Chapter 5
Stochastic Partial Differential Equations
in Hilbert Spaces

In this chapter we study partial differential equations. It is well known [83] that
finite dimensional partial differential equations lead to infinite-dimensional ordinary
differential equations in the deterministic case involving unbounded operators. The
solutions of these can be studied by semigroup methods. However, one has to dis-
tinguish between classical solutions and so-called mild solutions. In the stochastic
case involving Gaussian noise they are studied in the book [34]. In order to keep
our presentation self-contained, we describe in the next section the basic theory of
semigroups and how it is used in solving deterministic partial differential equations.
This material is taken from [83], where the complete proofs can be found.

5.1 Elements of Semigroup Theory

Let (E, || -llg), (F, |- |lr) be Banach spaces and L(E/ F') be the space of bounded
linear operators from E to F. It is known that L(E/F) is a Banach space, when
equipped with the norm

ITLe/r) = sup [Txllp, T e€L(E/F). (.1.1)

lxle=1

We denote by L(F)= L(F/F) and by Id € L(F) the identity operator.

For T € L(E/F), we recall T* € L(F*, E*) defined by (x, T*y*) = (Tx, y*),
x € E, y* € F*, is the adjoint operator of 7. If E = F = H is a Hilbert space,
the operator 7 is said to be symmetric if 7 = T™*, and is non-negative if Vi € H,
(Th,h) > 0.

Definition 5.1.1 A family {(S;),7 > 0} C L(FE) is called a strongly continuous
semigroup (Co-semigroup for short) if the following properties hold:

e So=1d;

e (semigroup property) Ss1+ = S;S; forall s, t > 0;

e (strong continuity property) lim;_,o S;x = x forall x € E.
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Let {S;} be a Co-semigroup in a Banach space E. Then there exist constants o > 0
and M > 1 such that

I8 lLey < Me™ 1> 0. (5.1.2)

If M = 1, then {S;} is called a “pseudo-contraction semigroup”. If « = 0 then {S;}
is said to be “uniformly bounded” and if « = 0 and M = 1, then {S;} is called a
“contraction semigroup”. If for every x € E, t — S;x is differentiable for > 0,
then {S;} is called a “differentiable semigroup”.

Note that for a Cp-semigroup, + — S;x is continuous for x € E.

Definition 5.1.2 Let {S;} be a Cp-semigroup on E. The linear operator A with
domain

S.x —
D(A) :={x € E, lim X exists}
t—0t
defined by
. Six —x
Ax = lim
t—0t t

is called the infinitesimal generator of {S;}.

We call {S;} “uniformly continuous™ if lim,_, g+ [|.S; — I|lL¢gy= 0. In this case
{S;} is uniformly continuous iff A is bounded and

— (tA)"

St:etA:Z n!

n=0

with the convergence in norm for every ¢ > 0.

Theorem 5.1.3 Let A be the infinitesimal generator of a Co-semigroup {S;} on E,
then

(1) Forx € E
t+h

1
lim — Sexds = S;x.
h—0 t

(2) Forx € D(A), S;x € D(A) and

d
—Six = AS;x = S, Ax.
di tX tX tAX
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(3) Forx € E, [y Syxds € D(A) and
t
A/ Sexds = Six — x.
0

(4) If {S:} is differentiable then forn = 1,2,..., 8, : E — D(A") and S :=
A"S; € L(E).
(5) Forx € D(A)

u u
Syx — Six = / SgAxds =/ AS;xds.
t t

(6) D(A) is dense in E and A is a closed operator.

Furthermore N, D(A") is dense in E, and if E is reflexive, then the adjoint semi-
group {8/} of {S;} is a Cp-semigroup with infinitesimal generator A*, the adjoint
of A.

We shall be dealing with E = H, a real separable Hilbert space. In this case, for
h € H, we define the graph norm

12l Deay := (k1% + 1AR]%)Y2.

Then (D(A), ||| - [lIp(a)) is a real separable Hilbert space.

Exercise Let A be a closed linear operator on a real separable Hilbert space. Prove
that (D(A), || - [[|pca)) is a real separable Hilbert space.
Let B(H) be the Borel o-field on H. Then D(A) € B(H) and

A (D(A), B(H)|Ip@)) — (H, B(H)).

Consequently, B(H)|pa) coincides with the Borel o-field on the Hilbert space

(DA, Il - [llpay-
Measurability of D(A)-valued functions can be understood with respect to either
of the two o-fields.

Theorem 5.1.4 Ler f : [0, T] — D(A) be measurable and let fot Il £ ) [l Deay
ds < 0o. Then

1 t t
/ f(s)ds € D(A) and / Af(s)ds = A/ f(s)ds.
0 0 0

Now we introduce the concept of the resolvent of A, which is needed for Yosida
approximation.

Definition 5.1.5 The resolvent set p(A) of a closed linear operator A on a Banach
space E is the set of all complex numbers A for which A\ — A has a bounded inverse
R(\, A) := (M — A)~'e L(E). The family of linear operators R(\, A), X € p(A),
is called the resolvent of A.
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We note that R(\, A) : E — D(A) is one-to-one, i.e.

(M —ARNAx=x, xe€E
and R\, A)(M — A)x =x, x € D(A),
giving AR(\, A)x = R(\, A)Ax, x € D(A).

Exercise Show that R(\{, A)R(A\2, A)= R(A\2, A)R(\1, A) for A1, A2 € D(A).
Lemma 5.1.6 Let {S;} be a Cy-semigroup with infinitesimal generator A. Let
ag = lim 1~ n(|SllLce)),
11— 00

then any real number \ > «q belongs to the resolvent set p(A) and
oo
RO\, A)x = / e MSxdt x € E.
0

In addition, for x € E

lim |[AR(\, A)x —x||g =0.
A— 00

Theorem 5.1.7 (Hille-Yosida Theorem) Let A : D(A) C E — E be a linear
operator on a Banach space E. Necessary and sufficient conditions for A to generate
a Co-semigroup are

(1) Aisclosed and D(A) = E.
(2) There exist a, M € R such that for A > a, A € p(A)

IR A ey <MA-—)™, r=1,2,...

In this case ||S¢||Lgy < Me™, t > 0.

For A € p(A), consider the family of operators
R) := AR()\, A).

Since the range R(R(A, A)) of R(\, A) is such that R(R(\, A)) C D(A), we define
the ““Yosida approximation” of A by

Axx = AR)x, x €E.

Exercise Use A\(AI — A)R(\, A) = Al to prove

Axx = A’R(\, A) — AL
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From the exercise, A) € L(E). Denote by StA the uniformly continuous semigroup
St)‘x = etA*x, xeE.

Using the commutativity of the resolvent, we get Ay, Ay, = A),A),, and clearly
ALS) = SMA).

Theorem 5.1.8 (Yosida approximation) Let A be an infinitesimal generator of a
Co-semigroup {S;} on a Banach space E. Then

(@) limy oo R\x =x, xe€E.
(b) Ayxx = Ax, for x € D(A).
(c) lim)_ S,’\x = Sx, x€E.

The convergence in (c) is uniform on compact subsets of R4 and

1M e <Mexp( Lna

with constants M and o as in the Hille-Yosida Theorem.

We conclude this section by introducing the concept of a “mild” solution. Let us
look at the deterministic problem

du(t)
dt

= Au(t), u(0)=x, xe€ H.

Here H is a real separable Hilbert space and A is an unbounded operator generating
a Cp-semigroup.

A classical solution u : [0, T] — H of the above equation will require a solution
to be continuously differentiable and u(¢)e D(A). However,

w (@)= S8x, t>0

is considered as a solution to the equation [83, Capt. 4]. For x ¢ D(A), it is not a
classical solution. Such a solution is called a “mild solution”.
In fact, one can consider the non-homogeneous equation

du(t)
dt

= Au(t) + f(t,u()), u(0)=x, x e H.

Then for Bochner integrable f € Ll([O, T1, H), one can consider the integral
equation

t
u (t) = S;x +/ Si—s f (s, u(s))ds.
0
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A solution of this equation is called a “mild solution” if u € C([0, T], H).

We will consider mild solutions of stochastic partial differential equations (SPDEs)
with Poisson noise. Note that the stochastic integral fot Si—s f(s,x)q(ds, dx), which
appears in such SPDEs, is in general not a martingale. However, as for Doob’s
inequality, the following lemma holds.

Lemma 5.1.9 Assume (S;);>0 is pseudo-contractive. Let q(ds, dx) be a compen-
sated Poisson random measure on R X E associated to a Poisson random measure
N with compensator dt @ 3(dx). Foreach T > 0 the following statements are valid:

1. There exists a constant C > 0 such that for each [ € EzT ﬁ(E, H) we have

2 T
]s CeMIE[ / / IIf(s,x)IIZB(dx)ds]-
0 E

(5.1.3)

t
IE|: sup /S,_Sf(s,x)q(ds,dx)
0

t€[0,T]

2. Forall f € E%,ﬁ(E, Hyp) and all € > 0 we have

t
/ Si_s f (5. X)q(ds. dx)
0

]P’|: sup > e]
t€l0,7T]

462aT T )
<— E[/ / I (s, )l B(dx)dS}, (5.1.4)
€ 0o JE

where fé Si—s f (s, x)q(ds, dx) iswell defined, if the r.h.s. is finite. f(; St—s f(s,x)
q(ds, dx) is cadlag.

Proof Let M be the martingale

t
M,:/ / f(s,x)gds,dx), te][0,T].
0 JE

By Theorem 3.6.5 we have
t t
/ Si—s f(s,x)g(ds, dx) :/ S;_sdMy, te][0,T].
0 0
Using [44, Theorem 3'.22’] we obtain

2
} < T3+ V10)’E[(M, M)7]

t
E[ sup /St_sf(s,x)q(ds,dx)
0

te[0,T]

T
=e2”<3+m>2E[ / / IIf(s,x)Ilzﬁ(dx)ds},
0 E
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proving (5.1.3) with C = (3 + +/10)?, and using [44, Theorem. 5'.16'] we obtain

eZaT
>e]5 ——E[(M. M)7]

t
/ Sz £ (5, X)q (ds, dx)
0

}P’[ sup
1€[0,T]

462(}T T
=— IE[ / / I1fGs, x)llzﬁ(dx)ds},
€ 0 E

proving (5.1.4).
Let us show that fé Si—s f (s, x)q(ds, dx) is cadlag. There is a sequence of simple

functions {f,},en such that f, — f in Eg(H), ie.

T
lim /0 /H E(ll fu (¢ u) — £t )1 d1S(du) = 0.

Let

1t t
Y :=/ / S5 fuq(ds, du) =/ St—sd M,
0 JH 0

t
M" :=//fnq(ds,du). (5.1.5)
0 JH

As Si—s fu(s, u, w) belongs to the set 3 (H ) of simple functions, Y/ is amartingale
and is cadlag.
It follows that

2aT

e
P (Sup05t§T ”an - Yzm” > 6) <4 E[{My, — My)T]

€2

eZOzT T
<+ [ [ Biigiew
€ 0 JH

— fut, w)|?1dtB(du).

By the Borel-Cantelli Lemma and f,, — f in /jg (H) there is a subsequence
{¥" (w)}ken such that

lim sup [|¥/*(w) =Y W)| =0 P—a.s.

k—o00 0<t<T
It follows that

Y (w) = kILHOIO Y*(w) uniformlyin [0,T], P —a.s.

We see that Y; is cadlag, since Y;'* is cadlag. ]
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5.2 Existence and Uniqueness of Solutions of SPDEs Under
Adapted Lipschitz Conditions

We shall study in this section cadlag solutions to stochastic partial differential
equations with non-Gaussian noise. As stated in Sect. 5.1, we shall treat these equa-
tions as ordinary stochastic differential equations in an infinite-dimensional space
involving unbounded operators. Let us now assume that H is a separable Hilbert
space and let A be a (generally unbounded) linear operator on the domain D(A)
C H. Assume that A is an infinitesimal generator of a pseudo-contraction semi-
group {S;};>0 on H to H.

We want to study the existence and uniqueness of mild solutions of the stochastic
differential equation on the interval [0, T']

I dZi = (AZ; +a(t, 2)dt + [y, f(t,u, Z)q(dt, du) (52.1)

Zy = Zo(w),
where a(-, z), f (-, u, z) are, for fixed z € H,u € H, functions on D(R, H) and Z;
is Z evaluated in 7. In other words, we look at the solution of the integral equation
t

t
Zi=SiZ0+ / Si_sals, Z)ds + / / Sis f(s.u, Z)q(ds, du),  (5.22)
0 0 H

where the integrals on the r.h.s. are well defined.

As in Chap. 4, we assume that with @ = D(R4, H), F; is a o-algebra generated
by cylinder sets of €2 with base on [0, 7]. Let us assume throughout that A is an
infinitesimal generator of a pseudo-contraction Cp-semigroup. Let

a:R+xD(R+,H)—>H, fZR+XHXD(R+,H)—>H

be functions and ||z]|o := supg<; <7 1z a, for T < oo.

(a) f(t,u,z) is jointly measurable and, for each t € Ry, u € H, f(t,u,-) is
Fi-adapted.

(b) a(t, z) is jointly measurable and, for each t € Ry, a(¢, -) is F;-adapted.
If we consider the map 6, : D(Ry, H) — D(Ry, H) defined by

0i(z)(s) =z, if 0<s <t

=z if t<s

then f(¢,u,z) = f(t,u, 6,(2)) and a(t, z)= a(t, 6;(z)).
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(c) There exists a constant /[ > 0 such that, for fixed ¢, t» € [0, T],

o S 1w D PdiB(du) + [ llat, 211, de
= lfttlz(l + 16, (2)1%)dt P —a.s.

(d) There exists a constant K > 0 such that, for fixed 71, € [0, T] and z, ye
DRy, H),

n I
/ / Vo, 2) — £t u, ) 2deB(du) + / la(t, 2) — att, gyt
t H t
1 tz 1
= K/ 16,(z) — 6:(|I>dt P —a.s.
n
Let, for Z € D(R; H),

t t
1(t,2) := / Si—sa(s, Z)ds +/ / Si—s f(s,u, Z)q(ds,du), tel0,T].
0 0 JH\{0}
(5.2.3)

Theorem 5.2.1 Assume (a), (b) and (c). There exists a constant Cy .t o, such that for
any F;-stopping time T

t
E[ sup [I(s, Z)1%] < Crr.alt + / E[ sup [Z,%1ds), t€l0,T].
0

0<s<tAT 0<v<sAT
(5.24)
Proof

s
SUPg<s<tAr 11 (s, Z)”%—[ =< Zsup()gsgt/w I / Ss—va(v, Z)dU”%]
0

s
+2 SUPg<s<tAr l /O / Si—vf(v,u, Z)q(dv, du)”%—]
H
(5.2.5)

(where we used the inequality ||x + ylI? < 2|lx]1? + 2|ly|3, valid for any x,y € H).
Using the bound on S; and condition (c) we obtain

s
Elsupo<ypn | /0 Syva(v, Z)dv]}]
N
< Efsupg,, (e / 1+ 10,(2) loc)dv)]
0

SAT
< 2020712442 4 tE[/ 16,(2)]1%.dv]}.
0
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Moreover, using Theorem 3 of [44] and (c) we get

N
]E[Supogsmrll/o /HSt—vf(v,u,Z)q(dv,du)ll%q]

SAT
<22°T12(3 + V10)* {1 + tIE[/ 16,(2)1%.dv]},
0

E[supy—<;nr 1 (s, 2)1131 < 42T 12(1 + 3 + V10)%)

SAT
{t? + 1R / 16,(Z) [12,dv]}
0
t
< Crra(t+ / Elsupg<y<snr 12, [171ds),
0

with Cy 7. := 4Te*°TI2(1 + 3 + V10)?). O
Let T > 0 and

HQT = {& = (&)sep0.1] ¢ & (w) is jointly measurable,
Fi-adapted ; E[ sup ||§s||12q] < oo}

0<s<T

Let us observe that it follows from Theorem 5.2.1 that the map

I: H2T — HZT
§— I1(,8)

is well defined.

Lemma 5.2.2 Assume (a), (b), (c) and (d). The map I : ’H2T — H2T is continuous.
There is a constant Cy T, depending on o, K and T, such that

T
E[ sup 111G, Z") — [(s, 2151 < Cakr / E[ sup (122 — Z[1%1ds.
0

0<s<T 0<s<T

(5.2.6)
Exercise Use (d) and the arguments as in Theorem 5.2.1 to prove Lemma 5.2.2.

Theorem 5.2.3 Let T > 0, x € H. There is a unique solution Z := (Zy)sc[o,1] In
HZT which satisfies

' t
Z; = S§;x +/ S;_sa(s, Z)ds +/ / Si—sf(s,u, Z)q(ds, du). 5.2.7)
0 0 JH
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Proof We shall prove that the solution can be approximated in HQT by Z" =
(Z})sero,1), for n — 0o, n € N, where

Z?(w) = S5x P —a.s.
7MWy = 1(s, 2" (W)) .

Note that (Z}'),¢[0,7] is F;-adapted. Let

v =Rl sup |2} = ZVII31.

0<s<t

Then from Theorem 5.2.1 it follows that there is a constant V,, ; 7(x), depending
on «, [ and T and the initial data x, such that

v <E[ sup [1Z) — Z2%1 < Var 1 ().
0<s<T

Similarly as in the proof of Theorem 5.2.1, it can be proven that there is a constant
Co.x .1 depending on o, K and T, such that

! T?(Cok.1)°
o) < ca,K,T/ E[ sup [1Z) — 20 1ds < - K1)
0

B Va1, (x).
0<s<t

In a similar way we get by induction that

(TCo k. 7)™ !

(n+ 1)' Va,l,T(x)-

t
vl < Ca,K,T/ v;“lds <
0

3

1
n+l1 3
M) . Then:

Lete, = ( CEn

TCa n+1
Lt V1.7 (x)

(TC(L,K,T)n+1 1
rnr )3

P(sup [[Z'! = Z'2 > ) <
0<t<T (

2
=€, Va,l,T(x)~

As > €2 is convergent, we get that D e SUPg<;<T ||Zf+1 — Z"||* converges
P -a.s. It follows that there is a process Z := (Z;):cfo0.7], Z € D([0, T]; H), such
that Z" converges to Z, as n goes to infinity, in the space D([0, T']; H) (with the

supremum norm), P-a.s. Moreover

n+m—1

Elsupg;<7 1Ze — Z}'|*] = Ellimp 0o supp< <7 | > (ZF = Z)|]
k=n
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n+m—1

i 1
= E[mlgllw( Z SUPg<t<T ||Zf+] - Zf||k;)2]
k=n
[o)0] o 1
< 2 Elsupos < 127 = ZHPK1 X 5
k=n =
ad k+172
(TCox, )"k
<V M ekt "
- ””’T(x)% TEST

— 1
(zk—z)—>0 as n— o0,
k=n

where we used Schwarz’s inequality. It follows that, as n goes to infinity, Z" also
converges to Z in the space HzT . From Lemma 5.2.2 it follows that (Z;)o<;<r solves
(5.2.7). We shall prove that the solution is unique. Suppose that (Z;)o<;<7 and
(Y)o<:<r are two solutions of (5.2.7). Let

Vi i=E[ sup || Zy — Ys|%].

0<s<t

Then similarly as before we get

t
]4 = CmKZTJ/ Vs
0

and by induction

Co.k,11)"
SME[ sup [ Zs — Ysllj] — 0 as n— oo

0<s<T

Vi
ie.V, =0Vr €0, T 0
5.3 Existence and Uniqueness of Solutions of SPDEs Under
Markovian Lipschitz Conditions

Let us assume that we are given
a: Ry xH — H,

f:Ry xHxH — H.
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Assume
(A) f(t,u,z) is jointly measurable,
(B) a(t, z) is jointly measurable,
and for fixed T > 0
(C) there is a constant L > 0 such that
Tlla(t, z) —a(t,2))? +/ If(tu.2) — f(t.u,2)*Bdu) < Lz — 2|
H

forallt € [0,T], z, 7 €F,

(D) there is a constant K > 0 such that

T||a<r,z)||2+/H I £, u, 2)1*B(du) < K(|lz]> + 1)

forallt € [0,T], ze€F.

We assume again that A is the infinitesimal generator of a pseudo-contraction
semigroup (S;)se(0,7] - If we consider functions a(t, z) = a(t, z;) and f (¢, u, z)=
f(t,u,z;)on D(Ry, H) then our previous theorem tells us that the equation

t
Z, =87 +/ S;_sa(s, Zs)ds
0

t
+/ / Si—sf(s,u, Zs)g(ds,du) P —a.s. Vt €[0,T] (5.3.1)
0 JH

has a unique solution on 'H2T .

However, we shall now consider the SPDE on any filtered probability space
(2, F, (Fi)r=0, P) (satisfying the usual conditions) and show that it has a unique
cadlag solution in S% as defined in Chap. 4.

Theorem 5.3.1 Suppose assumptions (A)—(D) are satisfied. Then for Zoge L>
(2, Fo, P; H), there exists a unique mild solution in S% to (5.3.1), with initial con-
dition Zy, such that Z; is F;-measurable.

Proof Define the process

t
(S82); :=8:Z —I—/ S;_sa(s, Zy)ds
0

t
+/ / Si—sf(s,u, Zs)q(ds,du) t e[0,T]. (5.3.2)
0 JH
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Consider
Elsupo<; <7 1(SZ):11°1 < 3E[supg, <1 151 ZolI*]
+ 3Efsupg=r=7 | /0 t /H Sy-sals. Zo)ds?]

t
+ 3E[SupO§z§T ”/0 Si—s f (s, u, Zs)q(ds, du)||2].

Using the fact that ||S; || < e for ¢ > 0, inequality (5.1.3) and (D) we get
Efsupo<, <1 1(SZ)/II”] < 3¢** B[ Zo]I*]

T
+362(XTE[”/ a(s, Zs)dS”z]
0
T
+362"TIE[||/ / fs.u, Zs)q(ds, du)|?]
0 H

T
< 32°TE[| Zo|P1 + 3T E] /0 laGs. Zo)|2ds]

T
436207 CEJ / / 1 f (5. u, Z5)|Pds B(du)]
0 H
T
< 3¢2°TE[| 2|71 4+ 3¢°T C(KE[ / 12, 1Pds] + K)
0

where C is any fixed constant such that (5.1.3) holds and such that C > 1.
This shows that S maps S% into itself.
For Y, Z € S7 using again (5.1.3)
S
E[Supogsgt 1(SY)s — (SZ)s”z] = 2]E[Sup05s5; ”/O / Ss—v(a(v, ¥y)
H
— a(v, Zy)dv|*]
N
+ ZE[SUP()SSSz ”/ SS—U(f(Uv u, YU)
0
— f(,u, Z,))q(dv, du)|*]

t
< 2T TE[ / la(s, Yy) — a(s, Zs)|*ds]
0

T
+2e2“TCIE[/ /nf(s,u,Ys)
0 H
— f(s,u, Zs)|*dsB(du)].
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Using (C) we get
t
E[supg<, < I(SY)s — (SZ)s[*] < 2Le*” CE[ /0 Yy — Zl|*ds)
t
< 2Le*TCE| / SUPg<y—s 1Yo — Zy||*ds).
; <

By induction we get

2M(CL n62anT
ELsup (SY); — (205171 = — LT gl sup Y, — Zi]1%ds]

0<s<t n: 0<t<T

Hence for some n € N, S is a contraction, yielding the conclusion by the fixed
point theorem. (]

Corollary 5.3.2 Let0 < T < 0o, and assume (A), (B), (C) and (D). Let (Z,E),e[o,T]
(resp. (Ztn)te[O,T]) be the solution to (5.3.1) with initial condition £ (resp. n), then

ElIZf — 2171 < CrallE = nll?,
with constant C; o, depending on t and o.

Exercise Prove the corollary by computing E[]|| Zf — 7171

We assume again that A is the infinitesimal generator of a pseudo-contraction
semigroup (S;):¢[0,7] and conditions (A), (B), (C), (D) hold.
Let

Zo(w)=¢ P—a.s.
and let (Z;);c[0,7) be the unique cadlag process solving P-a.s. (5.3.1) for every
tel0,T].
Let {A,},en be the Yosida approximation to A (see Sect.5.1). For every fixed

T > 0, there exists a unique cadlag process (Z}');¢[0,7] such that fOT E[||Z§’||2]ds
< oo and such that (Z}');¢[0,7] is a strong solution of

dZ} = ApZ}dt + a(t, Z})dt +/ f(s,u, Z)q(ds, du)
H

with initial condition & (see Chap.4 or [65]). Moreover, (Z}');c[o,7] is also a mild
solution, i.e. P-a.s.

t t
Zl =8¢ +/ Si_sa(s, Z1)ds +/ / St f(s,u, ZNq(ds, du)  (5.3.3)
0 0 JH


http://dx.doi.org/10.1007/978-3-319-12853-5_4

120 5 Stochastic Partial Differential Equations in Hilbert Spaces

for every ¢ € [0, T] and such that conclusions the conditions in Theorem 5.3.1 are
satisfied. We shall prove the following result:

Theorem 5.3.3
lim E[|Z;, — Z"|*]1 =0
n—oo

uniformly in [0, T].
Proof We have
E[Z, — ZM*] < 2%||SP¢ — Si€|? (5.3.4)
t
+ 23 /O (Si_yals, Zy) — S"_a(s, Z"ds|*]

t
+2°E[| /0 /H (Si—s f (s, u, Z) — SP_ f (s, u, ZMq(ds, du)||*].

We shall analyze separately the three terms on the right-hand side of inequality
(5.3.4). As for the first term, we remark that

lim [|S7¢ — Sl = 0.
n—oo
By Sect.5.1 (Yosida approximation) we get that the convergence is uniform in

[0, T].
Let us consider the second term on the right-hand side of (5.3.4). We have:

t
E[) /O (Sisals, Zs) — S a(s, Z"ds|]
t
<or / E[lSi_ya(s. Zs) — S .a(s, Z,)|21ds
0

t
+2T/ EL|IS! a(s, Zy) — S .a(s, Z")|*1ds (5.3.5)
0

lim ||S;—sa(s, Zs(w)) — S} _;a(s, Z;(w)|| =0 P —a.s. (5.3.6)
n—od
and

1S —sals, Zs(w)) — Sia(s, Zy)|* < Crlla(s, Zs@))|*
< CrK(IZs@)* + 1. (5.3.7)
This is a consequence of uniform convergence and condition (D). By the Lebesgue

dominated convergence theorem it follows that the first term on the r.h.s. of (5.3.5)
converges to zero.
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Let us consider the second term on the r.h.s. of (5.3.5). We observe that from
uniform convergence and the Lipschitz condition (C) it follows that

T|IS;sals, Zs(w)) — S;a(s, Z W)II* < CrLIZs (W) — ZE(W)|1?

so that
t

t
ZT/ E[|IS"_ a(s, Zs) — S a(s, ZM|* ds < 2CTL/ E[||Zs — Z"|*1ds.
0 0

It follows that for all € > 0 there is an ng € N such that for all n > ng

t t
IE[II/ (Si—sals, Zs) — S;sa(s, Z)ds|I’] < e+ 2CTL/ E[lZs — Z21*1ds.
0 0

Let us consider the third term in (5.3.4). By similar arguments as above, it can be
proved that

E[| /Ol /H(St—sf(sa u, Zs) — S f (s, u, ZHq(ds, du)||*]
<e+ 2CTL/OIIEJ[||ZS — Z"1*1ds.
It follows that
EllIZ: — Z7 171 < 2°1187¢€ = Si€lI” + 2*e2*CrL /0 "Bz, - Z;|*1ds.
Using Gronwall’s Lemma we get

EllZ: — Z!I*1 < 2°[1SP€ — Si€l* +2%e) exp @*TLCr)

so that (5.3.4) gives the result. U

5.4 The Markov Property of the Solution of SPDEs

Let B,(H) denote the set of bounded real valued functions on H. We first prove
that the Markov property holds for the semigroup associated to the mild solutions of
(5.3.1):

LetO0 < v < T and § € H. Let (Z(t, v, £))efv, 7] denote the solution of the
following integral equation
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t t
Z, = Sz—v§+/ Sz—sa(s,Zs)der/ / Si—s f(s,u, Z)q(ds,du)  (5.4.1)
v v JH

(inthe sense of Theorem 5.3.1). Let }',Z denote the o-algebra generated by Z (7, v, ),
with7 <, 7> v.Letv <s <t < T and P, be the linear operator on B;(H),
defined by

(Ps,1)(9)(x) = E[p(Z(1,5:x))] for ¢ € By(H) x€H. (5.4.2)

Then the Markov property holds, i.e.

Theorem 5.4.1 LetO <v <s <t <T. Then
El¢(Z (1, v; )/ FL1 = (P ) (@) (Z(s, v; ) forany ¢ € By(H).
Proof As FZ C Fy, itis sufficient to prove that
E[¢(Z(t, v; §)/Fs] = (Ps, ) (A)Z(s, v5§)) . (5.4.3)
From the uniqueness of the solution we get
Z(t,v; )W) = Z(t,s; Z(s,v; (W) (w) P—a.s. (5.4.4)

Let
n(w) = Z(s, v; §)(W). (5.4.5)

Then from (5.4.4) it follows that (5.4.3) can be written as
Elp(Z(z, 55m)/Fs] = (Ps.)(@)(Z(s, v;m)) . (5.4.6)
Itis enough to show that (5.4.6) holds forevery ¢ € C,(H), with Cp(H) denoting
the set of continuous real-valued bounded functions on H. We first assume that ¢ is

linear and bounded.
Moreover, let us first consider the case where

nw)=x e H P—a.s.
As x is constant and because of the independent increment property of the cPrm,
Z(t, s;n(w)) is independent of Fs. In fact F; is the o-algebra generated by the
pure jump Lévy process with compensator ds(3(dx). See Sect.2.4 and Sect. 3.3, or
[3, Sect.2].

Elo(Z(t, s:m)/Fs] = Elp(Z(t, 5, x))] = Ps,1(p(x))

so that (5.4.6) holds for this particular case.
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Now we prove (5.4.6) for the case where
n
Nw) = > ajla,(Z(s.v: ) (5.4.7)
1

with {A;, j =1, ..., n} apartition of H and ay, ..., a, € H.In this case
n
Z(t, sinW)w) = D Z(t, s:a))1a;(Z(s,v: ) P—as.,
1

AZ(t, 53 n@) W) = D S(Z(t,53a))14;(Z(s,v;€) P—as.,
1
and

E[¢(Z(t, s:m)/Fs] = ]E[Z P(Z(t,s:a;)1a;(Z(s, v: §)/Fs]
1

=D P @pla;(Z(s,v,8) = P (d)(n),  (54.8)
1

where in (5.4.8) we used that ¢(Z(t, s; a;)) are independent of F and IA/' (Z(s,
v; £)) are Fg-measurable.

Now we prove (5.4.6) for the case where 77(w) is given according to (5.4.5). (From
the proof it follows in particular that the r.h.s. of (5.4.3) is FSZ—measurable.) There
is a sequence of simple functions 7, (w) of the form (5.4.7) such that, if for a given
natural number M we denote 77,11” =1, A M, then

lim lim E[|nM —n|?] = 0. (5.4.9)
M— 00 n—>00

Similar to the proof of Corollary 5.3.2 it follows that

im lim E[|Z(t, s;nM) — Z@t, s:)|*1=0.

1
M— 00 n—>00

There is a subsequence (by abuse of notation we denote it in the same way as the
original sequence), for which

lim lim Z(t,s;n,i”)(w) =Z(t,s;n)(w) P—a.s.

M— o0 n—0o0

As ¢ is continuous and bounded, it follows from (5.4.8) that

E[o(Z(t, 53 1)/ Fs)] = limps— o0 lim,— 00 E[O(Z (2, 5, nM) ) F)]
= lim 7 00 limy— 00 Py (0) (M) = Py (0)(1).
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Given ¢ € Cp(H) there exists a sequence of linear bounded functions ¢, converg-
ing, up to a set of Borel measure zero, to ¢ (see e.g. [103], Chap. V.5). It follows
that ¢, (Z(t,s;n) — ¢(Z(t,s;n) P -a.s., when n — 00. ¢, can be chosen to be
uniformly bounded, so that

nli)rgoE[%(Z(t, s;n)/F)] =E[p(Z(¢, s;m)/Fs)]. O

Theorem 5.4.2 LetT >0, f(s,u,z)) = f(u,z),a(s,z) =a(z) andx € H, then
(Z(t,0; x)(W))tef0, 1] is a homogenous Markov process.

Proof 1t is sufficient to prove that
Py, =Py, for all 0<s<t<T (5.4.10)

together with the Markov property in Theorem 5.4.1 implies that the Chapman—
Kolmogorov equation holds for the transition probabilities associated to Py ;,0 <
s <t < T and (Z(t, 0; x)(w))se[0,7] 1S @a Markov process.

Letus remark that the compensated Lévy random measure g (ds, du)(w) is transla-
tion invariant in time, i.e. if # > 0 and g (ds, du)(w) denotes the unique o-finite mea-
sure on B(R; x H) which extends the pre -measure g (ds, du)(w) on S(Ry) x B(H),
such that g((s, 7], A) ;== q((s + ¢, 7+ ], A), for (s, 7] x A € SRy)xB(H), then
g(B) and ¢ (B) are equally distributed for all B € B(R; x H).

It follows that

Z(t+h,t;x)
t+h t+h
= S+ / Syen_sa(Z(s, t; 2))ds + / / Syinos f(Z(s. 1 ))g(ds. du)
! ! H
h h
= S+ / Sh_sa(Z(t +5, 1 1))ds + / / Sho f (e, Z( + 5.1 1) (ds. du)
0 0 JH
h h
= Spx +/ Sh_sa(Z(t +s,t;x))ds +/ / Sh—sfu, Z(t +s,t; x))q(ds, du).
0 o JH
By uniqueness (Theorem 5.3.1) it follows that Z (¢ + A, t; x)(w) and Z(h, 0; x)(w)
have the same distribution, completing the proof. (I
5.5 Existence of Solutions for Random Coefficients
Let L2T = L2T([O, T1 x 2, (Fi)iefo,1]) be the space of processes (Z;(w)):e[0,7]

which are jointly measurable and

1) Z,T is F;-measurable,
(i) [y EMlZ,)*1ds < oc.
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Definition 5.5.1 We say that two processes Z!(w)e LY i =1,2, are dt @ P-
equivalent if they coincide for all (f, w) € T, with " € B([0, T]) ® Fr, and df ®
P(I'°) = 0. We denote by EZT the set of dr ® P-equivalence classes.

Remark 5.5.2 L}, with norm

T
1Zill 1 = (/0 EL)| Zs]*1ds)' /2 .

is a Hilbert space.

In this section we assume that the coefficients are random and adapted to the
filtration and prove the existence of a solution in £2T . We assume here the growth
and Lipschitz conditions of the coefficients independent of w, but depending on the
points in H. We assume in fact that we are given

a: Ry xHxQ2 — H,
Ry xHXxHXxQ — H,
such that
(A")  f(t,u, z,w) isjointly measurable such that forall ¢ € [0, T'], u € E and fixed
ze H, f(t,u,z,-) is Fs-adapted,
(B') af(t, z,w) is jointly measurable such that for all r € [0, T], and fixed z € H,

a(t, z,-) is Fy-adapted, and for fixed 7 > 0
(C) there is a constant L > 0 such that

Tla(t, z,w) — a(t, ', w)|? +/ If(tu,z.w) = f(tu, 2 WI*Bdu) < Lz — 2|
H
forall +e€[0,T], z,7€H, and P—a.e. we,
(D) there is a constant K > 0 such that

Tllat, z, ) + [ | f(t u, z, ) |*B(du) < K(Jlz|> + 1)
for all re([0,T], z€ H, and P—a.e. we Q.

Theorem 5.5.3 Let0 < T < oo and suppose that (A’), (B'), (C'), (D') are satisfied.
Let x € H. Then there is a unique process (Z;)o<i<T € £2T which satisfies

t
Zi(w) = S;x +/ Si—sa(s, Zs(w), w)ds
0

t
+/ / Si—s f(s,u, Zs(w), w)q(dsdu) YVt €[0,T]. (5.5.1)
0 JH
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As a consequence of Theorem 5.5.3 we have:

Corollary 5.5.4 LetO < T < oo and suppose that (A’), (B'), (C'), (D') are satisfied.
Then there is up to stochastic equivalence a unique process (Z;)o<i<T € L2T which
satisfies (5.5.1).

Remark 5.5.5 As a consequence of Lemma 5.1.9 we have that (Z;)o<;<7 is cadlag.

Before proving Theorem 5.5.3 we prove some properties of the following function

t
Ki(x. ©)(w) := Six + / Si_yals. &), w)ds
0
t
+ / / Sus [ (52 11, £ (W), w)q (ds. du)
0 H

with x € H and £ := (&)sej0,11€ L7

Lemma 5.5.6 Forany T > O there is a constant C } such that

T T
/0 E[| K, (x, &) — K;(x, |71t < C%/o B¢ — n:l1*1dz.

Proof

T
/O E[IK, (x, ) — K, (x, ©)|X1d1

T t

52g2“TT/ IE[II/ (a(s,fs)—a(s,m)dSIlz] dt

0 0
T t
28 [0 ] B €0 = £ PP
T

<217 / E[lé, — nlP1dr < 0o,

0

where we applied the bounds on S;. This proves the lemma. (I

Let
K(x,8: Hx L - 2T (5.5.2)

be such that its projection at time ¢ € [0, T'] is given by K, (x, &).

Lemma 5.5.7 There exists a constant o, depending on T, such that ar € (0, 1)
and

IK(x, W) = K, mller = arll€ —nllgr- (5.5.3)
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Proof Let S¢ := K, (x, £). We shall prove that S is a contraction operator on £
for sufficiently large values of n € N. By Lemma 5.5.6 it follows by induction that

T 5 1n T T T T 5
/ E[IS"¢, — S™n, |2 1dt < C} / d / ds, / dss, ..., / Eflé,, — 15, IP1dsn
0 0 0 0 0

lnTn T 5
=Cr F/o E[lIgs — nslI1ds.

From this we get that, for sufficiently large values of n € N, the operator S” is a
contraction operator on Eg and therefore has a unique fixed point. Suppose that S"0
is a contraction operator on £2T . We get

T T
/0 drEL|SE — Sy |I?] = /0 drE[S"0 e, — §0F 7]

1 k1o o kng
C; T

T
=< ?/ drE[]|S¢; —S771||2]
nop! 0

Clk"0+1Tkn0 T
I / dtE[|& — 7],||2] — 0 as k — oo.
0

S—
kng + 1! 0

Proof of Theorem 5.5.3 From (5.5.3) it follows that K(x, &) is a contraction on
£2T for every fixed x € H. We get by the contraction principle that there exists a
¢ € C(H, LT) such that

K(x, ¢(x)) = ¢(x)

for every fixed x € H. ¢(x) := (Z} (w)):e[0,1] 1s the solution of (5.5.1). [l

5.6 Continuous Dependence on Initial Data,
Drift and Noise Coefficients

Let T > 0. Let us assume that (A), (B), (C), (D) or (A"), (B'), (C'), (D) are satisfied
for fo(t,u, z,w):= f(t,u, z,w)andap(t, z, w) := a(t, z, w). Moreover, we assume
that this also holds for f;, (¢, u, z, w) and a, (¢, z, w), for any n € N. Let (Z;);c[0.1]
be a solution of (5.5.1) (in the sense of the previous theorems, depending on the
hypothesis). We denote by (Z]' (w))[0,7] the unique solution of

t
Z! (w) = SrZ’S(w)Jr/O Si—san(s, Z{ (w), w)ds

t
+/ / Si—s fu(s,u, Z{ (W), w)q(ds, du)
0 JH
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(in the sense of the previous theorems). We prove the following result:

Theorem 5.6.1 Assume that there is a constant K > 0 such that for all n € Ny,
tel0,Tlandz € H

lan(t, z. w)|? +/ I fnt,u, 2, )P Bdu) < K(llz|* +1) P—a.s.  (5.6.1)
H
Assume that there is a constant L such that foralln € No, t € [0, Tlandz,7 € H:

T”an(t, Z, (U) - an(ts Z/? w)“z +/ ”fn(t: u,z, CU) - .fﬂ(tv u, Z/v W)”zﬁ(du)
H

<Llz=Z|* P-a.s. (5.6.2)
Moreover, assume that
sup E[[|Z§)[*] < oo, (5.6.3)
nENQ
lim E[||Z8 — Zo[*1=0 (5.6.4)
n—oo

(where Zg(w) = Zo(w)) and assume that for every t € [0, T] and fixed z € H

lim {Tnan(t,z,w)—a(t,z,w>||2+/ I fult,u, 2, w0) — £(t,u, 2, w) > Bdu))
n—oo H

=0 P—a.s. (5.6.5)
Then

lim sup E[||Z — Z|*] = 0.

=0 1¢[0,T]

Proof Let t < T, then:
E[Z} - Z:|7] < 22**T{E[11 Z§ — ZolI’] + 2L /0 t [z} — Z;|*)ds
tor /0 Ellan(s. Z0) — a(s, Z0)|21ds)
+ 272 /O t /H Bl fu(s, u. Zs) — f(s.u, Z)|*1B(du)ds} ,

where the latter inequality is proved by using a bound on || S; || and inequality (5.6.2).



5.6 Continuous Dependence on Initial Data, Drift . .. 129

Let

t
'7;1 = T/O Ellla, (s, Zs) — a(s, Zs)||2]ds,

t
5 i /0 /H ELl fi(s. 11, Zs) — £(s. u, Z5)|P18(du)ds.
As
1imy, 00 llan (s, Zs, w) — a(s, Zs, w)|?

+/ | fuls, u, Zs,w) — f(s,u, Zg, 0)|*Bdu) =0, P—a.s.
H

and (5.6.1) implies

lan(t, Zg W), ) ? + [5 I fa(t, u, Zs(w), w)|>B(du)
<K(|ZwI*+1) P-a.s.,

it follows that

lim sup d} + lim sup 7 =0.

=09 4€(0,T] n=>094€(0,T]

The conclusion then follows by using Gronwall’s inequality. (]

5.7 Differential Dependence of the Solutions
on the Initial Data

In this section we continue to assume, as before, that the coefficients a and f satisfy
the conditions (A), (B), (C) and (D) and we shall prove the differential dependence
of the solution of (5.3.1) with respect to the initial data. Let

t t
Ki(r,€) = Six + / Sisals, &)ds + / / Sy f (5. u, £)q(ds. du)
0 0 H

with x € H and £ := (&) ej0,71€ LT

Lemma 5.7.1 Forany T > O there is a constant C 1 resp. C 2 such that

T

T
/0 E[|K,(x, &) — K, (x, ) |*1dt < Cf /0 E[I& — eI 1dt, (5.7.1)
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T
/0 E[ K, (x, &) — Ki(y. O1*1dt < C7lx —yl*. (5.7.2)
Proof Note that (5.7.1) is a special case of Lemma 5.5.6. The proof of (5.7.2) is
similar to that of Lemma 5.2.2. U
Let

K(x,6): Hx L) -

be such that its projection at time ¢ € [0, T'] is given by K, (x, &).

Remark 5.7.2 From Theorem 5.3.1 we know that there is a unique solution (Zf
(w))zepo,r1 of (5.3.1). Hence, from Theorem 5.3.1 we know that for every fixed
xeH

K(x,Zf (w) =Z(w) P —a.s. (5.7.3)

We shall now prove some facts about the map K.

Theorem 5.7.3 Let & € L be fixed. The map
K &:H — L]

is Fréchét differentiable and its derivative ‘Z—Ij along the direction h € H is such that

aKt (x’ 6)

O (h) = S;h.

The proof of Theorem 5.7.3 is easy and follows from the Frechét differentiability
of §;.
Remark 5.7.4 1t follows in particular that %—f isin L(H; £2T ).

Let us denote by 8% the Fréchét derivative in H. Starting from here we assume
that the coefficients a and f in the SPDE also satisfy the following conditions
(E) %f(t, u,z) exists forallr € (0, T] and fixedu € H,

(F) Za(t,z) exists forall € (0, T1.

Moreover we assume that

0 0
ll=a(s, Z)|||2 +/ == f(,z, u)|||2ﬁ(du) < oo uniformly in z € H,
0z H Oz

and s €[0,T], (5.7.4)

where ||| - ||| denotes the operator norm of the Fréchét derivative in H.
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Theorem 5.7.5 Let x € H be fixed.

K(x,): £V - cF (5.7.5)
is Gateaux differentiable and its derivative %—Ig along the direction £ € EZT satisfies

8Kt(xv 5)(

! 0
o€ M) :‘/0 St—sa_za(sv Es)(ms)ds

! 0
+/ / Sz—sa—f(s,M,é“s)(m)q(ds,du)
0 JH <

(with the notation (%a(s, & (w)) (resp. i%f(s, u, &(w))) for a%a(s,z) (resp. 8%
fs,u,2)), atz =& (W)).

Proof Forany fixed x € H,and¢, n € £2T we consider the map r — K (x, {+rmn)
from R to [;2T . We have

t
Ki(x,E+rn) = Six +/ St_sa(s, & +rns)ds
0
t
+/0 / Sra 5210 &+ rn)g(ds, du).
H

It follows that

l - 4
;(Kt(x,f-l-rﬁ)—K(x,ﬁ):/o S[—s (a(S,fx-{—m]:) a(safs))ds

t —
+/ / S (f s, u, & +rns) f(S,u,sz))q(ds’du).
0 JH

;
Let us fix z € H and define for any r # 0:

a(t,z+ry) —al(t,z)
r

ar(t,z,y) =

frtou,z,y) = f(t’”’”r?i) — f(t,u,z)

wheret € [0, T],y € H.a,(t,y, & (w)) and fr- (¢, u, y, & (w)) satisfy the conditions
(5.6.1) and (5.6.2) with r instead of n (and y instead of z). Moreover, (%a(s, &)y

and % f(s,u, & (w))y satisfy the same conditions, by condition (5.7.4).
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Analogous to (5.6.5), we have (also using the Lipschitz conditions) that

0
lim, 0 {7 lla,(t, y, & (W) — a—a(t, &yl +/ I1fr (2, 1, y, & (W)
< E\{0}

0
-5 S EWNYI*BUEu)} =0 P—a.s.

Defining similarly as before

t
0
7{ = T/ ]E[”ar(sv s ES! ) - a_a(ss gs)ns”z]ds
0 Z

4 0
5 = / / CI AR S Ry (PR SR G e
0 H <

and operating in a similar way as in the proof of Theorem 5.6.1, we obtain the desired
result. O

We also assume
(G) a%a(s, z) is continuous in z ds-a.s.

(H) (%f(s, u, z) is continuous ds-a.s. in the norm || - || z2 43, of L2(dp).

Theorem 5.7.6 For any fixed n € £2T the function

%K(x,f)n cHx Ll - cf (5.7.6)

IS continuous.

Proof of Theorem 5.7.6 Let (x", £") converge to (x, £) in H X /.ZZT. Foranyn € N
we have that

o o 0 G 0 )
a—fK(x 3 )nz—a—fK(x,ﬁ)nz—/o Si—s (5L als, &ms = 5-als, &)ms)
! 0
[ [ st fogm,
0 JH <
0
= 5,/ 1. 8Ine)q (ds. dx).
<

From || S| < e it follows that

/TE[||3K<” e — Lk (x, e 21de
o 85 X, nt 65 X, nt

T 0 0
< 21T / E-Lats, €)n — —as, &)y 2ds
0 82 8Z
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T 0 0
—|—2Te2“T/ /E[Il—f(s,u,fg)ﬁs——f(s,u,ﬁs)mllzldsg(du).
o Ju Oz 0z
(5.7.7)

& — &in LZT as n — oo implies that there is a subsequence {rny}icn such that
5;“ — & ds @dP-as.in [0, T] x 2, as k — oo. Hence we have

1o} 0
1==a(s, &FW)ns — w—als, E)nslll — 0 ds @ dP — a.e.
0z 0z
in [0,T]x Q2 as k— o0
and

0 0
/ == f (s, & @)ng — == £ (5. u, &)l 1*B(du) — 0
g 0z Oz
a.e. ds®dP in [0,T] x . (5.7.8)

We get by the Lebesgue dominated convergence theorem that 0% K (x, &)nis con-
tinuous. O

Corollary 5.7.7 Let us assume that all the hypotheses of Theorem 5.7.6 hold. Let
(Z)1e10,11 denote the solution of (5.3.1) with initial condition

Zow)=x P —a.s.

Then (O%Z;C)ZGIO’T] is a solution of
—Z" / (S,— 55 a(s Zx)—Zx)ds

+/ / (S;,s—f(s, u, Zf)—Zf)q(ds,dx). (5.7.9)
0o JH 0z 0x

Proof The statement of Corollary 5.7.7 is a consequence of Theorems 5.7.3-5.7.6,
Remark 5.7.4 and Proposition C.0.3 in Appendix C of [15] (see also Appendix C of
[19], where the Gaussian case is considered). U

5.8 Remarks and Related Literature

In this chapter, we have studied Hilbert space valued SPDEs. A special case of
SPDE:s in Banach spaces with certain restrictions on the partial differential operator
was considered in [38].
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Our presentation is based on [2]. The technique is a generalization of that used in
[35] (see also [34]) and is generalized from [36].

The material on Gateaux differentiability with respect to the initial value was
generalized in [72].

This work has found applications to financial models in [32].

For our work in Chap. 7 on stability theory we provide the Yosida approximations
for mild solutions. As the approximating solutions are strong solutions, we can apply
1t6’s formula for these. The general case of non-anticipating coefficients is of interest
in view of the applications presented in [24].

We refer the reader to [33] where Sz.-Nagy’s dilation theorem is used to study
uniqueness by relating mild solutions to strong solutions. However, in this form, one
does not know how to study the asymptotic behaviour of the equation in Sect. 6.1 to
obtain the result on invariant measure in [71], which is done in Chap. 7.
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