Contents

1 Introduction . ........... .. 1
1.1 WhatIsaSetOperad?.........cooviiuiiiiiiii i, 1
1.2 Some Historical Remarks ........... ... ... i .. 2
1.3 Objectives of this Monograph ................................. 3

2 Preliminaries on Species and SetOperads . ......................... 5

3 Operations on Speciesand Operads ............................... 9
3.1 Natural Transformations ............ ..ot 9
3.2 Combinatorial Operations. ...........c.ovuiuniineirnnennneen.. 11

32,1 SumandProduct............... ... ... ... 11

3.2.2 Hadamard Product ............. ... ... ... ... .. ... 13

3.2.3 Functorial Composition .............c.c.coiiiiiiiunnaa... 14

3.2.4 Divided Power and Substitution ......................... 16

325 Derivative. . ..o 19

3.3 Operads and Cancellative Operads ............................. 24

3.3.1 Operad Definition ................ .. ... i i 25

3.3.2 Mobius Inverse and Cancellative Operads ................. 32

333 NewOperads FromOld ............ ... ..ot 38
3.3.4 Examples of Cancellative Operads and M&bius Generating

Functions ....... ... .. 42

335 Partial Product........... ... . 45

3.3.6 Partial-Circled Product. ............... ... ... 48

3.4 Monoids and Cancellative Monoids ............................ 50

3.4.1 The Posets Associated to a Cancellative Monoid ........... 52

3.4.2 The Posets Associatedtoac-module ..................... 53

3.4.3 The Derivative Functor, from Operads to Monoids . . ........ 55

3.4.4 Enriched Schroder Trees: The Free-Connected Operad .. . ... 56

ix



X Contents
4 Decomposition Theory .......... ... ... . ... ... ... ... ... ..., 63
4.1 Module Domain Operads . .............ooiiiiiiiiieiinnna.. 64
4.2 Gallai Modular Decomposition Theorem . ....................... 65
4.2.1 The Simple GraphsOperad ...............ccooviuieennn.. 65

4.3 Partitive and Weakly Partitive Operads . ............ ... ... ..... 69
4.3.1 The Operads of Partitive and Weakly Partitive Families.. . . . .. 71

4.4 Birnbaum—Esary—Shapley Decomposition Theorem ............... 77
4.4.1 Boolean Functions Operad.................c... oo, 77

4.4.2 Multiperson Simple Games Operad ...................... 79

443 Hypergraphs . .......couiiiii i 83

4.5 Relational Structures . .......... ...t i 83
4.5.1 The Operad of Directed Graphs ......................... 83

452 POSELS o vttt 85

4.5.3 General Relational Structures ........................... 85

4.6 QuadraticOperads . ........ouiuiiiiine i e 85
4.6.1 Generators and Relations ............................... 85

4.6.2 Quadratic Cancellative Operads ......................... 87

4.6.3 Formal Decomposition Theorems ........................ 91

S Rigid Operads . ..............uuuu 95
S0 L-SPECIES o oo 95
5.2 Combinatorial Operations. . .. ........ouuuuneeeeuunneeeennnn.. 97
521 Sum ... 97

5.2.2  Ordinal Product and Substitution ........................ 97

5.2.3 Ordinal Derivative and Insertion . ........................ 98

5.2.4 Shuffle Product and Substitution . ........................ 100

5.2.5 Shuffle Derivative and Integral .......................... 100

5.3 Nonsymmetric (Ordinal) Operads and Shuffle Operads ............ 101
5.3.1 The Laplace—Carson Functor L. ......................... 102

5.3.2 The Non-symmetric Free Operad ........................ 104

5.3.3 The Uniform Nonsymmetric Operad ..................... 104

5.3.4 The kth Pointing of As,Kpas ........................... 104

5.3.5 The Dikas and Oddkasoperads .......................... 105

5.3.6 The Operad of Permutations=Lists ....................... 106

5.4 ShuffleOperads ...t i i 107
5.4.1 Autonomous Differential Equations ...................... 107

6 Posets from Cancellative Operads and Koszul Duality ............... 109
6.1 Total Circled Product ....... ... ... ... i i 109
6.2 Algebraic Operads and Koszul Duality .......................... 111
6.2.1 Operations with Linear Species.......................... 112

6.2.2 Operads and Cooperads . ...........ccouuiiieiiinnnan. 113

6.2.3 Quadratic Operads and Quadratic Dual ................... 117



Contents xi

6.2.4 Cohen—Macaulay posets............. ...t 118
6.2.5 Normalized Bar Construction ........................... 119
6.2.6 Generalization of Vallette Criterion ...................... 122
6.3 Weakly Partitive Operads Are Koszul ........................... 122

Bibliography . . ........ ... . e 125



2 Springer
http://www.springer.com/978-3-319-11712-6

Set Operads in Combinatorics and Computer Science
Méndez, M. A,

2015, ¥V, 129 p. 62 illus., 43 illus. in color., Softcover
ISBEMN: 978-3-319-11712-6



	Contents



