Chapter 2
Variational Principles for Canonical Profiles
in a Tokamak

Abstract This Chapter is devoted to the variational formulation for the “canoni-
cal profiles” of the plasma temperature and pressure. The basis for the variational
description is the functional for the magnetic energy associated with the plasma cur-
rent together with the conditions for the conservation of the total plasma current and
total magnetic flux. The variation of this functional leads to the Euler equation that
defines the canonical profile. We start with a cylindrical plasma with circular cross
section and then generalize to a toroidal plasma with arbitrary cross section. We also
derive the variational formulation for the canonical profile of the toroidal rotation.

2.1 The Principle of Total Energy Minimum
by Hsu and Chu

According to Hsu and Chu [1], let’s introduce the polar coordinates system 7, ¢, z
with z-axis which coincides with the main axis of the torus. The general form for
magnetic field in a tokamak (axially symmetric torus) is as follows:

B=[Vy|[Ve| [V (2.1)

where i is a potential of poloidal magnetic field, F = F(y) is a diamagnetic func-
tion (F :qu)). Grad-Shafranov two-dimensional equilibrium equation

ANy =—rj,=—(FF' +r’p’) (2.2)

determines the potential y distribution in space. Here J,=J, (y, r) is a toroidal cur-
rent density, p = p(y) is a plasma pressure, p’ = dp/dy,

. d(1oy) oy
Ay=sr—|—— . 2.3
v rar(r 8r)+ 0z* 3)

The equation y=const defines the magnetic surfaces.

It is assumed in this model that the relaxed equilibrium state of the plasma is
determined by the minimum of the total plasma energy W (including magnetic and
thermal energy)
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W= l dV{[FZ +(Vl//)2]/(2r2)+% p}, 2.4)

while maintaining the total toroidal current

r

1 FF,J" 2_ 7
I=—J#dV 2.5)
27y,

and the equilibrium condition (2.2). The independent variable in the variation prob-
lem is the variable .

We will solve the variation problem (2.2, 2.4, 2.5) with Lagrange method. Let’s
introduce the extended functional

W, =W -27Al (2.6)

and consider the problem of the unconditional extremum of the functional (2.6).
The first variation of (2.6) must be equal to zero in the extremum point:

5VV@C =W =27A61 = jdVé‘y/[MJ’_%p/_ﬂ(M_i_pn)} =0.
r
4

2 r2
2.7
As y is the independent variable and Sy is an arbitrary increment, so we obtain a
two-dimensional Euler equation

FF'— A 3 F'F'+FF”

ST W L LA T
r 2 r

Let’s substitute the equilibrium Eq. (2.2) to Eq. (2.8); then we reduce the Euler

equation to the form

[2FF" = MFF"Y]ir? +B p'—ﬂ,p”:| =0. (2.9)

The second term in square brackets in (2.9) is permanent on the magnetic surface.
The first term is permanent only if it is equal to zero. As a result, two-dimensional
Eq. (2.9) is divided into two independent one-dimensional equations

5
2FF'— A(FF’) =0, Ep’—/lp"zO. (2.10)
For future convenience we denote % through 4. Then the solutions of Eq. (2.10)

take the form

FF’'=C, exp(%ﬂy/), p’=C,exp(Ay). (2.11)
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After substitution (2.11) into (2.2), we obtain the canonical equilibrium equation

ANy=—rj,=C,exp (%ﬂy/)— C,r’ exp(Ay). (2.12)

The boundary conditions should be formulated to determine the constants C,,
C and 4. For example the potentials on the magnetic axis O, and on the plasma
boundary S and the total plasma current can be set: y(0,) = 0 v(S)=vwy, I= L,
Sometimes it is more convenient to set the values /= L, B, = ,Bp q(0)=q,. Here ﬂp
is the ratio of plasma pressure to the poloidal magnetic field pressure, g=0®D/dy is
the plasma safety factor, @ is the toroidal magnetic flux inside the magnetic surface.

Later on we will need a canonical pressure profile p =p (). This profile,
which determines the pressure profile in the relaxed state, should weakly depend
on the boundary conditions. To do this, we require that p (w) as p’(y) in (2.11)
exponentially dependent on

P.(¥) = p, exp(Ay). (2.13)

Here, p,, is the pressure on the magnetic axis, where y=0.

If [)’p~ 1, the first term on the right side (2.2) is small compared to the second one
and it can be omitted. After averaging the remaining part over the magnetic surface,
we obtain

(o) =(r) Pl < (r) p.. 2.14)

Here, the angle brackets denote the averaging over the magnetic surface S
=l fds/j ds,
N N

Taking the left hand side of (2.14) as a definition of the canonical current profile
J.» we obtain the connection between the canonical profiles of current and pressure

J. =< {r)p.. 2.15)

Since <r> = R, +Ag(¥) , where R is a major radius of the torus, A (y) is a Shaf-
ranov shift and Ag(y) < Ry, then (r) is little different from constant R, and the
profiles j_and p_ are close to each other.

In the approximation of a straight cylinder with a circular cross-section
(r> = const and canonical profiles of current and pressure are the same: j_ o p . In
this approximation, the canonical equilibrium equation (2.12) at ,[)’p~1 is as follows

1d{| dy
=——| p—/— |=-C Ay), 2.16
7 P dp(p dp) , exp(Ay) (2.16)
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where p is the radial coordinate in the cylinder. Its solution is the function

w=—In(1+ 4,0, 2.17)
so, the canonical profiles of current density and pressure are as follows

Jp)_pp_ L 2.18)
J0)  p0)  (I+4,p)

where 4, and 4, are the constants determined by boundary conditions. It is conve-
nient to define the boundary conditions for the function u=1/¢=RB,/pB,, where B,
and B, are the poloidal and toroidal magnetic fields. If u,=x(0) and u,=u(a), then
A,=uyu, — 1. The function u (p) itself has the form

H(p)= o1+ A4,07) 7" (2.19)

The comparison of (2.18) and (2.19) shows that

J(p) _ [ﬂc (p)]z ’ 2.20)
RO

Thus, the variation problem with the functional (2.4) allows us to construct the canon-
ical pressure profile (2.13), which coincides at /)’p~ 1 with canonical current profile.
Difficulties arise during the construction of transport model. Experiment shows
that the characteristic relaxation times of temperature and current are very different. In
a tokamak, the characteristic time of current profile relaxation may be ten times higher
than the plasma energy confinement time. During the transition process of the plasma
current evolution the current profile could be far from the canonical current profile
and the equilibrium equation cannot be written in the form (2.12). As a result one
has to abandon the use of a simple variational principle (2.4—2.5) and look for other
variation approach for the design of transport models. This does not exclude the pos-
sibility that some of the conclusions of this section will be used further in this book.

2.2 The Principle of Minimum of the Plasma Current
Magnetic Energy for a Circular Plasma Cylinder
(Kadomtsev)

2.2.1 The Natural but Contradictive Statement
of the Variational Problem

As before, we assume that the canonical profiles are the goals to the relaxation
of plasma parameters. The toroidal magnetic field in a tokamak stabilizes the
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large-scale MHD instabilities, which characteristic times are much smaller than
the relaxation times. Plasma, in turn, has little effect on the toroidal field, so this
field can be removed from the energy reservoir defining the transport in plasma. In
the previous section we see that the canonical pressure profiles associate with the
canonical profiles of current by the equilibrium equation. Therefore, the thermal
energy can also be excluded from the consideration of the problem of canonical
profiles. As a result, we come to the following variation principle for a circular
cylindrical plasma [2]: the relaxed plasma state is defined by the minimum of the
magnetic energy of the toroidal current:

a BZ
W, = 27zjépdp .21)
0

provided that the current magnitude

1=2xf jpdp (2.22)
0
and the magnetic flux
¥ =27[B,dp (2.23)
0

are conserved. Here p and @ are the radial and poloidal coordinates, « is a radius of
plasma cylinder, B,= B (p) is the poloidal magnetic field, j=/(p) is a current density.
For convenience let’s introduce the dimensionless quantity

u=1/q=R,B,/(pB,) (2.24)

and accept it as an independent variable. Here B, is the magnitude of the toroidal
magnetic field, R is the equivalent of a major radius of the torus (R, > a) . The
variation problem (2.21-2.23) will be solved by Lagrange method, for which we
introduce the extended functional

W,.=W,+Al+C¥. (2.25)
For this functional the variation problem is reduced to the problem of the uncondi-

tional minimum. The additional assumption is introduced in [2] that in the vicinity
of the extremum of the functional (2.25) the current density depends on x only:

J=J). (2.26)

What really lies behind this assumption will be discussed in the next Sect. 2.2.2.
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Now we can find the first variation of the functional (2.25) and set it equals to
Zero:

T B; d CB
w, . =2r|pd o'+ A——+—"|du=0. 2.27
!p P(M[Rg/?ﬂ P ) u (2.27)
Hence we obtain the Euler equation
B, j B
o pz,u+/li+ CB, =0. (2.28)
4rR, du R,

We assume that the desired solution x(p) of equation (2.28) is monotonic along the
radius, i.e. 1/(p) # 0 at p # 0. Then

4 _dj(du)’ (2.29)
du dp\dp)

We also assume that at the extremal function (on the solutions of the Euler equation
(2.28)) the Maxwell equation is satisfied. Its projection on the z-axis is given by

. B, 1d ,
J= ——(p 1) (2.30)
UyRy pdp

Then the Euler equation (2.28) is transformed as follows:

2
pdH li
dp dp

li(,02;1) +Cld—’u:0. (2.31)
pdp dp

P

The equation (2.31) is the equation of the second order with two, while non-defined,
Lagrange parameters A, and C,. It can be reduced to the third order equation with
one uncertain parameter

d|p d d
d_p[fl’d_p( 41, d—;‘znzo (i = duldp) 2.32)
In this form the equation can be easily integrated.

We need four boundary conditions to obtain a unique solution of (2.32). Sym-
metry condition at the magnetic axis leads to £’(0) = 0 . The requirement of the cur-
rent conservation means that y(a) =y, =0.21 pRO/(azBO). The practical units that
are used here: the plasma current 1 in MA, the length in m, the magnetic field B, in
T. The rest two boundary conditions were chosen in [2] as follows: #(0) = x4, ~ 1,
H(p) — 0 at p — . We will follow these conditions. We obtain the following set
of four boundary conditions, collecting all the terms together:
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uO)=u, ~1, @'(0)=0, wua)=u,=0.21,R/(a’B,),

up)—>0 at p—eo (2.33)

The solution of (2.32) satisfying the boundary conditions (2.33) will be called the
canonical profile of the function x and will be denoted as 4 (p). After integration of
(2.32), we obtain

2
p—i(ﬂz +4, d—“) -C, (2.34)

To determine the constant C,, let us consider the behavior of the regular solutions of
the equation (2.34) in the environment of the point p=0. Under the first two condi-
tions (2.33) in this environment

u=u,(l+op +a'p + ). (2.35)

For solutions of the type (2.35), the left side of (2.34) tends to zero as p—0. Hence,
C,=0. As a result, the Euler equation is now can be written as

i( ‘4,
dp

il ] =0. (2.36)
dp

The second of the boundary conditions (2.33) holds for solutions of (2.36) auto-
matically. Therefore, there are only three essential boundary conditions:

u(0)=u, ~1, w(a)=p, =021 R,/(a’B,),
up)—>0 at p—ee (2.37)
After integration (2.36), we obtain:

d
i1 +/12d—;‘2= C,. (2.38)

At p— oo the left side of (2.38) tends to zero by virtue of the third boundary condi-
tion (2.37). Hence, C,=0. As a result, the Euler equation (2.38) becomes:

2,9 gy (2.39)
U
Its solution is the function
p(p) = —F (2.40)
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where a,=a [u,/(1,~1,)]'"? is the so called plasma current radius, A, = uya;. The

function (2.40) will be called Kadomtsev canonical profile and will be denoted as
1Y (p). Using (2.30), we find the Kadomtsev canonical profile for the current den-
sity

K \? .
Kk _ .| M _ Jo
Je _]O(ﬂoJ _(l+p2/a2)z' (2.41)

By (2.15), for a circular cylinder the canonical profiles of current and pressure are
the same. Therefore

K
K J Py
= L= 2.42
P. =Dy ( Js ) (1+p2/a2)2 ( )

In subsequent chapters, we will need a dimensionless relative gradient of u (p)

dufidp _Rp 1
R P 2L2pﬁ. (2.43)

Since the solution of (2.36) — (2.37) is found, it is easy to reformulate the last of
boundary conditions (2.37), replacing it with the boundary conditions on the sur-
face of the plasma. It is convenient to introduce the surface impedance in the form
X =i,/2u,, where i is the dimensionless current

1 d P
l=——(p2,U) — 2lu+plu s la = l(a). (244)
pdp

Using (2.40, 2.44), it is easy to find the impedance for the Kadomtsev canonical
profile

x* =t (2.45)

Hy

Thus, in the Kadomtsev problem for the equation (2.36) the equivalent boundary
conditions can be used instead of the boundary conditions (2.37)

0.2 R i
O =y~ @)=, == Lo B (2.46)
a b,

The last of the boundary conditions is a condition of the third kind, as it contains the
unknown function y and its derivative 4. It is also unusual as it contains both the
values of unknown function at the magnetic axis and at the plasma boundary. The
boundary conditions (2.37) and the equivalent conditions (2.46) are naturally called
“soft”, as one of the boundary conditions (2.37) is stated at infinity, and it does not
reflect the physical processes on the surface of the plasma.
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2.2.2 The Adjusted Statement of the Variational Problem

In setting up the variation problem in the previous Sect. 2.2.1, we, following the
work of [2], have been forced to assume (2.26) that j=;(u). However, ifj is a local
current density, it must be associated with u by a relation

i g w=au . =22 (2.47)
pdp dp

We see that in this case, the current density j depends not only on g, but also on
the derivative u'. Substituting (2.47) into the condition (2.22) and calculating the
variation of the functional /, we see that it is equal to zero. Thus, this integral does
not contribute to the Euler equation. This section is discussed how to remove the
contradiction described.

Consider the following formulation of the variation problem for a circular plas-
ma cylinder. Let B,=B,(p) is the set of sufficiently smooth functions (admissible
functions) vanished at p=0 (these are the functions describing the poloidal mag-
netic field). In parallel, we also introduce the dimensionless admissible functions
u=u(p)=RB,/(Byp). Consider the problem of minimizing of the poloidal magnetic
energy functional

1§ 1 B f
F=—|Bpdp~—=2W , W =|u’pd 2.48
1 87[{ pip~ g W Wi {ﬂpp (2.48)
with additional integral conditions [3]

J, = J 1’ pd p = const, (2.49)
0

J, = | updp= const (2.50)
0
and the boundary conditions

HO) =y ~1, p(a)=p, =021 R/(@*By), (0<u, <p,).  (2.51)

Here / is a plasma current, and a is a plasma radius. To simplify the formulas below
we omit the factor standing in /| (2.48) to W . Note that the integral that describes
the plasma current is proportional to u,

1={jpdp~u,. (2.52)
0
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and, in view of (2.46), is the same for all admissible functions. Therefore, the pres-
ervation of the total current is the result of the last of the boundary conditions (2.51).
The meaning of (2.49) and (2.50) will be discussed below.

The problem (2.48-2.51) is equivalent to the problem of unconditional minimum
of the extended functional

W, = (120" + 48 + Cu)pdp, (2.53)

ot—

where 4 and C are Lagrange parameters. We find now the variation of the functional
(2.53)

W, .. = 2] 5#(#/)2 + ﬂﬂ+%)pdp (2.54)
0

and require that it vanish. Then we obtain the Euler equation
up’ + Au+C/2=0. (2.55)
As before, the solution of the Euler equation satisfying the boundary conditions (the

canonical profile) will be denoted by the lower index “c”. From (2.55) and (2.53),
we obtain:

C Hy
= — = . 2.56
He 2p°+A)  (+p’/ar) (2:30)

The boundary conditions (2.51) allow us to determine the parameters 4 and C

2
l=a*=—2 >y, c:-z%. 2.57)

g B /'lo/ﬂa _1

The solution (2.56) coincides with the solution (2.40) of the previous section, which
we called Kadomtsev canonical profile. This solution has a remarkable property:
the dimensionless canonical current (2.44)

24
Hy

14
i =——(p'p)= (2.58)
pdp

is proportional to the square of the function y . This feature justifies the choice of a
first additional condition in the form of (2.49). Note that the current density (2.58)
is not equal to zero at the plasma boundary, but has a pedestal.

The considered variation problem is strongly degenerated in the sense that
neither the functional (2.48), nor the additional conditions (2.49) — (2.50) do not
depend on the derivative du/dp= p’. As a result, the Euler equation (2.55) is an
algebraic rather than a differential equation of the second order, as it could be ob-
tained in a non-degenerate case. The solution of the Euler equation contains only
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two undefined parameters A and C, but we have four conditions: the boundary con-
ditions (2.51) and conditions (2.49) and (2.50). In order the posed variation problem
to be solvable, the conditions (2.49) and (2.50) have to be consisted with the bound-
ary conditions (2.51). We obtain such consistency conditions if we substitute the
found solution (2.56) to the conditions (2.49) — (2.50):

2

f a
Jo=[wipdp= . (2.59)
0

J, jﬂcpdp 1y ’ln(z ] (2.60)

a

Thus, the problem (2.48) — (2.51) is solvable, if the values of the integrals (2.49) —
(2.50) are defined by (2.59) — (2.60).

The meaning of (2.50) can be understood, if we introduce the usual poloidal
flux y: B, o pu=dy/dp . The condition (2.50) requires the preservation of dif-
ference y(a)—w(0), which is equivalent to the flux conservation for all admissible
functions.

The second variation of the functional (2.53)

W, .. =2[(5u)(p* + A)pdp 2.61)
0

is positive in view of (2.57). Thus, the solution (2.56) of the Euler equation (2.55)
realizes the minimum of the functional (2.53).
The Euler equation (2.55) can be rewritten as

2

2up + 2 0= 0 (2.62)
du
or
2 -1
20+ A8 (d—”] +C=0. (2.63)
dp\dp

In order to be able to go from (2.62) to (2.63), it needs to add the monotony condi-
tion of the admissible functions u(p) to the limitations (2.49-2.50). That means the
condition du/dp # 0 has to be satisfied in the region (0<p<a). It is evident that the
function (2.56) satisfies this condition.

Let us substitute (2.56) and (2.58) into (2.63) and multiply it by du /dp. Then we
obtain the identity

pzd_‘uf /1/10 — ( )|+ %=0
dp 2 dp pd dp
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We omit index “c” now, redefine the parameter A and consider this expression as the
equation concerning u(p)

(pz/,t):| + Cd—# =0 (2.64)

i L df1d
dp

P+ A—

dp  dplpdp
Now we will try to put the boundary conditions for the equation (2.64) to solve the
problem with function (2.56). Equation (2.64) is a nonlinear second-order equation
containing two parameters, so to obtain a unique solution four boundary conditions
are required. Two of them should be taken from the boundary conditions (2.51), the
third is a condition of the axial symmetry #’(0) = 0, and the fourth condition is the
property (2.58) at the border. Thus, the total set of the necessary boundary condi-
tions is as follows:

1.0)= >0, p(©0)=0, u (a)=p,=021,R /(aB,),

Hyi, (a) -1
244 (a)

The fourth of the boundary conditions, in view of (2.47) is the boundary condition

of the third kind, containing a derivative of function x at the edge of the plasma. The

solution of (2.64) — (2.65) is the function (2.56). In the future, the equation (2.64)

will be called the modified Euler equation. This equation has an important property:

it does not contain any information about the integrand in (2.49), i.e. the function 2.
Let us make a few comments:

(2.65)

Remark 1 The Euler equation of the form (2.64) coincides with (2.31). This result
justifies not quite consistent statement of variation problem in the previous section
and the assumption (2.26). After comparison of Kadomtsev additional condition
(2.22) with the condition (2.49), we can say that, instead of the current density j in
(2.22) it is sufficient to use such a function of u (in this case 1), which is close to
J, but coincides with it only at the extremal function of the functional (2.25).This
important result will be used below.

Remark 2 The additional condition (2.49) has the following remarkable property.
On the one hand, it is really the restriction on the class of admissible functions and
contributes to the Euler equation. On the other hand, according to (2.58), this condi-
tion for the extremal function x_has a form of the current conservation

tal i pdp = const. (2.66)

J, = uipdp=*
0

0

However, such a condition is already used in the boundary conditions (2.51). It fol-
lows that the condition (2.49) is degenerated on the extremal, and so it is weak in the
environment of the extremal. This property of the problem (2.48) — (2.51) makes it
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selected of other possible variation problems for the functional (2.48) with integral
constraints. One can expect that it defines the lower boundary of the functional
(2.48) with respect to other reasonable integral limitations that may be used instead
of (2.49).

Remark 3 In this section, we consider the problem of minimizing the magnetic
energy of the plasma. Thermal energy is not part of this task, so the results of
Sect. 2.1 can be adopted for it (for the plasma pressure), and, in particular, the for-
mula (2.18). For our purposes, it can be written as follows:

. 2
2O 10 L (ﬂc(p)] ' @67
r.(0) i.(0) (1 +p /ajz.) 1.(0)
Let us consider now the total energy functional
E=2r iszpdp+ij-ppdp (2.68)
8my "’ 29 '

If we state the variation problem of the type (2.48 — 2.50) for this functional then
the Euler equation will contain two unknown functions u(p) and p(p). The closure
of the formulation of the problem will have to make an additional assumption about
the relationship of these functions. We assume that the admissible functions are con-
nected by the relation using as a basis the expression (2.67)

P(p) o< 12 (p). (2.69)

Then the second term in (2.68) takes the form of the integral (2.49). As a result, the
Euler equation (2.55) and formulas (2.56 — 2.58) are saved.

A minimum of the total energy functional £ (2.68) is determined by its value on
the canonical profiles

2
B 3 LKL
E(u,p)=|—||w +-at e 2.70
(ﬂc pc) [ZR()] |: m(/llc) 4a ,I,[O ﬂﬁ} ( )
Here
W, ()= u2p'dp= A, ~J,)>0 @.71)
0

is the value of the magnetic energy over the canonical profile,

87zp
B, = B—ZO, (2.72)
ba
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B,, = aBy, /R, P, is the pressure in the plasma centre, J; and J, are determined by
formulas (2.59)—(2.60). The first term in (2.70) describes the minimum of magnetic
energy, the second term is the heat energy. The magnetic energy in absolute value
is limited by a given total current. In the adopted statement of the problem there is
no limit on the absolute value of the thermal energy, so a minimum of heat energy
is determined by the free parameter f3,. The possibility of such a formulation of the
problem is determined by the openness of the system, and the reasonableness of the
statement that is by the existence of self organization plasma effects. The concept of
openness means that the system is continuously absorbing and throwing out the heat
energy and particles. The bound energy remaining in the plasma is determined by
the dissipative properties of the system (thermal conductivity, radiation), so it can-
not be described by the variation principle. To determine the evolution of the system
one has to build the transport models, which are discussed in the following chapters.

Remark 4 It was shown above that for circular cylindrical plasma the Euler equa-
tion with the necessary boundary conditions can be represented in five different
forms. First, it is an algebraic equation (2.55), which contains two parameters, with
the boundary conditions (2.51). Second, it is the first order differential equation
with a single parameter (2.39) and with the same boundary conditions. Third, it
is the second order differential equation with a single parameter (2.36) and three
boundary conditions (2.46). Fourth, it is a second-order differential equation (2.64)
with two parameters and with four boundary conditions (2.65). Fifth and finally, it
is the third-order differential equation (2.32) with one parameter and four boundary
conditions (2.33) or (2.65). All listed forms of problem setting are equivalent in the
sense that they have the same unique solution in the form of the canonical profile
(2.56).

Remark 5 In subsequent chapters, we will need a canonical profile for tempera-
ture. It can be obtained on the basis of the following reasons [2]. In the relaxed
quasi-stationary state the current profile j(p) and electron temperature profile 7 (p)
are close to the canonical profiles j (p) and T (p)

1P =Jj.(p)s T.(p)=T.(p) (2.73)
At the same time the profiles j(p) and 7 (p) are related by Ohm’s law
J(p) < T (p). 2.74)
According to (2.67), (2.73) and (2.74), we have
PP =n.(PT.(P) < j.(p) = T (p). (2.75)

It follows that

Tooe j2oe p2y mo o T2 e 1. (2.76)

c
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For the relative dimensionless gradients we obtain

RT! _ Z Ryp]  Ryn; _ l R,p] T = d_T 2.77)

T 3p  n 3p dp

c c

Thus, the canonical profile of the electron temperature for a circular cylindrical
plasma has the form

7.(0)

T(p)=—F—F~.
(P (1+p2/a12.)4/3

2.78)

We accept below that the canonical profiles for ions and electrons are the same.

2.3 Canonical Profiles for Toroidal Plasma
with Arbitrary Cross-Section

Suppose that for a given distributions of current and pressure in a toroidal plasma
with arbitrary cross section the problem of equilibrium with the given boundary
conditions (the Grad-Shafranov equation for the function of poloidal magnetic flux
) is solved [4]. Then the equation = const determines the magnetic surfaces.

Denote by r, ¢, z the polar coordinates with axis coinciding with the symmetry
axis of torus. Let us introduce the natural coordinates p, 6, {, where p is the coor-
dinate of magnetic surface defined by the toroidal magnetic field flux ® inside the
magnetic surface with the cross section S.

1/2 1/2
(0] (0]
- , 0<p<p,., ®=[BdS, p, =|Zme 2.79
p {EBOJ P< Pru ! p (EB) (2.79)

0

Here 6 is the poloidal angle, {=r ¢, the vector dS is perpendicular to the cross sec-
tion S, ® is the total toroidal flux through the plasma cross section. Below B, is
the vacuum toroidal field in the center of the chamber, 4=R /a is the aspect ratio,
R, and a are the major and minor plasma radii. We will use the notation A(p, )=h,
for the boundary values of surface function /4(p). The angle brackets<--->denote
the averaging operation over the magnetic surface

< f>:%f\/§ 1de, (2.80)

where g is the determinant of the metric tensor of the accepted system of coordi-
nates:

Dr,z)y ., oV _°f
g=r , V=—=21x 2de, (2.81)
Ve D(p,6) dp !I
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V(p) is the volume of the plasma inside the magnetic surface. We also introduce a
surface function

8_1// = ;8_1// (2.82)

=% 27B,p dp

As it is known, 1n a toroidal plasma the local poloidal magnetic field B) and local
current density ]¢ are not the surface functions. In particular,

_|Veloy

2 3 (2.83)

Instead of the local poloidal magnetic field Bjand local current density j; we
introduce the averaged poloidal field B, =<B;> and averaged current density
j= < j;,> using (2.80). The surface functions u =< B,/p and j are connected by the
Maxwell equations. It is convenient to introduce the dimensionless current density

i, proportional to the averaged current density j and similar to (2.44). In the adopted
coordinates the relationship between the dimensionless current density and function
u s as follows

1 ,
i =rotq,(/w)=V,a V'Gpw), (2.84)
where V defined by (2.81) and
\%
G=G(p)= R0<( o > (285)

are the metric coefficients. Note that the coefficient G is dimensionless. In a circular
cylindrical plasma G = 1, V'=Q2xR) 2 7xp).

The expression for the magnetic energy of the poloidal magnetic field has the
form:

1
W, =27R, | Bjas. (2.86)
ﬂ-S

Here S, is the total cross-section of the plasma. Below the multiplier 2zR,, which
appears due to integration over the toroidal coordinate, is omitted. Using relations
(2.82)—(2.83), (2.85), it is easy to lead the functional (2.86) to the one-dimensional

integral

2

=3 R2 j VG prdp (2.87)
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We turn now to the formulation of the variation problem. Let x(p) be a set of suf-
ficiently smooth functions on the interval (0<p<p ), satisfying the boundary con-
ditions

uOy=py ~1, wa)=u,, O<u, <) (2.88)

Here u, is defined by the equilibrium solution of the problem mentioned at the
beginning of the section. As in the previous section, we assume that the canonical
profile in a tokamak plasma is determined by the minimum of the functional of the
poloidal field magnetic energy (2.87) with additional conditions

Prax
Jy= [ Viwdp=const, (2.89)

0

Prmax
= | updp=const. (2.90)
0

According to Remark 1 of Sect. 2.2.2, i(u) is a smooth function of y, satisfying on
the extremal function the expression (2.84)

10
l(ltlc)_lc_V; ap

(V'Gpu,). (2.91)

Condition (2.90) describes the conservation of the poloidal magnetic flux for admis-
sible functions. In fact, substituting (2.82) into (2.90), we obtain

T ”'”r‘ﬂ/d = — [¥(Pe) = W(0)] = const (2.92)
2=, 3 dp P 2ap, LV P T VDI T CONSE :

We apply Lagrange method to the problem of (2.87)—(2.90). For this we introduce
the extended functional

BZ Pmax ,U,D
W, . =—2 | V'|Gu’p* + Ai(w)+ C~=|d 2.93

and consider the problem of the unconditional extremum for it. For this we find the
first variation of the functional (2.93) with respect to variable x and put it to zero

2 Pmax

I 14 5,11[2G,up +/181(,u)

}d/r 0.  (2.94)
' 27:
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Hence we obtain the Euler equation

26up + 22 L P g (2.95)
ou 14

We now require in addition that the admissible functions u(p) are monotonic. It’s
enough that they satisfy a condition

w(p)#0at0<p<p, (2.96)
Then
dig _ (3w \(om (2.97)
o op Nop)

Substituting (2.97) into (2.95), using (2.91) and carrying out the transformations,
we obtain instead of (2.95)

ou’ )
'GE—+ A—
P 8p+ ap{

1d, ., p ou
L cLE
V'ap( Pﬂ)]+ 7 3p

=0. (2.98)

Equation (2.98) generalizes the modified Euler equation (2.64) in the case of the to-
roidal plasma with arbitrary cross section. This equation is a nonlinear second-order
equation containing two parameters C and 4. To determine the unique solution four
boundary conditions are required, which are similar to conditions (2.65), but taking
into account the toroidal geometry:

’ ia
MO =ty >0, WO)=0. pp)=p, “ /Gau§=U. (2.99)

Here U~1 is a constant. The value of U, equal to one in the case of a circular cyl-
inder, is now to be determined by some additional considerations that help to high-
light the Kadomtsev type solution, at least approximately satisfying the condition
(2.58). To do this, let’s consider the function

GO (p). (2.100)

Z(p) = ﬂoi;(p)

Here p (p) is the solution of (2.98)—(2.99) for some U and i_ is determined by
(2.91). On the boundary of plasma Z(p, )= U due to (2.99). In the central part of
the plasma the aspect ratio of magnetic surfaces is large, their cross section is close
typically to the circle and G = 1. Therefore, and due to (2.58), Z(0) = 1. Calculations
show that for U=1 everywhere in the interval (0, p ) Z(p)=1. Therefore, it has a

max-

maximum inside this interval. At the increase of U this maximum moves outside



2.4 Examples 29

and at some value of U= U,>1 the function Z(p) becomes monotonic over the
whole interval. In this case, The maximum reaches the boundary P = P, and the
derivative 6Z(p)/dp becomes zero at the boundary. In the cylindrical case Z(p) =
1. So it is natural to suppose that in the toroidal case the function Z(p) has to be
monotonic and close to unity for Kadomtsev type solutions. Therefore, the value of
U must be equal to U, and to define it, we can use the following condition:

0z
_— = )= 0' .
ap(p Prax) (2.101)

The condition (2.101) should be added to the conditions (2.99) to determine the
parameter U. The canonical current profile i (p)=; (p)/j (0) is determined through
1 (p) by the expression (2.84). The canonical pressure profile links with canonical
current profile by (2.15). As <r> is slowly changing function of p we replace it by
constant and will determine the pressure canonical profile as follows

r.(p _Jjp) . 1d, .,
L) _ ST =—— (VG . (2.102)
pc(o) ]C(O) lc(p) V/ ap( pluc)

In this approximation, the canonical profiles of pressure and current coincide. Ca-
nonical profiles of temperature and density of the plasma are determined by the
formulas (2.76).

2.4 Examples

To illustrate the change of the canonical profiles with changing of plasma param-
eters we choose the typical discharges for three tokamaks: T-10, JET and MAST.
T-10 has a circular cross section of the plasma and a large aspect ratio A =R,/ a.
Typical discharge parameters are as follows:

R,=15m, a=03m (4=>5),B, =2.5T,1=0.25 MA. (2.103)

With these parameters, the cylindrical safety factor is equal to

qcyl =

The JET device (the largest in the world) has the elongated cross section and a mod-
erate aspect ratio. Below we will use, as an example, the parameters of the discharge
# 26087, which are as follows:

R,=2.94m, a=1.06m (4=2.8),B, = 3T,
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1=32MA, k=1.65,8=-0.34, (2.104)

where k and 6 are the elongation and triangularity of plasma cross-section, q.,~1 .67.
The value of ¢ at the plasma boundary, obtained by the solution of the equilibrium
equation by the three-moments method, equals to ¢, =1/u,=3.9.

The MAST device has an elongated cross-section and low aspect ratio. The pa-
rameters of a typical discharge # 11438 are

R, =0.8m, a=0.6m (4=135),B,=047T,

I=062MA, k=18,6=036,¢.,=12,¢, =1/, =131  (2.105)

eyl

Let us look first at the behaviour of the metric coefficients. Figure 2.1 shows the
normalized profiles of the coefficient j/# for the discharges (2.103)—(2.105). For a
circular cylindrical plasma V’=p (dashed line in Fig. 2.1). It can be seen that by de-
creasing the aspect ratio the curves are increasingly deviate from the linear function.
For tight aspect ratio tokamak MAST the function V' becomes non-monotonic, but
of course it is always positive.

Figure 2.2 shows the behavior of the function G which characterizes the density
of magnetic surfaces on the outer side of the torus. In a cylindrical plasma G=1
for the whole cross section. With the decrease in the aspect ratio Shafranov shift
increases, and the magnetic surfaces on the outer side of the torus are sealed. In
MAST near the external plasma boundary the values of G are high: G>10.

The boundary values G(a) versus triangularity 6 for MAST are shown in Fig. 2.3.
At 6 <0 the density of magnetic surfaces at the outer side of the torus diminishes
and the values of G(a) are reduced correspondingly.

We now turn to the canonical profiles. First, we compare the canonical profiles
obtained in Kadomtsev approximation for circular plasma cylinder (2.40), and ones
obtained by the solution of the problem (2.98)—(2.99) for the Euler equation. As
an example we take the discharge parameters (2.103) of T-10. Figure 2.4 shows the
canonical profiles £* (p) (2. 40) and u(p) atpy=1. It can be seen that they are close
to each other. Figure 2.5 shows the profiles of the dimensionless relative pressure

gradient
Iy __Rp (2.106)
Ly P,

for canonical profiles in Kadomtsev approximation and in the general case. It is
seen that the pressure gradients differ much more than the functions x (p) shown
in Fig. 2.4. Note that the values of ratios Ro/ch will play an important role in the
transport models.

The following figures for the JET discharge (2.104) show the impact of the
choice of the parameter U to the behaviour of the canonical profiles. Figs. 2.6
and 2.7 shows the canonical profiles y and j, for three values of the parameter U:
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Fig. 2.1 The normalized cylinder
profiles of the metric coeffi- 100 .
cientVy =V’ /(2nR,27p,,.) JET___ -/ —
for discharges from T-10, o8l e
JET and MAST devices : Al \
with discharge parameters ,/' - ' \-\ Ll
— Fa - “
(1.103)—(1.105) 06| MAST £ \
.z /s \
> pa \
0.4} /
¥
s
/
0.2t /
.f‘
Y/
0_0 1 | 1 L |
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U=0.7, 1.3 (optimum) and 2. It is seen that the profiles of 4 does not differ from
each other radically at the change of U. They have the same boundary values and
only derivatives are different on the boundary. The profiles of the canonical current
J. differ more because they have different boundary values. However, in all cases,
they are monotonous. Figure 2.8 shows the profiles of the function Z(p) for the
same values of U. It can be seen that at U=0.7 the function Z(p) has a maximum. In
the second case (U=1.3) the condition (2.101) satisfies and in the third case (U=2)
Z(p) becomes monotonic and rapidly rises at the periphery. The profiles of critical
gradients (2.106) for the same values of U are drawn in Fig. 2.9. The critical gradi-
ent for Kadomtsev canonical profile (2.42)

Ro 4R0 p
= 2.107
%f; 7 g (107

is also shown here. It can be seen that at U=U, =1.3 the behaviour of R, / LIZC u
Ro/ch is similar.

Let us turn to the canonical profiles of MAST. Figure 2.10 shows the profiles of
the function Z(p) for different values of U for the discharge # 11438 with param-
eters (2.105). In this case at U=1.5 the function Z(p) has a maximum at p~0.8,
but at U= U, =2 the condition (2.101) satisfies. Corresponding profiles of critical
gradients Ro/ch are shown in Fig. 2.11. Here, as in Fig. 2.9, the curves have a maxi-
mum at the edge with the values U~ U, The performed calculations show that the
values of U, increase with decreasing of the aspect ratio and increasing of the cross
section triangularity.
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Fig. 2.2 The typical profiles
of the metric coefficient G for
T-10, JET and MAST devices
with discharge parameters
(1.103) — (1.105). This metric
coefficient characterizes

the density of the magnetic
surfaces on the outer side of
the torus

Fig. 2.3 The values of G at
the MAST plasma boundary
versus triangularity of plasma
cross section at the elonga-
tion k= 1.8. The density of
magnetic surfaces on the
outer side of the plasma
increases at the increase of
triangularity

Fig. 2.4 The example of
canonical profiles in general
case and in Kadomtsev
approximation for T-10 with
plasma parameters (1.103)
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Fig. 2.5 The example of
the dimensionless relative
gradient profiles Ri/L,.=—R,
p./p. in general case and in
Kadomtsev approximation
for T-10 with plasma param-

eters (1.103)

16 T.10

Fig. 2.6 The canonical pro- 1.5 -
files u (r) for JET (discharge L JET #26087
#26087) at different values o q.=3,92
of U e
1.0+
0.5
00 i i 1 i 1 " 1 " 1 i J

0.0 0.2 0.4 0 0.6 0.8 1.0

2.5 Canonical Profiles of the Toroidal Rotation

To determine the canonical profile of the plasma with toroidal rotation we use the
procedure proposed in [1, 5] and discussed in Sect. 2.1. We first consider the equi-
librium equation for plasma with rotation. For this we preset the toroidal rotation
velocity v, as follows

v, =0 (y,r)=ar, (2.108)
where w=w(y) is the angular rotation frequency, r is a distance to the principal

torus axis, y is the potential of the poloidal magnetic field, y=const at the magnetic
surface. The equilibrium equation keeps the previous form (2.2)

ANy =—rj,=—(FF'+rp"). (2.109)
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Fig. 2.7 The canonical pro-
files of current density j (p)
for JET at different values
of U

Fig. 2.8 Profiles of the func-

tion Z for JET at different

values of U. It can be seen
that the value of U=1.3 is

optimal

Fig. 2.9 Profiles of the rela-
tive pressure gradients R /L.
for JET at different U. At the
optimal value of U=1.3 the
profile R /Ly is almost flat at
p>0.3. The profile R, / L}, in
Kadomtsev approximation is
also shown

R,/L
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Fig. 2.10 Profiles of the U=3
function Z(p) for MAST MAST #11438
(discharge # 11438) at dif- 3r
ferent values of U. It can be U=2
seen that the value of U=2 is
close to the optimal one. In
a circular cylindrical plasma 2t
Zp)=1 =
N U=1.5
1 circular cylinder
0 1 1 1 1 ]
0.0 0.2 0.4 0.6 0.8 1.0
P
Fig. 2.11 Profiles of the 4 -
relative pressure gradients MAST #11438
Ry/L,. for MAST (discharge U=1.5
# 11438) at different values . ’
of U &
do _._,—..f"‘-"'-’_/_/
o4 =
2l u=2
U=3
0 1 1 1 L
0.0 0.2 0.4 0.6 0.8

However, unlike the case of non rotated plasma, the plasma pressure p now depends
on two variables and impermanent on the magnetic surface

p=py,r). (2.110)

Let’s recall that the bar () in (2.109) means the derivative with respect to y. The
dependence of p on » must satisfy the condition (centrifugal force)

2
L_LY o rar, @.111)
r r

Here p, is the hydrodynamic plasma density (p, =n m,, n is the plasma density, m, is
the ion mass). We assume that the kinetic energy of plasma rotation is much lower
than the thermal energy
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2 2
v v
p’”T’<<p, ory, < v;, M’=—t<l. (2.112)

T

Here v, is the thermal velocity of the ions, M is Mach number. Now, as a function of
p(w, r), we can use a simple function that satisfies the condition (2.111)

2 2

r ‘[)l
P=pW)+p,0 =p0+me_ (2.113)

Let R, is a major radius of the plasma torus, then the function (R,*2) p, * has the
dimension of pressure. We denote it for the convenience through p,. In this case
rZ RZ

P=Pyt P P =7°pmw2~ 2.114)
0

By (2.112)

Do P (2.115)

Therefore in the expression for p, (2.114) we can assume that p, =p, (). As a re-
sult, the equilibrium equation (2.109) takes the form

5 7
Ny=—rj,=- FF'+r2[p0+%pl] . (2.116)

0

We now turn to the variation problem. We define the canonical profiles of pressure,
rotation, and function of the toroidal magnetic field F as profiles that minimize the
total energy of the plasma while maintaining the toroidal current and equilibrium
conditions. The total energy is given by (compare with (2.4))

2 2 2
WZ_[dV w*'ip"'ﬂ (2.117)
) 2r 2 2

The total current is

’ 2_ 7
IZJLMW,

S (2.118)

v
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Lagrange extended functional is as follows

@ =W -27Al. (2.119)

Its first variation in the extremal point must be equal to zero

r_ A% 2
8 = oW 274 81 =[ dV Sy ”—zA'f’Jri(poﬂ_zle
v r 2 R;

”

F'F’'+FF” I
A ——+ Pyt oz Py =0 (2.120)

r 0
Hence we obtain two-dimensional Euler equation

”

FF'-ANy 3 r F'F’'+FF” r
r—2+5 p0+?pl -4 r—2+ Pot—7 D =0
0

(2.121)
Using (2.116) it is converted to the form

2FF —MFEY (5 , . .\ (5, , .
—2+(5p0—ﬂ,p0 )-I‘F Epl—ﬂpl =0. (2122)

r 0

The second term is permanent at a magnetic surface, but the remaining terms are
variable with different dependencies on r. Hence we obtain three one-dimensional
independent equations:

5 . 5 "
2FF'— A(FF’") =0, Ep(;—ﬂpo =0, Epl’—ﬁ,pl =0. (2.123)

Here, the first and second equations coincide with the corresponding equations
for plasma without rotation (2.10). The third equation with respect to p, coincides
2

with the equation for p,. Thus, the canonical profile for the function p, = 70 P @’

coincides with the canonical profile for the function p,. Below, as in Sect. 1.1, we
replace 5/(24) by 4. Then the solutions of equations (2.123) become as follows

FF' =C. exp(:Ay), p, =C, exp(Ay), p =C, exp(Ay). (2.124)
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Substituting (2.124) into (2.116), we obtain the canonical equilibrium equation

ANy=—1j,= —[CF exp( Ay)+C, 72 exp(w)( 2OV +1r2p, @ )].(2.125)

It is assumed that at the magnetic axis =0, p, ,=p, (0), ®,=®(0). The parameters
C, Cp and / are determined from additional conditions. For example

=1, B,=f, q0)=q, (2.126)

Integrating the last two Eq. (2.124), changing the notation of constants and leaving
only the exponential parts of the solutions, we obtain, as in (2.13)

P =C,exp(Ay), p, =C, exp(Ay). (2.127)
Recalling that the canonical profiles are defined up to a multiplier, we obtain the
following chain of equalities:

Per & Doy & P @, = 1@, < n.T,. (2.128)

Thus,

@ <T. (2.129)

The canonical temperature profile is determined by (2.76), so

@, < T < pl. (2.130)

Later in the transport model the logarithmic derivatives of the canonical profiles
will be used. By (2.130), they are linked by the following relations

@ lp, 1T
o 3p, 2T (2.131)

Here the prime denotes the derivative with respect to the dimensional radial coordi-
nate p, determining the magnetic surface (0<p<p, ). The canonical current density
and pressure profiles are calculated by the corresponding solutions of the problem
(2.98, 2.99, 2.101) concerning u= 1/q with one-dimensional Euler equation.
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