Chapter 2
Recursive Filtering with Missing
Measurements and Quantized Effects

In this chapter, we consider the recursive filtering problems for discrete time-varying
non-linear systems with missing measurements over a finite horizon. Firstly, the EKF
problem is investigated for a class of discrete time-varying non-linear stochastic sys-
tems with multiple missing measurements. Both deterministic and stochastic non-
linearities are considered in the system model, where the stochastic non-linearities
are described by statistical means that could reflect the multiplicative stochastic dis-
turbances. The phenomenon of measurement missing occurs in a random way, and
the missing probability for each sensor is governed by an individual random variable
satisfying a certain probability distribution over the interval [0, 1]. Such a probabil-
ity distribution is allowed to be any commonly used probability distribution over the
interval [0, 1] with known conditional probability. The focus of the addressed filter-
ing problem is to design a recursive time-varying filter such that, in the presence of
both the stochastic non-linearities and multiple missing measurements, there exists
an upper bound for the filtering error covariance. Subsequently, such an upper bound
is minimized by properly designing the filter gain at each sampling instant. Itis shown
that the desired filter can be obtained in terms of the solutions to two Riccati-like
difference equations that are of a recursive form suitable for computation in online
applications. Secondly, the proposed recursive filtering scheme is extended to study
the filtering problem for time-varying systems with missing measurements, quanti-
zation effects, and multiplicative noises. The quantization phenomenon is described
by using the logarithmic function and the multiplicative noises are considered to
account for the stochastic disturbances on the system states. Accordingly, a set of
parallel results is obtained by using the similar techniques. Finally, three illustra-
tive examples are provided to demonstrate the effectiveness and applicability of the
proposed filter design schemes.
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2.1 Extended Kalman Filtering with Multiple Missing
Measurements

In this section, the EKF is designed for a general class of time-varying non-linear sto-
chastic systems with multiple missing measurements and stochastic non-linearities.
By employing the Riccati-like difference equation approach, the filter gains are
obtained such that the upper bound of the filtering error covariance is minimized.

2.1.1 Problem Formulation

In this section, we consider the filtering problem for a general class of discrete
time-varying non-linear systems with stochastic non-linearities and multiple missing
measurements, where the schematic diagram is shown in Fig. 2.1. The plant under
consideration is of the following form:

S Ger) + g (ks i) + Dywyes 2.1
Erh (xp) + 5 (xx, Gk) + vk, (2.2)

Xk+1
Yk

where k is the sampling instant, x; € R” is the state vector to be estimated, y; € RY
is the measurement output, 7, and (; are zero-mean Gaussian noise sequences, Dy is
aknown matrix of appropriate dimension, wy € R™ is the process noise, and v € RY
is the measurement noise. 5y := diag{a,i, a,%, e, aZ} where a}; i=12,....9)
are g independent random variables in k and i and are independent of all noise signals.
It is assumed that a}; has the probability density function pf{ (s) on the interval [0, 1]
with mathematical expectation u}; and variance (cr,’;)2 i=12,...,q9). Also, the
noise signals 7y, (x, wk, and v, are uncorrelated with each other.

The deterministic non-linearities f (xx):R"* — R" and & (x¢) : R" — RY are
known and continuously differentiable with

A o) | < arllxkll + a2, (2.3)
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Fig. 2.1 Schematic structure for the plant and filter over network
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for some non-negative scalars a; and a>. On the other hand, the stochastic non-
linearities g(xx, k) : R" x R” — R” and s(xx, x) : R? x R" — R satisfy
2(0,m%) = 0and s(0, (x) = 0, respectively, and are assumed to have the following

first moment for all xy:
8 (xk, mK)
E =0, 2.4
[[S(xk,Ck):| ‘xk] @4

and the covariance given by

gl | 8Gkm) | [ 8Cxj. 1)) ! Xk =0, k#j (2.5)
S(xkvck) S(Xj,(j) kr="MY Js .

E 8 Xk, Mk) g Xk, M) T _ " T e
s GO || s, co | [T ; Xk Lk Xk (2.6)

. ce s i . 1i 2i P s
where 7 is a known positive integer, IT; = diag {Hk’ , Hk’} and I} (i =1,2,...,r)
are known matrices of appropriate dimensions.

The initial state xq, the process noise wy, and the measurement noise v, are
mutually uncorrelated and have the following statistical properties:

E{xo} = X0, E {(XO — X0) (xo0 — fo)T} = Py,
E{we} =0, E{in} =0, 2.7)
E{wka} = O, E{Vkvg} = Ry,

where Pyjo > 0, Q¢ > 0,and Ry > 0 are known matrices of appropriate dimensions.
We construct the following recursive filter:

Sk = f (Fak) s (2.8)
1k = ke + Kigt [vke1 — Exsih (Fesre) ], Fojo = %o, (2.9)

where X is the estimate of x; at time k, Xz is the one-step prediction at time k,
i1 = E{Eky1) = diag{u}(H, /‘%4-1’ ceey ,uZH}, and Ky is the filter gain to be
determined.

The aim is to design a finite-horizon filter of the structure (2.8)—(2.9) such that, for
both stochastic non-linearities and multiple missing measurements, an upper bound
for the filtering error covariance is guaranteed, that is, there exists a sequence of
positive-definite matrices Xy k41 (0 < k < N) satisfying

. . T
E {(Xk+1 — Skpipk1) (k1 — Reg1k41) } < Zggtks1, Yk (2.10)
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Moreover, the designed filter gain Kj4 is expected to minimize the upper bound
Yk+1jk+1 through a recursive scheme.

Remark 2.1 In(2.2), h(x;) represents the sensor outputs coupled with non-linearities.
In engineering practice, the non-linearities in the sensor outputs result primarily from
the sensor saturations due to finite register-length of digital hardware, and such kind
of non-linearities can be covered by the assumption made in (2.3). To be more spe-
cific, the assumption in (2.3) could encompass a number of frequently occurred
sensor-related non-linearities such as sector-bounded non-linearities, quantization,
overflow non-linearities, etc. Note that, under the same norm-bounded assumption,
the control and filtering problems have been extensively studied for non-linear sto-
chastic systems, see, for example [1, 2].

Remark 2.2 In recent years, it is quite common that the measurement signals are
transmitted through a large number of sensors in a network. Due to the limited band-
width of a network, the missing measurement phenomenon may occur intermittently
and the data-missing probability may be different for individual sensor. In (2.2),
the multiple missing measurements (i.e., data missing with multiple sensors) are
taken into account, where the diagonal matrix &} represents the missing status for
all sensors as a whole and the random variable a}; corresponds to the ith sensor
(i =1,2,...,q). As discussed in [3], the random variable a}; can take any value
over the interval [0, 1], and the probability for a;'( to take different values may vary
with the sensors. Moreover, a}; can obey any discrete probability distributions over
the interval [0, 1] that includes the Bernoulli (binary) distribution as a special case.
By considering the phenomenon of the multiple missing measurements, the new
measurement model (2.2) is capable of describing the actual arrivals of the measured
information from multiple sensors especially when only partial data are missing.

Before proceeding further, we are in a position to introduce the following lemmas,
which will be used in subsequent developments.

Lemma 2.1 [4] Let A = [a;jlpxp be a real-valued matrix and B = diag{b,
by, ..., bp} be a diagonal stochastic matrix. Then,

E{b3} E{bibs} --- E{bib,}
E{bb1} E{b3} --- E{bab,)

E{BABT} =

E{bpb1} E{bpbs} - - E{bf,}
where o is the Hadamard product.

Lemma 2.2 [5] Given matrices A, H, E, and F of appropriate dimensions such
that FFT < I. Let X be a symmetric positive-definite matrix and ~ be an arbitrary
positive constant such that v~ I — EXET > 0. Then, the following inequality holds
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T 1 TR\ AT 1 T
(A+ HFE)X (A+ HFE) §A(X_ —HE E) AT £~ THHT. 2.11)

Lemma 2.3 [6] For0 <k < N, suppose that X = XT >0 %% X) = YkT (X) e
R"™" and 74 (X) = ji’j{T (X) € R"™" Suppose that

S ¥)> S X), VX<y=YT, (2.12)

and

e (Y) = S (Y). (2.13)
Then, the solutions My and Ny, to the following discrete difference equations
Myt = S% (Mi), N1 = 9 (Ni), Mo = No > 0, (2.14)

satisfy

2.1.2 Design of EKF

In this section, our aim is to establish a unified framework to deal with the addressed
filtering problem in the simultaneous presence of stochastic non-linearities and mul-
tiple missing measurements. The linearization is firstly enforced to facilitate the
further developments. Subsequently, the one-step prediction error covariance and
the filtering error covariance are calculated so as to design the EKF, where special
effort is made to compensate the effects of multiple missing measurements. Next, the
upper bound of the filtering error covariance is derived and the filter gain is designed
to ensure that such an upper bound is minimized.

To begin, denote the one-step prediction error as Xxy 1k = Xk+1 — Xk+1 ik and the
filtering error as Xxy1jk+1 = Xk41 — Xk+1k+1. Subtracting (2.8) from (2.1), we have

Serk = f ) — f (Fak) + & Gk, ) + Dy (2.15)

By using the Taylor series expansion around Xz, we linearize the non-linear
function f (xi) as follows:

[ &) = f (Zee) + ArXa + o(XkD), (2.16)

where

_Of ()

an |Xk=)?k\k ’

Ag
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and o(|Xkk|) stands for the high-order terms of the Taylor series expansion. For
presentation convenience, following [7, 8], the high-order terms are transformed
into the following easy-to-handle formulation:

o(|Xkik|) = BN i LiXkks (2.17)

where By is a problem-dependent scaling matrix, Lk is introduced to provide an
extra degree of freedom to tune the filter, and Ny is an unknown time-varying
matrix accounting for the linearization errors of the dynamical model that satisfies

NLR, < 1. (2.18)
It follows from (2.15)—(2.17) that
Skaik = (A + BiRyxLi) Xk + & Gk, k) + Dywy. (2.19)

Similarly, by applying the Taylor series expansion for /1 (xg1) around X1k, the
innovation of the filter can be obtained as follows:

Fit1 = Vi1 — Exg1h (Res1x)
= (81 — k1) hrg1) + Ert (Crat + Ex 1R, 541 L) X1k
+ 5 Xkt 15 et 1) + Vier 1, (2.20)

where

Crvt = Oh (Xk+1)|
+1 = — =x )
Xt X1 =Xk11k

Ej1 is aproblem-dependent scaling matrix, and 82 ;41 is an unknown time-varying
matrix representing the linearization errors of the dynamical model that satisfies

N4 187 g < 1. 2.21)
According to (2.9) and (2.20), the filtering error can be written as:

Septks1 = [T — Ky 1 8rp1 (Crgtr + Exg 1o k1 Licy1) | Taripe

— Ki1 (Bks1 = Erg1) hGog1) — Kirs sty Get1)
— Kk1Vk+1- (2.22)

Subsequently, according to (2.19) and (2.22), the covariances for the one-step predic-
tion error and filtering error can be derived, respectively, in the following theorems.
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Theorem 2.1 The one-step prediction error covariance Py is given by
T
Piyije = (Ak 4+ BiR1kLi) Puk (A + BiRyiLy)
r
+> nlie (E {xkx{} r,j) + DOl (2.23)
i=1
Proof 1t can be shown that (2.23) follows directly from (2.6) to (2.7) and (2.19), and
therefore, the proof is omitted for conciseness.
Theorem 2.2 The recursion of the filtering error covariance Pii1x+1 satisfies
Peyer1 = [1 — Kig1 81 (Cop1 + Exs1R2uq1Lit1) | Prera
= T
X [1 = Kit1 841 (Crg1 4+ Exs1R2441Lis1) ]

+ Kit1 |:ék+l oK {h(Xk+1)hT(Xk+1)}

,
+ > g (B el | i) + RkH}KkTH, (2.24)
i=1
where
Errr = diag {(of, )% @R D% - o ) (2.25)

Proof Considering (2.22), we obtain

Pry1ik+1
=K {fk+1|k+1fkT+1\k+1}
= [ — Kis1841 (Crp1 + Exgy1®os1Lig1) ] Pesipe
x [I = Kig18k41 (Crgr + Ek+1N2,k+1Lk+1)]T
+ Ky E [(Ek+1 — Ekt1) h(xe1)hT (Xks1) (Brg1 — 5’k+1)} KkTH
+ K E {S kgt Ger) 87 (o, Ck+1)} K[\ + K E {Vk+leT+1} Kl
— Prrt = Py — Qert = Qg — Rt — Ry

+ Xt + X0+ Yt Y0+ T 200, (2.26)

where

Pra1 = [ = Kis18k11 (Cig1 + Exp182,k41Li41) ]

~ T - - T
x E {Xk+1\kh (1) (Erg1 — ~‘-"4k+1)} Kii1s
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Q1 = [1 — Ki1 it (Crt + Ext1R2,k41Lk41) ]
x E {ik+1\ksT (Xk+15 Ck+1)} Kl
_ = - T T
Rir1 = [I = Kit1 Ek+1 (Crg1 + Exs1R2 541 L) | E {xk+1|ka+]} K1
Xiy1 = K1 E {(Ek+1 — Epy1) hisD)sT (s Ck+1)} Kl
Ye+1 = Kkl E {(Ek+1 — Ekq1) h(Xk+1)VkT+1} Kl

Zk-i—l = Kk+1E {S Xkt 15 Ck-i-l) VkT+l} K1<T+1 .

It is easy to show that the terms Pii1, Qp+1, Rir1> Xi+1, Jk+1, and Zy4q are all
equal to zero. It follows from (2.6)—(2.7) that (2.26) can be rewritten as:

Prt1jk+1
= [I = Ki415k+41 (Crs1 + Exs 12,541 Lics1) | Prrijk
x [I = K1 Eks1 (Crg1 + Ek+1N2,k+1Lk+1)]T

+ Kit1E {(Ek+1 — Eig1) hGag DR (ag1) (Ergr — ék+1)} Kl
r
+ K1 |:Z H,(sztr (E {xk+1ka+1} FkI—H) + Rk+1j| KkT_,’_l. 2.27)
i=1

By applying Lemma 2.1 and using the property of conditional expectation, the
second term of the right-hand side of (2.27) can be determined as follows:

E [(Ek+1 — Ejp1) hGog )R (er) (Bt — 5’k+1)}

= Berr oF {hrsnh” (s | (2.28)

where E?k+1 is defined in (2.25). Then, it follows from (2.27) and (2.28) that (2.24)
holds. The proof is now complete.

Remark 2.3 In Theorem 2.2, the recursive form of the filtering error covariance
has been established. Note that the linearization is enforced to deal with the non-
linearities f(-) and i (-). Therefore, (2.23) and (2.24) involve 8 ; and R 1, which
add extra computational difficulties for the design of filter gain. Actually, due to
the consideration of the linearization errors, it is literally impossible to obtain the
accurate value of the filtering error covariance Pi1x+1, and a seemingly natural
way is to design appropriate filter gain Ky in order to guarantee an upper bound
for the filtering error covariance that can then be minimized at each sampling instant.

Motivated by [9], in the following theorem, an upper bound is proposed for the
filtering error covariance, and the filter gain is then designed to minimize such an
upper bound.
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Theorem 2.3 Consider the covariance matrices of the one-step prediction error and
the filtering error in (2.23) and (2.24). Assume that (2.18) and (2.21) are true. Let
Yk V2.k+1, and € (j = 1, 2) be positive scalars. Suppose that the following two
discrete-time Riccati-like difference equations:

Zk+11k
-1
— A (z,;lkl — W(L[L,() AL+, i BB + Dy QD]
r
+ > mlie{[a a0 S+ (1+77) fadli ] 1) (2.29)
i=1
D 1lk+1
= -1 T -1 ) T
= (I — Ki+15k+1Crt1) (EHW - 72,k+1Lk+1Lk+l) (I — Ki+15k4+1Crt1)

-1 & T A T ~ 2
+ Y k1 K1 k1 Bk 1 Ej Sk 1 K + Kt [ﬁ‘tk+1 o [2(ajtr (2is1k)

,
+ a1+ > M (e ) + Rewn ’ K. (2.30)

i=1

with initial condition Yoo = Pojo > 0 have positive- definite solutions Y41k and
Sk+1lk+1 Such that, for all 0 < k < N, the following two constraints

Al = LiZirLi > 0, (2.31)
Vo] = Lig1 BesikLiy, > 0, (2.32)

are satisfied where
Qe = (1 +€2) Tiqiie + (1 + 52_1) Rk - (2.33)

Then, with the filter gain Ky given by

-1
-1 T T = =
Kiy1 = (Zk+1|k - ’72,k+1Lk+1Lk+1) Ck+1dk+1[ak+1ck+1

1
—1 T T &~
x (Ek+1|k - 72,k+1Lk+1Lk+1) Ciit15k+1

+ 7£i+15_4k+1Ek+1EkT+1E_'k+1 + Bkt 0 [2 (aftr (2k4116) + a%) 1]

r -1
+> M (Qk+1|k1“,;+l) + Rk+1} , (2.34)
i=1

the matrix L1 1|k+1 is an upper bound for Py k41, that is,
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Prijk+1 < Dk 1jk+1- (2.35)

Moreover, the filter gain Ky given by (2.34) minimizes the upper bound Ty 1511

Proof To begin with, based on (2.23) and (2.24), rewrite the covariance matrices
Prt1k and Pyyqjk41 as the functions of Py and Py as follows:

Peiik (Pug) = (Ar + BeRikLy) Peg (Ag + BiiiLy)”
r
+ > il (B fw | 1) + DeoiD],
i=l1

Peyiest (Perie) = [1 — Kis 181 (Cog1 + Exp1R2u41Lir1) | Prri
x [I = K41 Exs1 (Crg1 + Ek+1N2,k+1Lk+1)]T

+ KirtlBi1 o E hxesnh” ()|
,
+ D I (E {xk+1ka+1} Fki+1) + Rest 1Ky
i=1

Then, it is not difficult to verify that the condition (2.12) in Lemma 2.3 is satisfied.
Now, we are ready to deal with the term of the right-hand side of (2.23). Note that
the following elementary inequality

T
1 1 1 1
2z “2¢ 2 “2
(61 Xklk — €3 ka) (51 Xklk — € xklk) >0,

yields
~ T ~ =T ~ =T —1a AT
Xk|kxk‘k + xk|kxk‘k < El.Xk|k)Ck‘k + 51 .xk|kxk‘k, (236)

where 1 > 0 is a scalar. Based on (2.36), the second term of the right-hand side of
(2.23) can be rearranged as

p
ZH,{litr (IE [xkka} Fk’)
i=1
-
= > 14w (B { Gaoe + Fe) (B + Fe) | 1)
1:1
< anlitr (]E {(1 +€1)fk|kiak + (1 +517])£k\k£lgk} Fkl)
i=1

;
=> )i {[(1 +en) Pok + (1 + 5;1) £k|k)e[|k] F,j} . (2.37)
i=1
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Together with (2.23) and (2.37), we obtain
T
Peiik < (A + Bi®1xLi) Pei (Ak + BiRi kL) + Di Qi Df

.
+> 1l {[(1 +ep) P+ (1 + a;‘) )emkﬂk] Fk"] . (238
i=1

=

On the other hand, let us handle the terms of the right-hand side of (2.24). It
follows from (2.3) that

E {h () AT (Xk+1)}
=E{Ih G 12} 1
< E{(@ilxil +a2?} 1
< (203 {Ilxes1 12} +243) 1

=2 [a%tr (IE {xk+1ka +1]) + ag] I. (2.39)

Notice that, when deriving (2.39), we have used the elementary inequality 2ab <
a® + b?. Taking the following inequality into consideration

ik+1\k)2kT+1|k + £k+l\k5‘kT+1\k = 52fk+1|kfkr+1\k + Ez_l)ekﬂlkfkrﬂm’ (2.40)
with €5 > 0 being a scalar, we have
E {h (o) T ()}
<2 [a2e (B - T —1Y & T 2
=2|ajtr (I +e2) XX + (1 +65 7 ) XkrtkXiepipe ) T a2 |1
P [aftr ((1 +&2) Pegap + (1 + 52—1) £k+1|k£,f+”k) + a%] I. (2.41)
Subsequently, by considering (2.24), (2.40), and (2.41), we obtain
Piytiir1 <[1 — Kiy1Erg1 (Coat + Exr1Noks1Lig1) | Pesii
= T
X [I = K1 Ers1 (Crg1 + Exr1R2,541Li11) ]
+ Kit1 |:ék+1 o (2 [a%tr (lI’k-i-l\k) + a%] I)

,
+an25rltr (Wk+1|krlé+1) ~|—Rk+1:|KkT+1, (2.42)

i=1
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where
Yk = (1 +€2) Pegre + (1 + 52_1) Rk -
Next, according to (2.29) and (2.30), we continue to rewrite X1k and gy k1
as the function of Xy and Xy as follows:
Skrik (Zkik)
-1
= Ay (2,5,1 - vl,kLZLk) AL + 7} BBT + D0y D}
r
+> )i [[(1 +er) Sik + (1 i 5;1) ik\k)?kﬁk] F,j} , (2.43)
i=1
Sirik+1 (Sk1ie)
= —1 T -1 = T
= (I — Kis18541Ciy1) (EHW - ’72,k+1Lk+1Lk+l) (I — Ki415541Crp1)

—1 -~ T ~ T ~ 2
+ ki1 Kkt 1 Bkt Bkt Ejy Er1 Ky + Kk+1[~:k+1 o [2(ajtr (2k+1k)

,
+a 1+ > I (2eiel i) + Rewn }K{+1, (2.44)
i=1

where é'k+1 and §2;41) are defined in (2.25) and (2.33), respectively. Combining
(2.38), (2.42), (2.43), and (2.44), we can show that the condition (2.13) in Lemma
2.3 is satisfied. Therefore, it follows from Lemmas 2.2-2.3 that

Ptk < Zpgtpkrt-

Next, we are in a position to show that the filter gain given by (2.34) is optimal in
the sense that it minimizes the upper bound X4y x+1. Taking the partial derivative
of ¥y 1jk+1 with respect to Ky and letting the derivative be zero, we have

ot (Siq1k+1)
OKkt1

—1
~ -1 T T =
= =2 (I = Ki+1Ek+1Cr+1) (Ek+1|k - 72,k+1Lk+1Lk+1) Ciq1Zk+1

+ 2Kk +1 [72_,;1+1§k+1Ek+1EkT+15k+1 + Ep1 0 [2 (a%tr (k1) + a%) I]

,
+ 2 T (9k+1|k17<'+1) + Rk+1]
i=1

=0.
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Based on the above equation, the optimal filter gain Ky can be determined as
Ki+1

—1
-1 T T =~ -~
= (EH”k - ’Vz,k+1Lk+1Lk+1) Crt18k+1 [Dk+1Ck+1
-1 T -1 oA -1 5 T 5
x (Ek+l\k - Vz,k+1Lk+1Lk+1) Cit1 Ekt1 + 7 k1 Skt Bk Ej gy Bt

r —1
+ ék+1 o [2 (a%tr (.Qk+1|k) + a%) 1] + ZH,f_i,tr (-Qk+1\krki+1) + Rk+1] ,

i=1

which is identical to (2.34). It is clear that the filter gain given by (2.34) is optimal
that minimizes the upper bound X4 1 x4+ for the filtering error covariance. The proof
of this theorem is complete.

Remark 2.4 The recursive EKF problem is investigated in Theorems 2.1-2.3 for
a general class of discrete time-varying non-linear systems with stochastic non-
linearities and multiple missing measurements. Unlike most existing literature, the
EKF scheme presented in this chapter has an advantage to cope with the multiple
missing measurements where each sensor is allowed to have individual data-missing
probability especially when only partial information is missing. Note that such a
missing measurement phenomenon is typically encountered in practical engineering
systems including networked control systems. To handle the emergence of multiple
missing measurements, we have made specific efforts to design a recursive filter and
derive the upper bound for the filtering error covariance that are dependent on the
individual missing probability. In particular, the Hadamard product has been applied
to facilitate the algorithm developments. It is worth pointing out that the related (first
to third) terms in (2.30) caused by multiple missing measurements and the fourth
term in (2.30) due to the consideration of stochastic non-linearities constitute the
main difference between our work and the work of [9].

Remark 2.5 In this chapter, our aim is to study the recursive filter design problem for
time-varying non-linear systems with stochastic non-linearities and multiple missing
measurements. Due to such a complicated time-varying nature, we carry out the
research for the finite horizon case, that is, we wish the filtering criteria to be satisfied
over a finite horizon. Instead of the asymptotic behavior (over an infinite horizon), in
this chapter, we are only interested in the transient property over the finite horizon
k € [0, N], that is, the upper bound for the filtering error covariance is obtained
at every sampling instant k € [0, N], and such an upper bound is minimized by
properly designing the filter gain at each sampling instant. Nevertheless, in case
that the convergence analysis of the proposed filter approach becomes a concern, as
discussed in [10], some additional assumptions can be made on the system parameters
in order to ensure the global boundedness of the estimation errors, which constitutes
one of our future research topics.
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Remark 2.6 At each sampling instant, the filter gain Ky is designed in Theorem
2.3 to guarantee that the upper bound for the filtering error covariance is minimized.
The system (2.1)—(2.2) under consideration is comprehensive that includes two phe-
nomena of the stochastic non-linearities and the multiple missing measurements,
hence reflects the reality more closely especially in a networked environment. In our
main results, these two phenomena are dealt with in a unified yet effective frame-
work and are explicitly reflected in the design procedure. In particular, the matrices
H,lc] and ij (i=1,2;j=1,2,...,r) quantify the effects of the stochastic non-
linearities, and the constants ufc and (a,’;)2 (i =1,2,...,q) are there to account
for the multiple missing measurements. Furthermore, the proposed filter is derived
in terms of two discrete Riccati-like difference equations, which are suitable for
recursive computation in online applications.

2.2 Quantized Filtering with Missing Measurements
and Multiplicative Noises

In this section, the focus is on the design of the recursive filtering for a class of time-
varying non-linear systems with missing measurements, quantization effects, and
multiplicative noises. In particular, a new time-varying filter is constructed based on
the available information of the missing probability and the quantized measurements.

2.2.1 Problem Formulation

The recursive filter design problem with missing measurements, quantization effects,
and multiplicative noises is illustrated in Fig. 2.2. In this figure, the signals are
measured by multiple sensors where the measurement missing phenomenon might
occur intermittently. Furthermore, due to the fact that communication cables are of
limited capacity, the measurement signals are quantized before being transmitted to
the filter. In the following, let us model the physical plant, quantization process, and
missing measurements in a mathematical way.

y

o PR,
Physical © Data Measurement -

__»| Plant —1\ Missing | Output ilter —»

Xk R

Bix T

Fig. 2.2 Filtering problem with missing measurements and quantization effects



2.2 Quantized Filtering with Missing Measurements and Multiplicative Noises 37

We consider the following class of time-varying non-linear stochastic systems:

ny
f @)+ D ik + D (2.45)
i=1

Xk+1

mij
W = ExCexi + D BirCinxk + (2.46)
i=1

where x; € R" is the system state to be estimated, the initial value x¢ has mean xg
and covariance Pojo, yx € R™ is the output vector, o x € R and 3; € R are multi-
plicative noises with zero-mean and unity variances, and are mutually uncorrelated
ink and i, w; € R” is the process noise with zero-mean and covariance Qy > 0, and
v € R™ is the zero-mean measurement noise with covariance R; > 0. The non-
linear function f (xx) is continuously differentiable with known form, A; x, C; r, Dk,
and Cy are known matrices of appropriate dimensions. &y = diag{f,l, f,%, &N
is to account for the missing measurements where the mutually uncorrelated (in &
and /) random variables §,i eR(@G=1,2,...,m) take values of 1 and 0 with

Prob ¢ =1} =E {¢}} := v}, 2.47)

Prob ¢} =0} =1-E{¢} =1-v}. (2.48)

Here, 192 € [0, 1] is a known constant, §,i is assumed to be independent with «; g,
Bi ks Wk, Vk, and xg. Also, the noise signals mentioned above are uncorrelated with
each other.

In a networked environment, it is quite common that the data are quantized before
being transmitted to another node (as illustrated in Fig. 2.2). The map of the quanti-
zation process is given by

~ T

Se=q0) =[a10) 200 ... an (M ]
In this chapter, the quantizer is assumed to be of the logarithmic type. For each g;(-)
(j =1,2,...,m), the set of quantization levels is described by

;= ‘iu,?f), = (xD) uf i =0, 41,42, fUtoh, 0 <X <1, uf >0,

where x) (j = 1,2, ..., m) is called the quantization density. Each of the quantiza-
tion level corresponds to a segment such that the quantizer maps the whole segment
to this quantization level.
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Following [11, 12], the logarithmic quantizer is given by

) () J 1)
. Ui T Ui <V = 15
q;(i) =1 o, vl =0,
—q;(—=y). ¥ <0,
where
1 —xW
AR IO

From the above definition, it is not difficult to see that g (y,{ ) = (1 + A,((j )) y,{

with |A,((j )| < 6;, and the quantization effects can then be transformed into the
sector-bounded uncertainties [12].

Defining Ay = diag {A,(cl), A,(cz), el A,((m)} and considering (2.46), the mea-
surements with quantization effects can be expressed as

mq
Fe= (I + A0 ExCrexi + (I + A0) D CinBiwxk + (I + A vk (2:49)
i=1

In fact, setting A = diag{dy, 9, ..., 0,,} and letting .% = A A™!, we can obtain
an unknown real-valued time-varying matrix .7 satisfying .%;.%, kT =7 kT Fr < 1.
In the sequel, we construct the following filter:

Sk = f (Repe) (2.50)

ki1 = ik + Kirr k1 — Erg1 Cha1 Rt 11k) » (2.51)

where X ; is the estimate of x; at time k with Xoj0 = Xo, Xk+1x is the one-step
prediction at time k, K1 is the filter parameter to be determined, and E‘k+1 =
E{&k41) = diag{v} . 07, ,..... 07" ).

The aim of this section is twofold. First, we aim to design a finite-horizon fil-
ter of form (2.50) to (2.51) such that, for all missing measurements, quantization
effects, and multiplicative noises, an upper bound for the filtering error covariance
is guaranteed, that is, there exists a sequence of positive-definite matrices Xy k41
(0 <k < N) satistying

. . T
E {(Xk+1 — Skipka1) (k1 — Reg1k41) } < Zgyikr1, Yk (2.52)

Second, we shall minimize such an upper bound X 1«1 by appropriately designing
the filter gain at each sampling instant.
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Remark 2.7 Inthe model (2.46), Crxj represents the measurement output subject to
probabilistic information loss characterized by the matrix =, 5 x (i = 1,2, ...,my)
describes the inherent state-dependent noises that are unrelated with the sensor fail-
ures or network congestions, and v is the random exogenous noise acting on the
measurement output. In other words, the model (2.46) is quite comprehensive to
include the practical cases of probabilistic missing measurements, internal multi-
plicative noises, and external additive disturbances, thereby reflecting the engineer-
ing practice in a more realistic way.

Remark 2.8 In this section, the phenomena of measurements missing and signal
quantization are considered simultaneously. In (2.46), & is introduced to charac-
terize the missing measurements where the random variable f,i (i=12,...,m)
corresponds to the i sensor operating at the kth sampling time point. For different
sensors, it would be more reasonable to allow multiple sensors to have different miss-
ing probabilities (or failure rates [ 13]). On the other hand, due to limited transmission
capacity of the communication channel, the signals are commonly quantized before
transmitted to other nodes in a networked system and, as such, the logarithmic-type
quantization is brought to discussion here with hope to better reflect such a reality.

2.2.2 Design of Quantized Filter

In this subsection, the recursive filter design problem over a finite-horizon is studied
for a class of time-varying non-linear stochastic systems in the simultaneous presence
of missing measurements, quantization effects, and multiplicative noises. A sufficient
condition for the design of filter gain is given by solving two Riccati-like difference
equations in order to guarantee an upper bound of the filtering error covariance.
Moreover, such an upper bound can be minimized based on the designed filter.
The proposed algorithm is of a form suitable for recursive computation in online
applications.

To proceed, set the one-step prediction error as Xxy1jx = Xk+1 — Xk+1jk and the
filtering error as Xg41jk+1 = Xk+1 — Xk+1jk+1. Subtracting (2.50) from (2.45), we
have

ni
S = F () — f (Faw) + Z Qi kAj k Xk + Drwr. (2.53)
i=1
By using the Taylor series expansion around X, we linearize f (xx) as follows:

G = f (Rep) + ArFr + o(IFkD), (2.54)

where
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_0f ()

A B Lve=tepe

and o(|Xkk|) represents the high-order terms of the Taylor series expansion. For
presentation convenience, along the similar line of [7, 8], the high-order terms are
transformed into the following easy-to-handle formulation:

o(|Xkk]) = By Lk, (2.55)

where By is a bounded problem-dependent scaling matrix, Ly is a bounded matrix
for providing an extra degree of freedom to tune the filter, and Xy is an unknown
time-varying matrix accounting for the linearization errors of the dynamical model
and satisfies

ReRT < 1. (2.56)

Remark 2.9 In traditional EKF algorithm, the Taylor series expansion is used to
linearize the non-linearity f(xj), and the linearization errors are simply neglected,
which would inevitably lead to conservatism in certain cases. Recently, a more accu-
rate approach has been proposed in [7] to describe the higher-order terms in the
Taylor series in terms of parameter uncertainties. In this chapter, as in [7, 9], we use
the deterministic matrix 8y and the scaling matrix By in (2.55)—(2.56) to account
for the linearization errors in obtaining the matrix Aj. For more details, we refer the
reader to Appendix C of [7] where a nice interpretation has been given. It is worth-
while to further mention that, in practice, the high-order terms in the Taylor series
expansion are commonly bounded and it is reasonable to regard them as deterministic
uncertainties affecting the system matrix Ay.

It follows from (2.53) to (2.55) that the one-step prediction error is given by

n
Xk+1)k = (Ak + BiRe Ly) X + Z i kAi kxk + Dyw. (2.57)

i=1

On the other hand, it follows from (2.49) and (2.51) that the filtering error Xx11x+1
can be described by

Xkt 11k+1

= (I — K4 15k41Cht1) Tag 1k — Kig1 (I + Ars) (i1 — Ergr) Crop1Xis1

mi

— Kir1 A1 Bt Crixipt — Kt (4 + M) D Biken1 Gk X1

i=1

— K1 (I 4 Ags1) V1. (2.58)
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Based on (2.57) and (2.58), we are in a position to introduce the following lemmas
that give the recursion of the one-step prediction error covariance and filtering error
covariance, respectively.

Lemma 2.4 The one-step prediction error covariance Py obeys the following
recursion:

Piyije = (A + BiRgLy) Pk (Ag + BeRe L) "

ni
+ > Ak [w] | AT, + DeoiD] (2.59)
i=1
where Py = E{ikmilek} is the filtering error covariance.

Proof Since (2.59) follows from (2.57) directly, the proof is omitted for brevity.

Lemma 2.5 The filtering error covariance P11+ is given by:

Pry1jk+1
~ = T
= (I = Kk+18k41Crt1) Piyiik (I — Ki1Ex41Crt1)” +E {Jfkﬂ + J{kTH]

+ Ki+1Ak41E8k+1Ck1 E {Xk+1ka+1} Cli B AL KL (2.60)
+ K1 (I + A1) [ml + Q1 + RkH} (I + A" Ky,
where
Prt1 i= Exp1 0 (Ck+1E {Xk+1ka+1} CkTH) ,

mi
. T T
Q1 = Z Cii+1E {Xk+1xk+1} Cirsre

i=1

. B < T T & AT gT
Hir1 := = (I = Kit1 B1 Chr1) T 1 ¥ 1 Cogr S 1 A K1
S g 1 1 2 2 m m
uk+1 .—dlag{ﬁk+l (1_19k+1)’19k+1 (l_ﬂk—‘rl)""’ k+1 (1_ k+1)}

(2.61)
Proof According to (2.58), we have
Pry1jk+1
-~ = T
= (I = Ki+18k+1Ci41) Pesik (I — Kg1 Ex41Ciy1)” +E {j‘fk+1 + J'CkTH}

= T T = T T
+ Kk 1Ak+1 Ex+1Cr 1 E {xk+1xk+]} Cri1 18511 Ky

+ Kip1 (I + Ak D) B{(Brr1 — Eit1) Crg15k41
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T T - -~ T T
X X1 Cir (Bra1 — Bk} U + Ak’ K

+ Kip1 (I + Akg1) Q1 + Re) I+ Aes)” KL, (2.62)

where Hy 41 and Qky are defined in (2.61).
Next, together with the property of conditional expectation and applying Lemma
2.1, we obtain

E {(Ek+1 — Bxy1) Ck+1Xk+1ka+1CkT+1 (k1 — 5:'k+1)}

= Zerr o (CenE {xenal | L) (2.63)

where ék+l is defined in (2.61). Therefore, (2.60) follows directly from (2.62) and
(2.63), and the proof of this lemma is complete.

Remark 2.10 1t can be seen that the linearization has been enforced to facilitate the
recursive filtering algorithm developments. From Lemmas 2.4-2.5, the filtering error
covariance can be obtained for all missing measurements, quantization effects, and
multiplicative noises, provided that the matrix Egs. (2.59) and (2.60) are solvable.
Unfortunately, due to the simultaneous consideration of the non-linearity and the
signal quantization, (2.59) and (2.60) are contaminated by some uncertain terms Ry,
E {xk_kaT 41 } and Ay, 1, which lead to essential difficulty in determining the accu-
rate value of the filtering error covariance Py 1k+1. In the following, an alternatively
way is employed to design an appropriate filter gain Kj1 such that there exists an
upper bound for the filtering error covariance. It will be shown that the designed
filter is optimal in the sense of minimizing such an upper bound at each sampling
instant. Moreover, the developed algorithm is of an easy-to-implement form suitable
for online applications.

Now, we are ready to present the main results of this section. According to Lemmas
2.4-2.5, the filter gain is designed such that an optimized upper bound for the filtering
error covariance is achieved at each sampling instant.

Theorem 2.4 Consider the one-step prediction error covariance and the filtering
error covariance in (2.59)—(2.60), respectively. Assume that (2.56) holds. Let v y,
Y2k+1, and € (j = 1,2, 3) be positive scalars. Suppose that the following two
Riccati-like difference equations

-1
Sevik = Ac (St - mal{ L) AT +974 BBl + D0k D]
ni
+ 3 A [+ e Zap+ (147 fedle ] AT (2.64)
i=1

-~ = T
ittt = (1 +€2) (I — Kig1 Err1Cir1) Ziriie (I — Kiy1Ex41Crtn)

+ Kit1 I (1 + 5{1) tr (Aék+1ck+1¢>k+1|kaT+1ék+1A) I



2.2 Quantized Filtering with Missing Measurements and Multiplicative Noises 43

-1 _
+tr (lpk-i-llk) [(I — 72,k+1AA) + ’}/2’,1+11i| ]KkT+1, (2.65)

with initial condition Xoj0 = Pojo > 0 have positive-definite solutions X1 and
Yk41k+1 such that, for all 0 < k < N, the following two constraints

Y H — LiSueL] > 0, (2.66)
Vo] — AA >0, (2.67)

are satisfied where
Dpp1pk i= (1 4+ €3) Tpq1pk + (1 + 53‘1) £k+1|k£kT+1|k,

mi
. = T T
Yigik = Exy1 0 (Ck+1¢k+1|kck+1) + E Cik+1Pr11kCj gy + Rit1.
i=1

(2.68)

Then, with the filter parameter Ky given by

Kirr = +e2) E’<+1|/<C'1<T+1‘5_"‘+1[ (1 + 2) Eki1 Cht Shr1k Oy Bt

+ (l + 62_1) tr (Aék+1ck+1d>k+“kc,f+] ék+1A) 1
—1
-1 1
+ tr (Pt 11k) [(1 — Y1 AA) T+ 72,,{“1] ] , (2.69)

the matrix Ly y1jk+1 is an upper bound for Pyy1|k+1, that is,

Prajk+1 < Dkt 1jk+1- (2.70)
Moreover, the filter gain Ky given by (2.69) minimizes the upper bound 41|41

Proof Note that the covariance matrices Pyyx and Py k1 can be rewritten as the
functions of Py and Py, respectively. Then, it is not difficult to verify that the
condition (2.12) in Lemma 2.3 is satisfied.

Now, we are in a position to deal with the terms of the right-hand side of (2.59).
Considering the following elementary inequality

T
1 1 1 1
2z “2¢ 2 “2¢
(61 Xklk — €3 ka) (81 Xklk — € xklk) >0,

we have

AT | o =T I —lp aT
Xk lkX |k + Xklk Xk |k < E1XK kX |k +¢ XklkX k> 2.71)
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with €1 > 0 being a scalar. Taking (2.71) into consideration, the second term of the
right-hand side of (2.59) can be rearranged as follows:

ny
> AiE {xkka] A7,
i=1
n
< ZAi,kE {(1 + El)fk|k)?kT|k + (1 + 81_1) £k|k£kT\k} AiT,k
i=1

ny
= Ak [(1 +e) P + (1 n 51—1) )zk|k;e,’§k] A7, 2.72)

i=1
According to (2.59) and (2.72), we have
Peripk < (A + BiRe L) Pric (Ax + BiXeLi)" + Dy O D}
£ A [ o0 P+ (147 dutly | AL @73)
i=1

Subsequently, let us now tackle the terms of the right-hand side of (2.60). Noting
the following inequality

T = ~ ~T = T
Hirr + Hiyy <e2 (I = Kir1 Exr1Curt) Zariw Xy g g x (I = Kip1 Ex1 Crey)
-1 = T ~T & T T
t &y Kit1k+1E8k+1Crp1Xk+1% 1 1 Cp 1 k18501 Ky 15
where € > 0 is a scalar, we have
EA s + HT
k+1 k+1
= = T
< e (I — K1 Ek41Cit1) Pesipe (I — Kiw1 Ex1Cir1)

1 = T T & AT T
+é; Kk+1Ak+1dk+1Ck+1E{Xk+1xk+1} Cit1Ekr1 41 Kiyy- - 274

Following the same line of the derivation of (2.71), we can obtain the following
inequality

~ AT A =T ~ =T —1x AT
X1 kX 1)k T Xk 1k X1k = E3Xk+1kX g1k + €3 X1 kXfq 11k
with €3 > 0 being a scalar, which yields

E {Xk+1ka+1] <E {(1 +e3) B iuipyp + (1 + 53’1) )?k+1|k)?kT+1|k}

= (1 +e3) Protpe + (1 +s3‘1)£k+1|k£,f+1|k. (2.75)
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Then, together with (2.60) and (2.75), and noticing Ay = Fk11 4, the third term
of the right-hand side of (2.60) can be tackled as follows:

—~ T T = T T
K11 Ak41 8k 1Cr 1 E {Xk+1xk+1 } Ck+1 Gk+1Ak+1 Kk+1
—~ T = T T
< Kkt 1 Za1 A Bkt Copt My 1k Crp Exr1 AT Ky

< Kgitr (A5k+1Ck+19ﬁk+1|kaT+1Ek+1A) Kl (2.76)
where
M1k = (1 +€3) Pegape + (1 + 53_1) £k+1|k£kT+l|k'

Similarly, by Lemma 2.2, the last term of the right-hand side of (2.60) can be
determined as

Kir1 (I + Ag) (Prgt + Qg + Ri) (L + Ae) KL

mi
= Kir1 (U + Fi1 M) |:Ek+1 ° (Ck+1mk+l|kaT+1) + D Ciatt M 1w Cliyy
i=1

+ RkH] (I + Zin A K[,

< tt (Mir1) K1 4+ Fa1 A (U + Fin A) K

—1 _
< (M) Keot [(1 = i 44) ™ 43k 1] KL, (2.77)

where

mi
&~ T T
M1k = Exg1 0 (Ck+1fmk+1|kck+1) + E Cikt1 M1k Ci jyq + Rict1-

i=1

It then follows from (2.60), (2.74), (2.76), and (2.77) that

-~ = T
Pisik+1 < (1 +22) (I = Kiy1 Ex41Cir1) Pegipe (I — Kiw1 Ex1Cig1)

+ K41 [ (1 + 62_1) tr (Aék+1Ck+19ﬁk+1|kaT+lék+]A) 1
—1 _
+ tr (mk+1|k) [(I —’72’k+1AA) +’72,l]c+11] ]K/Zw_H. (2.78)

Combining (2.64), (2.65), (2.73), and (2.78), we can show that the condition (2.13)
in Lemma 2.3 is satisfied. Therefore, it follows directly from Lemmas 2.2-2.3 that

Peitjk+1 < Zhg1jk+1-
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Having determined the upper bound X4 k1, we are now in a position to show
that the filter gain given by (2.69) is optimal in the sense that it minimizes the upper
bound Xj1x+1. Taking the partial derivative of (2.65) with respect to K;41 and
letting the derivative be zero, we have

Ot (Zpe411k+1) = =
— I — 21+ e2) (I = Kiet1 Bt Cot) Sar 1wy B
0Ky

+ 2Kk+1[ (1 + 52_1) tr (A5k+1Ck+1¢k+1\kaT+1§k+1A) 1

+ tr (Wiq1k) [(1 — a1 44) 7 + 72_Jl<+11] }

= 0. (2.79)

From (2.79), and through straightforward the algebraic manipulations, the optimal
filter gain Ky can be determined as follows:

Kipr = (1 +e2) Zk+1IkaT+lék+1[ (1 + €2) Exp1 Chop1 Zep 1k Oy Bk

+ (1 + 52_1) tr (Aék+1ck+1(I)k_,_]‘kaT_Hék_,_]A) 1
-1
1 1
+ tr (Vhs11e) [(1 —Y2kr1AA) T + 72,k+11] ] . (2.80)

Obviously, the filter gain K1 in (2.80) is identical to (2.69). To this end, the optimal
filter gain Ky 11 is designed in the sense of minimizing the upper bound Xy ¢ for
the filtering error covariance and, therefore, the proof of this theorem is complete.

Remark 2.11 At each sampling instant, the filter gain Ky is designed in Theorem
2.4 to minimize the upper bound of filtering error covariance. The system (2.45)—
(2.46) under consideration is comprehensive that includes the aspects of the missing
measurements, the quantization effects, and the multiplicative noises, hence reflects
the reality more closely especially in a networked environment. In our main results,
all these important aspects are dealt with in a unified yet effective framework and
are explicitly reflected in the design procedure. In particular, the constants 19}; (i=
1,2,...,m) are there for the missing measurements where all sensors are allowed
to have different missing probabilities, matrix A quantifies the effects of signal
quantization, and the multiplicative noises covariances account for the effects of
the stochastic disturbances on the system states. Furthermore, the proposed filter is
derived in terms of the solutions to two Riccati-like difference equations, which is
recursive and therefore suitable for online applications.

Remark 2.12 Up to now, the finite-horizon filtering algorithm has been proposed
for the addressed time-varying non-linear stochastic systems with network-induced
phenomena. With respect to the newly developed filter, it is possible to insert it in
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a feedback control scheme, which would have significant applications especially in
a networked control system. In case the boundedness of the upper bound on the
estimation errors becomes a concern, as discussed in [10], it is possible to introduce
some additional assumptions/constraints on the system parameters such that the
global boundedness of the filtering errors is guaranteed, which constitutes one of our
future research topics. Moreover, note that the scalars 7 x and 72 k41 are involved
in the discrete Riccati-like difference Eqs. (2.64) and (2.65). In the implementation,
the values of v x and 72 x+1 could be given a prior and adjusted to guarantee the
inequalities (2.66) and (2.67) in Theorem 2.4 so as to help enhance the solvability
of the proposed filtering algorithm.

2.3 Illustrative Examples

In this section, three simulation examples are presented to demonstrate the effective-
ness and applicability of the theory presented in this chapter.

Example 1: EKF with stochastic non-linearities and multiple missing measure-
ments.

As analyzed in [14], consider a maneuvering target that is accelerating with ran-
dom bursts of gas from its reaction control system thrusters. The state vector could
consist of the position and velocity of the target. When tracking a maneuvering target
through a radar system equipped with an array of sensors communicating through
a (possibly wireless) network, the multiple missing phenomenon might occur due
to the bandwidth limit of the signal transmission channel, the sensors aging, and/or
sensor temporal failure. Furthermore, the system may contaminate with the stochas-
tic non-linearities owing to a variety of reasons such as random failures and repairs
of the components, changes in the interconnections of subsystems, and sudden envi-
ronment changes. For real-time tracking, the system parameters would have to be
time-varying. Our aim is, therefore, to design a filter such that, in the simultane-
ous presence of stochastic non-linearities and multiple missing measurements, an
optimized upper bound for the filtering error covariance is guaranteed.

Motivated by this background, we consider the following discretized maneuvering
target-tracking system with stochastic non-linearities and multiple missing measure-
ments:

[Xk-&-l = f(x) + gk, ) + Dywy,
Yo = Exh(xg) + sk, k) + Vi,

where

0.8x; +x,§x,§} Dy — [0.01

S = |:1.5x,§ L x 0.03

], h(x;) = 7.5sin(x}),
kT Akt
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T . . .
and x; = [x,l x,f] is composed of the position and velocity of the target, wy € R
and 14 € R are zero-mean Gaussian white noises with covariances 0.05. Consider
the following two case of the probability density function for Zy:

0.05, s=0,
plsy=1 010, s=05,
085 s=1.

For this case, the expectation and variance can be easily calculated as ,u,l = 0.9 and
(o])? = 0.065.
The stochastic non-linearities g(xg, nx) and s(xx, (x) are chosen as follows:

0.2 . .
st = [ 03] [035in () it + 0tsien (+7) 2],
sk, G) = 0.5 [0.3sign (x,l) xl ¢l + 0.4sign (x,f) x,fg,f] :

where 77}( and ( ,’c (i = 1, 2) stand for zero-mean uncorrelated Gaussian white noises
with unity covariances. It is not difficult to verify that the above stochastic non-
linearities satisfy

& (XK, Mk)
£ H:S(Xk» Ck)]

E [g(Xk,nk)} [g(Xk,nk)}T
s(xe, G || s Ok o)

Xk] =0,

:

0.04 0.06 0
=10.060.09 0 ka|:0'(())9 Ogé}xk
0 0 025 '

In the simulation, set the initial value of estimation as Xoj0 = Xo = [ 1.8 O.2]T
and X0 = 20/>. The other parameters are chosen as By = diag{0.1,0.2}, Ex41 =
[0.1 0.15 ]T, Ly = Lyt = 0.011, v1 . = 0.002, 72441 = 0.002, €1 = 0.4,
er = 0.35,a; = 7.5, and a» = 0.05. Let MSEi (i = 1, 2) denote the mean square
error (MSE) for the estimation of the ith state.

According to (2.29), (2.30), and (2.34) in Theorem 2.3, the upper bound of the
filtering error covariance and filter gains at every time step can be recursively cal-
culated. Therefore, the addressed filter design problem can be solved by means of
the proposed filter structure (2.8)—(2.9). The filter gains (over certain horizon) are
listed in Table 2.1, and the simulation results are shown in Figs. 2.3,2.4,2.5 and 2.6.
Among them, Figs. 2.3 and 2.4 show the upper bounds £ 11|1k E,%lzk and the MSE for

the states x,l and x,?, which confirm that the MSE stay below their upper bounds.
Moreover, the trajectories of the actual states x,i and their estimates )?,’C (i=12)
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Table 2.1 Filter gains

k 1 2 3 e 39 40
K —0.0618 —0.1125 0.0534 0.0170 0.0006
k 0.1007 0.0595 0.0218 0.1228 0.1157
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Fig. 2.3 log(MSE1) and its upper bound
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No. of samples. K

Fig. 2.4 1log(MSE2) and its upper bound

are plotted in Figs. 2.5 and 2.6, which illustrate that the presented filter scheme
can perform well to estimate the system states. This is due to the fact that we have
made specific efforts to compensate the effects of the stochastic non-linearities and
multiple missing measurements.
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Fig. 2.5 The actual state x,l and its estimation J?,:
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Fig. 2.6 The actual state x,% and its estimation fc,%

Remark 2.13 As discussed in [8], the matrices By, Ex+1, and Ly are used to quan-
titatively characterize the upper bound of the linearization errors obtained from the
Taylor series expansion for the non-linearities. Accordingly, by taking the inequal-
ities (2.18) and (2.21) into consideration, the high-order terms in the Taylor series
expansions can be approximated. In the simulation, we set the matrix Ly as dx I (I
is a positive constant) in order to enhance the feasibility of (2.31) and (2.32), and
then, we can always adjust the values of scaling matrices By and Ej| to guarantee
the inequalities (2.18) and (2.21). In particular, it is worth mentioning that we can
simply set By = 0 and Ej;1 = 0 suppose that the effects of the linearization errors
are negligible for some problems.
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Example 2: Quantized recursive filter design with missing measurements and
multiplicative noises.

Consider the following non-linear system in the simultaneous presence of missing
measurements, quantization effects, and multiplicative noises:

[Xk+1 = f(xx) + ar g A1 kxk + Drwg,

Vi = ExCixi + BixCrkxk + v,
where
F — [0.8x) +x)x? a [0.15 sin(2k) 0 }
K= 1.5x,%—x,lx,% ’ LE= 0 0.1]"
I 0.06 0.85 0
Die= _0.03+O.Se_5k:|’ Ci —[ 0 —1.5]’
co [0.02 0
M= 0 0.03sintk +2) |

T . . P . .
and x; = [x,! x,f] is the state vector with x; (i = 1, 2) being the i-th element of

the system state, a; x € R, B1x € R,wr € R,and 1 € R? are zero-mean Gaussian
white noises with covariances 1, 1, 0.5, and 0.1, with I, € R2*2 being the identity
matrix, respectively.

In the simulation, let the initial value of estimation as £oj0 = [ 0.8 O.Z]T and
Toj0 = 20/ (Initial condition 1) or £jp = [ 0.65 0.25]T and g9 = 157, (Initial
condition 2). Set the parameters of the logarithmic quantizer be u(l) = 0.16, u% =
0.3, X(l) = 0.6, and x(z) = 0.35. For comparison, consider two cases of &y, i.e.,
Zr = diag{0.48,0.54} for Case I, and 5; = diag{0.98, 0.78} for Case II. The
other parameters are chosen as By = diag{0.1,0.2}, Ly = 0.15, v1x = 0.05,
Y2441 = 0.02, 1 = 0.4, e2 = 0.35, and £3 = 0.55. By solving (2.64) and (2.65),
the filter gain can be obtained recursively and the simulation results are shown in
Figs.2.7,2.8,2.9,2.10,2.11,2.12,2.13,2.14,2.15,2.16,2.17 and 2.18. Here, MSEi
(i = 1, 2) denotes the mean square error (MSE) for the estimation of the ith state.

In the figures, Figs. 2.7, 2.8, 2.9 and 2.10 plot the measurement signals without
and with quantization. Figures 2.11, 2.12, 2.13 and 2.14 (Case II for comparison)
show the log(MSE) for the states x,i and x,?, and the upper bounds, which confirm
that the MSE stays below their upper bounds. Moreover, the trajectories of the actual
states x,i and their estimations )?,’( (i =1, 2) are plotted in Figs. 2.15, 2.16, 2.17 and
2.18, which illustrate that the presented scheme can perform well to estimate the
system states. This is very well expected since specific efforts have been made to
compensate the effects of the missing measurements, the signals quantization, and
the multiplicative noises in the system model and measurement model. With respect
to Case II, that is, the missing measurement phenomenon is less severe, and it can
be seen that the filter performance shown in Figs. 2.17 and 2.18 is better than that
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Fig. 2.7 y,: without and with quantization (Case I)
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Fig. 2.8 y,? without and with quantization (Case I)

shown in Figs. 2.15 and 2.16, which is a natural result because more information is
used in the measurement update for Case II.

Example 3: Quantized recursive filter design for a ballistic object tracking system.

Following [15], we consider the recursive filter design problem for a ballistic
object tracking system. When tracking a ballistic object, the measurements are col-
lected sequentially by a radar system equipped with an array of sensors communicat-
ing through a (possibly wireless) network. The phenomena of missing measurements
and quantization effects might occur due to the finite word length of the packets, the
bandwidth limit of the signal transmission channel. Moreover, the system may suffer



2.3 Illustrative Examples

25

2

1.5

-1.5

-e- yi with quantization

e y,{ without quantization|

5 10

15 20 25
No. of samples. K

Fig. 2.9 y,: without and with quantization (Case II)

1.5

-15

30

35

40

—k— Uﬁ without quantization
-©- yZ with quantization

5 10

15 20 25
No. of samples. K

Fig. 2.10 y,% without and with quantization (Case II)

30

35

40

53

from the multiplicative noises owing to a variety of reasons such as random failures
and repairs of the components, changes in the interconnections of subsystems, sudden
environment changes, and modification of the operating point of the model. To this
end, we aim to design a filter such that, for all missing measurements, quantization
effects, and multiplicative noises, the filter gains can be obtained by minimizing the
upper bound of the filtering error covariance. The dynamic equations are given as

follows:

Xk+1 =
Ve =

F ) + ap g A gxe + wi,
ExCrxi + B1.xCr kxk + vk,
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Fig. 2.12 log(MSE2) and its upper bound (Case I)

with

fx) = Qrxp + G(h(xy) + H),

gp(x2n) . ; X
how) = == 3+ [xi’i] ’

p(x2.x) = 01 - exp(—02x2.1),
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Fig. 2.15 The actual state x,: and its estimation i,: (Case 1)
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Fig. 2.16 The actual state x,f and its estimation )?,f (Case )
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where x; = [x1.x %1k X2,k %2,k ]T is the state vector, x1 x is the target abscissa, x2
is the target ordinate, T is the sampling period, g is the gravity acceleration, (3 is
the ballistic coefficient (depending on the object mass, shape, and cross-sectional
area), p(-) is the air density, typically an exponentially decaying function of object
height (0 = 1.227, 0, = 1.093 x 10~ for the object height x2 ; < 9,144 m, and
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Fig. 2.17 The actual state x,l and its estimation i,: (Case II)
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Fig. 2.18 The actual state x,f and its estimation )?,f (Case II)

0 = 1.754, 6, = 1.49 x 10~* for the object height x x > 9,144m), oy €
R, Bix € R, wy € R*, and 14 € R? are zero-mean Gaussian white noises with
covariances 1, 1, Qg, and R, = 100 I. Here,

o

Qi = c-diag{q.q}, q = ﬁ;
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Fig. 2.20 The actual state x,% and the estimated state fc]%

In the simulation, the parameters are chosen as g = 9.81 m/s?, 0 = 4 x
10*kg/ms?, ¢ = 0.1m?/s>, T = Is, u} = 9 x 10°, u = 8 x 10%, xV = 0.9,
x? = 09, 5 = diag{0.85,0.85}, xo = 10 x [300 4 90 3]7, o = 103 x
[270 4.01 95 2.9]T, By = diag{15,1.2,4,0.1}, Ly = 0.0114, v1x = 0.005,
Y2.k+1 = 0.002, 1 = 0.4, e = 0.3, and €3 = 0.5. Similarly, according to (2.64),
(2.65), and (2.69) in Theorem 2.4, the upper bound of the filtering error covariance
and filter gain can be recursively calculated at each sampling instant. Therefore, the
addressed filter design problem can be solved by using the proposed filter structure
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Fig. 2.21 The actual state x,? and the estimated state )?2
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Fig. 2.22 The actual state x,‘(‘ and the estimated state fc,‘c‘

(2.50)—(2.51). The trajectories of the actual states and their estimations are plotted in
Figs. 2.19, 2.20, 2.21, and 2.22. In summary, all the simulation results have further
confirmed our theoretical analysis for the recursive filtering problem for a class of
time-varying non-linear systems with missing measurements, quantization effects,
and multiplicative noises.
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2.4 Summary

In this chapter, we have made one of the first few attempts to design the finite-horizon
recursive filters for time-varying non-linear systems with missing measurements.
Firstly, the stochastic non-linearities described by statistical means have been taken
into account. The phenomenon of multiple missing measurements has been described
by any discrete-time distributions with known probability density function. A series
of mutually independent random variables has been introduced to characterize the
operation behavior of each sensor. By means of Riccati-like difference equation
approach, we have designed the EKF such that, for both the stochastic non-linearities
and multiple missing measurements, the upper bound of the filtering error covariance
exits and is then minimized by properly designing the filter gain at each sampling
instant. Moreover, the logarithmic quantization has been considered to characterize
the signal quantization. Accordingly, the recursive filter has been designed for a
class of non-linear systems with missing measurements, quantization effects, and
multiplicative noises. It has been shown that the proposed filter schemes are of a
recursive form that are suitable for recursive computation in online applications.
Finally, the effectiveness and applicability of the developed algorithms have been
demonstrated by three simulation examples.
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