Chapter 2
Optimal Control

In this chapter, optimal control problems for nonlinear and linear equations are
considered. Necessary condition for optimality of control for nonlinear control prob-
lem is obtained and it is used for construction of the synthesis of optimal control for

a linear-quadratic problem.

2.1 A Necessary Condition for Optimality
of Control for Nonlinear System

2.1.1 Statement of the Problem

Let {2, §, P} be a basic probability space, E be an expectation, Zg = {—h, —h +
1,...,—1,0},h € [0,00],and Z = {0, 1, ..., N} be adiscrete time, §; C §,i € Z,
be a family of o-algebras, E; = E{-/§;} be a conditional expectation, Hy be a space

of §o-adapted random functions ¢(j) € R”, j € Z, such that

lol? = max Elp(j)|* < oo,
JEZy

H be a space of §;-adapted random functions x(i) € R", i € Z, such that

IxlI7 = max Elx(j)* < oo.
O<j=i
Consider the nonlinear controlled system
x@G+D=nG+D+P0G+1,xi41)

+ D al, j.xj u()) + Db, j xj, u()NEG + 1),

Jj=0 Jj=0
i=0,1,....,.N—1, x(j)=wo(j), Jje€Zoy, o€ H,
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14 2 Optimal Control

with the performance functional

N-1

Jw)=E | F(xy) + D GG xj u(j)) |- (2.4)
j=0

Here, x(i) is a value of the process x in the time moment i, x; is a trajectory of
x(j) from the moment of time j = —h until the moment of time i € Z, n € H,
£(i) € R! is a sequence of §;-adapted Gaussian random variables, that are mutually
independent and do not depend on 7(i) such that E€(i) = 0, EE()¢' (i) = 1,i € Z,1
is the identical matrix.

Definition 2.1 Arbitrary §;-adapted function u(i) € R",i € Z, for which there
exists the solution of the equation(2.3) and the performance functional (2.4) is
bounded, is called an admissible control, U is the set of admissible controls.

Our nearest goal is to calculate the limit (1.9), (1.10) for the optimal control
problem (2.3), (2.4). For this goal, we will assume that the functionals ® (i, ¢) € R”,
a(i, j, o, u) € R", F(p) e R, G(j, ¢, u) € R', and n x [-matrix b(i, j, @, u) have
Gateaux derivatives with respect to ¢ denoted hereafter by V and the functionals
a(i, j,o,u), b(, j,o,u), and G(j, p,u), 0 < j < i < N have derivatives with
respect to u denoted hereafter by V,,, u € R”, ¢ € H, where H is a space of the
functions (i) € R",i € Zo U Z.

Let X and Y be two normed spaces and f(x) be a map of X to Y. Then the
Gateaux derivative V f (@) of this map for a fixed o € H is [110] a linear operator
that maps X to Y. If ¥ = R! then (V f (), ¢) is the value of the linear functional
V f (o) on the element ¢ € H.

Also we assume that the functional ® (i, ¢) depends on the values of the function
p(j) for j = —h,—h + 1, ..., i, the functionals a(i, j, p, u), b(i, j, ¢, u) depend
on the values of the function ¢(l) forl = —h, —h+1,...,j,p € H and satisfy the
conditions

i

G, )l < D 1+ (D Ko(), 2.5)
J=—h
J
lati, j, o, W+ 1bG, j, o, W < D A+ lu? + e Ki(D),  (2.6)
I=—h

for arbitrary functions @1, @2 € H

[P, 1) — DU, p2)| < §:|¢Mj%—¢ﬂjNKMj% (2.7)
j=—h
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la(i, j, 1, u) —ali, j, g2, w)|> + b, j, o1, u) — b(i, j, p2, u)|?

J
< > le1) — e OPK 1),

I=—h

VO, enel < D 1e(DIKo(),
j=0

J
IVa(, j, o1, 0091 + Vb, j, o1, 061" < D 1P K1 (D),
=0

|Vua(ia j’ 907 M)l + |Vub(la j’ ()07 l/l)| S Ca

(VO (i, 1) =V, e2)l* < D le1()) — 2D P le(DI*Ko()-

j==h
Here and everywhere below, it is supposed that

Ko = max Ko@) <1, K= max K((i) < oo,
—h<i<N —h<i<N

N
ifh =oothen Y K(j) <oo, [=0,1.
j=—h

For arbitrary uy, up € U

(Va(i, j, o1, u1) — Va(i, j, o2, u2))el?
+ (Vb j, o1, u1) — Vb(i, j, @2, u2))el?

J
= > (Io10 = w20 + Iy = w2) lpOPK D,
=0

IVya(i, j, o, u1) — Vya(i, j, @, uz)]
+ |Vub(l, ja §07 l/l]) - Vub(l, j’ 907 u2)|

< Cluy — ua|.
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(2.8)

(2.9)

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Regarding the performance functional we assume that F(y) depends on the
values of the function ¢(j) for j = —h,—h +1,..., N, G(i, ¢, u) depends on
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the values of the function ¢(j) for j = —h,—h +1,...,i,p € I:I, and both these
functionals satisfy the conditions

N
F@l= > (1+19(P) K1), (2.16)
j=—h
Gl gl = D (141l +10(DF) Ki()), 2.17)
j=—h

for arbitrary functions ¢1, ¢» € H

N
KVE@pD, p)l < 2(1 + 11 (DD le(DIK1(), (2.18)
j=0

KVGG, 1, u), p)| < 2(1 + [ul + 1e1(DD le(DIKL(), (2.19)
Jj=0
N

KVF(p1) = VF(p2), )| < Z le1(j) — 2(DIe(DIK1(), (2.20)
Jj=0

for arbitrary @1, @2 € H,and uy, up € U

|<VG(1’ @1, Ml) - VG(la 2, u2)a @)'

< Z(le(j) — 2D+ |ur —u2)) le(NDIK1()), (2.21)
j=0
IVuG (i, p,u)| < Z (4 ful + 1D K1), (2.22)
j=0
|VuG(lv ()O?ul)_qu(lv 803 M2)| SC“"I —M2| (223)

2.1.2 Auxiliary Assertions

In order to calculate the limit (1.9), (1.10) for the optimal control problem (2.3), (2.4)
we need the following auxiliary assertions.

Lemma 2.1 Let the conditions (2.5), (2.6), (2.13), (2.16), (2.17) hold and u € H,
i.e., the control u(i) satisfies the condition

lull? = max Elu(j)|* < oo, i€ Z. (2.24)
O=<j<i
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Then the solution x (i) of the Eq. (2.3) satisfies the condition (2.2) and the performance
functional (2.4) is bounded.

Proof From the Eq.(2.3), we have

l
Lﬂi+1N§Imi+lﬂ+¢¢0+-LXHDI+§:kﬂLLX¢MUDI
j=0

+ D b6 o u(GNEG+ D], i=0,1,...,N=1. (225
j=0

Via (2.5), (2.13) we obtain

i+1
@G+ 1, x0) < D (14 1x(HDKo()
j=—h
i+1 0
< D Ko(D+ D lvo(DIKo()

j=—h j==h

+ D Ik(DIKo() + |x (G + DIKo. (2.26)
j=1

From (2.25), (2.26) via (2.13), it follows that

0=<(—-Kolx(@ + 1]
i+1 0

<InG+ DI+ D Ko+ X leo(DIKo() + D 1x(DIKo()

i i
+ > lat, j,xj u(G)l+ Db, jxj, u(NEG + D).
j=0 j=0
Squaring the obtained inequality, calculating the mathematical expectation, and using

the properties of the process £(j), via (1.30), we obtain

i+1
(1 — KO ’Elx(i + DI <6 | ElnG + DI* + [ D Ko(j)
j==h

0 0
+ 2 Ko) X Elpo())I*Ko(j)

I=—h j=—h
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+ > Ko) D_Elx(HI*Ko(j)

=1 j=1

+N Y (Elat, j.xj. u() +EIbG. j. ;. u(j))|2)} :

j=0
Note that o9 € Hy, i.e., ¢o satisfies the condition (2.1). So, via (2.6), (2.13)

we have

> (Elat. j.xj, uG)P + ElbG, j. x; ()

j=0

i
<D D (U +Eu()I +ExOPKi(0)

j=01=—h

i J
= > (L +Eu(HP > Ki()
j=0

l=—h

i 0 J
+> ( > ElpoOIPKi() + D _Elx(D* K, (0)

j=0 \i=—h =1

=0 I=—h I=—h

i j 0
<> ((1 +Eu(P) D K + lgol® D Kla))

i
+ NK, ZElx(l)|2.
=1

As a result, using (2.13), we obtain

Elx(i + 1)
i+1 2 i
< gk | B+ DI+ (Z Ko(j)) +N2K D Elx(D)
j=—h I=1
0 2 N i
+ ||soo||2(z Ko(l)) + Ko > Ko) D Elx(j)I?
I=—h =1 j=1

i J 0
+NY <<1+E|u<j)|2> DK +llol* D Kl(l))} :

j=0 I=—h I=—h
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From this, it follows that

Elx(i + DI < C [z()+ > Elx(HI |,
Jj=1

where

N
6
c=—|k Ko() + K;N? ),
(1—K0)2( O; ol) + K )
-1

N

2(0) =(K0 > Ko)+Ki N2)
I=1

2

0 i+1 2
x| lInll* + ||<po||2(2 K1<z>) + (Z Ko(l))

I=—h I=—h

i 0 J
+N D (Nl D K + (A +Elu()HP) D Ki)

j=0 l=—h I=—h

Vian,u € H, po € Hyp, and (2.13), we have that z(i) is a nonnegative nondecreasing
sequence and Om_axN z(i) < 0. So, via Lemma 1.2 and (1.14) there exists C; > 0
<<

such that

ExGi+ D> <Ciz(i) <oo, i=0,1,...,N—1, (2.27)

and x (i) satisfies (2.2).
For the performance functional (2.4) via (2.16), (2.17) we have

N
Jw) = D> A+Ex(HPKI()
j==h
N-1

+ > > U+Eu()P+ExOPK 0.

j=0I=—h
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From this, it follows that

J(u) < Z Ki() + Z El@o(j)] Kl(J)+ZE|X(J)| Ki(j)

]—*h Jj=—h j=1
+ Z(l +lu(HIP) Z K1)
I=—h
N—1
+> Z E|go(0)] K1<z>+ZE|x<z>| K1)
j=0 \I=—h

As aresult via (2.1), (2.2), (2.13), (2.24), (2.27) we obtain

N
J@) < (N + DA+ lluly + ol + I1x13) D Ki()

Jj==h
< 0o0.
The proof is completed.
Let us investigate now the behavior of the process
L1 . .
q:(i) = z (x (i) — x0(1)) (2.28)

where x. (i) is the solution of the equation (2.3) under the control
u:(i) = ug(i) +ev(i, e>0. (2.29)

Definition 2.2 The process g (i) is called uniformly p-bounded, p > 0, with respect
to € > 0 if there exists C > 0 that does not depend on ¢ and such that

max E|g:())|" < C.
ieZ

If p = 2, then the process g. (i) is called uniformly mean square bounded.

Lemma 2.2 Let the conditions (2.9)—(2.11), (2.13) hold and r_neg(E|v(j)|1’ < 00,
IAS
p > 2. Then q. is uniformly p-bounded with respect to € > 0.
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Proof From the Eq.(2.3), it follows that
: 1 : .
ge(i +1) = z [@G+ 1, xci401) — PG+ 1, x0,i41)]

1 l
+ = 2 la j,xej ue() = ati, j %0, 10 ()]
j=0

1

1
+2 (b, j, xej, u=(j)) = bG, j, x0;, uo(GN]EG + 1.

j=0
In order to transform the right-hand side of (2.30), put

AZ(i) = x0(0) + Teqe (i), ul(i) = uo(i)+ Tev(@),
1

®.(i) = / Vo (i, \T)dr,

0
1

Ac(i, J) =/Va(i7j,/\§j,ue(j))d7,
0
I

a=(i, j) =/Vua(i, Jrxoj, ul(j)dr,
0
1

B(i, j) =/Vb(i,j, Aljs ue(j))dr,
0
1

bo(i, j) = / Vb, ju X0, uZ(j))dr.
0

Consider also the function
| |
f(T)Z gq)(l?)\gi)z gcb(l, x0i+7-€qei)a TE [O’ 1]5
and note that via (2.32), (2.28)

f1(1) = VO, \[)gei,

1

1
/f’(T)dT =f) - f0) = g[®(i,x5i) — @, x0i)]-
0

21

(2.30)

2.31)

(2.32)
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From this and (2.31), it follows that the first summand in the right-hand side of (2.30)
can be represented as follows:

1
é[‘b(i, Xei) — P, x0))] = /VCD(i, AL)geidT = Do (i)qei (2.33)
0

Transform now the second summand in (2.30) by the following way:
| : . .
g[a(t, Jyxej,us(j)) —ad, j,xoj, uo(j))]
L. . . .
= g[a(l7 Js Xejs uE(J)) - a(lv J»X0j» ME(.]))]
r. . . . .
+ E[a(lﬂ J> ijv M&“(.])) - Cl(l, Js .X()j, MO(]))]
Similarly to (2.33) via (2.31), we obtain
g[a(l, i xejue(j) —ad, j, xoj, us(j)] = A3, j)gei.
Putting now
L. . .
f(T) = ga(l7 JsX0j» M()(]) + TEU(.]))! TE [Os l]9
and note that

f1(T) = Vuai, j, xoj, uo(j) + mev()Hv()),

1
1
/f/(T)dT = Zlali, j, x0j, us(j)) — aG, j, xoj, uo(/))],
0

we obtain
g[a(l, Jrx0j,u:(j)) —a(, j, xoj, uo(j)1 = a=(i, jHv(j).
Continuing similar transformations, we represent (2.30) in the form
i i
(i + 1) = oG + Dgeiy1 + D Al )gzj + D B=(i, )g-jEG + 1)
j=1 j=1

+ D ac(i, () + D bl Hv(DEG + D). g0 =0.  (2.34)

j=0 j=0
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From (2.34) via (2.31), (2.9) it follows that
(1 = Ko(i + 1)|g=(i + 1)

< D 1ge(DIKoG) + D 1A )gejl + D lac(i, Hv(i)

j=1 j=1 j=0

+ D0 Bl g€+ D[+ | D beliy, H(HEG + D]

j=1 j=0

Calculating pth moments of the both parts of this inequality, via Lemma 1.7, we
obtain

(1 — Ko +1)"Elg-(i + DI”

i P i P
<SP E ([ D lg-(DIKoG) | +E | D 1AL j)ge
Jj=1 Jj=1
; p ; p
+E | D lacli, o)l +E|D BG, g5 + 1)
Jj=0 j=1
p

i
+E|D b, Dv(NEG+ D)
j=0
Note also that via Lemmal.7, (2.13), and M, = ma§E|§(j)|p fori < N —1, we
JE
have

i p i
E( > 1g-(DIKoG) | = NPT'RE D Elg-()17,
j=1 j=1
p

i
< N?"' > E|A.G. j)g-;I”.
j=1

i
E (D 146, j)q.jl
j=1

p

i i
E(> laG. vl | < NPT ElacG, v’
j=0 j=0
i P i
E|> B.Gi,j)g-j€( + 1| < NP™' > EIB.(G. j)qs;IPEISG + DIP
j=1 j=1


http://dx.doi.org/10.1007/978-3-319-13239-6_1
http://dx.doi.org/10.1007/978-3-319-13239-6_1

24 2 Optimal Control

i
< N?"'M, > EI|B.G. j)qe;I”,
j=1
p

E|> b.(i, )v(DEG + D] < NP7 TEIb-G, Hv)IPEIEG + DI

j=0 j=0

i
< NP7'M, > Elb-Gi, (i)’
j=0

So, putting Mp = max{l, M} and using (2.13), we get

(SN)P~!

Elg-G+ DI < ———
4G+ DI < T

i
K§ D Elg-()HI?
j=1

1
+ My D E(IA-G, ))qe;l” + 1B, j)qe;1)
j=1

+ My D> E(la<i, HIP + b-G. HIP) ()P
j=0

Note that via (2.31)

1
|Ac(i, ))gejl” + |B(, j)gej1” = /Va(i,j, Aljs ue(j))gejdr
0
1
+ /Vb(i,j, Aljsue(j))gejdr
0

1
S/(IVa(i,j,)\gj,ue(j))qejlp
0

+ VDG, j, Alj us(j)gej1P)dr. (2.35)

Via (2.10), (2.13), g-(0) = 0, and Lemma 1.7, we obtain

IVa(@i, j. AL, us(7)gej1” + 1VbG, j, AL, uz(j))ge;|”

.. . . . p/2
= (IVati, j XL ue()aes P+ 196G, j AT (a5 P)

e’
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i p/2
<D la-OPK )
=1
2op_y J
<KINZT' D 1g-017. (2.36)

=1

Similarly to (2.35), (2.36) via (2.11) we have

lac @i, NI” + b=, HI”

1
S/(IVua(i,j,XOj,uZ(j))IerIVua(i,j,xo,;,uZ(j))Ip) dr
0

(IVuaG, j, xoj, u(N| + IVual, j, xoj, uZ (j)1)" d

o\_

IA
aQ
=

So, as a result we obtain

5N)yP—!
Elg-(i + DI” < ﬁ ”ZEmg(muM K} NTIZZEch(l)I”
=1 j=I
+ M,CP > Eju(j)I”
j=0
(5N)P~!

i i
< ——— | M,C" > Ep()I” +C1 D Elg-()I” |,
(1— Ko)» = s

where C| = K[ + A;Ip(KlN)g. Putting also

_(5NPTIc L - _
Cz—ms () =Elg-@D)|", z() =

rewrite the obtained inequality in the form

yeli+1) < Co | 2G) + D ye())
Jj=1
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Via Lemmal.2, (1.14), and maé(Elv(j)V’ < oo, we have y.(i + 1) < Cy(l +
je

C2)N712(i) < o0, i.e., g. is uniformly p-bounded with respect to e > 0. The proof
is completed.

Definition 2.3 The family of random variables {&:}.>¢ is called uniformly inte-
grable, if supE[|&|x{l&] > K}] — 0 by K — oo (here x{|é-] > K} is the

>0
indicator of the set {w : |£-| > K}).

Lemma 2.3 Let the conditions (2.9), (2.10), (2.12)—(2.15) hold and the auxiliary
process v(j) in (2.29) satisfies the condition

max Ejv(i)[* < co. (2.37)
ieZ

Then the process |q.-(i)|* is uniformly integrable with respect to € > 0 and lin}) g —
E—>
li=0,i=1,...,N.

Proof Via (2.37) from Lemma?2.2 it follows that the process E|g. (i) 14 is uniformly
bounded with respect to £ > 0. From this and [67, 184], it follows that the process
lg-(i)|? is uniformly integrable with respect to ¢ > 0. Let us prove the second
statement of the lemma. From (2.34), it follows that

g +1) —qoi + 1) = D + 1)ge,iv1 — Dol + Dgo,i+1

+ D [Ac, )g-j — Aoti, o]
j=1

+ D [B=Gi, j)a=j — Boli, ))qo;]£G + 1)
j=1

+ > lai., j) — aoli. HIv())

j=0

+ D b=, j) — boli, NIV(HEG + D).

Jj=0
Rewrite this representation in the form
ge(i +1) —qoi +1) = @i + D(ge,i+1 — qo,i+1) + (P + 1) — Po(i + 1))ge,i+1

+ D [AoGi, )Gz — o)) + (A(i, j) = Aol j))gz]
j=1

+ D [Boi, /)(q-j — g0j) + (B=(i, j) — Bo(i, ))qe16G + 1)
j=1
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i
+ > lac(i, j) — aoli, HIv(j)
Jj=0

+ D b=, j) = boi, NIW(NHEG + D).

j=0
From this via (2.9) it follows that

(I =Ko +1)lge(i + 1) —qo(i + 1|

< Z lg=(j) — qo(DIKo(j) + (P + 1) — Po(i + 1))ge,it1l
j=1

+ D" 1A, DGej — qop)l + D (A, ) — Ao, j))ge;|

j=1 j=0

+ (D Boli, )(Gej — q0)EG + D + | D_(Bei, j) — Boli, ))ge;G + 1)
j=1 j=1
+ D la: (s j) = aoli, v+ | D [be j) = boti, NIGHEG + D).

j=0 j=0

Squaring and calculating the expectation, from this via Lemma1.7 and (2.13) for
i < N — 1, we obtain

(1 — Ko)?Elg-(i + 1) — qo(i + 1)|?

1
< 8| NK} D Elg-(j) — qo()* + a1 (e )
j=1

L
+ N D ElAoG, j)(g-j — g0))I* + Naa(e, i)
j=1

i
+ > EIBoG, j)(gej — q0)I* + Nas(e, i) |, (2.38)
j=1

where

ai(e, i) = E[(@( + 1) — ®o(i + 1))gei+1],

(e, i) = D EI(A(, j) — Ao, j)g-;” + D EI(B=(i, j) — Boli, ))g=j17,
j=1 j=1
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i i
as(e, i) = D Ela:G, j) — aoli, Nv()I* + D EIb-(, j) = boli, v
j=0 Jj=0
(2.39)
So, similarly to (2.35), (2.36) with p = 2 from (2.38) it follows that

(1 — K)*Elg-(i + 1) — qo(i + DI?

3 i
<8N | D akle. i)+ K§ D Elg-(j) — qo(j)?
k=1 j=1

+ 2 E (1400, )@es = g0+ BoG )z — a0)F)

j=1
3 i
<8N | > axle, i) + (Kg + KiN) D Elg=(j) — go())I?
k=1 j=1
or
i
Yeli+ 1) < Co | 2+ D (i) |- (2.40)
j=1
where
SNC 1<
C2 - 5 Zc(l) = = Oék(E, l)v
(1 — Ko)? C ;

Ci=Ki+ KN, y(i) =Elg:(i) — qo(i)I*.

Via Lemma 1.2 we have y-(i + 1) < C(1 + CHN=17.(i). So, it is enough to
show that lin}) z.(1) =0,i € Z.
E—>

Let us show from the beginning that lin%) ay(e,i) =0,i € Z. Represent g (i) in
e—>

the form

q-()) = g-()XE () + -G (1 — xK (i), (2.41)

where xf(i) is the indicator of the set {w : |¢-(i)| > K}.
Then via Lemma 1.7

ai(e,i — 1) = E[(®:(i) — o(i))gei|*

=E ‘CDE(i) (quf)i — Do (@) (%Xf)i


http://dx.doi.org/10.1007/978-3-319-13239-6_1
http://dx.doi.org/10.1007/978-3-319-13239-6_1
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+ @)~ w0 (4 (1-1¥)) |
<3 [E ‘(bg(i) (QEX;()i‘Z +E (@o(i) (quf)l.‘z
+ E|(@-() = o)) (g- (1 - xf))i(z] :

From this via (2.31), (2.9), (2.12) for i < N we obtain that

ai(ei—1) <3 [ 2V + 1) D Elg-()OxX (HIPKG ()
j=1

+ > Eleg-()lg-() (1 = xX ()P Ko())
j=1

i
< 3Ko | 2Ko(N + 1) D" Elg-(G)xX ()H1?
j=1

+¢2 3 Elg-(DPla-() (1= xE (D) P
j=1
< 3Ko(N + 1) [2Ko(N + DllgxE I + K]

Since |g-(i)|> is uniformly integrable with respect to ¢ > 0 then Klim
— 00

||%X§||N = 0. So, for arbitrary § > 0 there exists K > 0 such that ||quf||%v <
§(12K2(N + 1)*»)~!. Fixing this K, let us choose ¢ > 0 such that 2K+ <
0(6Ko(N + 1))_1. Therefore, for arbitrary 6 > 0 there exists € > 0 such that
aj(e,i—1) <d,ie., lil%al(s,i -1 =0.
E—>
Note now that via (2.39), (2.41) we have

R [|A5(i, P (), = Aot ) (4x5),

j=1
+ (A, j) = AoG, ))(g=(1 — x5 ;1

+1B:G. ) (4:x5) = Bt ) (4:x5)

+ (Bt ) = Boti, ) (a:1 =) |2]
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i
< 3ZE |:|A€(i, 7) (quf)j 1> 4+ |Ao(i, j) (%Xf)]_ B
j:1

1Al ) = Aoli, ) (0= xD)) P

1B ) (9:xF) P+ 180G ) () P
1B ) = B ) (-0 = x5) ﬂ

or in another form

(e, i) = 3;1*: [|Ag<z, P (@) P 418G (ax)
Aol i i K\ 2 Bo(i. i i {( 2
140G ) () P+ 1BoG ) (15 |
+ (A ) = Aol ))(g=(1 = X)) 17
o+ 1(B=Gi, ) = Boti, j)@-(1 = x50, P

From this and (2.31), (2.10), (2.14) we obtain

i 1
a3 [ B [IVa(i, J: AL e (axE) P

J=1y

+ IVbG, j, ALy, ue(j)) (quf)j Iz} dr
i
+3 3 B[ 9ati sz o) (4:45) P
=1

+ VD, j, x0j, uo(j)) (%Xf)j |2}

i 1
+32/E[|<Va(i,j, AL us(j)) = Va(i. j.xoj. uo())
0

Jj=1

x (a:01=x5)) 1P+ 1(VBG AT e

= Vb J.xoj. w0 (=01 = X)) ﬂ dr
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i
<33 > 2Bl O K OPK 0 +2E (1g-0F + 1))

j=11=1

Xl (1 = EOIPKI0)]

Ki(N + DV +2) [2gxE 1 +22K2 (K2 + 1vl?) ]

N W

=

Since |g-(i)|> is uniformly integrable with respect to ¢ > 0 then Klim
—> 00

||%X§||N = 0. So, for arbitrary § > 0 there exists K > 0 such that ||quf||%v <
S(6K1(N + 1)(N +2))~!. Fixing this K, let us choose € > 0 such that e2K (K> +
lv]?) < 63K (N +1)(N +2))"!. Therefore, for arbitrary § > 0 there exists ¢ > 0
such that ap (e, i) < 6, i.e., lin}) as(e,i) =0.

E—>

Similarly, via (2.31) and (2.15) one can get that

i

a3 ) = D E (la-Gi, ) = aoli. DI+ b, ) = bo(i DIP) ()P

j=

; 1
<> E /|vua(i,j,xo,~,u;(j)> — Vua(i, j, xoj, uo(j))1*dr
Jj=0 0
1
+ / IVub(i, j.x0j. uZ(j)) = Vub(i. . xoj, uo())I*dT | ()
0

. 1
l
< 3B [ [Vuati g0 () = Vaati, 301,10 ()
J=0 9

+ Vb, j, x0j, uZ(j)) — Vub(i, j, x5, uoGNI]" drlv(j)?
i
<£C? ) Ep(I*.
j=0
So, via (2.37) lim a3(e,i) = 0.
e—0

As aresult, we have lim z.(i) = 0, i € Z, and, therefore, lim ||g. — q()||l.2 = 0.
e—0 e—0

The proof is completed.
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2.1.3 Main Result

In this section, the bounded limit (1.9), (1.10) for the optimal control problem (2.3),
(2.4) will be calculated. So, the necessary condition Jo(ug) > 0 for optimality of the
control up will be obtained.

Theorem 2.1 Let the conditions (2.5)—(2.15), (2.18)—(2.24), (2.37) hold. Then the
limit (1.9), (1.10) for the optimal control problem (2.3), (2.4) there exists, equals

N-1

Jo(uo) = E | (Fo(N), qon) + Z ((Go()). 90j) + V' (j)go())) (2.42)
j=0

and it is bounded.
Here, xo(j) is the solution of the equation (2.3) under the control uy(j), qo(j) is
the solution of the linear stochastic difference equation

qo(i +1) =no(i + 1) + Po(i + 1qo,i+1

i i
+ 2 Aol Naoj + D Boli, Naoi&( + 1),
j=1 j=1

where

oG+ 1) =" aoli, Hv(j) + D boli. Hv(HEG + 1), (2.44)
j=0 j=0
Fo(N) = VF(xon), Po(i) = VO, x00),
Go(j) = VG(j, x0;, uo(j)),  90(J) = VuG(j, X0} uo(j)), 2.45)
AoG, j) = Va(, j, xoj, u0(j)),  aoli, j) = Vaali, j, x0;, uo(j)), :
Bo(i, j) = Vb(, j,x0j,u0(j)), bo(i,j) = Vub(, j,xoj,uo(j)).

Proof From (2.4), it follows that
1
Je(uo) = z [J(ue) — J(uo)]

1 R
=E [E(F(xszv) — F(xon)) + - Z(G(j, Xej, us(j)) — G(j, x0j, us(j)))
=0
N—1

1
+ = 2 (GG x0j, () = GG xo7, 10()
j=0


http://dx.doi.org/10.1007/978-3-319-13239-6_1
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To transform the expression in square brackets, put

1

F-(N) :/VF()\ V)7
0
1

Gg(j)=/VG(j, 2 ue()dr,
0
1

9:(J) =/VuG(j,xo,',u§(j))dT, (2.46)
0

and consider the function
f(r) = —F(XON +etgen), T €0, 1]

Since f/(1) = (VF(ALy), gen), where AL is defined in (2.31), then via (2.46)

é[F(xeN) — F(xon)] = (F:(N), gen) -
Similarly, we have
% (G xej, u=(j)) — G, %0, ue ()] = (G (1)), gej) -
To transform the difference
260 205, 40 — GO xoj, w0 ()],
consider the function
fr) = —G(J xoj,uo(j) +erv(j)), 7e€l0,1],
for which /(1) = v'(j)VuG(J, x0;, uZ(j)). So, via (2.46) we obtain
é [G (s x0j, u=(j)) = G(j, x07, uo(j)] = V' (j)g= ().

Thus, J-(ug) takes the representation

N-1
Je(uo) = E | (Fo(N), gen) + Z G (s QEJ +v (])96(]))
j=0
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Rewrite J-(ug) in the form

N—1 3
J-(up) = E |:(F0(N), Gen) + > (Goli). gej) + v’(j)gom} +> 6,

j=0 i=1

where Fo(N), Go(j), go(j) are defined in (2.45) and

Bi(e) = E (F.(N) = Fo(N), q-n) .
N—1

Ba(e) =E > (G-(j) = Go(j). 4z)),
j=1
N—1

B3(e) =E D v'())(g-(j) = go())-

J=0

Let us show that lin%) Bi(e) =0,i = 1,2, 3. Via(2.46), (2.20), (2.31), (2.13) we have
E—>
1
51N < B [ VFOL) = VFGox). gon)ldr
0

N
<e > Elg-(HIPKi())
j=1

< eKN|gIly-

From this via Lemma 2.2, it follows that lin}) Bi1(e) = 0.
e—>
Similarly, using (2.46), (2.21), (2.31), (2.29), (2.13), (2.23) we get

N-1

162(&) =E

j=1

1
J VG i) = Y60z w0 0l
=0
N—1 j
<ES S (g 01 + w(HDIg-DIK: D

j=1i=1

K1 (N = 12 (-1 + 1)

=<

1
2

and

N-1 !
1B3&)] <E D [v())l / IVuG (j, x07, uZ (/) = VuG(j, X0, uo(j))|d7
art J

< eCN|l}.


http://dx.doi.org/10.1007/978-3-319-13239-6_2
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From this and Lemmas 2.2 and 2.3, we obtain lin%) |J(uo) — Jo(ug)| = 0. From
e—>

the conditions (2.18), (2.19), (2.22), it follows also that Jy(u#9) < oo. The proof is
completed.

2.2 A Linear-Quadratic Problem

Here, the necessary condition for control optimality obtained above is used to con-
struct, in an explicit form, the synthesis of optimal control for a linear-quadratic
problem.

2.2.1 Synthesis of Optimal Control

Consider the optimal control problem for the linear equation

x(i+1) = n(i+1)+2a(i,j)x(j)+2b(i, Hu(j), i=0,....,N—1, (247)
j=0 j=0

with the initial condition x (0) = ¢ (0) and the performance functional

N—-1

Jw)=E | x'(N)Fx(N) + Z u'(HGGHu(j) | . (2.48)
Jj=0

Heren € H,x(i) € R", u(i) € R™, positive semidefinite matrix F', positive definite
matrix G(j), and matrices a(i, j), b(i, j), i, j € Z, are nonrandom matrices of
appropriate dimensions.

The optimal control problem (2.47), (2.48) is a particular case of the control
problem (2.3), (2.4) with

cb(i+1sxi+1):07 b(lvjv-xj9u(]))zos
a(i, j,xj,u(j)) =a(, j)x(j) + oG, jHuj),
F(xy) =x"(N)Fx(N),  G(j,xj,u(j)) =u'(HG()u(j). (2.49)

Let us calculate the coefficients of the Eqgs. (2.43)—(2.45) for the optimal control
problem (2.47), (2.48). Via (2.49), (2.45) we have

Po(i +1) =0,  Bo@i,j) =0, bo(i,j) =0,
Ao(i, j)goj = a(i, j)qo(j),  ao(i, Hv(j) = b, jHv(j).
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From this and (2.43), (2.44) it follows that

qoli +1) =D ali, Hqo(j) + Dbl Hv(j),
Jj=1 j=0
q0(0) = 0. (2.50)

Besides, via (2.49), (2.45) we obtain

(Fo(N), gon) = 2x0(N) Fgo(N),
(Go(J), q0j) =0, V'(go(j) = 20" (HG(uo())-

Via Theorem2.1 from this and (2.42), it follows that the limit (1.9), (1.10) for the
optimal control problem (2.47), (2.48) there exists and equals

N-1
Jo(uo) = 2E | x(N)Fqo(N) + Z up(NG(Hv(j) | - (2.51)
J=0

Here, x¢ is a solution of the equation (2.47) under the control u#y and gg(i) is a
solution of the equation (2.50).

Note that for the linear-quadratic problem (2.47), (2.48) g- = go. So, Lemma?2.3
became a trivial one and the condition of boundedness of the process E|qq )|*isa
sufficient condition for existence of (2.51).

Definition 2.3 For arbitrary function f(k), 0 < j < k < i, the functional
(i, j, () is defined by the following way

i
Y@, j, fO) = f0)+ Z R@, k) f(k—1), (2.52)
k=j+1
where R(i, k) is the resolvent of the kernel a (i, k) from the Eq.(2.47).

Lemma 2.4 The necessary condition Jy(ug) > 0 for optimality of the control ug of
the problem (2.47), (2.48) has a unique solution

uo(j) = —G_l(j)d/(N—l, J. b, ) FE;jxo(N), j=0,...,N—1. (2.53)

Proof Using the resolvent R (i, k) of the kernel a (i, k) and the representations (1.17),
(2.52), rewrite the solution of the equation (2.50) in the form


http://dx.doi.org/10.1007/978-3-319-13239-6_1
http://dx.doi.org/10.1007/978-3-319-13239-6_1
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i i k—1
qoli +1) = D b, Hv(j) + D RG k) Dbk =1, )Hv())

j=0 k=1 j=0

=D b D+ D RGRBGK =1, )| v())
Jj=0 k=j+1

=D G, j, b, DG, (2.54)
j=0

Substituting (2.54) into (2.51), we obtain

—_

Jo(uo) =2E D [Ejxo(N)FY(N — 1, j, b(-, ) +ug(NG(N]v(j).  (2.55)
j=0

J=

The inequality Jo(u#g) > O holds for any v € U if and only if the expression in
the square brackets in (2.55) equals zero, that is equivalent to (2.53). The proof is
completed.

Theorem 2.2 The optimal control of the control problem (2.47), (2.48) is repre-
sented in the form

uo(0) = p(0) [{(N = 1,0, Egn(- + 1)) + R(N = 1, 0)00(0)],
uo(j+ D =a(+1D+p(+DyYWN -1, j, Dxo(j + 1)

J
+ D70, Bxok) + Q(j, 0)p(0) [(N — 1,0, Egn(- + 1)
k=0

+ R(N —1,0)p0(0)], j=0,1,...,N—=2. (2.56)

Here, I is the identical matrix,

p() =G ()WY (N =1, j, b, j)F
-1

N—-1
x | I+ Z (N —1,k, b(-, k)G (k)Y (N — 1, k, b(-, k) F ,
k=j
j=0,1,...,N —1, (2.57)

a(j+ D =p(+DYWN —1,j,6¢.j+1)

J
+ D00, pk)p(N =1,k —1,5¢, k), j=0, (2.58)

k=1
BG, j)=EmG+1—nQ), i=j>0, (2.59)



38 2 Optimal Control
[ PG+ DN =1, j,a;¢. )+ 00, k)p(k)p(N — 1,k —1,1)
J
+z %, 0, DpY(N =11 =1 a-1(,k), j=k=1,
=k+1

p(J+DP(N —1.j.a;(.0)

J
+l§ 00U, DpOY(N =1L, I =1, a11(,0), j=k=0,

v, k) =

(2.60)
O(j, k) is the resolvent of the kernel p(j + DY(N — 1, j, b;(-, k)),
aj(i,k) =a(i,k) —a(j, k),
bj(i, k) =b(i, k) —b(j, k),
O0<k<j<i<N-1 (2.61)

Proof From (2.53), it follows that to get the representation of the optimal control
up(j) in the form (2.56), it is enough to calculate the conditional mathematical
expectation Exo(N).

To get up(0) from (2.47), we have

Eox(i +1) = (G + D)+ Y a(, HEox(j). i=0,....N—1, (2.62)
j=0

where
Ci+1)=EmG+1)+ Zb(i, HDEou(j), >0, ¢0)=x(0)=po(0).
=0
’ (2.63)

Using the resolvent R(i, j) of the kernel a(i, j), via (1.16), (1.17) from (2.62), we
obtain

Eox(i + 1) = (i + 1)+ D RGKCK) + R 0)po(0), i=0,....N—1.
k=1


http://dx.doi.org/10.1007/978-3-319-13239-6_1
http://dx.doi.org/10.1007/978-3-319-13239-6_1
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Substituting (2.63) into (2.64), we get

Eox(i + 1) =Eon( + 1) + Zb(i, JHEou(j) + R(i, 0)po(0)
j=0

i k—1
+ D RG, k) |:Eon(k) + > bk—1, J')Eou(j)i|

k=1 j=0

=Eon(i + 1) + D R(i, OEon(k) + R(i, 0)¢0(0)
k=1

+> |:b(i, N+ D RG Kbk -1, j):| Eou(j).

j=0 k=j+1

From this via (2.52) for f(i) = Egn(i + 1) and f (i) = b(i, j), it follows that

Eox(@ +1) =9, 0, Eon(- + 1)) + 21/1(11 Js b, PNEou(j) + R, 0)po(0).
j=0

Putting i = N — 1, from this and (2.53) we obtain

Eox(N) =¢(N — 1,0, Eon(- + 1)) + R(N — 1, 0)p0(0)
N—1

+ D WIN = 1, . b(, j)Eou(j)
j=0
= (N — 1,0, Eon(- + 1)) + R(N — 1,0)0(0)
N—1

— ST 1, j. b NG (N — 1, j. b, ) FEgxo(N)
=0

or

-1
N—-1
Egx(N) = {1 + DWW = 1, b NG (N = 1, b j))F}

=0
x [P(N — 1,0, Eon(- + 1)) + R(N — 1, 0)po(0)].

From this and (2.53), (2.57) it follows that u((0) has the representation (2.56).
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To get ug(j) for j > 0 from (2.47) fori > j > 0 via (2.61), we have
xoU+ 1D —=xo(j+D=nG+1)—-nG+1D

J i
+ D ai xot) + D al, kbxok)

k=0 k=j+1
J i

+ D bl Duo(k) + D bli, ug(k).
k=0 k=j+1

So, using (2.59) and putting

J
xo(j + 1D+ BG, j+ 1D+ 2 a;(, k)xo(k)
k=0

¢, j+1)= J . i . .. (265
+ > b, kuok) + > b, KHE;uok), j<i,
k=0 k=j+1
xo( + 1), j=1i
we have
i
Ejixoli+1)=CG j+ D+ D albEjx®), =]
k=j+1
From this via the resolvent R(i, k) of the kernel a(i, k), we get
i
EjfixoG+1D)=¢0 j+1D+ Z R Kk —1,j+1). (2.66)

k:j+l

Substituting (2.65) into (2.66), we obtain

i
Ejpixo(+ D=1+ > RG.m) | xo(+1)
m=j+1

+BG. j+ D+ D RGmBm—1,j+1)

m=j+1

Jj i
+ > | aj. b+ D Ri.majm—1.k) | xo(k)

k=0 m=j+1
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+> |:bj(i, K+ > R, mbjm—1, k):| o (k)

J
k=0 m=j+1

i i

4 |:b(i,k)+ > RG.m)b(m — 1,k)} E;1uo(k)

k=j+1 m=k-+1

J J
+ D WG, joaj ¢ )xotk) + D (. . bi . k))uo(k)

k=0 k=0

+ D Wl kb, k)E;piug (k).

k=j+1
Puttingnow i = N — 1 and

QG+ 1 =9I =1, j, Dxo(j + D+ (N = 1, j, B¢, j + 1))
J
+ D N =1, ja; ¢ k)xok),  j =0, (2.67)
k=0
from this we get

J
Ej1x0(N) = ol + 1)+ D (N =1, j. b (- k)uo(k)

k=0
N—-1

+ Z YN —1,k,b(-, k)Ejupk), j=>0. (2.68)
k=j+1

Calculating the conditional mathematical expectation of (2.53), for j < k we have
Ejpiuotk) = =G ()Y (N — 1k, b(-, k) FEj 4 1x0(N). (2.69)
Substituting (2.69) into (2.68), we obtain

—1
N—1
E;j;1x0(N) = {H > YN — 1Lk b )G (Y (N — 1,k,b(-,k)>F}

k=j+1

J
X [Co(j +1+ D (N -1, j,bj(~,k))uo(k):| . (2.70)

k=0
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Substituting (2.70) into (2.53) and using (2.57), we get

J
uo(j+ D =w(+1D+ Zp(j + DN — 1, j, b (-, k)uo(k),
k=0

w(j+1D=pG+DGG+D, j=0, w0) =uo0). 2.71)

So, the optimal control uy(j) of the control problem (2.47), (2.48) satisfies the
Eq.(2.71). Via (1.17) it admits the representation

J
wo(j+1) = p(j+ DG + 1+ D 03 k) pk)ok) + Q. 0up(0), j =0,
k=1
(2.72)

where Q(j, k) is theresolvent of the kernel p(j+1)y)(N—1, j, b; (-, k)). Substituting
Co(j) given in (2.67) into (2.72), we obtain

uo(j+ 1 =p(+ DN —1,j,6¢, j+1)
+p(+DPWN =1, j, Dxo(j + 1)

J
+pG+ DD WIN =1, j,aj(, )xok) + Q(j, 0)ug(0)
k=0

J
+ Z Q. k)p(k)yp(N — 1,k =1, B(-, k)

k=1

J
+ >0, KpkR)p(N =1,k — 1, Dxo(k)

k=1
J k—1
£ 0GPt 3B — 1k — L a1 (- D)xo (D).
k=1 =0

Changing the order of summation in the last expression and using (2.58), (2.60),
we obtain the optimal control uo(j + 1) in the form (2.56) for j > 0. The proof is
completed.

Remark 2.1 Since (2.48) is a quadratic functional (i.e., a convex functional) and
the control (2.56) has the bounded second moment, then the necessary condition of
optimality is the sufficient condition too.

Remark 2.2 If the process 7)(i) is a martingale with respect to o-algebra §j, i.e.,
E (n(i)/Tj) = n(j, i > j, then 3G, j) = 0,i > j, and therefore in (2.56)
a(i) =0,i € Z.
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Remark 2.3 Note that Theorem 2.2 can be easily generalized on the case of the more
general performance functional

N-1

J(u)=E X’(N)FX(N)+Z(X’(j)Fl(j)X(j)+u'(j)G(j)u(j)) ,
j=0

where F7 is a positive semidefinite matrix and the matrices F' and G(j) satisfy the
previous conditions. In particular, the representation (2.53) in this case takes the form

uo(j) = =G~ D[V = 1, j.bC, ) FE;x0(N)
N-2
+ > G . bCo DIF1G + DE;jxo(i + 1)], j=0,...,N—1
i=)

Note that the performance functional of such type is considered below in Example 2.5,
in Sect. 6.4 and also in Chap.4 with F = 0, N = oo.

2.2.2 Examples

Here, some examples of linear-quadratic optimal control problems of the type of
(2.47) and (2.48) are considered.

Example 2.1 Consider the optimal control problem for the scalar linear stochastic
difference equation

X+ D) =06+ 1)+ D al, Nx() + D_bGi, Hu(j), i =0, x(0)=po0),

j=0 j=0
(2.73)
with the quadratic performance functional
N-1
Ju) =E |:Fx2(N) + Z G(i)uz(i)i| , (2.74)
i=0

where F > 0, G(i) > 0,i = 0,..., N — 1. The control problem (2.73), (2.74)
is a particular case of the optimal control problem (2.47), (2.48). So, the optimal
control of this problem is represented in the form (2.56)—(2.61). In this case, the
function (N — 1, j, b(-, j)) from (2.57) can be represented in some more simple
form. Really, rewrite (2.50) for go(i) in the matrix form

0o = AQ, + BV. (2.75)
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Here, the matrices A and B have the dimension (N + 1) x (N + 1), the vectors
Qo and V have the dimension N + 1 and, respectively, equal

0 0 0 0
a(0, 0) 0 0 0

A= a1,0 a(l,1) - 0

- O

al(N-1,0)a(N-1,1) ---a(N-1,N—1) O

0 0 0 0
5(0, 0) 0 0 0

B = b(1,0) b(l,1) - 0 0 1,

b(N-1,00b(N-1,1)---b(N-1,N—-1) O

q0(0) v(0)
qo(1) v(1)
Qo=|q@ |, V=]vQ®
qo(N) v(N)

Since det(I — A) = 1, then there exists the inverse matrix D = (I — A)~!, and the
solution of the equation (2.75) can be represented in the form

Qo = DBV. (2.76)
Comparing (2.76) with (2.54), we obtain that (N — 1, j, b(-, j)) = r(N, j),

where 7 (N, j),j =0, 1, ..., N, are elements of the last line of the matrix DB. Then
the expression (2.57) can be written in the form

, Fr(N, j) N=l2n b
=24 F § — . 211
r(j) GO + 2 G0 (2.77)

Remark 2.4 To calculate r (N, j), it is enough to know the last line of the matrix
D only.

Example 2.2 Consider the optimal control problem for the scalar linear stochastic
difference equation

X+ D =nG+D+ay x()+bD u(). i=0. x(0)=p0), (278)
j=0 j=0
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with the quadratic performance functional

N—1
Jw)=E [sz(N) +A Z uz(i):| , (2.79)

i=0
where
F>0, A>0, n@+1) =p0)+ Za(j)ﬁ(j +1), ieZ, (2.80)
j=0

o(j) are arbitrary constants, {(j) are § j-adapted mutually independent random vari-
ables such that E€(j) = 0, E€2(j) =1, j € Z.

In this case, the matrices A, B, and D from Example 2.1 are respectively

00 O0---00
a 0 0---0 0
A=la a 0 ---0 0

SO
S O
o o
o o
o O

and
1 0 0 - 00
a 1 0 -0 0
D=| a@+1 a 1 - 0.0

a@+ DV La@+ DV 2a@+ DV 3. a1
To calculate the last line of the matrix DB note that
r(N,j)=b[1~|—a+a(a~|—1)+a(a+1)2+~-~~|—a(a+1)N_2_j]

=b[1+a(l+@+D+@+ D>+ + @+ DV27)]
a(a+1)N_1_j—1:|

a

b1+

=bla+ DN,
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So, the last line of the matrix DB is
(ba+ DN ba+ DV2, . ba+ 1), b, 0),

ie.,

r(N, j)=bla+ DN =by(N -1, j, 1),
j=0,1,...,N—1, r(N,N)=0. (2.81)
Let us calculate p(j). Using (2.77), (2.81), we have

-1
2 N—1

. Fb Nel—j Fb 2N—1—k)
p() = ——(a+ DV 1+TZ(a+1)
k=j
A b? -
=— |5 TRt I T — 1)2WN=0) _q 2.82
bla+1) [F+aw+m(m+) )| . es

j=01,...,N—1

Via (2.80) n(i) is a martingale. So, Egn(i) = ¢¢(0), i > 0, and via Remark
2206, j) =0and a(i) = 0,0 < j <i < N — 1. From (2.78), (2.61) it follows
thata;(i, k) = b;(i, k) = 0. So, Q(j, k) = 0 and via (2.60) v(j, k) =0,0 <k <
Jj <1i < N.Theresolvent R(i, j) of the kernel a(i, j) = a depends on one argument
only, i.e., R(i, j) = R(i — j), and can be obtained via the recurrence relation (1.20):

i—1
R@)=a |1+ D R()
j=0
So,

R(0) = a,
R(1) =a(l +a),
RQ)=all+a+a(l+a)]

=a(l +a)?, (2.83)

R =a[l+a+al+a) ++a(l+a) "]
=a(l+a),
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ie., R(G) =a(l +a),i > 0.Besides, via (2.56) the optimal control has the form

up(0) = p(O)[(N — 1,0, 1) + R(N — D]po(0),
uo(j) = p(HY(N =1, j — 1, Dxo(j),
j=1,...,N—1. (2.84)

Note that via (2.52), (2.83)

N—1
$(N =10, )+ R(N=1) =1+ D RIN—1-k)
k=0
:1+a(1+(1+a)+~-~+(1+a)N—1)
N _
:1+a(l+a) 1
=1+a)
and
N—1
¢(N—1,j—1,1)=1+ZR(N—1—k)
k=j
:1+a(1+(1+a)+~-~+(1+a)"’—1—f)
N—j _
EPENCE 10! i -1
a
=0 +a)N /.

As a result from this and (2.82), (2.84) we obtain

uo(j) = —q(/)xo(j),
b(a+ 1)?V=)-1

N — _ , 2.85
1) = T Y pata + 2] @+ VD =1 (255
i=0,...,N—1.
If, for example, N = 1, then via (2.85) we have
b(a + 1)x(0
uo(0) = — 2@ DO (2.86)

CONF L p2

Remark 2.5 Let us show that the control (2.86) can be obtained immediately from
the optimal control problem (2.78)—(2.80). Really, from (2.78) for i = 0 we have

x(1) =n(1) + ax(0) + bu(0).
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Substituting this into (2.79), by N = 1 we obtain

J(u) = E[Fx?(1) + \u?(0)]
= FE[(n(1) + ax(0) + bu(0))*> + \F~'u?(0)]
= FE[Eo(n(1) + ax(0))* + 2b(Eon(1) + ax(0)u(0) + AF~" + 6>)u*(0)].

Note now that via (2.80) Egn(1) = ¢(0) and a minimum in the square brackets is
reached for u(0) = uo(0) given by (2.86).

Remark 2.6 Note that in the considered optimal control problem (2.78)—(2.80) the
obtained optimal control uo (i) does not depend on the past, i.e., on xo(j) for j < i.
Really, it is not a surprise since from (2.78), (2.80) it follows that

x(i + 1) — x(i) = ax (i) + bu(i) + o()EG + 1), i >0. (2.87)

So, the initial equation (2.78) is an analogue of the Ito stochastic differential equation
without delay

dx (1) = (ax(t) + bu(t))dt + o(t)dw(t),

where w(?) is the standard Wiener process, (i + 1) = w(ti+1) —w(t), x (@) = x(;),
liv1 — 1 =1

Example 2.3 Let us show that a small modification of the optimal control uq (i) of
the control problem (2.78)—(2.80) leads to an increase of the performance functional.

For this aim, note that via (2.85), (2.87) fori = N — 1 we obtain
xo(N) =0 4+a—bg(N —1)xo(N — 1)+ (N — 1)&(N). (2.88)

Using (2.85), (2.88) and the properties of the process £ (i), represent the performance
functional (2.79) in the form

N—-1
J(ug) =E |:Fx§(N) +AD] q2(i)x§(i)j|

i=0
N-2
= QExi(N = ) +*(N = D) + A D" ¢*(DEx ().
i=0

where

0=F(+a—bg(N—1)%+ 2N —1). (2.89)
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Note that via (2.85)

b(1+a)

N-l=TD
9N =D =

Substituting this into (2.89), we obtain

p2(1 2 (1 +a)?
o=rF(1+a- (I+a) (I+a)
AF—1 4+ b2 \F~1 4 b2)2
(1+a)|F AP 2+ A
= a
AF—1 4 b2 \F~1 4+ p2)2
. A1 +a)?
DV N
Put now, for example,
1
g - =—"2, (2.90)

and let all other ¢ (i) let be defined by (2.85). In this case for arbitrary F > 0, we
obtain

Ml +a)? A1 +a)?
0= > ,
b2 NFT 1 p2

i.e., the performance functional (2.79) is increasing.
For numerical simulation, put

N=10, a=05 b=01 F=\=1,
x(0)=3, o@()=0, j=0,....,N—1. (2.91)

In Fig2.1 one can see the trajectories of ¢(j) defined in (2.85), of the optimal
solution x¢(j) and of the optimal control uo(j) givenin (2.85), (2.85), respectively, by
the values of the parameters (2.91). The minimal value of the performance functional
is J(up) = 1,085.

Changing ¢ (j) in the one pointi = N — 1 only as it is given in (2.90), we obtain
another picture (see Fig.2.2). Via (2.88), (2.91) here x(N) = O but u(N — 1) =
—63.32 and J (1) = 5,054 > J (up).

Consider also the case g(0) = (1 + a)b~!. By that via (2.87), (2.91), we obtain
(see Fig.2.3) u(j) =x(j) =0, j > 0,and J (1) = 2,025 > J (up).

Example 2.4 Consider the optimal control problem for the scalar linear stochastic
difference equation
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x@G+1)=nG+1)+apx@) +ax@— 1)+ bu(@),
i >0,  x(0)=vo0)=n0), x(=1)=po(—1), (2.92)

where 7(i) is a martingale, and the quadratic performance functional

N—1
Jw)=E |:x2(N) +A Z uz(i):| } (2.93)

i=0
The Eq.(2.92) can be represented in the form (2.47) as follows:

x(1) =n(1) + apx(0) + bu(0),
x(@+ 1) =00+ 1)+ apx(@) +ayxi@— 1)+ bu(i),
i>1,  x(0) =00,

where

A = 1), i>1,
o= [77(1) +ajpo(—=1), i=1 (2.94)

Note that via (1.21) and (2.92) the resolvent R(i) is

R(0) = ao,

R(1) = apR(0) + a;
=a] + a%,

R(2) = aoR(1) + a1 R(0)
= 2apa; + ag,

R(3) =aoR(2) + a1 R(1)
= a12 + 3a§a1 + aé,

R(@)=aoR(i —1)+aRG—2), i>2. (2.95)

Note also that via (2.52), (2.57), (2.92)

N—1
YN =1, j.bC.j)=1+ D RIN—-1—k|b
k=j+1
(o =1,j,1)b, j=0,1,...,N =2,
B b, j=N-—1,
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and
S bnls , j=0,1,...,N—2,
N Mb2( 14 2(N—1,k,1)
p(j) = ( Ej:’ ( )
geeE Jj=N-1

Let be N = 1. Using that n(i) is a martingale and (2.94), we have

(0,0, Egn(- 4+ 1)) = Eon(1)
=Eo(n(1) +a1po(—1))
= ¢0(0) + ajpo(—1).

As aresult from (2.56), (2.95), (2.96) we obtain

uo(0) = [(1 + ap)po(0) + arpo(—D)].

b
A+ b2
Letbe N > 2. Then

N-1

Y(N —1,0,Eofi(- + 1)) = Eo)(N) + D R(N — 1 — h)Egi(k)
k=1
N—-1

=Eo(N) + > RN — 1~ b)Eon(k)
k=2

+ R(N —2)Eon(1)

N-—1
- (1 + > RN -1- k))cpo(O)

k=2
+ R(N = 2)(p0(0) + arpo(=1))

N—1
= (1 + D RN —1- k))@o(())

k=1
+ R(N —2)ajpo(—1)

=9Y(N — 1,0, Dpp(0) + R(N —2)aipo(—1).

So, via (2.56), (2.97) for N > 2 we get

uo(0) = p(0) [ (N — 1,0, Dpo(0) + R(N — 2)arpo(—1)].

(2.96)

(2.97)
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For example, for N = 2 we have

apb

u(0) = p [(1+ a0+ a1 +a3) o) + agareo(=D)].

NP1+

To calculate ug(1) for N = 2 note that via (2.96) and (2.57)—(2.61)

p() = ¥(1,0,1) =1+ ao,

A +b2
a(l) = p(P(1,0, B¢, 1) = p(HBA, 1) = —p(Dpo(=1),
7(0,0) = p(Hy(1, 0, a0(-, 0)) = p(Dao(1,0) = p(1)(a1 — ao),

0(0,0) = p(1)p(1, 0, bo(-, 0)) = p(1)bo(1, 0) = —p(1)b.

So, via (2.56) we obtain

up(l) = [(1 + ap)xo(1) + (a1 — ao)o(0) — wo(—1) — bug(0)].

A+ B2

Similarly, one can calculate the optimal control u((0), ug(1), ..., ug(N — 1) of
the problem (2.92), (2.93) for arbitrary N.

Example 2.5 Letus show that similarly to the control problem (2.47), (2.48) the opti-
mal control can be obtained for linear-quadratic problems with linear equations that
are different from the equation (2.47) and the quadratic performance functional that
was considered in Remark 2.3. Consider, for example, the scalar controlled process
with a noise in control

i+ D =niG+1) D186 )+ DuDIEG + D),

Jj=0
x(0) = ¢0(0), (2.98)

and the quadratic performance functional

N—1
Ju)=E [ﬁ(N) + Z(onz(i) + Aluz(i)):| ) (2.99)

i=0

Here, \g > 0, A\ > 0,1n(0) € H, £(j), j € Z, are §j-adapted Gaussian random
variables that are mutually independent and are independent on 7(i), E£(j) = 0,
E&(j) = 1.
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Via (2.98), (2.99) in this case

qoli + 1) =D 7, Ho(HEG + D),
j=0
N—1
Jo(up) = 2E |:x0(N)qo(N) + Z(/\oxo(i)qo(i) + )quo(i)v(i))j| . (2.100)
i=0
Note that En(i)é(j) = 0,4, j € Z, and E€())&(j) = 0,7 # j. So, via (2.98),
(2.100) we have

i—1
Exo(i)qo(i)) = E {n(i) + D186 — 1, j) + 7 = 1, Huo(NIEG + 1)}
j=0
i—1
x D i = 1L Dhv(DEL + 1)
=0
i—1
=2 E[BG - 1)) +~G =1L Duo(HIGE — 1, Hv(j)

j=0

and

N—1 N—1i-1

Z Exo(i)qo(i) = ZE[B(i =L j)+~G =1, Duo(NIvGE — 1, Hv())

i=0 i=0 j=0
N—2 N-1

= z E[BG =1, ) +~vG = 1, Duo(H]~vGE — 1, Hv(j)

j=0i=j+1

From this and (2.100), it follows that

N-1
Jo(ug) = 2E Z [[ﬁ(N =1L j)+y(N =1, Duo(NIV(N =1, j) + Auo(j)
j=0
N—-1
+ Ao Z [BG —1,7) +~G =1, Duo(H]V(E — 1,1)]11(1')-
i=j+1

Thus, the necessary condition for optimality Jo(up) > 0 of the control u( holds
if and only if the expression in the square brackets equals zero, i.e.,

[BIN =1, )) +~v(N =1, PDuo(NIY(N = 1, j) + Auo(j)
N—-1

+ Ao Z [BG =1, 7)) +~G =1, Huo(H]yGE =1, ) =0.
i=j+1
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From this, it follows that the optimal control u( of the control problem (2.98), (2.99)
has the form

N-1
BN =1 )y(N =1 j)+X0 3 Bl —1. )y —1.))
; i=j+1
uo(j) =~ — :
MAPWN =L+ A 3 A2 1))
i=j+1
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