
Chapter 2
Acoustic Solitons

The need to consider nonlinear terms in the different equations of solid state physics
has long been realised. Ignoring lattice anharmonicity, it is impossible to explain
the thermal expansion and heat conductivity of a solid body. Previously, in the
framework of perturbation theory, only a small nonlinearity was taken into account,
one that occasionally caused a loss of key features, determined by the nonlinearity of
the problem. Anharmonicity of molecular lattice vibration reveals itself especially
strongly in so-called quasi-one-dimensional crystals – systems composed of parallel
chains the size of the molecular diameter (the nearest-neighbor distance inside
one chain is substantially smaller than the distance between the atoms in different
chains).

2.1 Fermi–Pasta–Ulam Problem (FPU)

A rigorous consideration of the nonlinear vibration of molecular chains began with
the work of Fermi, Pasta, and Ulam (FPU) [1]. For the first time, a computational
study of nonlinear dynamics was carried out. In a chain with harmonic interaction
potential, the normal modes of vibration are mutually independent variables. The
modes do not interact with each other (thermalisation of one mode does not lead
to thermalisation of other modes). FPU considered that, if a nonlinearity were
introduced into the interaction, an energy flux would occur, leading eventually to
equipartition of energy, in accord with the principles of statistical mechanics. They
thus set out to confirm this in a computational experiment, but it turned out that
only a small part of the energy was redistributed. Such systems have been shown to
return recurrently to their initial states.

Let us consider a one-dimensional chain of molecules, arranged along the x axis
at interval a. All molecules in the chain are supposed to be of unitary mass M ,
and the interaction of molecules is described by a unified potential V.r/, where r
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Fig. 2.1 Model of a one-dimensional molecular chain

is the displacement of a molecule with respect to its equilibrium position (r D 0

in equilibrium position). We also assume that only nearest-neighboring molecules
interact with each other. A schematic view of this system is shown in Fig. 2.1. In the
ground state, the nth molecule in the chain has coordinate x D na. Let xn.t/ be the
displacement of the nth molecule with respect to its equilibrium position at time t .
Then the Hamiltonian of the system takes the form

H D
C1X

nD�1

�
1

2
M Px2

n C V.rn/

�
; (2.1)

where a dot over xn denotes differentiation with respect to time t , and rn D xnC1 �
xn is the elongation of the nth bond of the chain. The following equations of motion
correspond to the Hamiltonian of the system (2.1):

M Rxn D F.xnC1 � xn/ � F.xn � xn�1/ ; n D 0; ˙1; ˙2; ˙3; : : : ; (2.2)

where the function F.r/ D dV=dr .
If the force resulting from the bond deformation is proportional to the bond strain

as in Hooke’s law, i.e., F.r/ D Kr , the string is said to be linear and the molecular
interaction is described by the harmonic potential

V.r/ D 1

2
Kr2 ; (2.3)

where K is the rigidity of the intermolecular interaction. For an anharmonic
potential, the rigidity is K D V 00.0/. In the case of a harmonic interaction potential,
the equations of motion (2.2) are linearised:

M Rxn D K.xnC1 � 2xn C xn�1/ ; n D 0; ˙1; ˙2; ˙3; : : : : (2.4)

Any linear combination of solutions of equations (2.4) is also a solution of this
system.

Consider a finite chain composed of N C 2 links (n D 0; 1; 2; : : : ; N; N C 1)
with fixed end particles .x0 � 0, xN C1 � 0/. Then Eqs. (2.4) have N linearly
independent solutions (linear modes):
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x.l/
n .t/ D Al sin

�ln

N C 1
cos.!lt C ıl/ ;

!l D 2
p

K=M sin
�l

2.N C 1/
; l D 1; 2; : : : ; N :

(2.5)

The amplitudes Al and phases ıl of the modes do not depend on time and are defined
by initial conditions. The modes do not interact with each other, so the linear chain
is not ergodic.

In his early academic career, Fermi was engaged in a study of the ergodic
problem, and when computers came on the scene, he returned to this theme because
it was thought that one particular problem might be solved with the aid of a
computer. He thought that, if a nonlinear term were to be introduced into the force
acting between particles in a chain, the modes would exchange energy, causing
the system to reach a statistical equilibrium state in which energy is uniformly
distributed over the linear modes. It was this expectation that FPU believed would
be confirmed by a computational simulation.

They modeled the chain dynamics using three potentials. The first potential
involved a cubic anharmonic term (the FPU ˛-potential):

V.r/ D K

�
1

2
r2 � 1

3
˛r3

�
; (2.6)

the second, quartic anharmonic term (the FPU ˇ-potential):

V.r/ D K

�
1

2
r2 C 1

4
ˇr4

�
; (2.7)

and the third, a piecewise continuous quadratic function:

V.r/ D

8
ˆ̂<

ˆ̂:

1

2
Kr2 ; if jr j < r0 ;

1

2
K 0r2 C 1

2
.K � K 0/r2

0 ; if jr j � r0 :

(2.8)

The results turned out to be qualitatively similar for all the potentials.
FPU considered a chain with fixed end points and a number of links N equal to

32 or 62. To model this system, one must put n D 0; 1; : : : ; N C 1, x0 � 0, and
xN C1 � 0 in the equations of motion (2.2). At the initial time, the lowest mode was
excited, so the initial condition was

xn.0/ D A sin
�n

N C 1
; xn

0.0/ D 0 ; n D 0; 1; : : : ; N C 1: (2.9)

The numerical integration of the equations of motion (2.2) with initial condi-
tion (2.9) showed that, after some time, almost all the energy was back in the initial
mode. This is the so-called FPU recurrence phenomenon.
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Computational simulation occasionally leads to utterly unexpected results, and
the FPU recurrence phenomenon was one of these. Furthermore, this result was
repeatedly confirmed. One may assert that, if the energy is low and the initial shape
of the wave is sufficiently smooth, the recurrence phenomenon occurs. Norman
Zabusky [2, 3] summarised the results in the empirical equation which determines
the recurrence time at an initial excitation of the lowest mode:

tr D 0:44N 3=2tlpj˛jA ; (2.10)

where tl D 2N
p

K=M is the time taken by the wave of long wavelength to travel
back and forth along the chain of N particles with fixed ends (or the period of
the wave going round the closed chain of 2N particles). It was shown further that
the recurrence phenomenon is related to the presence of localised solitary waves
(solitons) in the chain, while (2.10) is associated with the characteristics of the
soliton motion [4].

The FPU recurrence phenomenon is also observed in the case of a finite chain
with periodic boundary conditions. Let us consider in detail this phenomenon
occurring in the closed chain. For convenience of numerical modeling, we introduce
the following dimensionless variables: displacement un D xn=a, time � D
t
p

K=M , and energy H D H =Ka2. Then the cyclic chain of N particles can
be described by the dimensionless Hamiltonian

H D
N �1X

nD0

�
1

2
un

02 C U.�n/

�
; (2.11)

where the prime denotes differentiation with respect to the dimensionless time � ,
while �n D unC1 �un is the relative displacement, and the dimensionless interaction
potential U.�n/ D V.a�n/=Ka2 is normalised according to the conditions

U.0/ D 0 ; U�.0/ D 0 ; U��.0/ D 1 : (2.12)

The Hamiltonian (2.11) leads to the following finite system of equations of motion:

u00
n D F.unC1 � un/ � F.un � un�1/ ; n D 0; 1; : : : ; N � 1 ; (2.13)

where the function F.r/ is defined here as F.r/ D dU=d�, while n C 1 D 0 if
n D N � 1 and n � 1 D N � 1 if n D 0.

The linear mode of the cyclic chain takes the form

un.�/ D A exp
�
i.qn � !�/

�
; (2.14)

where A, q 2 Œ0; 2��, and ! D 2 sin.q=2/ are the amplitude, wavenumber, and
frequency of the mode, respectively. In the case of the cyclic chain of N molecules,
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the wavenumbers can only take N values, viz.,

qk D 2�k=N ; k D 0; 1; : : : ; N � 1 :

The amplitude of the kth mode is defined by the equation

Ak D 1p
N

N �1X

nD0

un exp.�iqkn/ : (2.15)

It follows from this equation that AN �k D NAk . For the chain with harmonic
interaction potential, the amplitude of the mode is constant, as opposed to the chain
with anharmonic potential, for which the amplitude depends on time according to

Ak
0 D 1p

N

N �1X

nD0

un
0 exp.�iqkn/ : (2.16)

In the case of a harmonic chain, the energy of the kth mode is described by the
equation Ek D !2

k jAkj2, where the mode frequency is specified by the relation
!k D 2 sin.qk=2/. Let us define the energy of the mode for an anharmonic chain as
Ek D .jAk

0j2C!2
k jAkj2/=2 and integrate the system (2.13) with the initial condition

corresponding to the linear mode of wavenumber q1:

un.0/ D A sin
2�n

N
; un

0.0/ D 0 : (2.17)

Note that, given the initial condition, the problem is equivalent to the dynamics of a
chain of N=2 � 1 links with fixed ends, when the first linear mode is excited.

From now on, we write the FPU ˇ-potential of intermolecular interaction in the
form

U.�/ D 1

2
�2 C 1

4
ˇ�4 : (2.18)

Furthermore, let us fix the amplitude of the mode A D 0:1, but allow the
anharmonicity parameter ˇ to change.

The equations of motion are linear when ˇ D 0, so all the energy of the
initial excitation remains in the given mode. The rest of the modes are not excited
in this scenario. When ˇ > 0, the modes can exchange energy. The numerical
simulation showed that a portion of the energy drifts from the first mode, but
periodically recurs to it (Fig. 2.2a left), whence the initial shape of the wave is
recovered. This is the FPU recurrence phenomenon. The greater the anharmonicity
of the interaction potential, the higher the amplitude of the change in the mode
energy. For strong nonlinearity, the periodic energy exchange between the modes
becomes unstable and recurrence does not proceed, resulting in the energy spreading
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Fig. 2.2 Left: Energy exchange between the linear modes in the anharmonic cyclic chain .N D
132/ for initial excitation of only the first mode k D 1 (q D 2�=N and the amplitude of the mode
is A D 0:1). The dependence of the energy distribution Ek over the linear modes of the chain on the
time � is also shown (k is the mode number). (a) Weak nonlinearity ˇ D 1;000. Periodic recurrence
of the energy to the initial mode occurs (the FPU recurrence phenomenon). (b) Strong nonlinearity
ˇ D 2;000. The energy is redistributed over the other modes. Right: Interstitial potentials U.�/.
(a) Toda potential (2.34) with b D 1. (b) Morse potential (2.41) with � D 2, ˇ D 0:5. (c) Lennard-
Jones potential (4,2) (2.42) with � D 2, a D 2. Lines show the asymptotics of the potentials

among the various modes (Fig. 2.2b left). The same effect takes place if one fixes
the nonlinearity parameter and changes the mode amplitude. The FPU recurrence
phenomenon is observed only when the mode amplitude is less than an arbitrary
threshold value.

For the recurrence phenomenon to exist, the initial wave shape must be smooth
(the wavelength of the mode � D 2�=q � 1). Excitation of a single short
wavelength mode in the anharmonic chain leads to fast thermalisation of the rest of
the modes. The recurrence phenomenon is associated with the existence of stable,
elastically-interacting solitary waves in the chain, i.e., solitons. At an energy below
the threshold value, the initial deformation of the chain transforms into solitons
which are periodically assembled together, forming the initial shape of the wave.
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2.2 Solitary Waves

Consider an anharmonic chain. The dimensionless Hamiltonian of the chain takes
the form (2.11), where the sum runs over all integer indices (n D 0; ˙1; ˙2; : : :).
Taking into account the normalization conditions (2.12), the dimensionless interac-
tion potential U.�/ D V.a�/=Ka2 can be expanded in a series:

U.�/ D 1

2
�2 � 1

3
˛�3 C 1

4
ˇ�4 C � � � ; (2.19)

where ˛ D �U .3/.0/=2 and ˇ D U .4/.0/=6 are nonlinearity parameters. The
equations of motion take the form (2.13) with n D 0; ˙1; ˙2; : : : and

F.�/ D � � ˛�2 C ˇ�3 C � � � : (2.20)

In the case of small displacements, one can neglect all the anharmonic terms in the
series (2.19). As a result, we obtain the harmonic potential U.�/ D �2=2 and the
equations of motion become linear:

u00
n D unC1 � 2un C un�1 ; n D 0; ˙1; ˙2; : : : ; (2.21)

The solution of (2.21) can be represented as a sum of linear waves

un.�/ D A exp i.qn � !�/ ; (2.22)

where A, q 2 Œ��; ��, and ! D 2 sin.q=2/ are the wave amplitude, wavenumber,
and wave frequency, respectively. The wavelength � D 2�=q tends to infinity as
q ! 0 and the wave velocity is

s.q/ D !.q/

q
D sin.q=2/

q=2

which tends to the dimensionless velocity of the long-wavelength phonon, s0 D 1.
In the case of anharmonic potential, the linear wave solution (2.22) is no

longer the explicit solution of the infinite-dimensional system of equations of
motion (2.13). Let us search for the solution of this system as a solitary wave of
constant shape, i.e.,

un.�/ D u.n � s�/ ;

where s is the dimensionless velocity of the wave, and the wave shape u.n/ depends
smoothly on the discrete variable n. To use the continuum approximation, the
following parameter must be small:

� D max
n

ˇ̌
ˇ̌du.n/

dn

ˇ̌
ˇ̌ :
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This parameter describes the reciprocal width of the solitary wave (soliton). It
follows that all the derivatives obey the relationship dmu=dnm D O.�n/. Therefore
in the continuum approximation, the following partial differential equation corre-
sponds to the discrete equations of motion (2.13):

.1 � s2/uzz C 1

12
uzzzz C 1

360
uzzzzzz � ˛

�
2uzuzz C 1

3
uzzuzzz C 1

6
uzuzzzz

�
11

Cˇ

�
3u2

z uzz C uzuzzz C 1

4
u2

zz C 1

4
u2

z uzzzz

�
C O.�6/ D 0 ;

where z D n�s� is the continuous wave variable approximating the discrete variable
n. Considering only the terms smaller than �5, this equation takes the form

.1 � s2/uzz C 1

12
uzzzz � 2˛uzuzz C 3ˇu2

z uzz D 0 : (2.23)

Let us change from the absolute displacement u.z/ to a relative displacement � D uz.
Then (2.23) takes the form

.1 � s2/�z C 1

12
�zzz � 2˛��z C 3ˇ�2�z D 0 : (2.24)

For a solitary wave, the state of the chain at infinity must be the ground state, and
therefore

�; �z; �zz �! 0 as z ! ˙1 : (2.25)

Integrating (2.24) once and considering the boundary conditions (2.25) leads to the
well-known Boussinesq equation:

.1 � s2/� C 1

12
�zz � ˛�2 C ˇ�3 D 0 : (2.26)

This has explicit analytical solutions only for the FPU ˛-potential (the cubic
anharmonic potential, ˇ D 0):

�.z/ D �A= cosh2.�z/ ; A D 3.s2 � 1/=2˛ ; � D
p

3.s2 � 1/ ; (2.27)

and the FPU ˇ-potential (the quartic anharmonic potential, ˛ D 0):

�.z/ D A= cosh.�z/ ; A D ˙
p

2.s2 � 1/=ˇ ; � D
p

12.s2 � 1/ : (2.28)

The soliton solution of the Boussinesq equation (2.24) has been studied by Toda
and Waddati [5]. In the chain with cubic anharmonicity .ˇ D 0/, the soliton
solution (2.27) exists for any value of the anharmonicity parameter ˛ ¤ 0 and
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velocity s > 1. The bell-shaped function (2.27) describes a region of localized
compression (extension) in the chain for the anharmonicity parameter ˛ > 0

(˛ < 0). This region moves along the chain, retaining its shape with velocity s > s0,
where s0 D 1 is the dimensionless velocity of sound (the velocity of the long-
wavelength phonon) in the chain. Such localized excitation of the chain is called a
supersonic acoustic soliton.

In terms of the absolute displacement, the acoustic soliton is described by the
following solution of the equations of motion for the chain:

un.�/ D A

�

n
1 � tanh

�
�.n � s�/

�o
: (2.29)

Since the displacement un ! �2A=� as n ! �1 and un ! 0 as n ! C1, the
chain moves as a whole to the right through a distance 2A=� (total compression of
the chain).

The energy of the acoustic soliton (2.29) in the chain with cubic anharmonicity
is given by the relation

E D
C1X

nD�1

�
1

2
un

02 C U.�n/

�
D
Z C1

�1

�
1

2
.1 C s2/�2.z/ � 1

3
˛�3.z/

�
dz

D 1

�

�
2

3
.1 C s2/A2 C 16

45
˛A3

�
; (2.30)

and the root-mean-square width of the soliton is defined by

L D 2

 
1

R

C1X

nD�1
n2�n

!1=2

D 2

�
1

R

Z C1

�1
z2�.z/dz

�1=2

D �p
3�

; (2.31)

where the total compression of the chain is

R D
C1X

nD�1
�n D

Z C1

�1
�.z/dz D 2A

�
:

It follows from (2.27), (2.30), and (2.31) that the energy of the acoustic soliton
E.s/ and its amplitude A.s/ steadily increase when its velocity increases, while
the soliton width L.s/ steadily decreases: as s ! 1, E.s/ & 0, A.s/ & 0, and
L.s/ % 1, and as s ! 1, E.s/ % 1, A.s/ % 1, and L.s/ & 0.

Equations (2.27) and (2.29)–(2.31) have been obtained in the continuum approx-
imation, which can only be used if the soliton width L.s/ � 1. The continuum
approximation gives acceptable results for L.s/ D �=�.s/

p
3 D �=3

p
s2 � 1 > 5,

that is, for s <
p

1 C .�=15/2 D 1:022. At high velocities, the continuum
approximation cannot be applied, but this does not mean that the discrete equations
of motion do not admit soliton solutions for s > 1:022. Indeed, soliton solutions
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exist for all values of the velocity s > 1. To obtain the explicit shape of the soliton
with width comparable to the lattice spacing .L � 1/, the numerical Eilbeck–Flesh
pseudospectral method [6, 7] can be used.

In a chain with quartet anharmonicity (˛ D 0), the acoustic soliton exists only
for positive anharmonicity ˇ > 0. According to (2.28), the soliton solution exists
for each value of the velocity s > 1. By symmetry of the interaction potential,
there are two similar solutions: soliton and antisoliton, with amplitudes A > 0 and
A < 0, respectively. In a localization region of the acoustic soliton (antisoliton),
compression (extension) of the chain takes place.

At a fixed velocity s > 1, the two types of supersonic soliton have the same
energy

E D
C1X

nD�1

�
1

2
u0

n
2 C U.�n/

�
D
Z C1

�1

�
1

2
.1 C s2/�2.z/ C 1

4
ˇ�4.z/

�
dz

D 1

�

�
.1 C s2/A2 C 1

3
ˇA4

�
; (2.32)

the same absolute value of total chain compression (extension)

R D
ˇ̌
ˇ̌

C1X

nD�1
�n

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
Z C1

�1
�.z/dz

ˇ̌
ˇ̌ D A�

�
;

and the same width

L D 2

 
1

R

C1X

nD�1
n2�n

!1=2

D 2

�
1

R

Z C1

�1
z2�.z/dz

�1=2

D �

�
: (2.33)

It follows from (2.28), (2.32), and (2.33) that the energy of the acoustic soliton
E.s/ and its amplitude A.s/ steadily increase when its velocity increases, while
the soliton width L.s/ steadily decreases: as s ! 1, A.s/ & 0, E.s/ & 0, and
L.s/ % 1, and as s ! 1, E.s/ % 1, A.s/ % 1, and L.s/ & 0.

The continuum approximation used here for the chain with quartet anharmonicity
is applicable when

L.s/ D �

�.s/
D �
p

12.s2 � 1/
> 5 ;

that is, when s <
p

1 C �2=300 D 1:016. Yet, using the pseudospectral method
[6, 7], it can be shown that the discrete equations of motion (2.13) have a soliton
solution for all supersonic values of the velocity s > 1. However, the explicit
soliton solution cannot be obtained analytically. It can only be obtained numerically,
although with any desired precision, for velocities s > 1. An explicit analytical
equation can only be obtained in the case of the chain with the Toda potential [8].
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2.3 Solitons in the Toda Chain

A nonlinear chain with exponential interaction has been studied by Toda and
Waddati [5] and Toda [9–13]. The results of the study are most comprehensibly
represented in his book [8]. It has been shown that the equations describing the
dynamics of such a lattice admit explicit N -soliton solutions. These equations also
have an infinite set of integrals of motion, and constitute a completely integrable
Hamiltonian system which can be solved by the inverse scattering method.

The dimensionless Toda potential, normalized by the conditions (2.12), has the
form

U.�/ D 1

b

�
� C 1

b

�
exp.�b�/ � 1

�	
; (2.34)

where b > 0 is the anharmonicity parameter. The potential is given in Fig. 2.2a
(right). The potential increases exponentially as b�2 exp.�b�/ when � ! �1
and linearly as �=b � 1=b2 when � ! C1. The chain with the interaction
potential (2.34) is called the Toda chain. The parameter b in the potential describes
its anharmonicity. For small displacements, b� � 1, the interaction potential takes
the form

U.�/ D 1

2
�2 � 1

6
b�3 C � � � :

The dimensionless equations of motion (2.13) are

u00
n D 1

b

�
exp.�b�n�1/ � exp.�b�n/

�
; n D 0; ˙1; ˙2; : : : : (2.35)

Taking into account the relative displacements �n D unC1 � un, the equation of
motion (2.35) can be rewritten in terms of the relative displacements:

�00
n D � 1

b

h
exp.�b�n�1/ � 2 exp.�b�n/ C exp.�b�nC1/

i
; n D 0; ˙1; ˙2; : : : :

(2.36)

It can readily be shown that the partial solution of (2.36) which tends to zero
exponentially as n ! ˙1 is the solitary wave solution

exp.�b�n/ � 1 D sinh2 q

cosh2
�
q.n � s�/

� ; (2.37)

where s > 1 is the velocity of the wave and the parameter q is determined from the
dispersion equation

s D sinh q

q
: (2.38)
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The acoustic soliton (2.37) can have any supersonic velocity. It follows from (2.38)
that the velocity s ! 1 C 0 as q ! 0 and s tends to infinity as q ! 1. The
parameter q determines the reciprocal width of the soliton.

It is easily shown that the displacement has the form [8]

un.�/ D 1

b
ln

�
1 C exp.�2q/ exp 2q.n � s�/

1 C exp 2q.n � s�/

�
C const: (2.39)

The relative displacement is

�n D unC1 � un D � 1

b
ln

1 C sinh2.q/

cosh2 q.n � s�/
< 0 ;

whence the chain is compressed in a region of soliton localization. The total chain
compression is

u�1 � uC1 D 2q

b
:

As a result of chain compression, there is an excess of mass in the chain that allows
us to attribute a mass to the soliton (soliton mass m D 2q=b in dimensionless units).
The energy of the soliton is

E D
C1X

nD�1

1

2
un

02 C U.�n/ D 2

b2

�
sinh.q/ cosh q � q

�
: (2.40)

The profile of the acoustic soliton in the Toda chain is shown in Fig. 2.3 (left). In
terms of absolute un or relative �n displacements, the acoustic soliton is described,
respectively, by the step function (Fig. 2.3a left) or the bell-shaped function,
corresponding to chain compression (Fig. 2.3b left). When the soliton velocity
increases, its width decreases and the amplitude grows. At all values s > 1, the
solitons interact with each other as elastic particles. When they collide, they repel
each other (see Fig. 2.3 right). Furthermore, the solitons exchange momentum as
perfect rigid particles, the only difference being a minor delay that occurs during
their repulsion [8].

The Toda potential (2.34) appropriately describes molecular interaction during
compression of intermolecular bonds, but it is not suitable for describing bond
expansion. As can be seen in Fig. 2.2a (right), the potential rises exponentially for
negative deformation (� < 0), and linearly for positive deformation (� > 0). Hence,
it is not generally used to model molecular chain dynamics.

The deformation of valence bonds is more frequently described by the Morse
potential

U.�/ D "
�

exp.�ˇ�/ � 1
�2

; (2.41)
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Fig. 2.3 Left: Acoustic soliton in the Toda chain with b D 1, q D 1, (s D 1:1752). The
distribution of the absolute un (a) and relative �n (b) displacements of the links in the chain is
shown. Right: Collision of the two acoustic solitons in the Toda chain with b D 1, s D 1:017

(q D 0:1). The distribution of the relative chain displacements �n is shown as a function of time �

where the parameter " corresponds to the bond energy and the parameter ˇ describes
the anharmonicity of the potential. The potential profile is shown in Fig. 2.2b (right).
The potential grows exponentially as " exp.�2ˇ�/ when � ! �1 and tends to "

when � ! C1.
The disadvantage of the Morse potential is that it allows the molecules to pass

through each other since it is defined for all values of the displacements �. To
prevent this, one must add a repulsive core to the potential. Given the equilibrium
intermolecular bond length a, the energy of the potential must tend to infinity when
the bond compression reaches the value a. The Lennard-Jones potential .2n; n/,
being a potential with a repulsive core, is most frequently used:

U.�/ D "
h


1 C �

a

��n � 1
i2

; (2.42)

where n D 1; 2; 3; : : :. At n D 6, the potential (2.42) describes the weak nonvalence
van der Waals interaction of molecules with reasonable accuracy. The potential
profile is shown in Fig. 2.2c (right). It is defined only for the relative displacement
� > �a. The potential tends to U.�/ ! C1 as � ! �a and U.�/ ! " as
� ! C1.

In contrast to the Toda chain, a chain with the Morse interaction potential (2.41)
or the Lennard-Jones potential (2.42) is not a completely integrable system.
Nevertheless, there exist acoustic solitons in these systems at all supersonic values
of the velocity, although some peculiarities manifest themselves in the dynamics.
As the Lennard-Jones potential differs most significantly from the Toda potential,
the peculiarities must be more pronounced in this case. The profile of the soliton
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(solitary wave) in the Morse and Lennard-Jones chains can only be obtained
numerically.

2.4 Numerical Methods for Finding Soliton Solution

A solitary wave can be found in a discrete chain with a high degree of accuracy
using the Eilbeck–Flesh pseudospectral method [6, 7]. In terms of the absolute
displacement un, the chain dynamics is described by infinite-dimensional systems
of discrete equations (2.13). In terms of the relative displacement �n D unC1 � un,
the equations of motion have the form

�00
n D F.�nC1/ � 2F.�n/ C F.�n�1/ ; n D 0; ˙1; ˙2; : : : : (2.43)

Let us search for a solution of this system as a solitary wave of unchanged profile
which moves with constant velocity s: �n.s/ D �.n� s�/ D �.z/, where z D n� s�

is the continuum wave variable z D n � s� . The wave profile �.z/ ! 0 and its
derivative �0.z/ ! 0 as z ! 1.

Replacing the discrete variable n by a continuous one z, (2.43) takes the form

s2 d2�

dz2

ˇ̌
ˇ̌
zDn

D F
�
�.n C 1/


 � 2F
�
�.n/


C F
�
�.n � 1/



; n D 0; ˙1; ˙2; : : : :

(2.44)

The main idea of this method is to approximate the explicit soliton solution �.z/ by
the finite Fourier series on a finite interval �L=2 	 z 	 L=2:

�.z/ 
 R.z/ D
KX

kD0

akck.z/ ; (2.45)

where ck.z/ D cos.2�kz=L/, k D 0; 1; 2; : : : ; K. Substituting (2.45) into (2.44)
leads to the continuous equation

F .z/ D s2

KX

kD0

ak

�
2�k

L

�2

ck.z/ C G.z C 1/ � 2G.z/ C G.z � 1/ D 0 ; (2.46)

where

G.z/ D F

� KX

kD0

akck.z/

�
:
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The Fourier coefficients fakgK
kD0 can be found numerically as the roots of the system

of K nonlinear equations

�.L=2/ D
KX

kD0

akck.L=2/ D 0 ;

F .zi / D 0 ; i D 0; 1; : : : ; K � 1 ;

(2.47)

where zi D iL=2K and the function F .z/ is given by (2.46).
This method can unambiguously answer the question about the existence of

a soliton for any value of the velocity s. The absence of a soliton solution
of (2.47) implies the impossibility of soliton motion for a given value of s. When
solving (2.47) numerically, it suffices to put K D 100 and L D 10D, where D is
the diameter of the soliton solution given by

D D 2

2

664

Z L=2

0

z2�.z/dz

Z L=2

0

�.z/dz

3

775

1=2

:

The value A D ��.0/ describes the amplitude of the soliton (the maximum relative
displacement of a chain link in a region of soliton localization). The soliton energy
is

E D
NLX

nD�NL

1

2
v2

n C V
�
r.n/



;

where NL is an integer part of L=2 and the velocity is

v�NL�1 D 0; vnC1 D vn C s

KX

kD1

2�kak

L
sin

2�kn

L
; n D �NL; �NL C 1; : : : ; NL:

2.5 Solitons in the Lennard-Jones Chain

Here we consider a chain with the Lennard-Jones potential (12,6) and parameters
a D 1 and " D 1=72. Note that, at these parameter values, the potential rigidity is
U 00.0/ D 72"=a2 D 1. Numerical solution of (2.47) has shown that acoustic solitons
exist in the chain at all supersonic values of the velocity s > 1. The dependencies
of the soliton amplitude A, diameter D, and energy E, on the velocity s, are shown
in Fig. 2.4 (left). As can be seen from Fig. 2.4a and b (left), the amplitude A tends
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Fig. 2.4 Left: Dependence of the function .1 � A/�6 of the amplitude A (a), the width D (b), and
the square root of the energy

p
E (c) on the velocity of the acoustic soliton s in the Lennard-Jones

chain. Right: Collision of acoustic solitons in the Lennard-Jones chain at velocity s D 1:2 (a).
The soliton profile before the collision at time � D 50 (b) and after collision at � D 100 (c) and
� D 150 (d)

steadily to 1 as 1�O.s�1=6/, while the soliton diameter D decreases monotonically.
The soliton width becomes less than 10 at s D 1:0055, 5 at s D 1:0226, 2 at
s D 1:175, and finally less than 1 at s D 3:7, at which point it is less than the chain
spacing. The soliton energy increases steadily as s2 (see Fig. 2.4b left).

As the Lennard-Jones chain is not a completely integrable system, the soliton
interaction is no longer elastic. The collision of two solitons is accompanied by
the emission of low-amplitude waves (phonons). The non-elasticity of the soliton
interaction can be characterized by the energy loss p D �

.E1 � E2/=E1

�
100 %,

where E1 and E2 are the soliton energies before and after collision, respectively.
The dependence of the energy loss p on the velocity s is given in Table 2.1. The
maximum energy loss p D 0:00083 % is observed for s D 1:23. The soliton
collision is shown in Fig. 2.4 (right). The phonon emission can be observed only at
a high magnification. Therefore, the weak ‘non-elasticity’ of the soliton interaction
is related to the proximity of the Lennard-Jones chain to a completely integrable
system. The energy loss at the collision tends to zero as s ! 1 C 0 (in this limit,
the soliton dynamics is described by the continuous integrable Boussinesq equation)
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Table 2.1 Dependence of the energy loss (%) in a soliton collision in the Lennard-Jones chain on
their velocity s

s 1.03 1.06 1.1 1.2 1.23

p (%) 1:4 � 10�5 1:1 � 10�4 3:7 � 10�4 8:1 � 10�4 8:3 � 10�4

s 1.3 2.0 2.5 3.0 3.5

p (%) 7:6 � 10�4 5:6 � 10�5 7:9 � 10�6 9:8 � 10�7 4:6 � 10�8

Fig. 2.5 Formation of the
acoustic soliton in the chain
with the Morse potential
." D 0:5, ˇ D 1/ as a result
of the compression of the first
bond in the molecular chain
of N D 500 molecules.
Dependence of the
distribution of the local
displacement �n in the chain
on the time �

and as s ! 1 (where the dynamics is described by an integrable system of rigid
spheres).

Thus, the acoustic solitons in the Lennard-Jones chain exist at all supersonic
values of the velocity s > 1. The solitons interact virtually as rigid particles. The
maximum soliton energy loss observed at collision for s D 1:23 is only 0.00083 %
of their energy. The solitons in the chain with the Morse interaction potential can be
considered to be interacting elastically.

The acoustic solitons are formed as a result of the compression of molecular
bonds. To model the formation of the soliton, it is best to consider a finite chain of
N molecules, subjected to the compression of its end link by a value �0 > 0 at the
initial moment of time. The chain dynamics will be described by the equations

u00
n D F.unC1 � un/ � F.un � un�1/; n D 2; 3; : : : ; N � 1; u1 � �0; uN � 0;

(2.48)

with initial conditions un.0/ D 0 and un
0.0/ D 0. Let us take here the Morse

potential (2.41) with parameters " D 0:5, ˇ D 1. For these parameters, the potential
rigidity U 00.0/ D 1. Numerical simulation of the soliton dynamics shows that the
compression of a single finite link leads to the formation of an acoustic soliton in the
chain, along with a spreading wave packet moving with the velocity of sound (see
Fig. 2.5). The bigger the initial compression of the link, the bigger fraction of the
energy accumulated by the soliton. The fraction of the soliton energy relative to the
total energy is p D 0:504 for �0 D 0:1, p D 0:718 for �0 D 0:2, and p D 0:922 for
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�0 D 0:5. Thus, in the anharmonic chain, the energy of the dynamic compression of
the chain end is effectively transferred along the chain by the acoustic soliton.

2.6 Solitons in the Diatomic Chain

The diatomic chain with nonlinear intermolecular interaction has become a subject
of close attention in connection with modeling thermal conductivity in nonmetallic
crystals [14–16]. Anomalies in the thermal conductivity of nonlinear systems were
first observed in the notable work of Fermi, Pasta, and Ulam [1]. It has been realized
by now that the impact of nonlinearity, in the context of the classical theory of
thermal conductivity, does not reduce to the inelastic phonon–phonon interaction.
Experimentally observed thermal solitons in the quasi-one-dimensional system [17]
can significantly modify the character of thermal conductivity. Moreover, no one has
yet succeeded in deriving the thermal conductivity equation from first principles.

The diatomic Toda lattice has the property of complete integrability in the case of
equal masses [8] and exhibits stochastic behavior for a specific mass ratio [15]. To
understand the features of the dynamical behavior of this system and the mechanism
underlying its thermal conductivity, one must determine the dynamical properties
of the acoustic solitons. We thus investigate numerically the soliton dynamics in
the diatomic Toda lattice. We will show that the soliton motion in a given system
is always accompanied by a phonon emission which is insignificantly small in
the range of the sound velocity and steadily increases when the soliton velocity
increases.

2.6.1 Model of the Diatomic Chain

Consider a chain consisting of particles of masses m1 and m2, which are located at
a fixed interval a from each other. The model is shown schematically in Fig. 2.6. We
describe the interaction of the neighboring particles by the Toda potential

V.�/ D Kb�1
n
� C b�1

�
exp.�b�/ � 1

�o
;

where � is the relative change in the intermolecular distance, K is the rigidity
coefficient, and b is the potential anharmonicity parameter.

The Hamiltonian of the system can be represented in the form

H D
X

n

�
1

2
m1 Px2

2n C 1

2
m2 Px2

2nC1 C V.�2n/ C V.�2nC1/

�
; (2.49)

where the dot denotes differentiation with respect to time t , xn is the displacement
of the nth site from its equilibrium position, and �n D xnC1 � xn is the relative
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Fig. 2.6 Schematic view of the diatomic molecular chain

displacement of the nth site. The following equations of motion correspond to the
Hamiltonian (2.49):

m1 Rx2n D F.�2n/ � F.�2n�1/; m2 Rx2nC1 D F.�2nC1/ � F.�2n/; n D 0; ˙1; ˙2; : : : ;

(2.50)

where F.�/ D dV=d�. For small-amplitude waves, the dispersion equation is
readily found to be

!4m1m2 � 2K.m1 C m2/!2 C 4K2 sin2.�a/ D 0 ;

where ! is the wave frequency and 0 	 � 	 �=a is the wavenumber. This gives
the velocity of sound in the form (the velocity of long-wavelength, small-amplitude
waves)

v0 D lim
�!0

!.�/

�
D a

p
2K=M ;

where the mass M D m1 C m2.
For the convenience of calculation, we introduce the dimensionless displacement

un D xn=a, time � D t
p

2K=M , and energy H D H=Ka2. Then the Hamiltonian
of the chain (2.49) takes the form

H D
X

n

�
1

2
�1u02

2n C 1

2
�2u02

2nC1 C U.r2n/ C U.r2nC1/

�
;

where the prime denotes differentiation with respect to time � , �i D 2mi =M , i D
1; 2, is the dimensionless mass, rn D unC1 � un is the relative displacement, and the
potential is

U.r/ D ˇ�1
n
r C ˇ�1

�
exp.�ˇr/ � 1

�o
; (2.51)

with ˇ D ab. In terms of the dimensionless variables, the equations of motion (2.50)
take the form
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�1u00

2n D G.r2n/ � G.r2n�1/; �2u00

2nC1 D G.r2nC1/ � G.r2n/; n D 0; ˙1; ˙2; : : : ;

(2.52)

where G.r/ D dU=dr D ˇ�1
�
1 � exp.�ˇr/

�
.

2.6.2 Continuum Approximation

Hereafter, for simplicity, we shall put ˇ D 1. Then the dimensionless Toda
potential (2.51) for the small-amplitude displacements has the form

U.r/ 
 1

2
r2 � 1

6
r3 :

Let us use the continuum approximation un.�/ D u.x; �/jxDn. Then the equations
of motion (2.52) lead to the well-known Boussinesq equation [18, 19]:

u�� D uxx � uxuxx C 1

12
cuxxxx : (2.53)

We will search for its solution in the form of a wave of constant shape un.�/ D u.	/,
where 	 D n � s� is the wave variable and s > 1 is the wave velocity.

As a result of the series of elementary approximations, (2.53) leads to the
following equation in terms of the relative displacement r D u	 :

.1 � s2/r2 � 1

3
r3 C 1

3
cr2

	 D 0 ;

where the coefficient c D 1 � 3�1�2=4. The solution of this equation has the form

r.	/ D � A

cosh2.˛	/
; (2.54)

where A D 3.s2 � 1/ and ˛ D p
3.s2 � 1/=4c are the amplitude and the reciprocal

width of the soliton, respectively.

2.6.3 Numerical Simulation of Soliton Dynamics

Let us consider the dynamics of an acoustic soliton in a chain with �1 D � and �2 D
2 � �, where 0 < � 	 1. We numerically integrated the equations of motion (2.52)
with n D 1; : : : ; N , N D 300 and boundary conditions .u0

1 � 0, uN � 0/ at the
fixed ends. The soliton solution (2.54) was taken as the initial condition.
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Let the center of the soliton be located at the site n D N=2 at the initial time. To
model the soliton dynamics in an infinite chain, we shift the soliton back just as it
passes 100 links of the chain, i.e., we carry out the substitution

un.�/ D unC100 ; n D 1; : : : ; N � 100 ; un.�/ D 0 ; n D N � 99; : : : ; N

u0
n.�/ D u0

nC100 ; n D 1; : : : ; N � 100 ; u0
n.�/ D 0 ; n D N � 99; : : : ; N :

At each such point in time, the soliton is described by the current velocity s D
100=�1, where �1 is the time of the soliton passage over 100 links and the energy is

E D
N=2�1X

nD1

�
1

2
�1u02

2n C 1

2
�2u02

2nC1 C U.r2n/ C U.r2nC1/

�
:

The numerical integration showed that the soliton dynamics depends significantly
on the ratio of particle masses 
 D �1=�2. For 
 D 1 (�1 D �2 D 1)
and 
 D 0 (�1 D 0, �2 D 2), the equations of motion become completely
integrable. Therefore, the soliton motion occurs without phonon emission. The
soliton moves with a constant velocity. However, the intermediate value of 
 is more
interesting. In the intermediate region, the soliton motion is always accompanied by
phonon emission (see Fig. 2.7 left), leading to the slowing down of the soliton. This
phenomenon is conveniently described by the fraction of its energy which is lost
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Fig. 2.7 Left: Phonon emission of the acoustic soliton in the diatomic chain. Soliton velocity
s D 1:03 and mass ratio 
 D 0:65. Right: Dependence of the soliton energy loss p on the velocity
s at (a) 
 D 0:9, 0.8, 0.7, and 0.65 (lines 1, 2, 3, and 4, respectively) and (b) 
 D 0:65, 0.6, 0.5,
and 0.4 (lines 5, 6, 7, and 8, respectively)
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Fig. 2.8 Elastic collision of
acoustic solitons in the
diatomic chain .
 D 0:65/ at
the velocity s D 1:01

when it passes 100 links of the chain:

p.�/ D E.�/ � E.� C �1/

E.�/
:

The dependence of the soliton energy loss p on its velocity s is shown in Fig. 2.7
(right) for different values of 
. As can be seen, when the velocity decreases, the
energy loss decreases proportionally to .1 � s/2. The value of the proportionality
coefficient depends on 
. With 
 decreasing from 1 to 0.65, the energy loss grows
steadily. The maximal loss is observed at 
 D 0:65. A further decrease in 
 no
longer leads to a monotonic decrease in the energy loss (see Fig. 2.7 right).

For velocities with 1 < s < 1:015, phonon emission by the soliton becomes
negligibly small. In this case the solitons actually move with constant velocities and
interact as rigid particles (see Fig. 2.8).

The modeling performed here has shown that, in the diatomic chain, acoustic
soliton motion is always accompanied by phonon emission. The emission is
negligibly small in the range of the sound speed .1 < s < 1:015/, but as the
soliton velocity increases, the fraction of the energy emitted by the phonons grows
proportionally to .1�s/2. These results allow us to conclude that the equipartition of
energy in diatomic chains happens as a result of the intensive emission of phonons
by the acoustic solitons. Maximal emission is reached at the ratio of particle masses
of the chain 
 D m1=m2 D 0:65. It is for this value of 
 that the effect of chaos in
the system dynamics is expected to be the most pronounced.

2.7 Acoustic Solitons in a Helix Chain

The development of modern nonlinear physics has led to the discovery of new
elementary mechanisms which determine the behavior of many physical processes
in crystals and other ordered molecular systems at the molecular level. Today,
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the role of acoustic solitons, ensuring the most efficient mechanisms of energy
transfer in such processes as heat conductivity, fracture of solids [20–23], and signal
propagation in biological macromolecules, is quite clear [24].

One pioneering theoretical study of the nonlinear dynamics of macromolecular
chains [1, 4, 12, 25] considered the one-dimensional (spatial-linear) models with
positive anharmonicity, in which only the longitudinal displacements of atoms
(molecules) in the chain were taken into account. In this case, when neighboring
sites of a chain approach each other, the repulsive force between them increases
faster than in the harmonic approximation. One of the consequences of this is the
existence of dynamically stable solitary waves of compression which are referred to
as supersonic acoustic solitons.

Essentially, acoustic solitons do not interact with longitudinal acoustic phonons,
so they transfer energy in a loss-free manner over long distances. The process
changes dramatically if the transverse and longitudinal displacements are taken into
account. In this case, the soliton will have a finite path length and its motion will be
accompanied by emission of transverse and orientational phonons of the chain.

The effect of the transverse molecular oscillations in a chain on the soliton
dynamics was considered for the first time in [26]. Solitons turned out to be highly
sensitive to longitudinal perturbations. This problem was investigated comprehen-
sively in [27–32]. The soliton interaction with orientational molecular oscillations
was analysed in [33].

For a series of biomolecular chains, it is hard to understand the way they function
without considering the transverse motion of the chain links. Thus, in the DNA
molecule, the stretching of base pairs in the transverse direction makes denaturation
possible. The Peyrard–Bishop model of DNA melting [34–36] considered only
the transverse motion of complimentary base pairs. Although the DNA molecule
(having both longitudinal and transverse degrees of freedom) is considered as an
isolated object, this model actually describes the one-dimensional dynamics of the
molecular chain in an effective substrate potential. A comprehensive review of
models of DNA nonlinear dynamics is given in [37].

The geometric structure of biomolecular systems requires use of two- and
three-dimensional models. This is the only way to take into account the system’s
anharmonicity, which is determined by its molecular geometry. For example, in
the framework of the simplest cluster model of the ˛-chymotrypsin enzyme, it was
shown that geometric anharmonicity in the two-dimensional system makes energy
transfer between degrees of freedom possible, even for small amplitudes [38, 39].

Applying current computational power to the analysis of nonlinear molecu-
lar systems dynamics, one can move from simple one-dimensional models to
more complex two- and three-dimensional models, which take into account the
geometrical structure of the system in a realistic way. The simplest and most
convenient objects from this point of view are the zigzag molecular chains for
which the nonlinear dynamics is considered in detail in [40–44]. To understand
the mechanisms at work in the majority of biological systems, a two-dimensional
model is inappropriate. The simplest example of such a system is a protein ˛-helix
macromolecule.
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Consider the three-dimensional dynamics of a free molecular chain. Clearly, the
chain, in the absence of a substrate, will have a ground state with a regular stable
structure only if the interaction between the remote neighbours is taken into account
in addition to the short-range interaction. The inclusion of the long-range interaction
results in the appearance of a secondary structure, of the chain, which is often
encountered in many macromolecules (DNA, proteins, and the like). Geometrically,
the secondary structure is realized in the form a helix.

The three-dimensional dynamics of a helix chain was analysed in [45], where the
existence of the three-dimensional acoustic soliton of compression was shown. The
existence of this soliton is associated with the physical anharmonicity (anharmonic-
ity of intermolecular interaction).

Here we consider in detail the soliton dynamics in the helix chain. We will
show that, along with a soliton of longitudinal compression, there also exists
another type of soliton in the helix, namely the soliton of torsion. In this case, the
existence of this soliton is associated with the geometrical anharmonicity of the
helix. This anharmonicity is determined by three-dimensional structure of the helix
and manifests itself even if all the intermolecular interaction forces are harmonic.
The geometrical anharmonicity was first studied in [46], where it was shown that
this anharmonicity can ensure the existence of a breather-like excitation in a linear
molecular chain.

2.7.1 Model of a Helix Chain

Consider a molecular helix chain shown in Fig. 2.9 (left), in which each molecule
(peptide group) of the chain interacts with its six nearest neighbors. The interaction
between first neighbors is the strongest. It is mainly due to the deformation of the
rigid valence bonds. The interaction between second neighbors results from the
deformation of the softer valence angles. The interaction between third neighbors is
the weakest. It is described by the non-valence molecular interaction. These three
types of interaction stabilize the three-dimensional helix chain, provided that each
molecule of the chain can move in three .x; y; z/ directions.

The geometry of the helix chain is uniquely given by a set of three parameters:
the radius R0, the angular spacing �, and the longitudinal spacing �z of the helix.
In the equilibrium position, the radius vector of the nth site of the helix is

Rn D R0

�
cos.n�/; sin.n�/; nh



; n D 0; ˙1; : : : ;

where h D �z=R0 is the dimensionless longitudinal spacing of the helix. The
angular spacing of the helix satisfies j�j 	 � . The helix is right-handed for � > 0

and left-handed for � < 0. When � D ˙� , the three-dimensional helix degenerates
into a planar zigzag structure.

The helix can also be uniquely specified by the distances between three neigh-
boring molecules, i.e., the distances D1, D2, and D3 between the first, second, and
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rigidity). Right: Local coordinate system in the xy plane

third neighbors. The dimensionless nearest-neighbor intermolecular distance is

aj D Dj

R0

D
q

2
�
1 � cos.j�/

�C j 2h2 ; j D 1; 2; 3 : (2.55)

It follows from (2.55) that the angular spacing � of the helix obeys

3 � 4 cos � C cos.2�/

8 � 9 cos � C cos.3�/
D 4a2

1 � a2
2

9a2
1 � a2

3

: (2.56)

After solving (2.56), we readily obtain

R0 D
q

4D2
1 � D2

2

4 sin2.�=2/
; �z D

q
D2

2=4 � D2
1 cos2.�=2/

sin.�=2/
:
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The Hamiltonian of the helix chain has the form

H D
X

n

2

41

2
M
� Px2

n C Py2
n C Pz2

n


C KR2
0

X

j D1;2;3

Uj .rjn/

3

5 ; (2.57)

where M is the mass of a single link of the chain, and xn, yn, and zn are
the displacements of the nth chain link from its equilibrium position. The dot
denotes differentiation with respect to time t . The constant K defines the rigidity
of intermolecular interaction. The dimensionless potential Uj .rjn/ describes the
interaction between the nth and the .n C j /th molecules, and rjn D Rjn=R0 is
the dimensionless distance between them. The interaction potentials are normalized
by the conditions Uj .aj / D 0, U 0

j .aj / D 0, j D 1; 2; 3.
We describe the molecular interaction by the Morse potentials

Uj .r/ D 1

2


j


2
j

n
1 � exp

� � 
j .r � aj /
�o2

D 1

2

j .r � aj /2

�
1 � 
j .r � aj / C � � � � ; j D 1; 2; 3 ; (2.58)

where 
j D Kj =K D U 00
j .aj / is the dimensionless rigidity of the interaction and


j is the anharmonicity parameter. In the limit 
j ! 0, the potential (2.58) turns
into the harmonic potential

Uj .r/ D 1

2

j .r � aj /2 ; j D 1; 2; 3 :

For further calculation, it is convenient to introduce the dimensionless time

� D !0t ; !0 D
p

K=M ;

and dimensionless displacement vectors

qn D .q1n; q2n; q3n/ D Rn

R0

C vn ; vn D .v1n; v2n; v3n/ D 1

R0

.xn; yn; zn/ :

(2.59)

Then the dimensionless distances rjn D jqnCj � qnj and the Hamiltonian of the
chain (2.57) can be rewritten in the dimensionless form

H D H

KR2
0

D
X

n

2

41

2

�
dqn

d�

�2

C
X

j D1;2;3

Uj

�jqnCj � qnj

3

5 : (2.60)
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The equations of motion corresponding to the Hamiltonian (2.60) take the form

d2qn

d�2
D

X

j D1;2;3

h
Wj .rjn/.qnCj � qn/ � Wj .rj;n�j /.qn � qn�j /

i
;

n D 0; ˙1; ˙2; : : : ; (2.61)

where Wj .rjn/ D U 0
j .rjn/=rjn.

2.7.2 Dispersion Equation

It is more reasonable to consider the relative molecular displacement with respect
to the equilibrium position locally for each molecule. For the equilibrium position
of the nth molecule, we consider the coordinate system formed by the normal
and the tangent to the circle z=R0 D nh, jqj D 1 in the xy plane, as shown in
Fig. 2.9 (right). We denote the displacement vector vn in this coordinate system by
un D .u1n; u2n; u3n/, where u1n and u2n are the normal and tangential projections of
the displacement vector, respectively, and u3n D v3n is the longitudinal coordinate.
The new local coordinate system can be obtained by a rotational transformation,
specified by

Tnvn D un ; Tn D
0

@
cos.n�/ sin.n�/ 0

� sin.n�/ cos.n�/ 0

0 0 1

1

A : (2.62)

The orthogonal operators Tn form a group: TmTn D TmCn, where T0 D I is the
identity operator.

Substituting the expression qn D Rn=R0 C T�1
n un (see (2.59) and (2.62)) into

the equations of motion (2.61) yields

d2un

d�2
D

X

j D1;2;3

h
T�1

j Fj

�
un; unCj


 � Fj

�
un�j ; un


i
; n D 0; ˙1; ˙2; : : : ;

where the intermolecular forces are defined by

Fj

�
un; unCj


 D Wj .rjn/
�
cj C unCj � Tj un



: (2.63)

Here, the distance rjn between the nth and the .n C j /th molecules is

rjn D ˇ̌
ajn C T�1

nCj unCj � T�1
n un

ˇ̌
; ajn D RnCj � Rn

R0

; (2.64)
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and the constant vectors are defined by

cj D �
1 � cos.j�/; sin.j�/; jh



: (2.65)

As can be seen from (2.63)–(2.65), the right-hand side of the equations of
motion (2.63) is not a function of the difference between the vectors un and unCj .

In the harmonic approximation .
j ! 0, j D 1; 2; 3/, for all the intermolecular
forces, we have

Fj

�
un; unCj


 D ˛j

˝
.unCj � Tj un/; cj

˛
cj C � � � ;

where ˛j D 
j =a2
j and h�; �i denotes the inner product. Substituting this expansion

into (2.63) gives the linearized equations of motion:

d2un

d�2
D

X

j D1;2;3

˛j

h
hunCj � Tj un; cj iT�1

j cj � hun � Tj un�j ; cj icj

i
;

n D 0; ˙1; ˙2; : : : : (2.66)

Substituting the plane wave

un D An exp
�
i.kn � ˝�/

�

into the linear equations (2.66), we obtain the following dispersion law:

ˇ̌
ˇ̌
ˇ̌
˝2 � c11 �ic12 �ic13

ic12 ˝2 � c22 �c23

ic13 �c23 ˝2 � c33

ˇ̌
ˇ̌
ˇ̌ D 0 ; (2.67)

where the coefficients are

c11 D 2
X

j

˛j Œ1 � cos.j�/�2Œ1 C cos.jk/� ;

c12 D 2
X

j

˛j Œ1 � cos.j�/� sin.j�/ sin.jk/ ;

c13 D 2
X

j

˛j jhŒ1 � cos.j�/� sin.jk/ ;

c22 D 2
X

j

˛j sin2.j�/Œ1 � cos.jk/� ;

c23 D 2
X

j

˛j jh sin.j�/Œ1 � cos.jk/� ;

c33 D 2
X

j

˛j j 2h2Œ1 � cos.jk/� :

(2.68)
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Fig. 2.10 Left: Dependence of the frequencies ˝t (line 1), ˝l (line 2), and ˝op (line 3) on the
wavenumber k, 0 � k � � . Right: The three-component profile of the torsion soliton at the
velocity s D 1:5st (
3 D 0). Phonon emission by the soliton is notable

More explicitly, the dispersion equation (2.67) has the form

˝6 � �
c11 C c22 C c33



˝4 C �

c11c22 C c11c33 C c22c33 � c2
12 � c2

13 � c2
23



˝2

C�c11c2
23 C c22c2

13 C c33c2
12 � c11c22c33 � 2c12c13c23


 D 0 : (2.69)

Using the explicit form of (2.68) and (2.69), it can be shown that there are three non-
degenerate, non-negative roots of the cubic equation (2.69) with respect to ˝2 for
0 < k 	 � . In the long-wavelength limit, k ! 0, the free term and the coefficient
of ˝2 in (2.69) tend to zero. Therefore, two of the three solutions of this equation
correspond to the acoustic branches of the dispersion curve. These two roots, ˝l.k/

and ˝t.k/ (see Fig. 2.10 left), are related to the longitudinal and torsional molecular
oscillations in the helix chain, respectively. The third root gives an optical branch
˝op.k/ corresponding to the transverse oscillations of the molecules. At k D 0,
we have

˝op D p
c11 C c22 C c33 D 2

sX

j

˛j

�
1 � cos.j�/

�2
:
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The presence of the two acoustic branches leads to the existence of two speeds of
sound: the longitudinal speed vl and the torsional speed vt. In the dimensionless
form, they can be defined as the limits

sl;t D vl;t=v0 D h lim
k!0

˝l;t.k/

k
;

where v0 D .K=M/1=2R0 is the characteristic velocity of the small-amplitude waves
in the helix macromolecule.

For the numerical helix chain dynamics simulation, we take the following
parameter values:

� D 100ı ; h D 1 ; 
1 D 10 ; 
2 D 5 ; 
3 D 1 : (2.70)

The value of the angle � corresponds to the angular spacing of the ˛-helix protein
molecule. The rigidity constants k1, k2, and k3, approximately follow the ratios of
the valence bond, angle, and hydrogen bond.

The form of the dispersion curves for the parameter set (2.70) is shown in
Fig. 2.10 (left). For k D 0, the frequencies are ˝l D ˝t D 0 and ˝op D 5:1098. It
follows from (2.68) that there is a value of the wave number k D k0 D 1:74795 for
which the free term in the dispersion equation (2.69) becomes zero. For this value,
a soft torsional mode emerges ˝t.k0/ D 0. As can be seen from Fig. 2.10 (left),
the frequency spectrum of the helix chain includes a separate optical zone and two
acoustic zones, with the frequency spectrum of the torsional oscillations lying inside
the frequency spectrum of the longitudinal oscillations. Moreover, the longitudinal
velocity of sound sl D 3:39475 significantly exceeds the torsional velocity of sound
st D 0:750411.

2.7.3 Numerical Methods for Finding the Soliton Solution

Here we consider a numerical scheme for finding solitary waves with a stationary
profile, where the wave profile is found as the steady state of a certain discrete
functional [42]. A necessary condition for the application of this scheme is the
smooth dependence of the wave profile on the number of chain links. The main
problem in applying such a scheme is finding a discrete functional that is optimal
with respect to its numerical realization. To find the narrow soliton solutions,
one should use the more complex pseudospectral method, suggested for one-
dimensional chains by Eilbeck and Flesch [6], and used for analysis of soliton
dynamics in a series of publications [7,47,48]. Once found, the soliton solutions are
then used as the initial conditions for the numerical helix chain dynamics simulation.
However, we shall demonstrate the absence of narrow solitons in the chain, so
there would be no point applying the pseudospectral method, with the associated
complications in its numerical realization.
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The soliton solution of the equation of motion (2.61) is conveniently analysed in
the cylindrical coordinate system in which

q1n D .1 C �n/ cos.n� C �n/ ;

q2n D .1 C �n/ sin.n� C �n/ ;

q3n D nh C ˇn ;

where the variable �n describes the radial displacement of the nth molecule from
the cylinder surface, which spans all the sites of the helix chain at their equilibrium
positions. The displacement is positive if a molecule is moving outside the helix and
negative if it is moving inside. The second generalized coordinate �n describes the
azimuthal displacement of the nth molecule with respect to its equilibrium position.
The third coordinate ˇn is the z coordinate of the displacement.

In terms of the new coordinate system, the Lagrangian of the helix chain has the
form

L D L

�
d�n

d�
; �nI d�n

d�
; �nI dˇn

d�
; ˇn

	

D
X

n

8
<

:
1

2

"�
d�n

d�

�2

C .1 C �n/2

�
d�n

d�

�2

C
�

dˇn

d�

�2
#

�
X

j D1;2;3

Uj .rjn/

9
=

; ;

(2.71)

where the distance is

rjn D jqnCj � qnj
D
h
.1 C �n/2 C .1 C �nCj /2 � 2.1 C �n/.1 C �nCj / cos.j� C �nCj � �n/

C.jh C ˇnCj � ˇn/2
i1=2

:

The corresponding equations of motion take the form

d2�n

d�2
D .1 C �n/

�
d�n

d�

�2

�
X

j D1;2;3

(
Wj .rj;n�j /

h
1 C �n � .1 C �n�j / cos.j� C �n � �n�j /

i

C Wj .rjn/
h
1 C �n � .1 C �nCj / cos.j� C �nCj � �n/

i)
;

(2.72)
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d2�n

d�2
D 1

1 C �n

(
� 2

d�n

d�

d�n

d�

C
X

j D1;2;3

h
Wj .rjn/.1 C �nCj / sin.j� C �nCj � �n/

� Wj .rj;n�j /.1 C �n�j / sin.j� C �n � �n�j /
i)

;

(2.73)
d2ˇn

d�2
D
X

j

h
Wj .rjn/.jhCˇnCj �ˇn/�Wj .rj;n�j /.jhCˇn �ˇn�j /

i
: (2.74)

We assume that there exists a solution in the form of a wave with a stationary profile:
�n D �.nh � s�/, �n D �.nh � s�/, and ˇn D ˇ.nh � s�/, where s D v=v0 is the
dimensionless velocity. As shown in Fig. 2.10 (left), there are three types of linear
modes: one optical and two acoustic modes. Therefore, there is no need to take
into account the dispersion of the optical mode, and we can approximate the first
and second time derivatives of the variable �n by the simplest finite differences as
follows:

d�n

d�
D �s�0.n � s�/ ' �s

�nC1 � �n�1

2h
;

d2�n

d�2
D s2�00.n � s�/ ' s2 �nC1 � 2�n C �n�1

h2
:

(2.75)

However, for the longitudinal and torsional displacements, we need to take into
account the dispersion arising from the discreteness of the chain. The time deriva-
tives of the displacements �n and ˇn require the use of a more precise finite-
difference approximation. Introducing the relative displacements 'n D �nC1 � �n

and �n D ˇnC1 � ˇn, we can rewrite

d�n

d�
D �s� 0.n � s�/

' �s

�
�nC1 � �n�1

2h
� �nC2 � 3�nC1 C 3�n � �n�1

6h

�

D s.�nC2 � 6�nC1 C 3�n C 2�n�1/=6h

D s.'nC1 � 5'n � 2'n�1/=6h ; (2.76)

d2�n

d�2
D s2� 00.n � s�/
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' s2

�
�nC1 � 2�n C �n�1

h2
� �nC2 � 4�nC1 C 6�n � 4�n�1 C �n�2

12h2

�

D �s2.'nC1 � 15'n C 15'n�1 � 'n�2/=12h2 ; (2.77)

dˇn

d�
' s.ˇnC2 � 6ˇnC1 C 3ˇn C 2ˇn�1/=6h

D s.�nC1 � 5�n � 2�n�1/=6h ; (2.78)

d2ˇn

d�2
D s2ˇ00.n � s�/

' �s2.�nC1 � 15�n C 15�n�1 C �n�2/=12h2 : (2.79)

Using the finite-difference approximations (2.75)–(2.79), we rewrite the equations
of motion (2.72)–(2.74) as discrete equations for the relative displacements �n, 'n,
and �n :

Fn;1 D s2

h2

h
�nC1 � 2�n C �n�1 � .1 C �n/.'nC1 � 5'n � 2'n�1/2=36

i

C
X

j D1;2;3

(
Wj .rj;n�j /

�
1 C �n � .1 C �n�j / cos

�
j� C

jX

iD1

'n�j Ci�1

��

C Wj .rjn/

�
1 C �n � .1 C �nCj / cos

�
j� C

jX

iD1

'nCi�1

��)
D 0 ;

(2.80)

Fn;2 D s2

12h2

h
.1 C �n/.'nC1 � 15'n C 15'n�1 � 'n�2/

C 2.�nC1 � �n�1/.'nC1 � 5'n � 2'n�1/
i

C
X

j D1;2;3

"
Wj .rjn/.1 C �nCj / sin

�
j� C

jX

iD1

'nCi�1

�

� Wj .rj;n�j /.1 C �n�j / sin

�
j� C

jX

iD1

'n�j Ci�1

�#
D 0 ;

(2.81)
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Fn;3 � Fn�1;3 D s2

12h2
.�nC1 � 15�n C 15�n�1 � �n�2/

C
X

j D1;2;3

"
Wj .rjn/

�
jh C

jX

iD1

�nCi�1

�

� Wj .rj;n�j /

�
jh C

jX

iD1

�n�j Ci�1

�#
D 0 :

(2.82)

Equation (2.82) can be integrated once with the result

Fn;3 D s2

12h2
.�nC1 � 14�n C �n�1/

C
X

j D1;2;3

jX

lD1

Wj .rj;n�j Cl /

�
jh C

jX

iD1

�n�j ClCi�1

�
D 0 : (2.83)

The system of the discrete equations (2.80), (2.81), and (2.83) was solved numer-
ically. Our aim was to find the soliton solutions of this system, i.e., the solutions
f�n; 'n; �ngN

nD1 which depend smoothly on the number of chain sites n, and have
asymptotic behavior at the chain ends.

The first approximation to the soliton solution can be conveniently found as the
minimum of the functional

F D 1

2

N �3X

nD4

�
F 2

n;1 C F 2
n;2 C F 2

n;3



; (2.84)

where N is the number of chain sites. The problem for the conditional minimum

F ! min W �n D 'n D �n D 0 ; n D 1; 2; 3; N � 2; N � 1; N ; (2.85)

was solved numerically using the variable metric method. The initial point was taken
in the form of the bell-shaped pulse

�n D A�= cosh2
�
�.n � N=2/

�
;

'n D A'= cosh2
�
�.n � N=2/

�
;

�n D A�= cosh2
�
�.n � N=2/

�
;

where the parameter � describes the reciprocal width and A�, A' , and A� are the
amplitudes of the initial approximation to the soliton solution. The number of sites
N must chosen to be approximately ten times larger than the soliton width. In this
case, the soliton shape will not depend on the boundary conditions. We took N D
400, which is appropriate for finding the broad soliton solutions.
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Because of surface roughness, corresponding to the functional

F D F .�4; : : : ; �N �3I '4; : : : ; 'N �3I �4; : : : ; �N �3/ ;

the search for the soliton solution as a minimum of the functional (2.84) leads
to a slow convergence of the numerical minimization procedure. Therefore, the
final form of the solution was found as a numerical solution of the system of
3.N � 6/ nonlinear equations (2.80), (2.81), and (2.83) with respect to the variables
f�n; 'n; �ngN �3

nD4 , where �n; 'n; �n � 0 for n D 1; 2; 3; : : : ; N � 2; N � 1; N .
The system of nonlinear equations was solved numerically using the modified
hybrid method (with the standard program from the package MINPACK). The point
obtained by solving the constrained minimum problem (2.85) was used as the initial
point for this method.

In addition to the velocity s, the soliton solution f�n; 'n; �ngN
nD1 is also charac-

terised by its energy

E D
N �1X

nD2

(
s2

8h2

�
.�nC1 � �n�1/2 C 1

9
.1 C �n/2.'nC1 � 5'n � 2'n�1/2

C 1

9
.�nC1 � 5�n � 2�n�1/2

�
C

3X

j D1

Uj .rjn/

)
;

which follows from (2.71), (2.75), (2.76), and (2.78), and the amplitudes are

A� D �n0 ; where j�n0 j D max
1�n�N

j�nj ;

A' D 'n0 ; where j'n0 j D max
1�n�N

j'nj ;

A� D �n0 ; where j�n0 j D max
1�n�N

j�nj :

The root-mean-square width is

L D 2

� NX

nD1

.n � nc/
2�n=R

�1=2

;

where

R D
NX

nD1

�n

is the total compression of the helix chain and
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nc D 1

2
C

NX

nD1

n�n

R

is the position of the soliton center.

2.7.4 Results of Numerical Analysis

Let us find the soliton solutions for the chain with parameters (2.70). The nonlinear-
ity of the dynamics observed in ˛-chain protein macromolecules is caused mainly by
their three-dimensional geometry and the nonlinearity of the soft hydrogen bonds.
Therefore, we take into account the nonlinearity of the interaction only between
distant neighbors, i.e., we set 
1 D 0, 
2 D 0, and 
3 � 0. To distinguish between
the effects of the geometrical and physical anharmonicity on the chain nonlinear
dynamics, we consider the soliton solutions for the four values of the anharmonicity

3 D 0, 0.1, 1, and 10. For 
3 D 0, physical anharmonicity is absent and the
nonlinear dynamics is defined by the geometrical anharmonicity of the chain. As
the value of 
3 increases, the geometrical anharmonicity effect decreases, while the
physical anharmonicity effect increases.

The numerical analysis performed for the discrete system of (2.80), (2.81),
and (2.83) showed that two types of acoustic solitons can exist in the helix chain:
solitons of torsion and compression. The torsional soliton is a localized nonlinear
packet of torsional phonons, moving with the supersonic velocity s > st. The
compression soliton is a localized nonlinear packet of longitudinal phonons moving
with the supersonic velocity s > sl.

The form of the torsional soliton is shown in Fig. 2.10 (right). The soliton has a
bell-shaped profile in all three coordinates �n, 'n, and �n. In a region of soliton
localization, untwisting of the helix chain occurs ('n > 0). The radius of the
helix chain decreases (�n < 0) and its length increases (�n > 0). The existence
of the soliton is associated with the geometrical anharmonicity. The physical
anharmonicity has the opposite sign and so opposes the formation of the torsion
soliton. An increase in the physical anharmonicity parameter, i.e., 
3 � 0, leads
to narrowing of the soliton velocity spectrum. With weak physical anharmonicity
(
3 D 0, 0.1), the spectrum of the soliton velocity is 1 < s=st < 1:59. With medium
physical anharmonicity (
3 D 1), the spectrum is narrower by a factor of two, viz.,
1 < s=st < 1:32, and with strong physical anharmonicity (
3 D 10), the torsional
soliton no longer exists in the helix chain (the physical anharmonicity is stronger
than the geometrical anharmonicity).

The numerical simulation showed that the soliton’s motion is always accompa-
nied by phonon emission (see Fig. 2.10 right). This emission is considerably more
intensive at the maximal velocity. As a result of the emission, the energy and the
velocity of the soliton steadily decrease (see Fig. 2.11 left). The energy E and the
velocity s of the soliton depend on the time � . To estimate emission intensity, it is
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Fig. 2.11 Left: Dependence of the energy E and velocity s of the torsion soliton on the
dimensionless time � . The anharmonicity parameter is 
3 D 0. Right: Dependence of the relaxation
coefficients of the velocity ˇs and energy ˇE of the torsion soliton on its velocity s for 
3 D 0 (lines
1 and 4) and 
3 D 1 (lines 2 and 5). Dependence of the relaxation coefficients for the localized
breather-like state at 
3 D 10 (lines 3 and 6)

convenient to define the relaxation coefficients ˇs D �s0=st and ˇE D �E 0=E,
where the prime denotes differentiation with respect to � . As the soliton shape is
uniquely determined by its velocity s, the relaxation coefficients ˇs and ˇE also
uniquely depend on s. When the soliton velocity s decreases, the intensity of phonon
emission tends exponentially to zero and becomes negligibly small at s D 1:22st

(see Fig. 2.11 right). At velocities 1 < s=st < 1:22, the phonon emission vanishes
completely and the soliton moves with a constant velocity.

With an increase in soliton velocity, its energy E and the absolute values of
its three amplitudes A�, A' , and A� increase steadily, while its width L decreases
monotonically (see Table 2.2). At s=st < 1:2, its width significantly exceeds the
chain spacing that allows the use of the continuum approximation. The discreteness
effects of the helix chain become apparent through the noticeable phonon emission
at higher velocities. These effects manifest themselves more strongly as the soliton
width decreases.

With strong physical anharmonicity .
3 D 10/, the torsion soliton does not exist.
The numerical simulation showed that, instead of the torsion soliton, there is a
localized breather-like excitation (see Fig. 2.12 left), which has a narrow velocity
spectrum 1 < s=st < 1:043. The helix chain twisting occurs in the excitation
localization region .'n < 0/, decreasing its length (�n < 0) and increasing its radius
.�n > 0/. The motion of the excitation is also accompanied by phonon emission.
With decreasing excitation velocity, the emission intensity tends exponentially to
zero (see Fig. 2.11 right).
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Table 2.2 Dependence of the energy E, width L, amplitudes A�, A' , and A�, and transmission
coefficient p of the torsion soliton in the helix chain on its velocity s for 
3 D 1

s=st E L A� A' A� p

1.04 0.01016 14.17 �0.0194 0.0363 0.0185 0.643˙0:020

1.08 0.03117 10.54 �0.0385 0.0735 0.0364 0.463˙0:020

1.12 0.06247 9.25 �0.0576 0.1121 0.0543 0.347˙0:018

1.16 0.10585 9.11 �0.0770 0.1531 0.0727 0.269˙0:016

1.20 0.16499 9.06 �0.0976 0.1966 0.0916 0.216˙0:014
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Fig. 2.12 Left: The three-component profile of the breather-like excitation at velocity s D 1:042st

(
3 D 10). Right: The three-component profile of the compression soliton at velocity s D 1:146sl

(
3 D 1). Phonon emission by the soliton is clearly visible

The profile of the compression soliton is shown in Fig. 2.12 (right). The soliton
has a bell-shaped profile in all three coordinates �n, 'n, and �n. In the soliton
localization region, compression (�n < 0) and slight untwisting of the helix
chain ('n > 0) occur, these being accompanied by an increase in the helix chain
radius (�n > 0). The existence of the compression soliton is associated with
the physical anharmonicity. In the absence of physical anharmonicity .
3 D 0/,
the soliton does not exist. The spectrum of soliton velocities broadens steadily
when the anharmonicity parameter is increased. Thus, for 
3 D 0:1, the soliton
velocity spectrum is 1 < s=sl < 1:065, while for 
3 D 1, it is twice as broad
1 < s=sl < 1:143. A further increase in the anharmonicity parameter does not lead
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Fig. 2.13 Left: Dependence of the energy E and the velocity s on the dimensionless time � . The
anharmonicity parameter is 
3 D 1. Right: Dependence of the relaxation coefficients of the velocity
ˇs and the energy ˇE for the compression soliton on its velocity s for 
3 D 0:1 (lines 1 and 4),

3 D 1 (lines 2 and 5), and 
3 D 10 (lines 3 and 6)

to a significant change in the velocity spectrum: the spectrum is 1 < s=sl < 1:147

for 
3 D 10.
The numerical simulation of the soliton dynamics showed that the soliton motion

is always accompanied by phonon emission (see Fig. 2.12 right). This emission is
more intensive at its maximal velocity. As a result of the emission, the energy and the
velocity of the soliton both decrease monotonically (see Fig. 2.13 left). We define the
velocity relaxation coefficient as ˇs D �s0=sl. When the soliton velocity s decrease,
the phonon emission intensity tends exponentially to zero (see Fig. 2.13 right). As
can be seen, phonon emission is completely absent for s=sl < 1:02 when 
3 D 0:1,
s=sl < 1:035 when 
3 D 1, and s=sl < 1:05 when 
3 D 10.

When the soliton velocity s decreases, its energy E and the absolute values
of all three coordinates A�, A' , and A� increase steadily, while its width L

decreases monotonically (see Table 2.3). As can be seen, for 1 < s=sl < 1:05,
the soliton width significantly exceeds the chain spacing. Comparing Tables 2.2
and 2.3, we may conclude that the helix chain deformation in the torsion soliton
localization region is caused mainly by its untwisting, while in the compression
soliton localization region, it is due to its longitudinal compression.
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Table 2.3 Dependence of the energy E, width L, amplitudes A�, A' , and A�, and transmission
coefficient p of the compression soliton on its velocity s for 
3 D 1

s=sl E L A� A' A� p

1.01 0.02022 20.78 0.0054 0.0049 �0.0093 0.814˙0:020

1.02 0.05763 15.18 0.0107 0.0096 �0.0183 0.708˙0:020

1.03 0.10670 12.55 0.0158 0.0143 �0.0271 0.627˙0:018

1.04 0.16557 11.03 0.0208 0.0188 �0.0358 0.560˙0:016

1.05 0.23329 10.03 0.0258 0.0232 �0.0441 0.506˙0:014

Fig. 2.14 Left: Elastic collision of two torsion solitons. The velocities of the first and second
solitons are s1 D 1:04st and s2 D �1:04st, respectively (
3 D 1). Right: Inelastic collision of two
torsion solitons. The velocities of the first and second solitons are s1 D 1:2st and s2 D �1:2st,
respectively (
3 D 1)

2.7.5 Soliton Interaction

At velocities close to the sound velocity st, torsion solitons interact with each
other as elastic particles. Their collision leads to elastic repulsion without phonon
emission and a change of shape (see Fig. 2.14 left). At higher velocities, the soliton
interaction becomes inelastic, and the collision is accompanied by phonon emission
(see Fig. 2.14 right). Compression solitons moving with a velocity close to the speed
of sound sl also interact as elastic particles. For other velocity values, the soliton
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Fig. 2.15 Left: Inelastic collision of two compression solitons. The velocities of the first and
second solitons are s1 D 1:04sl and s2 D �1:04sl, respectively (
3 D 1). Right: Inelastic collision
of a torsion soliton (velocity s1 D 1:2st) with a compression soliton (velocity s2 D �1:04sl). The
anharmonicity parameter is 
3 D 1

repulsion is accompanied by torsional phonon emission (see Fig. 2.15 left). Solitons
of different types interact with each other as inelastic particles. Even at velocities
close to st and sl, their collision leads to inelastic repulsion followed by phonon
emission. The greater the velocity, the more intensive the emission (see Fig. 2.15
right). This way, both types of acoustic solitons interact with each other as elastic
particles in the helix molecule. A soliton collision leads to their repulsion, followed
by nonessential phonon emission.

2.7.6 Modeling Acoustic Soliton Formation

In finite helix chains, acoustic solitons can be formed by deformation of chain end-
links. Here we model this process. Consider the chain dynamics under the torsion
deformation of three chain end-links. We integrate the equations of motion (2.72)–
(2.74) with fixed end boundary conditions �0

n � 0, � 0
n � 0, and ˇ0

n � 0 for n D
1; : : : ; N and the following initial conditions:
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Fig. 2.16 Left: Formation of the torsion soliton and two wave packets in the helix chain under
untwisting of three chain end-links at the initial time .� D 0/. The amplitude of the initial
deformation is A� D �=2 and the anharmonicity parameter is 
3 D 0. The distributions of the
relative angular deformation 'n, relative displacement �n, and energy En in the helix chain at time
� D 550 are shown. Right: Formation of a torsion soliton, compression soliton, and two wave
packets in the helix chain under untwisting of three chain end-links at the initial time .� D 0/. The
amplitude of the initial deformation is A� D �=2 and the anharmonicity parameter is 
3 D 0. The
distributions of the relative angular deformation 'n, relative displacement �n, and energy En in the
helix chain at time � D 550 are shown

�n.0/ D 0 ; �0
n.0/ D 0 ; ˇn.0/ D 0 ; ˇ0

n.0/ D 0 ; n D 1; 2; : : : ; N ;

�1.0/ D �2.0/ D �3.0/ D �A� ; �n.0/ D 0 ; � 0
n.0/ D 0 ; n D 4; : : : ; N ;

where A� is the amplitude of the torsional deformation and N D 2;000 is the
number of chain sites.

Numerical simulation of the dynamics has shown that initial deformation of
the chain end-links leads to the formation of two oscillating wave packets and a
torsion soliton in the chain for 
3 D 0 (see Fig. 2.16 left). For the deformation
amplitude A� D ��=2, the torsion soliton accumulates more than 20 % of the
initial deformation energy. For 
3 D 1, the chain end-link deformation leads to the
formation of two acoustic solitons (see Fig. 2.16 right). The torsion and compression
solitons accumulate 9 and 48 % of initial deformation energy, respectively. The rest
of the energy is spent on the formation of a wave packet of torsion solitons.
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Table 2.4 Dimensional Mk (given in proton mass) and dimensionless �k masses of 20 amino
acid residues of an ˛-helix protein molecule

Notation Gly Ala Val Leu Ile Phe Pro

M 57 71 99 113 113 147 125

� 0.474 0.591 0.824 0.940 0.940 1.223 1.040

Notation Trp Ser Thr Met Asn Gln Cys

M 186 87 101 131 114 128 103

� 1.548 0.724 0.841 1.090 0.949 1.065 0.857

Notation Asp Glu Tyr His Lys Arg Average

M 115 129 163 137 128 156 120.15

� 0.957 1.074 1.357 1.140 1.065 1.298 1

The dynamics simulation carried out showed that the torsional deformation of the
three chain end-links can be an effective mechanism of acoustic soliton initiation in
a helix macromolecule. The effectiveness of the initiation can exceed 50 %.

2.7.7 Interaction of Solitons with Molecular Chain
Heterogeneities

All protein molecules consist of 20 types of amino acids, each with a different mass
(see Table 2.4). Therefore, in an ˛-helix chain macromolecule, the mass of each link
depends on its number. Let us consider the acoustic soliton dynamics in a chain with
a random distribution of amino acid residues.

Values of the mass fMkg20
kD1 of amino acid residues are given in Table 2.4. The

average mass value is

M D 1

20

20X

kD1

Mk D 120:15mp ;

where mp is the proton mass. Introducing the dimensionless masses �k D Mk=M ,
the equations of motion (2.72)–(2.74) of the helix chain take the form

mn

d2�n

d�2
D mn.1 C �n/

�
d�n

d�

�2

�
X

j D1;2;3

�
Wj .rj;n�j /

h
1 C �n � .1 C �n�j / cos.j� C �n � �n�j /

i

C Wj .rjn/
h
1 C �n � .1 C �nCj / cos.j� C �nCj � �n/

i	
;

(2.86)
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mn

d2�n

d�2
D 1

1 C �n

�
� 2mn

d�n

d�

d�n

d�

C
X

j D1;2;3

h
Wj .rjn/.1 C �nCj / sin.j� C �nCj � �n/

� Wj .rj;n�j /.1 C �n�j / sin.j� C �n � �n�j /
i	

;

(2.87)

mn

d2ˇn

d�2
D
X

j

h
Wj .rjn/.jh C ˇnCj � ˇn/ � Wj .rj;n�j /.jh C ˇn � ˇn�j /

i
;

(2.88)

where the mass mn of the nth link can take any of the 20 values f�kg20
kD1 with equal

probability.
Let us consider a chain of N D 2;000 links, where the first and the last 500

chain links have equal masses: mn D 1, n D 1; : : : ; 500, n D 1;501; : : : ; 2;000.
The masses of the links with numbers 500 < n 	 1;500 are randomly chosen
from the 20 dimensionless values f�kg20

kD1. To model the passage through this
inhomogeneous region of the chain by an acoustic soliton, we integrate the equations
of motion (2.86)–(2.88) with initial conditions corresponding to the acoustic soliton
centered at nc D 50.

The example of the passage of the soliton through the inhomogeneous region of
the chain is shown in Fig. 2.17. We observe that the helix chain inhomogeneities

Fig. 2.17 Passage of a compression soliton through an inhomogeneous region of the helix
chain. Dependence of energy En over the chain on time � . Initial soliton velocity s D 1:05sl,
anharmonicity parameter 
3 D 1, and transmission coefficient p D 0:557
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do not cause the soliton to collapse. The soliton only emits phonons, thus leading
to energy loss. We introduce the transmission coefficient p D Ef=Ei, where Ei

is the initial energy of the soliton and Ef is its energy after passage through an
inhomogeneous region of the helix chain. The value of p was estimated from the
results of 100 independent computational experiments.

The dependences of the transmission coefficient p on the torsion velocity and the
compression solitons are given in Tables 2.2 and 2.3, respectively. We observe that
the energy loss grows steadily with the soliton velocity. The compression soliton is
more stable with respect to the chain inhomogeneities than the torsion soliton. The
simulation shows that the acoustic compression soliton can be an effective energy
carrier in an ˛-helix macromolecule for a distance of up to 1,000 chain spacings.

2.8 Conclusion

The investigation undertaken shows that two types of acoustic solitons can exist
in a helix chain: the soliton of torsion and the soliton of compression. The torsion
soliton is a localized nonlinear packet of torsional phonons with velocity higher
than the velocity of sound of torsional phonons in the helix chain. The soliton
describes the motion of a localization region of helix untwisting along the chain
(in the soliton localization region, the helix chain stretches and its radius decreases).
The compression soliton is a localized nonlinear packet of longitudinal phonons
with velocity higher than the longitudinal sound velocity in the helix chain (in
the localization region of the soliton, the helix chain also slightly stretches and
its radius increases). The existence of the torsion soliton is associated with the
geometrical anharmonicity, while the compression soliton is defined by the physical
anharmonicity (the molecular interaction anharmonicity) of the helix chain.

Solitons interact with each other as elastic particles. Their collision leads to
reflection, followed by slight phonon emission. In a finite chain, the solitons can
be formed as a result of the torsional deformation of three chain end-links. The
effectiveness of such initiation of the soliton can exceed 50 %.

If the soliton interacts with inhomogeneities in the ˛-helix chain, this does not
cause immediate soliton collapse. The soliton only emits phonons when it passes
through the inhomogeneity, leading to energy loss. The compression soliton is more
stable with respect to chain inhomogeneities than the torsion soliton. It can serve as
an effective energy carrier for a distance of up to 1,000 chain spacings.
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