ) on K~ ( ) via Moser’s mapping @y (58). Clearly K extends
to a smooth function on TSN K~ ( ), whose Hamiltonian vector field Xx defines the

geodesic flow on $* on K~ ( ). Hence Moser’s mapping embeds the incomplete flow
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of the Kepler vector field Xy on H~! (—%) into the complete geodesic flow on K~! (%)
Using the virial group we can use Moser’s mapping to regularize the Kepler vector field

a negative energy level at a time.

We now see how the integrals of the geodesic flow pull back under the of Moser’s map-
> ping. We show that under Moser’s mapping ®y, the integral S;; = w;v; —ujv;, 1 <i <
j <3, of Xg on K~'(}) pulls back to the k™ component J; of the SO(3)-momentum
J = p x grestricted to H~'(—1). Here {i, j,k} = {1,2,3}. The integral Sjs = u;v4 — vjus,
1<i<3,0f Xy on K~! (%) pulls back to the the it component of the eccentricity vector

e=—|q|"'g+px (g p) restricted to H~' (—1).
(4.9) Proof: When 1 <i< j <3 we get

Dy (Sij K (3)) (,v) = (Piy (wivj —ujvi) ) |[H ' (=3)
= 2pi(llpIP+ 1)~ (= 3UlpI? + Vg + (. p)p))
—(= 3PP+ D)gi+ (g, p)pi)2p;(I|pl* +1)7"] , using (58)
= (qipj—pja)|H " (=3) = IH ' (=3).

Also when i = 1,2,3 we have

Py (Sial K1 (3)) (u,v) = (g (uivs —uavi) )|H ' (—3)
= [=2pi(llplP + 1) g, p) + 3a(llp* — 1)
—(a: )PP (lp I+ 1) pi+ (g, p) (IpIIP +1) ' pi]
= [=pila.p) +ailpl* = 5(IIpI* +1)ai]
= [=llgll ™ qi +ai(p.p) = pila, P [H ' (=5) = eil H' (=)
The second to last equality follows since %(Hp”2 +1) = ||q|| " defines H’l(—%).
> Let
T:TTS SRy Y (v —uwi)? = [|a < 9%

1<i<j<3

Then J ! (0) is the set of all integral curves of the geodesic vector field Xk, which pass

through the collision set C = {(u,v) € T*S3 | ug=1}on T+S3,

(4.10) Proof: The image of each integral curve of Xx under the bundle projection map is a great
circle on $3. Each great circle intersects the equatorial 2-sphere {uy = 0} NS> at some

point P = (u,0,V,v4). Suppose that J(P) = 0. Then u x v=0. If v £ 0, then u = AV for
some nonzero A € R. But (u,v) € T*S3. So 0= (u,v) = (&, V) + ugvy4 = (1, ), since ug =
0. Consequently, 0 = A (v,v), which contradicts the fact that A # 0 and v # 0. Therefore
V=0, thatis, P = (it,0,0, v4). For some 7 > 0 the integral curve y: R — TS5 : ¢ X (P)

of Xk passes through the collision set C. To see this we must find 7 so that

u . u sin(zv2K) (0
cos(7v2K) <0> + 557 <V4>
1] _ k|0
b (PT 0 - ) n 0 s
v} V4 — V2K sin(1v/2K) <0> +cos(TV2K) <V4>
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using (8). Noting that K = K(P) = %vﬁ > 0, the fourth component of (60) reads 1 =
v4|v4| ! sin(Tv/2K), which gives T = 1/(2v4), if v4 > 0 or T = 371/(2|v4]), if v4 < O.
Thus the first three components of (60) read 0 = cos(7v/2K), as desired. Consequently, at
time ¢ = 7 the integral curve ¥, which starts at P = (1,0, 0, v,4) passes through the collision
set C. Thus J~1(0) is a subset of C. The collision set is clearly a subset of J1(0). [

Under Moser’s mapping J ~1(0) corresponds to the set of bounded orbits of the Kepler
problem with 0 angular momentum. This is precisely the set of bounded Keplerian orbits
which reach the origin of R? in finite time.

4.2 Ligon-Schaaf regularization

On the subset £_ of phase space TyR>, where the Kepler Hamiltonian is negative, one can
perform regularization in such a way that the embedding is symplectic and the resulting
vector field is Hamiltonian with an SO(4) symmetry, which integrates the so(4) symmetry
of the Kepler Hamiltonian. This symmetry does not arise from a lift of a symmetry on
configuration space.

We regularize all negative energy Keplerian orbits at once using the Ligon-Schaaf map

P5:X CTHR - T7S;, CTR:

6 ()= i v ()

where
w = (vig.p)" lallp.(p.p)lgll — 1) .
v = (=llgllg+(a.p)p,~v(a.p)"{a.p)).
and v(q,p) = (ﬁ — |Ip|I?)~"/%. We start by factoring ®y.
Claim: Let
S:X CTHR* = T1S;, xRog S TR X R: (g, p) = (u,,V), (63a)
where v = v(g, p) and (u,v) is given by (62). Also let
L:TiS* xRog — T8 CTR: (u,n,v) s <fs~> (63b)

—sinvgy  cosvy v

where (;:) = ( cosva Sinv“) ("). Then &g = LoS.

(4.11) Proof: Before proving the claim we look at each factor of the Ligon-Schaaf map more
carefully starting with the mapping S (63a). On X_ we have an R+ ¢-action

PV iR o xEZ- =2 :(p,(q.p) = (p2q.p 'p) (64)

of the scaling group. To see that ¥ is well defined suppose that p € R~ and (¢, p) € X _.
Then at (g, p) the value of the Kepler Hamiltonian H (49) is negative. So

H(p*q,p~"p)=3llp~'plI* = Ip%qll ™" = p*H(q,p) <O.
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> Thus for every p € R the map ‘PX sends ¥_ into itself. The action ¥V is free for if

> (p%q,p~'p) = (¢,p), then p = 1. Every orbit of the R--action (64) intersects the level
set (H|Z_)~!(—3) in exactly one point.

(4.12) Proof: Suppose that (¢,p) € £_. Then m = ‘P“: (¢, p) € H! (—%), since

@n)!

H(m) =H(v(q,p)¢.V(4.p)p) = V(q,p)’H(q,p) = =5
for v(g,p)* = (—2H(q, p))~". Because H(‘I’g (¢,p)) =p2H(q,p), the ¥V -orbit through
(g, p) intersects (H|X_)~! (—%) at m only when p = v(g,p) .. d
> The orbit space T_ /R is diffeomorphic to (H|Z_)~!(—1) with orbit map

my - CToR® = (HIZ_) (=1 CZ_:(q,p) = @,P) = (v(a.p) *q.v(q.p)p). (65)

(4.13) Proof: We need only show that (H|X_)~! (—%) is a smooth submanifold of THR?, since
Y = H !((—e0,0)) is an open subset of TyR>. Suppose that (¢, p) € THR? is a critical
point of H. Then 0 = dH(q,p) = (p,dp) + ||| ~>(g,dq). This implies ¢ = 0 = p, which
contradicts the fact that (g, p) € ToR3. Thus every negative real number is a regular value
of H|Z_. Consequently, (H|Z_)~!(—3) is a smooth manifold. O

Let 7153, = {(u,v) € TS5, | [[v[|* = 1}. Define an R-g-action " on 7353, x R~ by
PR x (1185, X Rag) = T1S5, x Rog : (1, (,v),4)) = ((u,v),uA).  (66)

The action W7 is free for if ((u,v),uA) = ((u,v),A), then u = 1. The space TlSip x {1}
> is the orbit space (T Sgp x R=g)/Rxp of the action ¥V The orbit map is

iy 1Sy, X Rog — 1185, x {1} 1 ((u,v), 1) — ((u,v),1). (67)
Claim: Using the restriction of Moser’s mapping @, (58) to (H|X_)~! (—%), given by

D (H\Z,)’l(—%) C THR? — TS?1p (g, p) — (u,v)
(68a)
= ((lgllp. 1P gl = 1), (=gl ~'q + (g, p)p. ~(a.P))),

and Moser’s fibration

Fy:X = TS5, (q,p) —
. ) 1 B (68b)
((v(g,p)" Nl lpIPllgll = 1), (=llgll~'a+ (g p), —v(g,p) (g, p))),

2

T~ | plI?, we obtain the following commutative diagram.

where v(g,p) > =
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s 5 iS5 xRoo - (q,p) — (Fu(g,p),v(9,p))
Ty ir
HE) () —2— 7183, x {1} (¢.P) —— (®(3.5),1)

Diagram 4.2.1

Morover, the bundle mapping S is an R+ ¢-bundle isomorphism.

(4.14) Proof: The next calculation shows that the image of X_ under Moser’s fibration Fj; is
contained in TlSip. Using the definition of Fj, (68b) and v = v(q, p) we have
(w,u) = v gl P17 + (el gl = 1)?
= (=lpl* +2llal~Dlallpl? + Apl*lal = 1) = 1; (69a)
(u,v) =valllg. ) IpI* = v~ g.p)+ v g p) = v llall(g.p)IPI* = 0:  (69b)
(vov) = llall~llall® = 2llall~"(a: p)* +llpll{a: p)* + v (g, p)?
=1-2[lgl " g. p)* +|IpI*(a. )* +2ll4ll " {a. ) — IPII*(g.p)* = 1. (69¢)

Thus Fy (X_) € T3 S>. Suppose that ug = 1. Then ||¢||||p||> =2 using (62). So —2H(q,p) =
llgl='(2 = llqlllp||*) = 0, which contradicts the fact that H(g,p) < 0. Consequently,
S(X_) C TlSﬁp x Rwg, since v(q,p) = (=2H(q,p))~"/? > 0 for (¢,p) € £_. Diagram
4.2.1 is commutative because v(g,p) = 1 and
®(7,p) = ®(v_2q,vp) = ((Iv24llvp. Ivel?lv-2qll - 1),
(—IIv 2l 'v g+ (v 2q,vp)vp,— (v 2q,vp)))
= ((v"lgllp,IpIPlgll = 1), (= llgl~ g, +(a. p)p.v~"(a,p))) = Fu(q,p).

From ((4.6)) it follows that the mapping s in diagram 4.2.1 is a diffeomorphism.

We have not yet shown that the mapping S is an R~ -bundle isomorphism. To do this, and

> thus finish proving the ((4.14)), we must show that the mapping S is a fiber preserving
R o-isomorphism and is a diffeomorphism. This assertion follows when we establish:

i) Forevery (g, p) € (H|Z_)~'(—3) and for every p > 0 we have S(‘Pg,, @.p))
= ‘PZ;—I (S(Zl\,ﬁ))

ii) The mapping S|7;, ' (g, p) from the fiber 7, (g, p) to the fiber 7" (s(g, p)) is
one to one and onto.

(4.15) Proof:
i) We compute

V(¥ (@.5) = v(p 24.pp) = (P*(-2H(@.p)) " =p "
while FM(‘P“;f, (3,p)) = Fu(p~2q,pp) = ®(g, p). Therefore

S(¥)-1(a,p)) = ((7.p).p~") =¥ -1 (5(d.0))-
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ii) Suppose that S(‘ng, (@,p)) = S(‘P‘éfl (g,p)) for some p, 6 € Rog. Then p = o,
because (<1>(Zj,ﬁ),p’1) = (@(@ﬁ),c’l) by hypothesis. Therefore we get lPX-l (g,Dp)
= ‘P‘;f, (@, p), which shows that S|, 1(@, p) is an injective map from the fiber T, Y@,p)

into the fiber 7, (s(g, p)). Suppose that (0,P,A) € ;' (s(g,p)). Then
(0,P,A) =¥} (®(G,p),1) = (®(3,p),A) = S(A*G, A" p).
Thus S maps the fiber 7, 1(g, p) onto the fiber b ! (s(g,p))- O

> To show that the mapping S: X_ C LR? =T Sﬁp x Rs (63a) is a diffeomorphism we
argue as follows.

(4.16) Proof: Suppose that (u,v,v) € TISf’lp x R~¢. Then 77 (u, v, v) = (u,v, 1) € Tngp. Since s is
a diffeomorphism, there is a unique (7, p) € (H|Z_)~'(—3) such that (g, p) =s~ ' (u,v, 1).
Because S maps the fiber 7' (g, p) one to one and onto the fiber 77! (u,v,1) and the
R.p-action W7 is free, there is a unique p € R such that S(q,p) = S(‘PX(Z]\, D)) =
(#,v,v). Thus the mapping S is one to one and onto. The next argument shows that for
every (¢,p) € L the tangent T, \S : Ty )X — Ts(q,)(Th Sip x R-p) of the mapping
S is surjective. Suppose that y: [0,1] — TlSﬁp X R is a smooth curve, which passes
through (u,v,v) at t = 0. Then 77y is a smooth curve on 7} S5, x {1}, which passes
through (u,v,1) at t = 0. Since s is a diffeomorphism of (H|Z_)~'(—3) onto Tngp X
{1}, the curve s~ !o(mroy) on (H\Z,)’l(—%) is smooth and passes through (g, p) atr =
0. Therefore ‘PXO(s’lo(irToy)) is a smooth curve on ¥_ which passes through (g, p).

Consequently, T{, ,)S is surjective. Because dimX_ = dim(7; Sgp x Rx), it follows that
Tiy,p)S 1s bijective. In other words, S is a local diffeomorphism. Thus S is a global
diffeomorphism since it is injective. O

Thus S is an isomorphism of R+ y-bundles and this completes the proof of ((4.14)). O

Claim: Consider the 1-form 6 = v((v,du) +dv4)|M on M = T1S;, x R-g C TR* xR
with coordinates (u,v, V). Then

S*((v{v,du))|M) = (v(g,p){q.p)d(v(q.p) ") — (g,dp))[Z- (70a)
S*((vdvy)|M) = (v(g.p)d(v(q.p) " (q,p)))IZ-, (70b)

that is,
576 = —((g,dp) +d(q,p))[Z. (70¢)

(4.17) Proof: Equation (70c) follows from equations (70a) and (70b) because

S*(v{v,du) +vdvs) = v(q,p){q.p)dv(q.p) "' — {(g,dp)
—v(q.p){g.p)dv(q.p) " —d(g.p)
= —(g,dp) —d(q,p)-

The following calculation verifies equation (70a). We have

§*((vodu)) = (= llgll"g+ (g, p)p.—v "a.p)). (dv""|lgllp).d(lqll I PI*)))
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=v g P lgll(lgll ™" = llplI*)dv = v~ (g, p) [l ({p.dp) +lla] ~(g,dq))
— v {g,dp)

=v Yg.p)lgll (—llgll =" v~ dv+(—2H)(—2H) " dH)
—v g, p)llgll " dH — v~ (g.dp)

since v = (—2H)~"/2 implies dv = (—2H)3/2dH =

v(—2H)""dH and dH = (p.dp) +|lq] (¢,dq)
=(g.p)dv"—v '{g,dp).

On the right hand side of the above equations we have used the abbreviation v for v(q, p).
Since S*v4 = —v(q,p)~ (g, p), we obtain equation (70b). O

Corollary: The mapping S is a symplectic diffeomorphism sending X_ to M with $*(d6) =
(X1 dgindpi)[=-.

(4.18) Proof: Take the exterior derivative of both sides of (70c). O

We now look at the factor L (63b) of the Ligon-Schaaf mapping ®;5 (61). On T+S? we
have an R g-action

WP R X TS — T78%: (1, (rs)) — (r,ps) (71)

of a scaling group. The action WP is free, for if (r,is) = (r,s), then y = 1. Because
every orbit of the action WP intersects 775> exactly once, the orbit space T+$3 /R~ is
diffeomorphic to 7753, the unit tangent sphere bundle to S, with orbit mapping

mp TS = 11832 (rys) — (ry||s]| " ts).
Claim: Using the mapping
L:TiS®xRag = THS?: (u,v,v) —~ (r(u,v7 v),s(u,v,v))7
where
r(u,v,v) = T7(u,v) =cosvau+sinvgv

(72)
s(u,v,v) = vs(u,v) = v(—sinvqu+cosvqv),

diagram 4.2.2 is commutative

TIS3 xR L T*s’ (M,V,V) - (I‘(M,V, V),s(u,v,v))
r b195)
3 14 3 ~ ~
S° x {1} N (u,v,1) —— (F(u,v),5(u,v))
Diagram 4.2.2

Moreover, the mapping L is an R~ o-bundle isomorphism.
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(4.19) Proof: The maps in diagram 4.2.2 are properly defined, because if (u,v) € T 3, then for
(7,5) = £(u,v) we have ||[7]|> = 1 = ||5]|* and (7,5) = 0. So (r,s) = (7, v5) = L(u,v,v) €
T+S3. From (72) it follows that 7(u,v) = 7(u,v,1) and 5(u,v) = s(u,v,1). Consequently,
diagram 4.2.2 is commutative.

As a first step toward verifying that the mapping L is an R~ -bundle isomorphism, we
> will show that the mapping

TS ) {1} =TS = 1183 : (u,v) @ - T(V4)<‘V‘> (73)

with T'(vy) = < cosva Sinv“) is a diffeomorphism.

sin V4 COSsVy

(4.20) Proof: We start by showing that for every (u,v) € T{S® the tangent mapping Tyl of €
is a bijective linear mapping of 7(,, , (T,53) into itself.

(4.21) Proof: Differentiating (73) gives

(£) = Tawe(2) =0 &)+t (5, 3) (2) =700 [(2) 15 ()] 0

for (i,v) € Ty (T1S %) and v4 € R. Since Tl (1S 3 = {(%y) € TR4| u,x) =0 =
(v,y) & (u,y) + (¥, v) = 0}, the next calculation shows that (,y) = (v, —u) € T, v)(TlS ).

<M7X> = (u,v) =0, <V7)>> = _<V7”> =0, and (u,y) < > < > <V,V> =1-1=0.
Therefore (1,%) given by (74) lies in Ty, (TiS%). Let (£,9) € Ty, (TiS%). Set (:):

T(vg)~! (}) V4( u) Then (it,v) € Ty, (T1S?). Using (74) we get

T(u,v)£<z> = T(V4)(T(V4)*1 (’y‘) - m(:;)) +V4T(V4)<7l;t> = (;‘)

Thus T{,,)¢ is a surjective, and so bijective, linear mapping of T(”_’v)(Tl $3) into itself. [

We now show that the mapping ¢ (73) is a diffeomorphism of 715> into itself. Since ¢ is
smooth and its tangent map is bijective at every point of 7153, from the inverse function
theorem it follows that / is a local diffeomorphism. To show that / is a global diffeomor-

phism it suffices to demonstrate that it is injective. For s € [0,1] let ¢ : T} 35783 (‘:)

— T (sva) < > Since /0 =id 7,83 and ¢! = ¢, it follows that ¢ is homotopic to idT] 3, whose

degree is 1. Hence the degree deg/ of ¢ is 1. Induce an orientation on 715> from the
standard orientation of TR* = R®. For every (u,v) € 715 the map Tiv¢ is bijective
and orientation preserving, because T (v4) € SO(4,R). Since 715> is connected and com-
pact, the mapping £ is surjective, being an open mapping. Therefore, every (x,y) € T1 5>
is a regular value of £. The fiber F = ¢~!(x,y) is a finite set, because it is a discrete
closed subset of a compact set. From the definition of degree of smooth mapping we have
1 =degl =Y ,cr 1, see exercise 4 of chapter I. Therefore F has only one element. In
other words, the mapping / is injective. This proves ((4.20)). (|
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To finish the proof that the mapping L (72) is an Rs-bundle isomorphism, we need to
show that L is a diffeomorphism and a fiber preserving R~ -isomorphism. We establish
the latter assertion by verifying

i) For every (u,v,1) € T{S3 x R+ and every p > 0 we have L(‘Pg(mv, 1)) =
‘Pg(f(u, v, l))
ii) The mapping L|m; !(u,v,1) from the fiber 7, '(u,v,1) to the fiber

7' (¢(u,v,1)) is one to one and onto.

(4.22) Proof:
i) We compute

L(W) (u,v,1)) = L(u,v,p) = (r(u,v,p),s(u,v,p)) = (F(u,v), p5(u,v))
= ‘Pff (Fu,v),5(u,v)) = ‘Pg(f(um, 1)).

ii) Suppose that L(‘Pg(u,v, 1)) = L(‘Pg(u,v, 1)) for some p, 0 € Ryg. Then (7(u,v)7
ps(u,v)) = (F(u,v),05(u,v)), which implies p = &. Therefore W) (u,v, 1) = W5 (u,v,1).
So L|m; ' (u,v,1) is an injective map from the fiber 7 ! (u,v, 1) to the fiber 7, (€(u,v,1)).
Suppose that (R, S, 1) € ! (¢(u,v,1)). Then

(E,g,l) = ‘I’g(@(u,v, 1)) = (7(u,v),ls~(u,v)) = (r(u,v,l),s(u,v,l)) = L(u,v,A).

Thus L|7; ! (u,v, 1) maps the fiber 77! (u,v, 1) onto the fiber 7, (€(u,v,1)). d
> The mapping L is a diffeomorphism.

(4.23) Proof: The argument is similar to the proof of ((4.16)). We include the details. Suppose
that (r,s) € T*S®. Then 7p(r,s) = (7,5) € T1S>. Since the mapping ¢ is a diffeomor-
phism, there is a unique (u,v,1) € T18% x {1} such that £='(7,5) = (u,v,1). Because
L maps the fiber 7' (#,v,1) one to one and onto the fiber 7' (¢(u,v,1)), there is a
unique v € Rs such that L(u,v,v) = (r,s), since the R¢-action ¥7 is free. Conse-
quently, the mapping L is one to one and onto. The next argument show that for every
(u,v,v) € T1S* x Ry the tangent Ty T<M_V7V)(T1S3 x Rsg) — TL(M_’W)(T*S*%) is sur-
jective. Suppose that y: [0,1] — 7783 : t +— ¥(¢) is a smooth curve in 7753, which
passes through (r,s) = L(u,v,v). Then mpey is a smooth curve in 715> which passes
through (7,5) at t = 0. Since £: 1S3 x {1} — T S? is a diffeomorphism, £~ ezpoy is a
smooth curve on 71S? x R, which passes through (u,v,1) = ¢~1(7,5) at t = 0. Now
L~'(r,s) = (u,v, V) for some unique v € R, since the action ¥ is free. So the smooth
curve WY of~lompoy passes through (u,v,Vv) at time t = 0. Thus Tiuvv)L is surjective.
Because dim7j,,,,,)(T15® X Rxo) = dim Ty, (TFS?), the tangent map Tj,,,,)L is in-
jective and hence is bijective. Therefore L is a local diffeomorphism. Because L is one to
one, it is a global diffeomorphism. O

Thus L is an isomorphism of R~ y-bundles and this finishes the proof of ((4.19)). O

To finish the proof of ((4.11)) we show that the image of the Ligon-Schaaf mapping ®;¢
(61)is T*Sgp. To do this we need to show that L maps Tngp onto T*Sﬁp.
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(4.24) Proof: Suppose that for some (u,v,v) € TlSﬁp x Rso we have L(u,v,v) = (np,s) €
T+$* C TR*. Herenp = (0,0,0,1) € R*. Then 0 = (np,s) =s4. So L(u,v,v) =Ty (v4) (':) =

(np,(ﬁO))t, where Ty (v4) :( cosve - sinvy ) Set u =np, v = (V,v4) = (5,0), and

—vsinvg  Vcosvy
Vv = 1. Then L(&,v,V) = T1(0) (@: (np, (5,0))". But the mapping L is one to one. Thus
(,9,1) = (np, (5,0), 1) is the only point of 715> x R~ which maps to (np, (5,0)) in 7+
under L. This proves the assertion. O

> Consider the 1-form (r,ds)|7*$* on T+S3 C TR* with coordinates (r,s). Then
L*((rds)|T*S%) = —v(vdvs + v{v,du))|(T1S? x Rsy). (75)
(4.25) Proof: Using the definition of the mapping L (72) we get d(L*s) =
= V[(—cosvs dva)u — sinvy du — (sinvs dva)v+ cosvy dv] + ( —sinvg 1+ cos V4,v) dv.
So

L*({r,ds)) = (L*r,d(L"s))
= (—sinv4cosvy(u,u) + cos2vg (u,v) — sinvy (v, u) + sinvg cos vy (v, v))dv
+v(- oS24 (i, 1) — cOs v4 sin vy (i, v) — cos vy sinvy (v, u) — sin®vy (v, v))dvy
— cos vy sinvy (u, du) +cos?vy (u,dv) — sin®vg (v, du) + cos vy sinvy (v, dv)
= —vdvy — (v,du).

The last equality above follows because (u,u) = (v,v) = 1 and (u,v) = 0, which implies
(u,du) = (v,dv) =0 and (u,dv) + (v,du) = 0. O

Corollary: L is a symplectic diffeomorphism sending M = Tngp x Ry to T*Sgp with
L* (L3, drjAds))|TTS3,) = dB, where 6 = v ((v,du) +dvs)[M.

(4.26) Proof: Take the exterior derivative of both sides of (75). O

Claim: The Ligon-Schaaf map ®15: X C TyR®> — TS} C TR* (61) has the following
properties.
1.1t is a symplectic diffeomorphism of (X_, (X3, dgi A dpi)[Z-) onto
(TS5, (Xj=1 drj Ads))|TTS3,).
2. It pulls back the Delaunay Hamiltonian ¢ : T*S?lp CTR* = R: (rs) —
—1|5]| 72 to the Kepler Hamiltonian H : ToR® — R: (¢, p) — S| o[> — g/ 7"
3. It pulls back the Delaunay vector field X ;» on T*Sgp, whose integral curves
satisfy

dr
dr
ds
dr

= [lsll™*s
(76)

=—[sll?~
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and whose flow is
H(r\ _ cosv 3t v-lsinv=3r\ [r (77)
¢ \s) = —vsinv 3t cosv 3t K

with v = ||s]|, to the Kepler vector field X5 on X_.
4. It intertwines the SO(3)-momentum mapping

J:ToR* =R : (¢,p) = pxq, (78)

with the SO(4)-momentum mapping

2
I TS CTR* — /\ R*: (r,s)—rAs= Z (risj—rjsi)eiNej,  (79)
1<i<j<4

that is, J = ®;¢ _¢. Here A’R* is identified with so(4) via the mapping
which sends e; A e; to the 4 X 4 skew symmetric matrix e;;, whose i 7 entry
is 1, whose jith entry is —1, and whose other entries are 0.

(4.27) Proof:
1. As @y is the composition of the mappings S : LR > T Sﬁp x Rsg and L: T1S° x
R.o — T*5%, each of which are symplectic diffeomorphisms with $*(d@) = (¥, dg; A
dpi)|ToR? ((4.18)) and L* (¥} drj Ads;)|TFS3)) = d6 ((4.25)), it follows that P is a
symplectic diffeomorphism from (T0R3, (X, dqi/\dp,-)|ToR3) onto (T*Sf’lp7 (Z‘}:l drj A
ds;)|T*S;,).
2. We compute. From the definition of the mapping S (63a) we have S*(—%v’z) =
—%v(q,p)72 = H(q,p); while from the definition of the mapping L (63b) we have
L*(—3|1s||72) = =3 v~2. Therefore ;7 = H.
3. Since the Ligon-Schaaf mapping ®;s exhibits an equivalence between the Kepler
Hamiltonian system (H ,TQR37(Z?:ldq,~ /\dpi)|T0R3) and the Delaunay Hamiltonian
system (A, TS, ():‘}:ldrj Ads;)|T*S5,), it pulls back the Delaunay vector field
X on T+S3 to the Kepler vector field Xy on X_, that is, ®; (X » = Xy. To find
formula (76) for the Delaunay vector field X » on T+S83, we look at the Hamiltonian
system (%” TR* ):4 1 drjAds;) with Hamiltonian .2 (r §) = ;<s s)~! constrained to

T3 with constraint functions ¢y (r,s) = 3({r,r) — 1) and ¢3(r,s) = (r,s). Since the matrix
({ci,c;j}) of Poisson brackets is invertible with inverse given by (Cj;) = (r, ! ((1) Bl>,
the manifold 7' is cosymplectic with symplectic form (¥;_, dr; Ads;)|TS*. We com-
pute the constrained equations of motion using the modified Dirac bracket procedure. Let

- — Z {Jf c,}—l—t%”)C,]cj7

i,j=1

where J4 = (r,s)({s,s) "% — %(r, ry), and M = (s,8) " ({r,r) = 1). Then
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H* = =4 (5,5) " = (o) (= () (s.9) ™ 4+, (s.5) ™ +78), (= (o), 3(rr) = 1))
=L = (ns)2 + Lsys) () — 1),
So
dr OJH* - -
E: ds :<S,S> 2s—<r,s>s—|—<s7s> 1(<r?r>_1)
ds JH* _
5:—W:—@,s) Yt (rs)s.

Therefore the Delaunay vector field X ;» = Xp+|T+S? has integral curves which satisfy
(76). 1t is straightforward to verify that (pt"“/f given by (77) is the flow of X ;. Comparing
(77) with the geodesic flow (8) in §1, one sees that the Delaunay flow is the same as the
geodesic flow with time parameter ¢ = v3s, where s is the geodesic time parameter.

4. Since
L*(rAs) = (cosvau+sinvgv) A (—vsinvgu+veosvav) = VuAv,

we obtain L*((r As)

A (1)) = (vurv) K1 (L), see (59). Consequently,
@ ((rns) A (=3) =8 (vurnIK™(3) = (Vg P)IH (=5) =JIH ! (=3),

using v(gq,p) = 1 if (¢,p) € H’l(—%) and ((4.9)). We now use scaling to obtain the
desired result. For every d > 0 we have (r,s) € %”*1(—%41’2) if and only if ||s|| = d.
Then (r,d"'s) € s~} (—%) So for every d > 0 we have

L ((rAs)|l2~ 1 (=3)) =dL* ((rnd~'s)| 27 (—1))
= (dv(u/\dflv))\Kfl(%) = (v(u/\v))\Kfl(%dz),

So for every d > 0,
S'L((ras)|l 7 (=3)) = (d7'V(g:p)I) [H (—3d ) =J|H ' (=3d7?),

which implies ®}¢ # = J on £_ and thus ®}¢ # =J on TR*. This follows because
W o1 (—5d=%) = T*S%, which is an open subset of TR* and £_ = (JH ' (—3d2) is
d>0 d>0

an open subset of THR>. Moreover, the components of the momentum mapping J andJ

are polynomials.

For every 1 <i < j <4 we have

Lx_)f(r,-sj — rjsi) =FiSj+ris; —Fjsi —rjs;

[ I I

= s rir — s~ *sjsi+ ||s

=0.

sisj—||s rjri, using (76)

Therefore the SO(4)-momentum mapping _# is conserved by the flow of the Delaunay
vector field X . O
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5 Exercises

1. (s1(2,R) and the Kepler problem.) For the Kepler problem with rotationally sym-
metric Hamiltonian H = %p~p— ﬁ letj=gxp,x=q-q,y=p-p,andz=q-p.

a) Show that the functions x,y, z Poisson commute with the components of j. More-
over, show that the Poisson brackets of x,y, and z define a representation of sI(2,R).
Conclude that so(3) and s1(2, R) form a dual pair in the Lie algebra of homogeneous
quadratic polynomials.

b) In xyz-space draw that level sets of j> = const. for different values of the constant
including zero. These are models for the SO(3) reduced space.

¢) Draw the intersections of the & = const. surfaces with a given j = const. surface
to see the integral curves of the reduced dynamics.

d) Show that the level sets j2> = const. are symplectic leaves for the Poisson mani-
fold s1(2,R) = R? with coordinates (x,y,z)

2. (Geodesics on a hyperboloid.) Consider H*! = {x € R* | (x,x) = —1}, which is the
set of vectors in R* whose Lorentz length squared is —1. Here (x,y) = x;y| +x2y2 +

X3Y3 — X4V4 is the Lorentz inner product on R*. Geometrically, H>' is a hyperboloid
of two sheets. Its tangent bundle TH>! = {(x,y) € TR*| (x,x) = —1 & (x,y) = 0}

is a symplectic manifold with symplectic form @ = ey |TH>'. Here @y = ¥} dx; A
dy; is the standard symplectic form on TR*.
a) Consider the Hamiltonian system (H,TH>', ), where

H:TH>' CTR* - R: (x,y) — 10) (80)

is the Hamiltonian. Show that TH>'! is an invariant manifold of the vector field on
TR* whose integral curves satisfy

— 1)

Show that an integral curve of (81), which starts on 7+ H*! = {(x,y) € TH>!| (y,y) >
0}, is an integral curve of the Hamiltonian vector field Xp. Verify that the flow of
Xy on TTH>! is given by

o R T T (,7(X7y)) . ( coshtv2H (sinhtx/ﬁ)/ﬁ) <x> .

v/2H sinhtv/2H coshtv2H y

Show that the image of an integral curve of X, under the bundle projection map

THH3!' C TR* — H>! : (x,y) + x, is a geodesic on H!. Verify that every integral

curve of X on TTH>! lies in the 2-plane in R* spanned by its initial conditions.

b) Let O(3,1) = {0 € Gl(4,R) | (Ox,0y) = {x,y) for all x y € R*} be the Lorentz

group. The Lie algebra of O(3,1) is 0(3,1) = {£ € ¢gl(4,R) | (Ex,y) + (x,Ey) =

0, for all x, y € R*}. Show that the Lie bracket on o(3, 1) is given by
i(CXT)+x@y —y@x' oxXy—1TX

g =gn—ng = (o7 DTy et oo,

(oxy—1xx)
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where & = i(xcf) x),n:(i(yg) y),andc,‘z:,x,yeR3.Herei:R3—>so(3,R):

0
0 -y n
X+ ( x3 0 X ) .

) ox 0

Verify that the O(3, 1)-action on H>!, givenby ¢ : O(3,1) x H»! — H>! : (A,x) —
Ax, lifts to a Hamiltonian action @: O(3,1) x TH*! — TH™! : (A, (x,y)) > (Ax,Ay)
with coadjoint equivariant momentum mapping J : TH>! C TR* — 0(3,1)*. Here
J(x,y)E = J% (x,y) with & € 0(3,1) and

JS:TH>' CTR* 5 R: (x,y) — (Ex,y). (82)
Observing that the Hamiltonian H (80) is invariant under the action ® of O(3,1) on
TH3!, deduce that J¢ is an integral of Xy for every & € 0(3,1).

¢) Define the mapping ® : A’R* — 0o(3,1) : vAw > £,,,, where £,,, : R* = R*:
z— {z,v)w— (z,w)v. Prove the following statements.

L. 4, €0(3,1) forevery v, w € R*.
2. ¥ is a bijective real linear mapping.

3. Consider the action
§:0(3,1) x A’R* — A’R*: (0,v Aw) — Ov A Ow. (83)

The mapping ¥ intertwines the action 6 with the adjoint action of O(3,1) on
0(3,1), that is,
V80 = Adpet = 0°9°0"" (84)

for every O € O(3,1).

d) With (x,y) = Z?:l x;vi — x4y4 for every x, y € R* prove the identity

4
@) ) — )= Y (yi—xpy) = Y va—xayi): (85)
1<i<j<3 i=1
- 1) ()
K:AZR* X AZR* S R: (AW, xA b—)det( Vi W’x). 86
( Dt ) my) G

Show that K is a nondegenerate inner product on A*R* with {ecNer}icpopen
being an orthonormal basis with respect to which the matrix of K is diagonal.
Show that the Morse index of K is 3. Verify that K is invariant under the action
8 (83). Letk:0(3,1) x0(3,1) = R: (§,1) — —3trén. Show that k is a non-
degenerate inner product on o(3,1), which is invariant under the adjoint action
Ad. With & :(’(x‘,’) g) and n :(’(yf) g) where o, 7, x, y € R, show that
k(&,m) = (0,7) — (x,y). Here (, ) is the Euclidean inner product on R3. Verify
that 9"k =K.
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e) Let J: TH3' C TR* — A’R* be the mapping K’o%'oJ. Show that for every
(x,y) € TH*!

J(x,y)=xAy= Z K(xNyeiNej)eiNej= Z Tij(x,y)eiNej, (87)
1<i<j<4 1<i<j<4

where {¢; } ' | is the standard basis of R* and T;;(x,y) = x;y; — x,;. Deduce that J
intertwines the O(3, 1)-action ® on TH>' with the O(3, 1)-action § on A>R*. Let

T\/EHS’1 ={(x,y) € T+H3"1|(x,x> =—1, (x,y) =0, and (y,y) =2h > 0}
be the bundle of tangent vectors to H>!, whose squared Lorentz length is 2k > 0.
Then T, 5;H*! = H™'(h). Show that O(3,1) acts transitively on 7. 5;H>!. Us-
ing Pliicker coordinates {7j;},;_;, on A?(R*), show that the image of T \/2—,1H3=1
under the mapping J (87) is the smooth submanifold V;, of A?(R*) defined by

TioT3a —Ti3Tos +To3Tia =0

(88)
Th+ T3+ T3~ T~ Ty — Ty =—2h

Deduce that V;, is diffeomorphic to 72, Hint: use the diffeomorphism
Vi CA'R* = R (Ti))1<icjes = (Ti2,T13, Toz, TsaX V2 _myx 12, T14X71/2)7

where X = 2h+ T2 + T3+ T4 >0, since 24 > 0. Show that O(3, 1) acts transitively
on Vj, and that V}, is the space of orbits of the geodesic flow on 7+ H>! of energy
h>0.

f) Show that Vj, is a symplectic manifold. For u = e4 A\/2he; € Vj, let u = ¥ (u).
The adjoint orbit &), = {v = Adou € o(3, 1)|0 €0(3,1)} of O(3,1) through u is
a symplectic manifold with symplectic form wy (ad,&,adyn) =k(v,[£,n]). Since
B|Vjy - Vy C© A*(R*) = 0 C o(3,1) is a diffeomorphism, Q, = (8[V)* @, is a
symplectic form on V},.

We now find an explicit expression for the symplectic form ;. For every v €V},
show that &, = T,8,& € T,V,, for every & € 0(3,1). In fact, T,V,, = spang{&, |§ €
0(3,1)}. Infinitesimalizing (84) show that at every v € V;, we have adz ®(v) = T, 9§,
for every & € 0(3,1). We have 5,,Q), = Q, for every O € O(3,1). To see this justify
each step of the following calculation.

Ségh(“)(ém nu) = Qh(50(“))(Tu60€uvTu60nu)
= @ (9200 ())(Toud T,60&y, Toud T, 80Mu)
(Ado® () (T () Ado(ade ¥ (u)), Ty Ado (adg O (u)))
) (T (u)adagye Ado® (1)), Ty () adadon Ado® (u))
,[Ado&, Adon]) =k(AdoD (1), Ado [§,1])
=k( (u),[€.n]) = () (&, M)

Write v = Spu. Then T,,60&, = &, € T,V,. The above calculation shows that

Qh(v)(gwnv) :k(ﬂ(“)v[évn})' (39)

I
z 8
>
o
Q
&)

=
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To make (89) explicit, show that

éu = 564/\ V2he| +eq N\ V2/’lt§€1 = (—xz,—X3,0,62,—63,0) e T,Vy,

where & :(l(xf) g), with o, x € R? and we use {ej Aea,eq Aes,ex Aes,e3 Aey,

ex Ney,e) Aeg} as a basis for A2(R*). Let :<i(yf) 2;) where 7, y € R?. Note

that ¥ (u) =—V/2h ( (eo) ; €01> Justify each step of the following calculation.
1

k(9 (u),[&,1]) = —tr(B(u) [&,7])
I%\/ﬂtf<(e?)z el> (i(cxr)+x®y’*y®x’ G><yfr><x)

0 (oxy—1xx)! 0
1./ [e1®(0xy—Txx) *
T2 2htr< * (e1)'(0xy—1Txx)
= V2h(0 xy—1Txx)1 = V2h(02y3 — O3y2 — Tax3 + T3%2).
So
Q4(0u) (T,80(—x2,—x3,0,02,—03,0), T, 80(—y2, 3,0, 72, —73,0)) =
= V2h(02y3 — O3y2 — Tox3 + T3x2).

. (Positive energy Keplerian orbits.) This exercise deals with Keplerian orbits of

positive energy. Specifically we discuss the changes that need to be made to the
treatment of the Kepler problem in §3.2.

a) First check that the arguments establishing the equation
lgll = p~"J?(1+ecos )~ (90)

for the Keplerian orbit with angular momentum J and eccentricity vector e as well
as the equation
E=14+2u"2Jh 91)

for the magnitude squared of the eccentricity vector continue to hold for positive
energy h. When A > 0 from (91) it follows that e > 1. Deduce that the Keplerian
orbit (90) is one branch of a hyperbola. For (90) to hold show that |f| < fo = T —
cos~'e™!. Thus (cos fy, % sin fo) are the directions of the asymptotes of the branch
of the hyperbola. From (91) and the facts that (g,J) = 0 and (p,J) = 0 deduce that
a Keplerian orbit of positive energy is a hyperbola, which lies in a 2-plane I1, which
is perpendicular to J. Show that {e,J x e} is an orthogonal basis of I1. Let C be the
center of the hyperbola, which is the origin of the e-(J x e) coordinate system. Let O
be the center of attraction, which is a focus of the hyperbola. Show that the periapse
A of the hyperbola lies on the e-axis between C and O and that the major semi-axis
of the hyperbola OA has length a = J2u="(e* —1)~! = u(2h)~". For u € R let
P = (acoshu,bsinhu) be a point on the hyperbola. Let OP = ||q|| with f the true
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anomaly of P, that is, f is the angle between e and the line segment OP. Show
that CO = ae = acoshu + ||¢||cos f. Deduce that the equation of the hyperbolic
1

Keplerian orbit (90) can be written as ||g|| = ecoshu — 1. The minor semi-axis of

the hyperbola lies on the (J x e)-axis. Show that its length is b = av/e? — 1 and that
llg|l sin f = bsinhu.

b) We now determine the analogue of Kepler’s equation for a hyperbolic orbit. First

we use
ds  V2h
e lqll

to define the eccentric anomaly s. Following the derivation of equation (43) in §3.3
show that

92)

d||g||\2
(DY 4 (e — 1) = 2algl) +

with ¢(0) = a(e — 1). Using the change of variable aep = ||¢|| + a, show that the
above equation becomes
dp\ 2
— (i) +p2 — 1

ds
with p(0) = 1. Integrating, gives p(s) = coshs. Hence ||¢(s)|| = ae coshs — a,
which substituted into (92) and integrating gives the hyperbolic analogue of Ke-
pler’s equation
nf = esinhs — s, (93)

where n = V2hu! = ,ul/za’3/2 is the mean motion and ¢ = ¢ — 7 is the mean
anomaly. Here 7 is the time at the passage of the periapse.

. (Hamilton’s theorem.) Hamilton’s theorem states that the velocity of a particle of

mass m subject to an attractive central force with potential U (|x|) = —kﬁ, k>0
moves on a circle ¢, which uniquely determines its Keplerian orbit. Here |x| is
the length of a vector x € R*\ {0} using the Euclidean inner product {, ). Assume
that the conserved angular momentum J = x x mv of the particle is nonzero. The
argument outlined in sections a) — ¢) gives a proof of Hamilton’s theorem.

a) Show that the position x(7) and velocity v(¢) = ‘;—’t‘ of the particle at time 7 lies in a
plane I, which is perpendicular to J, which we can assume to be the vector (0,0, ),
where j = |J| > 0. Using polar coordinates (r, 0) in I, show that j = rz%. Deduce
that % > 0. Consequently, we can reparametrize the curves ¢ — x(r) and t — v(z)
using 6 instead of 7. Show that this reparametrization preserves the original positive
of orientation of these curves given by increasing ¢.

b) Rewrite Newton’s equations of motion

dv X
==k 4
" x[? ©4)

using polar coordinates on IT and change the parametrization of the velocity in (94)
to 6. Show that we obtain
dv

E:(Rcose,Rsine,O), 95)
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where R = k/ jm. Integrating (95) gives
v(0) = (—Rsin6,Rcos 6,0) +c. (96)
Deduce that v(0) — ¢ moves on a circle % in I with center at ¢ and radius R.

¢) Choose coordinates on I so that ¢ = (0,¢,0), where ¢ = |¢| > 0. Let e = ¢/R.
Then v(6) — ¢ = (—Rsin6,R(e+cos6),0). Using

Jj= <Jv (ana 1)> = <X(9) X mV(@),(O,(L 1)>7
where x(68) = (r(6) cos 6, r(6)sin6,0), deduce that
r=r(6)=A(1+ecosf) !, 97

where A = j/mR = j?/k. Equation (97) describes a conic section of eccentricity e
with a focus at O = (0,0,0).

d) When 0 < e < 1, show that 8 — v(6) — c traces out the full velocity circle %

e) When e > 1 equation (97) describes a branch of a hyperbola. The following
argument shows that 6 — v(6) — ¢ traces out a positively oriented arc of €. This arc
subtends a positive angle ®, which is equal to the scattering angle of the hyperbola.
Because e > 1 for equation (97) to hold |8 < 8y = & — 6,, where 6, = cos e~ .
Using conservation of energy show that

» 2h k1 2h
e
Hence the velocity of the particle lies outside of the closed 2-disk with center at O

and radius % Show that v(0) — ¢ lies on the velocity circle ¢ and the energy

circle d&, given by |v| = \/%, if and only if 0 = ﬁ = A*I(I +ecos0), that is,
if and only if 6 = £6y = +(7m — 6,). Show that the velocity vectors v(46p) — ¢ are
the end points of a closed arc .7 on % and that

v(+6y) — ¢ = (—Rsin(£6y),Rcos(£6),0) = (FRsin 6., —Rcos 6,,0).  (98)

From (98) deduce that v(6p) — ¢ lies the 3™ quadrant of IT; while v(—8y) — ¢ lies
the 4th quadrant of TT. Deduce that the positive arc .o, oriented so that 8 increases,
has an initial end point at v(—6p) — ¢ and a final end point at v(6y) — ¢. Show that

v(60) = (Rcos(37—6.),Rsin(3w — 6.),0);

while
v(—6p) = (Rcos(— (37— 6.)),Rsin(—(37—6,)),0).
Thus the positive angle ® subtended by the positive arc <7 is equal to 2(7w — 6;).

When —6) = —(7 — 6,), then d_g, = ;E:gg;l is the direction of the incoming

asymptote of the branch of the hyperbola with center C at (ae,0,0) in IT; while

when 6y = 7 — 6,, then dg, = ;Egg;l is the direction of the outgoing asymptote of

the branch of the hyperbola. By definition, the scattering angle W of the hyperbolic
motion is the counterclockwise rotation about C, which sends d_ g, into dg,. Show
that ¥ =2(7 — 6,) = O.
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5. (Regularization of positive energy Keplerian orbits.) Let (H,TyR>, ws) be the

Kepler Hamiltonian system with TyR? = (R*\ {0} ) x R? having coordinates (g, p),
symplectic form @3 = Z?:] dg; Adp;, and Hamiltonian

H:TyR® = R:(q,p) — 3(p.p)—lq] " (99)

Here (, ) is the Euclidean inner product on R3 with ||g|| being the length of the
vector ¢ € R?. We look only at a positive energy Keplerian orbit, which in exercise
3 we have shown to be a branch of a hyperbola.

a) To regularize the positive energy Keplerian orbits, we will use an argument anal-
ogous to the one given in §4 for the negative energy orbits. Start by using the virial
group to show that we may reduce our considerations to the level set H~! (%) Next
introduce a new time scale s by % = |lq|I~". Consider the rescaled Hamiltonian

F:TR* - R:(q,p) gl (H(g.p)—3)+1=Lllql(lpl*—1).  (100)

Show that the integral curves of X on F! (1) are the same as the integral curves
of Xy on H™! (%), using the time parameter s. Let

K:TyR' = R:(q,p) = 5F*(q,p) = glal*(Ipl* 1) (101)
be the regularized Hamiltonian. Show that the integral curves of Xz on K! (%) are
the same as the integral curves of Xz on F! (1), using the time parameter s.

b) Let (, ) be the Lorentz inner product on R* given by (u,v) = ujv +upvy +
u3vs —ugvy. Let H*' = {u € R|(u,u) = —1}. Consider the stereographic projec-
tion map

o HY CRY SR g (1-g0) "7 = (1-q4) (91,92, 93)
from (0, 1) with inverse
0 R = HY CR g 201 GP) (G- (1+ %)
The positive energy analogue of Moser’s regularization map in §4 is

@, TH>' CTR* - HR3:

W) = (@p) = (— (1 —us)o—vait, (1 —ug)'7), 102

which is the composition of T ¢! followed by momentum reversal (¢, p) — (—p, q).
For (u,v) € TH>' = {(u,v) € TR4|(u,u> = —1 & (u,v) =0} show that the follow-
ing identities hold.
2_ 2
lgll” = (vv)(1 —ua) (103a)
Ipl>=1=—2(1—uy)! (103b)
(4,p) = va. (103¢)
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Using the above identities show that the inverse of the regularization mapping <I>A_,11
is given by

@y THR? = THY CTR*: (¢,p) — ((@,us),(V,v4)),

where

{N =—(lpl>=1)~"'2p) and us={(llpI>=D)'(lpI>+1)

<

(104)

<

=3(lpI?>—1)g—(g,p)p and vs=(q.p).

¢) Verify that the pull back by the regularization mapping CDA_/zl (102) of the regular-
ized Hamiltonian K (101) is the geodesic Hamiltonian

A TH CRY = R (u,v) = Lvw). (105)

Show that (®,,')* @3 = ws|TH>'. Deduce that the flow of the regularized Kepler
vector field Xz on K -1 (%) is the flow of the geodesic Hamiltonian vector field X ,»

on #~1(}).
d) Following the proof of ((4.9)) show that

Dy (v —viuy)| 2~ (3)) = IH ' (3),
where (i, j,k) ={1,2,3}, and

D (uiva —viug) |2~ (3)) = eil H'(3),
forl <i<3.

(Center of mass and the two body problem.)

a) For the two body problem in space show that regular reduction by the translation
group can be interpreted as passing to a center of mass frame. Do the reduction of
the translation and rotational symmetries in one step by using the Euclidean group
E(3).

b) Consider the spherical analogue of the planar two body problem. This is the
motion of two particles connected by a spring constrained to move on the surface of
a 2-sphere. The rotation group SO(3) is an obvious symmetry group of the problem,
as compared to the Euclidean group E(2) for the planar problem. Construct all the
SO(3) reduced spaces. Show that there is no notion of a center of mass frame.

¢)* Is the spherical two body problem Liouville integrable?
a) Construct an isomorphism between the Lie algebra so(4) and so(3) x so(3).
b) Show that the corresponding Lie-Poisson algebras are isomorphic.

¢) Write out Hamilton’s equations on the Lie-Poisson algebra corresponding to
$0(3) x s0(3).
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(Souriau’s linearization and regularization.) In the Kepler problem

9 =p
) = 7%q7 r= HqH7

r

(106)

letH = %( p,p) — % be the Hamiltonian and define a new time variable s by

s={q,p) —2ht.
a) Show that % = % Thus s is the eccentric anomaly.

b) Define a 4-vector & by & :( ; ) Let E = col(&,&',E" E") be a 4 x 4 ma-

trix, where ’ is differentiation with respect to s. Show that Z satisfies the linear
differential equation

" =AR (107)
0 1 0 0
o 0o 1 0
where A = 0 0 0 1
0 2 0 O

¢) Solve (107) and thus find &(s). Note that because & (s) is defined for all s and
hence for all t by Kepler’s equation, it follows that the Kepler problem has been
regularized.

(Bacry-Gyorgyi variables and the conformal group.) Using the same notation in the
Kepler problem as in exercise 8, set & = v/—2h, P :< (x’t/l//q"’ ) and Q :( o;f,N )
Here we are confining ourselves to the case of bounded motions, namely, 4 < 0.

a) Show that P'P = Q'Q = 1 and P'Q = 0.

b) Let £ be the 6 x 6 matrix
oP'-PQ' P Q
P! 0 1
o' -1 0
¢) Show that {2 = 0.

d) Show that the components of § satisfy the Poisson bracket relations for the Lie
algebra so(4,2).

e) Show that the map from the regularized phase space of the negative energy orbits
(g, p,h) — € is a symplectic diffeomorphism if we equip the SO(4,2)-coadjoint
orbit through { with the symplectic structure given in chapter VI §2 example 3.
The tricky part of this is deciding which component of the variety {2 =0, # 0 in
s0(4,2)" you need to map to.

(Levi-Civita regularization.)

a) Let R3 = R? — {0}. On T*R} = R} x R? with coordinates (x,y) and symplectic
form w = 21‘3:1 dx; N\ dy; consider the Kepler Hamiltonian

H(x,y) =0} +y3) — (F +3) 712 (108)
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Identify R% with Cp = C—{0} and T*R% with T*Cy = Cy x C. Introduce complex
coordinates ¢ = x; +ixy and p = y; +iyp on T*Cy. Show that @ = Re(dq A dp)
and that the Kepler Hamiltonian becomes

H(q,p) = llpl* = llqll ™" (109)

b) Using the time rescaling 2‘ | show that the integral curves of Xy on the

level set H~'(—k%/2) are a time reparametrlzatlon of the integral curves of the
vector field Xz on the level set K~'(0) where

K(g,p)=2llqllk™" (311>~ llall =" +3&) = &~ llgll I pl* +K gl —2k". (110)
c) Define the Levi-Civita map
L :T*Co—T Co: (u,v) — (q,p) = ((2k) ", kv ). (111)
Show that . has the following properties:
1) £ is a smooth two to one surjective submersion with £ (—u, —v) = .Z(u,v).
2) £*(Re(gdp)) = Re(udv —vdu). Hence . is symplectic.
3) The Hamiltonian
K(u,v) = (LK) (u,v) = L(|v[ + |u]*) — 2k (112)

is defined on K~!(0) which is a 3-sphere centered at the origin and having radius
2/+/k. Since K~'(0) is compact, all the integral curves of Xx on K~'(0) are defined
for all time. Thus K is the Levi-Civita regularization of the Kepler Hamiltonian for
negative energy orbits. Note that up to an additive constant, K is the harmonic
oscillator Hamiltonian.

d) The Levi-Civita map % is not an equivalence between the Hamiltonian systems
(K,T*Cy, ) and (K,T*Cy, ®), because it is not a diffeomorphism. Show that that
vector fields Xx on K~'(0) and Xz on K~'(0) are Z-related, that is, T.% °Xx =
Xz o . Thus the image of an integral curve of Xx on K ~1(0) under the Levi-Civita
map . is an integral curve of Xz on K~1(0).

e) On T*Cy define a Z-action generated by (u,v) — (—u,—v). Show that this
action is free, preserves the symplectic form @, and preserves the Hamiltonian K.
Thus there is an induced Hamiltonian %" on (T*Cy/Z,, ®). Since the map .Z is
invariant under the Z,-action, it induces an equivalence between the Hamiltonian
systems (£, T*Co/Z,®) and (K,T*Co, ®). Thus the regularized energy surface
H~'(—k?/2) of the Kepler Hamiltonian is % ' (0) = (S 2/\[)/Zz, which is real

projective three space RP.

(Kustaanheimo-Stiefel regularization.) Let x = (xj,x2,x3) be a vector in Rg =
R*\ {0} and let z = (z1,22) € C3 = C?\ {0} = R*)\ {0}. Define the 2 x 2 skew
Hermitian matrices

o (O LY (0 =i o (10
=110 2=\Vi o0 3=Vo -1 )
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Let (z,w) = z;W] + zow; be the standard Hermitian inner product on C2. Show that
the mapping

T C% — R(3) T (<Za O] (Z)>7 <Z7 62(Z)>7 <Z7 03 (Z») ) (1 13)

is the Hopf map.

a) On C% define an action
@:U(1)x C§— CF: (e, (z1,22)) = (e"21,€522).
Let 7*C3 = (C? — {0}) x C2. Lift ¢ to a U(1)-action
@:S'xT*C - T*C}: (ei‘y,z,w) — (eiszyei‘yw).

Define a 1-form 6 on 7*C3 by 6 = —2iIm (w,dz). Show that Q = —d6 is a sym-
plectic form on T*C(z) and that ® is a Hamiltonian action with momentum map

I T*C}— R (z,w) — 2Re (w,2).
Let % = .7~1(0)\ {0}.
b) The map 7 (113) lifts to the Kustaanheimo-Stiefel map
H S T*CE— TRy (z,w) — (x,y) =
(((z. q(z))),{az)fl (Re(w,0j(z)))), forj=1,2,3.
The following calculation shows that
(A7) (D) = 6], (114)

where ¥ = (y,dx) is the canonical 1-form on T*R3. For every u,w,z € C?

(u,0;(2)) oj(w) =2(w,z) u — (u,z) w. (115)

™

1

J

Interchanging u with z in (115) and subtracting the result from (115) gives
3
i Z Im (u, 6j(z)) 0;(w) = (w,z) u — (w,u) z— iIm (u,z) w. (116)
j=1

Taking the inner product of (116) with z and then adding the result to its complex
conjugate gives

oy

Im (u,0(z)) Im(z,0;(w)) = Re (z,w) Re (u,z) — (z,z) Re (u, w). (117)
1

J
Replacing w in (117) with —iw gives
3

(u,05(z)) (z,0j(w)) = Im (z,u) Re (w,z) — (z,2) Im (w, u). (118)
=1

J
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Finally, replacing w by dz and u by w in (118) gives

gl

Re (w,0j(z))Im(z,0;(dz)) = Im(z,dz) Re (z,w) — (z,z) Im(w,dz).  (119)
1

~.
Il

Consequently

(120)

(H SO =2 (Im<z7dz>Re(Z,w> —(z,z)Im <w,dz>> '

(z,2)
From (120) it follows that (JZ.%)* (%] %) = 6|-%.
¢) On T*R} with coordinates (x,y) and symplectic form @ = ¥; dx; A dy;, consider
the time rescaled Kepler Hamiltonian

K(x,y) = 5k~ Ixll(lly]* +#%)

whose wk~!-level set corresponds to the —k?/2-level set of the Kepler Hamilto-
nian. Setting u = w in (117) show that on .% ||(#.%)*||y||> = (w,w)(z,z) "' and
(2.7 )c||2 = (z,2). Therefore on .#, we obtain the regularized Hamiltonian

K= (X7)K = 3k (ww) +12(z,2)). (121)

When k = 1 the regularized Hamiltonian is the harmonic oscillator Hamiltonian on
(T*C?,Q) restricted to the open cone .#. Show that the regularized Hamiltonian
K (121) is invariant under the U(1)-action ®. Since the mapping . is not a
diffeomorphism, the harmonic oscillator vector field Xk is not equivalent to the
Kepler vector field Xz. Show that they are K .S -related on ¥, that is, on . we
have T(#.%) Xk = Xgo (). Moreover, show that after dividing out the S'-
action ¢ on ., we obtain an equivalence of Hamiltonian systems. Show that the
orbit space % /S is diffeomorphic to 773, the tangent bundle to S* less its zero
section.

(Generalized Kepler equation.) Consider the Ligon-Schaaf map
LS:T_ CTHR® — T+Sgp CTR*:(q,p) — (r,9),
with @ = v~! (g, p). Show that its inverse is given by

g = B ss) (sing — (r,r) " 2s)F+ (s,8) 72 (rs — cos )3)

>,1/2( rcos @ + (s,s>71/2
1 —rqcosp— (s,s)

ssin@
—1/2

P = [,L<S,S , >
S4. 81N Q

where r = (7,r4), s = (5,54) and @ is a smooth solution of

(p—r4sin(pfS4(s,s>7l/zcos(p =0.
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a) Show that SO(4)-action on an energy surface of the Delaunay vector field is
transitive.

b) Show that the mapping © : A°’R* — so(4), defined by @(uAv)w = (v,w)u —
(v,u)w for every u,v,w € R*, intertwines the SO(4)-action SO(4) x A’R* — A\’R*:
(A,u Av) — Au A Av with the adjoint action of SO(4) on so(4).

¢) Show that the orbit space (Cj,, @) of the flow of the Delaunay vector field
on s~ '(h) is symplectically diffeomorphic to the coadjoint orbit O, through

7 (e1,hez) = hel, = 1 € so(4)" with its usual symplectic structure ®¢, , See ex-
ample 3 chapter VI §2.

Show that the Hamiltonian vector field X, corresponding to the i component of
the eccentricity vector (27) is incomplete. Give a geometric explanation of this
incompleteness. State precisely where the flow of X,, is defined.

Given an initial position and momentum of a Keplerian elliptical orbit, determine
the argument of the perihelion, that is, the angle between the line of nodes (= the
line of intersection of the plane of the elliptical orbit and the equitorial plane of the
celestial sphere) and the line joining the foci of the ellipse.
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