Chapter 2
Preliminaries

Summary. This chapter contains definitions and auxiliary results related to various notions of nowhere
differentiability. In particular, in § 2.3, we present a proof of the famous Denjoy—Young—Saks theorem, which

may permit the reader to understand better the sense of nowhere differentiability.

2.1 Derivatives

Let I C R be an arbitrary interval containing at least two distinct points.
Definition 2.1.1. For a function ¢ : I — C, set
—p(t
Ap(t,u) == M7 t,buel, t#u.
0w —

Recall that ¢ has a (finite) derivative ¢'(t) at a point ¢ € I if the limit

O'(t) == lim Ap(t,u)

ISu—t
exists and is finite. In the case ¢ : I — R, we may also consider an infinite derivative ¢ (t)
if the limit
O'(t) == lim Ap(t,u)
ISu—t

exists but is infinite, i.e., ¢/(t) € {—o0, +00}.
Remark 2.1.2. If ¢ : I — C, then

U — t t— U1
Ap(ur,ug) = ———Ap(t, uz) + ——— Ap(t, u1),
U2 — U1 U2 — Uy
tyug,ug € I, up <t < us.
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Consequently:

(a) If a finite derivative ¢'(t) exists at an interior point ¢ € int I, then

()= lim  Ap(ur,us);
uy,u2—1t
up <t<usg

note that this fact was already known to T.J. Stieltjes (cf. [Stil4]).
(b) If ¢ : I — R, then

min{Ap(t, uz), Ap(t,u1)} < Ap(ur, uz) <max{Ap(t, uz), Ap(t, u1)},
t,u, U2 € I, u <t < usg.

In particular, if an infinite derivative ¢’(¢) exists at an interior point ¢ € int I, then

/ _ .
¢(t) = lim  Ap(ur,us).
wy <t<ug

Definition 2.1.3. Let ¢ : I — C, t € I. We say that ¢ has a finite right- (resp. left-) sided
derivative ', (t) (resp. ¢’ (t)) at t if the limit

¢ () := lim Ap(t,u) = lim Ap(t,u)

ISu—t ISu—t+
u>t

(o052 i, Act0)= i)
u<t

exists and is finite. In the case ¢ : I — R, we allow infinite one-sided derivatives ', (t) €
{—00, +00}. Notice that:
e ift € I is the right endpoint of the interval, then ¢/ () is not defined and ¢’ (t) = ¢'(t);
e if ¢ € I is the left endpoint of the interval, then ¢’ () is not defined and ¢', (t) = ¢'(t).
One-sided derivatives are also called unilateral derivatives.

Remark 2.1.4. Let ¢ : I — C.
a) If a finite ¢’ () exists, then for every C' > 0, we have
+

’ - s ron
go+(t)—l oo lim o Ap(uu”).
Su,u =t t<u <u
"
| s |<C

< —u

Indeed, we have p(u) = ¢(t) + ¢/, (t)(u — t) + a(u)(u — t), t < u € I, where
lim, ¢+ a(u) = 0. Hence

p(t) + L (O — 1) + a(u”)(w” — 1)

roonN
Ap(u',u") = T
o(t) + L () (' —t) + a(u) (v —t)
- u’ — !
u’ —t u —t
=\ (t a(w) - —a) — ' (t
)+ ) - o) | ()

t<u’ <u’

/

!
provided %—=% is bounded.

(b) An analogous result may be easily obtained for finite left derivatives.
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(c) Notice that (a) is not true for infinite unilateral derivatives.
For example, let ny = 2, ng41 = n3, k € N. Define ¢ : [O, i] — R, ¢(0) :=0,

1
QO(U) = Fk’ (S {%7 é}7 SD(U) = NE41U, U € [ﬁa "Lii|7 k€ N.
Observe that ¢ is continuous and ¢’ (0) = 4o0. In fact, for v € [n%,, n%], we have
k k

Ap(0,u) = ﬁ > ny. For u € [Wlﬂ’ n%]’ we have Ap(0,u) = ngir.

n
A N /
Take u), := nd> Uk 1=

1
-
T

. Then Ay(u},u}) =0 and w0 <9

77 7>
Up — U

(d) A finite derivative ¢'(t) exists at an interior point ¢ € int I iff

Ves0 Jo50 V t—s<as<t<b,<t+s :|Ap(ar,b1) — Ap(agz, bs)| < €.
a;,b; €1, a;<b;, 1=1,2

Indeed, if the above condition is satisfied, then taking a1 = ay =t (resp. by = by =t), we

conclude that a finite one-sided derivative ¢/, (t) (resp. ¢’ (t)) exists. Taking a; = by = t,
we get ¢/, (t) = ¢’_(t). Conversely, if ¢'(t) € R exists, then we use Remark 2.1.2(a).

We will use also the following more general derivatives, introduced, e.g., by U. Dini in
[Din92].

Definition 2.1.5. Let ¢ : I — R, ¢t € I. The lower (resp. upper) right Dini derivative
Dy p(t) (vesp. DT o(t)) of ¢ at ¢ is defined as

Dio(t) := gﬂfii Ap(t,u) R

(resp. DT p(t) == }im ng Ap(t,u) € @).
Su—r

Analogously, the lower (resp. upper) left Dini derivative D_(t) (resp. D~ ¢(t)) of ¢ at t is
defined as

D_op(t) := Iliminf Ap(t,u) € R

Su—t—
(resp. D7 (t) := }im sup Ap(t,u) € K).
Su—rt—

Similarly to the above, DV p(t) and Dy¢(t) (resp. D™ ¢(t) and D_¢(t)) are not defined if
t € I is the right (resp. left) endpoint of the interval.

Remark 2.1.6. (a) ¢/ (t) exists iff DTp(t) = Dyo(t); ¢ (t) exists iff D™¢(t) = D_op(t).
(b) D= =—-D_(=¢), D1p=—-D"(-¢p).
(¢) D=(t) = —Dyp(—t), D_p(t) = —DFp(—t), where p(t) := p(—t) (provided that —I =
I).

Remark 2.1.7. If ¢ : I — R is continuous, then the functions D%y, D ¢, D™y, D_yp are
Borel measurable.

We will prove that D% is Borel measurable (the remaining cases are left to the reader as
an EXERCISE). We may assume that the right endpoint of I does not belong to I. It suffices
to show that for every C' € R, the set Ac := {t € I : Dt p(t) < C'} is Borel measurable. Fix

a C €R. Let N € N be such that I,, ;== {t € I : t+ 2 € I} # @ for n > N. Now we need only
observe that in view of the continuity of ¢, we have
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Ac= | N {te]n:wgC—%}.

neNn, keN heQn(0,1)

Notice that the result remains true for arbitrary Borel-measurable functions ¢ : I — R
(cf. [Ban22)).

2.2 Families of Continuous Nowhere Differentiable Functions

Recall that our principal aim is to discuss continuous nowhere differentiable functions. To sim-
plify notation related to nowhere differentiability, we define the following classes of continuous
nowhere differentiable functions.

— ND(I) := the set of all ¢ € C(I,C) that are nowhere differentiable in the finite sense;

— ND>(I) := the set of all ¢ € C(I) that are nowhere differentiable in the finite or infinite
sense;

— ND_(I) := the set of all ¢ € C(I,C) such that for every t € I, there is neither a finite
right nor a finite left derivative at ¢;

— ND(I) = B(I) := the set of all Besicovitch functions, i.e., the set of all ¢ € C(I) such
that for every t € I, there is neither a finite or infinite right nor a finite or infinite left
derivative at ¢ (cf. § 7.5);

— M(I) := the set of all Morse functions, i.e., the set of all ¢ € C(I) such that

max{|D T (t)], |[D1p(t)|} = max{|D”¢(t)], |[D-p(t)|} = +oo, te;

we skip the left (resp. right) max{...} if ¢ is the right (resp. left) endpoint of the interval;
- BM(I) = B(I) N M(I) := the set of all Besicovitch-Morse functions (cf. § 11.1).

Notice that

BM(I) € M(I) € ND(I) ¢ ND(I),
BM(I) € B(I) = NDT(I) € ND>¥(I).

Remark 2.2.1. Observe that if I is an open interval, then there exists a real-analytic in-
creasing diffeomorphism ¢ : R — I. In particular, if a continuous function ¢ : I — C
belongs to one of the above classes of nowhere differentiable functions on I, then the function
o o belongs to the corresponding class on R.

The above remark permits us to transport many results from I to R and vice versa.

2.3 The Denjoy—Young—Saks Theorem

The following result may give some feelings for the general behavior of functions with respect
to their differentiability. On a first reading, the reader may skip the proof.

Theorem 2.3.1 (Denjoy—Young-Saks). Let I C R be an arbitrary nontrivial interval. Let
f I — R. Then there exists a set E C I of Lebesque measure zero such that for every
x €I\ E, either

e a finite f'(x) exists, or

e Dtf(x)=D_f(x) €R and D;f(z) = —c0, D™ f(z) = 400, or
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e D f(z)=Dyf(x) €R and DT f(x) = +o00, D_f(x) = —o0, or
e D f(z)=D"f(x) =400 and D_f(z) = D, f(z) = —o0.

Remark 2.3.2. Symbolically, for € I \ E we have the following four possibilities:

“+00 “+00 —+00[|4+00

* [k * * * *

—00 —0Q

—O0|—00

If f is continuous, the result was first proved by A. Denjoy in [Denl5]. The case in which

f is measurable was solved by G.C. Young in [Youl6b]. Finally, the general case was proved
by S. Saks in [Sak24]. Our elementary proof is due to E.H. Hanson [Han34].

Corollary 2.3.3. Let f: I — R, f € ND(I). Then at almost all points of I, the function
f has no one-sided (finite or infinite) derivatives.

The following two classical results from measure theory will be important for the proof.

Theorem 2.3.4 (Vitali Covering Theorem; Cf. [KK96], Theorem 0.3.2). Let S C R be
bounded and let F be a family of bounded closed intervals, none consisting of a single point,
such that for every x € S and € > 0, there exists a P € F such that x € P and diam(P) < ¢.
Then there exists an at most countable subfamily F° C F, consisting of pairwise disjoint

intervals, such that
c(s\ U P)=o
PeFO

where L denotes the Lebesgue measure on R.

Theorem 2.3.5 (Lebesgue Density Theorem; Cf. [KK96], Theorem 2.2.1). Let A C R. Then
for almost all x € A and for every sequence (Ps)S2, of bounded intervals with x € Ps and
0 < diam(P;) — 0, we have

. L*(ANPs)

lim ——— =

s—otoo  L(Ps) ’

where L* stands for the outer Lebesgue measure on R.

Proof of Theorem 2.3.1. Using Remark 2.2.1, we may assume that I = R.

Step 1°. It suffices to prove that there exists a zero-measure set Ey = Eo(f) such that for
every x € R\ Ey, either

e DTf(z)=D_f(z) €R,or

e DTf(z)=+o00and D_f(z) = —o0.

Indeed, then we put E := Eo(f) U Eo(—f).

Step 2°. The main idea of the proof is to show that:

(a) the set By :={z € R: DT f(z) = 400, D_f(x) # —oo} is of measure zero,

(b) the set By :={z € R: D_f(x) = —oo, D f(x) # 400} is of measure zero,

(c) theset B3 :={x € R: D" f(x) < D_f(x) or D™ f(x) < D, f(x)} is at most countable,
(d) the set By :={x € R: D" f(x), D_f(z) € R, D" f(x) # D_f(x)} is of measure zero.

Observe that (b) follows from (a) applied to the function —f.

Suppose for a moment that the above properties are already proven. Put Ey := E1 U Ey U
E3UE, and fix an x € R\ Ey. By (d), we need to check only that if D f(x) or D_ f(z) is
infinite, then D% f(z) = +o0o and D_ f(x) = —oo. The configurations from (a) and (b) are
excluded. Thus, their remains the case DT f(x) = —oo (resp. D_ f(x) = +0), but then, in
view of (c), D_f(z) = —oo (resp. DV f(z) = +00), which contradicts (b) (resp. (a)).
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Step 3°. Proof of (a).
We have
E, = LJ Aﬂnu
reQ, neN

where
Ay = {z €R: DT f(x) = +00, Vyre(po1 4 0 Af(w,2) > 71}

We need to prove only that each set A, ,, is of measure zero. Fix r, n € N, and b € A, ,,. Let
a € Rbesuchthat 0 <b—a < % Put S := A, N (a,b). Take an arbitrary ¢ € R and let

Fe:=A{lp,dl : ¢>p, [p,q) C (a,b), p€ S, Af(p,q) >t}

It is clear that (S, F;) satisfies the assumptions of the Vitali covering theorem. Thus there
exists an at most countable subfamily F° C F;, consisting of pairwise disjoint intervals, such

that £(S\ Upezo P) = 0. Take Pi,...,Py € FP, P = [pi,qi]. Then (a,b) \ UL, P, =

Ujl\/il(aj7ﬁj), where the intervals (a1, 1), ..., (aam, Bar) are pairwise disjoint and §; € A, ,,

j=1,..., M. In particular, Af(a;, ;) > r. Consequently,

M N
F() = fla) =3 _(F(3)) = fleg)) + D _(f(as) = f(pi)
M " N . N
> rZ(ﬂ] — ;) —l—tZ(qi —pi)=(t—7)Y_ LP)+r(b—a)

Thus

Observe that

Yoopy=c( | P)=cL(9).

PeFp PeFp

Consequently, for ¢ > r, we get
f(b) = fla) = (&t =7)L°(S) +r(b—a).

Letting t — 400, we conclude that £*(S) = L(A,,, N (a,b)) = 0. Hence, L(A,) =0.

Step 4°. Proof of (c).
It suffices to prove that the set A:={z € R: DT f(z) < D_f(z)} is of measure zero (and
then apply this result to —f). Observe that

A= U Ar,na

reQ, neN

where
Ar = {2 €R Voot 4y wre@art) s Af(x,2") <r < Af(z,2")}.

It is clear that if z,y € A, ,,, then |z —y| > % Consequently, A, ,, is at most countable.
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Step 5°. Proof of (d).

We have
Ey\ B3 = U Ariirara,rans
T1,72,73,74€Q
r1>r2>1r3>14, NEN
where

Aryrprgram = {w ER vy < D_f(x) <713 <712 < DT f() <711,
Vxle(w_%@) : Af(x7x/) > Ty, va:"e(w,w-‘r%) : Af(x)x”) < Tl}-

Fix q > 719 > r3 > rg,n € N, and a,b € Ay 7y gm0 Such that 0 < b —a < % Put

S = A, ryrsram N (a,b). In view of the proof of Step 3° with (r,t) = (r4,72), we get
f(b) = fla) = (r2 = r4) L7(S) +ra(b — a).
Let

F=A{p,ql:q>p, [p.qg C(a,b), g€ S, Af(p,q) <r3}.

It is clear that (S,F) satisfies the assumptions of the Vitali covering theorem. Thus there
exists an at most countable subfamily F° C F, consisting of pairwise disjoint intervals, such

that £°(S\ Upeo P) =0.

Take Py,...,Py € F2, P, = [pi,q;]. Then (a,b) \ Uf\;l P, = Ujle(aj,ﬂj), where the
intervals (a1, 1), ..., (e, Bar) are pairwise disjoint and o € Ay vy rgram, 3 =1,..., M. In
particular, Af(a;,B;) < r1. Consequently,

F0) = fla) < (rs—11) D L(P)+7r1(b—a) < (rs —r1)L(S) + 71 (b — ).

PeF?
Hence
£*(S) L*( Ay ryrsran N [a, b)) r—Ty
= et < 1. 2.3.1
b—a L([a, b]) _Tl—r4+7“2—7“3< ( )

Suppose that £*(Ar, ryrs,r4,n) > 0. Then by the Lebesgue density theorem, there exists a
point b € Ay, r,.ry.r,,n such that

lim L (ATI’T27T37T4,’I’L N [a, b])

lim V(PR =1 (2.3.2)

In particular, in view of (2.3.1), there are no sequences (as)52; C Ay, ry,rs,ran Such that
0<b—as < % and as — b. Thus A, ., ryryn N (b,b— %) = @ for s > 1, which contradicts
(2.3.2). O

2.4 Series of Continuous Functions

Many of the functions discussed in this book will be of the form

o(t) = enlt), tel,
n=0
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where ¢,, : I — C is continuous, n € Ny, and the series is normally convergent, i.e.,

oo

A= Z(sup lon(t)]) < 4o0.

= tel

In particular, such a series is uniformly convergent, and therefore, the function ¢ is continuous.
Obviously, ¢ is bounded and |p(z)| < A, z € I.

Remark 2.4.1. It is well known that if, moreover, each function ¢,, : I — C is differentiable
and the series Ziozo ¢! is uniformly convergent (e.g., normally convergent) in I, then ¢ is
differentiable and ¢'(t) = Y07 ¢l (), t € 1.

2.5 Holder Continuity

Definition 2.5.1. Let a € (0,1]. We say that a continuous function ¢ : I — C is:
e «-Holder continuous at a pointt € I (p € H*(I;t)) if

3e, 650 Vhe(=s.0)n—t) : ot +h) —@(t)] < c|h|*;

Lipschitz at a point t € I if p € FH(I;t);
a-Hélder continuous (¢ € H(I)) if

o0 Viuer : p(u) = @(t)] < Clu —#%;

Lipschitz continuous if ¢ is 1-Holder continuous;
M -Lipschitz at a point t € I (where M > 0) if

Vuer ¢ lp(u) —o(t)] < Mlu —t|.

Remark 2.5.2. (a) Observe that if ¢ : I — C is a bounded continuous function, then ¢ is
a-Holder continuous at ¢ iff

Jeso Vuer @ Jp(u) — o(t)] < cju — t|* (EXERCISE);

in particular, ¢ is 1-Ho6lder continuous at ¢ iff ¢ is M-Lipschitz at ¢ for some M > 0.

(b) If a finite derivative ¢(t) exists, then ¢ is Lipschitz at t.

(¢) Tt is known (cf. [KK96], Theorems 1.2.8, 6.1.5, 6.1.15) that if ¢ : I — C is Lipschitz
continuous, then there exists a zero-measure set S C I such that ¢'(t) exists for all
tel\S.

(d) Assume that I is a bounded closed interval and let Ths denote the set of all ¢ € C(I,C)
such that for every ¢ € I, the function ¢ is not M-Lipschitz at t. Consider C(I,C) as a
metric space endowed with the distance d(¢,v) := max; ¢ — 9|. Then Ty, is open in
C(I,C)! (ExERCISE). Consequently, the set T := Mareg., T of all functions that are
nowhere Lipschitz on I is a Borel set. Observe that T C N'D(I).

I Recall that a pair (X,d) is a metric space if d: X x X — Ry, (d(z,y) = 0 <= z = y), d(z,y) = d(y, z),
and d(z,y) < d(z,z) + d(z,y). A set A C X is called open if for each a € A, there exists an r > 0 such that
{z € X :d(z,a) <r} C A



2.5 Holder Continuity

Definition 2.5.3. For a > 0, we say that a continuous function ¢ : I — C is:
o nowhere a-Hélder continuous (¢ € NH*(I)) if Vier : @ ¢ H*(I;t);
o «-anti-Hoélder continuous if

=) Vte[, §€(0,1) Elhie(o,é) : |<P(t + hi) - ‘P(t” > e
t+hyel

we skip hy (resp. h_) if ¢ is the right (resp. left) endpoint of the interval;
o weakly a-anti-Holder continuous if

Je>0 Vier, 5e(0.1) Ine(=s.5)nI—t) © [t +h) —@(t)| > e0®.
Remark 2.5.4. Let o € (0,1).
(a) If ¢ is a-anti-Holder continuous, then ¢ € M(I) C NDL(I).

17

(b) If ¢ is weakly a-anti-Holder continuous, then ¢ is nowhere 1-Hélder continuous, and hence

v € ND(I).
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