Chapter 2

The Generalized Frequency Response
Functions and Output Spectrum of Nonlinear
Systems

2.1 Volterra Series Expansion and Frequency Response
Functions

As discussed in Chap. 1, the input-output relationship for a wide class of nonlinear
systems can be approximated by a Volterra series up to a sufficiently high
order N as

N
Y1) = (0 (2.1a)
n=1
o0 o0 n
v, (1) = J . J a1, 70) | | u(t — 7i)de; (2.1b)
—00 —00 i=1
where h,(z;,---,7,) is a real valued function of 7y, --,7, known as the nth order

Volterra kernel. The nth order generalized frequency response function (GFRF) is
defined as

Hn(ja)l»""ja)n> :J J hn(Tlf";Tn)eXp (_j(wITI +"'+a)nfn))d71"'d7n

—00 —00

(2.2)

which is the multidimensional Fourier transform of 4,(zy,---,7,). By applying the
inverse Fourier transform of the nth order GFRF, (2.1b) can be written as

I > . T e et
yn([) :WJ J H”(la)l’...’an)H U(/w[)e]< 1+t n)fdwl...dwn
00 i=1

—00
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which can, by denoting w,=®w—w;—- - -—®,_ 1, be further written as
yn(t):_ n—1 Hn(]wl""’]a)nfls](a)_wl_"'_wnfl))
2z —00 (277) —00 —00
—_——

n—1

X Un (ja)l [ 'jwn—l)da)l .. dﬂ)nl] g/WIdw

where U, (jo,,---,jo,_1)=U(jw,)---U(jw,_)U({j(®w—w,—---—o,_1)). Therefore
the Fourier transform of y,(t) is obtained as
1 (o) (o)
Yn(/a)) :ﬁj J Hn(ja)l’...’ja)n_],j(w_a)l_..._a)n_]))
(277.') —00 —00
n—1
X Un (ja)h o ’sjwnfl)dwl' : ’dwnfl (23)

which is referred to as the nth-order output spectrum. The output spectrum of the
nonlinear system in (2.1a,b) can then be computed by

Y (jw) = Z Y (jo) (2.4)

Note that in (2.1a,b, 2.3 and 2.4) the input signal u(t) can be any signal with a
Fourier transform U(jo). The GFRFs and output spectrum of each order defined
above are all referred to as frequency response functions of nonlinear systems in
this book. It can be seen that the nonlinear frequency response functions defined
above and associated analysis and design methods are important extension and/or
natural generalization of existing theory and methods for linear systems to the
nonlinear case. A simple comparison is shown in Table 2.1.

2.1.1 The Probing Method

Obviously, the output spectrum of a nonlinear system involves the computation of
the GFRFs. Given the parametric model of a nonlinear system, the GFRFs can be
derived by using the “harmonic probing” method (Rugh 1981), which can be traced
back to Bedrosian and Rice (1971) or earlier. Examples can be seen in Peyton Jones
and Billings (1989), and Billings and Peyton-Jones (1990) etc. Consider the
excitation of system (2.1a,b) with an input consisting of n complex exponentials
defined as
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u(t) = Z et (2.5)

The output y(t) is given as
N n .
y(t) = Z Z Hn(jwrl [ ,’jwr”)el(ﬂ)rl"r""‘r(l)r-,,)f (26)
n=1ry,r,=1

Then for the nonlinear system, replacing the input and output by (2.5-2.6), the
nth-order GFRF can be obtained by extracting the coefficients of the term

G U example, consider a static polynomial function,
y(t) =fu(®)) = cru(t) + cou(t)* + csu(®) + ... + cau(t)" + ... (2.7)
The nth-order GFRF between the input u(¢) and output y(¢) can be derived as
H,(joi,- -, jo,) = c, (2.8)

To show this, the GFRFs for (2.7) can be obtained by directly applying the probing
method. Note that (2.6) can be expanded as

y(t) = nlH,(jor, - - -, jo,)e@++o) L (n — D)H,_, (joi, - .’ja)n_l)e]'(w|+w+mn—l>t
+ -+ H(jo;)e™" + (the other terms)

(2.9)

Using (2.5) and (2.9) with n=3 in (2.7), it can be obtained that

y(t) = 31H3 (jwy, - - -, jw3 )T+ L O H, (joy, jarn )& @1 ) 4 H (jooy )e™ ' + (the other terms)
= ¢y (eI 4 2! 4 @) 4 ¢y (e 4 2! @) f o3l 4 02t 4 i30)

-‘rCn(Ejm‘I + e/’mzr +ej(l73/)n +...

Extracting the coefficients of the term ¢/’ from the equation above, it can be
obtained that

H(jo1) = c
Extracting the coefficients of el @1+®2)! it can be obtained that
Hy(jo,jwr) = ¢
Similarly, from the coefficients of ¢/(®1+~+®3) it can be obtained that

Hi(jw,, - jos) = c3
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Following this method, the nth-order GFRF can be obtained as

Hn(jwl’ t ’7jwn) =Cp
2.2 The GFRFs for NARX and NDE Models

Nonlinear systems can often be described by different parametric models. To
compute the GFRFs, a parametric model of the nonlinear system under study can
be given. In this book, two parametric models are focused, i.e., the Nonlinear Auto-
Regressive with eXogenous input (NARX) model and Nonlinear Differential Equa-
tion (NDE) model.

The NARX model provides a unified and natural representation for a wide class of
nonlinear systems, including many nonlinear models as special cases (e.g., Wiener
models, Hammerstein models). For this reason, the NARX model has been exten-
sively used in various engineering problems for system identification (Li et al. 2011),
signal processing (McWhorter and Scharf 1995; Kay and Nagesha 1994), and control
(Sheng and Chon 2003) etc. In practice, most systems are inherently nonlinear and
can be identified to obtain a NARX model using several efficient algorithms such as
the OLS method (Chen et al. 1989). The NARX model is given by

)= yult)
m=1

m ptq
ym(t) :Z Zqu kl," p+q H H u(t—k (210)
p=0 klrk[H»q =1 i= i=p+1
ptg=m

K K
where y,,(#) is the mth-order output of the NARX model, Z ()= Z (-)--
Kiy kprg=1 k=1
K
Z ; p+q is referred to as the nonlinear degree of parameter ¢, ,(-), which

p ptq
corresponds to the (p+¢)-degree nonlinear terms Hy(t — k) H u(t—k;), e.g.,
i=1 i=p+1

y(t—1)’u(r—2)? (p orders in terms of the output and ¢ orders in terms of the input),
and k; is the lag of the ith output when i <p or the (i-p)th input when p <i <m with
the maximum lag K; ¢ 1(.) and c; (.) of nonlinear degree 1 are referred to as linear
parameters, and all the other model parameters are referred to as nonlinear param-
eters; the model includes all the possible nonlinear combinations in terms of y(k)
and u(k) with the maximum order M.

The NDE model can be regarded as a continuous-time version of the NARX
model, which is usually obtained by physical modelling and can be given by
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M m K ki pta gk
diy(r) Tp d'u()
ZZ Z Cpg (ki kp+q)H dtki H dtki =0 (211)
m=1 p=0 ky,k,4=0 i=1 i=p+1
d*x(1)

where

T = x(¢), and all other notations take similar forms and definitions to
k=0

those for the NARX model for convenience. But in the NDE model, K is the
maximum order of the derivative, and ¢, ,(-) for p+¢>1 are referred to as nonlinear
parameters corresponding to nonlinear terms in the model of the form
P diy(0) K dvul)

ki ki
i=1 dr i=p+1 dr

, e.g., y@u(t)?.

2.2.1 Computation of the GFRF's for NARX Models

By using the probing method demonstrated above, a recursive algorithm to compute
the nth-order GFRF in terms of model parameters for nonlinear systems described
by the NARX model can be developed, which is given as follows (Peyton Jones and
Billings 1989; Jing and Lang 2009a):

(1 — ch,o(kl)exp(—j(wl +- +a)n)k1)> “Hy(jwn, - ja,)

k=1
K
- Z CO,n(kla'"7kn)exp(_j(wlkl+"'+0)nkn))
kyyk,=1
n—1n—q K
q=1 p=1lki,k,=
n K
+ Zcp,o(kl,---,kp)Hn,p(jwl,---,jwn)
p=2ky,k,=1

(2.12)

n—p+1

H, () = Z Hi(joi,- - joi)Hy—ip-1(joii1, - ',jwn)exp(—j(wl + 4+ wi)kp)
i=1

(2.13)
H, i (jor, - jw,) = Hy(jor, - - jo,)exp(—j(o1 + - - - + w,)k1) (2.14)

Furthermore, define Hy o(-)=1, H, o(-)=0 for n>0, H,, ,(-)=0 for n<p, and let

exp (Ze(p)) _ {(1) Zigﬁ z } (2.15)

i=1
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where &(p) is a function of p, and
K
L@y, ,) = 1= cro(k))exp(—j(@r + - + on)k) (2.16)
k=1

Then (2.12) can be written more concisely as

q
K *jz (a)nfqﬂkpﬂ')
Z kl, ) p+q)" i=1
Skpy

X Hy_gp (jw1,~~-,ja),,_q) (2.17)

n

—q
H,(joy,- - jw,) = L Z;

ki

Thus the recursive algorithm for the computation of GFRFs is (2.12 or 2.17,
2.13-2.16).
Moreover, H, ,(jo1," - -,joy) in (2.13) can also be written as

n—p+1

H"aP(jwl’ o "jwn) = Z HH/,(/wX+1’ ’ij+ri)

iy rp = =1 =l
Zr[ =n
exp(—j(oxs1 + -+ + oxi ki) (2.18)

i—1

where X = Z Ty

x=1

2.2.2 Computation of the GFRFs for NDE Models

Similarly, the computation of the GFRFs for the NDE model can be recursively
conducted in terms of model parameters as follows (Billings and Peyton-
Jones1990; Jing et al. 2008e):

K
Ln(ja)l ++]a)n) 'Hn(ja)l""vjwn Z €o,n k17 ) )(/CU]) (Jw” o
Loka=1
n—1n—q K q
+ZZ Z cpg (ki kpig (H JOn—q1) ) n—qp (01, j@n—q)
g=1 p=lki,kpiq=0 i=1
n K
+ Z CpO(kh Tty ) )1,17(ia)ls"'ajwn)
p=2ki,k,=0

(2.19)
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n—p+1

Hy, () = Z Hi(jwi,- - jo;)H,—ip—1(jwis1, - jon) (jor + -t jwy)' (2.20)
=1

Hn,l (jwl’ c ’7jwn) = Hn(jwl’ o '7jwn>(jwl + - +ja)n)k] (221)
where
Lo(joy + -+ + jw,) = Z c1,0(ky)(jor + - -l-ja)n)k‘ (2.22)
Moreover, H, ,(jo1,- - -,jo,) in (2.20) can also be written as
n—p+1 p ‘
Hoplonjon) = > [[Haloxrjoxe) o+ + oy )"
rl...rp: 1 i=1
Sri=n
(2.23)
where
i—1
X=>"r (2.24)
x=1

Similarly, for convenience in discussion, define

Hoo()=1, Huo(-)=0 forn>0, H,,()=0 forn<p,

q
_J1 g=0,p>1
and H() = {0 G—0p<l (2.25)

Then (2.19) can be written in a more concise form as

n—q

n K
Hn(fwl,~--,jwn) :+ZZ Z Cp,q(klv"'vk[rkq)
n<jzwi>

=0 p=0 ki, kp+4=0

q
X (H JOn—q+i kp“)Hn—q,p (jwl > 'ajwn—q) (2.26)

Therefore, the recursive algorithm for the computation of the GFRFs is (2.19 or
2.26, 2.25, 2.20-2.23).

Note that the GFRFs above both for the NARX and NDE models are assumed to
be asymmetric. Generally, different permutations of the frequency variables



2.3 The GFREFs for a Single Input Double Output Nonlinear System 17

w1, - -,m, may lead to different values of H,(jw, - -,jo,). The symmetric GFRFs
can be obtained as

—_ . 1 ) .
HY"(jeon, -+ joo) = - > Hyljor,- - jo,) (2.27)
all the permutations
of {1,2,...,n}

But for computation of nonlinear output spectrum in (2.4), asymmetric GFRFs
suffice.

2.3 The GFRFs for a Single Input Double Output
Nonlinear System

In many practical cases, nonlinear system models are usually described by a
nonlinear state equation with a general nonlinear output function of system states.
Sometimes, the output function of interest can also be a nonlinear objective
function to optimize. Therefore, the computation of the GFRFs for nonlinear
systems in this form would be more relevant in practice. The systems can be
classified into several cases: single-input multi-output (SIMO), or multi-input and
multi-output (MIMO) etc. The GFRFs for MIMO systems would be more compli-
cated, which can be referred to Swain and Billings (2001). This section addresses a
much simpler case, i.e., single-input double-output (SIDO), which is actually
frequently encountered in practice. Similar results can be easily extended to the
SIMO case (many multiple-degree-of-freedom mechanical systems would belong
to this case).
Consider the following SIDO NARX system,

My m K m
X(f) = IZ S Gpmplhr, ek )ﬁ (t—k) [J ut—k)  (2:280)
m=1 p=0 ky, k,=0 i=1 i=p+1
M, m K P m
YO =33 Z Cpmp(kiy - k) [ [ (e = ki) T] u(t— k) (2.28b)
m=1 p=0 ky, k= i=1 i=p+1

where M|, M, and K are all positive integers, and x(t), y(t), u(t) € R. Equation
(2.28a) is the system state equation which is still described by a NARX model, and
(2.28b) represents the system output which is a nonlinear function of state x(t) and
input u(t) in a general polynomial form.

Instead of using the probing method for derivation of the GFRFs for (2.28a,b), an
alternative simple method would be adopted here, since the model structure and
nonlinear types are known clearly. Note that the expression of the nth-order GFRF in
(2.12) for the NARX model (2.10) can be divided into three parts. That is, those
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arising from pure input nonlinear terms H,, (-) corresponding to the first part in the
right side of (2.12), those from cross product nonlinear terms H,, (-) corresponding to
the second part in the right side of (2.12), and those from pure output nonlinear terms
H,, (-) corresponding to the last part of (2.12). For clarity, (2.12) can also be written as

Hn(jwh e '7jwn) = (Hnu<') + Hnuy(') + Hny('))/Ln(j(a)l +- wn)) (229>

Equation (2.29) shows clearly that different categories of nonlinearities produce
different contribution to the system GFRFs. Hence, when deriving the GFRFs of a
nonlinear system, what can be done is to combine the different contributions from
different nonlinearities without directly using the probing method. This property
can be used for the derivation of the GFRFs for (2.28a,b).

To this aim, (2.28a,b) can be regarded as a system of one input u(t) and two
outputs x(t) and y(t). Therefore, there are two sets of GFRFs for (2.28a,b)
corresponding to the two input-output relationships between the input u(t) and
two outputs x(t) and y(t) respectively. Considering the GFRFs from input u(t) to
output x(t), there are three categories of nonlinearities as mentioned before. There-
fore, the nth-order GFRF from input u(t) to output x(t) denoted by H, (jwy, - -,jwy)
can be directly determined which is the same as (2.12-2.17), i.e.,

H,, (]a)ls ajwn) +H;:‘14,\ (jwl’ o '3ja)n> +H,)1C‘ (ja)lv' : "jwn)

Lot +on) (2.30)

H,(jwr, - jon) =

K
where, L, (j(w1 + -+ w,)) Z o(k1)exp(—j(w1 + -+ wn)k1)

K
H) (jor,-jon) = > Conlki,- - kn)exp(—j(@iki + - + w,ky)) (2.31a)

ki k=0
n—1n—q K
x ( . _ _
Hnm(fa)lf"’fwn) = E Cp,q(klv"'vkarq)
q=1p=1ki,kpiq=

Xexp(_j(wn—q-&-lkp-&-l +--- +Cl)nkp+q))Hn—q,p (]a)l e "jwn—q)

(2.31b)
n K
H) (joi,- - jo,) = Cpolki, o kp)Hyp(jor, - -, joon) (2.31c)
p=2 ki, k,=0
n—p+1

Hn,p(jwh e 'vjwn) = Z H}x(jwla t .’jwl‘)Hﬂ*i,p*I(‘iwl'JFl? t "jwn)
i=1

xexp(—j(wi + -+ + wi)ky) (2.31d)
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H, 1 (jor, - - -, jon) = Hy (jor, - - -, jo,)exp(—j(or + - - 4 w,)ky) (2.31e)

Similarly, consider the GFRFs from input u(t) to output y(t). There are also three
categories of nonlinearities in terms of input u(t) and output x(t) (similar to those
from input u(t) to output x(t)), and there is one linear output y(t). Note that there are
no nonlinearities in terms of y(t), and all the nonlinearities come from input u(t) and
output x(t). For this reason, the GFRFs from u(t) to y(t) are dependent on the GFRFs
from u(t) to x(t). Therefore, in this case the nth-order GFRF from input u(t) to
output y(t) denoted by K (jw;,- - -,jw,) is,

H,{(jwl, c 'vjwn) - H,),/“ (ja)ls t "jwn) +Hy)1/m, (jwh c 'vjwn)

+H,, (jor, - jon) (2.32)

where the corresponding terms in (2.32) are

K
Hnyu (ja)l, o ';jwn) = Z EO,n(kh o '7kn)exp(_j(wlk1 + -+ wnkn)) (233&)

ki, k,=0
n—1n—q K
Y (7 e g, — -
H;) (jor,-sjon) = Z Cpaq (ks eskpg)
q=1 p=1ki,kp:,=0

><exp(_J'(a)n—q-&-lkp-&-l +- a)nkp+q))Hn—q,p (JCO] 5t ',j(un_q)

(2.33b)
n K
H,z\ (ja)l’ o "jwn) = Z Z Ep,O(kla B kp)Hn,p(jwls o "jwn) (233C)
p=1 ki, k,=0

Note that p is counted from 1 in (2.33c), different from (2.31c) where p is counted
from 2, and H,, ,(jw;,- - -,jw,) in (2.33b, ¢) is the same as that in (2.31b—d) because
the nonlinearities in (2.28b) have no relationship with y(t) but x(t). The results here
are developed in a very straightforward manner and provide a concise analytical
expression for the GFRFs of the system in (2.28a,b).

Similar results can be obtained for the following SIDO NDE system

Ml m K V4 k m k
_ d"ix(t) du(t)
Z Z Cp,m—p(kla ) km)H PTz H a5 =0 (2.34a)

m=1 p=0 k1 kn=0 i1 i=pt1
M, m K )4 k; m ki
~ d"ix(t) d“u(r)
5" 3 st k[T T 240y
m=1 p=0 k1, kn=0 i=1 i=p+1

where x(t), y(t), u(t) € R. System (2.34a,b) has similar notations and structure
as system (2.28a,b). It can be regarded as an NDE model with two outputs x(t) and
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y(t), and one input u(t). Hence, following the same idea, the GFRFs for the
relationship from u(t) to y(t) are given as

H,{(jwh . '9ja)n) - Hy),]“ (ja)ls o '9jwn) +Hy),/m (]CO], 9ja)n)

+H (jor, -, jon) (2.35)

where

K
nl, (ja)l’ ’jwﬂ) = Z EO,n(kl» o n)(ja)]) (]wn) (236&)

kiy ky=0

K
n,,\(jwh o) = Z gp,q(klv""kpw)

X (jwn—q+1)kp+l - (joon) " Ho g (jons s jwn—g) (2.36b)

=
=

H), (jou, -, jon) = Z Cpo(ki, o kp) Hypljor, - -, o) (2.36¢)

n—p+1

H, (") Z H} (jor, - jwi)Hy—ip-1(jwis1, - jwn) (jor + - +Jw,)k’ (2.36d)
i=1

Hy o (jor1, - jo,) = H (jor, - - jon) (jor + - + jo,)" (2.36¢)

where H;(jw,, - -,jw,) is the nth-order GFRF from u(t) to x(t), which is the same as
that given in (2.19 or 2.26, 2.25, 2.20-2.23).

Example 2.1 Consider the following nonlinear system,

mx(t —2) + apx(t — 1) + apx®(t — 1) + a3 (t — 1) + kx(t) = u(z) (2.37)
y(t) = aix(t — 1) + apx®(t — 1) + azx>(t — 1) + kx(2) '
which can be written into the form of model (2.28a,b) with parameters K=2,
51'0(2) = *m/k,El’()(l) = *al/k, 52,0(11) = 702//{,53!0(111) = *ag/k,E()’l(O) = l/k
c10(l) = a1, c2,0(11) = az,¢3,0(111) = a3,¢1,0(0) =k, and all the other para-
meters are zero. The GFRFs can be computed according to (2.12-2.16). For
example,

Hy (jo) = ZCQ] Jexp(—jwiki) = Co,1(0) = 1/k, H{ (jor) =0

Because there are no input nonlinearities and cross nonlinearities, thus
H" (joy, - - -, jw,) = 0 and Hg'u(/'wl, -+, jw,) = 0 for n>1
H, " (jwr, -, jw,) =0 and H) (jor, - -+, jw,) = 0 for all n
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Regarding the output nonlinear terms,

H*\(]wl) = 0
2 2
H (jor,joy) = > Y polki, - ky)Hap(jor, jor)
p=2ki,ky=1

2
Z o(ky, k2)Ho o (jwn, jor)

F

2
= Y Spolki,ko)H{ (jor)Hy i (jon)exp(—joik2)
kis k=1

2

= Y ok, ko)Hi (jo)H; (jon)exp(—jwki Jexp(—jwiks)
kiykp=1

= —ZH{ (jo)H{ (jor)exp(—jwa)exp(—jo: )

2
Hi(ja)l ch 0 k1 Hl 1(/6()1 ZZ] 0 kl)H’f(ja)l)eXp(—ja)lkl)
= alH "(jw)exp(—jor ) —|—kH “(jwr)

2 2
Hj (jou,jwn) = Z Z Cpo (k- kp)Ha p(joor, jn)

p=1ky,ky=

2 ' 2

Z o(k1)Ha,1(joor, jwr) + Z C2,0(k1, k2)Ha 2 (joor, jar)
=0 ks kp=0

2

= ) _crolki)H; (jor, jon)exp(—j(wr + w2)ky)
k1=0
2

+ > Caolki, ko) Hi (joor )Hi (joo )exp(—jaaky Jexp(—jmrkz)

ki k2=0

= kH;(]wl ,j(ﬂz) + alH“z"(ja)l ,ja)z)exp(—j(wl —+ 0)2)/(1)
+ axH{ (jo1 ) Hy (jws)exp(—jw2 )exp(—jw:)

Note that
2
Lo(ilw) + -+ w,)) = Z c10(ki)exp(—j(wi +- -+ w,)ki)
k=1

=1 +—exp(—j(a)1 + 4 wn)) +%exp(—j2(a)1 +-twy))

Hence, by following similar process as above, the GFRFs for x(t) and y(t) can all be
computed recursively up to any high orders. For example,
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HY (o) = Hy (jor) + H{ (jor) + H{ (jor) _ 1/k
! Ly (jwr) 1 + 4@ exp(—jw;) + Zexp(—j2m;)
oo H; (jou, jo2) + Hy, (jor,jw:) + Hj (jor,jor)
Hj(joy, jo,) = . -

Ly(j(@1 + @2))

= —PH; (jo ), (jor2 )exp(—jan)exp(—jon)
1 +%exp(—j(a)1 + @2)) +%CXP(_j2(w1 +2))
H{(jo1) = Hj (jor) +H] (jo1) + H{ (joi) = k + a H{ (jo,)exp(—jo)
H; (joi,joy) = Hy (jor,jwr) +Hy (jor,jwr) +H; (jo,jor)

= a1H; (jw1,joa)exp(—j(w1 + @2)) + axH{ (jor )
xH{ (jar, )exp(—jwa)exp(—jwr)

It can be verified that the first order GFRFs are the frequency response functions in
z-space of the linear parts of model (2.37).

Example 2.2 Consider a nonlinear mechanical system shown in Fig. 2.1.

The output property of the spring satisfies A =kx, the damper F =a,i+a3x%", and
the active unit is described by F :az)'cz. u(t) is the external input force. Therefore,
the system dynamics is

mi = —kx — a\% — apx® — a3 + u(t) (2.38a)

with the transmitted force measured on the base as the output
y(t) = arx + apx? + azi® + kx(r) (2.38b)
It can be seen that the continuous time model (2.38a,b) is similar in structure to the
discrete time model (2.37) in Example 2.1. Therefore, similar results regarding the

frequency response functions as demonstrated in Examples 2.1 for the discrete time
model (2.37) can be obtained readily for system (2.38a,b).
l u(t)

m ‘

A Act'ive B l l X(t)
unit
Fig. 2.1 A mechanical

system
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2.4 The Frequency Response Functions for Block-Oriented
Nonlinear Systems

Block-oriented nonlinear systems such as Hammerstein and Wiener models are
composed by a cascade combination of a linear dynamic model and a static
(memoryless) nonlinear function. Theoretically, any nonlinear systems which
have a Volterra expansion can be represented by a finite sum of Wiener models
with sufficient accuracy (Korenberg 1982; Boyd and Chua 1985). The Wiener
model is shown to be a reasonable model for many chemical and biological
processes (Zhu 1999; Kalafatis et al. 1995; Hunter and Korenberg 1986). The
magneto-rheological (MR) damping systems can also be well approximated by a
Hammerstein model (Huang et al. 1998). Applications of these block-oriented
models can be found in many areas such as mechanical systems (Huang
et al. 1998), control systems (Bloemen et al. 2001), communication systems
(Wang et al. 2010), chemical processes (Kalafatis et al. 1995), and biological
systems (Hunter and Korenberg 1986).

Frequently-used block-oriented nonlinear models include Wiener model, Ham-
merstein model and Wiener-Hammerstein model etc. This section establishes
frequency response functions for these nonlinear models under assumption that
the nonlinear part allows a polynomial approximation as given in (2.7), which is
then extended to a more general case.

2.4.1 Frequency Response Functions of Wiener Systems

The GFRFs and nonlinear output spectrum are developed for Wiener systems
firstly, and then extended to other models. Consider the Wiener model given by

u(r) = g°r(r) and y(r) = f(u(r)) (2.39a,b)
where “°” represents the convolution operator, g(¢) is the impulse response of the
linear part, and f{u(?)) is the static nonlinear part of the system. The linear part is
defined as a stable SISO system, which can be described by parametric FIR/IIR
models or nonparametric models (See Fig. 2.2).

Note that the GFRFs for (2.39b) are given in (2.8). Equation (2.39a) can be

written as
r(t)=>| 2() |=>|”(’) S =" @

Fig. 2.2 The Wiener model, where g(¢f) denotes the linear part and f[] represents the static
nonlinear function, both of which could be parametric or nonparametric (Jing 2011)
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U(jw) = G(jw)R(jw)

where U(jw), G(jw) and R(jw) are the corresponding Fourier transforms of u(?), g(f)
and () respectively. Using (2.3-2.4), the nth-order output spectrum of (2.39a,b)
can be obtained as

. 1 > > . :
Yn(jw) :W CnUn(]wls'"s.]a)nfl)dwl"'dwnfl
- 1 -0
n—
1 (o) loe] n
= — e C‘nH(G(/wi)R(/wi))dwl' dw,_
(27) —x —, =1
—————
n—1
l o0 (o e] n n
== (2 )n—l J . J (CnHG(]a),)> HR(]a),)dwl . ~dw,,,1
4 — < i=1 i=1

_ (2;;n—l rooc . .Jm <:1G(jwi)> lljR(ja)i)dwl. ~dw,_1

(2.40)

where w,=w—w;—- - -—w, _;. Comparing the structure of (2.40) with (2.3) gives
Hn(jwla""jwn) = CHHG(/.a)i) (241)
i=1

With the GFRFs given by (2.41), the output spectrum of Wiener system (2.39a,b)
can therefore be computed under any input signal with spectrum R(jw) based on

(2.3) and (2.41) as,
Cn (o) (o)
Yn / _— - e
Ue) = gy J . J

(hGUwi)RUwi)> Glj(@ = w1 =+ = w,1))

xR(j(a) -y — = wn,l))da)l- . 'da)n,1

Let I(jw,)=G(jw)R(jw;), then Y,(jw;)=c II(jw;), which represents the linear
dynamics of the Wiener system. The equation above can be further written as
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Y, (jo) = @;T\J;.\,_J; (ﬁn(@ﬁ)

n—1

O(j(w—w; — - — wy—1))dw; - - -dw,— (2.42)

It can be seen that the nth-order nonlinear output spectrum of Wiener model (2.39a,
b) is completely dependent on the frequency response of system linear part. Given
the frequency response of the linear part (which can be nonparametric), higher
order output spectra can be computed immediately. On the other hand, given higher
order output spectra, the linear part of the system could also be estimated conse-
quently. These will be discussed later. The overall output spectrum is a combination
of all different order output spectra. Clearly, the nonlinear frequency response
functions obtained above can provide an effective insight into the analytical
analysis and design of Wiener systems in the frequency domain. Note that the
magnitude bound of system output spectrum often provides a useful insight into
system dynamics at different frequencies and also into the relationship between
frequency response functions and model parameters (Jing et al. 2007a, 2008b, d).
With the GFRFs developed above, the bound characteristics of the output spectrum
of Wiener system (2.39a,b) can be investigated readily. It is known that output
frequencies of nonlinear systems are always more complicated than linear systems
including sub- or super-harmonics and inter-modulations (Jing et al. 2010). The
GFRFs and output spectrum above could also shed light on the analysis of output
frequency characteristics of Wiener-type nonlinear systems.

2.4.2 The GFRFs of Wiener-Hammerstein or Hammerstein
Systems

The Wiener-Hammerstein model can be described by
u(t) = g°r(t); x(1) = f(u(r)) and y(t) = p°x(z) (2.43a,b,¢)

where p and g denote the linear parts following and preceding nonlinear function
fC) (See Fig. 2.3).

Consider the subsystem from r(¢) to x(¢), which is the Wiener model in (2.39a,b).
According to (2.40-2.41), the nth-order output spectrum of this subsystem is

OF e0 B sy %[ () ]=>y ®

Fig. 2.3 The Wiener-Hammerstein model, where g(f) and p(¢) denote the linear parts and f{*)
represents the static nonlinear function, g-f is actually a Wiener sub-system and f-p is a Hammer-
stein sub-system (Jing 2011)




26 2 The Generalized Frequency Response Functions and Output Spectrum of. . .

Xn(jw)_(Zﬂ,')rHI Jioc Jioc ( nl];[lG(] 1)>HRO l)d 1 d n—1

n—1
where w,=®—w;—- - - —w, _1. Then the nth-order output spectrum of (2.43a—c) is

Y, (jo) =X, (jo)P(jo)

—00 1 i=1

(275)’[71 —o0, \i=

n—1

where P(jw) is the Fourier transform of p(t). Therefore, the nth-order GFRF for
(2.43a—) is

H,(joi, - jw,) = c,,P(/'a))H G(jw;) (2.45a)
i=1
Noting that w=w;+: - -+, in (2.45a), the equation above can be written as
Hy(jor, - jwn) = caP(jor + - + jo,) | [ Gliwr) (2.45b)
i=1

Using (2.45b) and noting the Hammerstein model is only a special case (g(f)=1) of
the Wiener-Hammerstein model, the GFRFs of Hammerstein systems can be
obtained immediately as

H,(jw1,- - jw,) = c,P(jo; + - + jw,) (2.46)

Note that, the GFRFs and output spectrum of block-oriented nonlinear systems are
derived by employing the structure property of the nonlinear output spectrum
defined in (2.3) and the structure information of block-oriented models. The
resulting frequency response functions are expressed into analytical functions of
model parameters, which are not restricted to a specific input but allow any form of
input signals. However, many existing frequency-domain results for nonlinear
analysis require a specific sinusoidal input signal (Alleyne and Hedrick 1995;
Gelb and Velde 1968; Nuij et al. 2006; Schmidt and Tondl 1986; Huang
et al. 1998; Baumgartner and Rugh 1975; Krzyzak 1996; Crama and Schoukens
2001; Bai 2003). In the GFRFs, the relationships among the output spectrum, the
GFRFs, the system nonlinear parameters, and also the linear dynamics of the
system are demonstrated clearly. With these frequency response functions, bound
characteristics of the output spectrum and output frequency characteristics etc can
all be studied by following the methods in Jing et al. (2006, 2007a, 2008b, d, 2010).
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2.4.3 Extension to a More General Polynomial Case

The static nonlinear function of block-oriented models discussed above is only a
univariate polynomial function. A more general case is studied in this section. Since
both the Wiener and Hammerstein models are special cases, consider the following
Wiener-Hammerstein model,

u(t) = g°r(t); x(¢t) = f(u(t),r(r)) and y(¢) = p°x(t) (2.47a,b,¢)

where the nonlinear function is defined as a more general multivariate polynomial
function as

M m K )4 k,-u m k’}"
) =333 gl k) [[SAO T 10 aa)

m=1 p=0 ki , k=0 i=1 i=p+1

where M is the maximum nonlinear degree of the polynomial, K is the maximum

order of the derivative and ¢, ,,_,(k,---,k,,) is the coefficient of a term
Podbiu(r) 5 dhir(e
(x) (¥ in the polynomial.
L1 g 1 dtki
i=1 i=p+1

Obviously, the univariate polynomial function in (2.7) is only a special case of
the general form (2.47d). That is, if letting ¢, (0, - - -,0) = ¢, for p=1,2,. .. and the
S —

p
other coefficients in (2.47d) are zero, then (2.47d) will become (2.7). Obviously,

(2.47a—d) can represent a wider class of nonlinear systems. For example, if (2.47d)
is of sufficiently high degree and includes all possible linear and nonlinear combi-
nations of input u(¢) and its derivatives of sufficiently high orders, it will be an
equivalent nonlinear IIR model of the Volterra-type nonlinear systems (Kotsios
1997). The following results can be obtained.

Proposition 2.1 The nth-order GFRF of Wiener-Hammerstein system (2.47a—d) is
given by

H11(ia)l, o "ja)n) = P(]U)l + - +jwﬂ)(H”r (iwl’ a ',ja)n)

+H,, (jor, -+, jon) + H,, (jor, - -, jo,)) (2.48)

Similarly, for Wiener systems with a general polynomial function (2.47d) it is given
by

Hn(jwl 5"t '7jwn) :Hn,v(jw] [ '»jwn) +Hn,v,, (jwl [ 'ajwn) +Hnl, (jwl [ '7jw;1) (249)

and for Hammerstein systems with a general polynomial function (2.47d) it is
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Hy(jor, -+ jon) = Pljor + - - + jon)Hy, (jor, - -, jon) (2.50)

where H,, (joi, - -, jo,), Hy, (jo1, -, jo,) and H,, (joi,- - -, jo,) are given by

K

Hy, (jor, - jon) = Y conlkn, - ka)(or) - (o) (2.51a)

ki, k=0

n—1 n—q K

Hn,v,, (ja)l Lo .’jw”) — Z Z Z Cp,q(kh ey kp+q) (ja)}’l—q+l)kﬁ+l .. .(jwn)k/Hq

g=1 p=1 ki, ky14=0

XHy—q.p (jo1, - jon—q) (2.51b)
n K
Hll,,(ja)17"'7jwn) = Z Z cp,0<kla"'7kp)Hn,p(ia)l""’jwn) (251C)
p=1 ki, k,=0

Hyp(-) = Gljw1)Hy 1 p1 (jon, - - joon) (jan )" (2.51d)

. o Gjw) (o) n=1

H, L j0,) = 2.51

1l jeon) {0 else ( ¢)

Proof See Sect. 2.6.

Since (2.39b) is a special case of (2.47d) (¢, 0(0,- - -,0)=c,, and the others zero in
(2.47d)), the nth-order GFRF in (2.41) for Wiener model (2.39a,b) can be shown to
be a special case of (2.51a—e). That is, only the parameter ¢, ¢(0, - --,0) = ¢, is not

e —

zero and the others are zero in (2.51a—¢). Therefore,

Hn(jwl [ 'ajwn) :Hn,. (jwla o '5,1.0)11) +Hnm (iwla o ‘»jwn) +Hn,4 (jwla o ‘»jwn) (2523)

H,, (jor, - -,ja),,) =0, H,, (jwl» <o jo,) =0 (2.52b7 C)

H,, (jou, - - jon) = cn0(0,- -, 0)H, n(jor, - -, jon) (2.524d)
Hy () = Gljw) ) Hy1 1 (jo, - -, jaoy ) (jan )°

= G(jw1)G(jwy) - -G(jwn—1)H1, 1 (jon) (2.52¢)

Hy,1(jo,) = G(jw,) (2.52f)

The nth-order GFRF for (2.39a,b) can now be obtained from (2.52a—f) which is
exactly (2.41).

Although the nonlinear frequency response functions above are all developed for
continuous time system models, it would be easy to extend them to discrete time
systems. In this section, analytical frequency response functions including gener-
alized frequency response functions (GFRFs) and nonlinear output spectrum of
block-oriented nonlinear systems are developed, which can demonstrate clearly the
relationship between frequency response functions and model parameters, and also
the dependence of frequency response functions on the linear part of the model. The
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nonlinear part of these models can be a more general multivariate polynomial
function. These fundamental results provide a significant insight into the analysis
and design of block-oriented nonlinear systems. Effective algorithms can also be
developed for the estimation of nonlinear output spectrum and for parametric or
nonparametric identification of nonlinear systems, which can be referred to
Jing (2011).

2.5 Conclusions

The computation of the GFRFs and/or output spectrum for a given nonlinear system
described by NARX, NDE or Block-oriented models is a fundamental task for
nonlinear analysis in the frequency domain. This chapter summarizes the results for
the computation of the GFRFs and output spectrum for several frequently-used
parametric models, and shows that the GFRFs are the explicit functions of model
parameters (of different nonlinear degrees), which can be regarded as an important
extension of the transfer function concept of linear systems to the nonlinear case.

2.6 Proof of Proposition 2.1

As the Wiener system is a sub-system of the Wiener-Hammerstein system in
(2.47a—d), the GFRFs for the sub-Wiener system can be derived firstly and then it
will be easily extended to the other block-oriented models as demonstrated in
Sect. 2.41-2.42. To derive the GFRFs for Wiener systems with the general poly-
nomial function (2.47d), i.e.,

u(t) =g°r(t) and y(t) =f(u(t),r(1)) (A1, A2)
M m K p dkiu m dkil‘
;p: kl’z:: cpmp(ki, - .,km)j:l dﬂgt)ip+1 d,k(,-t> (A3)

the model can be regarded as a nonlinear differential equation model with two
outputs u(¢) and y(#), and one input (¢). Note that the frequency response function
from the input r(#) to the intermediate output u(¢) is the Fourier transform of the
impulse response function g(t), i.e., G(jw), which is a linear dynamics; while the
frequency responses from the input r(¢f) to the output y(f) involve nonlinear
dynamics. The latter are the GFRFs to be derived. The terms in the polynomial
function f(u(#),r(¢)) can be categorized into three groups, i.e., pure input terms

o drir(t L dhiu(t
CO,m(k1>"'7km)H T() pure output terms CP,O(kb'"»kp)H dﬂi ),

i=1 i=1

and
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) 2o dbiu(n) & dbir(r)
input-output cross terms ¢, ,—p(ki,- -, km)g o ,-:,,111 o

Therefore, by applying the probing method, each group of terms corresponds to a
specific form of contributions to the nth-order GFRF of Wiener system (A1-A3),

which can be written as

(O<p<m).

Hn(ja)ls te "jwn) — Hn,. (ja)h te '»jwn) + Hn,-“ (jwl, o ',jwn)
+H,, (jeor, - - -, jan) (A4)

where H,, (jo1, - - -, jw,) represents the contribution from the pure input terms and
similar notations are used for the other terms. This is a special case of the system
studied in Sect. 2.3 or Jing et al. (2008c¢). Therefore following the method there, the
equations in (2.51a—e) can be obtained.

Similarly, the corresponding GFRFs for the Hammerstein model and Wiener-
Hammerstein model with the general polynomial function defined in (2.47d) can be
derived respectively. Note that only input nonlinearity is involved in the Hammer-
stein model. The extended polynomial function for the Hammerstein model can be
written as

M K m dk,-r(t)
() =f0 @) =" > comlbkr k) [[ =2 (A5)
m=1 ky, k=0 i=1

Following the same line, the nth-order GFRF for the extended Hammerstein model
is given by

H/i(ia)l,"',jwn):P(iw1+"'+jw11) Z CO,n(klv'"akn)(iwl)kl"'(iwn)kn (A6)
kiyk,=0

The nth-order GFRF for the Wiener-Hammerstein model (2.47a—d) can be obtained
as

Hn(jwl’ . "jwn) - P(]wl + - +jwn)(Hn,. (jwl’ t "jwn)

HHy, (jor, s jon) + Hy,(jr, - - jon)) (A7)

where H, (joi,- - jo,), Hy, (joi,- - jo,) and H, (joi,-- - jo,) are given by
(2.51a—e). This completes the proof. m
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