Chapter 2
Mathematical Representation of Scattered
Fields from Chipless RFID Tags

2.1 Introduction

As previously mentioned, a chipless RFID system is comprised of three basic
components: reader, antenna, and chipless tag. The antenna illuminates the reader
area and induces currents on the metallic tags. The induced currents re-radiate the
scattered fields, which will be processed in the reader for decoding the IDs of the
tags. The scattering phenomena is a sophisticated process, which can be described
in a simple mathematical model. This mathematical model provides us insight of
the electromagnetic behavior of the structure, which is useful in the design process
of chipless RFID tags. The induced currents on the tag structure can be expanded in
different ways. One method is to expand the induced currents versus the singularity
poles of the tag, which is the basis of the singularity expansion method (SEM). In
such a representation, the solution is expressed as a collection of poles, branch cuts,
and an entire function in the complex frequency plane. In this chapter, after a
comprehensive study of the SEM, the wavefront representation of the SEM is
presented to describe the scattering mechanisms in the early-time and late-time
modes. Altes’ model is employed to describe the early-time response using the
impulse responses of the scattering centers of the scatterer. Subsequently, the
equivalent circuit of the scatterer is introduced based on the SEM representation
of the fields. As an example, the current modes and associated radiated fields from a
dipole antenna are studied.

On the other hand, the induced currents can be expanded versus the eigenmodes
of the scatterer, which are found from an eigenvalue equation governing the
structure under consideration. The singularity poles of the structure are related to
the zeroes of the eigenvalues of the impedance matrix in the complex frequency
plane. This relationship is computationally easy in extracting the complex natural
resonances (CNRs) of the well-coordinated structures from the eigenmode expan-
sion of the fields. As a simple case, the fields in a rectangular cavity resonator are
represented versus the eigenmodes of its equivalent eigenvalue equation and the
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relationship between the eigenvalues and singularity poles of the cavity is clearly
shown in a closed-form representation.

As a weighted eigenvalue decomposition, the theory of characteristic modes is
presented and effectively employed for analyzing the scattered fields from the
chipless RFID tags. In this method, the current on the scatterer is mapped into a
new set of characteristic modes, which are in-phase on the surface of the scatterer.
Then, the currents are expanded versus these real-value characteristic modes. The
characteristic-mode theory simplifies analysis of the induced currents, their related
fields, and their behavior at different frequencies.

2.2 Singularity Expansion Method (SEM)

The concept of the singularity expansion method (SEM) was first introduced in
1971 by Carl Baum after observing the time-domain backscattered signal from
missiles. By illuminating the target with a wideband pulse, it was observed that the
time-domain returned signal from the missile includes some fast variations
followed by damped sinusoidal signals. The history of SEM begins with a meeting
at Northrop Corporate Laboratories in Pasadena, CA, in September 1971 [1]. After
that meeting, Baum formulated the SEM in the Interaction note 88 [2]. He applied
the proposed method to a perfectly conducting sphere and obtained the poles of the
sphere in layers in the complex s-plane. After the advent of SEM, the proposed
technique was broadly employed for the transient analysis of scatterers and anten-
nas [2-10]. In [11-14], SEM was used to characterize the time and frequency-
domain features of antennas and channels. Additionally, many researchers in the
radar discipline employed SEM in identifying targets in military applications [15—
18] and ground penetration radars [19-21]. Later on, the proposed technique was
used in identifying and designing chipless RFID tags [22-24], breast cancer
detection [25, 26], and monitoring the deployment of arterial stents implanted in
blood vessels [27].

2.2.1 Singularity Expansion Method in Circuit Theory

The concept of the singularity expansion method (SEM) has been widely used in
circuit theory for a long time [28]. As a simple case, an RLC-series resonator in
Fig. 2.1a is considered, which is connected to a voltage source v(f). The input
impedance of a high-Q electrically small antenna can be modeled by this simple
RLC circuit for a narrow frequency range [29-31]. The differential equation
concerning the current in the circuit is
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Fig. 2.1 (a) Series RLC circuit. (b) Impulse response of the circuit in time domain

& d 1\, dv(r)

By applying the Laplace transform to (2.1) and assuming zero initial conditions
for the voltage across the capacitor and current through the inductor, the current is
written by

_ Cs V(s
B O
=Y(s) - V(s)

Here, the radian resonant frequency, wg, and the quality factor at the resonant
frequency, Q, are defined as

1
1
0= ooRC (2.4)

The admittance function, Y(s), can be expanded versus first-order poles of the
circuit as

v(s) =2 D*

— N
s—s81 s—s5F

(2.5)

where s; = a; +jw; is the complex natural resonance (CNR) of the circuit. The
damping factor, resonant frequency, and D in (2.5) are given by
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For O > 0.5, the circuit resonates at f; = w1/(2x). The residue of the pole in (2.2)
is equal to DV(s). Although the pole of the circuit is independent of the input
voltage, the residue will change with variations in the input voltage. The impulse
response of the circuit in the time domain is obtained as (2.9) by assuming V(s) =1
in (2.2) and applying the inverse Laplace transform.

i(t) = |D]e”*" cos (w11 + £D) (2.9)

Here, i(#) is a damped sinusoidal current in the time domain as shown in
Fig. 2.1b. Therefore, each complex natural resonance of a circuit acts as a damped
sinusoidal signal in the time domain whose amplitude is related to the applied
source. The above discussion can be easily generalized to multi-resonant circuits.

In a multi-resonant circuit, the input admittance of the circuit is expanded versus
the singularity poles of the circuit as

(2.10)

S — Sn
where N is the number of the CNRs, s,,, of the circuit and F(s) is the entire function
including the non-resonant part of the circuit [32]. In distributed circuits, such as
cavity and transmission-line resonators where the number of resonances is infinity
(N — 0), the entire function accelerates the convergence of the series [32].

2.2.2 Singularity Expansion Method in Transient Scattering

In order to study the scattering mechanism in chipless RFID systems, a 3-bit
chipless RFID tag shown in Fig. 2.2 is illuminated by an incident field (E™,
H™), launched from a transmitting antenna. The surrounding medium is assumed
to be free space with permittivity €y and permeability po. The ID of the tag is set in
the resonant frequencies of the structure, which can be embedded into some
resonant-based circuitry on the tag. In practical applications, it is beneficial to
design the tag on a metallic surface in order to maximize the radiation efficiency
of the scatterer. Assuming the induced current on the tag as J, the scattered field is
obtained from either an electric-field integral equation (EFIE) or a magnetic-field
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integral equation (MFIE) [33]. Here, the former case is considered for simplicity in
formulations. Therefore, the scattered electric field is written in the Laplace domain

as [34]
E¥(r;5) = —,us//A KY —k—lzvv>G0<r,r/;s)} -J(r’;s)ds’ (2.11)

—

where I = XX +yy + 277, s=a+jw is the complex frequency, k = s/c represents
the propagation constant of the fields in the complex frequency domain, and A is the
surface of the tag. The primed and unprimed coordinates represent the source and
observation points, respectively. The quantity Gy is the scalar Green’s function in
free space.

, efjk|r7r/|
G ( r ) _ 2.12
oIS 4zlr — 1| ( )

Gy satisfies the Sommerfeld radiation condition as

0 .
lim r'(E—f—jk)Go(r,r;s) =0 (2.13)

r—0o0

The scattered field in (2.11) can be written as the inner product of the dyadic
Green’s function and current distribution on the structure as
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E'(r;s) = <G(r, r/;s>,J(r/;s)> (2.14)
¥

where the dyadic Green’s function is defined as
g ! hag 1 !
G(r,r;s) = —us(1-5VV G0<r,r;s) (2.15)

The associated radiation condition for G is

lim +(V % +jkF x)E(r, r’;s) -0 (2.16)

r—0o0

and inner product in (2.14) is defined by
(A,B), = /A -B da (2.17)

Assuming the tag is a perfect electric conductor (PEC), the boundary condition
on the tag surface is given by

i.(E(r;s) + E™(r;s)) =0 VreA (2.18)

where 7 denotes the unit vector tangential to the tag surface. As a result, the electric-
field integral equation (EFIE) is written by

<§<r, r’),J(r’)> = -E™(r) VreA (2.19)

r

Subscript ¢ in (2.19) indicates the tangential components of the fields on the tag
surface. The method of moment (MoM) can be used to solve equation (2.19). By
discretizing the surface of the tag into N isolated meshes and applying Galerkin’s
technique, one can write

T Jo =1 (2.20)

The matrix equation in (2.20) should be in some sense an accurate representation
of the integral equation in (2.19). One important criterion of such accuracy is the
convergence of the solution obtained from (2.19) to the real current distribution as
N — oo [33]. The current distribution on the tag is obtained from

Jn :an71 'In (221)
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According to (2.21), the singularity poles of the tag are the zeroes of the
determinant of the coefficient matrix I as

det(D(s)) =0  k=1,2,3... (2.22)

These singularity poles are the CNRs of the tag at which the current distribution
on the tag shows damped oscillating behavior after the incident source field crosses
through the tag. The basis of the SEM is that the current distribution is assumed to
be an analytic function in the complex s-plane, except at CNRs such as

I(r;s) = jif asn(_—r;;)—i—.]e(r;s) (2.23)

where s, = a, + jo,, is the nth CNR of the tag. Since the time-domain response is a
real-valued signal, then

a,(r;s*) = [a,(r;5)]" (2.24)

Equation (2.23) needs some more interpretation. According to Mittag-Leffler’s
theorem, an entire function in the s-plane is required for each pole in the infinite
series to guarantee the convergence of the series [33, 35]. This entire function is
represented by Je(r; s) in (2.23). The other important part of the series is the
weighting function a,(r; s), which is assumed separable in the spectral-spatial form of

a,(r;s) = Ry(s)Ja(r) (2.25)

Here, J,,(r) is the natural mode of the tag at the nth resonant frequency, and R,,(s)
is the corresponding frequency-dependent residue of the pole. By inserting (2.25) in
(2.23), the current distribution close to s,, is written by

Ry (5)Ju(r)

S — Sp
By expanding G and the incident source field, E™, in a power series around

s=s, as

g / s a’”a s /; m
G(r,r;s):Z%$ (5 — 52 (2.27)

m=0
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i =~ 1 0"E™(r;s)
Elmc(r; S) — Z_ t N )
= m! Os

(s — sn)" (2.28)

S=8p

and inserting (2.27) and (2.28) in (2.19), one can write

S§—Sn

<G(r, r';s,) 4 (s — sn) —aG(ar;r )
S=Sn

) aElinc (r;s)
Os

+---,M+J€(r’;s)>
. (2:29)

= —E™(r;s,) — (s — 80

S=8n

By balancing the two sides of (2.29) according to powers of (s —s,), some
important expressions are obtained. The coefficient of the (s — sp) ! term at s =,

gives
<§ (r, r; sn),Jn (r)> =0 (2.30)

r

Equation (2.30) provides some important features of the CNRs and
corresponding natural modes. By converting (2.30) to matrix form, it is seen that
the determinant of the coefficient matrix should be zero at CNRs in order to have
nontrivial solutions. As another significant point, these poles are completely depen-
dent upon the dyadic Green’s function of the structure and as (2.30) illustrates, they
are source-free and aspect-independent parameters of the tag. This is the reason that
these parameters are often used in identification applications. For each CNR, s,
there is a nontrivial natural mode, J,(r), which is the solution of (2.30).
Corresponding to (2.30), one can define the coupling factors as the solutions to
the following homogenous equation

(Mo(x) G (rrn) ) =0 231)

By equating the coefficients of (s — sn)0 in both sides of (2.29), one has

CERNERNE S 0

= —E™(r;s,) (2.32)
The inner products in the left-hand side of (2.32) are performed on the r’
parameter. Thus, both sides of the equation are functions of r. By taking the inner
products of the two sides of (2.32) by M,,(r), the coupling coefficients can be found
at resonant frequencies as
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Rn(sn) _ <Mn(r),Etinc(r; S“)>r (2'33)

<Mn<r>,<—aa<gj“> ,Jn(r’)>>

S=8n

For electric-field integral equations (EFIE), where symmetric matrices are
encountered, the coupling vectors and natural mode vectors are the same [33], so
that (2.33) is written by

Ru(sn) = () B (ri50), (2.34)

<Jn<r>,<—aa<g;'”> ,Jn(r’)>>

$=8n

It is seen in (2.34) that the coupling coefficients at resonant frequencies depend
on the incident electric field as well as the natural mode distribution at the
corresponding resonant frequency. In the cases where (Ju(r), Ei““(r; s =0, the
related mode will not be excited by the incident electric field. The coupling
coefficients in (2.34) are just obtained at CNRs of the tag. There is no straightfor-
ward way to obtain the entire function added to the resonant response of the
scatterer in (2.23). Mathematically, this is necessary to guarantee convergence of
the series. However, more explanation is needed in order to understand the physical
concepts behind the theory of SEM.

2.2.2.1 Coupling Coefficients and Turn-On Times

As the equation (2.34) shows, the coupling coefficients at the resonant frequencies
of the structure depend on the natural modes, dyadic Green’s function of the
structure, and incident field at those frequencies. For other complex frequencies,
s, different representations can be chosen as the coupling coefficient, which affects
the entire function added to the series. In the late-time response of the scatterer,
we have just the damped sinusoidals corresponding to the CNRs of the tag. Hence,
the entire-function contribution comes into the early-time response, which rises
and falls faster than the late-time signals. In order to cover other complex fre-
quencies, different coupling coefficients have been introduced, where class 1 and
class 2 representations are most common in literature [33]. For a class 1 represen-
tation, which is the simplest one, the coupling coefficients of the natural modes are
defined as
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RW(s) = el =)0R, (sp)

n

<Jn(r)’EtinC(r3 Sn>>r

=P (2.35)
<Jn<r>,<w ,Jn(r/)>>

KE

= _e(sn —s8)to

By inserting (2.35) in the series part in (2.23), the time-domain response is
given by

o0
J(r;0) = Ut — to)Re | Y Rojy (r)e™ | + je(r;1) (2.36)
n=1
where U(.) is the Heaviside step function defined as
o1 )
Ult—1ty) = {O (<t (2.37)

and the inverse Laplace transform is defined as
jr;0) = / e"J(r;s)ds (2.38)
Br

which causality ensured by having the Bromwich integration contour Br passing
above all singularities in the s-plane. Turn-on time might be the time at which
the incident wave is first applied anywhere on the tag. Although class 1 form of the
coupling is more useful in the analytical-based formulation of SEM, it shows some
convergence issues in earlier times of the response in numerical calculations [36]. For
computational purposes, the class 2 form is more efficient. In this form, the frequency
dependency of the coupling coefficients is held in the incident electric field as

) . (s“—s)tUEinc :
RP(s) = n(r).e ) (2.39)

<Jn<r>,<7a‘}<g;'”> ,Jn(r')>>

S=$n

The effect of these coupling coefficients on the current distribution can be better
illustrated in the time domain. For more simplicity, the following incident electric
field is considered.

El™(r;s) = Ege <" " (2.40)

where the vector 7 is the propagation vector, E includes the polarization vector and
amplitude of the incident wave, and c is the speed of light in free space. By inserting
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(2.39) and (2.40) in (2.23), the current distribution in the Laplace domain is
written as

00 e (Sn—$)to—5F T
J(rs) =Y (dn(r).Eo JoJn()

o (S_Sn)<Jn(r)’<W Jn (l’/)> >

$=5n r r

() (2.41)

By applying the inverse Laplace transform defined in (2.38) to (2.41), the current
distribution in time domain is written as

() Ee 27U (1~ 10— 52)) D)

j(r;H)=2» Re G(rrs +j.(r;r) (2.42)
2 <Jn<r>,<a‘*<g’;’> ,Jn(r’)>>

S=Sn

The convergence difficulties in the class 1 form of coupling coefficients are
alleviated in the class 2 representation, where a time-varying region of integration
covers that part of the object surface, which has already been illuminated by the
incident field [36]. When the incident wave completely passes through the tag, both
class 1 and class 2 representations are similar. For better illustration, Fig. 2.3 shows
the region of integration at t=#; on the surface of the tag for class 2 coupling
coefficients when the incident plane wave passes through a part of the tag.

2.2.2.2 Scattered Field from Chipless RFID Tags

By representing the current distribution on the tag as the summation over the natural
modes in the late-time response accompanying an entire function as the early-time
response, the scattered field is obtained from the integral equation in (2.14) as
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The radiated field close to the nth CNR is written by

E(r;s) = </4S (f - %VV)GO (r, r; s), I%Jnsfr/) +Je (r’; s) > (2.44)

’
r

(2.43)

/
r

In the far field, the field in (2.44) can be approximated by

&mw=<wq?4q%@¢yﬂffﬁ >
_ <ﬂs(? -7 °>Go (r r/) Je (r/;s) >r,
> (2.45)

(o) 2 )

(i) L@@>

As (2.45) expresses, in the far-field region, the scattered fields in the time
domain are approximately proportional to the first derivative of the current distri-
butions on the tag. In contrast, in the near field, the field distribution is mostly
affected by the spatial derivatives of the currents. By applying the inverse Laplace
transform to the scattered field in (2.43), the fields in the time domain are written as

7\}/{}”}1

/
r

e (r;0) = Ut — 16) Y _ |Rule™™" cos (wnt + ¢b,) + ee(r; 1) (2.46)

n

where the class 1 form of coupling coefficients is assumed in (2.46). According to
(2.46), the scattered field from a tag is affected by two different phenomena. Early-
time response, which is depicted by e.(r;¢) in (2.46), is affected by the specular
reflections from the scattering centers of the tag. The early-time response is followed
by the series of damped sinusoidals with some weighting coefficients. The CNRs of
the tag, shown by s, = a,+jo,, are aspect-independent parameters of the tag, not
dependent on the direction, polarization, or distance to the tag’s observation point.
For this reason, they are well-suited to be used as the tag’s ID. In Chap. 4, different
techniques are proposed for extracting the CNRs from the scattered field.
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Fig. 2.4 (a) Scattering configuration. (b) Ray tracing from the source to observation point [37]
with permission from IEEE

2.2.2.3 Wavefront Interpretation of the Singularity Expansion Method

As explained in previous sections, the CNRs and corresponding natural modes are
aspect-independent parameters, which instead depend on the geometry and material
of the tag. In order to ensure convergence of the series in the late time, an entire
function was added to the current distribution responsible for the early-time vari-
ations. The shape of the entire function in (2.23) is dictated by the coupling
coefficient representation chosen in the series. This part is called the removable
early-time response [37]. In spite of the mathematical representation in (2.23), there
is an intrinsic early-time response, which is related to the scattering process
[37]. This part, with fast rise-and-fall variations in the time domain, cannot be
described by the oscillatory waves from global CNRs of the tag. Rather, it can be
explained by the progressive waves (wavefronts) with the help of the geometrical
theory of diffraction (GTD) [37-39]. In the wavefront representation [37], the
waves travel from source to tag. At the tag surface, they undergo an interactive
process which appears to the observer as a series of wavefront arrivals
corresponding to multiple passes through the tag and diffraction from those scat-
tering centers. In [37], a hybrid method based on wavefront interpretation has been
presented, which shows the global resonances to be a collective summation of
multiple wavefront fields.

As an example, Fig. 2.4a shows a scatterer irradiated by an incident wavefront
launched from a source located at /. Three corners of the scatterer are considered as
the scattering centers and the observation point is located at r. The situation shown in
Fig. 2.4a is a bistatic situation, which can easily be adopted to the monostatic case by
fixing the source and observation points at the same position. When a scatterer is
illuminated by a pulse signal, first the specular reflections from the scattering centers
are scattered around, emanating from the local current distribution on the disconti-
nuities in the scattering surface. After the incident pulse passes through the scatterer,
the local current distributions converge to the natural current modes of the scatterer,
which are responsible for the late-time response. In other words, the interaction
between local resonances in the early time produces the global complex natural
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Fig. 2.5 Flow graph of the scatterer [37] with permission from IEEE

resonances of the scatterer. This behavior is illustrated in Fig. 2.4b. Two different
rays are traced from the source point to the scatterer. Each path is illustrated by three
components, (1, 2, 1'3), which express the field at the point 7; caused by scattering at
1, of a ray field with unit amplitude arriving from a point r5.

In Fig. 2.4b, the incident ray hits the first scattering center. Part of it is received
at the observation point via (r, 1, /) and the other part flows to corner 3 through
(3, 1, ). Again, part of the ray in corner 3 hits the observation point through (r, 3, 1)
and the other part travels to the second corner by (2, 3, 1), and the third part reflects
back to the first corner through (1, 3, 1). There is a local resonance in the path
between corners 1 and 2. The other diffracted rays from the scattering centers are
traced in the same way as mentioned before. This ray interaction can be easily
traced with a signal flow graph, shown in Fig. 2.5. The rays scattered to the
observation point are shown by dashed lines. For time-harmonic ray fields, a ray
has the local plane-wave form of

S(ry,ra,r3) ~ A(ry,r2,r3)expljkw (r1,r2,13)] (2.47)

where A and ky are slowly-varying amplitude and rapidly-varying phase functions,
respectively. From the flow graph seen in Fig. 2.5, the ray paths from source to
observation point can be divided into two groups. The first group, shown with a
dashed line, contains contributions at r from direct interaction of the incident field
with each of the scattering centers, which are shown by i/ (j), j=1, 2, 3 in Fig. 2.5.
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The summation of these terms with weighting functions proportional to (2.47)
includes the intrinsic early-time response of the scatterer caused by the scattering
process. The second group accounts cumulatively for all the higher-order interactions
schematized by the solid branches in the graph. This part of the response represents
the SEM resonances of the scatterer. By returning to the general problem, scattered
signal at the observation point can be written with Mason’s formula as

u(r) = ul + %2 u" Ay (2.48)

where the first term is responsible for the early-time response and contains the
direct interactions of the incident ray field with scattering centers. The second term,
the late-time component of the response, represents the coupling between different
local resonances on the surface of the scatterer. The quantity uﬁ is the direct nth path
from source to the observation point (shown by dashed lines in Fig. 2.5) and u;
represents the wavefront contribution along paths going from source to observer via
successive (more than one but without repetition) single scattering events. A,
shows the gain of the non-touching closed loops having no interaction with u,
and A is the characteristic determinant of the graph. The zeroes of A are the CNRs
of the scatterer. Although the wavefront representation of the scattering process
cannot easily be employed for calculating the early-time and late-time responses of
the tag, it provides a descriptive model for the scattering mechanism.

2.2.2.4 Altes’ Model

Though the late-time response of the tag can be compactly cast into a series-form
formulation, it is not as easy to predict the behavior of the early-time response. This
is because it depends on the spatial variations of the scatterer and observation point.
Based on (2.43), the early-time response is formulated by

E.(r;s) = <—ﬂs(i’ - k—lzvv)Go (r, r’;s),Je (r’;s)> (2.49)

where the first part of the dyadic Green’s function is more pronounced in the far
zone and the second term is dominant in the near zone of the scatterer. Because of
the fast variations of the early-time currents, the scattered field includes pulse-shape
impulses reflected from the scattering centers of the tag. Assuming a scatterer
containing M scattering centers is illuminated by an incident plane wave with
pulse function p(#), the backscattered signal in the early time can be modeled as
the summation of the delayed pulses from the scattering centers as [40]
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Fig. 2.6 Transversal filter
model of the early-time
response [40]

Tapped Delay Line

t h t,
A A, An
Adder
M
ee(r;t) = ZAmp(t — tm) (2.50)
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where A, and f,, are the amplitude and time delay related to the mth scattering
center. This early-time representation is modeled in Fig. 2.6 as a tapped delay line
(t1, ta, . . ., tyy) With M multipliers and an adder. This model is compatible with the
wavefront representation exhibited in Sect. 2.2.2.3. It was shown that the early-time
response emanates from the first interaction of the incident pulse with the scattering
centers of the tag, as (2.50) describes.

Based on physical optics approximations, some functions other than impulses
must be added to the series in (2.50) in order to completely model the early-time
response of the scatterer [40]. The model seen in Fig. 2.7, which includes the
parallel combinations of the integrators and differentiators, can be described with
the well-accepted model in Fig. 2.6 by assuming that some of the delay differences
tm+1 — Im are very small compared to the smallest wavelength of the impinging
signal. If two neighboring scattering centers in Fig. 2.6 have opposite signs, and
their delay difference (d = .41 — t,y) is very small, d < 1, one can write

Am(P(t = tm41) = p(t = tm)) ¢ de(tt)

(2.51)

1=ty

This component is proportional to the differentiated signal at #=¢,,. Similarly,
weighting factors can result in a return component as

kd
P(O) +p(t+d) + -+ plt + kd)] / p(t)de (2.52)
0

In order to perfectly model the early-time response of the scatterer, one must
consider both the integrators and differentiators in the model, in addition to the
replica of the incident pulse. This model is formulated as the convolution of the
incident pulse with the impulse responses of the scattering centers.
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Fig. 2.7 Modified Transversal filter model of the early-time response [40]

M +oo

ee(r;)) =p(O)% Y > Awnd" (r;1 — ) (2.53)

m=1 n=—o00

In (2.53), the impulse response of the mth scattering center is summed over the
integrals and derivatives of the Dirac-delta function. Here, the negative and positive
values of n refer to the nth integral and derivative of the delta function with respect
to time. In the Laplace domain, the early-time response is written by

M 400

E.(r;s) = Z Z Amns"P(r; s)esm

'";Il"j;o“ (2.54)

= Z Z B (13 5)e*™

m=1n=—o00
where
Bun = Amns"P (13 5) (2.55)

By comparing (2.54) with (2.46), it is inferred that there is a duality between early-
time response in the Laplace domain and late-time response in the time domain.
In the former, the response is expanded over the exponential functions of delay
times, while in the latter, the time-domain response is expanded versus exponential
functions of complex resonances of the tags. This duality will be helpful in the
identification process of chipless RFID tags, presented in Chap. 5.

In simple scatterers such as chipless RFID tags, the reflection from the first
illuminated part of the tag is strong enough to be considered as the early-time
response of the tag. But in the complex scatterers such as an airplane, the impulse
responses of the multiple scattering centers of the target should be considered in
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Metal plate
UWB Antenna

60cm

Optical table

Digital sampling

oscilloscope

Fig. 2.8 Measurement setup to measure a UWB pulse scattered from a metal object

the response. Therefore, the early-time response from the simple scatterers can
accurately be approximated by just one term of the series shown in (2.53). This part
is strongly dependent on the polarization and direction of the incident electric field.
This is because of the dependency of the scattering centers on the polarization and
direction of the incident wave. Additionally, the shape of the early-time response
changes from the near field of the scatterer to its far field.

In the near field, the scattered field is mostly similar to the incident pulse, but in
the far field, the scattered field is limited to the first time-derivative of the incident
field [41].

As an example, the scattered field from a rectangular metal plane with size of
15 em x 15 cm illuminated by an incident pulse is considered. The measurement
set-up is shown in Fig. 2.8. A rectangular metal plane is located 60 cm above an
optical table. A TEM horn antenna is connected to a digital sampling oscilloscope
in order to calculate the backscattered signal from the tag at different distances.
Another measurement without the presence of the metal is performed and the
results are subtracted from the earlier signal to cancel the effects of background
objects. Time averaging is applied to the received pulses in order to improve the
signal-to-noise ratio (SNR). The excitation pulse and its derivative with respect to
time are shown in Fig. 2.9. In Fig. 2.10, the backscattered signal from the plate is
shown when it is located at four different distances d =20 cm, 30 cm, Il mand 1.3 m
away from the antenna aperture. In the cases where d =20 cm and 30 cm, the
observation point is in the near-field of the scatterer and as can be seen, the scattered
signal is similar to the incident pulse. In these two cases, the scattered signal is
followed by a tail, which is related to the impulse response of the antenna. By
locating the plate and the antenna in the far-field of each other, the scattered signal
inclines to the first derivative of the incident pulse. By increasing the distance
between the antenna and scatterer, the amplitude of the scattered signal decreases.
In Fig. 2.11, the normalized responses are plotted for d =20 cm and d =130 cm.
According to the results, the scattered field is similar to the incident field in the



43

2.2 Singularity Expansion Method (SEM)

= ! !
3 ! !
= !
el = _
>
s 5 ! H
1 ! !
1 1 1
! _ _
_ _
........... R i SCEEEEEEEET EEPEEEPER
! !
_ _
! !
_ _
! !
! !
! !
! !
_ ) _
! & !
1 "
0 J.l'l”'.
. Illllllll |“|
S =——+=== "
1 '/T 1
_ _
! !
! !
! !
! !
_ _
! !
! !
........... S R S
: ] i
1 V 1
! !
" 1 "
! !
! } !
_ _
! !
! !
() ﬂ_v

opmydure pazijewIoN

0.5

-0.25

-0.5

Time (ns)

Fig. 2.9 Excitation pulse and its derivative with respect to time

(w/Aw) g

a10

Time (ns)

Time (ns)

D
1 1 '\
X '
' '
' '
' '
' '
' '
' '
' ' -
||||| | PR T ||
1 1 el
' '
' '
' '
' '
' '
' '
' '
' '
N o~
1 1 Ll
' 3 '
' 3 '
' '
' '
' '
' '
' '
1 1 Ne
wy
o < (=} < 0
S S S S
f=] (=] 0_ (=]
© (w/Aw) g

o (w/Aw) g

=20 cm,

Fig. 2.10 Received electric field from the metal object for different distances (a) d

(b)d

100 cm, and (d) d =130 cm

30 cm, (¢) d



44 2 Mathematical Representation of Scattered Fields from Chipless RFID Tags

— d=20cm
=== d=130cm

[}
ks
2
&
=
<
k= i
RS :
= '
= :
— 1
) '
Z '
-0.5 -0.25 0 0.25 0.5
Time (ns)

Fig. 2.11 Received electric field from the metal plate for d =20 cm and d =130 cm

Fig. 2.12 (a) 3D view of PIFA antenna (L =9 mm, W =5 mm, h =0.5 mm). (b) Cross-section of
the antenna and probe located at different distances of the antenna [29] with permission from IEEE

near-field and similar to the first derivative of the incident pulse in the far-field of
the scatterer.

This phenomenon also happens in the radiation fields from the antennas. In
Fig. 2.12, the 3D view of the planar inverted-F antenna (PIFA) is observed with
multiple probes located 1 mm, 10 mm, 30 mm, and 2m away from the radiating
aperture of the antenna. The input signal is a Gaussian pulse with gy, = 100ps
[29]. Figure 2.13 shows the z-component of the radiated fields from the antenna at
different probes. As it shows, the early-time response is followed by some sinusoi-
dal signals corresponding to the CNRs of the antenna. Regardless of the probe
position at which fields are computed, there are some higher-order resonances at the
beginning of all time-domain responses. Each high-order CNR has a unique
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Fig. 2.13 Electric fields received through the probes located at different positions. (a) 1 mm (b)
10 mm (c¢) 30 mm and (d) 2 m [29] with permission from IEEE

damping factor, which is much larger than that of the fundamental mode in this
example. Therefore, the effect of the fundamental natural mode is dominant in later
times. In Fig. 2.14, the normalized early-time response of the antenna at the probes
is depicted. As it shows, at the first probe, located close to the antenna aperture, the
electric field is similar to the input pulse. Then by moving farther from the antenna
aperture, the shape of the electric field inclines to the first derivative of the input
pulse with respect to time [29].

2.2.3 SEM-Based Equivalent Circuit of the Scatterer

In Sect. 2.2.2, the mathematical representation of the scattering process was
studied. The early-time response of the scatterer was formulated in (2.53) by the
time convolution of the incident pulse with the summation over localized impulse
responses of the scattering centers of the tag.

Based on the wavefront method proposed in Sect. 2.2.2.3, the interactions
between the local resonances in the early time generate global resonances.
According to the singularity expansion method, these global resonances are
modeled in the time domain as the summation over damped sinusoidals
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Fig. 2.14 The early-time response of the scatterer received at different probes [29] with permis-
sion from IEEE

corresponding to the complex natural resonances of the scatterer with some
weighting residues as the coupling coefficients. Although the CNRs are aspect-
independent, depending only on the geometry and material of the scatterer, the
coupling coefficients are strongly aspect-dependent.

In the scattering analysis, it is usually more desirable to model the scattering
process with an equivalent-circuit representation. This equivalent circuit is helpful
in the design process of the scatterer. In order to consider the effects of polarization
in the scattering process, a general situation, shown in Fig. 2.15, is assumed.
Assuming the incident and scattered electric fields as ™ and E® with polarization
vectors d;,. and ds, the scattering transfer function of the tag is defined as

E*(r;5)

Ht(&inc»&s;s) = Einc(r.s)

(2.56)

Assuming the incident electric field as a Dirac-delta function, the transfer function
of the tag is related to the scattered electric field. The equivalent circuit of the tag,
shown in Fig. 2.15, is depicted in Fig. 2.16. The input and output voltages are
defined at the transmitting and receiving antenna ports, respectively. The incident

field is coupled to the CNRs by coupling coefficients nl(:l)c i=1,2,..., N, which
depend on the direction and polarization of the incident electric field.
Each CNR is represented by a parallel RLC circuit in series with a delay line,

which models the turn-on times of the CNRs. The excited natural current modes
are coupled to the scattered field with coupling coefficients ngl) i=1,2,....,N.The
quantity Z, represents the early-time response of the tag, which is aspect-dependent.
The transfer function of the tag as defined in (2.56) is converted to the ratio of
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Fig. 2.16 SEM-based equivalent circuit of chipless RFID tag

IO

output to input voltages. With some mathematical manipulation, the transfer func-
tion can easily be written as

H(s) = He(s) + H(s)

EN: A AT (2.57)
—is—sn 5=

= H.(s)
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The first term is the early-time part of the tag and the second term, including the
complex natural resonances, is the late-time part. Although in reality, N is infinity,
for numerical computations, N is usually truncated to a finite value.

2.2.4 Example: Scattering from a Dipole

In this section, scattered fields from a dipole are formulated based on the SEM in
order to illustrate the application of the SEM in numerical computations [42]. A
single dipole of length L is aligned with the z-axis and illuminated by an incident
plane wave propagating in the direction forming an angle € with the z-axis. The
incident wave is assumed to be a step function, striking the scatterer at =0. By
formulating the current distribution using the SEM, it is possible to obtain the
current distribution and scattered fields in the time domain. By neglecting the
effects of the end caps on the wire and ¢ variations of the currents on the wire, a
Pocklington equation can be written for the axially-directed current on the dipole.
Assuming s = o+ jo, the Pocklington equation is written as [42]

: L/2 ’ 52 Sz ’ ’
o inc _ v .
seoE"(z, 5) /L/21<z ,s) (822 Cz)K(z,z ,s)dz (2.58)

where E{"C is the tangential component of the incident electric field along the dipole
and the kernel K is given by

) 1 [ exp(—sR/c)
K(z,z ,s) = /0 = adg (2.59)

Here, a is the radius of the wire and
N2 12
R= {(z - z) +4d? sinz((p/Z)} (2.60)

The incident tangential electric field along the dipole is written by (Fig. 2.17)

E["(z,5) = E"(s) cos (0)exp (smcﬂ) (2.61)

For the step-function incident wave, we have

E"(s) = % (2.62)

By discretizing the length of the dipole into N segments, the integral equation in
(2.58) is converted to the equation
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Fig. 2.17 Geometry of the Einc
dipole illuminated by an
incident field [42] with
permission from IEEE

-

[Z][1] = V1] (2.63)

where [Z] is an N x N matrix referred to as the system impedance matrix, [/] is an
N x 1 response vector and [V] is an N x 1 vector corresponding to the incident field.
According to (2.30), at CNRs of the scatterer, the following equation holds

[Z(S,,)} [[(sn)] =0 (2'64>
The CNRs of the dipole are obtained from
A(s,) = det(Z(s,)) =0 (2.65)

The CNRs can be calculated by employing different searching algorithms. One easy
way is to expand A(s) in a complex Taylor series about s, as [42]

A(sn) = A(so) + A'(s0) (s — 50) + -+ =0 (2.66)
Keeping the first two terms of the series, the CNR, s,,, is obtained from

__ Als)
Sn = S0 A (s0) (2.67)

where s is the initial guess of the resonant frequency. More accurate values for s,
can be obtained by repeating this procedure. Figure 2.18 shows the pole diagram of
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Fig. 2.18 Pole diagram of the dipole, representing the resonant frequency and damping factor of
the CNRs [42] with permission from IEEE

the dipole normalized to cz/L. It is seen that the poles, s, = a,, + jo,, are located in
different layers in the s-plane. The poles situated in the first layer are more
dominant in the time-domain response because they have lower damping factors
than those located in the further layers. The natural current modes on the dipole are
the solutions of equation (2.63).

=102 V]=775[V] (2.68)

In Fig. 2.19, the real and imaginary parts of the first three modes of the dipole
located in the first layer are depicted.

By possessing the natural modes and CNRs of the dipole, the current distribution
can be cast to the form

n=> B i) (2.69)

—(§ — Sn

where R, is the residue of the nth pole, obtained from (2.34). The time-domain
response is obtained by applying an inverse Laplace transform along the appropri-
ate Bromwich contour.
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0] = 3 Reexp(sut) ] (2.70)

We consider the case where the incident electric field propagates in the direction
forming 6 =30° with the dipole. The current at z/L = 0.5 is shown in Fig. 2.20 for
different numbers of modes considered in the summation. Here, just the poles in the
first layer are considered. The effect of high-order resonances is clearly seen in
the time-domain response of the dipole. Since in this case, by increasing the order of
the resonant mode, its damping factor increases, we can infer that its effect is
dominant in earlier times of the response.
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2.3 Eigenmode Expansion Method

In the previous section, the scattered fields from the tag were expanded versus the
singularities of the structure. Another way of representing the scattered fields from
the scatterer is to expand the fields or currents versus the eigenmodes of the
structure under consideration. The question may arise of how to extract the singu-
larity poles of the scatterer from the eigenmode expansion of the fields. Before
starting the general formulation of the scattered fields from an arbitrary scatterer, a
simple case shown in Fig. 2.21 is considered. An ideal dipole is located in a hollow
rectangular cavity resonator. In the case shown in Fig. 2.21, the eigenmodes of the
structure are easily written in a closed form. By calculating the dyadic Green’s
function of the structure, the scattered fields are obtained from (2.14). The electric
and magnetic fields in the cavity satisfy the following equations

V x V xE — k’E = —joul (2.71)
VxVxH-KFH=V x]J (2.72)
with the following boundary conditions on the walls.
nxE=0 (2.73)
n-H=0 (2.74)

Quantity 72 indicates the direction normal to the wall surfaces. In order to solve the
preceding boundary-value problem, two quantities, the electric-type dyadic

Fig. 2.21 An ideal dipole T P
in a rectangular cavity .
resonator
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Green’s function, G, and the magnetic-type dyadic Green’s function, Gy,, are
defined as [43]

V XV xG,— kG, = f&(r - r') (2.75)
V x V x Em - kzam =V x ?5(r - r/) (2.76)
with the following boundary conditions on the walls

A X Ge=0 (2.77)

i -Gm=0 (2.78)

The quantity Y in (2.75) and (2.76) is the unit dyad. It is interesting to note that the

following relation holds between G. and G, [44]

kzae =V x Em - Tﬁ(r - r') (2.79)

From (2.75) and (2.76), it is clear that V - G, # O0and V - G, = 0, while the cavity
modes are divergenceless. Therefore, the magnetic dyadic Green’s function
can be expanded versus cavity modes, and by using the relation in (2.79), the

electric dyadic Green’s function is obtained. From V- Em =0 and
VxVx=VV-—V2 the following alternative form of (2.76) is obtained.

(V24+K)Gy ==V x 15(x 1) (2.80)
TG =0 Lo the wall (2.81)
nxVxG,=0

By defining another Green’s function as

(V2 +8)g, = —15(1- - r’) (2.82)
n-g,=0
XV x g =0 }on the walls (2.83)

and applying Green’s theorem, we have
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Em (r, r/) = /gm (r,r//) V' x Ié(rl - rﬂ>dsﬂ (2.84)

Where V" is differentiation versus r”’. Therefore, the components of the dyadic
function in (2.82) can be written in the following form

Sm ,
(V24428 g b =4 1 po(r ) (2.85)
S 1

By expanding the dyadic components versus cavity modes and applying boundary
conditions, one can obtain

oo o0 o0

g (F, I") _ ZZZ €0n€0m 01

n=0m=01=0 abc [kz (””)2 - (m,,)z (/;;)2}

a &

(s (1) ) (5 s () s
+w<mq%§am@§)m%7%%mC%%%“§?%mgég)
Y (cos (%) cos (%) cos (%) €08 <$) sin <?> sin <%)> }

(2.86)

where k% = a)z,ue. Using (2.84) and relation (2.79), the total dyadic Green’s func-
tions of the cavity can be obtained. Assuming the current element is oriented in the
y-direction, the electric-type dyadic component is obtained as

o ememen | (2)'+ (2)’]

GY(r, r ZZZZ

Cmsit i abe [ (o) — ()"~ (5]

c

<sin (naix> sin <m;x> cos (?) cos <mZyl) sin (Z”CZ> sin <lﬂCZI) ) —%5 (r—r’>

(2.87)

In (2.87), the yy-component of the electric-type dyadic Green’s function and
consequently field distributions in the cavity are expanded versus the cavity
modes in a simple closed-form relation. The cavity modes satisfy the following
eigenvalue equation
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N
W—i_ ay a 3 + w ,ue)E(xJ%Z) (288)
= Ao) - E(x,y,2)

L(E) =

where

o = (e (8- (- (5)) am

represents the eigenvalue of the equation (2.88) and m, n, (=0, 1, 2, . ... By sorting
the eigenvalues with index n and representing the eigenmodes of the operator £ in
(2.88) by Ju(r;s), the Green’s function in (2.88) in source-free regions can be
written by

(r r; v) Zﬂ Anda(r; s J,,(r 9) (2.90)

According to (2.89) and (2.90), the singularity poles of the structure, which are the
resonant frequencies of the cavity, are the zeroes of the eigenvalues in (2.89). It will
be shown that the scattered field presented in (2.90) can be generalized for any
arbitrary scattering scenario.

Returning to scattering from the chipless tag shown in Fig. 2.2, the incident
electric field induces a current distribution on the tag, which can be calculated by
applying boundary conditions on the tag surface as

<§ (rr' s),J(r’)> — _E™(r;s) VreA (2.91)

’
r

Where G in the following formulations is the electric-type dyadic Green’s function
and A represents the surface of the tag. The eigenvalue equation associated with
(2.91) is written by

<E (r, r; s),Jn (r’; s>> = n(5)dn(r3) VreA (2.92)

r

where J,(r; s) and A,(s) are nth eigenmode and eigenvalue of G, respectively. By
applying the method of moment (MoM), the integral equation in (2.91) is converted
to the following matrix equation

L(s)-J(s) =L(s) (2.93)

and the eigenvalue equation corresponding to (2.93) is written by
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L(s) - Ja(s) = An(8)In(s) (2.94)

In order to have nontrivial solutions, the determinant of the coefficient matrix must
be zero as

C = det(I(s) — Zn(s)T) = 0 (2.95)

C, is called the characteristic equation and I, is a unit matrix. Assuming I" to be a
square matrix of rank N, one can write

det((s)) = [ [ An(s) (2.96)

The eigenvalues may or may not all be distinct. It is clearly seen from (2.95) and
(2.96) that the CNRs of the scatterer are the zeroes of the eigenvalues. Each
eigenvalue may contain an infinite number of CNRs. For each square matrix, two
sets of eigenmodes, right-side and left-side, are defined. In (2.94), the right-side
eigenmodes are introduced, which are represented by JX in the following. The left-
side Eigenmodes are defined as [45]

JL(5) -T(s) = Aa(s)IE(s) (2.97)

The orthogonality and bi-orthogonality relations between eigenmodes can be sum-
marized as [45]

I3 (5) - J55(8) = Bumn (2.98a)
Jrlf(s) Jﬁ(s) = Omn (298b)
J]}“(S) ! J:E(S) = 6mn (2980)
where
O m#n
Omn = { 1 m=n

The current distribution and incident electric field in (2.94) can be expanded versus
the eigenmodes as

J(s) =D and¥(s) (2.99)
n=1

L= baJi(s) (2.100)

Substituting (2.99) into (2.93) and using (2.97), one arrives at
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an s) - JR® (5) = Ann ()R (s
; L'(s) - J37(s) ; An(8)J57 () 2.10)

= L(s)

By taking an inner product of the two sides of (2.101) with Jl(qL)(s) and using the
orthogonality relation in (2.98a, 2.98b and 2.98c), one can write

(2.102)

Therefore, the current distribution on the tag is written by

1 IO () - 1(s R
J(s) = ; NORE (S() ?Jnm ()S) J®(s) (2.103)

By defining the normalized dyadic functions as

IR () (s)
the current distribution in (2.103) can be expressed by
1
= —dy(s) - I 2.1
16 =25y 16) (2.105)
By comparing (2.93) and (2.105), one can write
1
=% — 2.1
Zn: j«n (S)dn (S) ( 06)

It shows that the singularity poles of the scatterer are the zeroes of the Eigenvalues.
Similarly,

L=> Jn(s)da(s) (2.107)

Therefore,

(I(s))" - T(s) = 3 dy

m (2.108)
=5

In some scattering problems, the geometry of the scatterer is perfectly matched
to a specific coordinate system. As an example, when the incident electric field
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illuminates a perfectly electric conducting (PEC) sphere or an infinite cylinder, the
scattered fields or equivalently the induced currents on the scatterer can be easily
expanded versus the eigenmodes of the structures [45, 46]. For arbitrary geome-
tries, which are not necessarily compatible with any specific coordinate system, the
numerical evolution of the eigenmode equation (2.97) can be used in order to find
the eigenmodes, eigenvalues and, consequently, the complex natural resonances of
the scatterer.

2.4 Theory of Characteristic Modes

In the previous section, the current and consequently, the radiated fields from the
scatterer were expanded versus the eigenmodes of the dyadic Green’s function of
the structure in the complex frequency domain. The resulted matrix from MoM is
not Hermitian and its eigenmodes and eigenvalues are complex. For well-
coordinated structures such as sphere, the eigenmodes of the dyadic Green’s
function are in-phase on the surface of the scatterer in the spherical coordinate
system. By changing the geometry of the scatterer, the eigen-currents will not be
in-phase anymore. The question is how to extend the idea of in-phase basis
functions for arbitrary-shape scatterer. The theory of characteristic modes intro-
duces a weighted eigenvalue equation whose eigenvalues are in-phase on the
scatterer surface. This theory was first introduced by Garbacz in 1971 for
conducting bodies of arbitrary shapes [47]. His proposed approach was based on
diagonalizing the scattering matrix of the scatterers. He presented a new class of
eigenmodes on a scatterer that are real and their corresponding scattered fields have
constant phase over the surface of the body. Although the proposed method was
used in some cases, its implementation was not easy for an arbitrarily-shaped
scatterer. In [48], Harrington proposed an alternative viewpoint for diagonalizing
an operator. This technique relates the current distribution to the tangential electric
field on the body. He defined a particular weighted eigenvalue equation, which
gives the same eigenmodes defined by Garbacz, but with a simpler approach. Ever
since, this proposed technique has been widely employed in the design and model-
ing of antennas and scatterers [49—52]. Similar to natural resonant modes, the
characteristic modes are independent of source fields and depend only on the
geometry and shape of a scatterer.

2.4.1 Mathematical Formulation of the Characteristic Mode
Theory

Referring to Fig. 2.2, it is assumed that an incident plane wave illuminates the tag.
The first step in formulating the eigenvalue equation, which defines the
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characteristic modes of the tag, is the application of the electric-field integral
equation (EFIE) on the tag surface as

£(J) = <G(r, r’;S)aJ(l"/)>r, (2.109)
— —Eli“c(r; s)

where G is defined in (2.15) and the integration is performed over the surface of the
tag. Since the operator £(.) in (2.109) has the dimensions of impedance, it is more
convenient to introduce the notation

Z(J) = £QJ) (2.110)
where Z is a symmetric operator as
(B,Z(C)) = (2(B),C) (2.111)

One can write Z in terms of its real and imaginary components

Z=R+jX (2.112)
where
1 *
T=lz_z9
_2j

Since the radiated power from a current distribution J on the tag is given by
P=J*"RAJ)) (2.113)

it follows that & is positive semi-definite. The starting step in defining the charac-
teristic modes of the tag is the following eigenvalue equation

Z(Jn) = 7nM(Jn) (2'114)
where y,, and J, are the nth eigenvalue and eigenmode of the equation and M is a

weighting operator. Choosing M = R ensures orthogonality of the radiation pat-
terns of the current modes in the far zone. Introducing

Vo =1+ jA (2.115)

into (2.114) , the eigenvalue equation is converted to



60 2 Mathematical Representation of Scattered Fields from Chipless RFID Tags

L(Jo) = R(J,) (2.116)

Since R and X are real symmetric operators, both the eigenvalues 4, and the
corresponding characteristic modes, J,, must be real. In addition, the eigenmodes
satisfy the orthogonality relationships

<Jm"(R(Jn)> = 5mn (21173)
(Jm> L(Jn)) = AnBimn (2.117b)
<Jm’ Z(Jn)> = (1 +j/1n)5mn (2.1170)

where

1 m=n
5'““_{0 m#n

2.4.2 Characteristic Fields

The electric and magnetic fields produced by an eigenmode J,, on the surface of the
tag are called characteristic fields, and are referred to as (E,, H,). One important
property of the eigenfields is their orthogonality in the far zone. Based on
Poynting’s Theorem, the mutual power coupling between the current modes J,
and J,, distributed on the surface of the tag can be written as follows

Pmn - <Jm*aZ(Jn)>
- <Jm*»~(R<Jn)> +]<Jm*sx(']n)>
= //Em x H,* - ds —l—ja)ﬂj (uH,, - Hy ™ — eHy, - H,™)av
S

/
v

(2.118)

Here, S’ is any surface enclosing the tag and V' is the region enclosed by S'.
According to the orthogonality relations in (2.117a, 2.117b, and 2.117c), we have

Prn = (1 4 j2n)0mn (2.119)

If §’ is chosen to be a sphere at infinity, then the Eigenfields in the far zone can be
expressed by

E, = —qf x Hp
—JOR i,
= F,(6,
dxr ¢ (0,¢)

(2.120)

where n = \/ﬂ is the intrinsic impedance of space, 7 is the unit radial vector
perpendicular to §', (9, @) are the angular coordinates of the position on §’ and F,, is
the pattern of the field. Inserting the far-zone fields in (2.118), the real and
imaginary parts of the radiated power can easily be separated as
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/{Em x Hy™ - ds = 6 (2.121)
S
a)J” (uHp, - H,* — eEp - Ey™)dv = 146 (2.122)

Relation (2.121) expresses the orthogonality of the eigenfields in the far-zone
region. For a single characteristic mode, (2.122) is written by

wJJJ (/’lHn : Hn>|< - EEn : En*)dv = )vn (2123)

From (2.123), it is seen that at resonant frequencies where the electric and magnetic
energies are equal, the corresponding eigenvalues are zero. At frequencies where
An > 0, the fields are inductive and for 4,, <0, the fields are capacitive. According to
(2.116), at resonant frequencies, we have

X(Jy) =0 (2.124)

By applying MoM and converting equation (2.124) into matrix equation, the
determinant of the reactance matrix should be zero at the resonant frequencies of
the structure in order to have nontrivial solutions.

2.4.3 Modal Solution

The current distribution on the tag can be expanded in terms of the characteristic
current modes as

J=> aa (2.125)
n=1

where J,, is the nth characteristic mode and a,, is the unknown coefficient in the
expansion series. Substituting (2.125) in (2.109) and considering the linearity of the
operator, we have

> anZ(Jn) = -E™ (2.126)

By taking an inner product of the two sides of (2.126) with J,, and using the
orthogonality relations in (2.117a, 2.117b, and 2.117c), one can write

B <E‘inc’ Jn> B <Etincv Jn>
T 71 1) R S (2.127)
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It is seen that the unknown coefficients are strongly dependent on the coupling
between the characteristic modes and the incident electric field. By substituting
(2.127) in (2.125), the current distribution on the tag is given by

B <Etinc>-]n> B Vn
J= —;71 T = —;1 o (2.128)
where
Vo = (E™,J,) (2.129)

is the coupling coefficient between nth characteristic mode and incident electric
field. The electric and magnetic fields scattered from the tag can be written by

Vi
E=-Y —E 2.130
;Hﬂn ! (2.130)
H=-)" Yo g, (2.131)
n=1 1 +/ln

2.4.4 Modal Significance and Characteristic Angle

The variation of eigenvalues, current distribution, and corresponding eigenfields
versus frequency provides some useful information about the scattering properties
of the tag structure. The modal expansion of the current in (2.128) is inversely
dependent on the eigenvalues as

1
1+ jAn

(2.132)

= |

This parameter is called the modal significance. This parameter depends only upon
the geometry and dimensions of the tag, and does not vary with the incident
excitation. Another parameter, which is very useful in calculating the quality factor
of the scatterer at resonant frequencies, is the characteristic angle defined as

a, = 180° — tan ' (4,) (2.133)

This parameter models the phase angle between a characteristic current, J,,, and
the associated characteristic field, E,,. It is clear from (2.132) and (2.133) that at the
resonant frequencies of the tag, the characteristic angle is equal to zero and the
modal significance has a maximum value of one. These parameters are very useful
in calculating the quality factor of the tag at resonant frequencies. As an example,
Fig. 2.22 shows the variation of the first two eigenvalues and modal significances
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Fig. 2.22 (a) Eigenvalues and (b) modal significance of the first two characteristic modes of a
chipless RFID tag versus frequency

versus frequency for a typical scatterer. In computing the radiating bandwidth of the
modes, we need to know the frequencies at which the radiated power is half of that
at resonant frequencies. From (2.132), at the frequencies where 4, =1 or 1, =—1,
the corresponding modal significance is 0.707, and the corresponding characteristic
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angles are 135° and 225°. Labelling these frequencies fi and fy, the quality factor of
the characteristic mode at resonant frequency can be calculated from the expression

o~-—Jo (2.134)

—fi

This approximation is only valid for high-Q resonators. There have been numerous
formulae for calculating the quality factor of a scatterer. In our application where
we try to implement resonators with high quality factor, all the proposed formulae
give approximately the same results with slight variations. Another simple formula
useful in calculating the quality factor of the resonators embedded on chipless RFID
tags is given by the expression

_gd/ln
T 2 dw

0, (2.135)

which was proposed by Harrington [53].
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